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INTRODUCTION
“Mathematics is the tool specially suited for dealing with abstract concepts of any kind and there is no limit to its power in this field”.

- P.J.Davis


The advent of fuzzy subsets by Zadeh, L.A., in 1965 [33] provided us with a very powerful tool for representing various kinds of human knowledge. It also presented us with an interesting group of problems related to the extension of the classic set operators to the field of fuzzy subsets.


One of the most important and central problems of fuzzy set theory is the proper definition of set-theoretic (or logical) operations. From the beginning of the theory, the ‘min’ for intersection and ‘max’ for union is very common and popular in the literature. This is due to the fact that they have several nice properties and have many applications. There are some results on the axiomatic justification of ‘min’ and ‘max’ as the only possible operations for intersection and union, respectively. However, these approaches seem to be acceptable if and only if one would like to copy the classical set theory as far as it is possible (let us think of distributivity as an example). Thus it seems to be more reasonable to justify a class of operations instead of any particular one for extending crisp intersection (union and complementation). This simple observation can lead one to the definition of t-norms, t-conorms and strong negations. In themselves, these connectives possess reasonable properties. But t-norms, t-conorms and strong negations can also be seen as many‑valued extensions of the crisp logical connectives conjunction, disjunction and negation, respectively. Thus it is natural that their properties have to be connected and be in accordance with that of fuzzy implications.


The triangular norm (in short t-norm) and the triangular conorm (in  short t-conorm) originated from the studies of probabilistic metric spaces [19, 28] in which triangular inequalities were extended using the theory of t‑norm and t-conorm. Later, Höhle [13], Claudi Alsina et al., [4], introduced the t-norm and the t-conorm into fuzzy set theory and suggested that the t-norm and the t‑conorm be used for the operations of fuzzy sets.


In [17], Masaharu Mizumoto showed a number of examples of existing and proposed t-norms and t-conorms and their pictorial representations were made with the aid of a computer. In [18], Masaharu Mizumoto proposed quasi‑t-norms and quasi-t-conorms which were derived from t-(co)norms and do not necessarily satisfy the associativity. Compensatory operators were newly defined and the pictorial representations of these operators were also made.


The study of fuzzy connectives for fuzzy sets has attracted the attention of many famous researchers – Ronald R.Yager, Janos C.Fodor, Masaharu Mizumoto, Dumitrescu, D., Claudi Alsina, Ion Iancu, Stanley Gudder, Siegfried Weber, Rostislav Horcik, Sandor Jenei and many others.


This thesis is devoted to the study of fuzzy connectives and is organized as follows :

1) Connectives for fuzzy sets

2) Connectives for fuzzy partitions

3) Logical connectives for fuzzy sets

4) Fuzzy connectives via matrix logic

5) Pictorial representations of some fuzzy connectives

The first chapter deals with connectives for fuzzy sets. Definitions of fuzzy connectives are given and some interesting properties are investigated. The chief concern of this chapter is finding the general solution of the functional equation S( (T(x, y), T(x, N(y))) = x, where S( is a t-conorm, T is a t‑norm and N is a strong negation on the unit interval. In particular the result yields a family of connectives for fuzzy sets (Theorem 1.9).

Fuzzy partitions with the connectives T( and S( are studied in chapter II. The notion of a fuzzy partition is obtained when the set operations are defined using the operators T( and S(. It is proved that the equivalence between Butnariu’s definition (Definition 2.6) and Ruspini’s definition (Definition 2.3) concerning fuzzy partitions holds if and only if the connectives for fuzzy set operations are T( and S(.

The third chapter is devoted to the study of logical connectives for fuzzy sets. A new and general approach is suggested to revise definitions and properties of logical connectives for fuzzy sets. This is based on solutions of a functional equation between implications and conjunctions. Using that equation, properties of R-implications are characterized by corresponding properties of conjunctions. Representation theorems for weak t-norms and strict negations are also obtained (Theorems 3.15 and 3.24).

Fuzzy connectives via matrix logic is studied in the fourth chapter. In this chapter fuzzy logical connectives have been defined by matrix logic. With any triple (T, S, n) where T is a t-norm, S is a t-conorm and n is a strong negation, we can associate a new triple (T (, S(, n() according to equations (60), (61) and (62) which are given in Chapter IV. In all cases we have T ( = T, n( = n. Properties of t-conorms are taken one by one and the necessary and sufficient conditions under which S( possesses each property is proved and finally it is proved that S( will be a t-conorm.


The fifth chapter proposes quasi-t-norms and quasi-t-conorms which are derived from t-(co)norms and do not necessarily satisfy the associativity. Several new examples of quasi-t-norms and quasi-t-conorms are given. Two new operators A and B and their duals A( and B( are also defined with some interesting examples. Compensatory operators are newly defined and a number of examples of compensatory operators are given in Table 5.24. Pictorial representations of quasi-t-norms, quasi-t-conorms and compensatory operators are also presented.
REVIEW OF LITERATURE


A tremendous development of various tools and techniques in the theory and application of fuzzy sets has taken place in the last years.


The main problem in fuzzy set theory is to find connectives which have as many nice and realistic properties as it can be. A significant body of literature has appeared concerning the appropriate definitions for intersection and union of fuzzy sets. Since Zadeh [33] first introduced the idea of fuzzy sets, Bellman and Gertz [2] and Gaines [8, 9] have justified under various conditions, appropriate definitions for these operations. Zimmermann [34], Oden [21] and Hersh and Caramazza [12] have conducted experiments studying the connectives empirically. Goguen [10] has also commented upon these connectives.


The most widely used connectives in the literature have been Zadeh’s original suggestion of


A(x) ( B(x)   =   max [A(x), B(x)]

and
A(x) ( B(x)   =   min [A(x), B(x)]


From the beginning of the theory, the ‘min’ for intersection and ‘max’ for union is very common and popular in the literature. This is due to the fact that they have several nice properties and have many applications. There are some results on the axiomatic justification of ‘min’ and ‘max’ as the only possible operations for intersection and union, respectively. However, these approaches seem to be acceptable if and only if one would like to copy the classical set theory as far as it is possible (let us think of distributivity as an example). Thus it seems to be more reasonable to justify a class of operations instead of any particular one for extending crisp intersection (union and complementation). This simple observation can lead one to the definition of t‑norms, t‑conorms and strong negations.


The notions of triangular norm and triangular conorm play an important role in the calculus of fuzzy sets and fuzzy propositions. Triangular norms are used to define the intersection of fuzzy sets and the conjunctions of fuzzy statements. 


There is a lot of literature talking about the connectives for fuzzy sets. The important contributions to the study of fuzzy connectives are as follows :

(1)
On a general class of fuzzy connectives, Ronald R. Yager, 1980 [23].

(2)
Latent connectives in human decision making, 

Zimmermann, H.J. and Zysno, P., 1980 [34].

(3)
A general concept of fuzzy connectives, negations and implications based on t‑norms and t‑conorms, Weber, S., 1983 [31]. 

(4)
Fuzzy relational equations with generalized connectives and their applications, Witold Pedrycz, 1983 [32].

(5)
Generalized means as model of compensative connectives, 

Harald Dyckhoff and Witold Pedrycz, 1984 [11].

(6)
On a family of connectives for fuzzy sets, Claudi Alsina, 1985 [5].

(7)
A review of fuzzy sets aggregation connectives, 

Dubois, D. and Prade, H., 1985 [6].

(8)
Pictorial representations of fuzzy connectives, Part I : Cases of t‑norms, t‑conoms and averaging operators, 

Masaharu Mizumoto, 1989 [17].

(9)
Pictorial representations of fuzzy connectives, Part II : Cases of compensatory operators and self-dual operators, 

Masaharu Mizumoto, 1989 [18].

(10)
Connectives and quantifiers in fuzzy sets, Ronald R. Yager, 1991 [24]. 

(11)
Fuzzy partitions with the connectives T(, S(, Dumitrescu, D., 1992 [7].

(12)
A new look at fuzzy connectives, Janos C. Fodor, 1993 [14].

(13)
Fuzzy connectives via matrix logic, Janos C. Fodor, 1993 [15].

(14)
Measurement – theoretic justification of connectives in fuzzy set theory, Taner Bilgic and Turksen, I.B., 1995 [30].

(15)
A more efficient method for defining fuzzy connectives, 

Sandor Jenei, 1997 [26].

(16)
The determinant of a fuzzy matrix with respect to t-norms and co‑t‑norms, Rohan Hemasinha et al., 1997 [22].

(17)
A new parametric family of fuzzy connectives and their application to fuzzy control, Michael Berger, 1998 [20].

(18)
A survey of different triangular norm-based fuzzy logics, 

Klement, E.P. and Navara, M., 1999 [16].

(19)
Connectives and fuzziness for classical effects, 

Stanley Gudder, 1999 [29].

(20)
Conceptual fuzzy sets and their connectives, Arigoni, A.O., Governatori, L. and Rossi, A., 1999 [1].

(21)
Continuity of left-continuous triangular norms with strong induced negations and their boundary condition, Sandor Jeni, 2001 [27]. 


In this Review of Literature, a brief survey of some of the articles published on fuzzy connectives and their applications are given. 

(1)
On a general class of fuzzy connectives 

[Ronald R. Yager, (1980)] [23]


A general class of connectives, intersection and union, are presented for fuzzy sets. The properties of this class are studied in comparison to the ordinary intersection and union. 

(2)
Fuzzy relational equations with generalized connectives and their applications [Witold Pedrycz, (1983)] [32]


The idea of fuzzy relational equation with generalized connectives is introduced and algorithms of resolution of this class equations are presented in detail. Applicational aspects are carefully investigated, presenting the advantages of the proposed approach.

(3) Continuity of left-continuous triangular norms with strong induced negations and their boundary condition 

[Sandor Jenei, (2001)] [27]

A characterization is given for the continuity of a class of left‑continuous triangular norms : it is established that a left-continuous triangular norm with strong induced negation is continuous if and only if it is strictly increasing on the domain where its value is positive. It is shown that axioms of a left-continuous triangular norm with strong induced negation are not independent, namely, the boundary condition follows from the other axioms.

(4)
Pictorial representations of fuzzy connectives, Part – I : Cases of t‑norms, t‑conorms and averaging operators 

[Masaharu Mizumoto, (1989)] [17]


This paper shows a number of examples of existing t‑norms and t‑conorms which are known as good models of fuzzy set – theoretic intersection and union, and the pictorial representations of t‑norms and t‑conorms are made with the aid of a computer. Several new examples of t‑norms and t‑conorms are also given. Averaging operators between min and max are summarized and their pictorial representations are also made.

(5)
A more efficient method for defining fuzzy connectives [Sandor Jenei, (1997)] [26]


The author defines t‑norm, t‑conorm, negation and implication for intervals. Especially the ‘small intervals’ are considered. A sufficient and necessary condition is established for the defined connectives in order to have all the properties known from set theory or – equivalently – from the two‑valued logical connectives.

(6)
Measurement – theoretic justification of connectives in fuzzy set theory [Taner Bilgic and Turksen, I.B., (1995)] [30]


The problem of representing intersection and union in fuzzy set theory is considered. There are various proposals in the literature to model these concepts. The possibility of using continuous triangular norms and conorms (including min and max) are taken up in a measurement – theoretic setting. The conditions are laid out to arrive at cardinal scales on which addition and multiplication are meaningful and critically discussed. These conditions must either be accepted on normative grounds or must be empirically verified before the modeling process in order to see which operations are meaningful. It is emphasized that the Archimedean axiom and the existence of natural bounds are crucial in arriving at ratio and absolute scale representations.

(7)
Connectives and quantifiers in fuzzy sets 

[Ronald R. Yager, (1991)] [24]


Some of the issues involved in the selection of appropriate operators for implementing the union and intersection of fuzzy subsets are discussed. The extension principles used in extending operators to fuzzy subsets. They provided a structure for aggregating linguistic variables in the theory of approximate reasoning. They looked at mean operators on fuzzy subsets as well as the inclusion of importances in aggregation. They discussed non‑monotone set operators.

(8)
The determinant of a fuzzy matrix with respect to t norms and co‑t norms [Rohan Hemasinha et al., (1997)] [22]


In this paper, the author studied determinants of square matrices over the interval [0, 1] when ordinary multiplication is replaced by a triangular norm and ordinary addition is replaced by a triangular conorm. 

(9)
Generalized means as model of compensative connectives [Harald Dyckhoff and Witold Pedrycz, (1984)] [11]


In this paper the generalized means are proposed as connective operators for fuzzy set theory which easily allow for modelling the degree of compensation, in a natural manner including the arithmetic and geometric means as well as the maximum and minimum operators as special cases. Numerical examples with empirical data form an illustration of this concept. Some aspects of applications to decision making are discussed. 
CHAPTER – I

CONNECTIVES FOR FUZZY SETS

Definition  :  1.1


Let  X  be a nonempty set. A fuzzy set on  X  is a function  A : X ( [0, 1].

Definition  :  1.2


A  t‑norm  T  is a two-place function from [0, 1] x [0, 1] into [0, 1] such that  :

(i)
T(x, 1) = x, 

(ii)
T(x, y) ( T(u, v) whenever  x ( u and  y ( v,

(iii)
T(x, y) = T(y, x),

(iv)
T(x, T(y, z)) = T(T(x, y), z).

Note  :  1.3


From the axioms (i) and (ii) it follows that T(x, x) ( T(x, 1) = x.

Definition  :  1.4


Let  T  be a t‑norm. The function S : [0, 1] x [0, 1] ( [0, 1], defined by 



S(x, y) = 1 – T(1(x, 1(y), 

is said to be a  t‑conorm (dual of T). It is easy to see that  S  is monotonic, commutative, associative and satisfies


S(x, 0) = x, S(x, 1) = 1,  ( x ( [0, 1],


T(x, y) = 1 ( S(1(x, 1(y), (  x, y  ( [0, 1].

Definition  :  1.5


A t‑norm  T  for which  T(x, x) < x   for every  x ( (0, 1) is called  Archimedean. A  t-conorm  S  for which S(x, x) > x for every  x ( (0, 1) is Archimedean. 

Definition  :  1.6


A function  n : [0, 1] ( [0, 1] will be called negation if  it is nonincreasing  and  n(0) = 1, n(1)  =  0. A negation  n  is called strict negation if  n  is continuous and decreasing. A strict negation  n  is called  strong negation if n(n(x)) = x holds for every  x ( [0, 1].

Theorem  :  1.7


Let T be an associative binary operation on [0, 1] which is non‑decreasing in its second variable. Then T satisfies the functional equation


T(x, y) + T(x, 1(y) = x






 (1)

for  all  x  and  y  in [0, 1], if and only if T(x, y) = x ( y, i.e., product is the general solution  of (1).

Proof  :


First we substitute  x = 0 in (1) and we get



T(0, y) + T(0, 1(y) = 0,

and since the image of  T  is in [0, 1].


We immediately conclude that



T(0, y) = 0, 







 (2)

for all  y  in [0, 1]. Next if we put  y = 
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T(x, 
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 (3)

It follows from (3) that for any  x,


T(x, 0) = T(x, T(0, 
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)) = T(T(x, 0), 
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) = 
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 T(x, 0), 
i.e., 
T(x, 0) = 0.








 (4)


Let us prove now by induction that, with fixed  x,  for all natural numbers  n  we have
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whenever  y​1, y2, . . ., yn  are numbers in {0, 1}. For n = 1, (5) reduces either  to (3) or (4). Let us assume that  (5) holds for  n  and let us prove that for n+1, 
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Case  1 :


If  y1 = 0 then we have by (3), (5) and the associativity of T,

T
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Case  2 :


If  y1 = 1 then applying (1) and what we just proved in case  1 we have


T
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and (6) is completely proved. From (6), we have that for any  x  in [0, 1] and any binary rational  q  in [0, 1],  


T(x, q) = x ( q. 


Since  T  is non‑decreasing in its second variable and binary rationals are dense in [0, 1]. We can conclude that necessarily  T(x, y) = x ( y for all reals  x  and  y  in [0, 1].

Note  :  1.8


In view of the above argument the monotonic condition on  T  can be replaced by a continuity assumption in the second variable.

Theorem  :  1.9


If  S  is a continuous t‑conorm, T  is a continuous t‑norm and  N  is a strong negation, then the general solution of the functional equation


S(T(x, y), T(x, N(y))) = x, 






 (7)

for  all  x  and  y  in [0, 1] is given by


T(x, y) = s((1) (s(x) + s(y)),






 (8)


T(x, y) = 1 ( s(1 (s(1(x) ( s(1(y)), 





 (9)


N(x)  =  1 ( s(1 (1 ( s(1(x)),




          (10)

where  s  is any continuous strictly decreasing function from [0, 1] into R+ with s(1) = 0, s(0) = 1 and s((1) denotes the Pseudo-inverse of s, i.e., s((1) = s-1 on [0, 1] and s((1)(x) = 0 whenever  x ( 1.

Proof  :


Since S(x, y) = 1 ( T(1(x, 1(y) where  T  is a continuous t‑norm, (7) can be written in the form 


T(1 ( T(x, y), 1 ( T(x, N(y)))  =  1(x.



          (11)

Setting  x = 1 in (11) we get


T(1(y, 1 ( N(y))  =  0.


This equality yields that necessarily T is a non‑strict Archimedean t‑norm, i.e., T can be represented in the form


T(x, y)  =  s((1) (s(x) + s(y))





          (12)

where  s  is a continuous strictly decreasing function from [0, 1] into R+ such that s(1) = 0 and s(0) = 1.


If xN denotes the unique fixed point of the strong negation N, substituting  y = xN  in (11) and using (12), we get


s(1(x)  =  2s (1 ( T(x, xN)).





          (13)

But we have also by (11) that


1(xN  =  T(1 ( T(xN​, x), 1 ( T(xN, N(x))),



          (14)

i.e., by (13) and (14) we get


s(1(xN)
=
s(1 ( T(xN, x)) + s(1 ( T(xN, N(x)))


=
½ s(1(x) + ½ s(1 ( N(x)),

where  s(1(x) + s(1 ( N(x))  =  2s (1(xN​).
If  x = 1 then we have s(0) + s(1) = 2s(1(xN),

i.e., s(1(xN) = ½  and consequently s(1(x) + s(1 ( N(x)) = 1.

Thus N(x) = 1 – s(1(1 ( s(1(x)).

Let us define  G  to be the binary operation on [0, 1] given by


G(x, y)  =  s(1 ( T(1 ( s(1(x), 1 ( s(1(y))).


It  is  easy  to verify that  G  is a t‑norm. Moreover for all  x  and  y  in [0, 1], we have that  G  satisfies the following equation  : 

G(x, y) + G(x, 1(y)
=
s(1 ( T(1 ( s(1(x), 1 ( s(1(y)))




+ s(1 ( T(1 ( s(1(x), 1 ( s(1(1(y)))



=
s[T(1 ( T(1 ( s(1(x), 1 ( s(1(y)),




1 ( T(1 ( s(1(x), 1 ( s(1(1 ( y)))]



=
s[T(1 ( T(1 ( s(1(x), 1 ( s(1(y)), 1 ( T (1 ( s(1(x),




N(1 ( s(1(y))))]



=
s(1 ( (1 ( s(1(x)))



=
x.


Thus by Theorem  1.7, we obtain G(x, y) = x ( y. 

i.e.,  x ( y = s(1 ( T(1 ( s(1(x), 1 ( s(1(y))), 

or equivalently, for all a, b in [0, 1] we have using (12) :


T(a, b)  =  1 ( s(1(s(1(a) ( s(1(b)).


To prove that S, T and  N as described above satisfy the equation (7) is an immediate calculation. 

Corollary  :  1.10


Two t‑norms  S  and  T  satisfy the functional equation



S(T(x, y), T(x, 1(y))  =  x

for  all  x  and  y  in [0, 1] if  and only  if the following conditions hold : 

(i) T is a non‑strict Archimedean  t‑norm with its additive generator  s  symmetric with respect  to  ½, i.e., s(x) + s(1(x) = 1 ; 

(ii) T  is a strict  t‑norm of the form


T(x, y)  =  s(1(s(x) + s(y) ( s(x) s(y)).

Corollary  :  1.11


There exists no t‑norm  T  such that



T*(T(x, y), T(x, 1(y))  = x  for all  x  and  y  in [0, 1].

Some interesting t‑norms and t‑conorms are listed below :


T0(x, y)  =  min (x, y),


S0(x, y)  =  max (x, y), 


T1(x, y)  =  x ( y,


S1(x, y)  =  x + y ( xy,


T((x, y)  =  max (x + y ( 1, 0),


S((x, y)  =  min (x + y, 1),


Ts(x, y)  =  logs 
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Ss(x, y)  =  1 ( logs 
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Let  us note that


Ti  =  
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Definition  :  1.12


Let {(n} be a family of disjoint, closed, proper subintervals of [0, 1], (n = [an, bn]. Let  Tn, n = 1, 2, 
[image: image28.wmf]K

, be Archimedean t‑norms. The ordinal sum of the semigroups ((n, Tn) is a function T : [0, 1] x [0, 1] ( [0, 1] defined by

T(x, y)  =  
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Each Tn is called a summand.

Let  Sn,  n = 1, 2, 
[image: image30.wmf]K

 , be Archimedean conorms. The ordinal sum of the semigroups ((n, Sn), is a function  S : [0, 1] x [0, 1] ( [0, 1]  defined by 
S(x, y)  = 
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Result  :  1.13

For any continuous t-norm T, one of the following three conditions is satisfied :

(i) T = min ;

(ii) T is Archimedean ;

(iii) There exists a family {([am, bm], Tm)} such that T is the ordinal sum of this family.

Definition  :  1.14  


The ordinal sum of {([am, bm], Tm)} is called symmetric ordinal sum with respect to the strong negation n if the system of intervals I  is symmetric with respect to n, i.e., [am, bm] ( I implies [n(bm), n(am)] ( I and the same summand is associated with both intervals [am, bm] and [n(bm), n(am)] for any m.

Theorem  :  1.15


Let  T  be a t‑norm and  S  its t‑conorm. The pair (T, S) is a solution of the equation


T(x, y) + S(x, y) = x + y,





          (17)

if and only if

(i)
T = TS, S = SS, for some  0 (  S (  (,  or

(ii)
T  is representable as an ordinal sum of t‑norms of the family  TS,  0 < s (  (.  S  is obtained from  T  via equation (17).
Remark  :  1.16


If  (T, S)  is a solution of the equation (17), then T(x, x) + S(x, x) = 2x. It follows that  T  is (non‑) Archimedean if and only if  S  is (non‑) Archimedean.

Theorem  :  1.17


The pair (T, S) is a solution of the equation (17)  if and only  if one of the following statements holds :

(i)
T  and  S  are Archimedean and (T, S) satisfies equation (17).

(ii)
T and  S  are non‑Archimedean and they may be expressed as the ordinal sums (15), (16) where every pair (Tn​, Sn),  n = 1, 2, 
[image: image32.wmf]K

, satisfies equation (17). 

Result  :  1.18


T is a continuous Archimedean t-norm if and only if there exists a continuous, strictly decreasing function f from the unit interval to the real line with properties f(1) = 0, f(0) = 
[image: image33.wmf]0
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f(x) such that 


T(x, y)   =   f((1) (f(x) + f(y)),

where f((1)(x) = f(1(min {x, f(0)}) is the pseudoinverse of f. In this case f is called a generator of T.

Definition  :  1.19

A function ( : [0, 1] ( [0, 1] is an automorphism of the unit interval if it is continuous, strictly increasing with boundary conditions ((0) = 0, ((1) = 1.

Result  :  1.20

Any strong negation n can be represented by an automorphism ( of the unit interval as n(x) = ((1(1 ( ((x)). In this case we say that n(x) is a (‑transform of the basic negation 1 ( x.

Definition  :  1.21

A t-norm T has zero divisors if T(x, y) = 0 for some x, y ( 0.

Definition  :  1.22

A t-conorm S is said to be nilpotent if S(x, y) = 1 for some x, y ( 1. S is  strongly nilpotent if S(x, n(x)) = 1 for all x ( [0, 1] and n is a strong negation.

Result  :  1.23

S is a continuous, nilpotent Archimedean t-conorm if and only if there exists an automorphism ( of the unit interval such that


S(x, y)   =   ((1(min {((x) + ((y), 1}
).



          (18)

Definition  :  1.24

Assume that T is a t-norm and n is a strong negation. Then, according to the De Morgan law, the following t-conorm (n-dual t-conorm to T) can be introduced :


S(x, y)   =   n [T(n(x), n(y))].




          (19)

In this case tripe (T, S, n) is called a De Morgan triple.

Definition  :  1.25

A continuous function C : [0, 1]2 ( [0, 1] is said to be a copula if for x, y, u, v ( [0, 1] we have


C(x, 1)   =   C(1, x) = x,




                     (20)
C(x, y) ( C(u, v) when x ( u, y ( v,


                     (21)


C(x, v) + C(u, y) (  C(x, y) + C(u, v) when x ( u, y ( v,                      (22) 

Result  :  1.26

A t-norm T is a copula if and only if


T(x, u) ( T(y, u) ( x ( y




                     (23)

holds for any x, y, u ( [0, 1], x ( y. Moreover, if T is Archimedean with generator f then T is a copula if and only if f((1) is convex.

Definition  :  1.27


If S is a given t-conorm, define a binary operation as follows :


x 
[image: image34.wmf]s

y   =   inf {z / S(y, z) ( x}.

Then a continuous function C : [0, 1]2 ( [0, 1] is called S-copula if it satisfies (20), (21) and


C(u, y) 
[image: image35.wmf]s

 C(x,y) ( C(u, v) 
[image: image36.wmf]s

 C(x, v)



          (24)

for any x, y, u, v ( [0, 1], x ( u, y ( v.

Note  :  1.28

Clearly, (22) is a particular case of (24) when S(x, y) = min {x + y, 1}.

Result  :  1.29


A t-norm T is an S-copula if and only if


T(x, u) 
[image: image37.wmf]s

T(y,u) ( x 
[image: image38.wmf]s

y




                     (25)

holds for any x, y, u ( [0, 1], x ( y.

Result  :  1.30

Assume that S is a t-conorm having representation (18) and T is Archimedean with generator f. Then T is an S-copula if and only if ( o f((1) is convex.
CHAPTER – II

CONNECTIVES FOR FUZZY PARTITIONS

Definition  :  2.1

Let A, B be two fuzzy sets. Define

(A ( B) (x)
=
T(A(x), B(x)), ( x ( X,


                     (26)

(A ( B) (x)
=
S(A(x), B(x)), ( x ( X.


                     (27)  
A and B are disjoint fuzzy sets if and only if 

(A ( B) (x)
=
((x) = 0, ( x ( X.

Remark  :  2.2

If the chosen connectives are T( and S(  the definitions (26), (27) become 

(A [image: image39.png]


 B) (x)
=
max (A(x) + B(x) ( 1, 0), ( x ( X,


          (28)

(A [image: image40.png]


 B) (x)
=
min (A(x) + B(x)  , 1), ( x ( X.                                     (29)

For the concept of fuzzy partition various definitions have been proposed.

Definition  :  (Ruspini, E.H., [25])


The family of fuzzy sets A1, 
[image: image41.wmf]K

, An is a fuzzy partition of X if and only if
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Ai(x) = 1, ( x ( X.
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Definition  :  2.4 
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A family A1, 
[image: image43.wmf]K

, An of fuzzy sets is a finite fuzzy partition of X if and only if

   Ai = X and Ai [image: image44.png]


 Aj = (, ( i ( j.



                     (31)

Note  :  2.5

These definitions are not equivalent. Definition 2.3 implies Definition 2.4. The converse is not true for n ( 2.

Definition  :  2.6 (Butnariu, D., [3])

The family A1, A2, 
[image: image45.wmf]K

 , An of fuzzy sets is called disjoint if and only if
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Let C be a fuzzy set. The family A1, A2, 
[image: image48.wmf]K

 , An of fuzzy sets is a finite fuzzy partition of C if and only if the following two conditions are fulfilled :
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 , An is a disjoint family of fuzzy sets.


          (33)

(2)
C =       Ai.






                     (34)


The equivalence of Definitions 2.3 and 2.6 is given in the following theorem :

Theorem  :  2.7

The family A1, 
[image: image50.wmf]K

 , An of fuzzy sets is a finite fuzzy partition of C (i.e., it satisfies (33) and (34)) if and only if
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holds  if U =  [image: image56.png]


  and ∩ = [image: image57.png]


.

Theorem  :  2.8

The equivalence (35) holds if and only if the set operations are defined by means of the connectives T( and S( .

Proof  :

Let us suppose that (35) holds for ( and ( defined by a certain pair (T, S),  where T is a t-norm and S is its dual. For n = 2 from (35) it follows that the subsequent assertions are equivalent :

(i) A1, A2 is a fuzzy partition of C.

(ii) A1(x) + A2(x) = C(x), ( x ( X.

From (i) we deduce that

(A1 ( A2)(x)
=
T(A1(x), A2(x)) = 0, ( x ( X,


          (36)

and

(A1 ( A2)(x)
=
S(A1(x), A2(x)) = C(x), ( x ( X.


          (37)


Let us now consider the numbers u, v with u + v ( 1 arbitrary chosen from [0, 1]. We define the fuzzy sets A1, A2, C, as

A1(x) = u, A2(x) = v, C(x) = u + v, ( x ( X.



          (38)

Since (ii) implies (i) it results that

T(u, v)
 = 0, S(u,v) = u + v, 

and therefore

T(u, v) + S(u, v) = u + v, ( u, v ( [0, 1],

u + v ( 1.                                  





          (39)

Let us now consider 

u(, v( ( [0, 1], u( + v( ( 1 and u = 1 - u(, v = 1 - v(. 


          (40)


It follows that u, v ( [0, 1], u + v ( 1, and from (39), (40), we have

T(1 ( u(, 1 ( v() + S(1 ( u(, 1 ( v() = 1 ( u( + 1 ( v(,                                      (41) 

and hence

S(u(, v() + T(u(, v() = u( + v(,  1 ( u( + v( ( 2.                                                  (42)

Therefore T and S satisfy the functional equation (17). According to Theorem 1.15, (T, S) is from the family (Ts, Ss), 0 ( s ( (, or T is an ordinal sum of Ts, 0 < s ( (.


If u ( (0, 1/2], then

T(u, u) = 0, S(u, u) = 2u ( u, ( u ( (0, 1/2].


                     (43)

If u(( [
1/2, 1), we put u = 1 ( u( and from (43), it follows that

S(1 ( u(, 1 ( u( ) = 2(1 ( u()
,



and thus

1 ( S(1 ( u(, 1 ( u() = T(u(, u()


                   

= 2u( ( 1( u(, ( u( ( [1/2, 1).

          (44)

From (43) and (44) it results that T and S are Archimedean.

From the Theorems 1.15 and 1.17 we have that T = Ts, S = Ss, for some 0 ( s ( (.

The only pair (Ts, Ss), 0 ( s ( (, which satisfies the conditions (43) is (T(, S(). Therefore we proved that T = T(, S = S(. The if part of the proof results from Theorem 2.7.
CHAPTER  -  III

LOGICAL CONNECTIVES FOR FUZZY SETS
Definition  :  3.1


A binary operation ( on [0, 1] is called a fuzzy conjunction if it is an extension of the classical Boolean conjunction, i.e.,


x ( y ( [0, 1]  ( x, y ( [0, 1],


0 ( 0 = 0 ( 1 = 1 ( 0 = 0 ; 1 ( 1 = 1.


A canonical  model of fuzzy conjunctions is the family of t-norms.

Definition  :  3.2


A binary operation ( on [0, 1] is a fuzzy implication if it is an extension of the Boolean implication, i.e., 


x ( y ( [0, 1]  ( x, y ( [0, 1],


0 ( 0 = 0 ( 1 = 1 ( 1 = 1 ; 1 ( 0 = 0.

Remark  :  3.3

Let 
[image: image58] be any binary operation on [0, 1]. The following transformations of  
[image: image59] play a central role in this chapter :


x Sn (
[image: image60])  y   =   n (x 
[image: image61] n(y)),




          (45)


x R  (
[image: image62]) y   =   sup {z ( [0, 1] / x 
[image: image63] z ( y},


          (46)

where n is a strong negation.

Remark  :  3.4


Obviously,  Sn 
[image: image64.wmf]o

 Sn (
[image: image65])  = 
[image: image66]  for any binary operation 
[image: image67] on [0, 1] (here 
[image: image68.wmf]o

 denotes composition). Moreover,  Sn (() is a fuzzy conjunction if ( is a fuzzy implication. On the other hand, if ( is a fuzzy conjunction then both Sn(() and R(() are fuzzy implications. It is clear that


( (x, y)   =   x  Sn (() y  (S – implication)

is based on the classical view of implications while


(( (x, y)   =   x R(() y  (R – implication)

is based on a residuation concept, when ( is a t-norm and when  ( is an arbitrary fuzzy conjunction.

Definition  :  3.5

A sequence of conjunctions { (j} is defined in the following way ((0 = ( is a conjunction) ;


(j   =   Sn 
[image: image69.wmf]o

 R ((j-1), j = 1, 2, 3, …..



          (47)


In the next part we characterize the most general classes of conjunction  (0  for which the generation process (47) is closed, i.e., for which there exists a positive integer  m  such that  


(m   =   (.







        (47a)
hold.


It is clear from the definition of {(j} that (1 = ( is equivalent to


R(()
=  Sn((),






          (48) while (2 = ( means that


R 
[image: image70.wmf]o

 Sn 
[image: image71.wmf]o

 R(() = Sn(().





          (49)

Moreover, (48) implies (49).

Definition  :  3.6


Two classes of binary operations are defined as follows


((  :  [0, 1] x [0, 1] ( [0, 1] and x, y, z ( [0, 1]) :


F1
=
{( / x ( z ( y ( x ( n(y) (  n(z)},

   
F2
=
{( / x ( z ( y ( z (  x R(() y}.

Concerning the first equation (48), we prove the next result on the characterization of its solutions.
Theorem  :  3.7

Let n be a strong negation. A binary operation ( on [0, 1] satisfies equation (48) if and only if ( ( F1.

Proof  :

Assume that ( ( F1. This implies that

x R (() y
=
sup {z / x ( z ( y }



=
sup {z / x ( n(y) ( n (z)}



=
sup {z / n(x ( n(y)) ( z}



=
x Sn(() y.


Suppose now that R(() = Sn((). Then x ( z ( y and y ( t together imply x ( z ( t, so x R(() y ( x R(() t.


Using R(() = Sn((), we obtain that x Sn(() y (  x Sn(() t when y ( t.


From  this  last  inequality we can conclude that  R(()  =  Sn(() implies x ( y ( x ( t  when y ( t.


Using this monotonicity of (, if x ( z ( y then z ( x R(() y. But R(() = Sn(() thus n(z) ( x ( n(y). 

If x ( n(y) ( n(z) then n(y) ( x R(() n(z) = x Sn(() n(z) = n(x ( z) whence we get x ( z ( y.


Hence the theorem.

Theorem  :  3.8


Let n be a strong negation. A binary operation ( on [0, 1] fulfils equation (49) if and only if ( ( F2.


The general problem expressed by (47a) can be solved by the previous two theorems. 
Theorem  :  3.9

Let {(j} be a sequence of conjunctions defined by (47). Then

a)
(2k+1  =   ( holds for some k ( 0 if and only if (1 = (,

b)
(2k     =   ( is valid for some k ( 0 if and only if (2 = (.

Proof  :
a) If (1 = (  then (2k+1 = ( follows by induction.

To prove the converse, suppose that (1 ( (. Then, by Theorem 3.8, there exist x, y, z ( [0, 1] such that x ( z ( y and x ( n(y) ( n(z).

Clearly, x ( z ( y implies x R(() y ( z, by the definition of R((). Moreover, x R(() y ( z indicates that x (2 z ( y.

Indeed, x (2 z ( y if and only if 

x R 
[image: image72.wmf]o

 Sn 
[image: image73.wmf]o

 R(() n(z) ( n(y), by the definition of (2. But

x R 
[image: image74.wmf]o

 Sn 
[image: image75.wmf]o

 R(() n(z) 
=
sup {( / x Sn 
[image: image76.wmf]o

 R(() ( ( n(z)}




=
sup {( / x R(() n(()
 ( z}




=
n [inf {( / x R(() ( ( z}]

and ( = y is such that x R(()(( z.


Thus x (2 z ( y follows immediately.


We can use the same arguments to prove by induction that x ( z ( y implies x (2k z ( y and thus  x R((2k) y ( z.


Therefore, we have for all k that x R((2k) y ( z ( x Sn (() y or equivalently, 
x (2k+1 n(y) ( x ( n(y) which excludes the existence of a positive integer k such that (2k+1 = (.


Hence the proof (a).

b)
Suppose first that (2 = (. Then we have 

(4    =   Sn 
[image: image77.wmf]o

 R 
[image: image78.wmf]o

 Sn 
[image: image79.wmf]o

 R ((2)

       =   Sn 
[image: image80.wmf]o

 R 
[image: image81.wmf]o

 Sn R (()
=   (2   =   (. 

The statement follows for any k by induction.

To prove the converse, suppose that  (2   (   (. 

This means that there exist x, y, z ( [0, 1] such that

x R(() y ( z and x ( z  ( y.

In part (a) we have proved that

x R(() y ( z implies x (2k z  ( y.

Therefore, we have that  x (2k z  ( y ( x ( z.

whence we can conclude that there is no k such that (2k = (.

Hence the proof.

We list now the most important properties for an implication function  

( : [0, 1] x [0, 1] ( [0, 1] (except continuity) :

((1)
If x ( z then ((x, y) ( ((z, y).

((2)
If y ( t then ((x, y)  ( ((x, t). 

((3)
((0, y) = 1.

((4)
((1, y) = y.

((5)
((x, ((y, z)) = ((y, ((x, z)).

((6)
If x ( y then ((x, y) = 1.

((7)
If ((x, y) = 1 then x ( y.

((8)
((x, y) ( y.

((9)
((x, x) = 1.

Theorem  :  3.10

Assume that ( satisfies equation (49). Then


((x, y) =  (((x, y) = x R(() y has property

(i)
((1) 
if and only if x ( y ( z ( y when x ( z ;

(ii)
((2) 
without any extra condition on ( ; on the other hand, ((2) implies   

that  x ( y ( x ( t when y ( t ; 

(iii)
((3) 
if and only if 0 ( 1 = 0 ;

(iv)
((4) 
if and only if 1( y = y ;

(v)
((5) 
if and only if x ( (y ( z) = y ( (x ( z) ;

(vi)
((6) 
if and only if x ( 1 ( x ;

(vii)
((7) 
if and only if x ( 1 ( x ;

(viii)
((8) 
if and only if x ( y ( y ;

(ix)
((9) 
if and only if x ( 1 ( x.

Proof  :
(i)
Assume that R(() fulfils ((1). Since ( ( F2, z ( u ( y holds if and only if u ( z R(() y.

Thus, if x R(() y ( z R(() y ( u then z ( u ( y implies x ( u ( y. 

Therefore, by the definition of R((), we can conclude that x ( z implies x ( u ( z ( u for all u( [0, 1].


If ( is nondecreasing in its first place the ((1) obviously holds.

(ii)
Let  y  (  t. Then  for  any  binary  operation  
[image: image82]  on  [0, 1]  we  have  x R(
[image: image83]) y ( x R(
[image: image84]) t, by the definition of R(
[image: image85]). Therefore, ((2) holds.


To prove the converse, let now 
[image: image86] = Sn 
[image: image87.wmf]o

 R((). Then we have


x Sn(() y = x R(
[image: image88]) y ( x  R(
[image: image89]) t = x Sn(() t,

whence  we get the statement.

(iii)
0R(() y = 1 if and only if 0 ( 1 ( y for every y ( [0, 1], because ( ( F2. 0 ( 1 ( y holds if and only if 0 ( 1 = 0.

(iv)
Assume that 1 R(() y = y holds for every y ( [0, 1]. Then 

1 Sn
[image: image90.wmf]o

R(() y = n[1 R(() n(y)] = n(n(y)) = y,

whence


1R 
[image: image91.wmf]o

 Sn
[image: image92.wmf]o

R(() y
=
sup {u / 1 Sn
[image: image93.wmf]o

R(() u ( y}





=
sup {u / u ( y} = y.


But ( fulfils (49), so


y =  1 Sn(() y = n(1 ( n(y)),

whence we get that 1( y = y for every y ( [0, 1].


If 1( y 

=
 y  then


1 R(() y
=
sup {u / 1( u ( y}




=
sup {u / u ( y} = y.

(v)
Assume that x R(() [y R(() z] = y R(() [x R(() z].


By ( ( F2 we obtain that


x ( u ( y R(() z ( y ( (x ( u) ( z


and


y ( u ( x R(() z ( x ( (y ( u) ( z.
These last two inequalities imply that x ( (y ( z) = y ( (x ( z) holds for every x, y, z ( [0, 1].


The converse statement is obviously valid.

(vi)
Suppose that ((6) holds for R((), i.e., x ( y implies x R(() y = 1. Because R(() is nondecreasing with respect to its second argument, x R(() y = 1 is equivalent to x R(() x = 1 for all x ( [0, 1], that is, to ((9). Since ( ( F2, we can conclude that x R(() x = 1 if and only if x ( 1 ( x.

(vii)
Assume that ((7) holds for R((). Since ( ( F2, x R(() [x ( 1] = 1 is true. So we get that x ( x ( 1.


Let x ( x ( 1 now. x R(() y = 1 implies x ( 1 ( y, thus x ( y.

(viii) By ( ( F2, x R(() y ( y holds if and only if x ( y ( y.

(ix)
As we mentioned in the proof of (vi), ((9) is equivalent to ((6), i.e., to x ( 1 ( x.


Hence the proof.

Weak t-norms  

Definition  :  3.11


A function w : [0, 1] x [0, 1] ( [0, 1] is a weak t-norm if it satisfies the following two conditions :


w(1, y)  =  y, w(x, 1) ( x   ( x, y ( [0, 1],



          (50)


w(x, y)
 ( w(z, t)  ( x ( z, y ( t.




          (51)


It is easy to prove that for any weak t-norm w, we have


w(x, 0)  =  w(0, y) = 0,


w(x, y)
 ( min (x, y).

Remark  :  3.12


Let W be the class of all weak t-norms for which w(x, .) is left‑continuous for every fixed x ( [0, 1].


Let  W1, denote the class of all weak t-norms from W for which we have

((x) 
  = 
w(x, 1) is continuous, strictly increasing,

          (52)
w(x, w(y, z)) 
  = 
w(y, w(x, z)).




                     (53) 

The next theorem shows a very close connection between t-nor​ms and weak t-norms from W1.
Theorem  :  3.13


w ( W1 if and only if there exists an automorphism ( of the unit interval such that ((x) ( x and there exists a t-norm T for which we have 

w(x, y)  =  T(((x), y).
                                                                (54)

Proof  :


If T is any t-norm and (  is an automorphism of [0, 1] such that ((x) ( x then w defined by (54) obviously belongs to W1.


Assume now that w ( W1. Let ((x)  = w(x, 1). We prove that T(x,y) = w((-1(x), y) is a t-norm.               

(i)
T(1, y)
   =   w(1, y) = y, by (50).
(ii)
(Commutativity) Let x, y ( [0, 1] and u = (-1(x),


v = (-1(y). Then , by (53), we have


T(x, y)

=
w((-1(x), y)
=
w(u, w(v,1))




=
w(v, w(u, 1))
=
w((-1(y), x)




=
T(y, x).
(iii)
T is nondecreasing because of (51)

(iv)
(Associativity) Using commutativity of T and property (53) of w, we have that 


T(T(x, y), z)
=
T(z, T(x, y))




=
w((-1(z), w((-1(x), y))




=
w((-1(x), w((-1(z), y))




=
T(x, T(z, y))




=
T(x, T(y, z))

Hence the proof.

Definition  :  3.14

A weak t-norm w is called Archimedean weak t-norm if w(x, w(x,1)) ( w(x, 1) holds for all x ( (0, 1).


Denote WA the class of all continuous, Archimedean weak t-norms from W1.

Theorem  :  3.15


w ( WA if and only if there exist two functions f, g : [0, 1] ( [0, () such that f, g are continuous, strictly decreasing with f(1) = g(1) = 0, g(x) ( f(x) and w(x, y) = f(-1) (g(x) + f(y)),






          (55)

where
 f(-1) is the pseudoinverse of f.

Proof  :


It is easy to prove that w is an Archimedean weak t-norm if and only if T(x, y) = w((-1(x), y) is an Archimedean t-norm, where ((x) = w(x, 1).


Therefore, we can apply the representation theorem of t-norms. Thus, T is a continuous Archimedean t-norm if and only if there exists a continuous, strictly decreasing function


f  : [0, 1] ( [0, () such that f(1) = 0 and


T(x, y) = f(-1) (f(x) + f(y)),

or equivalently,


w(x, y) = f(-1) (f(((x)) + f(y)).


Let g = f
[image: image94.wmf]o

(. It is obvious that g is continuous, strictly decreasing and g(1) = f(((1)) = f(1) = 0.


Moreover, g(x) = f(((x)) ( f(x) because ((x) ( x and f is strictly decreasing.


Hence the proof.

Definition  :  3.16

A pair of functions (f, g) satisfying conditions of Theorem 3.15 is called a generator of w.

Theorem  :  3.17
a)
Assume that (f1, g1) and (f2, g2) are generators of w ( WA. Then there exists a positive ( such that f2(x) = ( f1(x) and g2(x) = ( g1(x).

b)
If (f, g) is a generator of w ( WA then (( f, ( g) is also a generator of w for any positive (.

Proof  :
a)
If w(x, y)
=
f1(-1) (g1(x) + f1(y))




=
f2(-1) (g2(x) + f2(y))


then g1(x) + f1(y) ( f1(0) ( g2(x) + f2(y) ( f2(0), because fi, gi are continuous, strictly decreasing functions and fi(1) = gi(1) = 0 for i = 1, 2. Thus, for any x, y ( [0, 1] such that g1(x) + f1(y) ( f1 (0).

We get that

f2
[image: image95.wmf]o

f2(-1) [g2(x) + f2(y)]

=
g2(x) + f2(y)





=
f2
[image: image96.wmf]o

f1(-1) [g1(x) + f1(y)].

         (56)

Denote h = f2
[image: image97.wmf]o

f1(-1), k = g2
[image: image98.wmf]o

g1(-1) and u = g1(x), v = f1(y). Then  f2(y) = h(v) and g2(x) = k(u), thus (56) implies the following functional equation

h(u + v) = k(u) + h(v),





          (57)

where u + v ( f1(0).


Thus (57) has solution k(u) = ( u, h(v) = ( v, where ( ( 0 because h and k are nonnegative and strictly increasing functions.

b) 
obvious.

Definition  :  3.18
a)
A weak t-norm w has zero divisors if there exist x, y ( 0 such that w(x, y) = 0.

b)
w is called positive if w(x, y) ( 0 for any x, y ( 0.

Theorem  :  3.19
Let w ( WA with generator (f, g). Then w has zero divisors if and only if f(0) =
[image: image99.wmf]0
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f(x) ( + (.

Proof  :
Assume that f(0) =
[image: image100.wmf]0

 

 

x

lim

®

f(x) = +(. Then g(0) = +(, so w(x, y) = f‑1(g(x) + f(y)). Hence, w(x, y) = 0 if and only if g(x) + f(y) = + (, i.e., if and only if x = 0 or y = 0. Thus, if w has zero divisors then f(0) ( + (.

Assume now that f(0) ( + (. Thus, w(x, y) = 0 if and only if g(x) + f(y) ( f(0). We distinguish two cases as follows.

Case  :  1

g(0) ( f(0). Let x ( 0 be such that g(x) = f(0). Then, for any y ( (0, 1) we have f(y) ( 0, so g(x) + f(y) = f(0) + f(y) ( f(0), i.e., w(x, y) = 0.

Case  :  2

g(0) = f(0). Then, for any x ( (0, 1) define y by g(y) = f(0) – f(x). Of course, y ( 0 and g(x) + f(y)  ( f(0), so w(x, y) = 0.

Corollary  :  3.20


Let w ( WA. Then  w is positive if and only if w is strictly increasing.

Proof  :


Theorem 3.19 implies that w is positive if and only if f(0) = + (, where (f, g) is a generator of w. Thus f(-1) = f-1 whence we get the statement.

Lemma  :  3.21


Assume that w ( WA.

(i)
If  w is positive then w ((x, 0) = 
[image: image101.wmf]î
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(ii)
If w has zero divisors then there exists x0 ( 1 such that w ( (x, 0) = 1 when 0 ( x ( x0 and w ( (x, 0) is strictly decreasing on (x0, 1].

Proof  :

(i)
This statement follows immediately from the definition of w ( if we take into account that w is positive if and only if f(0) = + ( for any generator (f, g) of w.

(ii)
w has zero divisors if and only if f(0) ( + (, where (f, g) is a generator of w. it is obvious that w ( (x, 0) = 1 for any x such that g(x) ( f(0). So let x0 be the number defined by g(x0) = f(0).


If x ( x0 the g(x) ( f(0) whence w ( (x, 0) is strictly decreasing, by the definition of the pseudoinverse.

Theorem  :  3.22


Assume that w ( WA with generator (f, g). Then w ( (x, 0) is a

(i)
strict negation if and only if g(0) = f(0) ( + (,
(ii)
strong negation if and only if g(x) = f(x) for every x ( [0, 1] and f(0) ( + (.

Proof  :

(i)
w ( (x, 0) is a strict negation if and only if w has zero divisors and x0 = 0 in Lemma 3.21. This means that g(0) = f(0) ( + (.

(ii)
w ( (w ( (x, 0), 0) = x has to be satisfied for all x ( [0, 1]. Assume that x is such that g(x) ( f(x) and denote n(x) = w ( (x, 0). In this case n(n(x)) = x is equivalent to



g-1 (f(0) ( f(x))   =   f-1 (g(0) ( g(x)).



g(x) ( f(x) implies that  f(0) ( f(x) ( g(0) ( g(x),


whence g-1 (f(0) ( f(x)) ( g-1 (g(0) ( g(x)).


But g-1 (x) ( f-1 (x).

So g-1 (g(0) ( g(x)) ( f-1(g(0) ( g(x)).

That is, g-1 (f(0) ( f(x)) (  f-1 (g(0) ( g(x)).


This is a contradiction.


Hence we obtain that f(x) = g(x) for all x ( [0,1].


Suppose now that g(x) = f(x) and f(0) ( + (.

In this case w is a t-norm and, obviously, w ( (x, 0)  is a strong negation.

Lemma  :  3.23


Let n, n1 be two strict negations on [0,1]. Then there exist two automorphisms (, ( of [0, 1] such that n1 = ( 
[image: image102.wmf]o

 n 
[image: image103.wmf]o

 (.

Proof  :  

Let s, s1, ( [0, 1] be such that s = n(s) and s1 = n1 (s1) and let t = s1/s. Define ( and ( in the following way :


( (x)
=

[image: image104.wmf](
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=
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Case  :  1

x ( s1. This is equivalent to n(x / t) > s, s0

( 
[image: image106.wmf]o

 n 
[image: image107.wmf]o

 ( (x)
=  ( 
[image: image108.wmf]o

 n (x / t)




=   n1[tn-1[n(x / t)]] = n1(x).

Case  :  2

x ( s1. This is equivalent to n1(x) / t ( s. Thus 




( 
[image: image109.wmf]o

 n 
[image: image110.wmf]o

 ( (x)
=  ( [n1 (x) / t] = n1(x).

Theorem   :  3.24

A mapping n : [0, 1] ( [0, 1] is a strict negation if and only if there exist two automorphisms (, ( of the unit interval such that  

n(x) = ( (1 ( ( (x)).
                                                                           (58)

Proof  :


If ( and ( are two automorphisms of [0, 1] then, obviously, n(x) defined by (58) is a strict negation.


Suppose now that n is any strict negation and n1(x) = w ( (x, 0) is a strict negation defined from a weak t-norm w ( WA.


We know from Theorems 3.15, 3.22 that 

n1(x) = f(-1) (f(0) ( g(x)),

where (f, g) is a generator of w and f(0) ( + (. Let f1(x) = f(x) / f(0) and g1(x) = g(x) / f(0). Then (f1, g1) is a generator of w such that f1(0) = 1.


On the other hand, there exist two automorphisms of [0, 1]  ((,  (( such that n = ((
[image: image111.wmf]o

 n1
[image: image112.wmf]o

 ((, by Lemma 3.23. So let ((x) =  ((
[image: image113.wmf]o

 f1-1 (x) and ( (x) = g
[image: image114.wmf]o

(( (x). Then we have  


n(x) = ( (1 ( ((x)).

Corollary  :  3.25

n is a strong negation if and only if there exists an automorphism ( of [0, 1] such that n(x) = (-1 (1 ( ( (x)).
Proof  :


By Theorem 3.24, n = ( 
[image: image115.wmf]o

 (1 ( () with two automorphisms of the unit interval. By Theorem 3.22, n1 in the previous theorem is a strong negation if and only if f = g.


In this case (( = ((()-1 thus ( = g 
[image: image116.wmf]o

 (( = (-1.   

CHAPTER  -  IV

FUZZY CONNECTIVES VIA MATRIX LOGIC
Connectives as matrix operators  

Traditionally, connectives (such as conjunction, disjunction, implication, negation, etc.) are defined by their truth-tables. We can introduce a valuation of any logical expression P by giving value 1 if P is true and value 0 if P is false. Using this valuation, the truth-tables of standard connectives conjunction, disjunction and implication are given by Tables 1, 2 and 3 respectively.

	Table  3 Implication (

	x, y
	0
	1

	0

1
	1

0
	1

1


	Table  1 Conjunction (

	x, y
	0
	1

	0

1
	0

0
	0

1

	Table  2 Disjunction V

	x, y
	0
	1

	0

1
	0

1
	1

1


We can view a given truth-table not only as a simple illustration but also as a 2 x 2 – matrix in all cases. For example, 


M(   =   
[image: image117.wmf]÷
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0

,    M(   =   
[image: image118.wmf]÷
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1

1

1

0

,
    M(   =   
[image: image119.wmf]÷
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1

0

1

1

.

Moreover, one can define a particular vector v(x) for a truth value x ( {0, 1} by


v(1)  =   
[image: image120.wmf]÷
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1

0

,    v(0)   =   
[image: image121.wmf]÷
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0

1

.

It is easy to verify that 

 v(x)( M( v(y) = x ( y

holds for any ( ( {(, (, (} and for any possible combination of x, y ( {0, 1} (prime denotes transposition of vectors). Thus, logical connectives can be interpreted as bilinear products.


It is worth mentioning that this type of bilinear product gives right results for all Boolean functions without exception. That is, if 



L(
=

[image: image122.wmf]÷
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11

10

01

00


with (ij ( {0, 1}, i = 0, 1, j = 0, 1 represents a connective ( (that is, (ij = i (  j in the truth-table of  () and x, y ( {0, 1} then



v(x)( L( v(y) = x ( y.

The unary connective negation can be viewed as follows :


M( v(x) = v(( x), where M( = 
[image: image123.wmf]÷
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Extension of matrix logic for the fuzzy case

Assume that T is a t-norm, S is a t-conorm and n is a strong negation modelling fuzzy logical operations AND, OR and NOT, respectively. Here we do not assume any connection among T, S and n.


For any x ( [0, 1] define a function v from [0, 1] to R2 by 



v(x)
=

[image: image124.wmf]÷
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x
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n

.




          (59)

Using matrices M(, M(, M( and M( with T as a ‘product’ and S as a ‘sum’, the following formulas are obtained :

T ((x, y)  =  v(x)( M( v(y) = T(x, y),




          (60)

S((x, y)  =  v(x)( M( v(y) = S {T(x, n(y)), T [y, S(n(x), x)]},
          (61)


v(n((x)) =  M( v(x) = v(n(x)),




          (62)


(((x, y)   =  v(x)( M( v(y) = S {T(n(x), n(y)), T[y, S(n(x), x)]},
          (63)

where x, y ( [0,1].


Thus T ( is the same t-norm as T and M( acts indeed the same way as the strong negation n. Moreover, (((x, y) = S((n(x), y), that is, (( is always an S( - implication. However, S( itself seems to be a very strange operation. In general, S( is not a t-conorm : not even monotonic. Thus, the question is natural : under what conditions will S( be a t-conorm ? The answer is given in the next part.


In this part, properties of t-conorms are taken one by one and the necessary and sufficient conditions under which S( possesses each property is proved. That is, finally S( will be a t-conorm.

Boundary conditions


Obviously, S((0, x) = S((x, 0) = x holds for every x ( [0,1]. It is easy to see that


S((1, x) = S((x, 1) = S(x, n(x))

for every x ( [0,1]. Thus we have the following Theorem.

Theorem  :  4.1

For any x ( [0,1] the following three statements are equivalent :



S((x, 1)       =   1,



S((1, x)       =   1,



S(x, n(x))   =   1.
Remark  :  4.2

According to Theorem 4.1, suppose that S(x, n(x)) = 1 holds for all x = [0,1]. Then we have the following expression for S( :


S((x, y) = S[T(x, n(y)), y].





          (64)

Condition S(x, n(x)) = 1 for all x ( [0, 1] means that s is strongly nilpotent. Suppose that S is continuous. It is easy to verify that if S is a continuous and strongly nilpotent t-conorm then S is Archimedean. Thus there exists an automorphism ( of the unit interval such that S can be represented by (18). Moreover, S(x, (n(x))) = 1 implies also that 


n(x) ( (-1(1 ( ((x)).

Suppose the extreme case n(x) = (-1(1 ( ((x)).

Monotony  

It is clear that S( is nondecreasing in the first place. Nondecreasingness of S( with respect to the second argument is guaranteed by the next theorem.

Theorem  :  4.3

S((x, y) ( S((x, z) for any x, y, z ( [0, 1], y ( z, if and only if T is an S ‑ copula.

Proof  :


Knowing representation (18) for S, S( is nondecreasing if and only if

min {((T(x, n(y))) + ((y), 1} ( min {((T(x, n(z))) + ((z), 1}
          (65)
holds for any x, y, z ( [0, 1], y ( z. We can assume that the right-hand side is less than 1. Thus (65) holds if and only if


((T(x, n(y))) + ((y) ( ((T(x, n(z))) + ((z).

It is easy to see that this last inequality is equivalent to (24) when S has representation (18). Hence the proof.

Example  :  4.4


Assume that T(x, y) = (-1(((x) ((y)). It is easy to verify that this T is an S – copula when representation (18) is given for S.

Commutativity and associativity  

It is obvious from (64) that commutativity implies nondecreasingness. In addition, associativity of S( follows also from commutativity of S( by corollary 4.6.


Let s ( 0, s ( 1, be a real number. Define a parametric family of continuous Archimedean t-norms in the following way :


TS(x, y) = logs 
[image: image125.wmf](
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We can extend this definition for s = 0, s = 1 and s = ( by taking limits. Thus


T((x, y)   =  
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 Ts(x, y) = min {x, y},


T1(x, y)   =  
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 Ts(x, y) = xy,


T((x, y)   = 
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 Ts(x, y) = max {x + y ( 1, 0}.

The family {TS}S ( [0, (] is called the Frank family of t-norms. If ( is an automorphism of the unit interval then T(x, y) = (-1(TS(((x), ((y))) is called a (  - transform of TS.


Formula  (19) enables  us  to define  the  Frank  family of  t – conorms {SS}S ( [0, (] by


SS(x, y) = 1 ( TS(1 ( x, 1 ( y)

for any s ( [0, (].

Theorem  :  4.5

Suppose that ( is an automorphism of the unit interval so that (18) holds. Then S( is commutative if and only if one of the following two conditions is valid :

(a)
there exists an s ( [0, (] such that


T(x, y) = (-1 (TS(((x), ((y))).

(b)
T(x, y) is a symmetric ordinal sum of {([am, bm], Tm)} with respect to the strong negation n, where for every m there exists an s(m) ( (0, (]  and an automorphism (m​ of the unit interval such that


Tm(x, y) = (m-1 (TS(m) ((m(x), (m​(y))).

Proof  :
Commutativity of S( means that

min {((T(x, n(y))) + ((y), 1} = min {((T(y, n(x))) + ((x), 1}   ​ ​
holds for every x, y ( [0, 1]. If we introduce a new t – norm T( defined by


T((x, y) = ((T((-1(x), (-1(y)))





          (66)

and use ((x) = u, ((y) = v then the last equation is equivalent to


min {T((u, 1 ( v) + v, 1} = min {T( (v, 1 ( u) + u, 1}.

If we observe that


T((u, 1 ( v) + v ( 1 ( T((u, 1 ( v) + v = 1

then, obviously, the last equation is valid if and only if 


T((u, 1 ( v) + v = T((v, 1 ( u) + u




          (67)

holds for every u, v ( [0, 1].


Let t = 1 ( u in (67). Then we obtain the following equivalent form of (67) :


T((u, t) + 1 ( T((1 ( u, 1 ( t) = u + t.



          (68)

(68) has no discontinuous solutions since T( is nondecreasing.


Following Frank’s ideas, suppose first that T( is Archimedean. Therefore, there exists an s ( (0, (] so that T( = TS. By (67), this implies that


T(x, y) = (-1(TS(((x), ((y))), s ( (0, (].


If T( is not Archimedean then, since it is continuous, it should be the ordinal sum of a family {([Cm, dm], T(m)}. Equation (68) implies that 


T((x, x) = x ( T((1 ( x, 1 ( x) = 1 ( x.      



          (69)

This implies that the system of intervals 

I ( = {[Cm. dm]} is symmetric with respect to the strong negation 1 ( x.


It follows that the same summand should be associated with intervals [C​m, dm] and [1 ( Cm, 1 ( dm].


These two necessary conditions (that is, the symmetry of I ( and the use of identical summands) are sufficient, as one can see easily by simple calculations. Therefore, in the non-Archimedean case T( must be the symmetric ordinal sum of {([Cm, dm], T(m) ( with respect to the strong negation 1 ( x.


Clearly, each T(m should satisfy (68). Thus, for each m there exists an s(m) ( (0, (] such that T(m = TS(m).


Therefore, we have
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Using this representation and (66), T must be of form
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          (70)

where T(m = TS(m), am = (-1(cm), bm = (-1(dm). According to Result 1.13, T  should be the ordinal sum of {[am, bm], Tm]} :
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(71)    clearly, we must have am = (-1(cm), bm = (-1(dm) by (70).


Define for any index m an automorphism (m of the unit interval by
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Comparing (70) with (71), we obtain that


Tm(x, y) = 
[image: image134.wmf]1

m

-

y

(TS(m) ((m(x), (m(y))), (x, y) ( [0, 1]2.

That is, the summand Tm is the (m  - transform of  TS(m).


The family of intervals I = {[am, bm]} is symmetric with respect to the strong negation n(x) = (-1(1 ( ((x)) since

[am, bm] ( I ( [cm, dm] ( I ( ( [1 ( dm, 1 ( cm] ( I ( ( [n(bm), n(am)] ( I,

by cm = ((am), dm = ((bm).

Clearly, the same summand Tm is associated with [am, bm] and with [n(bm), n(am)] since this is true for [cm, dm] and [1 ( dm, 1 ( cm] with T(m = TS(m).


Hence the proof.

The proof of the next corollary is obvious by Theorem 4.5.

Corollary  :  4.6

If S( is commutative then it is associative.

Corollary  :  4.7

Assume that S( is commutative and T is Archimedean, i.e.,


T(x, y)

=
(-1 (Ts(((x), (((y)))

for some  s ( (0, (]. Then 


S((x, y)
=
(-1 [S1/S(((x), (((y))],

and 
(((x, y)

=
(-1 [S1/S(1 ( ((x), (((y))],

where 1/(

=
0.


Proof  :


The proof follows from Theorem 4.5 (a).

Corollary  :  4.8

Assume that S( is commutative and T is not Archimedean, i.e., T is the symmetric ordinal sum of {([am, bm], Tm)}. Then S( is the symmetric ordinal sum of {([am, bm], Sm)}, where Tm is the (m – transform of TS(m) and Sm is the (m – transform of S1/S(m) ((m is an automorphism of the unit interval for all index m).

Proof  :


The proof follows from Theorem 4.5(b)

Corollary  :  4.9

A triple (Ts, S1/s, 1 ( ()( is a De Morgan triple if and only if s = 1.

Proof  :

(TS, S1/S, 1 ( ()( is a De Morgan triple if and only if S1/S = SS, i.e., if and only if s = 1/s which is true if and only if s = 1.

Corollary  :  4.10

S( = S if and only if T = min.

Proof

S( = S if and only if s = (. Using corollary 4.5, s = ( if and only if 

T(x, y) 
=
(-1(T((((x), (((y)))



=
min {x, y}.

CHAPTER  -  V

PICTORIAL REPRESENTATIONS OF SOME 
FUZZY CONNECTIVES
Definition  :  5.1

When t-norm T does not necessarily satisfy the associativity T(x, T(y, z)) = T(T(x, y), z), it is called a quasi – t-norm.

For example, Q(x, y) = xy(x + y ( xy).


In this connection, we s​hall define the following operator Q(x,y) :


Q(x, y) = T((T(x, y), S(x, y))





          (72)

where T( and T are t-norms and S is a t-conorm which is not necessarily dual to T.

Result  :  5.2

Q(x, y) satisfies the following :

(a) Q(x, 1) = x, Q(x, 0) = 0 ;

(b) x ( ( x (, y ( ( y ( ( Q(x (,  y () ( Q(x (, y () ;

(c) Q(x, y) = Q(y, x) ;

(d) Q(x, y) ( T(x, y).

Proof  :
(a) Q(x, 1) = T((T(x, 1), S(x, 1)) = T((x, 1) = x,

Q(x, 0) = T((T(x, 0), S(x, 0)) = T((0, x) = 0.


The monotonicity (b) and commutativity (c) of Q(x, y) are easily shown. Since T((x, y) ( x ( y and T(x, y) ( S(x, y), we have

          Q(x, y) = T((T(x, y), S(x, y)) ( T(x, y) ( S(x, y) = T(x, y) which shows (d).

Definition  :  5.3

Dual of a quasi-t-norm Q(x, y) = T((T(x, y), S(x, y)) is called a quasi‑t‑conorm and is given by


Q((x, y) = S((S((x, y), T((x, y))


                               (73)

where S( is a t-conorm dual to T(, and S( and T( are dual to T and S, respectively.

Remark  :  5.4

A quasi-t-conorm Q((x, y) is derived from Q(x, y) as follows :


Q((x, y) 
=
1 ( Q(1 ( x, 1 ( y)




=
1 ( T((T(1 ( x, 1 ( y), S(1 ( x, 1 ( y))




=
1 ( T((1 ( S((x, y), 1 ( T((x, y))




=
S((S((x, y), T((x, y)).

Result  :  5.5


Clearly, if T and S are dual to each other in (72), Q((x, y) is given as


Q((x, y) = S((S(x, y), T(x, y)).

Result  :  5.6

A quasi-t-conorm Q((x, y) of (73) satisfies the following properties :


(a()
Q((x, 0)   =   x, Q((x, 1) = 1 ;


(b()
x ( ( x (,  y ( ( y ( (  Q((x (, y ()  (  Q(( x (, y () ;


(c()
Q((x, y)   =   Q((y, x) ;


(d()
Q((x, y)  (  S((x, y).


Following are some examples of quasi-t-norms Q(x, y) of (72) and quasi-t-conorms Q((x, y) of (73). When T( = ( (min), we have Q(x, y) = T(x, y) since Q(x, y) = T(x, y) ( S(x, y) = T(x, y). 

Dually, when S( = ( (max), we have  Q((x, y) = S((x, y). 


In the case of T((a, b) = a ( b (algebraic product), Q(x, y) is given as


Q(x, y) = T(x, y) ( S(x, y)

Example  :  5.7

Let T(x, y) = xy and S(x, y) = x ( y. Then Q(x, y) = xy (x ( y).

Example  :  5.8


Let T(x, y) = xy and S(x, y) = x + y ( xy. Then Q(x, y) = xy (x + y ( xy).

Example  : 5.9

Let T(x, y) 
=   
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Then 
      Q(x, y)
=    
[image: image137.wmf] xy)

-

 

(1

 

 xy)

-

 y 

 

x

(

2xy)

 

-

 y 

(x 

 

xy

+

+



Dually, from S((a, b) = a + b ( ab (algebraic sum), 

Q((x, y) = S((x, y) + T((x, y) ( S((x, y) T((x, y) is derived from (73).

Example  :  5.10

S((x, y) = x + y ( xy and T((x, y) = x ( y, 

then Q((x, y) = x + y ( xy + (x ( y) ( (x + y ( xy) (x ( y), which is dual to Q(x, y) = xy (x ( y) given above in Example 5.7.

Example  :  5.11

Let S((x, y) = x + y ( xy and T((x, y) = xy, we have

Q((x, y) = x + y ( xy (x + y ( xy). This is dual to xy(x + y ( xy). It is noted that this quasi-t-conorm Q((x, y) and its dual quasi-t-norm Q(x, y) satisfy


Q(x, y) + Q((x, y) = x + y.

Moreover, S((x, y) = 
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 and

T((x, y)   =   
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 give the following Q((x, y) :

Q((x, y)   =   
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Finally, when T((a, b) = 0 ( (a + b ( 1) (bounded product) in (72), Q(x, y) is as follows :

Q(x, y)   =   0 ( (T(x, y) + S(x, y) ( 1).
Example  :  5.12


For T(x, y) = 
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we have


Q(x, y)
   =   
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which is  a quasi-t-norm but not a t-norm. For T(x, y) = x ( y, xy, 0 ( (x + y (1) and their duals S(x, y), we have Q(x, y) = 0 ( (x + y ( 1) which is bounded product.


Dually, when S((a, b) = 1 ( (a + b) (bounded sum), 


S( = 
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[image: image145.wmf] xy

-

 y 

 

x

xy

+

,

Q((x, y)   =   1 ( (S((x, y) + T((x, y))


    =   
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Note  :  5.13

The above examples of Q(x, y) are all quasi-t-norms but not t-norms, and Q((x, y) are also quasi-t-conorms but not t-conorms, since they do not satisfy the associativity.


Pictorial representations of these examples of quasi-t-norms Q(x, y) and quasi-t-conorms Q((x, y) are shown in Figure  I.
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Fig.  I.  Examples of quasi-t-norms Q(x, y) (left) and 

quasi-t-conorms Q*(x, y) (right)
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Fig.  I.  Examples of quasi-t-norms Q(x, y) (left) and 

quasi-t-conorms Q*(x, y) (right)
Definition  :  5.14

Define an operator


A(x, y)   =   T(T1(x, y), T2(x, y))



                     (74)

and its dual A((x, y) = S(S1(x, y), S2(x, y))


                     (75)

where S, S1 and S2 are t-conorms dual to t-norms T, T1 and T2, respectively.

Result  :  5.15

A(x, y) and its dual A((x, y) satisfy the following properties :

(a)
A(x, 0)    =   A(0, x) = 0,  A((x, 1) = A((1, x) = 1,


A(x, 1)    =   A(1, x) = T(x, x),


A((x, 0)   =   A((0, x) = S(x, x) ;     


(b)
x ( ( x (, y ( ( y ( ( A(x (, y () ( A(x (, y ()




 ( A((x (, y () ( A((x (, y () ;

(c) 
A(x, y)    =   A(y, x), A((x, y) = A((y, x) ;

 (d)
A(x, y) ( T1(x, y) ( T2(x, y) ( x ( y,


A((x, y) ( S1(x, y) ( S2(x, y) ( x ( y ;

(e)
A(x, y) and A((x, y) are not necessarily associative.

Example  :  5.16

Let T(a, b) = ab, T1(x, y) = xy and T2(x, y) = x ( y in (74) ; then A(x, y) = xy(x ( y) and its dual is


A((x, y)   =   x + y ( xy + (x ( y) ( (x + y ( xy) (x ( y).

Definition  :  5.17

Define an operator B(x, y) = S(T1(x, y), T2(x, y))


          (76) 

and its dual


B((x, y)   =   T(S1(x, y), S2(x, y))     



          (77)   

where T, S1 and S2 are dual to S, T1 and T2, respectively.

Remark  :  5.18

B and B( satisfy the following :

(a)
B(x, 0)   =   B(0, x) = 0, B((x, 1) = B((1, x) = 1,


B(x, 1)   =   B(1, x) = S(x, x), B((x, 0) = B((0, x) = T(x, x),

(b)
B(x, y) and B((x, y) are increasing and commutative ;

(c)
B(x, y) ( T1(x, y) ( T2(x, y),


B((x, y) ( S1(x, y) ( S2(x, y) ;

(d)
B(x, y) and B((x, y) are not necessarily associative.

Example  :  5.19

If S(a, b) = a + b ( ab, T1(x, y) = xy and T2(x, y) = x ( y in (76), we have


B(x, y)   =   xy + (x ( y) ( xy(x ( y) 

and its dual is


B((x, y)   =   (x + y ( xy) (x ( y).


Figure II shows examples of A(x, y), A((x, y), B(x, y) and B((x, y). These new operations will be found in the sequel to be useful in generating new compensatory operators.

Definition  :  5.20 


The compensatory operator, is defined as 

(xy)1-p (x + y ( xy)p, 0 ( p ( 1.


It is possible to define alternative compensatory operators by taking the convex combination of min (() and max (() 


(x ( y) (1 ( p) + (x ( y)p,   0 ( p ( 1.


In general, we can obtain many kinds of compensatory operators by using t-norms T(x, y) and t-conorms S(x, y) dual to T(x, y).


For 0 ( p ( 1, we have


C(x, y)   =   T(x, y)1-p . S(x, y)p,     




          (78)    


C(x, y)   =   T(x, y) (1 ( p) + S(x, y) p.



          (79)

Result  :  5.21

Clearly we have

(i)
C(0, 0)   =   0, C(1, 1) = 1 ;

(ii)
T(x, y)(p=0) ( C(x, y) ( S(x, y)(p=1) ;

and C(x, y) is commutative, continuous and increasing.

Definition  :  5.22

Dual of compensatory operator (78) is given as


C((x, y)   =   1 ( T(1 ( x, 1 ( y)1-p ( S(1 ( x, 1 ( y)p   


    =   1 ( (1 ( S(x, y))1-p ( (1 ( T(x, y))p.


          (80)   
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Fig. II. Examples of A(x, y), A*(x, y), B(x, y) and B*(x, y) in (74) – (77)

The dual of (79) is obtained as follows : 


C((x, y)   =   1 ( [T(1 ( x, 1 ( y) (1 ( p) + S(1 ( x, 1 ( y) p]   


    =   S(x, y) (1 ( p) + T(x, y) p,



          (81)   

by using the equalities S(x, y) = 1(T(1 ( x, 1(y) and T(x, y) = 1(S(1(x, 1(y).

It is possible in (78) and (79) to use t-norms T(x, y) and t-conorms S((x, y) which are not dual to T(x, y). For 0 ( p ( 1,


T(x, y)1-p ( S((x, y)p,






          (82)


T(x, y) (1 ( p) + S((x, y) p.





          (83)

Definition  :  5.23

We can define compensatory operators by combining two kinds of t‑norms T(x, y) and T((x, y), or t-conorms S(x, y) and S((x, y).

For 0 ( p ( 1,


T(x, y)1-p ( T((x, y)p,






          (84)


T(x, y) (1 ( p) + T((x, y) p,





          (85)


S(x, y)1-p ( S((x, y)p,






          (86)


S(x, y) (1 ( p) + S((x, y) p.





          (87)

A number of examples of compensatory operators are given in Table  5.24. Some pictorial representations of these examples are given in Figure III.

TABLE  5.24
COMPENSATORY OPERATORS C(x, y), 0 ( p ( 1
	C(x, y) of (78), (79) by t-norms and dual t-conorms


	(1)

(2)

(3)


	(x ( y)1(p . (x ( y)p

(xy)1(p . (x + y – xy)p (Zimmermann)
[0 ( (x + y)] 1(p . [1 ( (x + y)]p
	(1)(
(2)(
(3)(
	(x ( y) (1 ( p) + (x ( y) p (Zimmermann)

xy (1 – p) + (x + y – xy) p
[0 ( (x + y – 1)] (1 – p) + [1 ( (x + y)] p

	C(x, y) of (82), (83) by t‑norms and t‑conoms



	(4)

(5)
(6)

(7)
(8)
(9)
	(x ( y)1(p . (x + y – xy)p
(x ( y)1(p . (xy)p
(x ( y)1(p . [1 ( (x + y)]p
(x ( y)1(p . [0 ( (x + y – 1)]p
(xy)1(p . (1 ( (x + y))p
(x + y – xy)1(p . [0 ( (x + y – 1)]p
	(4)(
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(5)(
(6)( 

[image: image160.wmf]b

 
(7)(
(8)( 

[image: image161.wmf]b

 
(9)(
	(x ( y) (1 – p) + (x + y – xy) p

(x ( y) (1 – p) + xyp
(x ( y) (1 – p) + [1 ( (x + y)] p (Luhandjula)

(x ( y) (1 – p) + [0 ( (x + y – 1)] p

xy (1 – p) + (1 ( (x + y)) p

(x + y – xy) (1 – p) + [0 ( (x + y – 1)] p

	C(x, y) of (84), (85), (86), (87) by t-norms or t-conorms



	(10)

(11)
(12)

(13)
(14)

(15)


	[0 ( (x + y – 1)]1(p . (x ( y)p
[1 ( (x + y)]1(p . (x ( y)p
[0 ( (x + y – 1)]1(p . (xy)p
[1 ( (x + y)]1(p . (x + y – xy)p
(xy)1(p . (x ( y)p
(x + y – xy)1(p . (x ( y)p
	(10)(
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(11)(
(12)(
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(13)(
(14)(

[image: image164.wmf]b


(15)(
	[0 ( (x + y – 1)] (1 – p) + (x ( y) p (Sales)

[1 ( (x + y)] (1 – p) + (x ( y) p (Sales)

[0 ( (x + y – 1)] (1 – p) + xyp

[1 ( (x + y)] (1 – p) + (x + y – xy) p

xy (1 – p) + (x ( y) p

(x + y – xy) (1 – p) + (x ( y) p 


The symbol  
[image: image165.wmf]b

  represents duality.
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Fig. III. Examples of Compensatory Operators in Table 5.24 (p = 0.3)
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Fig. III. Examples of Compensatory Operators in Table 5.24 (p = 0.3)
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Fig. III. Examples of Compensatory Operators in Table 5.24 (p = 0.3)

SUMMARY AND CONCLUSION

The concept of fuzzy sets was introduced by Zadeh, L.A., in 1965. Since then this concept has been used in the development of almost all branches of mathematics, where the concepts of uncertainty, information and complexity are explained by means of fuzzy sets. The main problem in fuzzy set theory is to find connectives which have as many nice and realistic properties as it can be.


Fuzzy connectives are extensively utilized in various inferential schemes that arise in fuzzy control.


This thesis is devoted to the study of fuzzy connectives and is organized as follows :

6) Connectives for fuzzy sets

7) Connectives for fuzzy partitions

8) Logical connectives for fuzzy sets

9) Fuzzy connectives via matrix logic

10) Pictorial representations of some fuzzy connectives

Various important results discussed here are taken from the articles entitled

1)
On a family of connectives for fuzzy sets [5]

2)
Fuzzy partitions with the connectives T(, S( [7]

3)
A new look at fuzzy connectives [14]

4)
Fuzzy connectives via matrix logic [15]

5)
Pictorial representations of fuzzy connectives, Part II : cases of 

compensatory operators and self-dual operators [18]


Connectives for fuzzy sets and their properties are studied in chapter I.


Fuzzy partitions with the connectives T( and S( are studied in chapter  II. The notion of a fuzzy partition is obtained when the set operations are defined using the operators T( and S(.


Logical connectives for fuzzy sets is discussed in chapter III. The main results proved here is the representation theorems for weak-t-norms and strict negation (Theorem 3.15 and 3.24).


Fuzzy connectives via matrix logic is studied in chapter IV. In this chapter fuzzy logical connectives are proposed using matrix logic. This matrix representation of Boolean logical operators enables us to link together conjunction, disjunction and negation differently from the traditional De‑Morgan law.


The fifth chapter deals with pictorial representations of some fuzzy connectives. Quasi-t-norms, Quasi-t-conorms and compensatory operators are defined with interesting examples. The pictorial representations of these operators are presented.


Fuzzy connectives is a special environment for the study of fuzzy set theory. This is a fast growing field of research. It promises to develop quickly to a calculus which combines depth with applicability.
REFERENCES
1.
Arigoni, A.O., Governatori, L., Rossi, A., “Conceptual fuzzy sets and their connectives”, Fuzzy Sets and Systems, 104 (1999), 141-167.

2.
Bellman, R.E., and Gertz, M., “On the analytic formalism of the theory of fuzzy sets”, Information Sciences, 5 (1973), 149-156.

3.
Butnariu, D., “Additive fuzzy measures and integrals”, J.Math, Anal. Appl., 93 (1983), 436-452.

4.
Claudi Alsina, Trillas, E., Valverde, L., “On some logical connectives for fuzzy sets theory”, J.Math. Anal. Appl., 93 (1983), 15-26.

5.
Claudi Alsina, “On a family of connectives for fuzzy sets”, Fuzzy Sets and Systems, 16 (1985), 231-235.

6.
Dubois, D., and Prade, H., “A review of fuzzy set aggregation connectives”, Information Sciences, 36 (1985), 85-121.

7.
Dumitrescu, D., “Fuzzy partitions with the connectives T(, S(”, Fuzzy Sets and Systems, 47 (1992), 193-195.

8.
Gaines, B.R., “Stochastic and fuzzy logics”, Electron. Lett., 11 (1975), 444-445.

9.
Gaines, B.R., “Foundations of fuzzy reasoning”, Int. J.Man-Machine Studies, 8 (1976), 623-668.

10.
Goguen, J.A., “L-fuzzy sets”, J.Math. Anal. Appl., 18 (1967), 145-174.

11.
Harald Dyckhoff and Witold Pedrycz, “Generalized means as model of compensative connectives”, Fuzzy Sets and Systems, 14 (1984), 143‑154.

12.
Hersh, H.M., and Caramazza, A., “A fuzzy set approach to modifiers and vagueness in natural language”, J.Exp. Psychol., 105 (1975), 254‑276.

13.
Höhle, U., “Probabilistic uniformization of fuzzy topologies”, Fuzzy Sets and Systems, 1 (1978), 311-332.

14.
Janos C. Fodor, “A new look at fuzzy connectives”, Fuzzy Sets and Systems, 57 (1993), 141-148.

15.
Janos C. Fodor, “Fuzzy connectives via matrix logic”, Fuzzy Sets and Systems, 56 (1993), 67-77.

16.
Klement, E.P., Navara, M., “A survey of different triangular norm-based fuzzy logics”, Fuzzy Sets and Systems, 101 (1999), 241-251.

17.
Masaharu Mizumoto, “Pictorial representations of fuzzy connectives, Part I : Cases of t-norms, t-conorms and averaging operators”, Fuzzy Sets and Systems, 31 (1989), 217-242.

18.
Masaharu Mizumoto, “Pictorial representations of fuzzy connectives, Part II : Cases of compensatory operators and self-dual operators”, Fuzzy Sets and Systems, 32 (1989), 45-79.

19.
Menger, K., “Statistical Metrics”, Proc. Natl. Acad. Sci., USA, 28 (1942), 535-537.

20.
Michael Berger, “A new parametric family of fuzzy connectives and their application to fuzzy control”, Fuzzy Sets and Systems, 93 (1998), 1-16.

21.
Oden, G., “Integration of fuzzy logical information”, J. Exp. Psychol., 3 (1977), 565-575.

22.
Rohan Hemasinha, Nikhil R. Pal, James C. Bezdek, “The determinant of a fuzzy matrix with respect to t and co-t norms”, Fuzzy Sets and Systems, 87 (1997), 297-306.

23.
Ronald R. Yager, “On a general class of fuzzy connectives”, Fuzzy Sets and Systems, 4 (1980), 235-242.

24.
Ronald R. Yager, “Connectives and quantifiers in fuzzy sets”, Fuzzy Sets and System, 40 (1991), 39-75.

25.
Ruspini, E.H., “A new approach to clustering”, Information and Control, 15 (1969), 22-32.

26.
Sandor Jenei, “A more efficient method for defining fuzzy connectives”, Fuzzy Sets and Systems, 90 (1997), 25-35.

27.
Sandor Jenei, “Continuity of left-continuous triangular norms with strong induced negations and their boundary condition”, Fuzzy Sets and Systems, 124 (2001), 35-41.

28.
Schweizer, B., Sklar, A., “Probabilistic Metric Spaces”, North-Holland, Amsterdam, 1983.

29.
Stanley Gudder, “Connectives and fuzziness for classical effects”, Fuzzy Sets and System, 106 (1999), 247-254.

30.
Taner Bilgic, and Turksen, I.B., “Measurement – theoretic justification of connectives in fuzzy set theory”, Fuzzy Sets and Systems, 76 (1995), 289-307.

31.
Weber, S., “A general concept of fuzzy connectives, negations and implications based on t-norms and t-conorms”, Fuzzy Sets and Systems, 11 (1983), 115-134.

32.
Witold Pedrycz, “Fuzzy relational equations with generalized connectives and their application”, Fuzzy Sets and Systems, 10 (1983), 185-201.

33.
Zadeh, L.A., “Fuzzy Sets”, Information and control, 8 (1965), 338-353.

34.
Zimmermann, H.J., and Zysno, P., “Latent connectives in human decision making”, Fuzzy Sets and Systems, 4 (1980), 37-51.

(





� EMBED Equation.3  ���





(





(





� EMBED Equation.3  ���





(





(





(





(





(





(





(





(





(





(





(





(





(





(





(





(
































_1233025064.unknown

_1238241908.unknown

_1238247714.unknown

_1238249920.unknown

_1238249958.unknown

_1238252777.unknown

_1238432324.unknown

_1238250016.unknown

_1238252717.unknown

_1238249932.unknown

_1238247899.unknown

_1238249161.unknown

_1238247863.unknown

_1238243375.unknown

_1238244516.unknown

_1238244845.unknown

_1238244472.unknown

_1238243276.unknown

_1238243299.unknown

_1238241930.unknown

_1233025432.unknown

_1233025720.unknown

_1235893936.unknown

_1236700330.unknown

_1236704647.unknown

_1236700316.unknown

_1236700038.unknown

_1235893929.unknown

_1233025587.unknown

_1233025678.unknown

_1233025539.unknown

_1233025271.unknown

_1233025299.unknown

_1233025169.unknown

_913609483.unknown

_913609947.unknown

_1233024378.unknown

_1233024771.unknown

_1233024979.unknown

_1233024718.unknown

_1233024112.unknown

_1233024281.unknown

_913611551.unknown

_1233024093.unknown

_913611524.unknown

_913609886.unknown

_913609913.unknown

_913609515.unknown

_913609621.unknown

_913589211.unknown

_913592051.unknown

_913595772.unknown

_913602990.unknown

_913609237.unknown

_913609258.unknown

_913609403.unknown

_913604442.unknown

_913599638.unknown

_913600497.unknown

_913595951.unknown

_913595394.unknown

_913595771.unknown

_913592520.unknown

_913590809.unknown

_913591655.unknown

_913590710.unknown

_913590609.unknown

_913588889.unknown

_913589041.unknown

_913589162.unknown

_913588984.unknown

_913586853.unknown

_913586897.unknown

_913584217.unknown

_913586047.unknown

_913583824.unknown

