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C H A P T E R - 1 

PRELIMINARY DEFINITIONS AND RESULTS IN CI -ALGEBRAS 

S E C T I O N 1.1 
P R E L I M I N A R I E S ON C I - A L G E B R A S 

Definition : 1.1.1 

A BCI-algebra (X ; *, 0) is a non-empty set X with a constant 0 and a 

binary operation * satisfying the following ax ioms : For all x, y, z e X , 

( B C I 1 ) ((X * y ) * (X * z)) * (z * y) = 0 

( B C I 2 ) (X * (X * y ) ) * y = 0 

( B C I 3 ) x = i = x = 0 

( B C I 4 ) X * y = 0 and y * x = 0 = > x = y. 

Definition : 1.1.2 

A BCI-a lgebra (X ; *, 0) is cal led a BCK-a lgeb ra if 

( B C K 1 ) 0 * x = 0 f o r a l l x e X . 

Definition : 1.1.3 

A BCH-algebra (X ; *, 0 ) is a non-empty set X with a constant 0 and a 

binary operation * satisfying the following ax ioms. For all x, y, z e X , 

( B C H 1 ) x * x = 0 

( B C H 2) (X * y) * z = (X * z) * y 

( B C H 3) If X * y = 0 and y * X = 0 ^ X = y V X, y, z e X . 

Note 

In B C I / B C K / BCH-a lgebra (X ; *, 0 ) or simply denoted by X , define a 

binary relation "<" by x < y iff x * y = 0. 
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Definition : 1.1.4 

A BE-a lgebra (X ; *, 1) is a non-empty set X with a constant 1 and a 
binary operation * satisfying the following ax ioms : For all x, y, z e X , 
( B E 1 ) x * x = 1 
( B E 2) X * 1 = 1 
( B E 3) 1 * X = X 
( B E 4 ) X * (y * z ) = y * (x * z ) 

Definition : 1.1.5 

A dual BCK-a lgebra (X ; *, 1) is a non empty set X with a constant 1 

and a binary operation * satisfying ( B E 1), ( B E 2) and the following ax ioms : 

For all X, y, z e X . 

( d B C K 1 ) x * y = y * x = 1 implies x = y 

( d B C K 2 ) (X * y ) * ((y * z ) * (x * z ) ) = 1 

( d B C K 3 ) x * ( ( x * y ) * y ) = 1. 

Definition : 1.1.6 

A non-empty set X with a constant 1 and a binary operation * denoted 

by (X ; *, 1) or simply by X is cal led a Cl-algebra if it sat isf ies the following 

ax ioms : For all x, y, z e X 

( C I 1 ) x * x = 1 

(CI 2) 1 * X = X 

(CI 3) X * (y * z ) = y * (x * z ) 

Note 

In a B E / dual B C K / C I algebra X , define a relation "<" on X by x < y if 

and only if x * y = 1 for all x , y, e X . 
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Note 

(i) Obviously, every dual B C K / B C I / BCH-a lgebra is a Cl-a lgebra. 

(ii) For any Cl -a lgebra X , denote B ( X ) = {x e X / x * 1 = 1} 

Now, a Cl -a lgebra is a BE-a lgebra if and only if X = B ( X ) . 

Note : 

Hereafter X will denote Cl -a lgebra un less it is specif ied. 

Definition : 1.1.7 

A non-empty subset S of an Cl -a lgebra X is said to be a subalgebra 

of X if X * y e S , whenever x, y e S . 

Note 

For any Cl -a lgebra X , {1} and X are trivial subalgebra of X . 

Definition : 1.1.8 

A Cl-a lgebra X is said to be self-distributive if for any x, y, z e X , 

X * (y * z ) = (x * y) * (x * z ) . 

Definition : 1.1.9 

A Cl-a lgebra X is said to be commutative if it sat isf ies for any x , y e X , 

(x * y ) * y = (y * x ) * X. 

Proposit ion : 1.1.10 

In an Cl-a lgebra X , the following properties holds good :For all x, y e X . 

(i) y * ((y * x ) * x ) = 1 

(ii) (x * 1) * (y * 1) = (x * y ) * 1 

(iii) 1 < X ^ X = 1. 
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Proof 

(i) Let X be a Cl -a lgebra. For any x, y e X we have, 

y * ((y * X) * X) = (y * X) * (y * X) = 1 . By (CI 3 ) and (CI 1). 

(II) Let X be a Cl -a lgebra. For any x, y e X we have, 

(x * 1) * (y * 1) = (x * 1) * {y * [(x * y ) * (x * y)]} 

= (X * 1 ) * {(X * y ) * [X * (y * y)]} (By C I 3 ) 

= (X * 1) * [(X * y ) * (X * 1)] (By C 1 1 ) 

= (X * y ) * [(X * 1 ) * (X * 1)] (By C I 3) 

= (X * y ) * 1 (By C I 1) 

(III) Obvious. 

Example : 1.1.11 

Let X = { 1 , a , b} be a set with the following cay ley table : 
* 1 a b 

1 1 a b 

a 1 1 1 

b 1 1 1 

Then (X ; 1) is a Cl-algebra. 

Example : 1.1.12 

Let X = { 1 , 2, 3, 4 , 5, 6} be a set with the following cay ley table 

* 1 2 3 4 5 6 

1 1 2 3 4 5 6 

2 1 1 1 4 4 4 

3 1 1 1 4 4 4 

4 4 5 1 1 2 3 

5 4 4 4 1 1 1 

6 4 4 4 1 1 1 
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Then (X ; *, 1) is a Cl -a lgebra. But it is not a BE-a lgeb ra because 4 * 1 = 5 * 1 
= 6 * 1 = 4 ; ^ 1. 

Therefore, the c l ass of BE-a lgeb ras is a proper subc lass of the c l ass of 

C l -a lgebras. 

Example : 1.1.13 

Let X = { 1 , a , b, c, d} be a set with the following cay ley table : 

* 1 a b c d 

1 1 a b c d 

a 1 1 b b d 

b 1 a 1 a d 

c 1 1 1 1 d 

d d d d d 1 

Then (X ; *, 1) is a Cl-algebra. 

Definition : 1.1.14 

Let (X ; *, 1) be an Cl -a lgebra and F a non empty subset of X . Then F 

is said to be a filter of X if 

( F 1 ) 1 e F, 

( F 2) If X e F and x * y e F, then y e F. 

T h e set of all filters in X is denoted by Fil (x ) . Obviously {1} , X e Fil (X ) . 

Example : 1.1.15 

In Examp le (1.1.13) of Cl -a lgebra X , consider F i = { 1 , a} and 

F2 = { 1 , b } . 

Then F i and F2 are filters of Cl -a lgebra X . 
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Proposit ion : 1.1.16 

If Fi(i e A ) are filters of a Cl -a lgebra X . Then p F, is a filter of X . 
i e A 

P r o o f : Obvious. 

Definition : 1.1.17 

Let X be a Cl -a lgebra. A non empty subset I of X is called an ideal of X if 

(I 1) If X e X and a e I, then x * a e I 

i.e, X * I Q I , 

(I 2) If X e X and a , b e I, then (a * (b * x ) ) * x e I. 

Note 

For any Cl -a lgebra X , {1} and X are trivial ideals of X . Obviously every 

ideal in a Cl -a lgebra is a subalgebra. 

Lemma : 1.1.18 

Let X be an Cl-a lgebra. Then 

(i) Every ideal of X contains 1, 

(ii) If I is an ideal of X , then (a * x ) * x e I for all a e I and x e X . 

Proof 

Let X be an Cl-a lgebra. 

To Prove (i), Let I be an ideal of X . 

For X e l , 1 = X * X e I * I e X * I . T h u s 1 e 1. 

To Prove (ii), Let I be an ideal of X . 

Then (a * (b * x ) ) * x e I for x e X and a , b e I (1) 

Put b = 1 in equation (1) . Then (a * (1 * x ) ) * x e I. 

Hence (a * x ) * x e I . 
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Definition : 1.1.19 

Let I be an ideal of a Cl -a lgebra X. Define Iw by Iw = {x e X / w * x e 1} 
for any w e X. 

Proposition : 1.1.20 

Let X be a self-distributive Cl -a lgebra and I an ideal of X. Then Iw is a 

subalgebra of an Cl-a lgebra X. 

Proof 

Let X be a self-distributive Cl-a lgebra. And let I be an ideal of X. 

Let a , b e Iw. 

Then w * a e I and w * b e I . 

And, w * (a * b) = (w * a ) * (w * b) 

Q X * I ^ I 

This implies a * b e I w 

Proposition : 1.1.21 

Let X be a self-distributive Cl -a lgebra and I an ideal of X. Then Iw is an 

ideal of an Cl-a lgebra X. 

Proof 

Let X be a self-distributive Cl -a lgebra and I be an ideal of X. 

Let X e X and a e Iw. 

T h e n , w e have w * a e I and w * (x * a ) = (w * x ) * (w * a ) 

e X * I 

^ I ( b y 1 1 ) 

Th is implies x * a e Iw (1) 

Now let a , b e Iw and x e X. 
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T h e n , w * a e I and w * b e I. 
Thus , w * ( (a * (b * x ) ) * x ) 

= w * ( ( (a * (b * x ) ) ) ) * (w * x ) 

= ((w * a ) * (w * (b * x ) ) ) * (w * x ) 

= ((w * a ) * ((w * b) * (w * x ) ) ) * (w * x ) 

e l [by I 2] 

Th is implies (a * (b * x ) ) * x e Iw (2) 

By (1) and (2) , Iw is an ideal of X . 

Proposit ion : 1.1.22 

Let X be a self-distributive Cl -a lgebra and I an ideal of X . If a e Iw and 

a * b = 1 then b e Iw. 

Proof 

Let a e Iw and a Q b. 

Then w * a e I and a * b = 1. 

Hence, w * b = w * ( 1 * b ) 

= w =1= ( (a * b) * b) 

= (w * (a * b)) * (w *b) 

= ((w * a ) * (w * b)) * (w * b) 

e I by lemma (1.1.18 (ii)) 

Th is implies b e Iw. 
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S E C T I O N 1.2 

F I L T E R S AND U P P E R S E T S IN C I - A L G E B R A S 

Definition : 1.2.1 

A Cl-a lgebra X is said to be transitive if for all x , y, z e X , 

(y * z ) * [(x * y ) * (x * z) ] = 1 

Example : 1.2.2 

Let X = { 1 , a , b, c } in which is defined by 

* 1 a b c 

1 1 a b c 

a 1 1 a a 

b 1 1 1 a 

c 1 1 a 1 

Then X is a transitive Cl-a lgebra. 

Lemma : 1.2.3 

If a Cl -a lgebra X is transitive, then for all x, y, z e X , x < y implies 

z * X < z =1= y. 

Proposition : 1.2.4 

If X is a self-distributive Cl -a lgebra, then it is transitive. 

Proof 

Let X be a self-distributive Cl-a lgebra. For any x , y e X we have 
(y * z ) * ((x * y ) * (x * z ) ) = (y * z ) * (x * (y * z ) ) 

= X * ((y * z ) * (y * z ) ) = X * 1 = 1. 
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Proposit ion : 1.2.5 

Let X be a transitive Cl -a lgebra and A a non empty subset of X . Then A 
is an ideal of X if and only if A is a filter of X . 

Proof 

Let X be a transitive Cl-a lgebra. Suppose A is an ideal of X . 

T a k e any a e I, then 1 = a * a e A (1) 

Let X, y e X be such that x * y e A and x e A. 

S ince (x * y ) * y = [1 * (x * y)] * y, it follows from (12) that 

(x * y ) * y e A. 

Denote a = (x * y) * y and p = x * y 

By (12) we have y = 1 * y 

= {[(x * y ) *y] * [(x * y ) * y]} * y 

= [ a * ( p * y)] * y 

e A (2) 

By (1) and (2) , A is a filter of X . 

Converse ly , let A be a filter of X . A s s u m e that x e X and a e A. 

S ince a * (x * a ) = x * (a * a ) = x * 1 

= 1 e A [by F I ] 

It follows from ( F 2 ) that x * a e A. 

Hence ( I I ) is true. 

Let a , b e A and x e X . B e c a u s e a * [(a * x ) * x] 

= (a * x ) * (a * x ) 

= 1 e A [by F I ] 

And so (a * x ) * X e A [by F2] 

using transitivity of X we have 

[(a * x ) * x] * {[b * (a * x)] * (b * x ) } = 1 e A, 

and so [b * (a * x)] * (b * x ) e A [by F2] 

Hence b * {[b * (a * x)] * x } e A 

By b e A and ( F 2 ) we obtain [b * (a * x) ] * x e A 
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i.e, (12) holds 

Therefore, A is an ideal of X . 

Proposit ion : 1.2.6 

Let X be a transitive Cl -a lgebra and A a non empty subset of X , 

then A is a filter of X if and only if A sat isf ies : for any a , b e A and 

X e X , a * (b * x) = 1 implies x e A. 

Proof 

Let A be a non empty subset of an Cl -a lgebra X . A s s u m e that for any 

a , b e A and x e X , a * (b * x) = 1 implies x e A. 

To Prove : A is a filter of X . 

Let a e A. S ince a * (a * 1) = 1 , it follows that 1 e A. 

Hence ( F 1 ) holds for A . 

Suppose a * X e A and a e A. 

B e c a u s e a * [(a * x) * x] = 1 , and so x e A, ( F 2 ) is true. 

Therefore A is a filter of X . 

Converse ly , let A be a filter of X . 

A s s u m e a , b e A and x e X such that a * (b * x) = 1 . 

By ( F 1 ) w e have a * (b * x) e A. 

Then applying ( F 2 ) twice we obtain x e A . Th is completes the proof. 

Definition : 1.2.7 

Let X be an Cl -a lgebra. For any X i , ... Xn, a e X define 
n 

n (Xi * a ) =Xn * (...* (xi * a ) . . . ) . 
i=1 



26 

Corollary : 1.2.8 

Let X be a transitive Cl -a lgebra and A a non empty subset of X . Then A 
is a filter of X if and only if A sat isf ies : For any aj e A (i e N) and x e X , 
an * (... * ( a i * x ) . . . ) = 1 implies x e A. 

L e m m a : 1.2.9 

Let X be a transitive Cl -a lgebra and let x, y e X such that x * y = 1. 

n n 

Then for all a i , an e X , ] ^ a , * x = 1 implies H * V " ^• 
i=1 i=1 

Proof 

Let X be a transitive Cl-a lgebra. 

W e have x < y implies aj * x < aj * y. 

n n 

• 1 = n * ̂  - n * y 
i=1 i=1 

n 
By proposition 1.1.10 (iii), n * V " ''• 

i=1 

Definition : 1.2.10 

For every subset A e X , the smal lest filter of X which contains A, that 

is, the intersection of all filters F 3 A, is said to be the filter generated by A, 

and will be denoted [A) obviously, = { ^ } . 

Theorem : 1.2.11 

Let A be a nonvoid subset of a transitive Cl -a lgebra X . 

n 
T h u s [A) = {x e X / X = 1 or ]~[ a , * X = 1 for some a^, ... an e A } . 

i=1 
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Proof 

Let A be a nonvoid subset of a transitive Cl -a lgebra X . 

n 
Let F = {x e X / X = 1 or ] ^ aj * X = 1 for some a i , ..., an e A } . 

i=1 

S ince a * a = 1 for all a e A , we obtain A Q F . 

Obviously, 1 e F. 

Let X * y e F and x e F. Then to prove that y e F. 

W e consider three c a s e s : 

C a s e 1 : X = 1 

Then 1 * y = y e F 

C a s e 2 : x * y = 1 and x ^ 1 

n 
S ince x e F and x 1, we have that a , * x = 1 for some a i , . . .an e A. 

i=1 
n 

From lemma (1.2.9) it follows that ]~[ a , * y = 1. Therefore y e F. 
i=1 

C a s e s : x * y ? ^ 1 a n d x ^ 1 

n 

Then there are a-\, an, bi , ... bm e A. S u c h that H * * V) " ^ i=1 

and ] ^ bj * X = 1. 
j=i 

n 
Applying (CI 3 ) we deduce that x < ]~[ a , * y. From lemma (1.2.3) w e 

i=1 
/ n \ 

get that 1 = f | b | * x < f | b j * n^i*y j=i j=i V.i=1 J 

Then by proposition 1.1.10 (iii), H * 11 *y 
j=i 

= 1. 
v.i=i ; 
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Hence y e F, and so F is a filter of X . 

Suppose that, U is any filter of X containing A . 

L e t x e F. If X = 1 , then obviously x e U. 

n 
A s s u m e that ^. Then there are a^, . . . ,an e A such that ] ^ a ; * x = 1 

i=1 

Since A Q U, it follows that a i , an e U. 

Therefore x e U by corollary (1.2.8) . Thus F e U and hence F = [A). 

Theorem : 1.2.12 

Let F i , F2 e Fil (X ) . Define the meet of F i and F2 by F i A F2 = F i n F2 

and the join of F i and F2 by F i v F2 = [ F i ^ F2) . Then (Fi l ( X ) ; A v ) is a 

complete lattice. 

Proof : Obvious. 

Definition : 1.2.13 

Let X be an Cl -a lgebra and x , y e X . Define A(x, y ) by 

A(x , y) = { z e X / z = 1 (or) x * (y * z ) = 1} which is called an upper se t of x 

and y in X . A subset A of X is cal led an upper set of X if A = A (x , y) for some 

X, y e X . 

Note 

(i) 1 , X, y e A(x , y) for all x, y e X . 

(ii) T h e set of all upper sets A(x , y) of x and y in X is denoted by U S ( X ) . 

Example : 1.2.14 

Let X = { 1 , a , b} and * be defined by the following table : 

* 1 a b 

1 1 a b 

a a 1 1 

b a 1 1 
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Then (X ; *, 1) is a Cl-a lgebra. F o r x , y e X , we have 

fx if X ?i y and (x = 1 or y = 1) 
A(x , y) = i 

[{1} otherwise 

Also F i l (X) = { {1} , X } . Hence F i l (X) = U S ( X ) . 

Note 

Not every filter is an upper set and not every upper set is a filter. 

Example : 1.2.15 

Let X = { 1 , a , b} and * be defined by the following table. 

* 1 a b c 

1 1 a b c 

a 1 1 1 c 

b 1 1 1 c 

c c c c 1 

Then (X ; *, 1) is a Cl-a lgebra. 

Then F i l (X) = { {1} , { 1 , a , b}, X } and U S ( X ) = { {1} , { 1 , a , b}, { 1 , c } } . 

Therefore X is not an upper set of X and { 1 , c} is not a filter in X . 

Proposit ion : 1.2.16 

Let X be an Cl-a lgebra. If (X ; *, 1) is a self distributive Cl -a lgebra, then 

A(x , y) is a subalgebra of X . 

Proof 

Let A(x , y ) be an upper set of x and y in a Cl -a lgebra X . 

Let m, n e A(x , y ) . 

Then x * (y * m) = 1 and x * (y * n) = 1 

and X * (y * (m * n)) = X * ((y * m) * (y * n)) 

= (x * (y * m)) * (x * (y *n ) ) = 1 * 1 = 1 
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Th is implies that m * n e A (x * y ) . 

Hence A(x , y ) is a subalgebra of X . 

Definition : 1.2.17 

Let X be an Cl -a lgebra and a e X . Define A ( a ) by A ( a ) = {x e X / x = 1 

or a * X = 1} which is cal led the initial sect ion of the element a. 

Example : 1.2.18 

Let X = { 1 , a , b, c } be an Cl -a lgebra a s in example (1.2.2) . 

Then A (1 ) = {1} , A ( a ) = { 1 , a } , A(b) = { 1 , a , b} and A ( c ) = { 1 , a , c} . 

Lemma : 1.2.19 

Let X be a self-distributive Cl-a lgebra and x * y = 1. If x e A ( a ) , then 

y e A (a ) . 

Proof 

Let X be a self-distributive Cl-a lgebra and x * y = 1. 

S ince x e A ( a ) , a * x = 1 

Now a =1= y = a * (1 * y ) = a * ((x * y ) * y ) 

= (a =1= (x * y ) ) * (a * y ) 

= ( (a * x ) * (a * y ) ) * (a * y ) 

= (1 * (a * y ) ) * (a * y ) 

= (a * y ) * (a * y ) 

= 1 

Th is implies y e A (a ) . 

Proposition : 1.2.20 

Let X be a self-distributive Cl -a lgebra and a e X . Then A ( a ) is a 

filter of X . 
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Proof 

Let X be a self-distributive Cl-algebra and a e X where A(a) is the initial 

section of a. Clearly, 1 e A(a) because a * a = 1 (1) 

Let X e A(a) and x * y e A(a). 

Then a * x = 1 and a * (x * y) = 1. 

And so a * (x * y) = (a * x) * (a * y) = 1 * (a * y) = a * y = 1 

This implies y e A(a) (2) 

By (1) and (2), A(a) is a filter of X. 

Proposition : 1.2.21 

Let X be a self-distributive Cl-algebra and x, y, z e X. If z * (x * y) = 1 

and z * X = 1 then z * y = 1. 

Proof 

Let X be a self-distributive Cl-algebra and x, y, z e X. 

Suppose that z * (x * y) = 1 and z * x = 1 for all x, y, z e X. 

Then x * y e A(z) and x e A(z). 

Since A(z) is a filter, it follows that y e A(z). 

This implies z * y = 1. 

Proposition : 1.2.22 

Let X be an Cl-algebra, F a filter and x e F. Then A(x) a F. 

Proof 

Let F be a filter of an Cl-algebra X. Let x e F. 

If y e A(x), then x * y = 1. 

Since F is a filter of X and x e X, y e F. 

Therefore A(x) a F. 
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Lemma : 1.2.23 

Let X be an Cl-algebra. For every x, y e X 

(i) X e A(x) 

(ii) 1 e A(x, y) and 1 e A(x), 

(iii) if y * 1 = 1, then A(x) Q A ( X , y) 

(iv) i f y * 1 ;^1,then A(x) - {1} Q X - A(x, y), 

(v) if A(x) is a filter of X and y e A(x), then A(x, y) e A(x). 

Proof 

Let X be an Cl-algebra. 

A(x) = { x e X / x = 1 o r x * x = 1 } 

A(x, y) = {z e X / z = 1 or X * (y * z) = 1} 

To Prove (i) : Let x e X 

Since x * x = 1, we have x e A(x). 

(ii) is obvious, by the definition of upper sets. 

To Prove (iii) : Let y * 1 = 1 and let z e A(x) 

If z = 1, then obviously z e A(x, y). Suppose that x * z = 1. 

Hence y * ( x * z ) = y * 1 = 1. 

And therefore z e A(y, x) = A(x, y). 

Consequently, A(x) Q A ( X , y). 

To Prove (iv) : Let y * 1 1 and z e A(x) - {1}. 

Then x * z = 1 and by (CI 3) we get 

X * (y * z) = y * (x * z ) 

= y * 1 1 

Thus z ^ A(x, y) and we conclude that A(x) - { 1 } Q X - A(x, y). 
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To Prove (v) : Let A(x) be a filter of X and y e A(x) 

If z e A(x, y), then z = 1 (or) x * (y * z) = 1. In the first case z = 1 e A(x) 

and in the second one x * (y * z ) e A(x). 

Since A(x) is a filter and x, y e A(x). We obtain z e A(x). 

Theorem : 1.2.24 

Let F be a nonvoid subset of a Cl-algebra X. Then F is a filter of X if 

and only if A(x, y) Q F for all x, y e F . 

Proof 

Let F be a nonvoid subset of a Cl-algebra X. Suppose that F is a filter 

of a Cl-algebra X. 

Let X, y e F and z e A(x, y). Then z = 1 or x * (y * z ) = 1. 

Obviously z = 1 e F . 

If X * (y * z ) = 1, then applying twice (F2) we obtain z e F . 

Hence A(x, y) Q F . 

Now let A(x, y) c F for all x, y e F . 

Since F ^ ^, there exists z e F . 

By definition, 1 e A(z, z ) Q F and therefore (F1) holds. 

Let X * y e F and x e F . 

By (CI 1), (x * y) * (x * y) = 1 and hence y e A(x * y, x) Q F . 

Thus (F2) also holds and consequently, F is a filter of X. 

This completes the proof. 

Proposition : 1.2.25 

If F is a filter of a Cl-algebra X, then F = \J A(x, y) 
X, y e F 
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Proof 

Let F be a filter. Then from the theorem (1.2.24) it follows that 

A ( x , y) ^ F for all x, y e F. 

Hence \J A (x , y ) ^ F. 
x , y e F 

Now let z e F. Then by lemma (1.2.23 (i)). 

z e A ( z ) = A ( 1 , z ) ^ U A ( x , y ) 
x , y e F 

Then F ^ I J A ( x , y) 
x , y e F 

This completes the proof. 

Proposition : 1.2.26 

If F is a filter of a Cl-algebra X, then F = | J A ( x ) 
X e F 

Proof 

Let F be a filter of a Cl-algebra X and let z e F. 

By lemma (1.2.23 (i)), z e A ( z ) Q | J A ( X ) . 
X e F 

Therefore F Q | J A (x ) . 

X e F 

From theorem (1.2.24) we conclude that A ( x ) = A ( 1 , x) e F for all x e F. 

Hence | J A ( X ) Q F and consequently, F = | J A(x ) . 
X e F X e F 

This completes the proof. 

Definition : 1.2.27 

A filter F in a Cl-algebra X is said to be closed if x e F implies 

X * 1 e F. 
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Example : 1.2.28 

Let X be the set of all positive real numbers, ^ the usual division. 

Define x * y = y ^ x . 

Then (X ; *, 1) is a Cl-algebra, F = {2" / n e z} is a closed filter of X. 

F = { 2 V n e N} is a filter of X but F is not closed. 

Proposition : 1.2.29 

Every filter of a finite Cl-algebra is closed. 

Proof 

Suppose (X ; *, 1) is a finite Cl-algebra, 1 x 1 = n. Let F be any 

filter of X . 

Take any a e F, in the following n + 1 elements : 

1 , a * 1 , . . . , a * ( . . . * ( a * 1 ) . . . ) , 
n 

There are atleast two elements to be equal, for instance, 

a * ( . . . * ( a * 1 ).. .)= a =!=(...*(a*1)...) 
^ V ' ^ V ' 

f k 

where 0 < ^ < k< n, when f = 0, a * (... * (a * 1 ) . . . ) = 1. 

Hence a * ( . . . * ( a * 1 ) . . . ) = 1 e F, and so a * 1 e F. 

k-1 

Proposition : 1.2.30 

A filter of a Cl-algebra X is closed if and only if it is subalgebra of X. 

Proof 

Suppose a filter F of X is closed and x, y e F. Because x * (y * x ) = 

y =1= (x * x ) = y * 1 e F. And y * x e F (by F 2 ) . This shows that F is a 

subalgebra of X . Conversely, suppose a filter F of X is a subalgebra of X. For 

all X e F, it follows from 1 e F that x * 1 e F, so F is closed. 


