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CHAPTER -1
PRELIMINARY DEFINITIONS AND RESULTS IN CI-ALGEBRAS

SECTION 1.1
PRELIMINARIES ON CI-ALGEBRAS

Definition : 1.1.1

A BCl-algebra (X ; *, 0) is a non-empty set X with a constant 0 and a
binary operation * satisfying the following axioms : For all x, y, z € X,
(BCI1) (x*y)* (x*2))*(z*y)=0
(BCI2) (x* (x*y))xy=0
(BCI3)x=x=0
(BCl4)x+*y=0andy*x=0=>x=Y.

Definition : 1.1.2

A BCl-algebra (X ; *, 0) is called a BCK-algebra if
(BCK1)0*x=0forall x e X.

Definition : 1.1.3

A BCH-algebra (X ; *, 0) is a non-empty set X with a constant 0 and a
binary operation * satisfying the following axioms. For all x, y, z € X,
(BCH1)x*x=0
(BCH2)(x*xy)*z=(Xx*2)*Yy
(BCH3)Ifx*y=0andy*x=0=Xx=yVvVXYy,zeX

Note

In BCl / BCK / BCH-algebra (X ; *, 0) or simply denoted by X, define a

binary relation “<" by x <y iff x x y = 0.
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Definition : 1.1.4

A BE-algebra (X ; %, 1) is a non-empty set X with a constant 1 and a
binary operation * satisfying the following axioms : For all X, y, z € X,
(BE1)x*x=1
(BE2)x*1=1
(BE3)1*x=x
(BE4) x*(y*2Z)=y=*(X*2)

Definition : 1.1.5

A dual BCK-algebra (X ; %, 1) is a non empty set X with a constant 1
and a binary operation * satisfying (BE 1), (BE 2) and the following axioms
Forall x,y, z e X.

(dBCK1)x*y=y=x=1impliesx =y
(dBCK 2) (x = y) * ((y * 2) * (x * Z)) = 1
(dBCK3) x * ((x*y) *y)=1.

Definition : 1.1.6

A non-empty set X with a constant 1 and a binary operation * denoted
by (X ; *, 1) or simply by X is called a Cl-algebra if it satisfies the following
axioms : Forallx,y,ze X
(Cl1)yx=x=1
(Cl2)1*x=x
(CI3) x*(y*z)=y* (x*2z)

Note

In a BE / dual BCK / Cl algebra X, define a relation “<” on X by x < y if

andonlyifx*y=1forallx,y, € X.
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Note

(1) Obviously, every dual BCK / BCl / BCH-algebra is a Cl-algebra.
(i) For any Cl-algebra X, denote B(X)={x e X/x*1=1}
Now, a Cl-algebra is a BE-algebra if and only if X = B(X).

Note :
Hereafter X will denote Cl-algebra unless it is specified.
Definition : 1.1.7

A non-empty subset S of an Cl-algebra X is said to be a subalgebra

of Xifx*y e S, wheneverx, y € S.
Note

For any Cl-algebra X, {1} and X are trivial subalgebra of X.
Definition : 1.1.8

A Cl-algebra X is said to be self-distributive if for any x, y, z € X,

X*(y*2z)=(X*y)*(X*2).
Definition : 1.1.9

A Cl-algebra X is said to be commutative if it satisfies for any x, y € X,

(xxy)xy=(y*Xx)*X
Proposition : 1.1.10

In an Cl-algebra X, the following properties holds good :Forall x, y € X.

(i) yx(ly*x)=x)=1
(i)  (xx1)*(y*1)=(x*y)*1

(i) 1<x=x=1.



Proof

() Let X be a Cl-algebra. For any x, y € X we have,
y*((y*x)*x)=(y=*x)=*(y*x)=1.By (Cl 3)and (Cl 1).
(i) Let X be a Cl-algebra. For any x, y € X we have,
(x 1) % (y=1) (x* 1) {y * [(x *y) * (X * y)I}
(x* 1) * {(x *y)* [x* (y*y)]} (By CI 3)
(x 1) * [(x * y) = (x * 1)] (By CL 1)
(x*y)*[(x*1) = (x=* 1)] (By CI 3)
(x *y)*1(ByCIL1)

(iif)  Obvious.
Example : 1.1.11

Let X ={1, a, b} be a set with the following cayley table :

+|1(alb

Then (X ; *, 1) is a Cl-algebra.
Example : 1.1.12

Let X={1, 2, 3, 4, 5, 6} be a set with the following cayley table :

*x|1112|13|4|5]|6
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Then (X ; =, 1) is a Cl-algebra. But it is not a BE-algebra because 4 * 1 =5 * 1
=6*x1=4=%1.

Therefore, the class of BE-algebras is a proper subclass of the class of

Cl-algebras.
Example : 1.1.13

Let X={1, a, b, c, d} be a set with the following cayley table :

«=|1la|b|lc|d

111la|b|c|d

Then (X ; *, 1) is a Cl-algebra.
Definition : 1.1.14

Let (X ; *, 1) be an Cl-algebra and F a non empty subset of X. Then F
is said to be a filter of X if
(F1)1eF,
(F2)fxe Fandx*y e F,theny € F.

The set of all filters in X is denoted by Fil (x). Obviously {1}, X € Fil (X).
Example : 1.1.15

In Example (1.1.13) of Cl-algebra X, consider F, = {1, a} and
Fo={1, b}.

Then F1 and F; are filters of Cl-algebra X.
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Proposition : 1.1.16

If Fi(i € A) are filters of a Cl-algebra X. Then ﬂ F is a filter of X.

ieA
Proof : Obvious.

Definition : 1.1.17

Let X be a Cl-algebra. A non empty subset I of X is called an ideal of X if
(IMifxeXandael, thenx*ael
ie, X*Icl,

(I2)ifxeXanda,bel, then(a*(b=*x))*xel
Note

For any Cl-algebra X, {1} and X are trivial ideals of X. Obviously every

ideal in a Cl-algebra is a subalgebra.
Lemma : 1.1.18

Let X be an Cl-algebra. Then

(i) Everyideal of X contains 1,

(i) IfTisanideal of X, then (a* X) *x e Iforalla e I and x € X,
Proof
Let X be an Cl-algebra.
To Prove (i), Let I be an ideal of X.
Forxel,1=x+*Xel*IcX=*I.Thus1el
To Prove (ii), Let I be an ideal of X.

Then(a*(b*x))*xelforxe Xanda,bel (1)
Putb =1 in equation (1). Then (a = (1 * X)) * x € L.

Hence (a * x) * X € 1.
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Definition : 1.1.19

Let I be an ideal of a Cl-algebra X. Define I, by I, = {x e X/w * x € I}

forany w e X.
Proposition : 1.1.20

Let X be a self-distributive Cl-algebra and I an ideal of X. Then I, is a

subalgebra of an Cl-algebra X.
Proof

Let X be a self-distributive Cl-algebra. And let I be an ideal of X.
Leta, b € 1.
Thenw+aelandw=b e L.
And, w = (a * b) = (w = a) = (W * b)
clx*I
cX*Icl

This implies a = b € I,.
Proposition : 1.1.21

Let X be a self-distributive Cl-algebra and I an ideal of X. Then I, is an

ideal of an Cl-algebra X.
Proof

Let X be a self-distributive Cl-algebra and I be an ideal of X.
Letx e Xand a € l.
Then, wehavew xa e Tandw * (X *a) = (W * X) * (W * a)
e X1
cl(byI1)
This implies x = a € Iy, (1)

Now leta, b e I, and x € X.
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Then,w+aelandw=b e L.
Thus, w * ((@ * (b * X)) * x)

=w# (((@ = (b *Xx)))) * (W * X)

= ((w=*a) = (w* (b *X)))* (W *X)

= (W * @) * (W b) * (W % X)) * (W *X)

el [byI2]
This implies (a * (b * X)) * X € Iy (2)
By (1) and (2), Iy is an ideal of X.

Proposition : 1.1.22

Let X be a self-distributive Cl-algebra and I an ideal of X. If a I, and
ax*b=1thenb e .

Proof

Letaelyandachb.
Thenw=+aelandax=b=1.
Hence, w* b =w* (1 * b)

=w#* ((@a=*b)*b)

= (W * (@ * b)) * (W *b)

= ((w=*a) = (w=b))* (W = b)

eI by lemma (1.1.18 (ii))
This implies b € 1.
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SECTION 1.2
FILTERS AND UPPER SETS IN CI-ALGEBRAS

Definition : 1.2.1

A Cl-algebra X is said to be transitive if for all X, y, z € X,

(y *2) % [(x * y) * (x * 2)] = 1
Example : 1.2.2

Let X={1, a, b, ¢} in which “+” is defined by

«=|1la|b]|c

Then X is a transitive Cl-algebra.
Lemma : 1.2.3

If a Cl-algebra X is transitive, then for all x, y, z € X, x < y implies

ZHFXZLZHY.
Proposition : 1.2.4

If X is a self-distributive Cl-algebra, then it is transitive.
Proof

Let X be a self-distributive Cl-algebra. For any x, y € X we have

(y=2z)* ((x*y)* (x*2)) = (y*2)=* (x*(y*2)
= xx((y*2z)x(y*2)=x=*1=1.
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Proposition : 1.2.56

Let X be a transitive Cl-algebra and A a non empty subset of X. Then A

is an ideal of X if and only if A is a filter of X.
Proof

Let X be a transitive Cl-algebra. Suppose A is an ideal of X.
Takeanyael, then1=a*xaeA (1)
Letx,y e Xbesuchthatx*y e Aand x € A.
Since (x * y) =y =[1 = (x *y) =y, it folows from (12) that
(x*xy)*xyeA.

Denotea=(x*y)*yandB=Xx=*y
By (I2)we havey=1=*y

={l(x*y) =yl = [(x=y) *y]} * y

=[o* (Bry)]*y

e A (2)
By (1) and (2), A is a filter of X.
Conversely, let A be a filter of X. Assume that x € X and a € A.
Sincea*(x*a)=x*(a*a)=x+*1

=1eA [byF1]
It follows from (F2) that x * a € A.
Hence (I1) is true.
Leta, b e Aand x € X. Because a * [(a * X) * X]
=(a*x)*(@a*x)
=1eA [byF1]

Andso(a+*Xx)*x e A [byF2]
using transitivity of X we have
[(@*x)*x]*{[b*(@=*x)]* (b*x)}=1e A,
andsofb*x(axx)]*(b*x)eA [byF2]
Hence b = {[b % (a * X)] * X} € A
Byb e Aand (F2) weobtain[bx(a*Xx)] *x e A
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i.e, (I2) holds

Therefore, A is an ideal of X.
Proposition : 1.2.6

Let X be a transitive Cl-algebra and A a non empty subset of X,
then Ais a filter of X if and only if A satisfies : for any a, b € A and

x e X,a#*(b=*x)=1Iimplies x € A.
Proof

Let A be a non empty subset of an Cl-algebra X. Assume that for any

a,beAandxe X, a#*(bx*x)=1impliesx € A.
To Prove : Ais a filter of X.

Letae A . Sinceax=(a=1)=1,itfollows that 1 € A.

Hence (F1) holds for A.

Suppose a #*x e Aand a € A.

Becausea *[(a*x)*x]=1,and so x € A, (F2)is true.

Therefore A is a filter of X.

Conversely, let A be a filter of X.

Assume a, b € Aand x € X such thata = (b = x) =1.

By (F1) we have a = (b * xX) € A.

Then applying (F2) twice we obtain x € A. This completes the proof.

Definition : 1.2.7

Let X be an Cl-algebra. For any xy, ... X,, @ € X define

[T (X #2) =% * (s (1 #2) ..).
i1
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Corollary : 1.2.8

Let X be a transitive Cl-algebra and A a non empty subset of X. Then A
is a filter of X if and only if A satisfies : For any a; € A (i € N) and x € X,

an* (... *(@r*x)...)=1implies x € A.
Lemma : 1.2.9

Let X be a transitive Cl-algebra and let x, y € X such that x *y = 1.

n n
Thenforallas,...,an e X, [] a;*x=1implies [] a;*y=1.
i=1 i=1

Proof

Let X be a transitive Cl-algebra.

We have x <y implies aj * X < aj * y.

n n
1=Hai*xgHai*y
=1

i=1

By proposition 1.1.10 (iii), [ a; *y = 1.

i=1
Definition : 1.2.10

For every subset A c X, the smallest filter of X which contains A, that
is, the intersection of all filters F o A, is said to be the filter generated by A,

and will be denoted [A) obviously, [¢) = {1}.
Theorem : 1.2.11

Let A be a nonvoid subset of a transitive Cl-algebra X.

n
Thus[A)={x e X/x=1or J] a;,*x=1forsomeay, ... a, € A}.
i=1
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Proof

Let A be a nonvoid subset of a transitive Cl-algebra X.

n
LetF={xeX/x=1o0or ] a; *x=1forsome ay, ..., a, € A}.
i=1

Sinceaxa=1foralla e A, weobtain AcF.
Obviously, 1 € F.
Letx*y e Fand x € F. Then to prove thaty  F.

We consider three cases :
Case1 : x=1
Then1*y=yeF

Case2 : x*y=1andx=#1
n
Since x e Fand x # 1, we have that [] a, * x =1 for some a4,...an € A.
i=1

n
From lemma (1.2.9) it follows that [] a;, * y = 1. Therefore y € F.
i=1

Cased : x*y#1andx#1

n
Then there are a;, ..., a,, by, ... by € A. Such that J] a; * (x *y) =1
i=1

m
and [T b;*x=1.

=1

n
Applying (Cl 3) we deduce that x < JT a; * y. From lemma (1.2.3) we
i=1

m m n
getthat1 =[] b;*x<[] b;* (H ai*yJ.
=1

=1 i=1

m n
Then by proposition 1.1.10 (iii), [T b;* (H a, *y)=1.

=1 i=1
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Hence y € F, and so F is a filter of X.

Suppose that, U is any filter of X containing A.

Letx e F. Ifx =1, then obviously x € U.
n

Assume that x # 1. Then there are a;, ...,a, € Asuch that [] a, *x=1.
i=1

Since A c U, it follows that a4, ..., a, € U.

Therefore x € U by corollary (1.2.8). Thus F = U and hence F = [A).
Theorem : 1.2.12

Let Fq, F2 € Fil (X). Define the meetof Ffand Fa by Fi A Fa=Fin F2
and the join of F1 and F2 by Fq v F2 = [F1 u F2). Then (Fil (X) ; A v) is a

complete lattice.
Proof : Obvious.
Definition : 1.2.13

Let X be an Cl-algebra and x, y € X. Define A(x, y) by
AX,y)={ze X/z=1 (or) x * (y * 2z) = 1} which is called an upper set of x
and y in X. A subset A of X is called an upper set of X if A = A(x, y) for some
X,y e X.

Note

(i) 1, X,y € A(x,y)forallx,y € X.
(i) The set of all upper sets A(x, y) of x and y in X is denoted by US(X).

Example : 1.2.14

Let X ={1, a, b} and * be defined by the following table :

*[1]al|b
111lalb
ajla|1]1
bla|1]1
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Then (X ; *, 1) is a Cl-algebra. For x, y € X, we have

Xifx2yand(x=1ory=1)
{1} otherwise

Alxy) = {
Also Fil(X) = {{1}, X}. Hence Fil(X) = US(X).

Note
Not every filter is an upper set and not every upper set is a filter.

Example : 1.2.15

Let X ={1, a, b} and * be defined by the following table.

«=|1la|b]|c

111la|b|c

al1l1]|1|c

bl1(1]1]|c

clc|c|c|1
Then (X ; %, 1) is a Cl-algebra.
Then Fil(X) = {{1}, {1, a, b}, X} and US(X) = {{1}, {1, a, b}, {1, c}}.

Therefore X is not an upper set of X and {1, c} is not a filter in X.

Proposition : 1.2.16

Let X be an Cl-algebra. If (X ; %, 1) is a self distributive Cl-algebra, then
A(x, y) is a subalgebra of X.

Proof

Let A(x, y) be an upper set of x and y in a Cl-algebra X.

Letm, n € A(x, y).

Thenx = (y+*m)=1andx* (y *n)=1

and x x (y * (m *n)) = x* ((y *m) * (y * n))
=(Xxx(y*m)) = (x*x(y=*n))=1=x1=1
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This implies that m * n € A(x * y).

Hence A(X, y) is a subalgebra of X.
Definition : 1.2.17

Let X be an Cl-algebra and a € X. Define A(a) by A(a) ={x e X/ x =1

or a * X = 1} which is called the initial section of the element a.
Example : 1.2.18

Let X={1, a, b, ¢} be an Cl-algebra as in example (1.2.2).
Then A(1) = {1}, A(a) = {1, a}, A(b) = {1, a, b} and A(c) ={1, a, c}.

Lemma : 1.2.19

Let X be a self-distributive Cl-algebra and x * y = 1. If x € A(a), then
y € A(@).

Proof

Let X be a self-distributive Cl-algebra and x * y = 1.
Sincex € A(a),a*x =1

Nowax*y = ax*(1xy)= a*((X*Yy)*y)

(@ (xx*y))*(axy)
(@=x)*(@xy))*(@=*y)
(1=(@xy))*(@=*y)
@=y)=(@=y)

= 1

This implies y € A(a).
Proposition : 1.2.20

Let X be a self-distributive Cl-algebra and a € X. Then A(a) is a
filter of X.
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Proof

Let X be a self-distributive Cl-algebra and a € X where A(a) is the initial
section of a. Clearly, 1 € A(a) because a * a = 1 (1)

Let x € A(a) and x xy € A(a).

Thena+*x=1andax* (x*y)=1.

Andsoax* (x*xy)=(@a*x)*(a*xy)=1*x(axy)=axy=1

This implies y € A(a) (2)

By (1) and (2), A(a) is a filter of X.

Proposition : 1.2.21

Let X be a self-distributive Cl-algebraand x,y,z e X. Ifz* (x *y) =1

andz=x=1thenz=*y=1.
Proof

Let X be a self-distributive Cl-algebra and x, y, z € X.
Suppose thatz+ (x *y)=1andz=x=1forall x,y,z € X.
Then x =y € A(z) and x € A(z).

Since A(z) is a filter, it follows that y € A(z).

This implies z * y = 1.
Proposition : 1.2.22

Let X be an Cl-algebra, F a filter and x € F. Then A(x) c F.
Proof

Let F be a filter of an Cl-algebra X. Letx € F.
Ify € A(x),thenx *y =1,

Since Fis afilterof Xand x e X,y € F.
Therefore A(x) c F.



Lemma : 1.2.23

Let X be an Cl-algebra. Forevery x,y € X
(i) x e A(x)
(i) 1 € A(x,y)and 1 € A(x),
(iii) ify =1 =1, then A(x) c A(X, ¥)
(iv) ify =1 =1, then A(x) - {1} < X - A(X, y),
(v) if A(x) is a filter of X and y € A(x), then A(X, y) < A(X).

Proof

Let X be an Cl-algebra.
AX)={xeX/x=1orx=x=1}
AX,y)={zeX/z=1orxx*(y*z)=1}

To Prove (i) : Letx e X

Since x * x = 1, we have x € A(x).
(ii) is obvious, by the definition of upper sets.
To Prove (iii) : Lety*1=1andletz € A(x)

If z =1, then obviously z € A(X, y). Suppose that x xz = 1.
Hencey * (x*z)=y=*1=1.

And therefore z € A(y, X) = A(X, ¥).

Consequently, A(x) = A(X, ¥).

To Prove (iv) : Lety*1=1andze A(Xx)-{1}.

Then x = z =1 and by (Cl 3) we get

X*(y*2) = y=*(xX*2)

y*1=1
Thus z ¢ A(x, y) and we conclude that A(x) — {1} = X — A(X, Y).

32
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To Prove (v) : Let A(x) be a filter of Xand y € A(x)

Ifz e A(Xx,y),thenz =1 (or)x * (y * 2) = 1. In the first case z = 1 A(X)
and in the second one x * (y * z) € A(X).

Since A(x) is a filter and x, y € A(X). We obtain z € A(x).
Theorem : 1.2.24

Let F be a nonvoid subset of a Cl-algebra X. Then F is a filter of X if
andonly if A(x, y)c Fforallx,y € F.

Proof

Let F be a nonvoid subset of a Cl-algebra X. Suppose that F is a filter
of a Cl-algebra X.

Letx,ye Fandz e A(X,y). Thenz=1orx = (y *2z)=1.

Obviouslyz=1 € F.

If x * (y = 2) =1, then applying twice (F2) we obtain z € F.

Hence A(x, y) c F.

Now let A(x, y) c F forall x, y € F.

Since F # ¢, there exists z € F.

By definition, 1 € A(z, z) < F and therefore (F1) holds.

Letx+*ye Fandx € F.

By (Cl1),(x*y)* (x*y)=1andhencey e A(x *y, X) c F.

Thus (F2) also holds and consequently, F is a filter of X.

This completes the proof.
Proposition : 1.2.25

If F is a filter of a Cl-algebra X, then F = | J A(x,y)
x,yeF
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Proof

Let F be a filter. Then from the theorem (1.2.24) it follows that
A(x,y)cFforallx,y e F.
Hence [ J A(x,y)c F.

X,yeF
Now letz € F. Then by lemma (1.2.23 (i)).

zeA@)=A(1,2)c | AKX, Y)
X,yeF

ThenF c | J A(x,Y)

X,yeF

This completes the proof.
Proposition : 1.2.26

If F is a filter of a Cl-algebra X, then F = | J A(x)

xeF

Proof
Let F be a filter of a Cl-algebra X and letz € F.

By lemma (1.2.23 (i), z € A@2) = |J A(x).

xeF

Therefore F < [ J A(x).

xeF

From theorem (1.2.24) we conclude that A(x) = A(1, x) c Fforall x € F.
Hence [J A(x)c F and consequently, F = | J A(x).

xeF xeF

This completes the proof.

Definition : 1.2.27

A filter F in a Cl-algebra X is said to be closed if x € F implies

x*1ekF.
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Example : 1.2.28

Let X be the set of all positive real numbers, + the usual division.
Definex *y =y +x.

Then (X ; #, 1) is a Cl-algebra, F = {2"/n € z} is a closed filter of X.
F ={2"/n e N} is a filter of X but F is not closed.

Proposition : 1.2.29
Every filter of a finite Cl-algebra is closed.
Proof

Suppose (X ; =, 1) is a finite Cl-algebra, 1 x 1 = n. Let F be any
filter of X.
Take any a € F, in the following n + 1 elements :

La!,..a*(..+@%*1)...);
[

n

There are atleast two elements to be equal, for instance,

ax(..x(@=1)..)=ax(..*@x1).)
‘ k

where0< ( <k<n,when / =0,a*(...x(@a*1)...)=1.

Hence ax*(...#(a*1)..)=1eF,andsoax*1ekF.
k-1

Proposition : 1.2.30
A filter of a Cl-algebra X is closed if and only if it is subalgebra of X.
Proof

Suppose a filter F of X is closed and x, y € F. Because x * (y * X) =
yx(Xx*x)=y=*1eF. Andy = x € F (by F3). This shows that F is a
subalgebra of X. Conversely, suppose a filter F of X is a subalgebra of X. For

all x e F, it follows from 1 e Fthatx = 1 € F, so F is closed.



