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A\bstract

All M*/G/I1 iiueiteiiig system with seeoiid optional service (SOS)is studied iitider Aipolicy and
lienwuHi Vacatioti. The system remains idle until the queue size reaches or exceeds N (> I).
When the queue size reaches at leitst\, the server may begin his setup operation with
probability s or tnay start the service with probability (I-s). The server provides two phases of
heterogetieous services, of which, first phase of service is essential attd second phase of
service is opiiotial. lvsoon as the first essential service (FES) of a unit is completed, the
custouter tnay leave the systetn with probability (I-r) or tnay immediately opt for SOS with
probability r, Whetieverthe service ofeach unitis completed, the server will have the option
of lahitig vacaliotifliernoulli). Thus a customer completes his service, by utidergoing FES
alone, the server may take a vacatioti with probability p/orstays idle or cotititiue the next
service to the new customer ifatiy,with probability (I-pij. Ifthe customer who finishes FES
proceeds to SOS them the server may take vacation at the end of SOS with probability p2 or
Slavs idle or continues with the FES for the new customer*with probahilitv (I-p:) according
as the system is empty or having customers in the system. The queue size distribution at a
random epoch is obtained for this model using SVT and various particular cases are
deduced. Further various performance measures and the optimum mattagement policy are

also derived.
Key words : .Second optional service, S policy. Setup time and BernouHi vacation.

Introduction;.

This paper concerns wiih the steady state analysis of single server batch arrivttl gtteite with SOS service
channel under Bernotilli schedtile vacation anti N policy . The first sttidy of classical hatch arrival quetie with N
policy Wits done by Lee and Srmivasitn ( IP8P). l.ater Lee etal (19P4 & IdP5) analysed an m "'GM queue with N
policy of mtiltiple and single viication respectivel.y. In many real world prodtiction .m.vsicms, setup operations are
recorded in severttl occasions.

Recent resettrch contrilnition consuler ihcc]tietieing system wvith two phase.s ol services. Madan (2000)
introduced the concept of SOS and high lighienctl numerotis eqtiations of the titietieing situations where all
arriviiiti customers require the mttin .service and only some may require the subsidiary service provided by the
server L.itter several atithors including Medhi (200.i) and Chotidhtiry (200.3) analyscdqtietiing models yvith SOS

At present, most of the sttidies ttre tlevtued to batch arrival vacation model.s . tinder different vacation
policies because of the inter disciplinary concept of liernoulli vacation and modilied service time . In Bernoulli
vacation models, after eacli service completion the server may go for a vacation of rtthdom lengtii V with
probability p (0 s p ¢ 1) or nitty continue to serve the next unit , if any . with probability I-p. Otherwise, the
server remains itlle in the system. In most of the qtietteing system with Bernottlli schedule evacation, it is
itsstimed that , the server provides , two phases V>f heterogeneous services one after the other to the arriving
customers. In this pttper we consider the Bernotilli schedtile vtication for the lirst lime along with SOS facility.
One can IUUe that the tyvo |ihases ol heterogeneotis service of gtieueing nu'del is a special case of the SOS

i. |tietieing model



Thus we have anal\secl ilie iiiosi general N policy , batch arrival queueing system with SOS channel
under Bernotdli schedtde vacation with or without setup operations. For this motlel. the steady.state queue size
distributions at random epoch are derived using the supplementary variable technique and various important
pert'ormance measures are obtained. A cost model is proposed to obtain the optmuil stationary policy under a
suitable linear cost structure,l urther particular cases are also derived.

Model Description:

In this paper the optimal control ol'iVI" G, G21 queueing system where the arrivals occur according to
a compound Poisson process with arrival si/c of random variable X is considered under Bernoulli schedule
vacation process. The server provides two ivpc.v of heterogeneous services of whicii one is essential and the
other is optional.

The server is deactivtued as soon as the system becomes empty. If'the queue length reaches or exceeds
N, the server starts the setup operation with probability "s” whose length is a generally di,stributed random
variable L), I'ne customers who arrive during the idle period (or) setup period will Join the queue. Immediately
after the setup the server is turned on and begins to serve the first phase of'esseniial service (FES) one ata time
according to the FC.'FS queue discipline .After the completion of FES of a customer, the customer may leave the
system with probability (I r) (or) may opt for a SOS in an additional channel with probability r(0 <r < I).

If a etisiomer leaves the sy stem soon attei the FfiS, the server may lake a vacation (Bernoulli schedule)
ol raiulom length v with probability p, (U p, 1) or may continue to serve the nexi customer if any with
probability tl Pi) Chi the other hand, if a customer finishes FES and opts for the SOS then the server takes
vacation only after llnishmg liie StJS [I'tir the custonier, with probability p® (i.e ) thus after completing each
service aikl sending the customer oui ol the system, the sever takes a vacation with prolrability B (j “ E 2) (or
continue to stav in the system with probability (I p,). file vacation time m either case is a random variable and
follows the same general distribution with Ilnile moments. It is assumed that die server takes only a single
vacation which means that whenever the vacation period of the serves ends, then he joins the system irrespective
of whether there are customers waiting for the service or not .

fhus a cycle begins, when the system length reaches atleasi Nf and tlu' .cerver Starts setup operation
with probability s if necessary and coniiiiues with FES and SfJS along with Bernoulli schedule vacation. This
process continues and the cycle ends when the system becomes empty again, fluis in this model, some cycles
may start directly with FES as soon as the queue length reaches or exceeds N with probability (1 - s). The
model Linder consideration is a general N-policy queueing system with heterogeneous FES and SOS facilities
under Bernoulli vacation with (or) without servers setup. The random variables Including service times of FES,
SOS and Bernoulli vacation time are assumed to follow general law of distribution with finite moments and
independent of each other, fhe model is denoted by M/G| G;/f V(BS), where V(BS) represents the Bernoulli
schedule vacation and (G] Gd denotes the service provided in two stages of which one is essential and the other
is optional.

Notations

The arrivals occur m batches of size X w'hose probability distribution is given by Pr(X = k) g\ k=

I. 2. 3, ... and the PGF of g, is denoted by X(z) ~ z , with mean E(X) = X'( 1), The services provided in
k1

two different channels by the same server are heterogeneous whose cumulative distribution function,

(probability density function), ;Laplace Stieltijes transform} and [remaining service time] of FEs and SOS are

denoted respectively by S,(x). (s,(x)). {S;(0)} and [S“(x)j for i=I, 2. V(x), v(xi, IV(G)J and [V"(,X)] ; D(x),

d(x) 1D'(6)) and [D"(.\)j are the corresponding notations for vacation time and setup time random variables

respectively. :

Let N(t) denote the number of customers present in the system at time t. the system states are denoted
by C(t) ~0, I, 2, 3 and 4 according as the server is idle, doing preparatory work, doing FES, doing SOS and on
vacation respectively. The time interval between the consecutive services of each customer in this model is

given by
S S| 'S. mV with probability p-. r
= S| ' Sj with probability (I p:)r
S| 'V with probability Pi(I- r)

n S| with probability (1- pi) 1 - 1)



Thus the Laplace Siielujes iransfbrms L.ST ol S is
S"(0)= S;(0) 1(1 Sjt0) (1 -Pi)(l - 1) V'(0)(rp2S2(e)+(1 -I'lpi)].
And the first two moments of the landom variable S are given b>

-d - E(.S); . E(S")
(S7(() ’

00 a0 © u(s-{0))

It isassumed that the aiaival process are independent of vacation times, setup time and service time and

these random variables are also independent of each other. Further the system state probabilities are defined by

using the remaining vacation time V"(t). remaining setup time D“(t). and remaining service time S*“(t)as

supplementary variables.

Thus R,(1) = Pr IN(t) =n.c(t) 0]0<n<m- |
D,x.t) = Pr{N({t)=n<D,t"<\'dtc@t) I n>m
P,,i(t) = Pr IN(t) =n, \sS"(t)iix - dl. c(l) =2] n>I
«
P, ,(®) = Pr {N(t) =n. X<S2(t)"x mdi-e'U) " 3) n>I
Qn(x.t) = Pr IN(t) =n X< Vo(t) <X - di, c(t) =4} n>0
whereR,,(t) denotes the probability that there are n customers in the system at a time t when the system is idle.
Q,,(x. t). D,(x, t) and P,,,(x, t). i ~ 1.2 respectively denote the probability that there tire n customers in the system
and the remaining vacation lime, setup lime and service time lie in the interval |x x ~ A t] and P,,j(0) i =1, 2

(C2n(b), Dii{0)) denote the probability that there are n cusloiners in the system at the terminations of service time,

setup time and vacation time.
Assuming that the stetidy state probabilities .

it R.,(D=R, It Q,(x, i)=g, it 1),(x. i) B,X)
t-2 t >

| »y
It (P,,,(x. t)-"~P,,(x) i l.2and It (P,,,(x, 1) =0 i=l.2exist
t= axX dt At ot

Now,by following the argument of Cox [19.s.x] and observing the changes of states during the interval

(t. t At) at any time |, the steady state system equations are written.

AR, = Pi2(0)(I-P:)-Q»(0) +(I-r)p, 1 (I-pi) (O]
I.R, = AA”R~N_Ngi, I<ni;N -1 )
=il
=4 tp1(x)) APLK) " (I -p:) SI(¥) P,q0) - 0i(0) S,(x) + P:,(0)(1 - NS,(x) (I-p) (3)
15'(1>,i(x)) = -XP,,(xX)- (I-P:)S,(x) P,,,:(0) +0,(0)S](x)
dx
n1
TP, J(01 (I-1)-S|(x (I mpi) mA ™~ Pn_q =%« 2<n<N_1 (4)
k=1
n1
-d(P,,(x)) - ->kP,,(x) ' (I -p.) s,(x) P,.,a0) ' Q,(0)S,(x) + AN
(i =

(I “ 1 Prii(Q) (1- PI)S|()- A(1-9) 'y . 4 0fp SI(X) +D.(0)S.(\) n N i5)

k=n-N-1
'—d(pi;(x)) -aPi(x]1P,(0)S,(x)r (6)
dx
nl

INAVAX)) -A P,,dx) mP, | (0)rSdx) =/.y n>p (7)
dx

(Od(X))= -A 0((x) +p.4'i:(0) V(x) (I=-r1)P,,(U)Pi V(x)
dx

(ONn(x))=->kQ,,(x) + p. P,m:(0) V(X) = (x) gk+(1- 0 P,,-ii(0) Pi V(\) n>1(9)

dx in



N (Dn(x) = -ADV(X) - /V Ry, eidx(s)

;id (D,,(x)) = -aD,<x)*/”~ 'y R™_~(x)gkdx - D~ _k(x)Si- n>N -1 (1)
dx =}
The LSI of the equaiu'n-, are obtained b\ t'ollowiiig the ddInition of Laplace Stieltijes transtormation

and their properties. Further.the follinving ptirtial probability genei‘ating functions aie also defined to obtain the

analytical solution. (i.e .)

p.-(z.y) ~pL(0)/t.  Ii.0)N p M 0)z(i= 1.2). )m(/U) y D-(i)™"-
= nl mm
) s n ml
D(z. 0) =y D,(0)z"; <>/ VQ,(H)z": 0(z,0 - qjq) V Rn
fo

B\ consideringthe suiiable]taiii li Ft il saiul algebiaic technique.s. ".e obtain.

K@= LR ,,’\351 JLnEn :P~Q2 0) i (1-S', upz)) Pi(zO) tPyz.0) ~ (1 S{\NJ{Z}) P,(z.0) Q'(/.0)
o A GG /v (N TN
(1-V(w,,@)) (p,(f- r)-rs-(w.iZi p;) (* Q andD'(z.0)="s (1- D (w, (2))) ¢ w,(2)).
z n (wjz)) (w,(2))

Fhen total PGF is given b\.

P(z) - P (z.0) =P2(z 0 i"(z.0) - R(z) - 0'(z. 0)
(i.e)P(2)-j_2n1__ IS:(w (z)U I-i'l-i S2(w”™(z))(aRiS. 1 D'(w,(2))]"R(2)((I s)-*-sD*'(\V\(z))) (12)
1z -S'(w,(2)) ) W.i.zi

Performance Measures
Let 'Hid I'd Jind P. , denotethe probability that the svstem is in vacation, buildup, .setup and busy

period respectively Then, then coi responding system size probabilities are given by

fsED +Z 1 .1,
(AN - It g'u. () ,R. P AFV FX ' n , P.... It R(/) 'vANNLXR,,
2 (1-P) 2l n=0 "
Pi)= It D'(z. 0) " sil.D)' R,and Pl,,,= It P,'(z,0) " PjtZz.0) Pi
z-A z->1
Further the value of X R, can bn nvaluated by equating the total pn.)babilit> to 1and it is found that,
(i.e)AR,, = A(1-P)
N-1
ASED+ 2
n=0

Decomposition Property
Now . we describe the decomposition structure. Equation (12) implies that the total PGF of the system

size probabilities of the model is decompose!.' into the product ol two random variables one of which N

GV'I/BV= (1-p)(z-1)Sy W' 2) )( (1-r)+rg2 Wx(z) )

(z-S (Wx(z) )
This gives the PGF of the St s \RG | Gv | 3V without N policy by Clioudhury ]2002 ]

f~ 1 1 ' . (sD'(w, (2)) yi -s))

1
1 1 W,(2Z) 1=0
.y

n=0
gives the conditional system -i/e distribniion during the servers idle period (vacation n build up + setup).

and the other as i|l/(2 -

Furtliei H is noted thaiiiUz) =Q (z 0)-1D (z, 0)-i-R(2)
Q'(1,0) 1D'(LO) 1 R(1)

Mean Svstem Size



Let Ls denote the expected system size of M'/G|] G2/ BV queueing system tinder second optional

service with (or) without setup, then Ls is given bvLs = (P(z))25
dz
: 1 / N-I 3
(i,e) Ls =LIM @ 02 I\ A SEX +EDyY M v | ity (13) where
N-1 \% n=0 J n=n
As ED vy’
n=0

Lm' gi g i.Bvgives the expected system size ot'IVI".G]|G2/1/BV queueingsystem without N-policy.

Optional Management Policy
In this section the main objective is to determine the optimal managemeni policy to ininimize the linear

cost function while maintainingthe minimal service quantity to customers. Let C\, C], Cq, Cy and

denote the average cost per unit time

Iheill( (N) ‘m Q— Cp) PD ™ f liuURAmMiii * L PPi\~C], Ls “ C\ P\
Ec,
By substituting the values ofP|). Fi,,ji- Fu™e  and E(, it is found that
( N-1 N-1 J
Te(N) =JL @®+BY nn+Cp y nnn., 'A' where
n'fe n=0 \]

B =Q,,ui(l- p)+CLAsLX LD ;A"=C|, L, mC,,s,p. - C\ Pv-and D(N) =s ALD - ~

1=0
Thus to calculate the optimal value of T( (N '). consider, T((k - 1) - T((k) = -------- Y e h"TK)
D (k-1) D(k)
wherelV'(k) = (B + kC),) AsLD - C],11a,,-A A = A(l - p) (Cr~"~Cds ED)
TTius the sign of hN(k) determines whetherTc(N) increases (or) decreases, since 1Lt >0
D (k-1i D(k)
It is observed that, T((N)>T( (N * I)(i.e.).N* = min jk/Zhv(k)>0}
larticular Cases
Case 1 : By taking s ' 1 the equations (12) and (13) corresponding to the total PGF and the mean system
size Ls coincide.s with M" G] (j. | BV wnh N-policy and setup time.
(i.e.) The equation (12) become.s
N1l _ n
P(2)-f zh [S:(w.(z))((I-rH rS*(w,(z)) _(1-p~ ( v nz w,(2)
\2-S'w, (2) 10 + 1 —n w,(z) = A
A
N-1 N-1
+A
AiKI(I3)yields,l.s - LA*x"~"G,G2/1 '2 A
N-1
AED+ Y
Case 2 ;By letting s = 0,equal ion (12) becomes, P(z) AN (S w{2))((1-D + r S2(w,(2))R(z)
1z - S*wh (2)
and the equation (13) results inl.s = f] ' nitp .(re.) The PGF and Is agreesvvith that of M/G]
N oonlT
n=0 y lin
= A

Gi/I/BV with N policy and without setup time.Thus the model described in this paper is the generalization of
the BV SOS queueing system with or without setup facility.

Conclusion;
The model discussed in this paper is among the most general queueing system with threshold policies

and includes many previous works as special cases.
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AliISTRACT

In hus paper, a hatch anicd i/neiic wiih e.vponcnnahy di.slribulcd workmu. \acations is analyzed. Using
snpplenienlarv variable leclmu/ne. die prohahilil\ .generating function of the steady stah system size probabilities is
derived and the e.ypected system size prohahiUties me presented in closed form. Further, the results obtained are
iilustruted numerically and I'te effect of system parameters on system performance measures is discussed. Some

particular cases are also discussed.
2000 Mathematics subject classiftcation: 60K25

Keywords: M"'/G/I ipieite. sliig'e working wention. supplementary variable lechnicjiie

INTRODUCTION:

QucLicing system with server vie;itions is useful to model a system in which the server has additional task during
vacation is eminent. Thus, it has wide tipplicability in analyzing the performance of computer systems, data
communicution networks and production systems. During the last two decades, the queueing systems with vacations
have been studied extensively. The details can be seen in the monographs ofTakagi (15]. the surveys of Doshi[4,5] and
Tegham]I6]. In these studies, it is assumed that the server stops primary service completely during the vacations. In
2002. Servi and Finn 114] according to which ;i customer is served at a lower rate during vacations. They have analyzed
an M/M/1 wmking vacations gtieue in which the server works at a different rate rattier than completely stopping the
main service during vacation. They tried to approximate a multi-queue system whose service rate is one of two service
speeds such that the fast speed mode cyclically moves from queue to queue with exhausti\c service. They tried to apply
the M/W/1 working vacation queue, to model a wa\c length division multiplexing (WDM) optical access network using
multiple wave lengths which can be reconfigured. Subsequently. Kim et al [8] have analyzed the M/G/I queue with
exponentially distributed working vacations and obtained the steady-state queue length distribution through the
decomposition approach. Later Wu and Takagi] 17] extended Servi and Finn's model to an M/G/l working vacation in
which, both service times - regular service ;md the service in working vacation are asumed to be generally distributed.
An imbedded .Markov chain ihtit describes the queue size process in an M/G/l working vacation queue is introduced
and the probability generating function for the steady sttite queue size is derived. Later, based on Servi and Finn’s
model. Liu et al 1111gave explicit expressions ol’ distributions for the stationary queue length and waiting time which
have intuitionistic probability sense for .M/M/1 multiple working vacation. Tian et al 11 in their paper studied an
M/MW/I queue with single working vacatidti. Using qutisi birth and death process and matrix geometric method, they
have given the distributions for the number of customers and the virtual time in system in steady state. GI/M/1 queue
with working vacations was studied by Baba |I] using Matrix geometric method. Baink ct al [2] analyzed the finite
GI/M/1 N queue with working vacations. Later Li and Tian[91 considered two types of discrete time GI/Geo/i queues
with working vacations and vacation interruption. Li ct al[lO] in their paper considered the M/G/I Clueue with
exponentially distributed working vacations, which is a special case of that in Wu ;uid Takagi[l7]. Later Liu et al[12]
extended the .M/MV/1 working vactition model to bulk input model M~N/WI1 working vacations.

Recently, Jemila parvecn ct al|6] analyzed M/M/I t]Licue with working vacations and Lleriwd the steady state solutions
in a closed form by directly soU ing the difference differential equations. Later the> ha\e discussed the waiting time
distribution of an arbitrary customer for the model and verified the classical relation between PGF of queueing system
and I..S.T of the waiting time distribution. The steady state results of M/M/1 working \acation are also extended to
M'/M/1 working vacations iJueueing model for both multiple and single vacations b> Julia Rose Mary and Afthab

begum |7].
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-a oi( + /INQl (a) (2i (0)v, (V) + ALICH " 11A)

- QH(\) = -(A-\- tJ)Q.,.,(C) + (0)'\/! (\/) + (a) + 2H-* SN2

a al(a) = -APfi.C) + PIIO).V., (A) + (ay+ ax (Y)dvipi,[\)

+ IAA) = L7 (AL L(OTALLTA) + Zii /7 s, (w+ J[2 LC\klyip,,(.c) + a/Y\ 7. j(A)i<

For turthei' siniplificalioa wc dctiiic the foliovMiie | .S T

2, =|<"N2,(wWaand  =j, N/, (akka
U 0

Taking llic 1..S.Ton hotl sides ot the alcove equaliociiN. wc have
6" {6) mt=>](0) = (/i + /X2
I

tALIP) - Q,d'ii = iA-ri],Q,.i,t)) - id) AQGS  [6)-AYAQ,, tMO)firn> 2
A

PNid) P/0)-AP, i&)- PAI)).Si {0t - AP, HtS,iOi [2]I'mk/w..S’,.(i9)
U

9P, i0)-P,,tOI = AP, (0)-P,,~,(n),\,i9}-AP,,\y,,S,.(9i-j(J,.(Y)clyi)Si {0)-A"™ P,,_,
I

STKAUY STA | E SOLLJ1IONS:

In older lo derive the distrihnion of the system size probabilities, we define the following pgfs.

ire) =Y~Qi9):" ,2]1:..0i= ™ i:.9) =2i .6 +20- P/sic-d) =/
m\ /A /-

Pyi:.X)) ='AP,i0):.*
m

Multiplying ecjuations (3) and (4) by the proper poAers of /and summing up over n= Mo . we get
S [0) t = {T— >
9Q‘( 0)-2i (=) =(i+/)2, ( P)— ~  12i (-A))- 2i (0):) - 1N 2,-%- 09)i
.
Using the identity ~ d'd ., = .Y(r}Qf (m0). the above equation becomes
n=2 Veai

V i0)
io-h~ (1))2] i:.0) =2 C.UI(I-*--—)- S, (9AV )2, - 2i (0)

. :5,;t/i,vty))
AO- AV I=/Z+A1-AC) .2i¢C())=m (YY()2,,-2,(0).

m.S i/iv

By similar argument of Liet ;ii] 10], the unitjue rooi z] of - S*{h~ (:.)) lies inside (0,1).

(©)

(©)

®)

(6)



Theret'ore. (?,(<)) = i(ii

Substituting for Qi(0) in Q i (=1, @, (-.0) = 1S (VEYE=NXE) = X =)

- M (Av ()
And O, 11.0) = Ac.Q,,(X(:)- \j: i(5, (Ny(,-))-5"(9))
(6-h\ UDI, -5, (Ziy(.?)))
- VG -8 (Zy (%)
At (9=0. C (mQ) =

7y M - Villy (1))

Siniilaii) multiplying equiitHnis i -and (bl by appropriate powers of z and then adding, we have

. 0 [0
y.16%

dPulc.f)-P~i:.0) = APni:.1) PAO):.)-AX{:)P,,S,,(8) ~|(7.,( WA.=" = "AQ(,(0):."

wc have

s
(P- Wy ())Pfi( 0) =P, (0 A-(--)- SIAD)(t]QNz.0) +AX( V', - A«))

At 8= uy()=id - X(.-i) .

P.C.0) = ini)-p AXinP,- PMNO))
=.S-,,(vry (1)

And Pfiii.0) = —— (/i’ (:.,0) + Z/LVCIP, - P (0)
{&-ny(-)(m " S, Uy ()

Equation (21 implies (zl + /(7 =  (0) + (0) = (0) + ZIA'(riQ,, (from (7))
Therefore PN0) = 2,,(// +x(1- Ai.,))

Substituting P] (0) and (7] (7.0 )in equation (I1) and on further simplification

() = S0y () XU D= S AY D), s avan)- 1d-Acfz]
O~iiy(,:))(-S,, (uyl )i Av(:)(--.S*(Ziy(:0)
And at 6 =0,
uy () - Sy(ny(-m AY(C)(-- - S..(h (2)>

Thus the total PGF P(z) of the system size probabilities is given by
PC) - P«({)) + P (-0)+/
I- P.

i AV_A0 - ACFL)S (D)
A E(Yd-s(Gi

Using the normalizing condition P(1)=l. On = m

M

(H)

9

=Q"(:.,0).

(19

(12

(13)



MEAN SYS TEM EENC/ni:

Let L> and L}, demotes the nie.in system size duriiie the woikiiig vacation and regular busy lespcctively. Tlien

(I , ;
-1 Mv(H)_ (1-,Ac:)V )]
s
cl.
Pi, A AE{X {X -\))E(Si) + [AE(X)~P[Sf,)  Ziv(.]) ) S
- A, 2L -pi,r 3
pt.  AE(X{X -Ini' Z1(-V(])).S, (/7)™ 1 1H-X{.){l + AE(X}S,'U?))
1-A,  2(EMXD- [ 1-.8'.(/7) E(X) (1-5, (//)m
E(AAy (C.D™IT- X (™ Ay Cl HAE{X))~
7T(1~S,(/7) \-S'.(i]) -

Hence the mean system size ofthe modci L is given by L=Lv+L|v

Other Performance measures;

= Probability that the server ison vactiiion (Pj ISgiven by P. = li Q]'(:,0) = Qu=N
Probability that the server i. busy (P,,) is given by
p,= It AC.O): &
P.tl - A) A 1
Probtibilitv that the server isitlle (P]) is eiven bv P, = It P, = ”i”
PARTICULAR CASES:
In this section, the steady state lesults of 117 1land M/G/1 are deduced as particuUir cases of the model.

1 MYMW/I single working vacation |7L

If both the scivices - regular sei'vicc tuid servicx- during working vacation follow exponential distribution, then

Si, (iry(:)) = -—---- Pi___ M) = -P.'. ........ aiul P, = (7
Pft + 'Lv(-) ARV AV D)
v:'¢.0) P.2 7DaK =Pii(z) of M /M single working vacation
Sl (-1 + ity Cl
Qo /i -(C-D): ] (ACL) - D-(:] -1):Uf(z)-D)
Pr(.0) =5 "
17L,C-1) + .nyy(: Zil//, (- -1+ /ty (2)]

-/7C(1-X(-))J
= P|(z)of M/M I single working vactition

2. M/G/1 Single workiig vacation:

When both regular serdce time and service time during working vacation follow other than exponential distribution
and by taking ,X(2)=7. i.e, single arrival, the probability generating functions ofthe M/G/I SWV model is deduced as
follows.

JL:(7GC - 51 H - A (70)))
7106 - N (/-



5!! (Ir(-r)))

PiU:..0) =
I:h =5,( 7)()C-S.(Zi(r)))
/iCi ) . p.Q,, ij  /d.]) ()
L =1 Pt-0 and L,, = li_Z;(. + . .
. N T

NUMERICAL ANALYSIS:

In iliis section, we present '-omc luiniencal examples ic) explain the mtluencc ot various paranieter.s such as mean
vacation time (1/7; . mean rcyulai vei'vicc (1///,.) and mean service during working vacation {\/u, ) on mean system

size (L) and on various probabilities For the computation, the batch arrival is assumed to lollovv geometric distribution
and service times follow Liilang k (.iistributions.

In the classical vacation models, since the service is stopped completely during vacation, the system size increase
notably as the mean vacation nine increases. But in working vacation, since the service is tkaie with a smaller rate
p, i<Pi, ) during vacation, the v.ic.iiion parameter ij have less effect on the system size. The ‘'ffects of rj and //, on

the expected mean system si/c under two situations (p,, =0..A ami /Ay, =0.6 ) arc prcsenie.' in table I. The table |
values also show that as /. or /# increases, the mean system size decieasc. .Also we inter ihtii as u, approaches to 0,
the system size of single working vacation model (SWL) approaches the system siZe ol lIx' corresponding classical
single vacation model (C.SL). The data's in table 2 shows the effect of traffic intensity ,gJ,,) on the probabilities
including probability th;it the scrvei is idle (I’l), on vacation (Pj ami on regular busy iP:,). In all the above discussion
we fix Pi, =\ Figure | is the grai'hK.il representation of table 2.

Fable: 1L Vs /, Vs /

Pi, = 0.3 Ph = 0,6

Lsvw Ls\ LN\ Lsv
.y 24392 4.0917 14~136 7.1871
1 4.3912 15378 183423 3.3917
1.6 6.T248 1.1312 23.3v7l 3.1032
1 114063 0.9949 29.2266 2.9332
03 19542 4.0917 11.0570 7.1871
1 41283 15378 16.6471 3.5017
13 6.1732 11312 22.3264 3.1052
) 81750 0.9949 28.0163 2.9332
05 1.6429 4,0917 8.6696 7.1871
39115 15378 13.2403 3.5917
13 6.0174 11312 21.3713 3.1052
1 80587 0.9949 27.3205 2.9532 i

lable: 2 Probabilities Vs Traflic Intensity

P Ai. P Pi
01 0.0864 0.5333 0.3963
0.2 0.1283 0.6863 0.1854
0.3 0.2043 0.7021  0.0936
0.4 0.2970 0.6330 0.0300
0.3 0.4019 0.3703 0.0278
0.6 0.5146 0.4698 0.0137
0.7 0.6322 0.3392 0.0087
0.8 0.7729 0.2427 0,()044
0.9 0.8757 0.1223 0.0017
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CONCLUSION:

Over the past two decades, queueing systems with vacation.s have been studied by many researchers and have been
applied to many situations. Wmking vacation is a new concept introduced by .Scr\i and Finn [14] and the. model
diseus.sed till now arc M/M/I. M/G/1 multiple working vacations, GI/M/1 using matrix geometric method. In this paper
we have made an attempt to di.seuss a batch tirrivai \L”Y&/1 queue under single working \aeation using supplementary
variable technique and derived the steady state results in closed t'orm Various system performance measures are
deduced from it. Further few results existing in literature are obtained as particular eases. Finally numerical examples
are presented to justify the measure and to understtmd the model in a better way. The model analyzed in this paper may
be extended to the model incluiling the system with second optional .service, with/without breakdowns, bulk service

models, etc.
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