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INTRODUCTION


“What makes society turn is science, and the language of science is math, and the structure of math is logic, and the bedrock of logic is Aristotle, and that’s what goes out with fuzzy”.

-  BART KOSKO

Among the various paradigmatic changes in science and mathematics in the 20th century, one such change concerns with the concept of uncertainty. The fuzzy set provides us with an intuitively pleasing method of representing one form of uncertainty. 


The concept of fuzzy sets was introduced by Zadeh, L.A. [21] in 1965. Using this concept Chang, C.L.[2] has developed the theory of fuzzy topological spaces. 


In 1971, Rosenfeld, A. [15] introduced fuzzy sets in the realm of group theory and formulated the concept of a fuzzy subgroup of a group. Since then many researchers are engaged in extending the concepts / results of abstract algebra to the broader framework of the fuzzy setting.


In 1980, Erich Peter Klement [5] has given an axiomatic definition of a fuzzy (‑algebra which is a generalisation of the family of fuzzy events considered by Zadeh, L.A. [21].


In 2001, Pramila Srivastava et al. [13] have developed entropy theory for a fuzzy dynamical system with the help of the concept of atoms in a fuzzy (‑algebra. 


Poset-valued algebras are studied by Branimir Šešelja [1] and the notion of a homomorphism for fuzzy algebraic structures having arbitrary partially ordered sets or lattices as co‑domains is introduced.


In order to research the logical system whose propositional value is given in a lattice, Xu, Y. [17] proposed the concept of lattice implication algebras.


Xu, Y. and Qin, K.Y. [18] introduced the notions of a filter and an implicative filter in a lattice implication algebra and investigated their properties.


Young Bae Jun et al. [20] introduced the concepts of a positive implicative filter and an associative filter in a lattice implication algebra and established some interesting results. Young Bae Jun [19] fuzzified the concept of positive implicative filters and associative filters in lattice implication algebras.


This thesis is devoted to the study of some interesting fuzzy algebras namely

(1) Fuzzy (‑algebras.

(2) Poset-valued algebras

(3) Lattice implication algebras.

The results presented in this thesis are taken from the following papers  :

(1) “Fuzzy (‑algebras and fuzzy measurable functions” by Erich  Peter Klement [5].

(2) “m-Equivalence, entropy and F-dynamical systems” by Pramila  Srivastava [13].

(3) “Homomorphisms of poset-valued algebras” by Branimir  Šešelja  [1].

(4) “Fuzzy positive implicative and fuzzy associative filters of lattice implication algebras” by Young Bae Jun [19].

The first chapter deals with preliminary definitions and results.

Chapter  II is devoted to the study of fuzzy (‑algebras.

The relationship between classical and fuzzy (‑algebras and between topologies and (‑algebras, in both cases, classical and fuzzy, is established in the notation of commutative diagrams.

Fuzzy measurability for functions from one fuzzy measurable space into another one is defined and the relationship between classical measurability and fuzzy measurability of functions is studied. Finally the product of fuzzy (‑algebras is introduced.

Chapter  III deals with the theory of entropy of F‑dynamical systems using the concept of atoms (Definition 3.9) in a fuzzy (‑algebra. Having introduced the concept of m‑disjointness of F‑measurable sets (Definition  3.6), it is proved that distinct atoms of a fuzzy (‑algebra are pairwise m‑disjoint. It is further shown that countable additivity holds for pairwise m‑disjoint  measurable  fuzzy sets.

The new concepts of m‑refinement and m‑equivalence in the context of fuzzy sub (‑algebra are introduced. Few identities resulting from m‑equivalence of fuzzy sub (‑algebras are proved. It is proved that m‑equivalence is an equivalence relation (Theorem  3.17).

The entropy H(N ) of a fuzzy sub (‑algebra N  having finitely many atoms is defined (Definition  3.19). For an F‑dynamical system  ( = (X, M, m, () and a fuzzy sub (‑algebra N   of M  having finitely many atoms, the definition of the entropy h((,N ) of  (  on N  is introduced (Definition 3.26). Finally it is proved that h((, [L ]), where [L ] is the m‑equivalence class determined by  L  ( F (M ), is an m-isomorphism invariant.

In chapter IV the notion of a homomorphism for fuzzy algebraic structures having arbitrary (possibly different) partially ordered sets or lattices as co‑domains is introduced. Basic properties of homomorphisms, embeddings and isomorphisms are investigated. 

The main results proved in this chapter are 

(i) Let  A  and  B  be algebras of the same type and  f  a homomorphism from  A  to  B. Further, let  ( : A ( P  and  ( : B ( Q be fuzzy subalgebras of  A  and  B , respectively, where  P  and  Q  are arbitrary posets (lattices). Now if there is an isotone mapping  (  from  P to Q such that for every x ( A, ( (((x)) ( ((f(x)) is satisfied, then  f  is a homomorphism from  ( into ( under  ( (Theorem  4.22).

(ii) Let  A  and  B  be two algebras of the same type and let  P  and  Q  be two arbitrary posets. Further, let  ( : A ( P  and  ( : B ( Q be fuzzy subalgebras of  A  and  B , respectively. If  f  is an embedding of  (  into  (  under  (, then for every level  Ap​ of  (  which is a proper subalgebra  of  A , the restriction f / Ap of  f  to Ap is an embedding from the subalgebra Ap of A  into the subalgebra B​((p)​ of B (Theorem  4.24).

(iii) If  f : A ( B  is an isomorphism from a fuzzy subalgebra  ( : A ( P of  A  to a fuzzy subalgebra  ( : B ( Q of  B  under (, then for all x, y ( A

(a) ( (f(x))  =  ( (((x)) ; and

(b) ((x) ( ((y) if and only if  ( (f(x)) ( ( (f(y)) (Theorem 4.27)

(iv) Let  A  be an algebra and  ( : A ( L its fuzzy subalgebra where  L  is an arbitrary lattice. Then, the canonical representation k(  of  (  is also a fuzzy subalgebra  of  A , and the identity map on  A  is an isomorphism from (  to  k(, under the mapping  ( : L ( F (, such that for p ( L,  ( (p) = Ap, where F (  is a co‑domain of the canonical representation (Theorem  4.28). 

Chapter  V  is devoted to the study of lattice implication algebras. Fuzzy positive implicative filters and fuzzy associative filters in lattice implication algebras are introduced and studied. 

The main results proved in this chapter are 

(i) Every fuzzy positive implicative filter of a lattice implication algebra is a fuzzy implicative filter. 

(ii) Every fuzzy associative filter of a lattice implication algebra is a fuzzy filter.

Interesting examples for lattice implication algebras, fuzzy positive implicative filters and fuzzy associative filters are also given (Examples 5.2, 5.13 and 5.20). 

REVIEW OF LITERATURE


In a wide variety of problems one has to treat uncertain or incomplete information. Some kind of exact science is needed to describe and understand existing methods and to develop new attempts. Especially in applications of computer science, this is a fundamental problem. To handle such kind of information, Zadeh, L.A. [21] introduced the concept of fuzzy sets in 1965. In contrast to usual sets, fuzzy sets are characterized by a membership relation taking its values from the unit interval [0, 1] of real numbers. After its introduction in 1965, the theory of fuzzy sets was ranked to be some exotic field of research. The success during the last years with even consumer products involving fuzzy methods causes a rapidly growing interest of engineers and computer scientists in this field.


Rosenfeld, A. [15] inspired the development of fuzzy algebraic structures.


In 1980, Erich Peter Klement established an axiomatic theory of fuzzy (‑algebras in order to prepare a measure theory for fuzzy sets. 


In 1958, Kolmogorov introduced the concept of entropy into ergodic theory and proved that entropy of an abstract dynamical system was an m‑isomorphism invariant.


Markechova, D. [10, 11], Dumitrescu, D. [4] and others have tried to obtain extension of entropy theory to fuzzy subset setting via fuzzy partition ; they have developed fuzzy partition theory in different ways. 


In 2001, Pramila Srivastava et al. [13] have developed entropy theory for a fuzzy dynamical system with the help of the concept of atoms in a fuzzy (‑algebra.


Poset‑valued algebras are studied by Branimir Šešelja and the notion of a homomorphism for fuzzy algebraic structures having arbitrary partially ordered sets or lattices as co‑domains is introduced.


In order to research the logical system whose propositional value is given in a lattice. Xu, Y. [17] proposed the concept of lattice implication algebras.


Young Bae Jun fuzzified the concept of positive implicative filters and associative filters in lattice implication algebras.


Several other authors have also contributed to the study of the concepts mentioned above. We give here a brief survey of some of the articles published on various algebras and fuzzy algebras. 

(1) “On ideals in BCK-algebras”

Jie Meng (1994) [7]


In this note, various ideals in BCK-algebras are discussed in detail. The notions of implicative ideals, and commutative ideals are introduced. Their relationship with other ideals are studied. Also the ideal characterizations of several important classes of BCK-algebras are given. In particular, distributive theorems of commutative, implicative and positive implicative ideals are obtained. 

(2) “T-ideals in BZ-algebras and T-type BZ-algebras”

Xiaohong Zhang,Yongquan Wang and Wieslaw A.Dudek (2003)[16]

In this paper, the authors introduced the notions of T‑type BZ‑algebra and T‑ideal in BZ‑algebra as the generalizations of one of BCK‑algebras. They also introduced the notion of associative ideal in BZ‑algebra. They investigated the properties and characterizations of them.

(3) “Maximal ideals in subalgebras of C(X)”

Redlin, Lothar and Watson, Saleem (1987) [14]


Let C(X) denote the continuous real‑valued functions on a completely regular space X and let C*(X) denote all the bounded elements in C(X). It is known that the maximal ideals of both C*(X) and C(X) corresponds to the points of the stone‑Čech compactification of X. It is shown in this paper that the maximal ideals of an algebra A(X) correspond to the points of the stone‑Čech compactification whenever A(X) contains C*(X) and is a subalgebra of C(X).

(4) “Super associative algebras of continuous mappings”

Murdov, F.Kh. (1985) [12]


The authors showed that a large class of topological spaces can be characterized by their super associative algebra of continuous mappings or some subalgebra.

(5) “Stable metrics on universal algebras”

Choban, M.M. (1986) [3]


In this paper under review the notion of stable Pseudometric on a universal algebra is introduced and studied. It is a natural generalization of the notion of invariant metric on a group. Four theorems and four corollaries are given. In the third theorem some natural conditions are found under which one can prove that a topological universal algebra is metrizable if and only if it is first countable.

(6) “Quotient structures of some implicative algebras via fuzzy implicative filters”

Young Bae Jun et al. (2001) [20]


In this paper the authors discussed quotient implicative algebras induced by fuzzy implicative filters, and established the fuzzy fundamental homomorphism theorem for some implicative algebras.

(7) “On the entropy of dynamic systems in product MV algebras”

Jozefina Petrovičovă (2001) [8]


The notion of the entropy of a dynamical system has been defined and studied for distinguishing non‑isomorphic dynamical systems. In this paper product MV algebra have been introduced and the entropy of partitions in these algebras have been studied. 

CHAPTER – I

PRELIMINARY DEFINITIONS AND RESULTS

Definition  1.1  :

a) A collection  M  of  subsets of a set  X  is said to be a (‑algebra in  X  if M  has the following properties.

(i) X ( M
(ii) If  A ( M,  then  Ac ( M, where  Ac  is the complement of  A  relative to X.

(iii) If 
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 and if  An ( M  for  n = 1, 2, 3, . .  . then A ( M.

b) If M  is a (‑algebra in X, then X is called a measurable space, and the members of M  are called the measurable sets in X.

c) If  X  is a measurable space,  Y  is a topological space, and  f  is a mapping of  X  into Y then  f  is said to be measurable provided that f‑1(V) is a measurable set in  X for every open set  V  in  Y.

From the above definition we have the following result. 

Result  1.2  :


Let M  be a (‑algebra in a set  X.  Then

(a) Since ( = Xc, (a) and (b) of definition 1.1 imply that  ( ( M.

(b) Taking  An+1  =  An+2  =  . . .   =  (  in  (c)  of definition  1.1 we see that A1 ( A2 ( . . . . ( An ( M  if  Ai ( M  for  i = 1, 2, 3, . . . , n.

(c) Since  
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M  is closed under the formation of countable and also finite intersections.

(d) Since A – B = Bc ( A, we have A – B ( M  if  A ( M  and  B ( M.

Result  1.3  :


If  E  is a measurable set in X and if 


(E (x) 
=
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Then  (E  is a measurable function. 

Theorem  1.4  :


If  F  is any collection of subsets of  X, there exists a smallest  (‑algebra M * in  X  such that  F ( M *. This M * is sometimes called the (‑algebra generated by F. 

Proof  :


Let  (  be the family of all  (‑algebras M  in X which contain  F . Since the collection of all subsets of  X is such  a (‑algebra,  ( is not empty.


Let M * be the intersection of all M ( (. 


It is clear that  F ( M * and that M * lies in every  (‑algebra in X which contains  F.


To prove this, it is enough if we prove that M * is itself a (‑algebra.


If  An ( M *  for  n = 1, 2, . . . and if  M ( ( then  An ( M. So  ( An ( M,  since M  is a  (‑algebra.

Since  UAn ( M  for every M ( (.

Therefore we conclude that  ( An ( M *. Therefore the other two defining properties of a  (‑algebra are verified in the same manner. 

Definition  1.5  :


Let  X  be a topological space. By theorem 1.4  there exists a smallest  (‑algebra  B  in  X such that every open set in  X  belongs to  B. The members of  B  are  called the Borel sets of X.

Remark  1.6  :


Closed sets are Borel sets and so are all countable unions of closed sets and all countable intersections of open sets.

Definition  1.7  :


Suppose  R  is a relation on a set  S  satisfying the following three properties.

(i) Reflexive  :

If for any a ( S we have aRa.

(ii) Antisymmetric  :

If aRb and bRa then a = b.

(iii) Transitive  :

If  aRb  and bRc then aRc.


Then  R  is called a partial order or simply an order relation and  R  is said to define a partially ordering of S. The set with the partial order is called partially order set or simply order set or poset.

Definition  1.8  :


Let (X, () and (Y, () be ordered sets. A function from X to Y is said to be increasing or order‑preserving if a ( b ( fa ( fb.  f  is said to be decreasing if  a ( b ( fb ( fa. If  f  is bijective and both  f  and  f-1 are increasing, then  f  is said to be isotone or an order‑isomorph.

Definition  1.9  :


A lattice is a partially ordered set in which any two elements  x  and  y  have the greatest lower bound or meet (x ( y) and the least upper bound or join (x ( y).

Definition  1.10  :


A lattice  L  is complete if for every  A ( L, Sup A and inf  A exists in L.

Definition  1.11 :


A lattice  L  is  distributive  if it satisfies the distributive laws,



x ( (y ( z)   =   (x ( y) ( (x ( z)



x ( (y ( z)   =   (x ( y) ( (x ( z), for all  x, y, z ( L.

Definition  1.12  :


A complete lattice  L  is said to be completely distributive if it satisfies the following conditions for any collections of elements {ai} and {bj} in L.
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Definition  1.13  :


Order reversing involution  (  on  L  is a map ( : L ( L  such that

(i) (a()(  =  a,

(ii) a ( b ( a( ( b(, for any a, b ( L. 

Definition  1.14  :


Let  X  be an arbitrary non‑empty set and let  ( = [0, 1]. A fuzzy set in  X  is a mapping  (  from  x  into  (. (i.e.) a fuzzy set is an element of  (X.

Definition  1.15  :


Let  (,  ( ( (X, then  ( ( (,  ( ( (, ( ( (, (c  are defined as

(i) Let  ( ( ( ( ((x) ( ((x) for all x ( X.

(ii) (( ( () (x) = max {((x), ((x)} for every x ( X.

(iii) (( ( () (x) = min {((x), ((x)} for every x ( X.

(iv) ((c) (x) = 1 - ((x) for all x ( X.

(c is called the complement of the fuzzy set  (  and is also denoted  by  ((.

Let  (  be an indexing set and { (( | ( ( ( } be a family of fuzzy sets in X. Then their union and intersection are defined as follows.
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Definition  1.16  :


A fuzzy set  (  is said to be constant if for all x ( X, ((x) = (.

Definition  1.17  :


If  f  is a function from  X  to  Y and  ( ( (Y, then the inverse image of  (  or preimage of  (  written as f-1(() is a fuzzy set in  X  defined by  f‑1(()  (x)  =  ((f(x)), for all x ( X.


Conversely, let  (  be a fuzzy set in  X.  The image of  (, written as f(() is a fuzzy set in  Y  defined by 


f(() (y)

=

[image: image8.wmf]sup
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  if f-1(Y) is non-empty.




=
0, 

   otherwise

for all  y ( Y, where  f-1(Y)  =  { x / f(x) = y }.

Definition  1.18 :


An ordinary subset  A  of  X  can be considered as a fuzzy set by identifying it with its characteristic function  (A. Such fuzzy sets are called crisp sets.

Definition  1.19  :  (Chang, C.L. [2])


A fuzzy topology  on a set  X  is a collection  (  of fuzzy sets in  X  satisfying the following axioms :

(i) 0, 1 ( (, where  0  and  1  denote constant mappings taking whole of  X  to  0  and 1  respectively.

(ii) (, ( ( ( ( ( ( ( ( (.

(iii) (( ( (  for  ( ( (  (  
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The pair (X, () is referred to as a fuzzy topological space.

Definition  1.20  :  (Lowen, R. [9])


Let  X  be a non-empty set. Then  ( ( (X  is a fuzzy topology on X  iff

(i) for every  ( ( [0, 1], the constant function  ( ( (.

(ii) for every  (, ( ( (, ( ( ( ( (.

(iii) for every  
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The pair (X, () is referred to as a fuzzy topological space.

Definition  1.21  :


If (X, () is a fuzzy topological space, the members of  (  are called open fuzzy sets.


A fuzzy set  (  is called a closed fuzzy set  if  and only if (c ( (.

Definition  1.22 :


The closure and interior of a fuzzy set  ( ( (X are defined respectively as


cl(()  
=  ((  =  ( { ( / ( ( (, (c (( }.


int(()  
=    (0  =  ( { ( / ( ( (, ( (( }.


It is easily seen that  ((  is the smallest closed fuzzy set larger than  (  and  (0  is the largest open fuzzy set smaller than  (.

Definition  1.23  :


A fuzzy point  x(,  ( ( [0, 1] is a fuzzy set in  X defined by  x( (x) = ( and  x( (y)  =  0  if  y ( x.


X  is called support of x(  and  (  its  value.

Definition  1.24  :


A fuzzy point  x(  is said to be contained in a fuzzy set  f, or to  belong to  f,  denoted by  x( ( f  if and only if  ( ( f(x).

Definition  1.25  :


A sequence  
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 of fuzzy sets in  X  increase to ( ( (X if 
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CHAPTER  -  II

FUZZY (-ALGEBRAS

Definition  2.1  :


Let  X  be a nonempty set, ( the unit interval [0, 1] and B the (-algebra of Borel subsets of (. A subset  (  of (X is a fuzzy (-algebra iff

(i) ( ( constant, ( ( (.

(ii) ( ( ( ( ( 1 - ( ( (
(iii) ( ((n)n(N ( ( ( 
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The fuzzy sets in  (  are called fuzzy measurable sets, the pair (X, () a fuzzy measurable space.

Remark  2.2  :


Given a measurable space (X, A) the family of all measurable functions from (X, A) to ((, B) is, of course, a fuzzy (-algebra. 

Theorem  2.3  :

(i) Let (Y, () be a fuzzy measurable space and f : X ( Y a function. Then f-1(() is a fuzzy (-algebra on X. 

(ii) Let (X, () be a fuzzy measurable space, Y a nonempty subset of X. Then ( / Y = { ( / Y | ( ( ( } is a fuzzy (-algebra on Y.

Proof  :

(i) We have, f-1(() = (.


f-1(1 - ()  
=
1 – f-1 (()
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((i) follows.

(ii) It is a special case of (i).

Theorem  2.4  :


Let { (j / j ( J } be a family of fuzzy (-algebras on X. Then
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 is a fuzzy (-algebra on X.

Notation  2.5  :


We write,

(i) T(X) for the set of all topologies on X.

(ii) TF(X) for the set of all fuzzy topologies on X.

(iii) A(X) for the set of all (-algebras on X.

(iv) AF(X) for the set of all fuzzy (-algebras on X.

(v) P(X) for the power set of X.

(vi) Tr, the topology { ] (, 1 ] | ( ( ( } ( { ( } on (.

Definition  2.6  :


We define

(i) i : P((X) ( T(X) : ( ( i ((),

where i (() =  
[image: image17.wmf]Sup
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, the initial topology on X for the family of “functions” (  and the topology Tr.

(ii) k : P((X) ( A(X) : ( ( k((),

where k(()  =  
[image: image18.wmf]Sup
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, the smallest  (-algebra on X making each “function” in ( measurable with respect to B.

(iii) ( : T(X) ( TF(X) : T ( ((T),

where  ((T)  =  C (T, Tr), the set of all continuous functions from (X, T) to ((, Tr).

(iv) ( : A(X) ( AF(X) : A ( ((A),

where  ((A)  =  M(A, B), the set of all measurable functions from (X, A) to ((, B).

(v) T : P(P(X)) ( T(X) : E ( T(E),

where T(E) denotes the smallest topology on X containing E.

(vi) A : P(P(X)) ( A(X) : E ( A(E),

where A(E) denotes the smallest (-algebra on X containing E.

(vii) ( : P((X) ( TF(X) : ( ( (((),

where ((() denotes the smallest fuzzy topology on X containing  (.

(viii) ( : P((X) ( AF(X) : ( ( (((),

where  ((() denotes the smallest fuzzy  (-algebra on X containing  (.

(ix) ( : P(P(X)) ( P((X) : E ( ((E),

where  ((E) = { 1E / E ( E }

(x) ( : P((X) ( P(P(X)) : ( ( (((),

where  ((()  =  { (-1 ( ] (, 1 ] ) | ( ( (, ( ( ( - { 1 } }.

From the above definition we have

Theorem  2.7  :

(i) i, k, T, (, A, (, ( are isotone surjections ;

(ii) (, ( are isotone injections ;

(iii) T, (, A, ( are idempotent ;

(iv) k ( (  =  idA(x) ;

(v) ( ( (  =  id​P(P(X)) ;

(vi) T ( (  =  i ( (  =  i ;

(vii) A ( (  =  k ( (  =  k ;

(viii) (  is a surjective injection and that  i ( (  =  idT(X).

Definition  2.8  :


A fuzzy (-algebra  (  on X is said to be generated iff there exists a (‑algebra  A  on  X such that   (  =  ((A).

Notation  2.9  :
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 and 
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  =  ( ( k(()  for each subset  (  of (X.

Theorem  2.10  :

(i) 
[image: image21.wmf]~
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  is the smallest generated fuzzy (-algebra on  X  which contains  (.

(ii) A fuzzy (-algebra  (  is generated iff  
[image: image22.wmf]~
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  =  (.

Proof  :


This follows from the fact that, 
[image: image23.wmf]e

 is the smallest topologically generated fuzzy topology on  X  which contains  (.

Theorem  2.11  :

(i) ( ( T  =  ( o (,  

(ii) ( ( A  =  ( ( (,

(iii) A | T(X)  =  k ( (,

(iv) A ( i  =  k (-,

(v) ( ( (  =  ( ( ( | T(X),

(vi) ( ( -  =  ( ( -.

​That is the following diagrams are commutative  :




T

​(i)
P(P(X))

T(X)

(  


      (

P((X)
      

TF(X)



      (
                               A

(ii)
P(P(X))

A(X)

         (


     (

P((X)


AF(X)



      (


      (  

(iii)
T(X)


TF(x)





       k

                 A | T(X)





A(X)



      i

(iv)
P((X)


T(X)

            -


    A


TF(X)


A(X)



       k



      (
(v)
T(X)


TF(X)

  ( | T(X)


    (

P((X)


AF(X)



       (


      -

(vi)
P((X)


TF(X)

            -


    (

TF(X)


AF(X)



       (
Proof   :

(i) We have to show  C (T(E), Tr)  =  ( ( { 1E​ / E ( E } ) for each subset  E  of P(X). This inclusion  (  is trivial, the other one follows directly by


G ( T(E)  (  1G ( ( ( { 1E | E ( E } ).

(ii) This proof is analogous to (i)

(iii) This is obvious because 

A(T)  =  A ( { (-1 ( ] (, 1 ] ) | ( ( C(T, Tr), ( ( ( }).

(iv) A ( i  =  k ( ( ( i  follows directly by (iii) and by the definition of  i.

(v) Note that  ( ( { 1G | G ( T } ) ( ( (C(T, Tr)) is trivial.

On the other hand, we have for each  ( ( C(T, Tr)

· =  
[image: image24.wmf]sup

a

m

a

a

s

Î

Ç

Ù

Î

Î

Q

(]

,

 1])

G

 (

 

 1

) 

 

 ( { 

 |

 G 

 T } )

-1

I

1
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Hence

( (C(T, Tr)) ( ( ( { 1G | G ( T } ).

(vi) This is a combination of (ii), (iv) and (v).

Remark  2.12  :


In general A ( i  =  k ( (  is not true.


This is illustrated in the following example. 

Example  2.13  :


Put  X  =  (,

(  =  
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Then we have  i(()  =  P(()  because of 

{ ( }
=   
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and hence  A ( i (()  =  P((). On the other hand, we get

((()
= 
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 and hence k ( ((()  =  B.

Theorem  2.14  :


For each function f : X( Y, each subset  E  of P(Y), each subset  (  of (X  and each (-algebra  A on Y we have

(i) ( (f-1(())
=
f-1(((()),

(ii)
( (f-1(E))
=
f-1(((E)),

(iii)
( (f-1(())
=
f-1(((()),

(iv)
( (f-1(())
=
f-1(((()),

(v)
i (f-1(())
=
f-1(i(()),

(vi)
k (f-1(())
=
f-1(k(()),

(vii) ( (f-1(A))
=
f-1(((A)),

(viii) 
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(ix) 
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Proof  :

(i) and (ii) are obvious.

(iii)  By f-1(() ( f-1 (((()), we get  ( (f-1(()) ( f-1(((()).


For the converse inclusion it is easily seen that 


((  =  { ( / ( ( (((), f-1(() ( ( (f-1(()) } is a fuzzy topology on Y. 


Due to ( ( ((()  and f-1(() ( ( (f-1(()) which implies  ((() ( (( and by construction of  (( we have


f-1(((()) ( f-1((() ( ((f-1(()).

(iv)
Similar to (iii) the one inclusion is trivial and for the converse note that

((  =  { ( | ( ( (((), f-1(() ( ( (f-1(()) } is a fuzzy (-algebra on Y.

Using a similar argument as in (iii) we get the second inclusion.

(v) and (vi)  By theorem 2.7 we have,


i(f-1(())  =  ( ( ( (f-1(())  =  f-1 (( ( ((())  =  f-1(i(()) and 

k(f-1(())  =  A ( ( (f-1(())  =  f-1(A ( ((())  =  f-1(k(())

(vii) By theorem  2.11 (ii) we know


( (f-1(A(E)))
=
( ( A(f-1(E))


=
( ( ( (f-1(E))


=
f-1(( ( ((E))


=
f-1 (( ( A(E)).


Hence the result follows. 

(viii) and (ix) are obvious. 

Definition  2.15  :


Let (X, (), (Y, () be fuzzy measurable spaces. A function f : (X, () ( (Y, () is fuzzy measurable iff f-1(() ( (.


From this definition we immediately get the following theorem.

Theorem  2.16  :

1. Let  f : (X, () ( (Y, ()  and  g : (Y, () ( (Z, () be fuzzy measurable functions. Then the composition

g ( f  :  (X, () ( (Z, () is fuzzy measurable. 

2. Let f : (X, () ( (Y, ()  be fuzzy measurable and  (Z, ( / Z) a subspace of (X, (). Then the restriction

f | Z  :  (Z, ( / Z) ( (Y, () is fuzzy measurable. 

3. Let (Y, () be a fuzzy measurable space and f : X ( Y some function. Then f-1(() is the smallest fuzzy (-algebra on X which makes  f  fuzzy measurable.

4. Let  (  be a subset of  (Y. Then we have f : (X, () ( (Y, ((()) is fuzzy measurable  iff  f-1(() ( (.

5. Let (X, (), (Y, () be fuzzy topological spaces. If  f : (X, () ( (Y, () is fuzzy continuous then

    f : (X, ((()) ( (Y, ((()) is fuzzy measurable. 

Theorem  2.17  :


If  f  :  (X, () ( (Y, () is fuzzy measurable, then f : (X, k(()) ( (Y, k(()) is measurable.


The proof follows from theorem  2.14.


In theorem  2.17 the inverse implication does not hold. This is illustrated in the following example.

Example  2.18  :


Let  X = Y be an arbitrary set containing atleast two different points,


(
=
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 and f  =  idX.

Then f-1 (k(())  =  k((), but  f  is not fuzzy measurable. 

Theorem  2.19  :


Let  f  :  (X, () ( (Y, () be some function. Then the following properties are equivalent.

(i) f-1 (k(()) ( k((),

(ii) 
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(iii) 
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Proof follows from Theorem  2.14.

Corollary  2.20  :


Let  (  be a generated fuzzy  (-algebra and f : (X, () ( (Y, () be some function. Then  f  is fuzzy measurable iff  f-1 (k(()) ( k(().


From theorems 2.14 and 2.17 we have the following theorem.

Theorem  2.21  :


Let (X, A), (Y, S) be measurable spaces. Then f : (X, A) ( (Y, S) is measurable  iff  f : (X, ((A)) ( (Y, ((S)) is fuzzy measurable.

Notation  2.22  :


Let  X  be a nonempty set, { (Yj, (j) / j ( J } a family of fuzzy measurable spaces and { fj : X ( Yj | j ( J } a family of functions. 


We denote the smallest fuzzy  (-algebra on  X  which makes each fj : X ( (Yj, (j) fuzzy measurable by  
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Remark  2.23  :


Given some fuzzy measurable space (Z, () and some function f : Z ( X, f : (Z, () ( 
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  is fuzzy measurable iff for each j ( J the composition fj ( f : (Z, () ( (Yj, (j) is fuzzy measurable. Moreover, 
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 is the largest fuzzy (-algebra on  X  possessing this property.

Theorem  2.24  :


Let  X  be a nonempty set, { (Yj, (j) | j ( J } a family of fuzzy measurable spaces and { fj : X ( Yj | j ( J } a family of functions. Then we have  
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Proof  :

(i) We first show  A 
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For each j ( J we have  
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We further know that for each j ( J.



k((j)
=
A ((((j)) ( 
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which implies the converse inclusion.

(ii) By theorem  2.11 we get :
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Theorem  2.25  :


Let  X  be a nonempty set, { ( Yj, Aj ) | j ( J }  a family of measurable spaces and { fj : X ( Yj | j ( J } a family of functions. Then we have
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Proof  :

(i) We first show  
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for each  j ( J we have  ((Aj)  (  
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We further know that for each j ( J


((Aj)  =  ( (((Aj))  (  
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which implies the converse inclusion.

(ii) By theorem  2.11 we get
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Definition  2.26  :


Let { (Xj, (j) | j ( J } a family of fuzzy measurable spaces and 
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 the family of projections. Then the product fuzzy  (-algebra is defined by 
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CHAPTER – III

ENTROPY OF F-DYNAMICAL SYSTEMS

Definition  3.1 : (Pramila Srivastava et al. [13])


A fuzzy (‑algebra M on a nonempty set  X  is a subfamily of  (X satisfying

(i) 1 ( M ,

(ii) ( ( M ( 1 - ( ( M ,

(iii) If  
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  is a sequence in M,  then 
[image: image71.wmf] 

 

i

=

1

i

Ú

¥

l

  =  sup (i ( M.

Remark  3.2 :

1. If N 1, N 2  are fuzzy (-algebras on X, then N 1 ( N 2 denotes the smallest fuzzy (‑algebra on  X  containing N 1 ( N 2.

2. Arbitrary intersection of fuzzy (‑algebras on a set  X  is a fuzzy  (‑algebra on X.

3. For  S ( (X, [ S ]  denotes the smallest fuzzy  (‑algebra containing  S.

Definition  3.3 :


An  F‑probability measure on a fuzzy  (‑algebra M is a function  m : M ( ( satisfying the following conditions :

(i) m(1)  =  1,

(ii) for  ( ( M, m(1 - () = 1 – m((),

(iii) for  (, ( ( M, m(( ( () + m(( ( () = m(() + m((),

(iv) for any sequence
[image: image72.wmf] { 
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 in M such that (i((, m(() = sup m((i).

The triple (X, M, m) is called an F‑probability measure space. Elements of M  are called F‑measurable sets.

Definition  3.4  :

Let (X, M, m) and (Y, N, n) be F‑probability measure spaces. A  transformation  ( : (X, M, m) ( (Y, N, n) is called F‑measure preserving if  (-1(N ) ( M  and m((-1 (()) = n(()  for all  ( ( N.

Definition  3.5 :


An F‑dynamical system  is a quadruple (X, M, m, (), where (X, M, m) is an F‑probability measure space and  (  is an F‑measure‑preserving transformation.

Definition  3.6 :


Let (X, M, m) be an F‑probability measure space. Elements  (, ( of  M are called m‑disjoint if  m(( ( () = 0.

Definition  3.7 :


A relation ‘ = (mod m)’  on  M  is defined by  =  ((mod m) if and only if m(() = m(() = m(( ( (), (, ( ( M.

Note  3.8 :


The relation  ‘ = (mod m)’ is an equivalence relation. 
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 denotes the set of all equivalence classes induced by this relation and 
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 is the equivalence class determined by  (.  For  (, ( ( M,  ( ( ( = 0 (mod m) iff  (,  ( are m‑disjoint. We shall identify  
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Definition  3.9 :


Let (X, M, m) be an F‑probability measure space and let N  be a fuzzy sub (‑algebra of  M. An element  
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 is called an atom of N  if m(() > 0 and for any 
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  and m(( ( () = m(() ( m(()  (  m(() = 0 (or 
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The family of all atoms of N will be denoted by 
[image: image79.wmf]N

. We write, F (M) = {N  : N  is a fuzzy sub (‑algebra of  M  and N  has finitely many atoms }.

Theorem  3.10 :


Let (X, M, m) be an F‑probability measure space and N  be a fuzzy sub (‑algebra of  M. Let  (1 and  (​2  be distinct atoms of  N.  Then  (1 and  (​2 are m-disjoint. 

Proof  :


Since  (1 ( (2 ( (1, (1 ( (2 ( (2, and  (1 ( (2 (mod m). We get  (1 ( (2  ( (i (mod m) for atleast one i = 1, 2. Suppose (1 ( (2  ( (2 (mod m). Because  (2  is an atom, (1 ( (2  = 0 (mod m).

Remark  3.11 :


Let  M  be a fuzzy (‑algebra and  let  N 1 and N 2  be elements of F (M). If  { (i : 1 ( i ( k } and { (j : 1 ( j ( t } are atoms of N 1 and N 2, respectively, then atoms of N 1 ( N 2  are precisely those  (i ( (j,  1 ( i ( k, 1 ( j ( t, which have positive measure.

Theorem  3.12  :


Let  (i, i(N, be pairwise m-disjoint F-measurable sets in an F‑probability measure space (X, M, m). Then
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Proof  :


In case  (, ( are pairwise m‑disjoint F‑measurable sets, we have


m(( ( ()
=
m(() + m(() – m(( ( ()




=
m(() + m(().


Suppose that the result is true for the join of k pairwise m‑disjoint F‑measurable sets. Then
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By induction, it follows that the result holds for all k. Since  
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 is a monotonic increasing sequence of F‑measurable sets and 
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Definition  3.13  :


Let (X, M, m) be an F‑probability measure space and N 1, N 2  be fuzzy sub (‑algebras of M. Then N 2  is called an m‑refinement of N 1, denoted by  N 1 (m N 2, if, for each  ( ( 
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 such that m(( ( () = m(().

Definition  3.14 :


The subalgebras N 1 and N 2, N 1, N 2 ( F (M), will be called m‑equivalent, in symbols N 1 (m N 2, if 
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If N  ( F (M)  and  { (i } denotes the set of atoms of  N, then  ( (i denotes the joint of all atoms  N  ; likewise, in ( m((i)  the summation is over all (i‘s.

Theorem  3.15  :


Let (X, M, m) be an F‑probability measure space. If N 1, N 2, N 3  are elements of F (M), then  N 1 (m N 2 ( N 1 ( N 3  (m N 2 ( N 3.

Proof  :


Let   
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Since N 1 (m N 2,  there exists  
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Hence  m(( ( ( ( ()  =  m(()  and the result follows. 

Theorem  3.16 :


Suppose that N 1, N 2, N 3  are elements of F (M) and { (i }, { (j }, { (k } are atoms of N 1, N 2, N 3  respectively. Then,

(i) N 1 (m N 2  (
(a) m((i ( (
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Proof  :

(i)
(a)
m((i ( (
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and since  (j’s  are pairwise  m‑dispoint,
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The result follows from the two identities.

(iii) It follows from (i)(a).

Theorem  3.17  :


The relation of m‑equivalence of fuzzy sub (‑algebras is an equivalence relation.

Proof  :


By definition and using theorem  3.10, we have  (m  is reflexive and symmetric. We proceed to show that  (m  is transitive.


Suppose that N 1 (m N 2 and N 2 (m N 3.  Let { (i }, { (j }, { (k } be the atoms of N 1, N 2, N 3,  respectively. Then, we have
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By theorem  3.16 (i) (b). Hence,
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Theorem  3.18  :


Let  (X, M, m) be an F‑probability measure space. If  N  1, N 2  are elements of F (M), then N 1 (m N 2 ( N 1 (m N 1 ( N 2.

Proof  :


Let  
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  where  (i  =  { j : m((ij) > 0 }, 1 ( i ( k. Note that m((​ij) = 0  for  j ( (i. We have
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Since the collection  { (i : 1 ( i ( k }  and  { (j : 1 ( j ( t } are pairwise m‑disjoint, we obtain
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Definition  3.19  :


Let (X, M, m) be an F‑probability measure space and N ( F (M ). The entropy of N ,  denoted by H(N ) is defined by 


H(N )
=
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The empty sum is defined to be zero. Thus if  N  has no atoms, then H(N ) = 0.

Remark  3.20  :


Consider the function  g : [0, 1] ( R, defined by 


g(x)
=
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In terms of the function g, H(N )  =   
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Theorem  3.21  :


Suppose that (X, M, m) is an F‑probability measure space and N , N 1, N 2 are elements of F (M ). The entropy function  H  satisfies

(i) H(N ) ( 0 ;

(ii) If N​ 1 (m N 2 then

(a) N 1 (m N 2 ( H(N 1) ( H(N ​2), and

(b) H(N 1) ( H(N 1 ( N 2).

Proof  :

(i) For  
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(ii) (a)
Suppose that N 1 (m N 2 and {(i}, {(j} are atoms of N 1 and  N 2​,       
respectively.

Then, for  (j ( 
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Since N 1 (m N 2  and  (i’s  are pairwise m‑disjoint,
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therefore,  m ((j ( (i) = 0 for each i ( k. Hence, 
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Set  (  =  { (i, j) : m ((i ( (j) > 0 },  (  =  { i : m ((i) > 0 }.


Then
H(N 2)

=
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Since  (j’s  are pairwise m​‑disjoint,


H(N 2)
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(ii)
(b)
By theorem 3.18, N 1 (m N 1 ( N 2.


Let  
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Therefore,  for  (i ( 
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Thus, N 1 (m N 1 ( N 2 and hence (b) is a consequence of (a). 

Remark  3.22  :


From theorem  3.21, we have


H(N 1 ( N 2) ( max { H(N 1), H(N 2)}.

Theorem  3.23  :


Let  T : (X, M, m, () ( (Y, N, n, () be an F‑measure preserving transformation. Then 

​(i) 
for a fuzzy sub (‑algebra  L  of  N ,
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for L ( F (N  ), H(L  )  =  H (T-1 (L  )) ;

(iii)
for  N 1, N 2 ( F (N ), N 1 (n N 2 ( T-1 (N 1) (m T-1(N 2)

Proof  :
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(ii) Since  T  is  F‑measure preserving, we have m (T-1(()) = n((), for all ( ( L . Using (i), we get
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follows similarly.

Theorem  3.24  :


If  T : (X, M , m, () ( (X, M , m, () is an F‑measure preserving transformation and  N  ( F (M ), then H(N ) = H(T-i (N )), i ( N.

Proof  :


It is sufficient to note that  T  is  F‑measure preserving implies  Ti, i ( N, is also an F‑measure preserving transformation. 

Theorem  3.25  :


Let N 1, N 2 ( F (M )  and  N 1 (m N 2. Then 

H(N 1 ( N 2) ( H(N 1) + H(N 2)

Proof  :


The function  g : [0, 1] ( R, defined in Remark  3.20, satisfies
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and  not all (j’s  are zero.


Let  
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=
H(N 1 ( N 2) – H(N 2).

Thus,
H(N 1 ( N 2)
(  H(N 1) + H(N 2).

Definition  3.26  :


Let  (  =  (X, M, m, () be an F‑dynamical system and let  N ( F (M ). Then the entropy of  (  on N denoted by h((, N ), is defined by 


h((, N )
=
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(-i (N )  =  {(-i(() : ( ( N  }  is an element of  F (M )  and 
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It may be noted that h((, N ) ( 0, and h((, N ) ( H(N ).

Theorem  3.27  :


If  (  =  (X, M , m, () is an F‑dynamical system and  N 1, N 2 ( F (M ) are such that N 1 (m N 2​ and N 1 (m N 2, then h ((, N 1) ( h ((, N 2).

Proof  :


This follows from theorem  3.15 and 3.21 (ii) (a).

Definition  3.28 :


Let  (  =  (X, M , m, () be an F‑dynamical system. For  L ( F (M ). Let [L ] denote the m‑equivalence class determined by  L .  The entropy h ((, [L ]) of ( on [L ] is defined by 

h ((, [L ]) = sup {h ((, N ) : N ( [L ]}.

Definition  3.29  :


An F‑dynamical system  (1  =  (X1, M 1, m1, (1) is called a factor of the F‑dynamical system  (2  =  (X2, M 2, m2, (2) if there exists an onto F‑measure preserving transformation (called homomorphism) ( : (2 ( (1 such that  ( ( (2  =  (1 ( (  and  m1(()  =  m2((-1 (()) for all  ( ( M 1.

Theorem   3.30  :


Let  (1  =  (X1, M 1, m1, (1)  be a factor of (2  =  (X2, M 2, m2, (2). Then, for  L  ( F (M 1), h((1, [L ]) ( h((2, [(-1 (L )]), where  ( : (2 ( (1  is the corresponding homomorphism. 

Proof  :


Suppose that N ( [L ]. Then, by theorem 3.23 (ii),  H(N ) = H ((‑1 (N )). Now,


h((1, N )
=
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=
h((2, (-1 (N )).


As  N  ranges over an m‑equivalence class [L ] in F (M 1), (-1(N ) ranges over a subset of the m‑equivalence class [(-1 (L )] in F (M 2).

Definition  3.31  :


F‑dynamical systems (1 = (X1, M 1, m1, (1) and (2 = (X2, M 2, m2, (2) are called m‑isomorphic if there exists an invertible measure preserving transformation  ( : (1 ( (2  (that is both  (  and  (-1  are F‑measure preserving transformations) such that  ( ( (1 = (2 ( (. The mapping  (  is called an m‑isomorphism.

Theorem  3.32  :


Let  (1  and  (2​​  be m‑isomorphic  F‑dynamical systems. Then, for  L  (F (M 1), h((1, [L ]) = h((2, [(-1 (L )], where ( : (1 ( (2  is the corresponding m‑isomorphism. In other words, h((, [L ]) is m‑isomorphism invariant. 

Proof  :


This follows from theorem  3.30.

CHAPTER  -  IV

POSET – VALUED ALGEBRAS

Definition  4.1  :


If  A  is a nonempty set and (P, () an arbitrary partially ordered set (poset), then any mapping ( : A ( P  is a poset‑valued fuzzy subset (a  P‑valued subset) of A, or a P‑fuzzy set on  A.

Definition  4.2  :


For  p ( P, the subset of  A,  Ap = {x ( A / ((x) ( p} is a level‑set (level) of  (.

Note  4.3  :


If the co‑domain of  (  is a lattice (L, (, (, () (usually complete, in which the bottom and the top elements are 0 and 1, respectively), then the mapping ( : A ( L  is a lattice valued, or L‑valued fuzzy set on A. 

Remark  4.4  :


If it is clear from the context which structure (a poset or a lattice) is the co‑domain, then we call the mapping  (  a fuzzy set on A.

(i) If Ap  is the collection of levels of a P‑fuzzy set  ( on A, then for every x ( A.
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That  is the supremum of the set { p ( P / x ( Ap} exists and is equal to ((x). In addition, the set union of the collection of levels is the whole set A.

(ii) If (  is an L‑fuzzy set on A, then its collection of levels is closed under set‑intersection, and contains the whole set A.

(iii) If p, q ( P, then p ( q implies Aq ( Ap ; particularly, for any x, y ( A, ((x) ( ((y) if and only if 
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, and for p ( P, x ( A, ((x) > p if and only if  
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(iv) If for P1 ( P there is a supremum (P1 in P, then 
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Let  A  be a nonempty set and  F  a collection of subsets of  A  whose union is  A,  and that contains the set  
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 for each x ( A. Then  F  is a poset under inclusion and thus also under the order  (  dual to inclusion.

If  F  is closed under intersections and contains A, then  F  is a lattice under inclusion. Hence it is a (complete) lattice under the order  (  dual to inclusion. Denote (F, () by F .

Definition  4.5  :


The fuzzy set ( : A ( F, such that for x ( A ((x) = 
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 is said to be obtained by the synthesis of subsets of A.

Note  4.6  :


Levels of  (  coincide with elements of the family  F ,  that is for B ( F , AB = B. 

Definition  4.7  :


Let ( : A ( P be a P-fuzzy set on A, and  (  a binary relation on P, such that for p, q ( P, ​p ( q if and only if Ap​ = Aq.  (  is an equivalence relation on P.

Note  4.8  :


The relation  (  in the poset  P  induces an order on the set of equivalence classes modulo  (. That is on P((, in the following way : for p, q ( P,


[p](  (  [q]​(  if and only if  Aq ( Ap​.

Definition  4.9  :


If  A  = (A, F) is an algebra, then a P‑fuzzy set  (  on A  is a P‑valued (fuzzy) subalgebra of  A  if  for every p ( P, the level‑set Ap is a (crisp) subalgebra of  A .

Note  4.10  :


If  (  is an L‑valued subalgebra of A , then for every n‑ary operation f ( F, n ( N and for all x1, …, xn ( A


((f(x1, …, xn​))  (  ((x1) ( . . .  ( ((xn).


​If  c  is a constant (nullary operation) of  A , then ((c) = 1 ; thereby, if  A  has a constant, then P must have a greatest element.

Definition  4.11  :


Let  ( : A ( P be a fuzzy set on A, and P(( the partition of  P  induced by the equivalence relation  (. This partition is a poset under the order  (  introduced by Note 4.8. The reduced form of ( is a mapping  (( : A ( P((, defined as follows : for x ( A, (((x) = [((x)](.

Note  4.12  :


The reduced form  ((  of a fuzzy set  (  on  A  is also a fuzzy set on A, and it maps every element  x  of  A  to the  (‑class to which ((x) belongs. If  (‑classes of  (  are one‑element sets, then we say that ( itself is in the reduced form. 

Theorem  4.13  :


Let  (( be the reduced form of a fuzzy set  (. Then, 

(a) the posets of levels of  (  and  ((  coincide, and 

(b) for x, y ( A, ((x) ( ((y)  if and only if  (((x) ( (((y).

Proof  :

(a)
For  p ( P,  
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=
{ x ( A |  
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{ x ( A | ((x) ( p }





=
Ap,


By definition  4.7, by the definition of order for levels, and by (iii) of remark 4.4.

(b) By (iii) of remark  4.4 and by (i) of remark 4.4, ((x) ( ((y)  if and only if 
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 if and only if  (((x) ( (((y).

Theorem  4.14  :


If  ( : A ( L  is a lattice‑valued fuzzy set on  A  in the reduced form, then for  p, q ( L, p ( q  if and only if  Aq ( Ap.

Proof  :


If  Aq ( Ap, then by (iv) of remark  4.4,  Aq = Ap ( Aq = Ap(q (p ( q is supremum for p and q in L).


Hence, [p ( q] (  =  [q] (​

Now, since  (  is in the reduced form, it follows that  p ( q = q, and thus p ( q.

Example  4.15  :


Let  A = {a, b}, and let  P  be the poset given in the following figure. 

                               p                                                         q

 r

(P, ()


The P‑fuzzy set  
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 induces one element  (‑classes on P. It is easy to check that these classes are ordered in a (three-element) chain under inclusion : Aq = (, Ap = { a }, Ar = { a, b }. Hence,  Aq ( Ap​  but  p 
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Each fuzzy set can be represented by the mapping from the underlying set to the collection of its subsets ordered by reverse set inclusion. We prove here that this representation by sets is in the reduced form.

Definition  4.16  :


Let  (  be a fuzzy set, and  F ( the collection of its levels, ordered dually to inclusion. The fuzzy set  k ( : A ( F (  obtained by synthesis of levels, that is such that for x ( A, k ( (x) = 
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 is the canonical representation of (.

Note  4.17  :


The level of k (  whose index is  Ap  is, by Note  4.6, equal to that index. That is  
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Theorem  4.18  :


Let  k (  be the canonical representation of a fuzzy set  ( : A ( P. then,  k (  is a fuzzy set in the reduced form. Moreover, theorem  4.13 is satisfied. 

Proof  :


We prove that  (‑classes of k (  are one‑element sets. An element of the co‑domain  F (  of  k (  is a level, say  Ap, for some  p ( P. Then,


[ Ap ](
=
{ Aq | 
[image: image239.wmf]A
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=
{ Aq | Ap = Aq }



=
{ Ap }


Thus, every  (‑class of  k (  contains exactly one element, a level of  (.


Further, since  
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 if and only if 
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  if and only if  ((x) ( ((y)  by remark 4.4(i), (iv) and (iii).

Example  4.19  :


Let  
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 be a fuzzy set on A = { a, b, c }, where the co‑domain is a poset  P  represented by the following diagram. 


(P, ()

Then, A | (  is given in the following figure.


P | (
Hence
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The poset of levels for both fuzzy sets is  F (​  is given by the following figure and the canonical representation of  (  is


k (
=
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F (
Definition  4.20  :


Let  A  and  B  be two algebras of the same type and let  P  and  Q  be two arbitrary posets. Further, let  ( : A ( P  and  ( : B ( Q  be fuzzy subalgebras of  A  and  B, respectively, both in the reduced form. Finally, Let  f  be a mapping from  A  to  B , and  (  an isotone mapping from P to Q. Then,  f  is a homomorphism from  (  to  (  under  (1, if

(i) Ap ( B((p) is an isotone map from the poset of levels of  (  to the poset of levels  ( ;

(ii) for  every level Ap which is a proper subalgebra of  A  the  restriction  f | Ap  of  f  to Ap  is a homomorphism from the subalgebra  Ap  of  A  to the subalgebra B((p)  of  B ; 

(iii) If  Ap = A for some  p ( P, then B((p) = B. 

Theorem  4.21  :


If  f  is a homomorphism from a fuzzy subalgebra  (  of  A  into a fuzzy subalgebra  (  of  B  under (, then for every x ( A,  ( (((x)) ( ((f(x)).

Proof  :


Suppose that  f  is a homomorphism from ( to (. That is that there is an isotone map  (  from  P to Q, such that for every  p ( P satisfying Ap ( A, f | Ap is a homomorphism from Ap​  to B((p).


Thereby and by (iii) of definition  4.20,

f(Ap) ( B((p)  for each  p ( P.


Further, let  ((x) = p, then x ( Ap​, f(x) ( B((p).


Hence  ((f(x)) ( ((p)  =  ((((x)),


Hence the proof.

Theorem  4.22  :


Let  A  and  B  be algebras of the same type and f a homomorphism from  A  to  B. Further, let  ( : A ( P and  ( : B ( Q be fuzzy subalgebras of A and B, respectively, where P and Q are arbitrary posets (lattices). Now, if there is an isotone mapping  (  from P to Q such that for every x ( A, ( (((x)) ( ((f(x)) is satisfied, then  f  is a homomorphism from ( into ( under  (.

Proof  :


Let  f  be a homomorphism from  A  to B , such that there is an isotone map  (  from  P to Q which satisfies ( (((x)) ( ((f(x)).


In order to prove that  f  is a homomorphism from  ( to (, we show that for p ( P, f(Ap) ( B((p).


Indeed, if y ( f(Ap), then y = f(x) for some x ( Ap, and thus ((x) ( p.


By ( (((x)) ( ((f(x)) and since  (  is an isotone function, it follows that  ((f(x)) ( ((((x)) ( ((p), and hence f(x) ( B((p).


Thus, f(Ap) ( B((p). That is  f  is a homomorphism from  (  to  ( under  (.

Definition  4.23  :


Let  A  and  B  be two algebras of the same type and let P and Q be two arbitrary posets. Further, let  ( : A ( P  and  ( : B ( Q  be fuzzy subalgebras of A  and  B , respectively. Let  f  be an injection from  A  to  B , which is a homomorphism from  ( to ( under  ( : P ( Q, so that  ( induces an order embedding  (  from the poset of levels of  ( to the poset of levels of  ( (Ap ( B((p)). Then,  f  is an embedding of  (  into  ( under  (.

Theorem  4.24  :


If  f  is an embedding of ( into ( under  (, then for every level A​p of ( which is a proper subalgebra of  A , the restriction  f / Ap of  f  to Ap is an embedding from the subalgebra  Ap  of  A  into the subalgebra B((p) of  B .

Proof  :


f  is an injection by the definition, and since it is a homomorphism, its restrictions are embeddings.

Definition  4.25  :


Suppose that  f  is an embedding of  ( to ( under  (, such that every nontrivial subalgebra of  B  which is a level of  (, is an isomorphic image under  f  of a level of  (. Then,  f  is an isomorphism from  ( to ( under  (.

Remark  4.26  :


If  f  is an isomorphism from  ( onto ( under  (, then  ( (induced by () is an order isomorphism from the poset of levels of  ( to the poset of levels  of  (.

Theorem  4.27  :


If  f : A ( B  is an isomorphism from a fuzzy subalgebra  ( : A ( P of A  to a fuzzy subalgebra  ( : B ( Q of  B  under (, then for all x, y ( A

(a) ( (f(x))  =  ((((x)) ; and

(b) ((x) ( ((y) if and only if  ((f(x)) ( ((f(y)).

Proof  :

(a) By ( (((x)) ( ((f(x)),  ((f(x)) ( ( (((x)).

On the other hand,  if  ((f(x)) = ((p)  for some  p ( P, then f(x) ( B((p), and x ( Ap, since  f-1(B((p)) ( Ap.


Hence, ((x) ( p and since  (  is isotone,


( (((x))  (  ( (p)  =  ((f(x)).


Thus  ((f(x)) ( ( (((x)).


Hence the proof.

(b) using the second part of (iii) in Remark 4.4 and the fact that the posets of levels of  ( and (  are isomorphic (under  (), and finally by (a) above, we have that

((x) ( ((y)  if and only if  
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Theorem  4.28  :  Representation of fuzzy algebras


Let  A  be an algebra and  ( : A ( L  its fuzzy  subalgebra, where  L  is an arbitrary lattice. Then, the canonical representation  k( of  ( is also a fuzzy subalgebra of  A ,  and the identity map on  A  is an isomorphism from (  to k(, under the mapping  ( : L ( F (, such that for p ( L, ((p) = Ap, where F ( is a co‑domain of the canonical representation.

Proof  :


k( is a fuzzy subalgebra of  A ,  since every level of that fuzzy set is a subalgebra of  A . Further, the collections of levels of  (  and  k( coincide.


Finally, the mapping ( : p ( Ap is an order isomorphism from L to  F ( , by theorem 4.13 (b), since  k( is in the reduced form. 

Thus, the identity map on A is an isomorphism from  (  to k(, under  (.

CHAPTER  -  V

LATTICE IMPLICATION ALGEBRAS

Definition  5.1  :


A lattice implication algebra we mean a bounded lattice (L, v, (, 0, 1) with order‑reversing involution “(” and a binary operation “(” satisfying the following axioms :

(i) x ( (y ( z) = y ( (x ( z),

(ii) x ( x = 1,

(iii) x ( y = y( ( x(,

(iv) x ( y = y ( x = 1 ( x = y,

(v) (x ( y) ( y = (y ( x) ( x,

(vi) (x ( y) ( z = (x ( z) ( (y ( z),

(vii) (x ( y) ( z = (x ( z) ( (y ( z) for all x, y, z ( L.

Example  5.2  :


Let  L = { 0, a, b, c, 1 }. Define the partially ordered relation on L as 0 < a < b < c < 1, and define x ( y = min { x, y }, x ( y = max { x, y } for all x,  y ( L and “(” and “(” as follows :

	x
	x(
	
	(
	0
	a
	b
	c
	1

	0
	1
	
	0
	1
	1
	1
	1
	1

	a
	c
	
	a
	c
	1
	1
	1
	1

	b
	b
	
	b
	b
	c
	1
	1
	1

	c
	a
	
	c
	a
	b
	c
	1
	1

	1
	0
	
	1
	0
	a
	b
	c
	1



Then (L, (, (, (, () is a lattice implication algebra.

Note  5.3  :


In this chapter, the binary operation “(” will be denoted by juxtaposition.

Definition  5.4  :


Define a partial ordering “(” on a lattice implication algebra  L  by x ( y if and only if xy = 1.

Remark  5.5  :


In a lattice implication algebra  L, the following hold :

(i) Ox = 1, 1x = x and x1 = 1.

(ii) x( = xO.

(iii) xy ( (yz) (xz).

(iv) x ( y = (xy) y.

(v) x ( y implies yz ( xz and zx ( zy.

(vi) x ( (xy) y.

Definition  5.6  :


A subset  F  of a lattice implication algebra  L  is called a filter of  L  if it satisfies

(i) 1 ( F

(ii) x ( F and xy ( F  imply  y ( F, for every x, y ( L

Definition  5.7  :


A subset  F  of a lattice implication algebra  L  is called an implicative filter  of  L  if it satisfies

(i) 1 ( F

(ii) x(yz) ( F  and  xy ( F  imply xz ( F, for every x, y, z ( L

Definition  5.8  :


A subset  F  of a lattice implication algebra  L  is  called a positive implicative filter  if it satisfies

(i) 1 ( F

(ii) x((yz)y) ( F and x ( F  imply  y ( F, for every x, y, z ( L.

Definition  5.9  :


Let  x  be a fixed element of a lattice implication algebra  L.  A subset  F  of  L  is called an associative filter of  L  with respect to  x  if it satisfies

(i) 1 ( F

(ii) x(yz) ( F  and  xy ( F  imply  z ( F,  for every  y, z ( L.

An association filter of  L  with respect to all x ( 0 is called an associative filter of L.

Definition  5.10  :


Let  (  be a fuzzy set in  L.  Then  (  is called a fuzzy filter of L  if

(i) ((1) ( ((x), for every x ( L

(ii) ((y) ( min { ((x), ((xy)}, for every x, y ( L

Definition  5.11 :


A fuzzy set  (  in  L  is called a fuzzy implicative filter  of  L  if it satisfies

(i) ((1) ( ((x), for every x ( L

(ii) ((xz) ( min { ((x(yz)), ((xy)}, for every x, y, z ( L

Definition  5.12  :


A fuzzy set  (  in  L  is called a fuzzy positive implicative filter  of  L  if it satisfies

(i) ((1) ( ((x), for every  x ( L

(ii) ((y) ( min { ((x((yz)y)), ((x)}, for every x, y, z ( L.

Example  5.13  :


Let  L = { 0, a, b, c, d, 1 } be a set with Figure  1 as a partial ordering. Define a unary operation “(” and a binary operation denoted by juxtaposition on L as follows :

Figure  1

	x
	x(
	
	(
	0
	a
	b
	c
	d
	1

	0
	1
	
	0
	1
	1
	1
	1
	1
	1

	a
	c
	
	a
	c
	1
	b
	c
	b
	1

	b
	d
	
	b
	d
	a
	1
	b
	a
	1

	c
	a
	
	c
	a
	a
	1
	1
	a
	1

	d
	b
	
	d
	b
	1
	1
	b
	1
	1

	1
	0
	
	1
	0
	a
	b
	c
	d
	1



Define  (‑ and (‑operations on  L  as follows : 

x ( y = (xy) y  and x ( y = ((x(y()y()( for all  x, y ( L. Then  L  is a lattice implication algebra. 


Define  a fuzzy set  (  in  L  by
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for  all x ( L. Then it is easy to verify that  (  is a fuzzy positive implicative filter of L.

Theorem  5.14  :


Every fuzzy positive implicative filter of a lattice implication algebra is a fuzzy filter.

Proof  :


Let  (  be a fuzzy positive implicative filter of a lattice implication algebra  L.  Taking z = y in  ((y) ( min { ((x((yz)y)), ((x) }, for every x, y, z ( L and using  x ( x = 1 and Ox = 1, 1x = x and x1 = 1 for all x ( L, we have


((y)
(
min { ((x((yy)y)), ((x) } 



=
min { ((x(1y)), ((x) } 



=
min { ((xy), ((x) } 

Hence  (  is a fuzzy filter of  L.

Note  5.15  :


The converse of theorem  5.14  may not be true. In fact, let  L  be a lattice implication algebra in example 5.13. A fuzzy set  (  in  L defined  by


((a) = ((1) > ((x) for all x ( L \ {a, 1} is a fuzzy filter of L, but not a fuzzy positive implicative filter of  L  because


((b)  
[image: image252.wmf]/
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  min { ((1((bc)b)), ((1) }.


Now, we give an equivalent condition for a fuzzy filter to be a fuzzy positive implicative filter.

Theorem  5.16  :


Let  (  be a fuzzy filter of a lattice implication algebra L.  Then  (  is a fuzzy positive implicative filter of  L  if and only if it satisfies :

(i) ((x) ( (((xy)x), for every x, y ( L.

Proof  :


Assume that  (  is a fuzzy positive implicative filter of  L  and let x, y ( L. Then


((x)
(
min { ((1((xy)x)), ((1) }  

(because ((y) ( min { ((x((yz)y)), ((x) })



=
min { (((xy)x), ((1) } (because Ox = 1, 1x = x and x1 = 1)



=
(((xy)x) (because ((1) ( ((x), ( x ( L)

Conversely, suppose that  (  satisfies inequality ((x) ( (((xy)x), for every x, y ( L. For any x, y, z ( L. We have  

((y)
(
(((yz)y) (because ((x) ( (((xy)x))


​(
min { ((x((yz)y)), ((x) } (because ((y) ( min { ((x), ((xy) })


Hence  (  is a fuzzy positive implicative filter of L.

Theorem  5.17  :


Let  (  be a fuzzy filter of a lattice implication algebra  L.  Then

(i) If  ((xy) = ((1), then ((x) ( ((y), for every x, y ( L.

(ii) (  is order preserving,

(iii) If  x(yz) = 1, then ((z) ( min { ((x), ((y) }, for every x, y, z ( L.

Theorem  5.18  :


Every fuzzy positive implicative filter of a lattice implication algebra is a fuzzy implicative filter.

Proof  :


Let  (  be a fuzzy positive implicative filter of a lattice implication algebra  L.  Then  (  is a fuzzy filter of L.


Using  x ( (y ( z) = y ( (x ( z) and xy ( (yz) (xz) for every x, y, z ( L, we note that (x(yz)) ((xy) (x(xz))) = 1, for every x, y, z ( L.


It follows from theorem 5.17 (iii) that  ((x(xz)) ( min { ((x(yz)), ((xy) }, for every x, y, z ( L.


On the other hand, using x ( (y ( z) = y ( (x ( z) and (x ( y) ( y = (y ( x) ( x we get ((xz)z) (xz) = x(xz), for every x, y, z ( L.


By theorem  5.16 we obtain 


((xz)
(
((((xz)z) (xz))  =  ((x(xz))



(
min { ((x(yz)), ((xy) }


Hence  (  is a fuzzy implicative filter of L.

Definition  5.19  :


Let  x  be a fixed element of a lattice implication algebra  L. A fuzzy set  (  in  L  is  called a fuzzy associative filter of L with respect to x if it satisfies 

(i) ((1)  (  ((x), for every x ( L,

(ii) ((z)  ( min { ((x(yz)), ((xy) }, for every y, z ( L.

A fuzzy associative filter of  L  with respect to all x ( 0 is called a fuzzy associative filter of L.

A fuzzy associative filter with respect to  0 is constant. 

Example  5.20  :


Let   L = { 0, a, b, c, d, 1 } be a set with figure 2 as a partial ordering. Define a unary operation “(” and a binary operation denoted by juxtaposition on L as follows :


Figure  2

	x
	x(
	
	(
	0
	a
	b
	c
	d
	1

	0
	1
	
	0
	1
	1
	1
	1
	1
	1

	a
	d
	
	a
	d
	1
	a
	c
	c
	1

	b
	c
	
	b
	c
	1
	1
	c
	c
	1

	c
	b
	
	c
	b
	a
	b
	1
	a
	1

	d
	a
	
	d
	a
	1
	a
	1
	1
	1

	1
	0
	
	1
	0
	a
	b
	c
	d
	1


Define  (- and (-operations on L as follows :


x ( y = (xy)y  and x ( y = ((x(y()y()(, for all x, y ( L. Then L is a lattice implication algebra. Define a fuzzy set  ( in L by
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for  all x ( L. Then ( is a fuzzy associative filter of L with respect to a and b, but not with respect to c and d, since


((d) 
[image: image254.wmf]/
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 min { ((c(bd)), ((cb) } and


((c) 
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 min { ((d(bc)), ((db) }

Theorem  5.21  :


If  (  is a fuzzy associative filter of a lattice implication algebra  L  with respect to  x ( L, then  ((x) = ((1).

Proof  :


If  x = 0, 1, then it is trivial.


Assume  x  is neither 0 nor 1. Then


((x) ( min { ((x(1x)), ((x1) }  =  ((1)


Hence the proof. 

Theorem  5.22  :


Every fuzzy associative filter of a lattice implication algebra with respect to 1 is a fuzzy filter.

Proof  :


Let  (  be a fuzzy associative filter of a lattice implication algebra  L  with respect to  1. Then


((z) ( min { ((1(yz)), ((1y) }  =  min { ((yz), ((y) } for all y, z ( L. Hence  (  is a fuzzy filter of L.


From the above theorem we have the following corollary.

Corollary  5.23  :


Every fuzzy associative filter of a lattice implication algebra is a fuzzy filter.

Remark  5.24  :


The converse of corollary 5.23 may not be true. In fact, we know that, in example 5.2, the fuzzy set  (  is defined by ((1) > ((x) for all x ( 1 is a fuzzy filter of L. But it is not a fuzzy associative filter of  L  with respect to a, since ((c) 
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 min { ((a(bc)), ((ab) }.

Theorem  5.25  :


Let  (  be a fuzzy filter of a lattice implication algebra L. Then  (  is a fuzzy associative filter of  L  if and only if it satisfies

(i) (((xy)z)  ( ((x(yz)), for every x, y, z ( L.

Proof  :


If  (  satisfies condition  (((xy)z) ( ((x(yz)), for every  x, y, z ( L then


((z)
(
min { (((xy)z), ((xy) }



(
min { ((x(yz)), ((xy) } for all x, y, z ( L.


This proves  ((z) ( min { ((x(yz)), ((xy) }, for all y, z ( L. Conversely, let  (  be a fuzzy associative filter of  L  and let  x, y, z ( L.


By using  x ( (y ( z)  =  y ( (x ( z) and xy ( (yz) (xz) for all x, y, z ( L we have


x((yz) ((xy)z))

=
(yz)(x((xy)z))





=
(yz) ((xy)(xz))  =  1


It follows from ((1) ( ((x), for every x ( L and  ((z) ( min { ((x(yz)), ((xy) }, for every y, z ( L with respect to x that


(((xy)z)
(
min { ((x((yz) ((xy)z))), ((x(yz)) }




=
min { ((1), ((x(yz)) }




=
((x(yz)).


Hence the proof.

Theorem  5.25  :


Let  (  be a fuzzy filter of a lattice implication algebra  L. Then  (  is a fuzzy associative filter of  L  if and only if it satisfies

(i) ((y)  ( ((x(xy)), for every x, y ( L.

Proof  :


Let  (  be a fuzzy filter of a lattice implication algebra  L. It is sufficient to show that


(((xy)z) ( ((x(yz)), for every x, y, z ( L and ((y) ( ((x(xy)), for every x,  y ( L are equivalent.


Putting x = y in (((xy)z) ( ((x(yz)), for every x, y, z ( L and using x ( x = 1  and Ox = 1, 1x = x and x1 = 1, for all x ( L we obtain ((y) ( ((x(xy)), for every x, y ( L.


Assume that  (  satisfies condition


((y) ( ((x(xy)), for every x, y ( L.


Using x ( (y ( z) = y ( (x ( z), x ( x = 1, Ox = 1, 1x = x and x1 = 1, xy ( (yz)(xz) and  x ( y implies yz ( xz and zx ( zy for every x, y, z ( L, we have


(x(yz)) (x(x((xy)z)))
=
1((x(yz)) (x(x((xy)z))))





=
((yz) (x((xy)z))) ((x(yz)) (x(x((xy)z))))





=
(x(yz)) (((yz) (x((xy)z))) (x(x((xy)z))))





(
(x(yz)) (x(yz)) = 1

which implies that (x(yz)) (x(x((xy)z))) = 1. It follows from ((y) ( ((x(xy)), ((1) ( ((x), and ((y) ( min { ((x), ((xy) }, for all x, y ( L that


(((xy)z)
(
((x(x((xy)z)))




(
min { (((x(yz)) (x(x((xy)z)))), ((x(yz)) }




=
min { ((1), ((x(yz)) }




=
((x(yz)).


Hence the proof. 

SUMMARY AND CONCLUSION


Eversince the introduction of fuzzy sets by Zadeh, L.A. [21] several authors have worked on this concept and the theory of fuzzy sets has developed in many directions and is finding applications in a wide variety of fields.


This thesis is devoted to the study of some interesting fuzzy algebras namely

(1) Fuzzy (‑algebras

(2) Poset‑valued algebras

(3) Lattice implication algebras

The results presented in this thesis are taken from the following papers :

(1) “Fuzzy (‑algebras and fuzzy measurable functions” by Erich  Peter Klement [5].

(2) “m-Equivalence, entropy of F‑dynamical systems” by Pramila  Srivastava [13].

(3) “Homomorphisms of poset‑valued algebras” by Branimir  Šešelja  [1].

(4) “Fuzzy positive implicative and fuzzy associative filters of lattice implication algebras” by Young Bae Jun [19].

The first chapter deals with preliminary definitions and results.

In chapter II the relationship between classical and fuzzy (‑algebras, and between topologies and (‑algebras, in  both cases, classical and fuzzy, is established in the notation of commutative diagrams.

Fuzzy measurability for functions from one fuzzy measurable space into an other one is defined and the relationship between classical measurability and fuzzy measurability of functions is studied. Finally the product of fuzzy (‑algebras is introduced.

The theory of entropy of F‑dynamical systems using the concept of atoms in a fuzzy (‑algebra are introduced and studied in chapter  III.

In chapter  IV the notion of a homomorphism for fuzzy algebraic structures having arbitrary (possibly different) partially ordered sets or lattices as co‑domains is introduced and basic properties of homomorphisms, embeddings and isomorphisms are investigated.

Chapter  V is devoted to the study of lattice implication algebras. Fuzzy positive implicative filters and fuzzy associative filters in lattice implication algebras are introduced and studied.

Interesting examples for lattice implication algebras, fuzzy positive implicative filters and fuzzy associative filters are also given (Examples 5.2, 5.13 and 5.20).
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