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Abstract. Pre-existence probability of the fragments for the complete binary spectrnni of dittcrent .systciiis
such as ®e&Ni, “ ®Ba, ~\®Ra and "®®Fm are calculated, from the overlapping part of tlie interaction potenlini
using the WKB approximation. The role of reduced mass as well as the classical hydtodvnanhcal mass
in the WKB methocl is analysed. Within WKB, even for negative Q-value systems, the pre-existenci'
probability is calculated. The calculations reveal rich structural information. The calculated results are
compared with the values of preformed cluster model of Gupta and collaborators. The mass asymmelrt
motion is shown here for the first time as a part of relative separation motion.

1 Introduction

Spontaneous decay of radioactive nuclei via emission of
heavy ions, |.6. nuclei heavier than the a particle, gener-
ally called as clusters, which was theoretically predicted
by SandulescLi et al. [1] and later experimentally confirmed
by Rose and Jones [2], is now a well-established phe-
nomenon [3-12]. Such cluster emission from the excited
light- and medium-mass parent nuclei produced in low-
energy' nuclear reactions has also attracted much interest
recently [13-20]. Cluster emission could be considered ei-
ther as a case of asymmetric fission or as a two-step pro-
cess of preformation and/or pre-existence of duster and
then decay from the parent nucleus by impinging on the
confining barrier, similar to d decay. In models based on
the former case, also called unified fission models (UFM),
the pre-existence probability of the emitted cluster is con-
sidered to be equal to one. In the later approach referring
to preformed cluster models (PCM) the cluster decay pro-
cess is considered to be happening in two stages. In the
first stage it is assumed that the cluster, which is to be
emitted by the radioactive parent nucleus, is already pre-
born inside it. In the second stage this duster crosses the
interaction barrier with a tunnelling probability. In these
models the cluster pre-existence probability depends on
the size of the emitted cluster. In general this probabil-
ity can be calculated either empirically or theoretically.
An empirical pre-existence probability of a cluster is de-
fined simply as a measure of disagreement between theo-
retical calculation and experimental data of cluster decay
constant or half-lives. In theoretical estimates, the pre-
existence probabilities of clusters are estimated based on
either single particle picture (shell model), or on collective
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model picture. The model due to lilendowskc rl i
8] uses a shell model approach for the many IxmN\
function and defines the pre-existence probalrilil v and/ni
spectroscopic factor as the probability of fiudiug the d(ea\
channel space in the parent nucleus wave fuiictiDii. | ain:'
microscopic wave lYinctions. they have calculated thi‘ prob
ability for finding the daughter nucleus stnici iu(' in Ra
nucleus. The pre-existence prol:)al,)ility is found In insess
a simple mass dependence on the emitted clnsiei- (i
These microscopic calculations are limited iuly In li;dii
clusters upto A2 <16. These authors have later iiilro-
duced an empirical expression for pre-existenci* pinllabil-
ity that fits their microscoi>ically calculated sped m-mpin
factors for “Mle, ™C, and 0. In collective mnd. | pic
ture, the preformation probaliility is calculated by -Ning,
the Schrcidinger equation of motion in mass and ili.e;".'
asymmetry coordinates and is e.sseutially baseil na ibc
nuclear-structure information of the decay proces.- | lie
model due to Gupta and co-workers [11 12] rlelines die
guantum-mechanical preformation probability of lindiii;,
the fragments Ai and A> (with fixed charges Z\ and Z>
respectively) through the dynamical collectiw coordinate
of mass and charge asymmetries (,)f the decay prodncp as

A\ —qi Zi — 1>

at relative separation R (fixed at touching coiiiigural inn)
of the decay path.
By solving the stationarv Schrddinger e<]uatinn.

1y

numerically, JrX(/)]'™ gives the probaliility of lindinr, dm
mass fragmentation l at a fixed [losition R on the -lecar
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path. Normalising and scaling to g'vo the fractional
mass yield at, say, the mass A2 of the cluster (d?/ - 2 /A),
the ch.ister preformation probability, for the ground-state
decay is given as

PofA2) = A &)

Though the PCM and UFM diffei' in the concept, botli
of these approaches produce similar results for explain-
ing the exotic cluster decay process. This may be under-
stood by the interpretation of Poenaru and Greiner [21,
22] that the cluster preformation probability considered in
PCM is equivalent to the penetrability of the inner bar-
rier (overlapping region) from the parent nucleus radjus
to the touching configuration of cluster and daughter {|.e.
the overlapping region of fragments), within the unified fis-
sion model. The difference between an UFM and a PCM
appears in the expression for the decay constant:

MUFM = I'P, "PCM — FgPPo, @

where pg is the frequency of assaults on the barrier, Pis
barrier penetrability and Pq is the preformation probabil-
ity. .
According to the interpretation of Poenaru &t al, in
unified fission models, the penetrability P could be ex-
Bressed as a product of two terms as P = POV PNOV Here
0V corresponds to the inner part of the barrier (overlap-
ping or pre-touching stage) and is calculated by evaluating
the WKB integral with the limits from the radius of the
arent nucleus {Rq) to touching configuration {Rt) and
NOV corresponds to the post-touching configuration. In
this work, taking the idea of Poenaru and Greiner, we have
estimated the pre-existence probability values of entire bi-
nary fragmentation of four nuclei VIZ., ®Ni, '«V&Ra
and 'w®eFN from different mass regions. The calculated
results are compared with the preformation probabilities
obtained from PCM. The methodology is briefly described
in the following section and the results and discussions are
presented in sect. 3.

2 The methodology

In PCM of Gupta and co-workers, the potential energy
of the overlapping region is considered as a second-order
polynomial of the form

V{R) =aiR +azR" for RO<KR<RL, (5
with R as the relative separation between the centres of
the two emitted nuclei. For the post-touching region, the
potential is simply the sum of Coulomb and proximity
potentials as given by

V{R) = + U, Rt <R <Rh 6

for

where ZIS are the charge numbers of the fragments (with
i=1land 2) and = 1.44 MeV fm. Such potential for the

Relative Separation R (frn)

Fig. 1.A general negative Q-value scattering puteniial lor tin

fragmentation of Ainto 4i and 42. From touching conlignm-

tion onwards the actual and scaled potentials are ploiicd n-

solid line and dashed line, respectively. In both cases Iho over-

lapping region is shown by dotted lines. The turning iroinio u,.
{ and RI, and actual and scaled Q-"t'lucs are labelled

fragmentation of a parent nucleus A into two frag,ini'nts
At and A2 is shown in fig. 1. In this figure, the sofnl liiK
corresponds to the the actual potential calcuhilod usine,
eq. (6). From /fo to Rt, the potential is simply a pol
nomial as defined in eg. (5) connectin].>; to Qwaluc ni R}/,
shown here by dotted line. In order to calculale bairic!
penetration probability, the Q-value should be a |)odii\,
quantity. But when one considers the entii'e Itivarv frag
nicntaliioii of nuclei Irnni diHcreiil muss region.'-,

mass asymmetries may have a negative Q-value. In iDih'r
to calculate the jrre-existence i5ro|>a|:)i|ity for eniiiv icmiry'
spectrum, through barriei’ i)enetral))ility inte'pal. ilic f)
values should be scaled so as to have i>ositive value: sue h
potential is shown in fig. 1 by dashed lines, scaled by mi ai'
bitrary amount of 25 MeV to make tlie Q-vahies a posil iv'
guantity denoted here by Q'. (For a particular nucleus,
this arbitrary amount deirends on the miuimimi Q ‘.aliie
in the Q-value spectrum corresponding to all the rhaii'e
minimized mass asymmetries.) Thus, the overlap])ing in-
tegral (defined later) of scaled potential would give pre
existence probability for the negative Q- value. In eg. ((ih



the proximity potential Vp is due to Blocki €t al. [23] and

is given bv \o= 4-|TR’b<I>{0- 0

is the universal function of proximity potential, which
depends only on the distance between two nuclei and is
independent of the charge numbers of the two nuclei, given

N < 1.251,

— -i(5"- 254)2 - 0.0852(e - 2.54)3
m = -3(.437exp2-jj;"), ( ) g > 1.25§.
©)

Here, ™ = s/b. This function is defined for negative (the
overlapping region), zero (touching configuration) and
positive values of S. 0 ~ 1 fni is the diffuseiiess of the nu-
clear surface. The [ is the specific nuclear surface tension
coefficient given by

N
T=09517 1- 1.7826 A MeV fm* )

R is the mean curvature radius of the reaction partners,
characterising the gap, which for spherical nuclei is given
by

R= fm. 10
cl £ 02 9
The potential V(R) is calculated at R; for fixed >] Rt is
defined as Rt = o\ 4- C2, and here, CI{I = 1,2) are the
Sussnian’s central radii and are related to tlie effective
sharp radii Rl = 1.284" —0.76 -f 0.8H,,  fm, as

d 1. 1on (11)

For the decay constant defined for UFM in eq. (4), the
total penetration probability is P = POVPNOV The over-
lapping penetration probability {POV) is given by

Pov = exp J {2p\V{R)-Q]y/"dR

(12)

Here Rqg and Rt are the first and second turning points,
respectively. The tunnelling probability between these two
turning points gives the pre-existence probability within
WKH approximation. The total penetration probability
(P) is given by.

[A\WR) - Qiy/ R
Ro

Here Rqg and RI, are the first and second turning points,
respectively. The second turning point is calculated from
the condition Rh = ZIZzeA/Q. This means that the ti.m
nelling begins at R = Rgand terminates at R = R(,, with

= Q-value of the ground-state decay. In the above
integrals, p, = is the reduced mass with M being
the nucleon mass.

P = exp (73)

It is to be mentioned here that in PCM. wfiili* (aliai
lating the preforination probabilit} as deliiied in c¢(j C))
the masses used in the kinetic energy of the Si'linulingei
equation are the classical hydrodynamical masses
Kroger and Scheid [24] delined by

HITR2 #”((1;& )

with
oK+ R 1
2R 14 cosdi " Ri 11cosQ |, I
[@ - cosdi)(Ri - Re) 4 (1 - cosGKRj o+ .
Kd
_tR-R il

and t = Ut 4-tg, the total conserved volume, /i',. is Ine
radius of a cylinder of length R. having a homnimneniis
How in it, whose existence is assumed for the mass Iranslei
between the two spherical fragments. The (low is aesmm'4
to be radial. The authors use a special ansatz for /t, :
_ N, R
Re = (T min(ri, Rj) f( Ri C™m
|

with

IGr) =1 il.r-1.

and O'-values from 0,4 to 0.8 are shown to haw best lii
with the microscopic calculations. In PCM caleiilai ion-.,
we use a = 0.4. The P,,, isin MeV fm™. The geonjei ly it
the model is also given in ref. [24].

In order to have a direct comparison betwei-m rlu' pi'e
existence probability calculated using eq. (12) wiih tlial
of PCM calculations, we have perfonned calculal ioi L ns
ing both the reduced mass and hydrodynamical niase ii;
the WKB integrals denoted, resi)ectively. as " ami
Po,(P,,,j)). However, while using hydrodynamical nmm in
the WKB integral in order to have proper canceliaiion ol
units for the probability, we di~eide the Ndlk of If.., b
R2 on both sides of eq. (14) which gic-es rise lo a gnaii
tity which We term here as reduced hydrodynamical mass.
Further, it is to be mentioned here tliat. in PCM aCu, ilia
preformation probabilites are calculated at a cunsiani //
value, say at touching conliguration. Hence, reduced ||,,.
values will not change the strncturtd information. In <ther
words, the NPl values are reduced liy an amoiinl e]
Furhter the preformation probalrilities Pj in PC.M and Lim
pre-existence probabilities calculated for the use of R, 1"
and Pnu(P,,,) are all normalized to one and hence IC
suits are comparable with each otliei'. The results oln 1Al
are presented in the following section.

3 Results and discussions
For the first time the mass asymmetry motion lor the coin

plete binary spectrum is shown liere as a part ol' lie- irl.i
five separation motion. The calculations are made l'a lijm



Fig. 2. Panels (a) and (b): The overlapping pre-existence prob-
ability plotted as a function of fragment mass numbers ,4i and
A2 of all the binary fragmentation of for the use of reduced
mass and hydrodynamical mass, respectively. The Q-values of
all mass asymmetries are scaled by 27MeV. Panel (c): The
preformation probability calculated within preformed cluster
model [12] for the use of hydrodynamical mass.

dill'erent nuclei from dilferent nias.s regions just to validate
the method. Some preliminary results obtained for "“Ni
was presented in ref. [25]. Within WKR approximatioji, in
order to calculate the pre-existence probability, the mini-
mum requirement is that the Q-value should be a positive
guantity. However, if one considers the complete binary
spectrum of ”~®Ni, the Q-values are negative for all the
charge minimized mass asymmetries and further for cases
like ~MERa and wY®Fn the Q-values are negative for
at least few mass risymmetries. Hence in order to make all
the Q-values a positive quantity, the entire Q-values cor-
responding to all the charge minimized mass asymmetries
are scaled by a uniform amount. In the case of the Q
value of all the charge minimized mass asymmetries ranges
from —25.7463MeV to —6.769 MeV. The scaling amount
used is 27 MeV which makes the scaled Q-values rang-
ing from 1.2537MeV to 20.231 MeV. It means all the Qg

Fig. 3. Same as fig. 2 but for In panels (a) and ( tie
Q-\alues of all luas.s asymnietries aie scaled by 22Me\

values are scaled uniformly making them a [xisiliw i]iian
tity. Even for any other value greater than 27.\le\ laken
uniformly throughout, the end result will not ehaii;\e riw
same amount of scaling is applied to the polenlial mak
ing, the area under the potential the same loi iiel-aii\i
Q-\'alue case as well as scaled (‘/value case. Ki'pue 1 rep
resents one sudi case showing actual lu'gative (J \al:l. au-l
scaled Cjt-value. In both cases the area under the cm \!" will
remain the same after appropriate scaling. Similarlv for
the cases of Ra and ="Fin. we hat'i' dioseii lie
scaling amount as 22 MeV. 17 MeV and 17 Me\'. n -pei

lively, to make the C™value spectrum a positixe (Ju:mlil\
(the potential is also scaled uniformly >y Ihi-

Since dilferent sealing amouiil applied miilouul’

give .same results, it is not shown ex])licilly. In liy- ‘e,

and (b), the pre-existence probability of all the exii diaii

nels of ~Ni nucleus, calculated using reduced as well a-
hydrodynamical masses in eep (12) is shown as a fund ion
of fragment mass numbers dj and AN (For the hx'diody

namical case, the o-value is taken as 0.4.) It i- -een ihai
in LKth cases the probability' decreases with iiiei'.i-e in



Fig. 4. The overlapping pre-existence probability plotted as a
function of fragment mass numlrers Ai and of all the binary
fragmentation of (a) for the use of reduced ma.ss and (b)
and (c) for hydrodynamical mass with values of n = 0.4 and
0.6, respectively, (d) The preformation prolrability calculated
within preformed cluster model [12] for the use of hydrody-
namical mass. In (a), (b) and (c) the Q-values of all mass
asymmetries are scaled by 17MeV.

size of the cluster and there are prominently larger values
for the Q-structured nuclei. Though the structural varia-
tions are similar in both cases but with reduced mass the
pre-existence probability is higher as compared to hydro-
dynamical mass calculations. It is to be mentioned here
that ®Ni* formed in low-energy reactions is shown to have
higher cross-sections for the a-structured nuclei in the
exit channel. The ground-state pre-existence probability
thus obtained here clearly support a four nucleon transfer
mechanism. The effect of temperature in the scattering po-
tential will only change the scale of potential but the same
structure will persist. Figure 2(c) presents the preforma-
tion probability calculated within PCM for hydrodynam-
ical masses. The PCM calculations show a strong peak at
~He and then the probability decreases rapidly showing
a shoulder at C and a small peak at The mag-
nitude of preformation probability as calculated in WK13
approximation for the use of reduced and hydrodynamical
masses and PCM calculation is not comparable. However,
the calculations of WKB approximation show an excellent
structure effect.

Fig. 5. The overlapping pre-existence prol.ialjility FHi
a function of fragment mass numljers 4] and 4) oi
binary fragmentation of “I'm (a) for the use of ifdi
and (b) for the use of hydrodynamical mass willi

ill ihi

17MeV.

Like *®Ni*, another such system studied extensively I'c
cently is formed in low-energy, reactions. Tlie emis
sion of complex intermediate mass fr;ignieiits is sii,"\-h c.
be predominant from the e.xcited ~*™Ba . iliis mass f
gion was expected to be a fei'tile region to obsenc ‘pnn
taneous cluster emission associated with closed shell Sn
nucleus. Though theoretically predicted as a lerlile I'eedon
to observe cluster decay, the exf)erimental atteinpiv ended
only with upper limits steering the direction in .iud,
such emission from exciterl systems in this mass remnn. I
iigs. 3(a) and (b) we present the pi'e-existence probai .ilii;
Pov(/-0 and Pou(™i)r/)' respectively of ™T5a. I'lie (J \alne-
of some of the asymmetric channels ai'e mayitixe. henei'
the potential is scaled by 22MeV for all the exit (liannel
to make all the Q-values positive as menlioneci eai liei' h
is interesting to note that the fonr iincleon transfer liieeh
anism in the pre-existence is evident in both case- p.n
ticularly in lig. 3(a). peaking at alpha sinicl nred anef
occurs at least up to “'Si and fieyond that the sli naiaia;
variation is .simply due to odd-even effect In lig
there is prominent peak at "lie and iioticealde pnaks at
*"\Bg, ~Y) and ™Ne and afterwards the probabiliiy i-



higher for even fragments. Comparing the magnitude ol
both of these cases, for the use of hydrodynamical mass
(with ov = 0.4) the magnitude of the pre-existence proba-
bility is relatively smaller. However, it compares well with
the PCM calculations as presented in fig. 3(c). The WKB
calculations again show an excellent structure effect.

In fig. 4, for the case of ~"®Ra since the magnitude
of the overlapping pre-existence probabilities (Po,,&-o and
Pou(P ti;)) are comparable with the magnitude of prefor-
mation probability calculated using PCM, the results are
presented in a single panel. ~¥Ra is a known cluster emit-
ter. Hence the structural variation in the pre-existence
probability is of importance. In this figure we present also
the role of the parameter o entering the calculations for
the use of hydrodynamical masses. In this figure, the line
mai'ked with (a) corresponds to the P, (/.) and the line
marked with (b) and (c) corresponds to for the
use of a = 0.4 and 0.6, respectively. The line (c) Is plot-
ted as a dotted line Just to distinguish it from line (d).
The preformation probability calculated in PCM is shown
by line (d). The calculations with reduced mass do not
show much structural variation except for a small peaking
around near symmetric region, whereas the calculations
with hydrodynamical mass clearly show, peaks around

as well as near Mg and SI. The magnitude of calculations
with hydrodynamical mass for a = 0.4 lies far below than
that of the PCM calculations however by changing the g-
value as 0.6 closely matches with PCM calculations. It is
to be mentioned here that, in PCM calculations u-value
is taken always as 0.4.

For binary decay of all the exit channel poten-
tials are scaled uniformly by an amount of 17 MeV to make
all the Q-values a positive quantity. This system is a good
ca,se corresponding to single humped mass distribution in
the fission yields. The calculated iire-existence probabili-
ties are presented in lig. 5. In this figure, the line marked
with (a) corresponds to the P,,(/r) and the line marked
with (b) corresponds to Pou(Pi)?)) for the use of a = 08
The preformation probability calculated in PCM is shown
by line (c). All the three calculations clearly show a sin-
gle humped distribution the magnitude of which is greater
in PCM calculations. The "WKB calculations with hydro-
dynamical mass clearly exhibit similar structural variation
with that of PCM calculations. But the WKB calculations
with reduced mass monotonically decreases with increase
in mass number except near the symmetric region.

In the calculations presented for different cases, the
difference in magnitude is due to the different mass pa-
rameters we use in the calculations. For the use of reduced
mass in the WKB integral, at least for lighter systems like
and ~®Bg, the structural variation re.sembles that of
PCM calculations but for the heavier systems like "V*Ra
fand ~“®Fm the structure is different from tliav of PCM
calculations. However, if one uses reduced hydrodynami-
cal mass in place of redi.iced mass in the WKB integral, we
get a remarkable similar structural variation with that of
PCM calculations. Further, this result can be fine-tuned
with the parameter @ to change the magnitude as well.

4 Summary

Summarizing, the pre-existence |)rof)abilil\- of
BN, NeVRaand are calculateil. Ioj ilnm NI
lap])ing part of the potential, using the idea sii;,,
by Poenaru €l dl.. using WKB integral. The piccxi i'lki
probability within WKB method is olitaiiied foi illm U-
of reduced mass as well as classical hydrodynainieal !!
Even for negative Q-value systems, the J>re exisleni emfiriili
ability is calculated within M'KB method by scalin'.', 1he(.)
value and the potentials to make them a positixi' (Jii, mi it
Tile calculated results are compared with the ic-iills ill
the preformed cluster model (F('M) of Ciipta and >"Hal
orators. The WKB calculations with reduced mas-
structural variation corresijonding to four uuclc'uu
fer for the complete spectrum of "'Wi and at lea-.i
corresponding to ~¥¥Ba. For heavy .systems like
these'calculations do not sliow si il
tural mv/nriations. However, tin' WKB calcnlalions it]; h'
drodynamicalmass show strong striictural xaiialf -
all the cases considered and in j)articiilar for liea\ hI' -y-
terns the results obtained are similar to PC\I i alcul; ii ion;
Further, the magnitude of pre-existence irrobaliilii \ ii:-in;
hydrodynamical mass in “"YKB metlurrl can be cl-i-er i<
the PCM results by varying tlie value of the par:imeli'i
Q entering the calculations of hydrodynamical ma-- Ila
mass asymmetry motion is slurwn as a pari of llie e ’lﬂN
separation motion.
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