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INTRODUCTION

The fundamental concept of a fuzzy set, introduced by zadeh[14] in 1965
laid a foundation for building new branches of fuzzy mathematics. In 1968 Chang([1]
introduced the notion of fuzzy topological spaces from then on, much research work
has been carried out by generalising the concepts in Ordinary topological spaces to
fuzzy topological spaces. Like other concepts separation axioms have been
generalised to fuzzy topological spaces in various ways by different authors. Some
of the contribution to fuzzy separation axioms are due to Gautner, Steinlage and
Warren[3], Hutton and Reilly [5], Rodabaugh [11], Mirasarkar [8], Wuytsand Lowen
[13], Ghanim, Kerre and Mashhour [4] Rekha srivéstava, Lal and Arun. K.
Srivastava [10] S.Ganguly, and S. Saha [2], M.Macho stadler and M.A. de Prada
Vicente [1].

In this dissertation the fuzzy separation axioms in the following two

papers-are taken for discussion.

(1) S. Ganguly.and S. Saha, On separation axioms and separations of
connected sets in fuzzy topological spaces [2].

(2) M. Macho Stadler and M.A. de Prada Vicente, Strong separations and
strong. Countability in fuzzy topological spaces[7].

" The aomroech in the firct ~aner is besed o~ tha pation of quasi -

coincidence and the approach in the second paper is based on level topologies.

P M. Puand Y.M Liu have introduced the concept of quasio-coincidence
between a fuzzy point and a fuzzy set and also between two fuzzy sets. S.Ganguly
and S.Saha[2] have defined the foilowing concepts using the notion of quasi-

coincidence.



(1) Weak and Strong separation of two fuzzy points.
(i1) Weak and Strong separation of a fuzzy point and a fuzzy set.
(1)  Weak and Strong separation of two fuzzy sets.

These concepts are used to define the fuzzy separation axioms T, T, T,.,T,,T, and
T,. Characterization of thege spaces which are analogous to those in general topology
are obtained. Chapter I is concluded by proving the following implications.

T,=>T,=>T,=>T,=>T, =>T,

In Chapter IT we disouss the fuzzy separation axioms due to M.Macho Stadler and
M.A. de Parada Vicente [7]. Here the fuzzy separation axioms are defined using level

topologies. Given a fuzzy topological space (X,5) the level topology 1,(8) for each

t € [0,1) is defined by i‘(6) = {U'l(t,l],UGS} A fuzzy topological space (x,8) is said
to be '

() at-Ti(1=1,2) fts iff (X,it(B)) is a Ti-space.

(i1) aF-Ti(i=12) fts iffforeachte [0,1)and xe X, t. % P

is a fuzzy closed set.
(111) an Ultra - T1 (1= 1,2) fit s. iff the topological space (X, 1(6)) is Ti.
(1v) astrong - Ti (1=1,2) ftsiffitist-Tiforeachte [0,1).

They [ ] have proved that

F - Ti = strong T1 = Ultra -Ti for i = 1,2 and constructed examples to
indicate that the reciprocal implications are not true in general.



~ Similar defintions for regular and normal spaces are given. Equivalent
conditions fort - Tv t- T2, t - regular and t - normal spaces have been obtained. More
over all the four concepts, Strong - T,, Strong - T,, Strong - regular and Strong -
normal are hereditary and productive.
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PRELIMINARIES

The preliminary definitions and results needed for the discussion of this dissertation

are given here
Defintion :

Let X be any set. A fuzzy set on X is a function from X to I = [0,1]
(i.e) it ic @ member of IX.

Let U and V be two fuzzy sets then U CV ==>U(x) < V(x) for all xeX.
C = ULV ==>C(x) = (U UV) (x)
= Max {U(x), V(x)} for all xeX
C = UnV ==> C(x) = (UNV)(x)
= Min{U(x), V(x)} for all xeX
C=uU, ==>C(x) = (WU )(x)
= sup {Uu (x) / aeA} for all xeX
C=nU, ==>C(x) = (mUa)(x) =inf { U a(x) /agA} forall xeX .

The Complement of a fuzzy set U is given by 1 - U(x), for all xeX and it is denoted
by U®.



Definition:
The support of a fuzzy set U is given by Uo = {x/ U(x)>0}
Defintion :

Let f be a function from X —->Y. Let U be a fuzzy set in Y. Then the
inverse of U is defined by (U)(x) = U(f(x)) for all xeX

Definition :

Let U be a fuzzy set in X Then the image of U is given by

f(U)(y) = Sup U(z) if £ \(y) is not empty.
ze fty)

= 0 otherwise
where f(y) = {x/f(x) =y}

Defintion :

A fuzzy set cleIX defined by ct(x) = t, for every xeX is defined by
¢ (x) =t, for every xeX is called a Constant fuzzy set (te [0,1])

Defintion :

An ordinary subset A of X can be considered as a fuzzy set indentifving
it with its characteristic function,y 4 Such fuzzy sets are called as Crisp sets.

Notation:  The Crisp sets corresponding to ¢ and X denoted by ¢, and ¢,
(ie) ¢ (x)=0and ¢,(x)=1



Defintion :

Let X be any set. A fuzzy topology on X is a family § of fuzzy sets in X

which satisfies the following conditions.
(1) Cp:Cy &d

(11) forall U,Ved, UnVed

(iii) If U _¢ed for each aeA then

SupU_€d
aeA

Then & is called a fuzzggopo[ogz on X and every member of § is called an open fuzzy

set.

A fuzzy set is closed iff its complement is open.

Notation : A fuzzy topological space is written shortly by f.t.s

Definition : The interior of a fuzzy set U is defined by int U = sup {V : VCU, Ved}
Definition : The closure of a fuzzy set UeIX is defined by cl V= inf{V/UCV, VS}
Defintion : If (X,8) is an fuzzy topological space. and YCX, the collection

8, = {Unyy: Ued}

is a fuzzy topology onY. We refer to (Y,3,) as fuzzy topological spaces.



Defintion :

4

Let ©(x) be the set of all topologies on X and W(X) be the set of all fuzzy
topologies on X. On R consider the topology ©_= {(cx,00)/aeR}{¢} topologies on
X. The topological space one obtains by giving I the induced topology is denoted by
I.

r
Define w : ©(X) --> W(X) : T —>w(1) where
w(t) =E¢(X,1) the continuous functions from (X,1) to I

Define the mapping i : w(x) ---> &(x) : d -——> 1(8)

where 1(8) is the intial topology on X for the family of "functions" & and the
topological space I_

Properties: (1) i(w(8)) =5

(2) SCw(i®)
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CHAPTER - 1

The concept of quasi-Coincidence between a fuzzy point and a fuzzy set,
was infroduced by P.M. Pu and Y.M. Liu [9] Using the concept S. Ganguly and
S.Saha [2] have defined weak seperation and strong separation of fuzzy points and
fuzzy sets and have introduced the fuzzyseparation axioms in fuzzy topological
spaces. Charatenisations analogous to those in general toplogy are obtained. Also
they have proved that

T=>T,=>T,=>T, =>T =>T,

SECTION 1.1
Preliminaries:

In this chapter we follow the definition of a fuzzy point and its belong-
ingness to a fuzzy set accordingto P.M. Puand Y.M. Liu [9].

Definition: [9] 1.1.1

A fuzzy set in X is called a fuzzy point iff it takes the value 0 for all yeX

except one, say, xeX , If its value at x is A (0 <A < 1),We denote this fuzzy point by
x, ,where the point x is called its support. ’



Definition [9] 1.1.2

The fuzzy point x, is said to be contained in a fuzzy set A, or to belong to
A, denoted by x, & A iff A< A(x). Evidently, every fuzzy set A, can be expressed as
the union of all the fuzzy points which belong to A.

Definition [9] 1.1.3

A fuzzy point x, is said to be quasi - Coincident (q - coincident in short)
with A, x, q A iff A >A°(x) (i.e) A+ AX)>1.

Definition [9] 1.1.4

A fuzzy set A is said to be q - coincident with a fuzzy set B denoted by AqB,
iff there exists xeX, such that '

A(x) >B(x) (ie) A +B(Xx)>1.

Hence a fuzzy set A is not q-coincident with a fuzzy set B denoted by A&B iff far
every xeX (1e) A(x) + B(x) < 1.

Remark 1.1.5
Aq (clA)® for every fuzzy set A.

Theorem [9] 1.1.6

ACB iff A and B are not q-Coincident particularly x,eA iff x, is not q-Coinci-
dent with A®



Proof

Now ACB

<==> A(x) < B(x) forevery xeX

<==> A(x)-B(x)+1<1forevery xeX
==> A(x) <1 -B°(x)forevery xex

<==> Aq B‘forevery xeX.

Defintion 1.1.7

A fuzzy set A in a fuzzy topological space (X,5) is said to be a
neighbourhood of a fuzzy point x, iff there exists a fuzzy set Be3, such that x,e BCA.

Notation : Neighbourhood is shortly writtenby nbd. A nbd A of a fuzzy point x. is
said to be open if Aed.

A fuzzy set A in (5) is called a g-nbd of x, iff there exists Be5 such that x, q BCA.
Theorem 1; 1 8 | |

A fuzzy point x, ecl A iff each q - nbd of x, is g-coincident with A
Proof :
cI'A = "{F/ACF}

Now x, eclA<=> x,& N{F/ACF, F°e5).
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<=> ) < (" F) (x) for every F’ed with ACF

<=> A < F(x) for every ACF with Fe8

<=>1-A21-F(x)

<=> 1 - A 2F(x) for every ACF with F‘ed

<=>1 - > B(x) for every BCA® with Bed.

In other words for every open set B, satisfying B(x) > 1 - A, B is not contained in
A° from theorem 1.1.6, B is not contained in A°. iff B is quasi - coincident with

(AS)°=A . We have thus proved that X, 15 quasi-coincident with A, which is evidently
equivalent to what we want to prove.

Secction 1.2

Separations of fuzzy points and fuzzy sets.

In this section, weak and strong separations of fuzzy points and fuzzy

sets are discussed.
Defimitions 1.2.1

Two distinct fuzzy points x, andy , of X are said to be weakly scparated
iff when x # y there is an open nbd of x, which is not q - coincident with y lland there
is an open nbd of Y. which is not q - Coincident with X, when x =y and A < i, there
is a q - nbd of Yo which is not q - coincident with x, .



Definmition : 1.2.2

Two distingfuzzy points x, andy M of X are said to be strongly separated
iff when x#y x, andy B have open nbds, which are not g-coincident,; when x=y and

A<p, (say) i:l has an open nbd, and yphas anopen-q-nbé wiich are not g-coincident.
Theorem : 1.2.3

Strong separations of two distinct fuzzy points implies weak separations of those
fuzzy points.

Proof :

Case (1) :

If x»y then there exists open nbde A and B of X, and 4 respectively such that
AgB.

==> Foreveryze X
A(z)+B(Z) < 1 -———m-> (1) ooy v basin o
Y,® B => n< B(y)

To prove y ua A
From (1) we get

A(y) +B(y) <1

B(y)<1 - A(y)
==>u< 1-A(y)



Similarly it can be shown x, q B.
Case (i)

If x=y then X, has an open nbd A and yuhas an opeh q-nbd B which are not
g-coincident (ie) Aa B.

Claim : X1<_IB-

Since AqB, A(x)+B(x) < 1

Therefore  A(x) < 1-B(X)
==> A < 1-B(x)
=> A< BY(x)
==> xxc_l B.

Hence in both cases condition for weak separation is satisfied.

Defnition 1.2.4

Aﬁmpgjnixlandaﬁlzzy setAinXsuchthatxxe A are said to bz
weakly separated iff there are open fuzzy setsUandeohthatquU; ACU,

Definition 1.2.5

A [UZZy POINL X, and & 1UZzy set A in X such that X, € A are said (o be

strongly separated iff there are open fuzzy sets U and V such that x, qU; ACV,
UqV.



Theorem 1.2.6

Weak separation of a fuzzy point and a fuzzy set is implied by strong
separation of that fuzzy point and that fuzzy cet.

Proof :

Let x, be a fuzzy point and let A be any fuzzy set such that x, ¢ A Then there
exists open fuzzy sets U and V suchthatxqu; ACV,UqV.

Toprove AqUandx, ¢ V.

Since Uq V, for every xeX
U(x) + V(xX) < 1 ==meememee(1)

ACV ==> A(x) < V(x) forevery x.
therefore A(x) + U(x) < V(x) + U(x)< 1 (by 1)

Since x, qU, A >U‘(x)
= 1-U(x)
> V(x) -- by(1)

therefore x, ¢ V.
therefore x, and A are weakly separated.

Definition 1.2.7 *

Two fuzzy sets A and B of X are said to be weakly separated iff
ClAgB and CIBgA.
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The condition in the al ‘efinition i val he followi fifion -
There are open fuzzy sets U and V such that ACU, BCV, Ac_lv and BqU.
Proof : AaV

==> ACV® (by theorem 1.1.6)

==> c|A CV*

==> clA C B (by theorem 1.1.6)
==> clA a B

Similarly ¢l B q A.

Conversly assume that the condition in the definition.
clA a B

==> Forevery xeX

clA (x) + B(x) <1
(i.e) clA(x) < 1-B(x) for every x
= BX)
. clACB°
==>BC (clA)"

Similarly cIB q A ==> AC.(cl B)
Taking U=(cIB)° and V= (clA)°
Since Aq (clA)®

Bq (cIB)°

We get AqV and BqU

Hence the proof.



Defimtion: 1.2.8

Two fuzzy sets A and B in X are said to be strongly separated iff there
exists U ard V in X such that ACU, BCV ar UqV

Theorem : 1.2.9
Strong sepamtion of two fuzzy sets implies weak sepamtion of the same.
Proof :

Let A and B be any two fuzzy sets whichare strongly separated, From the
definition of strong separation, there exists open fuzzy sets U and V such that
ACU, BCV and UqV

ACU => A(x) < U(X) ~=—=—--—-> (1) for every xeX
BCV => B(x) < V(X) -——-—-> (2) for every xeX
Given UEV for every xeX, U(x) + V(x) shl‘ |
from (1) we get

A(x) + V(x) < 1 forevery xeX

= Aav

F1;0m (2) we get

B(x) + U(x) < 1 for every xeX

=>Bc_1U



]jO
Hence A and B are weakly separated
Hence the Proof.

Section 1.3 :

Fuzzy Separation axioms, their characterizations and implications:

lon we give the definitions and some chamctersati 0

IQ..Il,.Irandmimal-spacesmhich.amximﬂan.tn_thasc.moxdinmy..Ionlogical

spaces.Also it has been proved that T, => T, =>T, =>T, =>T =>T

Definition 1.3.1

A fuzzy topological space (X,8) is said to be _TQ iff for any pair of
distinct fusmpoints x, andy " of X eitherx, hasaq - nbd whichis notq -
coincident with y uOry, has a q - nbd which is not q - coincident with x,

Defimtion 1.3.2

A fuzzy topological space (X,d) is said to be I, Aff any pair of distinct
fuzzy points in X are weakly separated.

Definition 1.3.3

A fuzzy topological space(X,d) is said to be I,Ljff any pair of distinct
ﬁizzy points in X are strongly separated.
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Definition 1.3 .4

A fuzzy icoological space(X,5) it said to be revulor i any fuzzy point x,
and any closed fuzzy set A in X such that x, does not belong to A are storongly

separated.
A T, - regular fuzzy topological space is said to be T, - Space
Definition : 1.3.5

A fuzzy topological space (X,d) is said to be normal iff any two closed
fuzzy sets in X which are not q-coincident are strongly separated.

A T, - normal fuzzy topological space is said to be a T, -space
Definition : 1.3.6

' A fuzZy topogical space (X.8) is said to Be mﬂmldi.ly_uumuﬂ iff any
two weakly separated fuzzy sets are strongly separated.

A T’ - completely normal fuzzy topological space is said to be a T, -Space.
Theorems 1.1.6 and 1.1.8 are useful in obtaining the following charaterizations.

Theorem 1.3.7

A fuz*éy topological (X,8) is said to be T, iff for any pair of distinct
fuzzy point x, and Yy of X either x, ¢ Cly‘1 ory, € Clxk

Proof :

Assume X 1sTo



&

Then x, has a g-nbd U which is not q-coincident with Yy ory, has a q-nbd V
which is not q-coincident with x, (ie.) o8 qU or x, qV

(i.e) x, ¢ C’yu or yue Clxx
Conversly assume the given condition

Suppose x, § C’yu’ Take V = (Clyu )
Claim : - Yy 9 12

Consider for any z, N (z) + V(z)
fz=y y, @+ V(@)
=p+1-Cly, @)

<SHu+l-p
=1].

If zzy Yy (z)=0, Yy (z)+V(2) <1

s My qV ———— > (1)
Claim : x, q V
Consider
xx(x) +V(x)=A+1- Clyu(x)
Since x, € Cly“

A > Cly, (x)

(1e) A - (‘.l_vu(x)-’()



x, (x) + V(x) > 1
x, q Vv
(1.€) Vis a q-nbd of X (2).

From (1) and (2), we get that there is a g-nbd V of x, which is not q-coincident
with Yy

Similarly if Yy € Clx, by taking U= (Clxx)c We get a g-nbd of y i which is not
q-coincident with x, .

Hence the space is To

Theorem 1.3.8

A fuzzy topological space (X,d) is T, iff every fuzzy point x, is closed in X.

Proof :

Let X be T, let x, be a fuzzy point in X andyube another fuzzy point in X
Case :(i)

Let x#y then there in open nbd V of y, such that x, qV.
Since y, eV, 1<V(y)

(ie) V(y)=1
(ie) F(y) =0

Since p -0 one gets that p > V(y)
(ie)y,qV

Hence V is an open q - nbd of I
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Hence there is an open g-nbd of o which is not q-coincident with X, .

.". By theorem 1.1.8 Yy € Clx, —-—->(1)

Case (i1)

Let x=y and A< then there exists a q-nbd of Y which is not q-coinident with X,
Yy € Clx, —(2)

When p<A

Jcp<x)v

(i.e) Y <x, ==> Y, EX,

So there is nothing to prove when p< A
From 1 & 2 we get

x, = Clx,, So that x, is fuzzy closed.

Conversely, let every fuzzy point X, be fuzzy closed in X

Consider two distinct fuzzy points X, and ¥, in X



%

Conversly,let every fuzzy point x, be fuzzy closed in X.

Consider two distinct fuzzy points x, and 7 in X.

Case (1)
If xy
Consider (Clx,)(y) = 1 - Clx, (y)
= 'xx(Y)
=1
>p=y,0
. c
SV, E Clx,)) ——>(3)
Similary x, & (Cly)® > (4)

Let V= (Clx,)" and U-'-=(Clyu)c
Thenx, e Uand y eV and as for any fuzzy set Ag(C1A)°
We get from (3) and (4)

y“c__] Uand x,q V
Case (ii) :

When x=y and A < p (say)
(‘laim_vu € x,

Suppose yue x,
Then u < A which is a contradiction

Yy €%, = (Clx,)
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Which implies ¥, has a q-nbd which is not g-coincident with X,

(by theorem 1.1.8) Hence (X,5) is T,.

Theorem : 1.3.9

A fuzzy topological space (X,8) is T, iff for every fuzzy point x, iInX

x, =N {CINx : Nx is an open nbd ofx, }

Proof :

Let N=~{CINx / Nx is an open nbd of x, }

Assume XisT,
Let s be a fuzzy point in X

Such that v € x,

Case (1) x#y

As the space is T , there are open fuzzy sets U and V such that xer, ¥ eV and
UgV
(1e) V(y)=1
Hence p > 0 = V(y)
(ie)y, qV
(1.e) Vis aqg-nbd ot"y‘1 such that UgV

Hence v, € Clu

(i.e) yM ¢ N
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Case (ii)
x=y and A<p (say)
Then as Yy € X5 A<p
Hence as the space is T, there is an open nbd U of x, and open q-nbd V of Vs
Such that UgV.

Hence Y, € clV
(1.e) s ¢ V.
Hence x, =N

Conversely :

Assume x, = N, for every fuzzy point x,.

To Prove X is T2

Let x,and ¥ be any two distinct fuzzy points in X.

Case (1) x#y

Then for any y > O,yyl €x, =N
(e)y> {cIN ()}
By infimum property there is an open nbd U of X, such that clU(y) <y

(ie) Yy gclU ———> (1)
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This is true for any 0.
Take y with p + y < 1, By (1) there is an open nbd U of x such
Yy eclU

Hence y>clU(y)
(le)l-y<(1-clU)(y)

Let V = (clU)®

Then V(y)>1- y>u

(ie) Y€ \%

Also as U g(clU)®, UgV

Case (i) x =y and A<p (say)

Then ¥ € x, = N

(.e) p>M (el Nx)(y)

Hence there is an open nbd U of x, Such that cl U(y) <p
(i.e) ¥, clU and Y,q (clU)®

Taking V = (clU)", one gets that y,aVandUgV

Hence X 1s T2
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Theorem 1.3.10

A fuzzy topological space ( X,8) is regular iff for a fuzzy point x, and any open fuzzy
set Gin X such that x, q G, there is an open fuzzy set U such that x qU and c.U
CG.

Proof:

Assume X is regular.

Let x, be a fuzzy point and G an open fuzzy set suchtlmtqu G
(1.e) A > G°(%)

Hence x, € G*

By using regularity Condition there are open fuzzy sets U and V such that x,qU
G°CVand UgV

Now Ug V=>U(z) <1 -V(2)

=>UC¥*

=>clUCV*

=>clUCG as G° TV => V°CG.

Conversely, assume the given condition Let x, €A where A is fuzzy closed

o c
x, €A =>x, qA
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Let G =A°

By assumption there is an open set U such that x, qU and clUCG

Take V = (clU)" then A = G'CV

and as Ug(clU)®, UgV

Hence X is regular.

The following theroem can be easily verified.

Theroem1.3.11

A fuzzy topalogical space ( X, 8) is regular iff for a subset A and closed fuzzy set B
such ta>¢ B where ever x, €A, there are two open fuzzy sets U and V such that BCV,

UqA and UgV.

Theorem 1.3.12

A fuzzy topological space ( X, 8) is normal iff for a fuzzy closed set F and an opan
fuzzy sct U such that FCU, there exists an opon fuzzy sct V suoh that FEVCaIVCL:.

Proof :
Let X be normal.
Let FCU with F fuzzy closed and U fuzzy open.

FCU => F(z) <UI(z)

=>F(z) - U(z) <0
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=>F(z) +U%2) < 1

=> FgU°
Hence there are open fuzzy sets V,and V,
ViaVv, => V,CV)"

==> (V) Cc(v,)’'cUu

Thus FCV, €elV €U
Conversely

Let A and B be two closed fuzzy sets such that AgB (i.e) ACB®

By assumption there is an open fuzzy set U such that ACUCCIUCB®
Hence BC(cIU)*

Taking V = (cIU)° we get BCV and UgV

Hence X is normal.

This chapter 18 concluded proving the following implications.
Theorem 1.3.13

Ty=>T,=>T,=>T,=>T, =>T,

Proof :

To Prove Tl => To
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Let x, and be any two distinct fuzzy points of x.
Case :(1)
Let x#y than there exists an open nbd V of X, such that y'ﬁ A"
X, €EV=>V(x)=1
since A >0 = 1 - V(x)
A> V)
(ie) xqu
(i.e) Visaq - nbd of x, such thatquV
Case (ii)
when x =y, A<u (say)
By assumption there exists a g-nbd of Yy which is not q- coincident withx,L
Hence T, =>T,

To prove T2 => Tl—

Since strong separations of two fuzzy points implies weak separation of the same, to
space is T, implies that it is T,
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To prove T, => T2

Letx,, Yy be any two distinct fuzzy points in X

Let x#y

x,(x)=A>0 =yu(x) (sincex+y)

(ie)r> yu(x)
therefore x, & ¥

Since snaceis T,, y, : is fuzzy closed. Hence ther= exists an open fuzzy set V such
Y T

that x, eV andyuijv

X, eV == A <V(X)

1-A > 1-V(x)
= V(@
=> X, ¢V

As the space is regular, there exists two open fuzzy sets U ,and U,

Such that x, , qU, and ViCU, and U, g U,

Xp.29Y,
=>1-4> U (x)
A < l—Ulc (x) for some xeX

= Ul(x) forsome xeX
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Asy gV,ygV'CU,

Hence U1 and U2 satisfy the required condition.
In a similar way the case x=y can be dealt with

To prove T4==> T3

Let x, be any fuzzy point and A be any closed fuzzy set such that x, €A
X, & A==> A>A(x)
Choose xo such that K>7\,0>A(x)
Claim: x, , g4
Consider X, 50 X) + A(X)

=1-Ao + A(x)

<l-o+Xlo=1
Therefore x, , (%) + A(x) <1

For any z# x as A(z) <1

X0 @) tA@) =0+ A(2) <1

Hence the claim.

Since the space is T1 x, , is fuzzy closed

Therefore by normality there exists open fuzzy sets U1 and U?2 such that
X) 2 CU, ACU,and U qU,
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Hence 1—7&0 < Ul(x)
(ie)ry2U,° )

Since 7\,>X02U‘;(x), x,qU ;

Already ACU, and U, q U,
Hence the space is T,.
To prove T,;==> T4_
Let A and B be two closed fuzzy sets, Such that 4gB.
Claim : A and B are weakly separated.
Take U=B° and V=A%
Since AgB for every xeX
A(x) +B(x) < 1

B(x)) < 1-A(x) = A%(x)
Therefore BCA®. Similarly ACB®
Since Aq(CIA)® and Bq(CIB)". Since A and B are closed sets AgA° and BgB®
(i.e) AqU and BqV

A and B are weakly separated
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Since the space is T, A and B are strongly separated.

Therefore the space is T &
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CHAPTER -1II

FUZZY SEFARATION AXIOMS BASED ON LEVEL TOPOLOGIES

This chapter is devoted to the study of fuzzy separation axioms due to
M.Macho Stadler and M.A. de Prada Vicente[7]. These authors have developed
t-level theory in fuzzy topology, in their work on t-prefilter theory [6], using this
concept of t-Ti (i=1,2), F-Ti(i=1,2), strong -Ti (i=1,2), Ultra-Ti (i=1,2) fuzzy
topological spaces have been defined. Similar fuzzy topological spaces have been
defined corresponding to regularity and normality notions. It has been proved that
FTi ==> Strong -Ti ==> Ultra-Ti. Examples are given to show that the reciprocal
implications donot hold. Equivalent conditions for a space to be t-T , t-T,, t-regular
and t-normal have been obtained and it has b shown that the concepts of strong -T ,
Strong T,, Strong- regular and strong normal are hereditary and productive.

Now, we give the preliminaries needed for this chapter.
Section 2.1
Preliminaries

In this chapter we follow the definition of a fuzzy poini and its belong-
ingness to a fuzzy set according to CK. Wong [12].

Definition : [12] 2.1.1

A fuzzy point x is a fuzzy set, whose support is the single point x and

its value is t(0,1).
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Notation : The collection of all fuzzy point in x is denoted by (§ £5).
Definition :[12] : 2.1.2
The fuzzy point p=x is set to belong to U (written as peU) if t<U(x).
Defnition : 2.1.3

Let (X,5) be a f.t.s., for each te[0,1), the level topology it(8) is defined
by. i(®) = { U(¢.1]; Ues}

Definition: 2.1.4

If (X.7) is a topological space and iff for all te[0,1), we put
w,)={Uel"; Ut 1]e1},

then w:(“) is a fuzzy topology on X which will be called t-topologically generated

fuzzy tepelagy -
Definition 2.1.5

A filter on a set X is a collectionF-of nonempty subset of X satisfying
the following conditions : |

(1) £ ¢
(ii) AnBeg ?t‘or every ABe=

(iii)  If A€B and if Ae¥ then BeF



_9

Notation : We denote the collection of all filters on X by g (x)
Defintion 2.1.6

A prefilter on a set X is a collection J of nonzero fuzzy sets on X

satisfymg the following conditions:

i Jé

(i) ABed for every pair of fuzzy sets ABe J
(i) If ACB ad if Aef the Bed

Notation: (i) We denote the collection of all pre-filters on X by P(X)

(i) PYX) will denote the set of all prefilters on X which exclude
the constant functions Ct (i.e JeP(X) iff  eP(X) and C N )

The elements of P'(x',l) are called t-Prefilters
Definition : 2.1.7
Associated with each t- prefilter J we define a filter on X b};
(D=t 1)

Associated with each filter Fon X we define a t-prefilter for each te[0,1) as

follows

w (F={Uel" U '(1,1]e7}
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Definition : 2.1.7
;f\ssociazcd with each t- vpmfi!wr J we define a filter on X by
i(H={U 1) Ued }

Associated with each filter Fron X we define a t-prefilter for each [0,1) as

follows
w (P={Uel" U1, 1]eH
Notation : The following set contaimng @F(X) is denoted by
B.#(X)={x, : €[0,1) and xeX}
Definition :2.1.8
If (X.8) is a f.t.s JeP(X) and xg B *(X), we'say  £- converges to p=x,
{noted as g L pif:
(i) J € p'(X)

(ii) The filter i ( ) on X converges to x in the following topological space
X,1, (8))
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Theorem : 2.1.9

Let (X,5) be an f.t.s. and YCX, then i‘(ﬁy) = (i, (8))y

Proof :
iy = { Uy (t1] / Uyedy}
= U1~ Y 7 Ues)
=( i:(-s)),;
Theorem 2.1.10
Let X be a set and {(Yj, yj); jet}

a family of f.t.s. 's. For all jel. let tj be a function from X to Yj. Then

i, (Supf'(v,)) =Supf ™ (i, (v))).

ield jeJ

Remark : 2.1.11

The Union w {f (v ) / jel} is a sub base for a fuzzy topology on X

rrmkmsz every t fuzzy continuous and is the smallest fuzzy topology with this
property.

It is denoted by Sup f- : (vj)

jeld
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Definition ;: 2.1.12

If X=X, and Pj P X > X; is the jth Projection the Product fuzzy topology

jelJ

& =m 8. over X is defined as the initial fuzzy topology for collection
je

[ pj/ij} and [8). ! 1e]}

(i.e) 8= Sup | P;‘ 8.
jel
Corollary : 2.1.13
Let {(Xj, Sj) / je] | be a family of f.t.s *s then il('n: Sj) .—.‘)*ue\’_it (8,')
Proof :
By theorem (2.1.10)

i (8)=Sup { P (i(8 )] =m it(5).
o * P ey .
J&
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Section 2.2
T, fuzzy topological spaces
Definition 2.2.1
(X.5) is said to be a _L-_Il f.t.s. iff (X, i' (0)isa Tl space

Definition 2.2.2

(X.8) is said to be an F;'Il f.t.s. iff foreach te(0,1} and x e X, t.x (x) is
a fuzzy closed set.

Definition 2.2.3

(X.6) isaultra-T f.tsiff the topological space (X, i(8)) is T,
Definition 2.2.4

X,8)isa strong-Tl f.t.s. iff it is t-Tl for each t[0,1)

Notation :  If (X,8) is an f.t.s. we shall denote wloil(S_) = wt( il(_ 8) Yor each

te[O.1)

The following theorem gives a set of equivalent conditions for a space

to be t-Tl.
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Theorem 2.2.5
Let (X,5) be an f.t.s. we have the following equivalent conditions.
(1) (X.8) is t-T,
(i1) for each xeX, there is Ux88 such that U x('x) and Ux(_ y)>tfory#x
(iii) fonj each xeX we have Xx- (x} & wtoit(S)
iv) (X, woi(8)isF-T,
Proof :
To Prove (i) => (1)
Assume (X,8) ist-T,
Let xeX, Since (X, 1(8)) is T,. {x} 1s closed.
therefore X - {x}e i‘ &)
This implies that there exists Ux € 8 such that
X-{x}=U' @1 |
=x¢ Ulx@1]

=> Ux(X) <t

If y#x then yeX - (x} = U™ (t.1],
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which implies that U (y) > t. |
Hence (it)
To Prove (ii) => (iii)
Lgt xeX, then there exists U‘ES such that Ux (x)<tand Ux(y)>t fory#x
This implies that X - {x} = U”!_(t,1]ei (8)
LetV=yx X-{x)
Take any zeVl( t,1]
Then V(z) > t
=>V(z)=1
=> 78X - {x}
=>7#X
=> Ux(z) >t
=2 U’ (1]
Hence V', 11 €U (1] ..o
L;n 22U (1]
=> Ux(_'z) >tand z # X

=> ze X - {x)
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=V2)=1

=> 28 V”l( 1]

Hence U (t11CVHe1] e ()
Therefore we get

L'y, g =0 @l ei &)

therefore By definition 5 - x} &Y (i,(8))
To Prove (i11) => (iv)

Assume 5 (x} & W, 018

Take any sg(0,1].

Consider V_=1-3 X1

Toprove V_e w (i(3))

i.e To prove V"ll (tlle i )

Now yeV™! (t,11=>V (y) > 1

Case (1) ,
S1-t

Le(y'=x.'ﬂlcnl-'Sx{x}{y}=1-s_<_l-l+t=t
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(1.e) Vx(_'x)s L

Hence x¢ V"‘x (t,1]

Foreveryy #x V.(y=1>t

(Le) ye V’ lx {t1]

Therefore le t1]=X- {x}

Case i1

S< 1+t

wheny=x

Vx(y) =]-8>t

wheny #x

V.in=1 -0>1

Hence V' (t1]=X - {x} ifs>1-t
. = X ifs<l-t

By Gix 'y () (t1l&i(8)

(le) X - {x} €i(3)

Also X ei(8)

Hence V' (11] & (8)
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therefore szw‘ ( i‘(S))
(i.e) s.x fx) 1s fuzzy clms:%d for every se(0,1]
To prove (iv) => (i)
Assume (X, wtoi[(S)) is F -Tl
to prove X - {(x} & it(S)
By assumption for every t & (0,1] and every xeX
Y (x} is fu;zy closed in w‘(i‘(ﬁ))
(i.e) for every te [0,1)
(1-1) Xix) is fuzzy closed.
=>((1-1) x{x,f ew, (i(8))
=>1-(1-1 xm)‘ e w, (i (5))
=>(1-(1-1) xm)'f (1,11 & i(8) ....c...(1)
1-(1- t)x{.x}(y) = | fy#x

=t ify=x
When every # \. ye(l-(1-1) )xm)"l 1]

andify=xve (1-(1-0yg m‘)" (t.1]
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therefore (1 - (1-1)) x, V' (1] =X - {x}
Hence by (1), X - {x} & i ().
Corollary : 2.2.6

If (X.8) is a t - topologically generated f.t.s, then (X.8) is t- T if it
isF-T,

Proof

(X,8) is t - topologically generated

=> there exists a topology t sucthat 8 = w (7).
By theorem 2.2.5 (X,8) is t - 'I'].

<=> (X, w,.i(8)isF-T,

<=> (X, w (1)) is F - ’I‘l,

Since il( Wl('t)) =1

<=>(X,8)is F - Tl.'

F-T, =>strong -T| => Ulwra - T, But if the space is topologically generatcd then

these three concepts are equivalent The following Theorem proves these facts.
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Theorem 2.2.7
Consider the following properties.

) (X8)isF-T;

(i1) (X,8) is strong - T1

(i)  (X.8)is Ulwa-T,

Then (i) => (ii) => (1n)

Proof :

To prove (i) => (ii)

Assume (X.8)is F-T,

since § C w‘(_i[(S)) for each tg [0,1)

(X, Qt(i'(S)) isF- Tl for each te [0,1)
=>(X,8)ist- ']"l by Theéorem (2.2.5)
=>(X,8) is stmng T;.

to prove (ii) => (iii)
Assurne (X,8) is strong -T,
(X,8) is strong ’.[‘]‘

= (X.8)1st-T | for every te [D,1)
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=>( X,it(fS) is T1 for every te [0,1)

=>( X,i{(d)) is Tl. since i{8) is the topology generated by {i‘(S) /te[0,1)}
Hence (X,8) is Ultra Tl'
Corollary 2.2.8

Let (X.8) be a topological generated f.t.s. Then the three concepts in

the above theorem 2.2.7

Let (X.3) be a topologically generated f.t.s Then the three concept in the above

tgheorem (2.2.7) are equivalent.
Proof:

v

It is enough to proove (iii) ==> (i)
Assume (X,8) is ultra - 'l‘,

Since 8 is topologically generated
S8=w(1) for same topology ©

S A(X.8) is Ultra - Tl.

==> (X, i{w(1))is T,

= (XoisT i

==> {X} is closed

==> X-{x}en1
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Now to prove 1-t Xix) € S = w(T)

for every te [0,1)

(i.e) to prove for every te [0,1)

A= {l—t X m)"l (g,1] & 1 for every £>0

i

In this case xg¢ A

andoreveryy#xye A

A=X-{x]let
Case (11)

t{H—:

1-t>¢

. for every v in X belongs to A
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A=Xer Agt
L P is fuzzy closed
"Hence (X,8) is F-T {

The reciprocal implications in theorem 2.2.7 are not generally true. The

following example illustrate these.

Example 2.2.9 Ulra-T, need no imply strong - T,
Let X be any set and 8= {c ¢, } U {172, %, / ACX}
by definition we get

i (&) ={ U 1]/ Usd)

Case i

whent < 1/2

¢, 1} =¢ andct 1] =X

Given A is a proper sub;et of X

LetB=12y , ' (1]

take any yeB

veB=>12y, (y)e 1]
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12%,(y) =0ilyeA

=172 if yeA
1/2y , (y) < 1/2 for every yeX
If t<1/2 every y in A will belong to B and every y not in A will not belong to B
12y w1=A
. Every ACXisin1 (3)
S (8= 2% if <172
Case 11.
Ift>1/72 |
a2y, (il =9
S @y ={X, 9}
Since in discrete topology isnot T,
X, i[(S)') m not T, fbr > 1/2
2 (X.8) w not strong - T,
Since i(\é) is the discrete topology

{x] is closed for every xeX
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(X i) is T,

hence (X.8) is Ultra - T,

Example 2.2.10 Swrong-T, need pot imply F-T,
Letd={yx, ' ACX}

letD=1-12y (1)

~Dy) =1 ify*x
=12 if y=x

So1-12y x1* XA for any ACX and does not belong to 8
o 12 (x} is not fuzzy closed.

SA(XL\8) 1s not P-T1

By definition

i B)={x," €11/ ACX}

since xA'l t11=A,

i(8) = 2% which is a distrete topology

S (X 18 is T,

True for every g [0.1)

Hence (X.8) is strong - i
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The following two theorems give generalisation of the following two results in

Ordinary topological spaces :

(1) Every sub space of a T, space is T,
(i) Product of 'I‘1 sapce is Tl

Theorem 2.2.11

Any fuzzy sub space of a strong - T, fts.isastrong - I fits.

Proof :

Let (X.8) be a f.t.s., Consider YCX, then
(Y, 8,) is sub space of (X,5)

To prove (Y,1(8,) is T,
Now, to prove {y! is closed in i((SY)

Since {y} is closed in (X,8)
X-ly}=Ut@1], Uss

since (X-{yD N Y=Y - {y}

Y-yl = Utannay

bence |y is closed in (i((S))\.

Since ( _iz(S)')Y = i[('SY')
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by theorem 2.1.9
we get [y) is closed in i (8,)
(i.e) (Y,1(8,)is T,
hence (Y, SY) is strong - Tl

Theorem 2.2.12

Any non-empty product spaces is strong - T, Iff each factors space

is strong - T,
Proof :
Let (X e 83)} be a family of f.t.s than the product topology 6 on X=7n ; Xj is
1 given by 8= Sup | Pj'l (,Bj)}
ieJ
By corollary 2.1.13
we get i((8) =7 it(SJ.)
)
Assume each factor sapce is strong- T,
To prove (X.6) is strong - T,
Consider any point x € X

let Pj(fx) =X for every j

P(x)e x.
] i
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_since (Xj, Sj) is strong - T | Pi(x) is closed in i‘( Sj) . which imphes Pj-l( Pj (x)is

closed in it(_ S)

Since intersection of closed sets is closed.

We get n P,' (Pj(x)) is closed in i (8)

Take any ve m Pj'l (Pj(x))

==> Pj(y) = Pj (x) ‘for every j
=X for every j |

==> y=X

P Rx)) = {x) is dosed in i (8)

(‘( i8)isT,

which is true for every t

hence (x.8) is strong - T,

Conversely ,

Consider (X,, 8), Take x; & X

Ct.)nsit‘lcr x in X such that Pj(x) =X

We know x is closed .. {Pj(x)} is closed

(i.e) {xj} closed.

Hence each factor space is strong - T,
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Section 2.3

1‘2, Fuzzy Topological Spaces

Definition : 2.3.1

(X,8) 1s said to be _I:Il f.t.s. iff (X, i‘(S)) 18 T.1
Definition 2.3.2

(X.3) is said to be E-T, iff for any two fuxxy points with different supports

p=x, and g=y_ there exists U,V such that Un V = ¢, peU and gV
Definition : 2.3.3,
(X,8) is said tobe a s_[mng_—_I}f.l'.s iff 1t is t-T2 for each g[0,1)
| Definition : 2.3.4
(X.,8) is said to be an ultra-T, f.rsiff (X, i8)) is T,
Theorem 2.3.5
If (X.8) is strong-T, then it is strong-T,
Proof
Assumc (X.0) 1s s&ong - '1‘2
==> (X.,0) 18 t—Tl for each t g [0,1)

==>(X.i(8)) is T, for each tg[0, 1)
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,=> X, i[(S)) isT | for each  (since’ T.3 = Tl_)
==> (X.58) is t-T, for eacht
==> (X.5) is strong T,
Now we obtain a set of equivalent conditions fora t - T, space
Theorem 2.3.6
Let (X,5) be an f.t.s, we have the following conditions :

(1) X3)ist-T;
(ii) Let x # y be points in X; then there exists U,V & 8 such that UnV< ¢,

U(x) > t and V(y) > t;
w) (X, wei 8)is F-T,
(iv) ifde p,(X), there is at most one point xeX suchthatd —t---> X
Proof :
To proove (i) ==> (ii.')
assume (X.8) is t-T,,
Then (X, i) is T,

If x # y there exists 11,V € 8 such that ! t1] vl (tl]=¢ ~-—->(1)
-1 F .
andxell (t,1]undyeV J (t.1]
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Now, x g U] (t,1] ==> U(x) >t
and ye V''(1,1] ==> V(y) > t.
Claim : :
Either Ux) <tor V(x) <t
Suppose not then U(x) > t and V(x) >t
==>xe U (1] andx e V! (1]
=> xeU' @]Vl
Which is a contradiction to (1)
s erther U(x) <tor V(x) <t
SUAVI(x) <t = ¢, (x) for every x
UV L ¢,
To prove(ii) ==> (iii)
Take any two fuzzy points p=x  and q =y _with different supports. Then x # y
By (ii) there exists U, Ve 8 such that U~V < <,
U(.x) >tand V (y) >t

Since UVed A=U" (\1]and B= V' (t1] i (3)

LetI# = %A and V* =%
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U*, V¥ew (i (8))
V*nAV* = Xia1 ™ X v
Ll 4 ¢ =0= LS

Claim : Pe U*
Since U(x) > t, st'l(r,l]
=>*x)=1
Since t < 1, pelT*
Similarly qggV*

Hence (X,w (i (8)) is F -T,
To prove (iii) ==>(iv)
Suppose there exist x,y with x #y such that J —t--> X, F —t--> ¥
choose rs such thatt <r <1 and t <5 <1
Consider the two fuzzy points x andy
Tetp=x andq= yé
Take U Ve W, (it(S)) such that
peU,qeVand UV =c.

Thenr < U(x) and s < V(y)
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s U(x) and t < V(y)

(i.e) xe Ul(,1] and yeV''(1,1]

Since J ~-t--> x and J ~t->y,

it(J) --t-->x and it (J) --t-->y

Hence U (‘t,.l] and V' (1] i ()

U e AV 2 ¢

=> (UNV} #C, which 1s contradiction

Hence (1v)

To prove(iv) => (i)

Assume (iv)

LetF-be a filter on X then

w(J) & P'(X), By (iv) there is atmost one xeX such that w (P -t -->x,
(.e)i(w P —>x

(i.0) F-> x

(i.e) there is atmost one xeX such that F—> x
==> (X, il(d)) is T2 [6] ==>(X,8)ist - Tz

Hence the proof.
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Corollary 2.3.7

Let (X.8) be a t - topologically generated f.t.s (X,8)ist-T , it itis
F-T,

Proof:
Similar to T | case.

As in the case of fuzzy T, spaces, here also the following implications hold
good.

FT, ==> strong- T, => Ultra -T,
These concepts are equivalent when the space is topologically generated.
Theorem 2.3.8
Let (X.8) be a f.t.s consider the following properties.
(M (X8)isF-T,
(2) (X,8) i1s Strong - T2
(3) (X,8) is Ultra - T::
Then (i) => (i1) =>(iii)
Pr.oof :
(1) =>(ii)

Assume (X.8)is F - T2
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Then as 8 & w ( il('ﬁ ) forevery t, .

(X w (i ( HisF-T 2

by theorem 2.3.6 (X,8) is t -T, for every t which implies that (X,5) is strong T,.
(ii) ==> (iii)

Assume (X,d) is strong - T2

which implies (X,8) is t - T, for every t g [0.1) By definition ( X.i(8)) is T, for
every e[0,1)which implies (X,i(8)) is T.,, since i(8) is the topology generated by
1(5)

Hence (X.8) is Ulra - T,
Corollary 2.3.9

Let (X.8) be a topologically generated f.t.s Then the three

concepts in theorem 2.3.8 are equivalent.
Proof:

To prove (iii) ==> (i)

S = w(1)

for some topology t on x

(X.8) 1s Ultra - T2

=>(X.i(8))is T,
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Since 1(8) = (w(T)) =1

We get (X.1) is TZ

Consider two fuzzy poix:ts p = x,and g =y with different supports
. x2y There exists A, Bet such that xeA, yeB and AnB = ¢

Take U=y, and V =5, UV & w(x)

Then t < U(x), s < V(y)

and UnV =c¢

¥

0
X W) isF-T,
(ie) (X8)isF-T,

The reciprocal implication in theorem 2.3.8 are not generally true. The following

xamples illustrate these

Example 2.3.10 Ultra - T, need not imply strong - T,
Let X be a set and the fuzzy topology

& = {co,cl} u{l/l’xé:ACX}

i@= [ &N =12

2% t<1/2



b¥
It is shown in example 2.2.9 that (X,8) is not strong - T,. Hence as Strong - T,

implies strong - T,

(X.8} is not Stong - T,

Since i (8) is discrete topology on X, itis T, Hence (X.8) is a ultra - T,.
Example 2.3.11

Suong - T, need notimply F - T, Let X be a set and let o be collection defined,

as follows.
o= {U]Lt s xeX and <12 {U2¢  }
wherel)_ =ty LU,

Then o is a subbase for a fuzzy topology 8, in X. (X,8) is not F- T, as x%and
V 3, cannot be separated by disjoint open fuzzy sets.

Claim : (X,8) is strong - T2
Case i
whent<12andx2y

Lot Us1/2y

U@)=0ifz+x

wm[/2if2mX

which implies that U<1/2 .-, Ugd
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Similarly V = 1/2 Xipoy ™= V <1/2 ==> Ve
so (UNV)(x) = Min {U{(x), V(x)}

= Min {U(x), 0}

=0
(UnAV)(y) = Min {Uy), V(y)}

= Min {0, V(y)}

The case tor whichz # x and z # y

(UnV)(z) =Min{U(z),Vz)}
=Min [ 0,0} =0

Hence UnV = Co

Since U(x) = 1/2> tand V(y) = 172 >,
X€ U'I(t,I] andye vl (t,1]

Also U, 1] and V7 (1,1] € (8)
Since UnV=c,, I (111 A V(1] =4

’

Case : 1l

When t > 1/2 and x 2y



take some £ >0 such that t+& <1

e<l-t<t
Consider U= U e and V=U_v, t+E

then UnY = {{t+e) % g Y2 O {He) X (& (@+eM2) 1y (=} }

(UnV)(z) = (t+e)/2 for every z

=C e <
AlsoU(x) =t+e >tand V(y) =t4+e >t
SXE U'](t,lJ and yaV"'(t.l] and since 1NV < Cp U"l(t.lj N V"l(t.I] =¢
Thus the space (X, i(( 8)) 1s Tg for every (.
hence (X .8) is strong 'Tz

By proceeding io a similar way as in the case of strong-T | Spaces, the following

two results can be easily seen to be true.
Theorem : 2.3.12

Every subspace of a strong-T,, space is strong-T,.
Theorem 2.3.13

A non empty product space is strong T, iff each factor space is
strong-T
2
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SECTION 2.4 |
Regular fuzzy topological spaces
Definition : 2.4.1

(X.5) is said to be_t-regular iff (X, il (6)) is regular.
Definition : 2.4.2

(X.,8) is said to be a strong regular f.t.s. iff (X,8) is t- regular for each te [0,1)
Definition : 2.4.3

(X.5) is said to be F-regular iff for each fuzzy point p and Usd such that pelU
there is V&3 such that psV@&cIVE U,

Definition : 2.4.4

(X,3) is said to be a ultra-regular f.t.s. iff (X, i(8)) is regular.

Now, we obtain a set of equivalent condition for a space to be t-regalar

Theorem : 2.4.5

Let (X,5) be a f.t.s. , we have the following equivalent conditions.

(i) (X,8) is t- regular
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(i1) If xeX, UOeS such that Uo(x) > t there are U,V g & such that UnV £ C,
Ux)>»tand Uo uV> c.

(iii) If xeX Uo & W, it(S) such that Uo(x) > tthere are Vg wt_il )]

such that UnV = c, Ux) > t, U0 uV>t
(iv) if J& Pt(x) andf' --> X, then
w. (i (F)) —t—x,
Proof :
To prove (i) ==> (ii)
Assume (X.5) is t- regular
==> (X, i(8)) is regular
Take xe X, Uo € & such that UO(,x)M
Which implies that x & U_" (t,1] € i(8)
Let A=U " (t,1] and let =&
- x ¢ Famd Fis closed in i(8)

Since (X, i|(f8)‘) is regular there exists open sets B1 and B, € il(S) such thatx € Bl

and FCB, such that B, ~B,=¢

Then B, = Ut 1and B, = V'!(1,1] Where UV e 8



6%

Take any 2€ X
Ifze Bl' ze B‘2
s V@ <t
S(UNnVY@ <t

It z¢ Br U <, (UNnV)2) <1

Smce x & Bv Ux) >t
Take any ze X,
If zg A, Uo('z) >t

(UOuV) (z) >t
Ifzg A,zeF

==> zz»:B2
=>V(z) > 1t
(U UV) (2>t

hence UeUV >,

hence (ii»  To prove (i) ==> (iii)

=>(UnV)z< ¢ (z) tor every 2zEX.

==> UV <,

Take x e X and Uos w( it {8)) such thar Uo(x') >t
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Now erwl(i‘(_&))

==> there is a VO € & such that UO~1 (tll= Vo'l (t,1]
By hypothesis there exists EF € &

Suchthat ENF<¢c , Ex) >,V UF>4
Let U= E~yE ! (t.1] and V=Fy F (t.1]
Fed ==>E ' (L1]ei (8)

=> X ey ® % (it(S)}

Also as SCWI(‘I' t(,' 0))

ECw (i (5))

- Ue w, (i(8))

Similarly Ve w, (i(8))

Takeze X

Ifze E'(tljthenz ¢ F'(tl)asEnF<c,
Honco ) 1 @il (z) O ~—> 1

==> (UnV)(z)=0

. ol BPH ) e
fze E (LI ! (;.1](‘6)"0
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SAUNY) (2) =0 o= 2
hence from (1) and (2) we get
UnV=c¢,
Since Ex)>t==>x¢ E! (t1]. Ux) > t
Suppose U (z) <tand V(z) <t
then V (z) <tand F(z) <t
which implies (V o Fy (@<t
whicl is a contradiction to V UF >ct
hence UyL V > ¢
to prove (1it) ==> (1v)
let J -~t-m=-> X,
Claim : i (8) is regular,
Letx & X and Fbe a closed set in1(8) withx ¢ F
tﬁis implies x & F g1 (8)
There exists U_ € 8 such that

1 "
F = U " t,1]. then Uo(x_,» >
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Lxe Uo'1 (t,1]
Asd Cw (1(8))
U ew (1(3))
By (iii) there are U,V & LA il(8).
Such that UnV =¢
Let A=U_"! (1.1] and B=V"!(1,1]
Then AB ¢ it (8) and as UO VvV >¢,
ANnB=¢ alsoxe A
Now to prove FCB
If z¢ Bthen V(z) <1t
= Uu(z,_) >t
==>z¢ F°
=>7¢F
. FCB
Hence the clain.

since i (8) is regular and i( Fp=> X
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w, (i (f)) converges to x [6]
To prove (iv) => (i)
suppose F--> x in (X, 1(8))

==>W (P —-t->X%
- by (iv) we get
w1 (W () ~t--> X,
=> W, (_—3_-} —~t-> X,
==>%F-->xin (X,1(8))
==> (X, 1(8)) 1s regular
==>(X.8) is t—reéular
Theorem 2.4.6

Let (X.8) be a strong - regular space, Then (X,8)is ultra-regular

Proof
Assume (X,8) 20 be strong - regula-
(i.¢) to prove (X, i(8)) is regular

Take Fe F)) such that F--> x in (X, i(8))
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==> F--> x 1 (X, il(S')) for every te [0,1)

As (X, (8)) is regular F--> x in (X. i (8)) for each te [0.1) [6]
which implies F--> x in (X, i(8))

s (X, 1(8)) 1s regular.

Hence (X.5) is Ultra regular.

The converse of the above result need not be true as the following

example illustrates this
Example 2.4.7 Ultra - regular need not imply strong - regular

Let X be a set and consider the fuzzy topology 8 = < {c ¢, 1/2
Xix) Ju{ ]/4xA:xO€ A}

(X.9) if t2>1/2
{ {(X0.0x,1} if  w[1/4,12)
22X it t<1/4
Fort21/2 asi (8)is {X.¢}
(X, 1,(8)) is not regular.
So (X,8) is not strong fegular.

As 1(8) is the discrete topology



(X, 1(8)) 15 regular.

There is no relation between the concepts of F - regular and strong -

regular as is seen from the following two examples.
Example 2.4.8 F - regular but not strong - regular.
Consider a set X and

§={Uel™: Uxy)=1/2}uUlc,c,}

for X, fixed in X . (X,8) is F - regular

But is is not strong - regular as but it is not strong - regular as iy (8) = {A : x8A}

1s not regular,

Example 2.4.9 Strong regular need not imply F - regular.
Letd={1/4 X(x0p 1/4. % X - {x0p S8 co,cl}

(X8 1s strong regular as

1(6) = X, Ix,0, X - {x, ) if 1 <174

{ X0} ift>1/4

But it is not F - regular. Let x = y Then the fuzzy point p=y, € 1/4 x 10} =
Ued

The Unique Eed such that E€U and peE is E = U. But ¢l = ¢, is not

mcluded in U,
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Definition : 2.4.10

(X,8) is said to be_strong - T, f.t.s iff it is strong regular and strong - T .
Theorem 2.4.11
If (X.8) is strong - T, then it is strong - T,.
Proof :
Assume (X,8) is strong T,
==> (X.8) is strong - regular and strong - T, (by dcﬁr'lition)
==> (X,il(S)) is regular and (X,i((S)) is T1
==> (X.i (8)) is T,
==> (X,8) 1s strong - Tz.
Hence the result.
By proceeding in similar way as in the case of strong - T, spaces the
following two results can bo., easily seen to be true.
Theorem : 2.4.12

Every subspace of a strong - regular (strong - T,)) f.L3 i3 a strong - regular

f.L.s (respecrively - strong - T.,)
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Theorem : 2.4.13
A non empty fuzzy product space is strong regular (strong - T,) iff each

factor space is strong regular (strong - T,)
SECTION 2.5
Normal fuzzy topological spaces :
Defintion 2.5.1

(X.8) is said to be t - normal iff (X,i (8)) is normal
Definition : 2.5.2

(X.8) is said to be strong normal iff it is strong normal for each t € [0,1)
Theorem : 2.5.3

In an f.t.s we have the following equivalent conditions.
(1) (X,8) is t - normal
(i) Let U V,e 8 such that ULV > c, There are UO’V() £ & with Uo mVO <S¢,
Uy U>cand VoL Ve,

(1) LetUVe W, oit(é‘;) such that ULV = <, There are UO,V0 EW, . (il (8)) such
that UOmV0 =Cy UO wlU> c, and V0 vV > ¢,
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Proof :
Assume (1) (X,8) is t - normal
to prove (i) ==> (ii)
LetUVed andUuV>ct
U t1]and V' (1] 1, )
Take any zeX
Ifz ¢ U (t,1] This => U(z) < t
As ULV > <, V(z) >t
nze Vi)
~X=UTeuvien
Consider the two closed set F, and F, given by F =(U (%))} and.
F,=(V' @ 1])° |

zeF, => zgU’ 1]

==> U@z)< t

==> V(z)>1t

=> zg V! (t,1]
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=> 1 1:2
Similarly ze ¥, ==>z ¢ |
S FnF,=¢

since by (i) we have (X, i, (8) ) is normal. Therefore there exists two
sets A and B

such that A=U " (t1] and B =V " (t.1]

with U, V_ &8 with F, CU;! 1] and F, €V, 1] and AnB=¢
L U,AV) @ =Min {U2),V (2) }

ze U1

==>z ¢ U (t,1]

==> zeF,

sze U )

A X=Ulwnouled

Similarly X =V @11 uv'r.1)

Also UV, 2¢, U 0 U>c and V0 V2 c,
(i1) ==> (ii)

lLetUVe w, {1,(8)) such that ULV = c,



There exist 1U*, V* g § such that U'(41] = (U% (t.1)
and VX1 = (V¥ (1] Also U* L V* > c,
By (i1) there are Ug*, V * & 8 such that Uy nV* <c,

* ¥* o * * o - *
UgFoul*>e Vyru VEsce LetU, = U * X woey-1,1]

1

q A— * )
and V() = Vo mx(VO*) 1

Then U O'Vo €W (,it(S')) and U OnVO =Cq

U,u Usc and VUV >c,

To prove (iit) ==> (i)

To Prove ( X,it(ﬁ)) is normal

Take F | ,F‘2 be closed sets in it(S) with F N F’.‘. ='b
©F,%Ffeifd)

. there exists U,V g 8 such that

Ff=U't1) and B = V' (1,1)

Ifz e U' 1], U2t

==>12¢

==> 7¢ F1



(1327 <==

(1), naz<=

1< (2)°) <=

%= @01

sandurt o (1) 122 <== {332
= AL Apeapo

(@'13 Ay UaL

e n=a 0, n=nel

’3<,,.Ar\OA":><
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- F, €U Similarly ¥, C A%
Hence the space is normal

Defintion 2.5.4

(X,8) is F-normal iff for each Ve8¢ and Usd such that VCU there is E€d
such that VCECcl ECU

Defintion 2.5.5.
(X.8) is strong - T, iff itis strong - norinal is strong - T,
Theorem : 2.5..6
If(X.8) is swong - T, then it is strong - T,
Proof :
Sitnilar to theorem 2.5.3

There are no relations among the concept of normality in fuzzy

topological spaces. The following examples illustrates this.

Example : 2.5.7 A space which is F - normal but neither strong - normal nor

Ultra - normal.
Let (X,t) be topological space which is not normal Let x(,esX and Consider
X*=Xo{x,]

Let the fuzzy topology be
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8= {Uel™: U/, & w(t) and Utx) = 14 } L {cpc))

Take V which is tuzzy closed.

Then V€8 ==> V'(x,) = 1/

1-Vix,)=1/4

V(x)=1-1/d=3/4

.. the only open fuzzy set which

Contains Vis ¢,

Hence V<¢ =¢ =¢,.

s (X*,8) is F - normal

i(8) = [t U{X* if =1/
[AU{x,}/ Aet} ift< 1/4

Since t 214 (X* ,i-‘(S)) is not - normal

- (X*,8) is not strong - normal

i) = .{A wix,}, Aet} L {t}

Let F be closed set in i(8) which implies x,, does not belong to F

'Fl \I"_z is closed in 1(8)
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imphes FI,F , are closed in t
Since (X,1) is not - normal
(X,1(8)) 1s normal

Then (X.8) is not Ultra - normal

Example : 2.5.8 A space which is both strong - normal and Ultra - pormal but
not I - normal.

letXbeasetand8={U.U2> Cyy} Take V =14 Xx) be a fuzzy closed set and
U= x{x}u3/4 Xx (5}

therefore UI(x) = 3/4 for every x .. Usd
Since V(x) < 1/4 and U(x) > 34 VCU
It E€d then E(x) > 3/4 for every xeX
¢lE = { B/B'e8, FCB)

FCH ==> B(x) = 3/4 => Reb

As B8, B is closed

. B is both Closed and open

S B=c

s clE=c¢ L hot contained in U
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.. there exists no open set Egd such that VCECECU
therefore (X.8) is not - F-normal.
i(8) = {U (1] / Ues and U(x) > 344 } = 2%
[If ACX
Define a mapping £ : X ---> I by
Ulx) =3/4 if xeA
=0 if xg A

And .. (X, 1(8)) is normal
i(6) = ,{(X,})if t<3/4

{ 2X if =3/4
Hence (X ,8) is strong-normal and Ultra normal,

Example 2.5.9

A space which is ulfra normal but not strong normal

Let X be a set a consider a fuzzy topology 8 = {{egpel] v [172.y, /x g A}
i 1y /AMEX |

whiere xnaX, thien we have
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il(S) = {2 ift< 1/4
{{A: anA} if te[1/4,1/2)
{ X} if t=2172

Then i(8) is the discrete topology which is normal, but {ACX; x,€A} is not

normal so (X.8) is Ultra - normal and not strong - normal.

Example : 2.5.10 Aspace which is strong - normal but not Ultra - normal.

Consider the following fuzzy sets on I

Ux) = 172 if xe (0,1/2) u{1}
{r if x6 {0} L[1/2.1)
Vixy = 122 if xe(0,1/2) LU{1}
{t . ifxe[1/2,1)
1 ifx=0

Consider the fuzzy topology 8 = {c ¢, ,U.V} we have
1(8) = {{4).1. (0,1] ift<1/2

{01, (1,1 (t,1) {0} } if t = 1/2
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Each (_X.i‘ (8)) 1s normal, for they are not disjoint closed sets, Then (X,8) is ston g

- normal. we have
i(8) = {¢,1, (0,17, (t,.1), (t,1) L {0} :t&[1/2,1)}

then {C} and (0,172} {1} are disjoint closed set and there are not disjoint open

sets containimg them. Then i(8) is not normal.

- (X,9) is not Ultra-normal.
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