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INTRODUCT ION 

The fundamental concept ofafuzzy set, introduced by zadeh[141 in 1965 

laid a foundation for building new branches of fuzzy mathematics. In 1968 Chang[ 1] 

introduced the notion of fuzzy topological spaces from then on, much researchwork 

has been camed out by generalising the concepts in Ordinaiy topological spaces to 

fuzzy topological spaces. Like other concepts separation axioms have been 

generalised to fuzzy topological spaces in various ways by different authors. Some 

of the contribution to fuzzy separation axioms are duc to Gautner, Steinlage and 

Warren[3 1 Hutton and Reilly [5], Rodabaugh [11],Mirasarkar [8], Wuyts and I owen 

[131, Ghanim, Kerre and Mashhour [4] Rekha srivastava, Lal and Arun. K. 

Srivastava [101 S.Ganguly, and S. Saha [2], M.Macho stadier and M.A. de Prada 

Vicente ru. 

In this dissertation the fuzzy separation axioms in the following two 

papers are taken for discussion. 

S. Gangu1y, and S. Saha, On separation axioms and separations of 

connected sets in fuzzy topological spaces [2]. 

M. Macho Stadler and M.A. de Prada Vicente, Strong separations and 
strong. Countability in fuzzy topological spaces[7]. 

Th c' n th fir er is based "- rri of quasi - 
coincidence and the approach in the second paper is based on level topologies. 

P.M. Pu and Y.M.Liu have introduced the concept ofquasio-coincidence 

between a fuzzy point and a fuzzy set and alsobetweentwofuzzy sets. S.Ganguly 

and S.Saha[21 have defined the following concepts using the notion of quasi-

coincidence. 



Weak and Strong separation of two fuzzy points. 

Weak and Strong separation of a fuzzy point and a fuzzy set. 

Weak and Strong separation of two fuzzy sets. 

These concepts are used to define the fuzzy separation axioms T0,T1 T2,T3,T4  and 

T5. Characterization of the spaces which are analogous to those in general topology 

are obtained. Chapter I is concluded by proving the following implications. 

T5 =>14 =>13 =>T2 =>T1 =>T0. 

In Chapter II we discuss the fuzzy separation axioms due to M.Macho Stadler and 

M.A. de Parada Vicente [7]. Here the fuzzy separation axioms are defined using level 

topologies. Given a fuzzy topological space (X,6) the level topology i) for each 

t a [0,1) is defined by i1(8) = {U(t,l]Uc6} A fuzzy topological space (x,6) is said 
to be 

a t-Ti (i = 1,2) f.t.s iff(X,i(8)) is a Ti-space. 

aF - Ti(i= 1,2) f.t.s iff for each tc [0,l) and xcX,t. X 
{x} 

is a fuzzy closed set. 

an Ultra - Ti (i = 1,2) f.t s. if the topological space (X, 1(6)) is Ti.  

a strong - Ti (I = 1,2) ft.s if it is t-Ti for each I a [0,1). 

They [1 have proved that 

F - Ti = strong Ti = Ultra -Ti for i = 1,2 and constructed examples to 

indicate that the reciprocal implications are not true in general. 



Similar defmtions for regular and normal spaces are givelL Equivalent 

conditions fort - T17  t - T2, t - regular and t - normal spaces have been obtained. More 

over all the four concepts, Strong - T, Strong - T2, Strong - regular and Strong - 

normal are hereditary and productive. 
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PRELLM!NARWS 

The prelimmazy definitions and results needed for the discussion of this dissertation 

are given here 

Defintion: 

Let Xbe any set. &fuzz setonXisafimctionfromXtoI = [O,IJ 
(ia) it ir. a rnaribar  of J X. 

Let U and V be two f11z7y sets then U C V ==> U(x) V(x) for all xaX. 

C U'..V ==> C(x) = (U V) (x) 

Max {U(x), V(x)) for all xcX 

C JnV ==> C(x) = (UrV)(x) 

= Min(U(x), V(x)} for all xcX 

C = LJU ==> C(x) = (U)(x) 

sup {U(x)/cxcA} for all xgX 

C = nU 
a ==> C(x) = (nU)(X) = inf { U(X) I acA) for all xcX 

The Complement of a fuzzy setU isgivenb,9 1 -U(x), for all x&X and itisdenoted 
by Uc. 



Defimtioit 

The_support of a fuzzy set U is given by Uo = {x / U(x))0} 

Defintion: 

LetfbeafunctionfromX —>y. Let U be a fuzzy set in Y. Then the 

inverse of IT is defined by f 1(U)() = U(f()) for all xcX 

Delinition: 

Let U be a fuzzy set in X Then the image of U is given by 

f(U)(y) = Sup U(z) if r'(y) is not empty. 
zerty) 

= 0 otherwise 

where f1(y) = {x/f(x) = y} 

Defintion: 

A fuzzy set ccJ defined by c(x) = t, for every xcX is defined by 

c(x) = t, for every xcX is called a ConstanL fuzzy set (tz [0,11) 

Defintion: 

An ordinaiy subset A of X can be considered as a fuzzy set indentifying 

it with its characteristic functton,XA  such fuzzy sets are called as Crisp sets. 

Notation: The Crisp sets corresponding to 4,  and X denoted by c0  and 

(i e) c(x) = 0 and c1(x) = 1 



Defintion: 

Let X be any set. A fuzzy topology on X is a family 8 of fuzzy sets in X 

which satisfies the following conditions. 

C0 C1  C 

for all U,Va, UmV c 

If U c8 for each acA then 

Sup 1a c 
acA 

Then 8 is called a fuzzy topology on X and every member of 8 is called an open fuzzy 

set. 

A fuzzy set is closed if its complement is open. 

Notation A fuzzy topological space is written shortly by f.ts 

Definition: The interior of a fuzzy setU is defined by mt U = sup {V : VCU, Vc} 

Definition: The closure of a fuzzy set UcI is defined by ci V = iiif{V/UCV, Vcco} 

Deflntion : If (X,8) is an fuzzy topological space. and YCX, the collection 

= : IJe} 

is a fuzzy topology on Y. We refer to (Y,&) as fuzzy topological spaces. 



Defintion: 

Let t(x) be the set of all topologies on X and W(X) be the set of all fuzzy 

topologies on X. On R consider the topology tr = {(a,x)/cLER}u{4} topologies on 

X. The topological space one obtains by giving I the induced topology is denoted by 

Define w : t(x) --> W(x) : 'c -->w(t) where 

w(t) = (X,I) the continuous functions from (X,t) to I. 

Define the mnpping i : w(x) ---> (x) : 4 ---> i(s) 

where i(S) is the intial topology on X for the fanñly of NfunetionsI 8 and the 

topological space 'r 

Properties: (1) i(w(S)) = S 

(2) 8 C w(i(8)) 



CHAPTER - I 



I. 

CHAPTER - I 

IO 

The concept of quasi-Coincidence between a fuzzy point axj.d a fuzzy set, 

was introduced by P.M. Pu and Y.M. Liu [9] Using the concept S. Ganguly and 

S.Saha [2] have defined weak seperation and strong separation of fuzzy points and 

fuzzy sets and have introduced the fuzzy separation axioms in fuzzy topological 

spaces. (1haraterisations analogous to those in general toplogy are obtained. Also 

they have proved that 

10 
T5  => T4  => T3  => T2  => T1  => To  

SECTION 1.1 

Preliminaries: 

In this chapter we follow the defmition of a fuzzy point and its belo:.g-

ingness to a fuzzy set according to P.M. Pu and Y.M. Liu [9]. 

Definition: [9] 1.1.1 

A fuzzy set in X is called a fuzzy point if it takes the value 0 for all yEX 

except one, say, xcX, If its value at x is (0< X < 1)1We denote this fuzzy point by 

x wheic the point x is called its support. 



Definition [91 1.1.2 

The fuzzy point x is said to be contained in a fuzzy set A, or to belong to 

A, denoted by xe A if X<- A(x). Evidently, every fuzzy set A, can be expressed as 

the imion of all the fuzzy points which belong to A. 

Definition [9] 1.1. 

A fuzzy point x is said to be qiasi - Coincident (g - coincident in short) 

with A, xq A if X >A(x) (i .e) X + A(x)> 1. 

Definition [9] 1.1.4 

A fuzzy set A is said to beg - coincident with a fuzzy set B denoted by AqB, 

if there exists x6X, such that 

A(x) > BC(x) (i.e) A(x) + B(x)> 1. 

Hence a fuzzy set A is not q-coincident with a fuzzy set B denoted by AqB if for 

every xcX (ie) A(x) + B(x) < 1. 

Rcmark 1.1.5 

Aq (clA)C  for every fuzzy set A. 

Theorem [1 1.1.6 

ACB if A and BC  are not q-Coincident particularly xA if x is not q-Coinci-

dent with AC 



3. - 

Proof 

Now ACB 

<==> A(x) :!~ B(x) for every xcX 

<==> A(x) -11(x) + 1 1 for every xEX 

<==> A(x) < 1 - B' (x) for every xcx 

<==> Aq BC  for every xX. 

Defintion 1.1.7 

A fuzzy set A in a fuzzy topological space (X,) is said to be a 

neighbourhood of a fuzzy point x,,  if there exists a fuzzy set Bc, such that xAe  BCA. 

Notation: Neighbourhood is shortly writtcby nbd. A nbd A of a fuzzy point x. is 

said to be open if AE8. 

Afuzzy set A in(5) is called a q-nbd of xiff there exists Bc suchthitxq BCA. 

Theorem 1.1.8 

A fuzzy point xec1 A 1ff each q - nbd of x,,  is q-coincident with A 

Proof: 

cIA = r{F/ACF} 

Now xeclA<=> xe r{F/AQ, F'a6). 



4- 

!~ (r' F) (x) for every Fö with ACF 

A :!~ F(x) for every ACF with F'c 

<=> 1 - ) ~! 1 - F(x) 

<=> I - ~!FC(x) for every ACF with FCC6 

<=> 1 - ? :-- B(x) for every BCAC  with Bgd. 

In other wonis for every open set B, satisfying B(x)> 1 - , B is not contained in 

Ac from theorem 1.1.6, B is not contained in A'. if B is quasi - coincident with 

(A=A We have thus proved that x is quasi-coincident with A, which is evidently 

equivaient to what we want to prove. 

Secetion 1.2 

sets. 

In this section, weak  and . rong separations of fuzLVts and fuzzy 

sets are discussed. 

Definitions 1.2.1 

Two distinct fuzzy points x andy of X are said to be weakly sciarakd 

if when x -;t y there is an open nbd of x,,  which is not q - coincident with yand  there 

is an. open nbd, of y,  which is not q - Coincident with x.when x = y and ? < It, there 

is a q - nbd of y which is not q - coincident with 



Definition : 1.2.2 

Two distinzffuzzy points x andy of X are said to be strongly separated 

if when x*-y x andy have open nbds, which are not q-coincident; when x=y and 

(say) x1  5-a& an open nbd, and y,has anopen-q-rth hich am not q-coincident. 

Theorem: 1.2.3 

Strong separations of two distmet fuzzy points implies weak separations of those 

fuzzy points. 

Proof: 

Case(i): 

If x#y then therø exists open nbds A and B of x and y respectively such that 

AqB. 

==> For eveiy z F. X 

A(z) + B (z) :~ 1 - > (1) 

B => .t< R(y) 

To prove y ci  A 

From (1) we get 

A(y)+B(y)!!~1 

B(y)-!5~l -A(y) 

==>J.t.~ 1-A(y) 

AC(y) 

==> y1qA. 



Similarly it can be shown x q B. 

Case :(ii) 

If x=y thenxhas an open nbd A and y has anopehq-nbdB which are not 

q-coincident (ie) Aq B. 

Claim: xqB. 

SinceAqB, A(x)+B(x)< 1 

Therefore A(x) :!~ 1-B(x) 

=> X ~-, l-B(x) 

==> ?. 
==> xqB. 

Hence in both cases condition for weak separation is satisfied. 

Deflnitlon 1.2.4 

AfuzypoJx and aflIzzy setAinXsuch that xE A are saidtob 

weakly 1ff there are open fuzzy eata U and V auoh that x qU; ACU, 

AqU and x,  vt V 

Definition 1.2.5 

A fll?zy p01111 x &tul a ruzzy get A In X SHell thnt A are said to be 

strongly epaiuted 1ff there are open fuzzy sets U and V such that xA  qU; ACV, 
U q V. 



'1 

Theorem 1.2.6 

Weak separation of a fuzzy point and a fuzzy set is implied by strong 

£eparation of that fuzzy point and that fuzzy set. 

Proof: 

Let x be a fuzzy point and let A be any fuzzy set such that x e A Then there 

exists openfuizy sets U and Vsuch that xqU;ACV,U qV. 

ToproveAqU and xor V. 

Since U q V, for every xeX 

U(x) + V(x) 5 1 ---(1) 

ACV ==> A(x) !~, V(x) for evely x. 

therefore A(x) + U(x) ---~ V(x) + U(x):~ 1 (by 1) 

Since xqU, ?>UC(x) 

= 1-U(x) 

aV(x)--by(1) 

therefore x v V. 

therefore x,,  and A are weakly separated. 

Definition 1.2.7 

Two fiizy sets A and TI of X are said to be weaklyseparatediff 

ClAqB and CITIqA. 



There are open fuzzy sets U and V such that ACU, BCV, AqV and BqU. 

Proof: AqV 

=> ACV (by theorem 1.1 6) 

-=> cIA CVC 

==> clACBC(by theorem l . 1 .6) 

==> clAqB 

Similarly clBq A. 

Conversty assume that the condition in the definition. 

clAqB 

==> For every xcX 

cIA (x) + B(x) <1 

(i.e) clA(x) 1-B(x) for every x 

= Bc(X) 

cIA C B" 

==> BC (clA)C 

Similarly cIB q A ==> AC(cl B) 

Taking U=(CIB)c  and V= (C1A)C 

Since Aq (clA)' 

Bq (clB)C 

We get AqV and BqU 

Hence the proof. 



Definition: 1.2.8 

LwQIzzy A and B in X are said to be stmnvJy separated iff there 

exists U ard V in X suci that ACU, BCV ar. UqV 

Theorem: 1.2.9 

Strong separation of two fuzzy sets implies weak separation of the same. 

Proof: 

Let A and B be any two fuzzy sets whichaze strongly separated. From the 

delinition of strong sepamtion, them exists open fiiziy sets IT and V such that 

ACU, BCV and UqV 

ACU => A(x) <- U(x) ----------> (1) for every xeX 

BCV => B(x) 15 V(x) ---------> (2) for every xcX 

. , 
Given UqV for every xcX, U(x) + V(x) < I 

from (1) we get 

A(x) + V(x) :!~ I for every xcX 

=> AqV 

From (2) we get 

B(x) + U(x) < 1 for every xcX 

=> B qU 



JO 

Hence A and B are weakly separated 

Hence the Proof. 

Section 1.3: 

Fuzzv $rnTh.ir& ap 1Qn4iI'catiQn 

spaces.Also it has been proved thaLT => T4  =>T =>T2  >T1  => T 

Definition 13.1 

A fuzzy topological space (X,8) is said to be TQ  if for any pair of 

distinct fu.points xA  andy of X eitherx has a q - nbd which is not q - 

coincident with y ory has a q - nbd which is not q - coincident with x,, 

Definition 1.3.2 

A fuzzy topological space (X,ö) is said to be I1Jff any pair of distinct 

fuzzy points in X are weakly separated. 

Definition 1.3.3 

A fuzzy topological space(X,8) is said to be 11iff any pair of distinct 

fuzzy points in X are strongly separated. 



If 

Definition 1.3.4 

A fuzi c 1ogica1 space(X,:5) to be r ry 

and any closed fuzzy set A in X such that x. does not belong to A are storongly 

separated. 

A T1  - regular fuzzy topological space is said to be T3  - Space 

Definition : 1.3.5 

A fuzzy topological space (X,6) is said to be normal 1ff any two closed 

fuzzy sets in X which are not q-coincident ale strongly separated. 

A T1  - normal fuzzy topological space is said to be a T4-space 

Definition: 1.3.6 

A: fiiziy topogical space (k,5) is sakflo [ ti1Auw 1ff aiiy 

two weakly separated fuzzy sets are strongly separated. 

A T1  - completely normal fuzzy topological space is said to be a 'l's  Space. 

Theorems 1.1.6 and 1.1.8 are useful in obtaining the following charaterizations. 

Theorem 1.3.7 

A fuzzy topological (X,S) is said to be T0  1ff for any pair of distinct 

fuzzy point x and y
,, 

 of X either xxv Cly 
IL  orv1 vt Clxi  

Proof 

Assuxiie X isTo 



JA 

Then has a q-nbd IJ which is not q-coincident with y ory has a q-nbd V 

which is not q-coincident with x (i.e.) y q U or x qV 

(i.e) x o CIy
II 
 or Y

,,  ir CIx 

Conversty assurnethe given condition 

Suppose x dy,1, Take V = (C1y,1 )C  

Claim - y q V 

Consider for any z, Y,, (z) + V(z) 

ffz=y y11 (z)+V(z) 

=+ 1 -C1ytL  (y) 

JLt I j.t 

= 1. 

If z~ V,1  (z)=O; Y4  (z) + V(z) < 1 

Claim : XA q V 

Consider 

x(x) + V(x) = x + 1 - C1y(x) 

Since x,  it CIv 
tt 

)> C1v,(x) 

(e)X-Ct,. (x)>O 



x(x) + V(x)> 1 

xqV 

(i.e) V is a q-nbd of x.---------> (2). 

From (1) aml (2), we get that there is a q-nbd V of x which is not q-coincident 

with 

Similaily if y Clxby takingU=(CIx)c  We geta q-nbd ofywhichis not 

q-coincident with x. 

Hence the space is To 

Theorem 1.3.8 

A fuzzy topological space (X,6) is T1  if everj fuzzy point x is closed in X. 

Proof: 

LetXbe Ti, let xbe a fuzzy point inX andybe another fuzzy point iaX 

Case:(i) 

Let x*y then there in open nbd V of y1  such that 

Since y1  eV,1-.5V(y) 

(i.e) V(y)=1 

(i.e) V'(y) 0 

Since .i .0 unc gets that 

(ie)vqV 

hence V is an open q - nbd of 



Hence there is an open q-nbd of y which is not q-coincident with 

By theorem 11.8 y it CIx -------> (1) 

Case (ii) 

Let x=y and X<g then there exists a q-nbd of y which is not q-coinident with  x. 

yEClx—(2) 

When L<?, 

x <x 

(1.e)y<x ==> -I.t v cx 

So there is nothing to prove when t< X. 

From 1 & 2 we get 

x. = Clxx, So that x.  is fuzzy closed. 

Conversely, let every fuzzy point x be fuzzy closed in X 

(1onsidertwo distinct fiLzzy pointsr andy J1  inX 



"1 

Conversly,let every fuzzy point x be fuzzy closed in X. 

Consider two dislinct fuzzy pointsxA  and y in X. 

Case (i) 

If x;&y 

Consider (ClxA)'(y) = 1 - Clx,$y) 

= I -x(y) 

=1 

> =y/y) 

y1 c (Ck ----- (3) 

Similarly x C (Cly --------> (4) 

Let V (C1x)c  and U(CIy )c 

Then x.F. U and ycV and as for any fuzzy set A(CIA)C 

We get from (3) and (4) 

y~tq U and V 

Case (ii) 

When x=y and X <t (say) 

(iaimv 

Suppose yc 
XX 

Then p X which is a contradiction 

yr=(Clx) 



I' 

Which implies y has a q-nbd which is not q-coincident with  x. 

(by theorem 1.1.8) Hence (X,6) is 'I,. 

Theorem : 1.3.9 

A fuzzy topological space (ö) is T2  1ff for eveiy fuzzy point x in X 

x=r' {CINx: Nxisan open nbdofx) 

Proof: 

Let N=r'(CINx I Nx is an open nbd of x) 

Assume XisT2  

Letybe a fuzzy point mX 

Suchthatycc x 

Case(i) x~t-y 

As the space is T there are open fuzzy sets U and V such that xeU, y
, 
 cV and 

UV 

(i.e) V(y) = 1 

Hence p>O= r(y) 

(ie)y 
11 

 qV 

(ie) V is a q-nbd ofy such that UV 

Hence v it CI(T 

(ic) v 
9 

0 N 



II 

Case (ii) 

x=y and<(say) 

Tenasyx1, ? 

Hence as the space is T2  there is an open nbd U of x.  and open q-nbd V of 

Such that UV. 

Hence Y
. 

 o c1V 

(i.e)y 
11 

V V. 

Hence x.  = N 

Conversely: 

Assume x.  = N, for every fuzzy point x. 

To Prove X is T2  

Let xand y be any two distinct fuzzy points in X. 

Case(i) x:f-y 

Then for any y > O,y
lf
0 xN 

(i.e) y >(Th {c1N(y)} 

By infimum property there is an open nbd U of x.  such that c1U(y) <y 

(i.e.) y 
Y 

VCIU ------> (1) 



This is true forany 0. 

Take y with p + y < 1, By (1) there is an open nbd U of x such 

y cIU 

Hence y>c1U(y) 

(i.e.) 1- y<(l -.cIU)(y) 

Let V = (c1U)c 

ThenV(y)> I- 

(i.e.)yc V 

Also as U (c1U)c, uv 

Case (ii) x = y and ?- (say) 

Theny v x=N 

(i. .e) p>(' (ci N)(y) 

Hence there is an open nbd U of XA Such that ci U(y) <i 

(i.e.)y
1 
 tcIU and y1  q (CiU)c 

Taking V = (cIU)c, one gets thaty qV and U Ej V 

Hence X is T2 



jq 

Theorem 1.3.10 

A fuzzy topological space (X,8) is regular iff for a fuzzy point x and any open fuzzy 

set G in X such that x q G, there is an open fuzzy set U such that x q U and c.0 

CG. 

Proof: 

Assume X is regular. 

Let xbeafuzzy pointazidGan open fuzzy set such thatxqG 

(i.e) X > GC(x) 

Hence x.  or Ge 

By using regulanty Condition them are open fuzzy sets U and V such that xqU 

GCCV and U—q V 

Now Uq V=> U(z) 1 - V(z) 

=>cIUCV 

=>clUCG as Ge  C V => VCCG.  

Conversely, assume the given condition Let A where A is fuzzy closed 

XA ir A =>xx qAC 



Let G = A°  

By assumption there is an open set U such that x qU and clUCG 

Take V = (clU)c then  A = GCCV 

and as U(CIU)C,  UV 

Hence X is regular. 

The following theroem can be easily verified. 

Thememl.3.11 

A fuzzy topological spaa (X, 8) is regular 1ff for a subset A and closed fuzzy set 1 

such t it>v B where ever xA, there are two open fuzzy sets U and V such that BCV, 

UqA and UV. 

Theorem 1.3.12 

A fuzzy topological space (X, ö) is normal if for a fuzzy closed set F and an opi 
fuzzy met U much that FCU, there oxit8 an open fuzzy set V such that FCVCLVCL 

Pmof: 

Let X be normal. 

Let FCU with F fuzzy closed and U fuzzy open. 

FCU => F(z) 15U(z) 

=> F(z) - U(z) :!~ 0 



=> F(z) + Uc(z) < 1 

::> FqUC 

Hence there are openfuzzy sets V1  and V2  

Vi V2 => V1 C(V
2
)c 

==> (c1V
1
)C(V

2
)cCU 

Thus FCV1  Cc1V1CU 

Conversely 

LetA and Bbetwoclosedfuzzy sessuchthatAB(i.e)ACBC 

By assumption there is an open fuzzy set U such that ACUCc1UCBc  

Hence BC(c1U)C 

Taking V = (CIU)c we get BCV and UV 

Hence X is normal. 

This chapter 18 concluded pmvtng the fl110w1ng Implications. 

Theorem 1.3.13 

T5  => T => T3  => T => T => To  

Proof: 

ToProve T1=>T0 



Letx andY,L be any two distinct fuzzy points of x.. 

Case :(i) 

Letx" thanthere exists an open nbdV ofx1  suchthaty1 V 

x1  €V => V(x) = 1 

since X >0 = 1 - V(x) 

)i.> VC(x) 

(i.e.) xqV 

(i.e.)Visaq - nbdof xsuchthatyV 

Case (ii) 

when x = y)<p. (say) 

By assumption there exists a q-nbd of y which is not q- coincident withx 

Hence T1  => To  

To prove T2  => T1_ 

Since strong sepamtions of two fuzzy points implies weak separation of the same, t 
space is T2  implies that it is Ti 



To prove T> T2  

Let r,y,be any two distinct fuzzy points inX 

Let x.-Ay 

x(x) =? > 0 =y(x) (sincexpy) 

(i.e.) A>y(x) 

therefore x.  ot y 

Since s'ce is T1, Y;t  IS fuzzy closed. Hence t1?r exsts an open fuzzy set V sich 

that x.  eV andyV 

X~e V ==> ? <V(x) 

14 > 1-V(x) 
= VC(x) 

=> 

As the space is regular, there exists two open fuzzy sets 1J 1 and (J2  

Suchthatx1 qtJ1  and VU2  and U1  j  U 

x1 qU1  

==> 1-A.> U1C (x) 

A. <1U1
C(x)forsomexaK 

=U1(x)forsome xcX 



MyV, y,1cVCU2  

Hence Ui and U2 satisfy the required condition. 

ma similarway the case x=y canbe dealt with 

To prove T4> T3 

Let xx  be any fuzzy point and A be any closed fuzzy set such that xxe A 

x.vt  A ==> 

Choose XO such that 

Claim: x1_ ZJA 

Consider x1_ (x) + A(x) 

:13o+A(x) 

<1 -o + ).o = I 

Therefore x1_ (x) + A(x) !<1 

For any z# xasA(z)<1 

x1 (z)+ A(z)=O + A(z)<1 

Hence the claim. 

Since the space is Ti x1_ is fuzzy closed. 

Therefore by normality there exists open fuzzy sets U! and U2 such that 
x1 CU1 ACU2 and U1  IU 



Hence 1—? < U1(x) 

(i.e.) X0  2t U1  c  (x) 

Since k> 0~!U(x), xqU1  

Already ACU2  and U1  q U 2 

Hence the space is T3. 

To prove Tç==> T 

LetAandBbe two closedfuzzy sets, SuchthatAB. 

Claim: A and B are weakly sepaiated. 

Take U=BC  and V=Ae 

Since ABforevety xcX 

A(x) + B(x) < 1 

B(x)) :5 1-A(x) = Ac(x) 

Therefore BCAC. Similarly ACBC 

Since Aq(ClA)' and Bq(CIB)C.  Since A and B are closed sets AqAC  and BqBC 

(i.e) AqU and BqV 

A and B are weakly separated 



Since the space is T5, A and B are strongly separated. 

Thcrtfor, the space is T4. 
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CHAPTER -II 

FUZZY SEPARATION AXIOMS BASED ON LEVEL TOPOLOGIES 

This chapter is devoted to the study of fuzzy separation axioms due to 

M.Macho Stadler and M.A. de Prada Vicente[7].  These authors have developed 

t-Ievel theory in fuzzy topology, in their work on t-prefilter theory [6],  using bis 

concept of t-Ti (i=1,2), F-Ti(i=1,2), strong -Ti (i=1,2), Ultra-Ti (i=1,2) fuzzy 

topological spaces have been defined. Similar fuzzy topological spaces have been 

defined corresponding to regularity and normality notions. It has been proved that 

FTi => Strong -Ti => Ultra-Ti. Examples are given to show that the reciprocal 

implications donot hold. Equivalent conditions for a space to be t-T1, t-T2, t-regular 

and t-normal have been obtained and it has b shown that the concepts of strong -T1, 

Strong T2, Strong- regular and strong normal are hereditary and productive. 

Now, we give the preliminaries needed for this chapter. 

Section 2.1 

Preliminaries 

In this chapter we follow the definition of a fuzzy point and its belong-

lngness to a fuzzy set according to C.K. Wong [12]. 

Definition: [12] 2.1.1 

A fuzzy point x is a fuzzy set, whose support is the single point x and 

its value is t(O,l). 
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Notation: The collection of all fuzzy point in x is denoted by ((x). 

Definition :[12] : 2.1.2 

The fuzzy point p=x is set to belong to U (written as p€LI) if t<U(x). 

Defnition: 2.1.3 

Let (X,6) be a f.t.s., for each ts[0,1), the level topology is(S) is de±ined 

by, i(8) = U(t,l]; Uc8} 

Definition: 2.1.4 

If (Xt) is a topological space and iff for all te[0,1), we put 

w(t)={UcI'; U'(t,l}et}, 

then w(t) is a fuzzy topology on X which will be called t-.topologically generated 

fuzzy tpc•!;y 

Definition 2.1.5 

A filter on a set X is a collection-of nonempty subset of X satisfying 

the following conditions: 

 

Ar 13 C -fôr every AJ3 &- 

Jr ACTI and if Ac9 then Bef- 
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Notation: We denote the collection of all filters on X by Y(x) 

Defintion 2.1.6 

A pjefiItr on a set X is a collection 3 of nonzero fuzzy sets on X 

satisfying the following Condilions: 

 

AnBc3 for every pair of fuzzy sets A,B c 3 

If ACB ad if Ac3 the E4c3 

Notation: (i) We denote the collection of all pre-filters on X by P(X) 

(ii) P(X) will denote the set of all prefilters on X° which exclude 

the constant functions Ct (i.e 3cP(X) 1ff 3 eP(X) and Ct  v 3) 

The elements of Pt(x)  are called t-Prefilters 

Definition: 2.1.7 

Associated with each t prefilter 3 we define a filter on X by 

i1('3)={ IF'(t,l]: 0c31 

Associated with each filter'-on X we define a t-prefilter for each tc[01)  as 

follows 

w(={ Uc1:1J1(t1]cT } 
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Definition: 2.1.7 

Associacd w:th each t-  pfi1ter 7 we de!ie a filter on X by 

j(.J)= 1, Lr1(t,1]:uJ} 

Associated with each filter 9-on X we define a (-prefilter for each tc[O1)  as 

follows 

UcI: U(t, 1]c3} 

Notation : The following set containing (F(X)  is denoted by 

t[0,1) and xeX} 

L)efimtion :2.1.8 

1f(X,) is a f.Ls' YcP(.X) and xc BF*(X). we'say Y I - converges to p=x 

(noted as J .....t.... >  p) if: 

(X) 

(ii) The filter i1  (Y) on X converses to x in the following topologicil sp.tce 

(X, i 
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Theorem: 2.1.9 

Let (X,6) be an f.t.s. and YCX, then i1(6) = (i1  (8)), 

Proof: 

= { Uy' (t,1] I 

1. U 1(t, 1] (- Y / Uc6 } 

= 

Theorem 2.1 .10 

Let X be a set and {(Y., y.); j6t} 

a family of f.is. s. For all jcJ. let t be a function from X to Y. Then 

(Supf'i (v) ) = Supf j (v. )) 
JEJ jeJ 

Remark: 2.1.11 

The lJnion u (v.) /jeJ} is a ub base for a fuzzy topology on X 

making every t; fuzzy continuous and is the smallest fuzzy topology with this 

property. 

It is denoted by Sup fJ (v.) 

j e J 
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Definition: 2.1.12 

If X= itX. and P. : X ---> X. is the jth Projection the Product fuzzy topology 

.J Ej 

8 = it 6. over X is defined as the initial fuzzy topology for collection 
jeJ 

I pJieJ} and IS/ieJ} 

(i.e) 6= Sup ( ' )8)). 

jej 

Corollary: 2.1.13 

Let I (X 6? / jeJ It  be a family of f.t, s 's then iL  (it 6 3 L 3
.) = it i (6.) 

€.7 J  

Proof: 

By theorem (2.1.10) 

i1  (6) = Sup { P. 1  (i(8  .))j = It it (8

jej 

). 3 J JJ 3 
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Section 2.2 

(IV4471L1.Jt.N. 

Definition 2.2.1 

(X.8) is said to be a Ell  f.t.s. iff (X, i1  (6) is a T1  space 

Definition 2.2.2 

(X.8) is said to be an f.t.s. iff for each te(O1} and x e X. t. is 

a fuzzy closed set. 

Definition 2.2.3 

(X.6) is a ultra - T1  f.t.s iff the topological space (X. i(6)) is T1  

Definition 2.2.4 

(X,S) is astrong-T1  f.t.s. iff it is t-T1  for each tz[0,1) 

Notation • If (X,S) is an f.t.s. we shall denote woi(S)  = wt(iL(S) )for each 

ts [0.1) 

The following theorem gives a set of equivalent conditions for a space 

to be t-T1. 
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Theorem 2.2.5 

Let (X,8) be an f.t.s. we have the following equivalent conditions. 

(XSS) is t-T1  

for each xcX, there is Uc8 such that U,(x)  and U(y) > t for y * x 

for each XEX we have Xx.. woi1(S) 

(X, w1oi(S)) is F - T1  

Proof: 

To Prove (ii => (ii) 

Assuu (X,8) is t - T1  

Let xcX, Since (X. i)) is T1, {x} is closed. 

therefore X - {x}e i1(8) 

This implies that there exists U,s 8 such that 

X - {x = IT' (tJ 

=> x q U 1x (t,i} 

=> :!!~ t. 

lfy*xthenycX - {x}=U1(t,1]. 
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which implies that EJ(y)> t. 

Hence (ii) 

To Prove (ii) => (iii) 

Let xc.X, then there exists U1c8 such that U, (x) ~-. t and for y x 

This implies that X - lx} = U '1ft,1Jci(8) 

Let V= 

Take any zEV(t,1j 

Then V(z)> t 

=> zX - {x} 

=> U(z) > t 

Hence V 1(t,lJ C u (1) 
X . 

Let zeI 1  (t,1] 

=> > I and z # x 

.> ZEX -X} 



5' 
=> V(z) = 1 

> zg V 1(t,IJ 

Hence U I  (t..11 CV 1(,fl .(2) 

Therefore we get 

{xj 01] = 1Y1  (t,I] ci1  (3) 

therefore By definition x c w1  

To Prove (iii) => (iv) 

Assume x (x} t oiés) 

Take any s(O,1]. 

ConsiderVx  H1-SX Ni 

To prove V1  c w (1(6)) 

i.e To pnive V 11  (t,1} c i(8)) 

Now yiV1  (t,1} => V1(y) > t 

Case ti) 

S~14 

Lety=x'I1en I . SX(X}{Y}= 1-S!~ 1- 1+t=t 
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(i.e) V(x)~ I 

Heneex o V'(t,lJ 

For every y # x V(y) = 1 > t 

(i.e) Ye {I  011 

Thrrafore V-1  U,!] = X - {x} 

Case ii 

S < 1-I: 

when y = x 

= I - s > I 

wheny tx 

V1(y)=i-O>'t 

1-lenee V 1  0,11 = X - {x} if s~!: 1 - t 

ifs<1-t 

By (iii) 1 • 0,1] e i1(8) 

(i.e) X - {x} C 

Also X ei(tS) 

Jknce V 1  (ii] £ 



therefore V x.EW (i(S)) 

(i.e) •X{,)  is fuzzy closed for every sc(0,1J 

To 1ove (iv) => (i) 

Assume (X, w1  6(8)) is F -T1  

to prove X 
- 

(x } c 

Iy assumption for every t 6 (oi] and every xsX 

Xf is fuzzy closed in w1(i1(S)) 

(i.e) for every tE 10,1 ) 

(1-t)X 1  is fuzzy closed. 

=> ((1 t) c w (i,(8)) 

=> 1 - 0 - t g w, 

1 -(1 - t)X{ = I if y# x 

= t ify=x 

When ever y # x, y c (1 - (1 - t )X{1) 1  (0] 

and if v = x y (1. - (1 - u xJ' t,1] 
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therefore (1 - (1 - t)) (t,I] =X - {x} 

Hence by (1), X - {x} a i1(6). 

Corollary 2.2.6 

If(X6) is at - tpnlogically generated f.t.s, then (X8) 1st - T1  if it 

isF-T1  

Proof 

(X,8) is t - topologically generated 

=> there exists a topology t sucthat 8 = w1(t). 

By theorem 2.2.5 (X6) is t - T1. 

<;=> ( X, w. i1(6)) is l 
- 

<=> (X, w(t))  is F 
- 

Since i( w1(t)) = 

<=>(X,8)isF-Ti, 

F -T1  => strong -T1  => I Tltra. - Ti  But if the space is topologicafly generated then 

these three concepts are equivalent The following Theorem proves these facts. 



Ma 
Theorem 2.2.7 

Consider the following properties. 

(X,8) is F - T1  

(X,8) is strong - T1  

(X,8) is Ultra - Ti  

Then (i) => (ii) => (iii) 

Proof 

To prove (i) => 61' 

Assume (X,8) is F - T1  

since 8 C (t(8))  for each t e [0,1) 

(X, w(i1(8 )) is F - T1  for each t e (0,1) 

=> (X,8) is t - T1  by Theorem (2.2.5) 

=> X,6) is strong T1  

to prove (ii) => (i:, 

Assurrie (X8) is strong •[ 

(X$) is strong T 

=> (X.S.) r t -'I' for everyfc [0,1) 
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=> (X,i(6) is T1  for everyt c [0,1) 

=> (X.i(S)) is since 1(6) is the topology generated by {i1 (S) I t [0,1) } 

Hence (X,6) is Ultra T. 

Comilary 2.2.8 

Let (X,6) be a topological generated f.t.s. Then the three concepts in 

the above theorem 2.2.7 

Let (X.6' be a topologically generated f,t.s Then the three concept in the above 

igheorem (2.2.7) are equivalent. 

Proof: 

It is enough to proove (iii) => (i) 

Assun (X,6) is ultra 

Since 6 is topologically generated 

8=w(t) for same topology t 

.. (X,6) is Ultra - T1  

=> (X, i'(t)) is T 

==> (X 

=> x} is closed 

=> X-[x} c t 



Now to prove i -tX(x} c  8 = w(t) 

for every t C [0,1:) 

(i.e) to prove for every t c [0,1) 

A = (14 X (e,lj g t for every e>O 

14X{} (y) = 1 if y#x 

=i- t if y=x 

Case (i) 

t>1-c 

==> 1 -t:!~e 

In this case xv A 

and or every y#xyc A 

A=X.. [xjct 

Case iii) 

t< 1-6 

14>6 

for every y in X belongs to A 
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A=X8t 

.. is fuzzy closed 

Hmce (X8) is F-Ti  

The reciprocal implications in theorem 2.2.7 are not generally true. The 

following extniple illustrate these. 

Example 2.2.9 Ultra-T1  need no imply strong - 

Let X° be any set and 8= {c0,c1  I u { 1/2, XA / AX} 

by definition we get 

= { ii i  (t, 1] / I.lci3 

Casei 

whent< 1/2 

and C x 

Gi'en A is a propet subset of X 

LerB= 

take any ycB 

YC X A Y')cft,i] 

11 



=0 if yA 

= 1/2 if ycA 

1/2 XA  (y) !!~ 112 for every yX 

If tcz1/2 every y in A will belong to B and every y not in A will not belong to B 

(1/2 XA 1 (t,11A 

Every A CX is in 1, (8) 

2' if L.c:1/' 

('ase ii. 

If t~! 1/2 

(1/2X,i' (0J=4J 

... i(8)={X,4} 

Since in discrete. topology is not 

(X, i(8)) is not T1  for t~ 112 

X8) is not stiong - T1  

Since i6) is the discTete topokigy 

txj is closed for every xcX 



(X, i(S)) is  TI  

hence (X,S is Ultra - T1  

Example 2.2.10 Stron-T1  need not imply F-T1  

LetS={xA  ACC} 

letr)= 1-l/2 

=1 ify*x 

= 1/2 if y=x 

1-1/2 j,j for any ACX anddois not belong to 8 

.. 1/2 is not fuzzy closed. 

(X,S' is not 

By definition 

()= { X '  (t,1 IADC} 

since XA' (0J = A, 

= which is a disrete topiogy 

.... • (X, i(8) is  TI  

True for every tc [01 

hence. (XS) is strong 



The following two theorems give generalisalion of the following two results in 

Ordinary topological spaces 

Every sub spsc of a T space is  TI  

Product of T, sapce is  TI  

Theorem 2.2.11 

Any fuzzy sub space of a strong 
- 

T f.t.s. is a strong - T1  f.t,s. 

Proof; 

Let (X.8' be a f.ts., Consider YCX, then 

(Y, 8) is sub space of (X8) 

To prove (Y, i1(a)  is TI  

Now, to prove jy I is closed in i(8 .) 

Since fy} is closed in (X,8) 

X-yt = U' (1,11 , 1T68 

since(X-{y))mY=Y- {y} 

U' (t 11(-) Y 

hence tyl is closed in (i((S). 

Since = 
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by theorerri 2.1.9 

we get 1, y1 is closed in i1(8) 

(i. e) (Y, i(a))is T1  

hence (Y, 8) is strong - T1  

Theorem 2.2.12 

Any non-empty product spaces is strong - T1  1ff each factors space 

is strong - 

Proof: 

Let I (Xi. &) } be a family of f.t.s than the product topology 6 on X= it 
i 
X is 

21ven by 8= Sup { P 1  ($) } 

By corollary 2.1.13 

we get i(8) = it i(8) 

Assume each factor sapee is strong-  T1  

To prove (X,8) is,  strong - 

Consider any point x e X 

Let P.(x) = x. for every j 

P(x)cx. 
J' .1 



I. 

since (X., 8.) is strong - T1  P.(x) is closed in i( 8.) , which im . plies P_'(P (x is 

closed in 1(8) 

Since intersection of closed sets is closed. 

We get P. (P(x)) is closed in i(8) 

Take any ye P' ((x)) 

==> P1(y) = P. tx) for every j 

= x. 
1 

for every j 

==> y=x 

r' P 1  (P.(x) = x) is closed in i1(8) 

.. (X, i1(6)) is T1  

which is true for every 

hence (x) is stung - 

Conversely 

Consi(cr (X., 8), Take x. e X. 
j I .1 .1 

Consider x in .X such that P.(x) = X. 

We know x is closed { P.(x) } is closed 

(i.e) {x.} closed. 

Hence each tactor space is sirong - 
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Section 2.3 

T. Fuzy.1..p1E.pci.s 

Definition: 2.3.1 

(X,8) is said to b&EI U.S. iff (X, i(S)) is 1, 

Definition 2.3.2 

(X,8) is said to be EL3ff  for any two fuxxy points with different supports 

and q= y8  there exists UV such that Un V = c0, p6U and qV 

Definition: 2.3.3. 

(X,8) is said to be a strong - T.,.f,t.s 1ff it is t-T2  for each ts[0,1) 

Definition: 2.3.4 

(X,8) is said to be an u11raTZ  f.t.s 1ff (X, i(8)) is T., 

Theorem 2.3.5 

If (X,S) is tnn-T2  then it is stron-T1  

Proof 

Assurr (X.S,) is strong - 

==> (X.S) is t-T, for each t c [0,1) 

==> (X.i 1(S') is , I' )  for each t [O, 1) 



==> (X, i(S))  is T1  for each ((since 1.)  => T1) 

=> (X.8) is t-T1  for each t 

=> (X,8) is strong T 

Now we obtain a set of equivalent conditions for a t - T, space 

Theorem 2.3.6 

Let (X,6) be an f.t.s, we have the following conditions: 

(X$) is ti2; 

Let x # y be points in X; then there exists 1J,V c 8 such that UiV--~  ct  

U(x) > t and V(y) > t; 

(X, wo  it  (8)) is F-T2  

if 3 c there is at most one point xcX such that 3 —t --- > 

To proove (ii) => (ii) 

assume (X,8) is t-T2  

lllcfl (X, i(o))  is 12  

If x # y there exists U,V c 6 such that ir' (t1J -)V' (tIj  

and x e U 1  0,1} and y cV (t1] 



I. 

Now,xe U (t1]=> U(x)>L 

and ye V(r,1J => Wy)> I 

Claim: 

Either U(x) < t or V(x) < t 

Suppose nor then U(x)> t and V(x)> t 

==> x C ir' (t,11 and x c V 1  (01 

IT' (tjj n V 1  (t1} 

Which is a contradiction to (1) 

either U(x) < t or V(x) < t 

(Ui-mV) (x) !!~ t = c (x' for every x 

U(mV:!E~c 

To pfoVe( Li) ==> (ui) 

Take any two funy points p=x1  and q = y with different supporis. Then x # y 

By (11) there exists tJVe 6 such that tJnV < 

1T(x)> t and V (y)> I 

Since EJ,V e 6, A = U 011 and 8= V 1  4,1} e i (6) 

i.utll and V* 



U*,V*EW 0(s)) 

r V * 
= X V(t1] 

= = 0 = 

Claim; Pc 1.1* 

Since U(x) > t. xcU' 1(tl} 

=> = I 

Since t < 1, pcU 

Similarly qsV* 

Jience (X,w(i1(S)) is F 12  

TO prove (iii) .>(jv) 

Suppose there exist x,y with x *y such that 1 -4--> xt , 9 -4--> y 

choosers such thatt<r<l and t < s <1 

Consider the two fuzzy points Kr  and y 

Let p = x and q = y. 

Take 1JV c w (i(6)) such that 

pclJ,qcV and U mV = c0. 

Then r < U(X) and s <V(y) 



1< U(x) and t <V(y) 

(i.e) x F. 1J 1(t 11 and ycV 1(t,1j 

Since Y --t--> x,and 7 -t--> y 

it(Y) --t-->x and it (Y) --t-->y 

Hence iT' (t,ii j \J4 (1,1] Ci(Y) 

11! (t,.1 J'(t, 1] ;pe-- 4) 

0JimVj tc0  which is contradiction 

Hence (iv) 

To prove(iv) => (i) 

Assume (iv) 

I.et 3-be a fitter on .X then 

w(R) & PL(X), By (iv) there is atmost one xcX such that w(9 --t 

(i,e) i1(w(9)) --> x 

(i.e) there is atmost one xEX such that 9-> x 

=> (X, i(d))  is 12  [6] =>(X8) is t -  Yy 

Hence the proof. 



i4- 

Corollary 2.3.7 

Lot (X8) he at - topologically generated I t.s (X,8) is t T2  iffi[ is 
F - i, 

Proof: 

Similar to T1  

As in the case of 1uz7y T1  spaces, here also the following implications hold 
good. 

If2  —> strong- T2  => Ultra -T, 

These concepts are equivalent when the space is topologically generated. 

Theorem 2.3.8 

Let (X8) be a f.t.s consider the following properties. 

(l)(X,8)isF-T2  

(2)(XS)isSfroiig-T2  

(3) (X&) is Ultra - T, 

Then (i) => (ii) =>(iii) 

Proof: 

(i) =>(ii) 

Assume (X.6) is F - T2 
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flien as 8 C: w for every t, 

(X,wL(il() is F' -; 

by theorem 2.3.6 (X,8) is t -T2  for every t which implies that (X8) is strong 1). 

(ii) ==> (iii) 

Assume (X,8) is 5tnng - T2  

which implies (X,8) is t - T. for every t s [0,1) ily definition (X,11(8)) is T2  for 

ever tc[0,1'which implies (X,i(&)) is T2, since i(6) is the topology generated by 

i(S) 

Hence (X.8) is Ultra - 

Corollary 2.3.9 

Let (X,8) he a topologically generated f.t.s Then the three 

concepts in theorem 2.3.8 are equivalent. 

hoof: 

To prove (iii) ==> (1) 

for some topology t on x 

(X, is Ultra - 12  

=> (Xi(8) is 12 



M. 

Since i(s) = i(w(i)) = t 

We get (X,t) is T2  

Consider two fuzzy points p = x and q = with differcrtt supports 

.. Xt-y There exists Aicv such that xsA, yEB and ArB = 

Take U = and V = X U1Vc w(t) 

Then t < U(x). s <V(y) 

and Ur'V 

.. (X, w('r)) is F - 1 3  

(i.e) (X,6) is F - 

The reciprocal implication in theorem 2.3,8 are not generally true. The following 

xarnples illustrate these 

Example 2.3.10 Ultra - T3  need not imply strong i2 

Let X be a set and the fuzzy topology 

= {c0 c1 } 4l/2XA:AcX} 

Ii. 

 2x 



It is shown in example 2.2.9 that (X,8) is not strong - T1, Hence as Strong - 

tiupites strong - T 

(X.8) is not Stong - T, 

Since i(S) is discrete topology on X, it is T2. Hence X8) is a ultra 12 . 

Example 2.3.11 

Strona - T ,  need not imply F 
- 1'2  Let X be a set and let a be collection defined, 

as follows. 

a = (U 1 : xX and r:!~1/2ju{U~!c1 ) 

where I) = t A. t/2 

Thri a is a sabbase for a fuzzy topology 8, in X. (X8) is not F - Ta  as xand 

v cannot be separated by disjoint open fu.zy 

Claim: (X,8) is strong - T2  

Case i 

whent<lflandx#y 

LttUX1/2x{;  

U(z)=Oifz*x 

*ul/2ifz*x 

which implies that tJ!~I/2. :. tJ68 



Similarly V = 1/2X{V} ==> V !~112 ==> VaS 

so (IJ(mV)tx) = Min {LJ(X), V(x)} 

= MUi fIJ(x), 01 

=0 

(U''V)(y) = Miii V(y) 

= Mm {0, V(y) } 

The case !'r which z ;t x and z ;& y 

(UmV) (z) = Miii f U(z), V(z) } 

=Min 0,0=0 

Hence UrV = CU 

Since U(x) = 1/2> t and V(y) = 112> t, 

xaU 1(f,1] and yaV U,i 

Also U 1 (t, 11 anti V 1  (t1.i a i1() 

Since  

Case ii 

When t ~> 112 and x 



_3. 
take some F. >0 such that t+c <1 

c<l-t:!~ t 

Consider U= U and V=U 
x. rtg v, I f. c 

then 1JV = (t+c) X i ((t+c)t2) X 
- 

r ((t+e) x N u ((t+e)/2) X. I 

(UcV) (z) = (t+€)I2 for every z 

= C( 
+ c2 

Also U(x) = t+c > t and V(y) = t+a > t 

x e 1J'(tlJ and yeV 1(t,lj and since UnV <ci, U'(t,lj n V1(t,11 = 

Thus the space (X, it(S))  is 'l'2  for every • 

hence (.X is strong -T2  

By proceedim in a similar way as in the case of stron-T1  spaces, the following 

two results can be easily seen to be true. 

1'heorem: 2.3,12 

Every subspace of a strong-T, space is strong-I2. 

Theorem 2.3.13 

A non empty product space is strong T2  if f each factor space is 
stron-T 
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SECTION 2.4 

Definition: 2.4.1 

(X,S) is said to bet-regular iff (X, i (8)) is regular. 

Definition: 2.4.2 

(X,8) is said to be a strong regular f.t.s. iff (X,8) is t- regular for each t a [0,1) 

Definition: 2.4.3 

(X,8) is said to be F-regular iff for each fuzzy point p and Ua6 such that paU 

there is Vc6 such that pcVCclVCU. 

Definition: 2.4.4 

(X,8) is said to be a ultra-regular f.t.s. iff (X, i(S)) is regular. 

NQWh kvak'nt condition for & tq bet-reJar 

Theorem : 2.4.5 

Let (X,8) be a f.t.s. , we have the following equivalent conditions. 

(i) (X,8) is t- regular 
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If x6X. 1Jc8  such that U0(x)> t there are U,V E 6 such that UrN --,~ 

U(x) > t and U u V> c. 

If xs.X UO a w1 i1(8) such that U()(x)> t there are 1.LV a wi () 

such that UrV = c. U(x) > t, U0  u V> t 

if Lye Pt (x) andP --> X1 then 

w 01(Y)) _4_3xt  

Proof: 

To prove (i) ==> (ii) 

Assume (X.8) is t- rezular 

==> (X, is regular 

Take x a X. U0  a 6 such that U0(x)>t 

Which implies that x a U' (t,fl  a i(8) 

Lt A = U' tt,l 1 .i:ti&1 let ut 

x ot P aind I is kls.L in i(8) 

Since (*X, i(8)) is regular there exists open sets Bi and B, a i(8) such that x a B1  

and FCB, such that 1.1 4) 

Tben B1  1.J*t1)and 13., = V 1(tj] Where UN a 8 



falc.e any z e X 

IfzcB1 ,z it B, 

... 

.. (UrV)(z)<t 

If z it B1 , U(z) !~ (,(Ur'V)(z) :!~r => (Ur'V)z :!~ c(z) for every zEX, 

==> (Jr'V:!!~c. 

Since x e B1 , U(x) > t 

Take any ze  X. 

If ze A, U (z) 

.•. (U LA') (z) >t 

If z A. z C F 

==> ZEB, 

=> V(z> I 

(U(,  U V) (z) > t 

hcncc I T UV > C, 

Iierict (ii To prose (i ==> (iii) 

Tuke x c X and U0  c w 
L 0  (i (S) such that U () > t 



63.. 

Now UOcwL(il(8)) 

=> there is aV c6 such that U0 ' U,!] = V0 1  (t,1j 

By hypothesis there exists E,F c 6 

Such that E F 5, c, E (x)> t, V U F> 4 

Let U= ErET1  (t11 and V=Fn F' (ti] 

EcS ==> F I  (tji c it  (8) 

=> X E-1 ui '"i 
(L(6)) 

Also as 81:w0(8)) 

ECw1(i1(S)) 

.. tTc w t (i1(8)) 

Similarly V c w, (i(8)) 

TakczcX 

if z c if1  (t. 1 .j then z it F , 1] as F rm F :!~- c. 

I 

=> (iJnV) (il =() 

Ifz o if1 



(U—'V) ( =0 --> 2 

hence from (1) and (2) we get 

UnV=c 
0 

Since F(x) > t ==> xe F' (0],  U(x) > t 

Supp)se U0  (z) 15 t and V(z) < t 

then V (z) ~tanclF(z < t 
0 

which implies (V0 u F) (z) ~ t 

which is a contradiction to V0  F> Ct 

hence UO  u V >ct  

to prove (iii) ==> (iv) 

let 

Claim • i (cS) is regular, 

Let x F. X and F be a closed set in 1 (8) with x 0 F 

this implies x c c i(8) 

There exists I.J c 8 such that 
CO 

Fc  = U0  4,11. then U. 0  (x) > t 
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.. xcU(t,1] 

As S C w (is(S)) 

1_J 
0 I t e w (:1 (5)) 

By (iii) there are UN C W1  

Such that UnIV = c 
0 

i.et A=U0 1  (:r1i and B=V 1(t,1] 

Then A,B s it  (8) and as U V 

Ar'13=4 alsoxcA 

Now to prove ICB 

II z B then V(i) !~ t 

==>U (7)>t 

==> z c 

:.F'CB 

Hence the dainL 

sinCe i(S) is regular and i1(Y)--> x 
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\V (i(Y)) converges to x [6] 

To prove (iv) => (i) 

suppose 9--> x in (X, it(S)) 

==> w,(9) --t--> x1  

by (iv) we get 

-t-> , 

==> w  

x in (X, i,(6') 

=> (X, i1(&) is regular 

==> (X,&) is t-retu1ur 

Theorem 2.4.6 

Let (.X6) be a strong - regular space, Then (X8)is ultra-regular 

Piciof 

Assume (X,S) --o he 'iron - regur 

(i.e) to prove (X, i(8.) is regular 

Takc Te F(x) such that i---> x IL (X, i()) 



ai. 

==> 9---> x in (X, i1(8)) for every L c [0,1) 

As (X, it(S))  is regular 9--> x in (X, i1 (S)) for each t c [0.1) [6] 

which itnp1icsJ---> x in (X, i()) 

(X, i(6)) is regular. 

Hence (X,6) is Ultra regular. 

The COil VerSe of the above result need not be true as the following 

example illustrates this 

Example 2.4.7 IJitra - regular need not imply strong - regular 

Let X be a set and consider the fuzzy topology & = < 1/2 

x1  11 )'4 1 s'4XA.xo A} 

(X,4) if t~112 

{ {X,.(x} if 

Ix if t<114 

lor t >l/2 as is {X.4} 

(X, it(S))  is not regular. 

So (X,8) is not strong regular. 

As 1(8' is the discrete topology 



91. 
0  

(X. i(6)) is regular. 

There is no relation between the concepts of F - regular and strong - 

regular as is seen from the following two examples. 

Lxanple 2.4.8 F - regular but not strong - regular. 

('onsider a set X and 

8 = (U c IX  U(x( ) = 1/2 } } 

for x0  tixed in X . (X,8 is F - fegulaf 

But is is not strong - regular as but it is not strong - regular as i0  (8) = {A x0sA} 

is riot regular. 

Example 2.4.9 Strong regular need not imply F - regular. 

Let6= [114 X{x(4' 

(X.S) IS strong regular as 

= 

X4, X 1 p  if r <114 

1 

But it is not F - regular. Let y Then the fuzzy point p = c 1/4 .Xt10i = 

Us6 

The Unique E8 such that ECU and pcE is E = U. But clU = c3/4   is not 

in:hu]ed in U 
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Definition: 2.4.10 

(X8) is said to be_strong T f,t.s if it is strong regular and strong - T. 

Theorem 2.4.11 

If (X,S) is strong - T3  then it is strong - T7. 

Proof: 

Assurr (X,a) is strong T3  

(X.&) is strong - regular and strong - T (by definition) 

==> (X,i1($)) is regular and (X,i(8))  is T1  

==> tXi(8)) i. 

is strong -;. 

Hence the result. 

By proceeding in similar way as in the case of strong - T1  spaces the 

following two results can be easily seen to be true. 

Throreni: 2.4.12 

Every subspace of a strong - regular (strong - T3) f.t.s is a strong - regular 

f.t.s (respectively - suotig - T3) 



70 

Theorem: 2.4.13 

A non empty fuzzy product space is strong regular (strong - T.) if each 

factor space is strong regular (strong - T3) 

SECTION 2.5 

Defintion 2.5.1 

(X.8) is said to be t - normal iff (X,i(6))  is normal 

Defitution: 2.5.2 

(XIS) is said to be strong normal 1ff it is strong normal for each t c [0,1) 

Theorem: 2.5.3 

In an f.t.s we have the following equivalent conditions. 

(X,S) is t - normal 

Let U,V,e 8 such that UuV > c There are U.N. c 8 with U0  nV0  !!~ 

U0 U>candV0  u V>c. 

Let IJ,V g w oi(8)  such that IJjV = c1  There are U0,V0  e w.  (i(6)) such 

that UOr'\V )  = c0, U0  AJ > c and V0  uV >  ct 
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Proof: 

Assume (i) (X,8) is t - normal 

to prove (i) => (ii) 

Let U,Vc8 andtJuV>c 

TJl(,,1} and V-1  (t,1] ci(8) 

Take any mX 

If z ou,  (t, 1] This ==> U(z) < t 

AsUJV>c,V(z)>t 

zcV 1 (t,1] 

X=U '(t,I].V 1(t,1] 

Consider the two closed set F1  and F2  given by F, = (U 1 (t,IJ)'  and 

F 2 = (V(tI])c 

zcF1  ==> zU 1 (t,1J 

=> U(z) < t 

=> V(z > 

=> 
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=> z F2  

SimilarlyzeF.. _> 
Z. 

F1 mF=4 

since by (i) we have (X, i (8)) is normal. Tlieretre there exists two 

sets A and B 

such that A= U 4  (ti] and B = V' (Li] 

with U c.  c 8 with F1 (LII and F2  CV04  (t,i] and A n B = 4) 

(Ut,  m V( ) (z) = Mm t U0(z), V(z) } 

L U (lJ 

1iT'•1  (t,1} 

=> IC 1  

/ 6 U I 0u., fl 

X = iJ'0(t,1] U U 1 (t1J 

Similarly X = V ( (t1l UV 1(t.1] 

Also JmV0  > c1, U u U >c  and V. u V>  c
t 

 

(ii) ==> (iii) 

Lel U,V,c w (i(8)) such that ]UV = 



1 

There exist U*, V* g S such that U'(t,l} = (u*Y' (t,l] 

and V'(t,1] = (Ni' (t,1j Also U* Li V >  ct 

By ('ii) thcrc are, t10,  V0  c S such that rV0* :5. C1, 

LI 1T y* u  y4g > c Let I. J = U (Th X  

and V0 = I 

Then 1J,V0  c w (it(S)) and IJ(rVO  =  co  

U0  L) U > c. and VV > c. 
1' 

To prove (iii) ==> (i) 

To Prove (X,i(3)) is normal 

Take F1 712  be closed sets in i1(8) with F1  r' F, 

F)I: 

.. there exists U,V c 8 such that 

J:t l] and F.,' = V 1  0,11 

Jfz g U (t,.i].U(z)>t 

=> 

=> zc F1 



j)31 <== 

z <= 

I < (7)0 1 <= 

j= ()ri 

LJ(kU1 T.pltjM [j ) 1fl z <= :I 31 TI 

A'-'il IP 

AT! LTflfl 

= A 1I1)1i = n 

°A ''< 

*11 n °fl = °ALJ°fl NIP  Pns (.()')'' 3  0A'fI on '"P °'°H *A = 

Aj1I 313  OSIV Ai1 

*A pw i'I) fi= *fl 

.f1 = X 

3L <== 

4  < 

J37 < 
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F1  C U Similarly 1 C V 

Heiice the space is normal 

r)efirthon 2.5.4 

(X,6) is F.uoui4 iff for each VsSc and Us6 such that VCU there is F&3 

ueh that VCECcl ECIJ 

Defintion 2.5.5. 

(X,8) is ,trnns - T4  iff it is strong - normal is strong - T1  

Theorem: 2.5..6 

JflX8) is strong - then it is strong - T3  

Proof: 

Stinilar to theorem 2.5.3 

ihere are no relations ammig the concept of normality in fuz7y 

topological spaces. The following examples illustrates this. 

Example: 2.5.7 A space. which is F - normal but micither strong - normal nor 

Ultra - normal. 

I.et(Xt) he topological space which is not normal Let x0 X and (onsicler 

X 4  =X.4xJ 

Let the fuzzy topology be 



16 

6 = {UclX :  1.J/ c w(t) and = 1/4 } u {c,c1} 

Take V which is fuzzy closed. 

Then Ce ==> VC(X ) = .1/4 

I - = 1/4 

V(x0) = 1 - 114 = 3/4 

the only open fuzzy set which 

Contains V is 

Hence V<c1 =Z=c1. 

(X,8' is F - normal 

(. tU(X jfj/4 

(A uf x0} / Act) if t < 1/4 

Since t. ~!114 (X*,1
1(8) is not - normal 

(X,8) is not strong - norma' 

i(S) = {A u{x}, Act) u ('c) 

Let F be closed set in i(S) which implies x does not belong to F 

F J is closed in i(8 
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implies F1 ,F)  are closed in t 

Since (X,t) is not - normal 

is normal 

Then (X.3) is not Ullia - normal 

Example: 2.5.8 A space which is both strong - normal and Ultra - normal but 
not F - nonnal. 

LetXbeasetand5=.[U: U;>-c314}TakeV= l/4 X1 beafuzzY  closed  sctand 

1JX .'3/4 
(x} 

therefore U(x) > 314 for every x .. tJc8 

Since V(x) !~ 1/4 and U(x) ~!: 3/4 VCLT 

If Ec8 then F(x) ~! 3/4 for every xcX 

clE=r' (R/B'e8.FCB) 

icn ==> P.(> 3/4 ==> Bc6 

As B'S. B is closed 

B is both Closed and open 

B=c1  

clE - not contained in U 
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there exists no open set EsS such that VCECECU 

therefore (X.S) is not - F-normal. 

i(s) = / Uc6 and U(x)> 3/4 } = 2x 

[If .PC.X 

Define amappinf:X --->Iby 

U(x) = 3/4 if xeA 

=0 ifxA 

And (X, i(8)) is normal 

= { (X,f) if t < 3/4 

2X if 1>3/4 

Hence (X,6) is strontf-normal and Ultra normal. 

Example 2.59 

A space which is u(rra normal but not strong normal 

J.etX he a set a consider a fuzzy topolo,y6 = {{c0,cll t-) {lt2sXAfXfl6AJ 

l/4X/iCX} 

where x )cX. then we hae 



i1(8) = 2 if t < 1/4 

f(A. x0cA} if t[1/4,1/2) 

{X,4} if tL1/2 

Then i(8) is the discrete topology which is normal, but jACX; x0cAJ is not 

normal so (X.S) is Ultra - normal and not strong - normal. 

Example; 2.5.10 Aspace which is strong - normal but not Ultra - normal. 

Consider the following fuzzy sets on I 

U(x) = 1/2 if x g (0,1/2) ..i (1) 

t ifX6 {O} [1t2,i) 

V(x) = 1/2 if x(0,I/2) ...11} 

ifxc{1 12, 1) 

if x =0 

('nider the fuLly frpology 8 {c1,c1,U.V } we have 

= 

 f

{4.1. t01j if t < 112 

{4,1, (t,1) (t1){O}} 'if t~<! 112 
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Each (Xi1 (6)) is normal, for they are not disjoint closed sets, Then (X,8) is storig 

- normal. we have 

i(6) = 10, (0,11, (t,i), (0)u {0} :tc[l/21 1)} 

then (0 Of and (0,1 /2]u (1) are disjoint closed set and there are not disjoint open 

sets containing them Then i8) is not normal, 

.. (X$) is not Ultra-normal. 
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