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 Part A          10 x 1 = 10        

            Choose the Correct Answer 

 

     1. Let 𝑅 be a Euclidean ring and 𝑎, 𝑏 ∈ 𝑅. If 𝑏 ≠0 is not a unit in 𝑅, then    
      a. 𝑑 𝑎 = 𝑑(𝑎𝑏)    b. 𝑑 𝑎 < 𝑑(𝑎𝑏)  
      c. 𝑑 𝑎 > 𝑑(𝑎𝑏)    d. 𝑑 𝑏 = 𝑑(𝑎𝑏) 
  

     2.  In a Euclidean ring 𝑅, 𝑎 and 𝑏 in 𝑅 are said to be relatively prime if their greatest common      
           divisor is 𝑎|𝑎𝑛. 

      a. unit of 𝑁    b. zero of 𝑁   
      c. unit of 𝑅    d. zero of 𝑅  
  

     3.   𝐹(1)  is _______ to 𝐹(𝑛) for > 1 .         
       a. isomorphic    b. not isomorphic  
                 c. homomorphic    d. equal 
 

     4.  𝐹(𝑛)  is isomorphic to 𝐹(𝑚) if and only if         
        a. 𝑛 = 𝑚     b. 𝑛 < 𝑚   

                  c. 𝑚 < 𝑛     d. 𝑚 ≠ 𝑛 
 

     5.   If 𝑉 is a finite-dimensional vector space and 𝑊 is a subspace of 𝑉 such that dim 𝑉 = dim 𝑊,      
            then  

       a. 𝑊 ⊂ 𝑉      b. 𝑉 ⊂ 𝑊   
       c.  𝑉 = 𝑊      d. 𝑉 ≠ 𝑊 
 

     6.  If dimF 𝑉 = 𝑛 then dimF(𝐻𝑜𝑚(𝑉, 𝑉)  is        

       a. 𝑛         b. 𝑛2    
       c. 2𝑛        d.  1  
 

     7.  Which of the following is not true for the sub sets S and T of a Vector Space V. 

        a. 𝐿 𝑆 ∪ 𝑇 = 𝐿 𝑆 + 𝐿(𝑇)       b.𝐿 𝐿 𝑆  = 𝑆  

        c. 𝐿 𝑆 ∩ 𝑇 = 𝐿(𝑆) ∩ 𝐿(𝑇)      d.𝐿 𝑆 = 𝐿 𝑇 𝑓𝑜𝑟 𝑆 ≤ 𝑇 
 

     8.  For a subspace 𝑊  of a vector space 𝑉,the annihilator of 𝑊 is a subspace of  
         a. 𝑉     b. 𝑊    

                   c.𝑉       d. 𝑊  
 

     9. If 𝑢, 𝑣 ∈ 𝑉 then 𝑢 is said to be orthogonal to 𝑣 if       
          a.  𝑢, 𝑣 = 0    b.  𝑢, 𝑢 = 0   
                    c.  𝑣, 𝑣 = 0    d.  𝑢, 𝑣 = 1 
 

     10.   𝑣  =              

          a.  (𝑣, 𝑣)    b. (𝑣, 𝑣)   

                    c.  𝑣, 𝑣 2    d.  (𝑣, 𝑣2) 
                           
 

 
 



  

Part B                               3 x 6 = 18  

Answer any Three questions 

Each answer should not exceed 400 words or two pages 

  

11. Show that Euclidean ring possess a unit element. 
      

12. Let 𝑅 be a Euclidean ring. Suppose that for 𝑎, 𝑏, 𝑐 ∈ 𝑅,   𝑎|𝑏𝑐 but  𝑎, 𝑏 =  1. Then  
          prove that  𝑎|𝑐            
  
 

13. If 𝑉 is a vector space over 𝐹. Then prove the following  

        (i) 𝛼0 = 0 for 𝛼 ∈ 𝐹 
        (ii) 0𝑣 = 0  for 𝑣 ∈ 𝑉 
        (iii)  −𝛼 𝑣 = −(𝛼𝑣) for 𝛼 ∈ 𝐹, 𝑣 ∈ 𝑉 

        (iv) If 𝑣 ≠ 0, then 𝛼𝑣 = 0 implies that 𝛼 = 0.  
       

      14. Prove that if 𝑉 is a vector space over 𝐹 and if 𝑊 is a subspace of 𝑉, then 𝑉 𝑊  

         is a vector space over 𝐹. 
         

15. Show that  if 𝑠 ≤ 𝑣 then the  linear span of 𝑆 is a subspace of 𝑉.    
  

16. Prove that if 𝑉 is finite-dimensional over 𝐹 then any two bases of 𝑉 have the same 
         number of elements.          
  
     

17. Prove that if dim𝐹 𝑉 = 𝑚 then dim𝐹 𝐻𝑜𝑚 𝑉, 𝐹 = 𝑚. 
     

18. Show that 𝐴 𝐴 𝑊  = 𝑊, where 𝐴 𝑊  denotes the annihilator of  𝑊.   
                

19. Prove that 𝑊⊥ is a subspace of 𝑉.  
        

      20. If 𝑉 is a finite-dimensional inner product space and 𝑊 is subspace of 𝑉, then prove 

         that   𝑊⊥ ⊥ = 𝑊.           
 

 

                                                                          Part C                                         2 x 11 = 22 

       Answer any Two  questions  

Each answer should not exceed 800 words or four pages 

 

21. Let 𝑅 be a Euclidean ring and let 𝐴 be an ideal of 𝑅. Then prove that there  
        exists an element 𝑎𝑜 ∈ 𝐴 such that 𝐴 consists exactly of all 𝑎0𝑥 as 𝑥 range over 𝑅. 
   
22. State and prove Unique factorization theorem.       
 

23. Prove that if 𝑇 is a homomorphism of 𝑈 onto 𝑉 with kernel 𝑊, then 𝑉 is  

         isomorphic to 𝑉 𝑊 .          

    

  24. If 𝑉 is the internal direct sum of 𝑈1, 𝑈2, … , 𝑈𝑛 , then prove that 𝑉 is isomorphic  
          to the external sum of  𝑈1, 𝑈2, … , 𝑈𝑛 .        
  

  25. Prove that if 𝑣1, 𝑣2 , … 𝑣𝑛  is a basis of 𝑉 over 𝐹 and if 𝑤1, … , 𝑤𝑚  in 𝑉 are linearly  
         independent over 𝐹, then 𝑚 ≤ 𝑛.        
  

 26. If 𝑉 is a finite dimensional  vector space and if 𝑊 is a subspace of 𝑉, then prove  
         that 𝑊  is also finite-dimensional, dim 𝑊  ≤ dim 𝑉 and dim 𝑉/𝑊 = dim 𝑉 − dim 𝑊. 
      
 
  
 
 
 
 



 
 
 
 
 

27. Show that if 𝑉 is finite-dimensional vector space and 𝑣 ≠ 0 ∈ 𝑉, then there is  

          an element 𝑓 ∈  𝑉  such that 𝑓(𝑣) ≠ 0.        
    

28. Prove that if 𝑉 and 𝑊 are of dimensions 𝑚 and 𝑛,  respectively, over 𝐹, then  
            𝐻𝑜𝑚(𝑉, 𝑊) is of dimension 𝑚𝑛 over 𝐹.        
  

 
29. State and prove Schwarz inequality.  
      

     30. Prove that every finite dimensional inner product space has an orthonormal 
         set as a basis.           
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