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CHAPTER 3 

SOME PROPERTIES OF (r, s)-To  AND (r, s)- T1  SPACES 

In this chapter, we study some of the properties of product 

intuitionistic fuzzy topological spaces of (r, s)-T0  and (r, s)-T1  spaces 

introduced by S.E.Abbas and Biljana Krsteska [2]. Some important results 

and characterizations of product intuitionstic fuzzy topological spaces are 

studied. Some interesting properties of (r, s)-T0  and (r, s)-T1  spaces are 

discussed in detail. 

SECTION: 3.1 

PRELIMINARIES AND DEFINITIONS 

Definition: 3.1.1 

Let X be a non-empty set. An IFTS (X, t, t) is called stratified if 

t(q) = 1 and r*(a)=  0 for each aEI. 

Notation: 3.1.2 

For aEI, a(x) = a for all xEX. 

Definition: 3.1.3 

Let (X, r, 'r) be an ifts. Let the operators C *:IxxIoxIl _>Ix be defined 

by C (X,r,$)= A{t E ix ,X :!~ tij(1_ 
)~! 

r,T(L -  
):!~ 

s}. 
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Theorem: 3.1.4 

Let (X, t, t) be an ifts. Then for 1X  and r, r1EI0  and s, 51EIj, the 

operator CT, satisfies the following conditions: 

C 
T,T* 01 

r,$)=  50, 

2C(X,r,$), 

C 
It C I I t 

(,r,$)vC (t,r,$)=C (Xvt,r,$), 

C (,r,$)C (2,r1,s1) ifr~r1  and s~s1, 
1,1 Ct 

C11 (, r, s), r, s)= C (x, r, s). 

Definition: 3.1.5 

Let X and Y be two non-empty set. A function f: (X, -r, t*) -> (Y, ?L 
*) 

is 

IF continuous if 'r(f 1(ti)) ~! U(t) and T*(f LL"(t), for each jY; 

IF open if 't (t):!~ LL(f()) and t*( jt) for each tEIX; 

IF homeomorphism if and only if f is bijective and both f and f1  

are IF continuous. 

Definition: 3.1.6 

Let Ox  be a subset of 1X  containing T and 5. A pair (, 
*) 

of 

functions 3, 3: 8 -> I is called base for an IGO on X if it satisfies the 

following conditions: 
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(Bi) 1, VXEO, 

PM=i and  P * ri) = 0, 

13(X i  A?2)~!p(l)A13(X2)and 

A x2) :!~ I3*(X l) v I3*(2) Vki Ee,  i = 1, 2. 

Definition: 3.1.7 

Let ('r, t*)  be an intuitionistic fuzzy set on X. Then (1, j3*) is said to 

form a base of (t, t*)  if P and 
3* 

 are bases of t and -, respectively. 

Definition: 3.1.8 

Let ('r, 
*) 

be an intuitionistic fuzzy set on X. Then (, ) is said to 

form a subbase of (t, t*)  if and are subbases of t and 'r, respectively. 

Definition: 3.1.9 

Let (, 3) be an IF topological base for X. Define the function 

I  ->Ias follows: 

For each 

1VAt1)} ,ifL=vk,t1  EO N , 
icJ 1€J 

= ,ifR=O 

1
0 otherwise, 

where v is taken over all families {i..t E 01 t = v }, ieJ 

iCj IEJ 

= 0 if=O 

[1 , otherwise, 



where A is taken over all families {i E O1 = v 
IEJ 

Then 

(X1 'r,J%) is an IFTS; 

Amapf: (Y'  T, (X, is IF continuous if and only if 

t(f1(X)) and 13*(X) ~ r*(fl(X)) for all ke-Ox.  

Definition: 3.1.10 

Let X be a product of the family {X / ieF} of sets, and for each iEF 

X - Xi  a projection map. For each XE 
I, I, JEF and X E 1X1  the 

following properties hold: 

t(ç1 (X)A X)=X A7c(X); 

if v X(x)=a1  for iEF with each finite index subset F of F-{j} and 
x'(=X 

put a = A a, then 
IEF 

V AT1i 1(ki ))(x)='a; x€X iF 

71 i  (A - (X))= . 

EF 

Definition: 3.1.11 

Let (X, 'r, r*)  be an IFTS, 1X 
xt EPt(X), rEI0 and SE11. 

Then Q(x, r, s) = { tEIX / xtq t, 'r(p) ~! r, t*(t) ~ s}. 

A fuzzy set tEQ(x, r, s) is called (r, s)-Q open neighbourhood of x. 
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SECTION: 3.2 

SOME PROPERTIES OF PRODUCT INTUITIONISTIC FUZZY 

TOPOLOGICAL SPACES 

Theorem: 3.2.1 

Let {(X, 'rj, tj*)}Er  be a family of IFTSs, let X be a set and for each 

iEF,f :X—>Xa map. 

Let 

n 
0x {#=.,f 1(ykj )/tkJ (7kj )>0, Vk j  EK}, 

for every finite set K = {k1........., k} c F. Define the functions 1, 13: Ox-+  I 

on X by 

= 

n n 
I3*() = A {v t ( . k ) / t = 

A f1(Yk )}, 

where v and A are taken over all finite subsets K = {k1........., k} F. 

Then, 

(, 
f3*) is an IF topological base on X; 

the IGO, (t,,r**)  generated by (3, 3*)  is the coarsest IGO on X for 

which each iEF, fi  is IF continuous; 

a map f : (Y, rl , -- (X, t, t) is IF continuous if and only if for 

each iEF, f o f is IF continuous. 



Proof: 

(1) (131) It is trivial. 

Since ? = f(X) for each 2{3, 1) 

3(i)=(0)1 and 13*W = I3*(3)0. 

For all finite subsets set K = {k1, k2  .......... k} and 

= (ii, J2........., jq} of F such that 

A f-1() 

we have 

(p 
XA =

ki ki))A A I 
i=1 

Furthermore, we have for each kEKnJ, 

1(0 Afkk) = 

Put XAI = A fr(1i)(Pmj), 
mcKuJ 

kmi f mEK - (KnJ) 

where Pmj tmj if rn EJ - (KflJ) 

k mi ALm. if rn i  (=- (KflJ) 

We have 

(XAt) A t(p) 
j€KuJ 

> 
( i=1 i=1 

Atk (k ) A ()) 

V t(p) 
jcKuJ 
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< 1v1* (. vlvt* (t 
kJ) 

(q 

k ) 

Then, (X A p) ~! (X) A i) and I3*(X A :!~ i3*(?) v 

(2) For each Xi  e jXi  one family { 1(X )}, and iEF, we have 

T,(f-1(Xj )) ~! ~! 

3* I  

Thus, for each IEF, f: (X, t13,t*)  —> (X, t ,-) is IF continuous. 

Let f : (X, t° ,to*) —> (X, t ,t) be IF continuous, that is, 

xi for each IEF and ? El 

T
O and 

For all finite subsets K = {k1, k2........., k} of F 

such that X = A f71 (2k)'  we have 

Pp 
~ t0 (f 1(? k.)) ~ 

i=1 

p p 
t
0* 

(f~i   Ni V (). 
i=1 

It implies t°(X) ~! 13(X) and -co*(X) 13*(X) for each XEIX. 

By theorem 3.1 .9 (2) -co
>— ,up and 'r' < 't. 



(3) () Let f: (Y, t , 'r) —* (X, 'r , 't,) be an IF continuous. 

For each Id' and X. EIXi  we have 

((fi  0fY1(X))  

((fi  f)-1(X))  

< 

Hence f o  f : (Y, 't. , t) —> (X, t1  , -r) is IF continuous. 

(=) For all finite subsets K = {k1, k2........., k} of F 

such that X = A 

since 
• 
of : (Y, ',t) —+ (X. ,tk  ,t.) is IF continuous, 

'K 
 

tl(f 1(f b o k t. (kki  

*(f-1(f-1(x ))) :!~ t
iki 

. (?.) 

Hence, we have 

c1(f1()) = t If 1(A f 1()) 
i=1 

= tl(Af 1(f 1(Xk. )) 

P 
~ Atl(f 1(f 1(Xk. ))) 

i=1 

 

 



~ At.(2.)) (by(A)) 

* I 
t1(f (X)) = t*f 1(A f 1()) 

- *(f1(f1( 
)) ' l  

P 
~ vT*(f1(f1(Xk ))) 1=1 

P 

~ (by(B)) 

It implies T1(r1(x)) ~! 3(X) and t (f1(X)):!~ 13*(X)  for all ?I x. 

By theorem 3.1.9 (2) f: (Y, t1 ,t) —~ (X, is IF continuous. 

Definition: 3.2.2 

Let(X, t,r*)  be an IFTS and AcX. The triple (A, tIA, t*IA) is said to 

be a subspace of (X, if (t/A, c*/A)  is the coarsest IGO on A for which 

the inclusion map i is IF continuous. 

Definition: 3.2.3 

Let X be the product n x of the family {(X, t1, t) I iEF} of lFTSs. 
cf 

The coarsest IGO, (t,t*) = (®t, (gt) on X for which each the projections 

it : X —> X, is IF continuous, is called the product IGO of {(, t ' ) I i(.-['} and 

(X, t, t) is called the product IFTS. 
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Lemma: 3.2.4 

Let (Y, tL, LL*)  be an IFTS and (1, p*) be an IF topological base on X. 

If f : (X, P, 3) - (Y, LL, 21*)  is a function such that (X) :!~ LL(f(2)) and 

21*(f(?)) for all 2Ox,  then f: {(X, -r, t) - (Y, 21, 21*)  is IF open. 

Proof: 

Let (Y, 21, 21*)  be an IFTS and (p3, 3) be an IF topological base on X. 

Let f : (X, 3, 3') -> (Y, 21, 21*)  be a function such that () < LL(f(2)) 

and *() 2i*(f(?)) for all ?.EOX. 

To prove: f: {(X, 'rn, t,) -~ (Y, 21, 21*)  is IF open. 

Suppose there exists JiEIX  such that t13(j.i) > LL(f(p)) or () < 

then there exists a family {XEOx  / = v X} 
lEE 

such that -r(ji) ~! A 13(X 1 ) > 21(fQ.t)) (or) t'  (ii) :!~ v 13*(X1) < 
€1 lEE 

On the otherway, 

since 21(f(X)) and 13*(X) ~: 2L*(f(X))VXE0X 
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Then we have 

AI3(?) ~ A LL(f(?)) ~ LL[v(f(X1 ))] = L[f(v(X1 ))] = lL(f(jt)), 
El iEl iEF IEI 

v 13*(?) ~ v l(J*(f(X))  ~! LL*[ 
V  (f(X))] = = 

El iEF iEr iEF 

It is a contradiction. 

Hence f is IF open. 

Theorem: 3.2.5 

Let (X, t,T*)  be a product space of a family {(X, 'r-r) I iF} of 

IFTS's. Then the following statements are equivalent: 

a projection map 7rj  : (X, t, t) -~ (Xi, t, t) is IF open; 

for every jL = A 7t 1(2H) such that v X(x) = ai  for each aiEE  • 
€1 X(=Xj 

and iEF0  such that a finite index subset FO of F-{j} and t(X,) > 0, then 

A Ti (?) ~ 'r (a) and v c (2k) ~! t '  (a), where a = A a1. 
El0 El0 El0  

Proof: 

(1)=(2) 

For every 71(2 1 ) such that v 2 1(x) = oti  for each aEI and 
El XEX 

jEFo such that a finite index subset F0  of F-{j}. 

By lemma 3.1.10 (b), we have, 

for a = A a1, () = 7r
j A Th-1() a 

El0 1\ IEl0 
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Since PcOx, by Theorem 3.2.1, we have 

A  
eU0  

v t 
* 
. (X) ~ 13*() * 

>1 (p). el0 - 13* 

Since 7rj is IF open, we have 

:!~ = 

T*(t)~! t(7100)  

Hence A -rX) ~ t(a) and v (X) ~! t (a). 
id 0 ieF 

(2) = (1): 

From Lemma 3.2.4, it is enough to show that 

:!~ t(t(X)) and I3*(It) ~! for all 2'°x• 

Suppose that there exists YEOX such that 

> t(itj(y)) or 13*() < 

Then there exists a finite index subset F0  of F-{j} with 

= 
1() A 

Ii
EFO 
A 1(X) (take ? = ) such that 

) > () A A  T ()1 > 
1' 10 ] 

~ v r V t(X < 
L1dbo 
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On the otherway, by lemma 3.1.10 (2), we have 

j(7) 
= 
 Tij 

 I 

1(X)A

I  

A 

= 1(X)1 
'€10 

= 2Aa 

where v ki(x) = (xi  and c = A c. 
XExi ir=F 

Since A t(A) ~ t(a) and v t (X) ~! t (a). 

EU0 i€F 

We have 

tj(7tj(7)) = 

> t(2.) A t(a) 

> t1(?1)) 
'€10  

t (cj(y)) = t (A A a) 

< t(X)t. t(a) 

- v( v < 't(X) 
* 

€10 

It is a contradiction. 

Hence F3Qi) :!~ t(t(2)) and 3*(p) ~ 't1(1tj(?)) for all XEOx. 

Hence 'jt : (X, T, , t, (Xi, t1, t) is IF open. 
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Theorem: 3.2.6 

Let (X, , t) be a product space of a family {(X, Ti, t) / iEF} of IFTSs 

and (Xi, t j, t) be stratified. Then the following properties hold: 

(X, r, t) is stratified; 

a projection map Tcj : X -> Xj  is IF open. 

Proof: 

Let (X, t*) be a product space of a family {(X1, 'ti, 'r) / IE17} of lFTSs 

and (Xi, t, t) be stratified. 

To prove: (X, , t) is stratified. 

It is clear that, 

for all cxEI, 

v{A 'r1(X1)/UA 71 1 (X)}~t(a)1, 
I€I-o 

't(a) :!~ 3*(a) = v -r(X1)/czA Tc1(?H)}~  t(ct) = 0. 
IEF0 'O 

Hence t(a) = I and r*(a) = 0 for all aEI. 

(X, r,  t*)  is stratified. 

To prove: A projection map 7t : X —> X is IF open. 

Since t(a) = 1 and 't(ct) = 0 for all aI, 

It satisfies the condition of theorem 3.2.5 (2). 



Therefore, by theorem 3.2.5, we get, 

a projection map 7C X - X1  is IF open. 

Hence the proof. 

Theorem: 3.2.7 

Let (X, 'r, r*)  be a product space of a family {(X1, 'ri, t) / iEF} of IFTSs 

and let (Xi, t, 'r) be stratified. Then for each R,  = X x 1I1{y' I i#j} in X 

parallel to X, 7uj I  X : X is an IF homeomorphism. 

Proof: 

Let (X, t, t ") be a product space of a family {(X, t, 'r) / i(=-F} of lFTSs 

and let (Xi, t, t ' ) be stratified. 

To prove: nj I  X Ri  -> Xj  is an IF homeomorphism. 

Let X = X x IIE{y' / H}. 

Since i: X-*X and t: X1  are IF continuous, 

= I 5 is IF continuous. Also 7rj I  X1  is bijective. 

Now it is enough to show that 7rj I  X1  is IF open. 

Suppose there exists EI xi such that 

t I X(1.i) > -cj (Tcj I X(t)) (or) 

* 

I X(1.t) < 'r* (7rj I X1 Qi)). 
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Then there exists YEIX  with ji = i 1(y) such that 

t I Xi  (') > (y) > rj(7rj I X1  (pt)) 

(or) t I (j.i) ~ < 't (7rj I (.t)). 

From the definition of (t, t*), there exists a family {Yk(=-OX  I y = v 7k} 
kEK 

such that 

t(7) ~! A P  (7k) > I X j  (ri)) 
kEK 

(or) *() 
v 3*(yk) < t (71i I X (p)) 

kEK 
(C) 

On the otherway, since each YkEOX, there exists a finite index Fk of 

F-} with 7k =
(~- kj ) A 

( 

A  

IEFk 

Since 7t1()(x) = y'  for i#j, then for each XE X, 

A :10-)(x)= ( A 
iEFk HEFk 

Putak= A X(y)) 
ieF 

Let tk = r1(Yk) for each kEK. 

Then, 

TCj I X,  (<) (xi) = V{!ik(X) I XE X, 7rj I X j  (x) = 

= v{i 1(yk)(X) I XE X, n(x) = x (tk = 

= v{7k(X) I XE X, 7t(x) = 
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= v{içi(?j)(x) A (A 
1 (.)(x)IxEX. t(x)=x')} 

IEFk 

= v{Ak (7r1(x)) A (A ? )(ir(x)) I XE , 7t1(x) = X} 
i€Fk  

A (A ?)y' kj iEFk 

= (xi) A cLk 

= (Xk A)(x). 

Hence 7Ej I  X (p,) = A ak . 

Thus, 

t1(7r I X j  (tk)) = tj(?k, A 

~ 

= tj(A.k1 ) 

~ tj(?k)A(A?i) iEFk  

I X j  O.ik)) = 

:!~ 'r(2)v t() 

= 

:5  i€Fk 



From the definition of (13, 13*), it implies 

I 5 (iJ) 13(yk), 

t (7rj I X (j.tk)) 
~ 

Thus, 

I X (ii)) ~! A 'Uj(7Uj I X, (I.'k)) ~ A 13(7k), 
kK k€K 

t(7tJ I X(t))~ V t(it I X(Ik))~ v 
k€K i kEK 

It is a contradiction to (C). 

I X is an IF open. 

Hence nj  I X1  is an IF homeomorphism. 

Example: 3.2.8 

Let X = {x1 , x2, x}, Y = {y1, y2} and Z = {z1, z2} be sets W = X x Y x Z 

a product set. 

Let It1 : W -> X, It2 : W -* Y and 713 : W -* Z be the projection maps. 

Define t1 , t : Ix I by 

1 ifX=O,1, 0 if2=O,1, 

' 
(2) = if ? = t (2) = if ? 

0 otherwise, I otherwise, 

where ? 1(x') = 0.5, X1(x2) = 0.2 and ? 1(x3) = 0.3. 

Also, X = {(x, y2, z2) : xEX}, define */ : I -> I by 
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o ifp=0,1, 

1 
if p1 , 

if 

if jt=O 7, 

1 otherwise, 

I ifp=0,1, 

1 
if 

if p=O 1, 

if p. =0 7, 

o otherwise, 

where p1(x1, y2, z2) = 0.5, p1(x2, y2, z2) = 0.2 and pi(x3, y2, z2)= 0.3. 

Then the projection map -> x is bijective If continuous, but 

is not IF open, because 

= (Qi) :~ '1/j 
(p.1)) = 0. 

Hence, X and X are not homeomorphic. 

Theorem: 3.2.9 

Let (X, r, t) be a product space of a family {(X, 't1, t ' ) I iEF} of 

IFTSs. Then, the following properties hold: 

C . (LIX, r, s) :!~ [I C . (X, r, s), VX EIXI , rEI0, SEll , 
iEr i€F r,r 

if C * (X, r, s) = Xh  VX EIXI , rEI0, sEI1 , then C (LIX, r, s) = LIX. 
T i 
 I 
t. ii icr 

Proof: 

Let (X, , -r) be a product space of a family {(X, t, t ' ) I iEF} of 

IFTSs. 



1) To prove: C .(U?, r, s) LI C (X, r, s) VA EIXI  rEI0, SE11. 
rr EU iEF 

Suppose C,,,. (JJX, r, s) :~ LI C. (X, r, s). 
EU iEl 

Then there exists XEX and tE(O, 1) such that 

C .(IT2, r, s)(x)~t> [IC.(X, r, s)(x) (D) 
Tt EU iEr 

Since LI C (?, r, s) <t, there exists jEll' 
EU 

such that LI C 
I * 

(X, r, s) (C. (?, r, s)) < t. 
, 

I 
IEU t. t. 

Put 71(x) = x. 

C
1 
 (?, r, s) (xi) < t. 

From the definition of C, there exists 
Xj 
 with 2 :!~ and 

, :!~ s such that C11 ('' r, s) (x') ~ p(x') <t. 

On the otherway, we have 

7Cj(7j)!~ 7tT1() 

= A 7c:1(X) :!~ 
EU iEr,  

C .(LEX, r, s):!~ ItT1 (i1).  

Since t(T—ItT1(.1j)) = 
t(ItT1( 1— tj)) ~ > r 

—1 
and t

* 
(I —7t —1 ()) = t

* 
(7t (1—k)) -r1(1—) :!~ s. 

Hence C (LI?, r, s) (x) < 7ç'(tj) (x) = j(x) <t. 
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It is a contradiction to (D). 

Hence C . (UX, r, s) :!~ U C,,,.,. (?, r, s). 
Tj 1EV iEF 

2) To prove: if C * (?, r, s) = A, Vkj  E IXI rET0, sEI1 . 

then C . (UX1, r, s) = U?1.. 
T. 1EV ii 

It is clear that 

11?1. :!~ C,,,. (U?1., r, s)~ U C * (X, r, s) = U?1. 
1eV 1EV *1 Ti 'Ti iEF 

Hence C,,,. (UX, r, s) = FIX. 
el 1EV 

SECTION: 3.3 

SOME PROPERTIES OF (r, s)-T0  AND (r, s)-T1  SPACES 

Definition: 3.3.1 

An IFTS (X, t, t) is 

(r, s)-quasi-T0  space if for each x, XmEPt(X) and t<m, there exists 

XEQ(Xm, r, s) such that xqX. 

(r, s)-sub-T0  space if for each x # yEX, there exists tEl0  such that 

there exists ?1.EQ(x, r, s) such that yqX, or there exists tEQ(y, r, s) 

such that xt qp. 

(r, s)-T0  space if for each xt, YmEPt(X), there exists ?1.EQ(xt, r, s) such 

that ym qX, or there exists iEQ(Ym, r, s) such that xqp.. 
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4) (r, s)-T1  space if for each Xt, Ym Pt(X), such that x :~ Ym' there exists 

XEQ(xt, r, s) such that ym q2. 

Theorem: 3.3.2 

Let (X, t, t) be an IFTS. Then the following statements are 

equivalent: 

1) (X, t, r) is (r, s)-T0  space; 

2) for each Xt, YmEPt(X), Q(x, r, s) # Q(Ym, r, s); 

3) for each Xt,  YmEPt(X), then xt o C. (Ym'  r, s) or Ym  o C. (Xt, r, s). 

Proof: 

=> (2): It is trivial. 

=> (3): Let 2EQ(x, r, s) and ?cQ(Ym,  r, s). 

Since XQ(Ym,  r, s), we have 

ym :!~ 1—X, t(X) ~! r, s. 

By definition 3.1.3, we have C. (y,  r, s) :!~ 

Since xq2. and X ::~ T- C. (y-,, r, s), then xq[1— C. (Ym  r, s)]. 

Hence Xt o C. (Ym,  r, s). 

=> (1): 

Let Xt, YmEPt(X) and Xt C. (y, r, s). 

Then t> C. (y, r, s) (x) implies xq[i — C . 
(y, r, s)]. 
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Since C. (Ym,  r, s) = A{J.1t ~! y, t(1—j) ~! r, T*(1_t) :!~ s}. 

Since 'r(v(1—i)) > A t(T-1) and t*(v(1_Jj)) :!~ v 

we have t(1—C. (Ym,  r, s)) ~! rand t*(i_C. (Ym,  r, s)) :!~ s. 

Hence [1— C. (Ym,  r, s)] EQ(xt, r, s). 

Since Ym E C. (Ym,  r, s) and Ym q [1 C. (Ym,  r, s)]. 

Hence (X, r,  t) is (r, s)-10  space. 

Corollary: 3.3.3 

Let (X, t, r) be an IFTS. Then the following statements are 

equivalent: 

(X, 'r, 
*) is (r, s)-quasi-T0  space; 

for each x, XmEPt(X), Q(x, r, s) # Q(Xm, r, s); 

for each x, XmEPt(X), then xt o C. (Xm, r, s) or Xm C. (Xt, r, s). 

Corollary: 3.3.4 

Let (X, t, t*)  be an IFTS. Then the following statements are 

equivalent: 

(X, r, t*)  is (r, s)-sub-10  space; 

for each x # yEX, there exists tEl0  such that Q(x, r, s) # Q(y, r, s); 

for each x # yEX, there exists tElo  such that xt  o C. (Yt,  r, s) or 

Yt o C. (xt, r, s). 
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Example: 3.3.5 

Let X = {x, y} be a set. We define an IGO (t, t*)  on X as follows: 

I if2=1orO, 

= if X = x071  

0 otherwise,  

0 if?=1orO, 

*()1 ifX=x07, 

I otherwise, 

For each x # yEX, there exists 0.4 e I 

such that x07  E Q(x04, 1/2, 1/2) and y04 x07. 

Hence, (X, t, 'r) is (1/2, 1/2)-sub-T0  space. 

On the other hand, since Q(y05, 1/2, 1/2) = Q(y0,6, 1/2, 1/2) = {1}, 

by Corollary 3.3.3(2), (X, t, 'r) is not (1/2, 1/2)-quasi-T0-space. 

Theorem: 3.3.6 

Let (X, r, 'ri) be an IFTS. Then the following statements are 

equivalent: 

(X, , 

*) is (r, s)-T space; 

for each xtEPt(X), xt  = C. (xt, r, s); 

for each XEIx, = A{Ji / ? :!~ , 'r(t) ~! r, t*Qi) ~ s}. 

Proof: 

(1) => (2): 

Assume (X, T,  t*)  is (r, s)-T1  space. 

Claim: for each x€P(X), xt = C. (xt, r, s); 
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It is enough to prove that C. (xt, r, s) :!~ xt. 

Let YmE C. (xt, r, s). 

Suppose that y x 

Since (X, t, t) is (r, s)-T1  space, there exists XEQ(Ym , r, s) such that xq?. 

x:!~ 1_X with t()~!rand s.  

Hence C. (xt, r, s) :!~ 1— . 

Since YmE C. (xt, r, s) 1— X, we have 7EQ(ym, r, s), 

which is a contradiction. 

Hence Ym :!~ xt. 

Since YmE C. (xt, r, s). 

Ym :!~ xt, then C. (xt, r, s) :!~ x. 

(2)(3): 

Assume xt  = C. (xt, r, s), for each xt EPt(X). 

Claim: 

= A{..t / 2 :!~ t, t(t) ~! r, s} for each XC IX.  

Let p = A{t / X :!~ , t(t) ~! r, t*(t) :!~ s}. 

It is enough to show that p :!~  X. 

Suppose there exists xEX and tE(O, 1) 

3 p(x)> 1—t~!X(x). 

Then? 1—xt. 



Since xt  = C. (Xt, r, s), 

t(1- Xt) = t(1-C. (Xt, r, s)) ~! r, t*(1C (xi, r, s)) :~ s. 
rr 

Hence p :~ 1- Xt, which is a contradiction. 

Therefore, p :!~  k. 

(3) = (1): 

Assume ? = A{ i, 't(t) ~! r, s}, for each 

Claim: 

(X, t, t) is (r, s)-T1  space. 

For each X, YmEPt(X) such that 

Xt :~ Yrn, 1  Xt > ym. 

From (3), since 1- Ym = A{p. / 
- y :!~ , (.t) ~! r, T*(t)  :!~ s}, there 

exists i ymTX  such that 

t(1- ym) > r, 'r'(i- Yrn) :!~ s. 

Since i- xt  ~-' y,  we have xt q [1 Yrn]. 

Thus 1 YmEQ(Xt, r, s) such that Yrn  q [1 Ym]. 

Hence (X, r,  t ') is (r, s)-T1  space. 

Theorem: 3.3.7 

Let (X, r, r*) be a stratified IFTS. Then (X, r, t*)  is (r, s)-quasi-10  

space for all rEI0, sEI1 . 

Proof: Let (X, t, 
*) 

be a stratified IFTS. 

67 



Claim: 

(X, t, t") is (r, s)-quasi-T0  space for all rEl0, 5E11. 

Let Xt, XmEPt(X) such that t < m. 

Then there exists aEI0  such that t :!~ 1—a < m. 

Since (X, t, tt) is stratified IFTS, we have t(a) = 1 and t*(a) = 0. 

Hence cLEQ(Xm, r, s) such that xt q a. 

Hence (X, r, t) is (r, s)-quasi-T0  space for all rEI0, sET1. 

Theorem: 3.3.8 

Every (r, s)-T0  space is both (r, s)-quasi-T0  and (r, s)-sub To. 

Every (r, s)-T1  space is (r, s)-T0  space. 

Proof: 

1) Assume (X, t, t) is (r, s)-T0  space. 

Claim: (X, t, t ' ) is (r, s)-quasi-T0  and (r, s)-sub To  space. 

For each xt, XmEPt(X) such that t < m. 

Claim: I 

(X, -c, T*)  is (r, s)-quasi-To  space. 

Since (r, s)-T0  space, there exists 2EQ(xt, r, s) such that xq 2. 

Since t < m, we have xt q X. 

Hence X is (r, s)-quasi-T0  space. 

Hence Claim 1. 
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Claim: 2 

(X, r, r*) is (r, s)-sub To  space. 

For each Xt, ytEPt(X) such that xt  # Yt 

Since (X, t, t) is (r, s)-T0  space, 

XQ(x r, s) 3 yqX. 

Since Xt # Yt we may also have, 

pEQ(yt  r, s) 3 xt q . 

For each x # yEX, there exists tEl0  3 

Q(x, r, s) # Q(y, r, s). 

(X, t, t) is a (r, s)-sub To  space. 

Hence Claim 2. 

Hence X is both (r, s)-quasi-T0  and (r, s)-sub-To  space. 

2) Assume (X, r, t) is (r, s)-11  space. 

To prove: 

(X, t, t) is (r, s)-T0  space. 

For each Xt, YmEPt(X) if xt  Ym 

by (r, s)-T1  space, 3 ?EQ(x, r, s) 3 y1,q k. 

Also, if y :~ x, 

by (r, s)-T1  space, 3 jiEQ(Ym, r, s) 3 xt q p.. 

Hence X is (r, s)-T0  space. 

i] 



Example: 3.3.9 

Let X = {x, y} be a set. 

We define an IGO ('r, r*)  on X as follows: 

1 ifX=a for cLEl, I if?=a for aEI, 

t(2) 
= 

if X = pq' 
*(x)  = if 2 tpq  

0 otherwise, 0 otherwise, 

where for each 0 < p :!~ 0.4, i.tpq(X) = p and tpq(Y) = q, 0 :!~ q < p. 

Since (X, , t) is a stratified IFTS, by Theorem 3.3.7, (X, t, t) is 

(r, s)-quasi-T0  space for each rET0  and s Eli. 

If r> 1/3, s < 2/3, and tEl0, then for each x, yEP(X), we have 

Q(x, r, s) = Q(yt, r, s) = {a / 1 - t < a :!~ 1}. 

By Theorem 33.2 (2) and Corollary 3.3.4 (2), (X, t, t) is neither (r, s)- 

sub-T0  nor (r, s)-T0  for r> 1/3 and s <2/3. 

If 0 < r :!~ 1/3, 2/3 s :!~ I and x # yEX, there exists 0.7 E 10 such that 

there exists 11(2/5)0EQ(x07, r, s) with Yo.7 

Hence, (X, u, 'r) is (r, s)-sub-10  for 0 < r 1/3 and 2/3 :!~ S < 1. 

For x03, Yo.3 E P(X), 0 < r :!~, 1/3 and 2/3 :!~ s < 1, 

we have Q(x03, r, s) = Q(y0.3, r, s) = I q 1 0.7 < a  1. 

Hence, it is not (r, s)-T0  for 0 < r :!~ 1/3 and 2/3 :!~ s < 1. For 0 < r :!~ 1/3 

and 2/3 :!~ s < 1, (X, r, 
t*)  is both (r, s)-quasi-T0  and (s, s)-sub-T0, but not 

(r, s)-To. 
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Example: 3.3.10 

Let X = {x, y} be a set. 

We define an IGO (t, t*)  on X as follows: 

Ii if?=a for aEl, 

H 
t(2)= - 

2 

10 otherwise,  

0 if2=a for aEl, 

I otherwise, 

where for each 0 < P < 1, jtpq(X) = p and tpq(Y) = q, 0 :!~ q < p. 

Let z, Zm E P(X) with t # m for z = x or y. 

We have 

Q(z, i 4D #Q(Zm,14D 

For Xt, ym  E P(X), for p > 1—t, we have p oeQ(xt, 1/2, 1/2) with 

Ymq pO• Hence, (X, t, t" ) is (1/2, 1/2)-T0  space. 

On the other hand, let y05 x05. 

For each tpq EQ(Xt, 1/2, 1/2), since q + 0.5> 1 and p> q, 

we have x05 q 1pq  that is Q(y0,5, 1/2, 1/2) ci Q(x05, 1/2, 1/2). 

Thus (X, -r, *) is not (r, s)-T1  space. 

Theorem: 3.3.11 

Every subspace of (r, s)-quasi-T0  (resp. (r, s)-sub-T0, (r, s)-T0, and 

(r, s)-T1) space is (r, s)-quasi-T0  (resp. (r, s)-sub-10, (r, s)-T0  and 

(r, s)-T1) space. 
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Proof: Let (X, t, t) be an IFTS. 

Let A be a subspace of X. 

Claim: I 

Every subspace of (r, s)-quasi-T0  space is (r, s)-quasi-T0  space. 

Let (X, t, t) be (r, s)-quasi-T0  space. 

Let at, amEPt(A) such thatt < m. 

Then at,  amEPt(X) such that t < m. 

Since X is (r, s)-quasi-T0  space, 

3 ?Q(a,, r, s) 3 at q . 

Since tA(I(?)) ~ 'r(?) ~ r and t(I1(X)) ~ t(2) ~ s. 

We have i 1(?)EQ /A  .IA(am, r, s) 3 at'
-1 
 (2). 

Hence claim 1. 

Claim: 2 

Every subspace of (r, s)-sub-T0  space is (r, s)-sub-T0  space. 

Let (X, r, t) be (r, s)-sub-T0  space. 

Let at, btEPt(A) such that at  # b. 

Then at, btEPt(X) such that at # b. 

Since X is (r, s)-sub-T0  space, 

3tEI0, for each a#bEX such that 

3 2Q(a, r, s) 3o bq 2 

(or) 3 JJ.EQ(bt, r, s) 3 atq i. 
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Since tA(I(?)) ~ t(X) ~ r and t(i1(X)) ~ t(X) ~ S 

(or) tA(I()) ~! t() ~! r and f(i1Qi)) ~ 'rQi) ~ S 

-1 
We have 11(X)EQ /A  .,A(at, r, s) (X). 

--1 
(or) i1(t)E QT,A./A(bt, r, s) at '  04. 

Hence claim 2. 

Claim: 3 

Every subspace of (r, s)-T0  space is (r, s)-T0  space. 

Let (X, t, t) be (r, s)-T0  space. 

Let at,  bmE P(A) 

Then at, bm Pt(X). 

Since (X, r, t) is (r, s)-T0  space, 

3 EQ(a, r, s) 3 bm q X 

(or) 3 Ji(=-Q(bm, r, s) at q g. 

Since tA(i 1(X)) -r(?) ~! ~ t r and t(i1(2)) "(X) ~ 5 

(or) 'rA(i 104) ~ t(ji) ~ r and tff1(i)) ~ t(j.t) ~ s 

We have r1(?)E QIA.,A(at, r, s) 3 bm (X). 

(or) 1Qt)EQ,A./A(bm, r, s) 3 at '  (4. 

Hence claim 3. 
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Claim: 4 

Every subspace of (r, s)-T1  space is (r, s)-T1  space. 

Let (X, t, t) be (r, s)-T1  space. 

Let at, bm€Pt(A) such that at :~ bm. 

Then at,  bm EPt(X) such that at  :~ bm. 

Since (X, t, t) is (r, s)-T1  space, 

3 2Q(a, r, s) 3 bm q X. 

Since tA(I(2)) ~ t(X) ~ r and t(r1(X)) ~ ~ s, 

We have j1(?)  E Q,A.,A(at,  r, s) 3 bm 1(?). 

Hence claim 4. 

Hence the proof. 

Theorem: 3.3.12 

Every IF homeomorphic space of (r, s)-quasi-T0  (resp., (r, s)-sub-10, 

(r, s)-T0, and (r, s)-T1) space is (r, s)-quasi-T0  (resp., (r, s)-sub-T0, (r, s)-10  

and (r, s)-T1) space. 

Theorem: 3.3.13 

Let {(X1, ri,  t) / iEF} be a family of (r, s)-quasi-T0  (resp., (r, s)-sub-T0, 

(r, s)-T0, and (r, s)-T1) space. Let (t,t*)  be the product IGO on X = IT X1 . 
Er 

Then (X, r*) is (r, s)-quasi-T0  (resp., (r, s)-sub-T0, (r, s)-T0, and (r, s)-T1 ) 

space. 
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Proof: 

Let (t,t*)  be the product IGO on X = U X. 
'€1- 

Claim: I 

If {(X, t, t) / iEF} is a family of (r, s)-quasi-T0  space then (X, t, t ') is 

(r, s)-quasi-T0  space. 

Let (X1, t*) be a (r, s)-quasi-T0  space. 

Let xt, XmEPt(X) such thatt < m. 

Then there exists iE[' such that (7t1(x))t  < (7t1(X))m. 

Since Xi  is (r, s)-quasi-T0  space, there exists ?I1 

AE Q * ((7ti(X))m, r, s), (7C(X))t q ?. 
Tiji  

Since 7t1(xm) = (7C1(X))m  q ? if Xm (2), we have 

E Q(Xm, r, s), xt  

Hence X is (r, s)-quasi-T0-space. 

Hence claim 1. 

Claim: 2 

If {(X, t, t) / i(=-['} is a family of (r, s)-sub-T0  space then (X, 'r, r*)  is 

(r, s)-sub-T0  space. 

Let (X, t) be a (r, s)-sub-10  space. 

Let xt, ytEPt(X) such that xt # Yt. 

Then there exist iEF such that (it j(x))t  # (ltj(y))t. 
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Since Xi  is (r, s)-sub-T0  space, 3 X€I0  for each x # yEX and 

3 JXj (or) JiE 1xi  3 

XE Q. ((it(X))t, r, s), (i(Y))t  q X. 

(or) 1J.E Q. ((t(y))t, r, s), (7t(X))t ci 

Since 7t(Xt) = (c(x))t  q X if xt  q7 i(X), 

(or) 7tj(Yt) = (lti(Y))t q ji. 1ff Yt  q (j4, we have 

_:-1  

(X) E Q(x, r, s), Yt  q ' (X) 

(or) it () E  Q(yt, r, s), xt  
-It-i 

q (t). 

Hence X is (r, s)-sub T0-space. 

Hence claim 2. 

i 

If {(X1, , Ti*) / iEF} is a family of (r, s)-T0  space 

then (X, t, t) is (r, s)-10  space. 

Let (X1, 'r) be a (r, s)-T0  space. 

Let X, YmEPt(X). Then there exists IEF. 

Since Xi  is (r, s)-T0  space, 

3 XEIXI  (or) .tEIX1  such that 

XE Q
ti Ti 

. ((t(x)), r, s), (7tj(Y))m c X. 
,  

(or) p. Q. (7t1(y))m, r, s), (ni(x))t  q p.. 
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71 

Since 7t(Xt) = (7t(x))t  q X 1ff Xt " (X), 

(or) mj(ym) = (7t j(y))m  q if Ym 
' (t), we have 

:-1  

( X) E Q(x, r, s), Ym 
_, 

q (2), 

(or) 7ri 1  () E  Q(Ym, r, s), xt  

Hence X is (r, s)-10-space. 

Hence claim 3. 

Claim: 4 

If {(X, t, t) / IE1I'} is a family of (r, s)-T1  space then (X, , ) is 

(r, s)-T1  space. 

Let (X, t, t) be a (r, s)-T1  space. 

Let x, YmEPt(X)  such that x y. 

Then there exists IEF such that ((Tc(x))t ((7t1 (Y))m. 

Since (X1, ti, t) is (r, s)-T1  space, 1X1 such that 

?E Q. ((tj(X))t, r, s), (t j(y))m  

Since 7t1(Xt) = (7ri(x))t  q ? if xt 7t (2k), we have 

_:1  

E Q(x, r, s), y  q (2). 

Hence (X, ,r , t*)  is (r, s)-T1  space. 

Hence the proof. 
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Theorem: 3.3.14 

Let {(X, t, t) I iEF} be a family of IFTSs. Let (t,t*)  be the product 

IGO on X = III X. If (X, r, 'r) is (r, s)-sub-T0  space, then (X, Ti , Ti*) is 
er 

(r-c, s-'-)-sub-T0  space for each c> 0 and for each iEF. 

Proof: 

Let x, V E=- Xj  such that x' # V. 

Then there exists X'EX1  for all iEr'—(J} such that x # yEX and 

x' ifiEF-{j}, 

= 

1xi ifi=j 

x ifiE['—(j}, 

= 

1yj ifi=j 

Since (X, ,r, 'r") is (r, s)-sub-T0  space, 

there exists tE(O, 1) such that pEQ(x, r, s), YtqP. 

Let (13, 13k ) be a base for ( 
*) 

Since t(p) ~! r and tt(p) :!~ s, by theorem 3.1.9, for c > 0, there exists 

a family {Pk / D = v Pk}  such that 

A 13(pk)>r—, 
*()< 

v 13*()< s  
ke 

Since Xt q [p = v PkI, there exists kE[' such that xt  q Pk P(Pk) > r - kez 

and 13*() 
<S + C. 

ri;] 



Then, there exists a family {X / Pk = A t 1(2)} in which F is a finite 
IEF 

subset of [' such that 

P(Pk) ~! A r1(2)> r—c, 13*(pk) •v Ti  (X) < 5 + E (E) 
IEF iF 

By without loss of generality, we assume jEF. 

Take F1  = Fu{j} such that Xj = 1; t1()= I and = 0. 

Since xt q Pk  and Yt  q Pk 

t > [ v  ( -2) (it(x)) ] v (i -Xi) (xi) (F) 
i(=F-{j} 

t ~ [ v (i-X) (7t(x))] v (i-2) (yJ) (G) 
ieF-{j} 

If ( v (i-?.) (7t(x))) ~! t, it is a contradiction to (F) and (C). 
cF-{j} 

Thus v (1-?) (11(x)) < t. 
i€F-{j} 

=> t> (-X) (xi), t -?) (y') 

By (E), we have 

r-c and t () < s+. 

Hence 2\i E  Q ((x), r-E, s+E), (y)  q kj. 

Therefore, (Xi, -r) is (r-c, s+E)-sub-To space. 
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Example: 3.3.15 

Let X = {x} and Y = {y} be sets. 

Define IGO (t1, t) on X as follows: 

1 if?=xforaEl, 
= 

0 otherwise,  

0 if7=aforaEl, 

1 otherwise, 

and IGO (2  ;) on Y as follows 

I if2=Qforor1, 0 ifA,=Ofororl, 

t2(X) = if k = y02, ; (?) if = y021 

0 otherwise, 1 otherwise, 

Let X x Y = {(x, y)} be a product set and (t1 (9 t2, t ® t) the product 

IGO XxY. 

Since (x, Y)0.2 = () = 7r2'(YO.2),by Theorem 3.1.9, we have 

(ti ® 2) (0.2) = v t2(Yo2) = 1, (; ® ;) (2) = t2(0.2) A t;(y0.2) = 0. 

We can obtain the product IGO, (t1 ® t, t ® t) as follows: 

1 if?=aforaEl, 
t1 ® t2() = 

0 otherwise, 

0 if?=aforctEl, 

® ; (?) = 
I otherwise, 

Then, (X x Y, 'r1  ® t2, 'r (D t) are (r, s)-T0  and (r, s)-quasi-To  for all rEI0, 

SEll. 
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But (Y, , t) is not (r, s)-quasi-T0  for all rEI0, SE!1. 

Hence, it is neither (r, s)-10  nor (r, s)-T1  for all rEI0, SE!1. 

Theorem: 3.3.16 

Let {(X, t, t) I iEF} be a family of IFTSs and (t,r*)  be the product 

IGO on X = 11 X. If (X, t, t ' ) is (r, s)-quasi-T0  (resp., (r, s)-sub-T0, (r, 5)-b 
EF 

and (r, s)-T1) and (Xi, t, t) is stratified for jEF, then (Xi, t) is 

(r, s)-quasi-T0  (resp., (r, s)-sub To, (r, s)-10  and (r, s)-T) space. 

Proof: 

Let (X, t, ') be (r, s)-quasi-T0  (resp., (r, s)-sub-T0, (r, s)-10  and 

(r, s)-T1) space. 

Let (X1, -ri, rj*)  be a stratified for jEF. 

To prove: 

(Xi, 'ri, t*)  is (r, s)-quasi-10  (resp., (r, s)-sub-T0, (r, s)-T0  and (r, s)-T1) 

space. 

Let (X, t, t*)  and X = X1  x {FJ y' I i # j} of X parallel to X. 

t/X , is a subspace of (X, T, r*), by Theorem 3.3.11 Since X I  

X , /X , is (r, s)-quasi-T0  (resp, (r, s)-sub-T0, (r, s)-T0  and (r, s)-Ti) 

space. 
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Since (Xi, t) is stratified, by theorem 3.2.7, 

5 : (, , r*/Xj ) -> (Xi, uj, 'r) is IF homeomorphism. 

From theorem 3.3.12 (Xi, rj,  t) is (r, s)-quasi-T0  (resp, (r, s)-sub-T0, 

(r, s)-T0  and (r, s)-T1) space. 

Hence the proof. 


