


CHAPTER 3

SOME PROPERTIES OF (r, s)-To AND (r, s)- T1 SPACES

In this chapter, we study some of the properties of product
intuitionistic fuzzy topological spaces of (r, s)-To and (r, s)-T1 spaces
introduced by S.E.Abbas and Biljana Krsteska [2]. Some important results
and characterizations of product intuitionstic fuzzy topological spaces are
studied. Some interesting properties of (r, s)-Tp and (r, s)-T, spaces are

discussed in detail.

SECTION: 3.1

PRELIMINARIES AND DEFINITIONS

Definition: 3.1.1
Let X be a non-empty set. An IFTS (X, 1,7) is called stratified if

1(a) = 1 and t°(a)= 0 for each a.cl.

Notation: 3.1.2

For ael, a(x) = a for all xeX.

Definition: 3.1.3

Let (X, 7, ") be an ifts. Let the operators C, ...I*xIoxI1—I" be defined

by Cm,()»,r,s)z /\{p el*ILg u,r(‘:l'—u)z r,r'(?-u)s S}.
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Theorem: 3.1.4

Let (X, 1, ") be an ifts. Then for A, pel* and r, riely and s, s¢€ly, the

operator C, .. satisfies the following conditions:
(1) c_.[0rs)=0,
2 r<C_.(rs),

3 C_.(rns)vC . (wr,s)=C ,(Avur,s),

*
TiT

4 C._. (Ar,s)<C ,(nr,s,)ifr<ry and s>s;,

*
T

5) C_.lc .(rs)rs)=C_.(rs).

* *
T, T T,T

Definition: 3.1.5

Let X and Y be two non-empty set. A function f: (X, 1, t") = (Y, U, U’)

(1) IF continuous if t(f" (1)) = U(n) and ©*(F" (1)) < U’ (w), for each pel";
(2) IF open if T ()< U(f(n)) and t*(n) > U (f(n)), for each pel™

(3) IF homeomorphism if and only if f is bijective and both f and i

are IF continuous.

Definition: 3.1.6
Let 6, be a subset of I* containing Tand 0. A pair (B,B") of
functions B, B*: 6, — I is called base for an IGO on X if it satisfies the

following conditions:
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(B1) BOYHB(R) <1, VAcH,,
82) B(T)=1and p(7)=0,
(B3) B(A1 AA2)2B(A1) A B(A2) and

B*Ow A 7\,2) < B*(;\q) \Y B*(Kz), V?\, Gex, i = 1, 2.

Definition: 3.1.7

Let (1, t°) be an intuitionistic fuzzy set on X. Then (B, B%) is said to

form a base of (1, °) if p and B" are bases of t and ", respectively.

Definition: 3.1.8

Let (1, t) be an intuitionistic fuzzy set on X. Then (&, &) is said to

form a subbase of (t, 1) if £ and &" are subbases of T and 1, respectively.

Definit_ion: 3.1.9

Let (B,B") be an IF topological base for X. Define the function

TB,‘L';, : I*—> 1 as follows:

For each p €I”,

v {@B(Hi) } ’if“:EVJHi’Hi €0,,

() = <1 =0
0 , otherwise,

where v is taken over all families {p; €0,/ n = VI }
le

/\{i;/JB*(ui)} ’ifu:gjuh“i €f,,

rl}(u)= 0 Jifu=0
1 , otherwise,
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where A is taken over all families {p; €6,/ p = 7 i}
le

Then

(1) X7, )isan IFTs;
(2) Amapf (Y,T,T*)-» (X,rﬁ,r;* ) is IF continuous if and only if

BV < 1(F'(L)) and B*(L) = '(F'(1)) for all Aeby

Definition: 3.1.10

Let X be a product of the family {X; / ieI'} of sets, and for each iel’
n: X — X; a projection map. For each Ael®, i, je[and A, € 1% the
following properties hold:
(1) mn (A AR =k Am(A);

2) if W L (x')=a, forieF with each finite index subset F of I'-{j} and

- XeX|

put a = Ao, then

) vAm'0) Jeo=o

xeX \ie

0)  mlan0n)= @

Definition: 3.1.11
Let (X, 7, t°) be an IFTS, pel®, x,ePyX), rely and sel;.
Then Q(x,, 1, s) = { pel* / xq p, t(n) > r, t°(n) < s}.

A fuzzy set neQ(x, r, s) is called (r, s)-Q open neighbourhood of x;.
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SECTION: 3.2
SOME PROPERTIES OF PRODUCT INTUITIONISTIC FUZZY

TOPOLOGICAL SPACES

Theorem: 3.2.1

Let {(Xi, ©i, ©i )}er be a family of IFTSs, let X be a set and for each
iel’, fi : X —> X; a map.
Let

Ox = {0 = u:j/:\1fk_j1(ykj)/‘tkj(ykj)>0, vk, €K},

for every finite set K = {k;, ........ , ko} = I. Define the functions B, B*: 0x > I

on X by

BD = v T (i) = A (g D

B = Ay () = Afic g b
=1 J =1 J

where v and A are taken over all finite subsets K = {kq, ........  Bap =T
Then,

(1) (B, B*) is an IF topological base on X;

(2) the IGO, (7, ,‘t;;*) generated by (B, B*) is the coarsest IGO on X for

which each ieT, f; is IF continuous;

(3) amapf: (Y, t,15) > X rB,r;*) is IF continuous if and only if for

eachierl, f,o fis IF continuous.
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Proof:

(1)

(B4) Iltis trivial.

(B,) Since A = f () for each 1&{0, 1}

B(7)=p(0)=1and p’(1)=p*(0)=0.
(Bz) For all finite subsets set K = {k4, ka,........

N E_2 | TR T , Jq} of T such that
_ P e Xt
7\’ - i/=\1fki (}\’ki )’ “ . I/=\1fh (Hh)
we have

p q
AAp = (igf;(}‘-ki )) A (Qﬂ'ﬂ(ﬂji ))

Furthermore, we have for each ke KnJ,

f' () AFT () = £ e A )

Put Anp = A f100)(Pm),

where p,. = {1l

A

mj

if m eK-(KnJ)
if m ed—(KnJ).

Ay Al If M e(KNJ)

We have

\%

B(A A W) A Ti(p;)

jekud

\Y/
. oo\
> v
a
=
—~~
>
=
N
S
>
S
T> o
a
—
3
_v
\‘_/

BAAn < v 1i(p)
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= (i; TT‘j (g )) M (i\z T;i (b ))

Then, B(A A 1) = B(A) A B(w) and B*(A A ) < B7(1) v B (w).
(2) Foreach A, €I™, one family {f~'(},)}, and iel, we have
Tﬁ(fiq(}\'i )) @ B(fi_1(7‘i )) > 1 (A),
T;,, (fi_1(7”i )) s B*(fi_1(?\'i ))3 T (N).
Thus, for each ieT, f; : (X, rB,r;* ) = (Xi, 7, ,7) is IF continuous.

Let f : (X, ©°,7%) > (X, 7,,7) be IF continuous, that is,
for each iel’ and A, I,
(' ()27 () and w (F100)< T ().
For all finite subsets K = {k4, ks,........ , Koy of T
P
such that = fo' (A, ), we have

P P

PO 2 AT () 2 AT (),

P P
Q) < v (i) < VT ()

i=1
It implies ©°(A) = B(A) and t>*(1) < B*(A) for each Ael*,

By theorem 3.1.9 (2) t° > 5 and " < r;,,
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(3) (=) Let f: (Y, 1,77) > (X, rB,r;*) be an IF continuous.

For each icI" and A, eI%, we have

TB(fi—1 (A ))

\Y

(6 00))

T1((fi 9 f)_1(7\‘i ))

\%

()

qenton) = slEaren) s 6 w)

IA

T?(}\'i)
Hence fof : (Y, 1,,77) = (Xi, T, ,ri‘;) is IF continuous.
(«) For all finite subsets K = {ky, ka,........ , Ko} Of T
P
such that A = A o' (M )
since f of (Y, 14,77) > (X, 7 T;) i IF continuous,
o 0 ) 2 7 () (A)

< (0 D) < T () (B)

Hence, we have

"H(fh1 () T1(f - (2\1 fk—i1 (A, ))j
P
= 11(i/:\1f—1(fk_i1(>\‘ki ))j

A% ()

v
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ATy () (by (A)

v

1l
A

- *

M) = 7 AR ()

= 7 AT )

- %

IA

v 7 (00, )

VTl () (by (B))

IA

It implies t(f"()) = B(A) and <} (f"(1))< p*(A) for all LT,

By theorem 3.1.9 (2) f: (Y, 1,,77) = (X, rB,‘r;*) is IF continuous.

Definition: 3.2.2

Let (X, t,7") be an IFTS and AcX. The triple (A, t/A, t°/A) is said to
be a subspace of (X, t,t") if (t/A, t*/A) is the coarsest IGO on A for which
the inclusion map i is IF continuous.

Defiﬁiﬁon: 3.2.3

Let X be the product igxi of the family {(Xi, ©,t) / iel'} of IFTSs.
The coarsest IGO, (t,1") = (®1;, ®1;) on X for which each the projections
m; : X = X is IF continuous, is called the product IGO of {(t,t )/ iel'} and

(X, 1,7") is called the product IFTS.
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Lemma: 3.2.4

Let (Y, U, U") be an IFTS and (B, B*) be an IF topological base on X.
If f: (X, B,B") = (Y, U, W) is a function such that p(r) < U(f(r)) and
B*(A) = U (f(1)) for all Aeby, then f: {(X, rﬁ,r;,, )= (Y, U, U)is IF open.

Proof:

Let (Y, U, U") be an IFTS and (B, B*) be an IF topological base on X.
Let f: (X, B, BY) = (Y, U, U") be a function such that B(r) < U(f(L))
and B*(1) = U (f(r)) for all Aeby.
To prove: f:{(X, rB,t;,, )= (Y, U, UY)is IF open.
Suppose there exists pel* such that Tp(p) > U(f(n)) or r;* (n) < U(f()),
then there exists a family {AjeOx / n = il A}
such that (k) = AB(A) > U(EW) (o) T (1)< v B (2) < U (E(w).

On the otherway,

since B(L) < U(f(L)) and B (L) = U (f(L))VLeby,
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Then we have

ABOV) < A U < ULV (F))T = ULT(v ()] = U(T(R),
VB OG) 2 v U0 2 W ()T = WTH(Y ()] = W (W)

It is a contradiction.

Hence f is IF open.

Theorem: 3.2.5

Let (X, rB,t;,,) be a product space of a family {(X; t,t) / iel'} of

IFTS’s. Then the following statements are equivalent:

1)  a projection map =; : (X, rB,r;,, ) = (X;, 7,7} ) is IF open;
2) for every p = Am '(\,) such that v Ai(X) = o for each ojel

and iel'y such that a finite index subset I'y of I'-{j} and ti(A;) > 0, then

A )<t (@and v oti(h) 2 1 (a), where a = A ai.
IEI'0 |eFo Iel"0

Proof:
(1)=>(@2)
For every p = A n7'(\,) such that v M(X) = o for each o;el and

iel'o such that a finite index subset I'y of I'-{j}.

By lemma 3.1.10 (b), we have,

foro= A o, mp) = nj(. A 7:{1(}»i)j= a.
leFo Iel"0
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Since peby, by Theorem 3.2.1, we have

ie/r\o (M) < B(p) < Tp(p),

N ()2 B 2 T ().
0

Since m; is IF open, we have
(k) < (m(w) = y(),

© (1) > 7 () = 7 (@)

Hence A Ti(Ai) < Tj(a) and R T (M) 2 1 ().
le 0 le 0

(2) = (1):

From Lemma 3.2.4, it is enough to show that
B() < 7(mi(A)) and B*(u) = 7} (m(A)) for all Lebx.
Suppose that there exists yebx such that

B(y) > T(m(y)) or B7(y) < T} (mi(y))-

Then there exists a finite index subset I'y of I'-{j} with

y= ﬂ}1 ) A { A 7'Ci_1(7\.|-):| (take A, = 1) such that
IEFO
B(y) = 7i(A) A L/r\o Ti(}"i):l > 1i(mi(y)),

BN < () v {v r:(xi)} < < (m().
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On the otherway, by lemma 3.1.10 (2), we have

7‘{“14(7“1)/\ L/r\o (A )ﬂ

A A T { A ﬂi_1(7ui):|
IEI'0

mi(y)

= lj/\(l

where v A(X)=o;anda= A a;.
xeXj ieI‘o

Since A T(h)<T(e)and v 7 (M) 2 7)().
iely lely

We have

T(m(y)) = ti(AjA Q)

\%

Ti(A) A Ti(@)

v

Ti(A) A (iefr\0 Ti(A3))

() = T A

IA

T () A T ()

IA

BN (ie¥o T} (A3)).

It is a contradiction.

“Hence B(n) < 7(rj(1)) and B*(u) > 7 (m(A)) for all 1€6x.

Hence 7; : (X, 13, t;, ) = (X, 7, T;) is IF open.
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Theorem: 3.2.6

and (X, 7, 1;) be stratified. Then the following properties hold:

1)

2)

Let (X, 1, t°) be a product space of a family {(X;, i, t;)/iel'} of IFTSs

(X, 1, ©°) is stratified;

a projection map m; : X — X is IF open.

Proof:

Let (X, 1, t*) be a product space of a family {(X, t;, t;)/ieI'} of IFTSs

and (X, 7j, 1}) be stratified.

(1)

(2)

To prove: (X, 1, t°) is stratified.
It is clear that,

for all ael,

1(a) 2 B(@) = V{ A Th) /a= A m (A)} 2 7(a) =1,
|er0 |er0

(@) <P = v M)/ a= A 7)< (@) =0.
ero iel’

0
Hence t(a) = 1 and t"(a) = 0 for all ael.

(X, 1, t°) is stratified.

| To prove: A projection map w; : X — X is |F open.

Since t(a) = 1 and t;(a) = 0 for all ael,

It satisfies the condition of theorem 3.2.5 (2).
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Therefore, by theorem 3.2.5, we get,
a projection map =; : X — X; is I[F open.

Hence the proof.

Theorem: 3.2.7

Let (X, 1, t*) be a product space of a family {(X;, 7, t;)/iel'} of IFTSs
and let (X;, 7, 1}) be stratified. Then for each f(j = Xj x Iy / i#} in X
parallel to X;, ; | )~(j : )~(j—+ X is an IF homeomorphism.

Proof:

Let (X, 1, t°) be a product space of a family {(X;, i, 7 )/ iel'} of IFTSs
and Iet (Xj, 7j, 1}) be stratified.
To prove: T | )~(j : )'(j—> X is an IF homeomorphism.
Let X, = X; x TH{y' / i=j}.
Since i : f(j—ﬁ(j and m; : )~(j—> X are IF continuous,
mjoi=m| X, is IF continuous. Also ;| X, is bijective.
Now it is enough to show that m; | )~(j is IF open.
Suppose there exists p 1% such that
o] X, () > ylm | X, (W) (or)
| X () < 7 | X ().
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Then there exists yeI* with p = i"(y) such that
o] X, () 2 1) > 1i(m | X ()
(o) | X, (W) <70 < 7 m| X w).
From the definition of (t, t°), there exists a family {y,€6x / y = k\e/Kyk}
such that
wy) 2 A Bl > wlm | X (1)
(o) TH< v B W< Tl X W) (©)

On the otherway, since each ye0x, there exists a finite index Fy of

A ni_1(?»-)).

F—{]} with %= 7Tj_1 (kkj) /\ ( icFic ]

Since =;7'(A,)(x) = y' for i+, then for each xe X,

am0)w=( an0) ).

ieFk
Put oy = Ay |
ota= 510"

Let e = i (yx) for each keK.

Then,

51X, () ) = Vx) / xe X, | X, (x) = X}

A )0 £ xe X, mx) = X (e = 7 (1))}

virn(x) / xe X, m(x) = x1}
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Thus,

vim;" ) A (o ' (R)00 / xe X,, m(x) = X}
Wik @) A (A M)/ xe X, m(x) =X}

My () A (2 A

My, (F) A 0

(o, A2 (¥):

Hence 7 | 3"(j (HK) = Ay A Q.

ti(m | X, (1))

0 (m | X, (1)

v

v

IA

IA

Ty A )

Ty( Ay, ) A T
H(Ay)

Ti(Mg ) A (4 M)
T (M A )

T (A ) v T ()
()

7 (M) v (5 M)
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From the definition of (B, B*), it implies

i | X () = B,

IA

tim | X () < B ()
Thus,

wim | X ()2 At | X () 2 4 B,

| X )< vt ] X ) < v B0
It is a contradiction to (c).

™ | )~(j is an IF open.

Hence =; | X, is an IF homeomorphism.

Example: 3.2.8
Let X = {x", %%, X}, Y= {y', y?}and Z = {z', Z} be sets W =X x Y x Z
a product set.

Letny : W > X, 1o : W— Y and n; : W — Z be the projection maps.

Define 1., 1; : > 1 by

1 ifA=01 0 ifr=01
T (M) = % if A=A, T ) = % if =4,
0 otherwise, 1 otherwise,

where A4(x") = 0.5, A4(x?) = 0.2 and A4(x*) = 0.3.

Also, X, ={(x, Y2 22) : xeX}, define 7/X,, v'/X, : 1 > Tby
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(1 ifu=0,1 (@ Hp=01
1 ;

= |f = " — |f = ;

2 “’ “‘1 2 l“l’ “‘1

% _ 2 5% _ |1 it 1

r/ ,-(u)—<§ ifu=0.1 t/ ,»(u)—<§ if u=0.1
1 . 3 .

— ifu=0.7, — ifu=0.7,

2 n=0.7 2 n=0.7

|0 otherwise, |1 otherwise,

where (X', y?, %) = 0.5, i (&%, y%, 2% = 0.2 and p,(X%, y?, %) = 0.3.

Then the projection map th/)?j : )?j — X is bijective If continuous, but

n, /X, is not IF open, because
2= 9%, 0 £ <fn/X 1) =0.

Hence, X, and X are not homeomorphic.

Theorem: 3.2.9
Let (X, 1, t°) be a product space of a family {(Xi, ©, t;) / iel'} of
IFTSs. Then, the following properties hold:

1) C_.(OAr,8)<IC (A1 8), VA el™, relo, sely,

2) ifC_, (M1 8)=N, VA el rely, sely, then C_. (I, 1, s) = A

Proof:
Let (X, 1, t°) be a product space of a family {(X;, @, t;) / ie'} of

IFTSs.
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1)  Toprove: C_.(IIk,r,8)<IIC . (A1, 8) V) eI, rely, sel;.
Suppose C_. (QM r,s) £ I C_.(r,s).

Then there exists xeX and te(0, 1) such that

C..(IIA,r,s) (x)2t>1IIC .(A;T,s) (x) (D)

Since Hr C . (A, 1, 8) < t, there exists jel’

i'T

suchthat IIC_, (i, T, 8) < n'(C_. (AT, 8) <t

Put m(x) = X.

= C_,(rs) () <t

e

From the definition of C ,, there exists p, el with A <y and

tj,rj

y(T-w)>r, ©(T-w) <ssuchthat C_, (4, 1, s) (X) < (X)) <t.
‘rj,rj

On the otherway, we have
NS = 1 05) < T ()
= A=A (M) < g ()
= C_. (I, 1, 8) < ;" ().
since t(T—m;" (1)) = 1(n; (T-p)) 2 y(T-w) > r
and t*(':ld—nj‘1 (W) = ‘c*(nf(T—uj)) < r}‘(?—uj) <s.

Hence C__ (ITA; 1, 8) (X) < 7;" () (x) = wy(x) <t.
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It is a contradiction to (D).

Hence C_. (iHr A, I, 8) < I C_.(irs).
2) Toprove: ifC_,(A,r,8)=Mk VA el relg, seli.

then Cm. (il_]lki, r,s)= iryw.
It is clear that

iel’ T

I <C_. (1‘;7»1, r,s)< 1'; C .M\ s)= 1‘;7\5.
ie ie Tt ie

Hence C_. (_Hr Ai, T, S) = eri.

SECTION: 3.3

SOME PROPERTIES OF (r, s)-To AND (r, s)-T; SPACES

Definition: 3.3.1
An IFTS (X, 1, 1") is

1) (r, s)-quasi-T, space if for each x;, x,ePy(x) and t<m, there exists
AeQ(Xm, I, ) such that x,qA.

2) (r, s)-sub-T, space if for each x = yeX, there exists tel, such that
there exists AeQ(x;, r, s) such that yiqA, or there exists neQ(y;, r, s)
such that x,qp.

3) (r, s)-T, space if for each x, ymeP(X), there exists LeQ(x;, r, s) such

that ym, g2, or there exists peQ(ym, I, s) such that x,qu.

62



4) (r, s)-T4 space if for each x;, ymePy(X), such that x; £ yn, there exists

AeQ(x, T, s) such that ymqA.

Theovrém: 3.3.2
Let (X, t, ©°) be an IFTS. Then the following statements are
equivalent :
1) (X, 1, 1) is (r, s)-To space;
2)  for each x;, ymePy(X), Q(x, 1, S) # Q(Ym, T, S);
3)  foreach xi, ymePy(X), thenx; ¢ C__.(Ym, I, S) OF Y & C .(xr,s8)
Proof:
(1) = (2): ltis trivial.
(2) = (3): LetreQ(x,, 1, s) and Az Q(Ym, I, S).
Since A¢Q(ym, T, S), we have
Ym< 1A, t(A) =1, T"(A) < s.

By definition 3.1.3, we have C__. (ym, T, s) < T-A.
Since xgr and A< T- C__ (ym, I, 5), then x@[1— C__. (ym T, S)]I.

Hence x; ¢C__. (Ym, T, S).

3)= (1)

Let x;, ymePy(X) and x;¢ Cm. (Ym, T, S).

Thent> C__. (Ym, I, ) (X) implies xa[T- C_. (Ym: 1, S)].
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Since C__. (Ym, T, ) = ApI1 = Ym, W(T-p) 21, '(T-p) < s}.

Since 1(v(T1-p)) = A t(T-p) and T (V(T-p)) < v 7°(T-p),

we have 1(1-C__. (ym, 1, s)) 2rand t'(1-C__ (¥m, 1, 5)) <.
Hence [1- C_ . (Ym 1, 8)] €Qlxyr,8).

Since ym € C_. (Ym, T, 8)and ym q [1- C_. (Ym, T, S)].

Hence (X, t, t7) is (r, s)-To space.

Corollary: 3.3.3
Let (X, 1, ©) be an IFTS. Then the following statements are
equivalent:
1) (X, 1, v)is (r, s)-quasi-T, space;
2)  for each x;, XxnePy(X), Q(x;, r, S) # Q(Xm, T, S);

3) for each x, xmePy(X), then x; ¢ C__. (Xm, T, s)or Xy, ¢ Cm. (X, r, S).

Corollary: 3.3.4
Let (X, 1, t') be an IFTS. Then the following statements are
equivalent:
1) (X, 1, 1) is (r, s)-sub-T, space;
2) for each x # yeX, there exists tely such that Q(x, r, s) # Q(y, I, S);

3) for each x # yeX, there exists telp such that x; ¢ C__.(ys, T, s) or

yr e C_.(X,T,8).
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Example: 3.3.5

Let X = {x, y} be a set. We define an IGO (z, ') on X as follows:

1 ifA=10or(,
11 . P
T(A) = 13 if &= Xy T(A) = <
0 otherwise,

For each x # yeX, there exists 0.4 € I

such that xq7 € Q(xo.4, 1/2, 1/2) and yo.4qXo 7.

1

N[

if A=10r0,
ifh=X

0.7?

otherwise,

Hence, (X, T, t7) is (1/2, 1/2)-sub-T, space.

On the other hand, since Q(yos, 1/2, 1/2) = Q(yoe, 1/2, 1/2) = {1},

by Corollary 3.3.3(2), (X, t, t°) is not (1/2, 1/2)-quasi-T-space.

Theorem: 3.3.6

Let (X, 1, v°) be an IFTS. Then the following statements are

equivalent:
1) (X, 1, 1)is (r, s)-T; space;

2) for each xiePy(X), x¢= C_. 0%, 1, 8);

3) foreachAel’, A=A{u/A<p, t(p)>r, t(1) < s}

Proof:
(1) = (2):

Assume (X, 1, ") is (r, s)-T, space.

Claim: for each xePy(X), ;= C__.(x, I, s);
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It is enough to prove that C__.(x;, I, ) < Xt
Let yme C_. (X T, S).
Suppose that y,, £ X
Since (X, 1, ©°) is (r, s)-T4 space, there exists AeQ(ym, I, ) such that X qA.
=  x< 1-Awitht(a)>rand t*(A) <s.

Hence C_.(x, T, s)< -k

Since yme C_ . (X, I, 8) < 11, we have AgQ(ym, I, S),
which is a contradiction.

Hence y,, < X;.
Since ymeC_. (X, T, S).
= . Ym <X, then Cm. (X, I, S) < X
(2) = (3):

Assume x;= C_.(x, T, s), for each x;ePy(X).
Claim:

A=Al /A<, () =T, t(w) < s} for each Ael®.
Letp=a{pn/ A<y, t(u)>r, t(n) < s}

It is enough to show that p <A.
Suppbse there exists xeX and te(0, 1)

3 p(x)>1-=t>A(x).

Then A < 1- Xt.

66



Since x;= C_. (%, T, S),
(T-x)=(T-C_. (. 1. 8)) 21, t(T-C_. (%, I, 8)) <s.

Hence p < L X;, which is a contradiction.

Therefore, p <A.
(3)= (1):

Assume A = A{u/ A <p, t(w) =T, t°(w) < s}, for each Ael™,
Claim:

(X, t, ") is (r, s)-T4 space.
For each x;, ymeP(X) such that

Xt £ Ym, T—xt & T—ym.

From (3), since 1— Ym = A/ 1= ym <, t(u) > 1, t°(1) < s}, there
exists p = 1— ymel* such that

(T-ym) 21, v (T- ym) <Ss.
Since T-x; # 1- Ym, We have x,q [1— yml.

Thus T - ymeQ(X, T, S) such that ym q [1— Yml-

Hence (X, 1, t7) is (r, s)-T4 space.

Theorem: 3.3.7
Let (X, 1, t*) be a stratified IFTS. Then (X, 1, 1) is (r, s)-quasi-To
space for all rely, sely.

Proof: Let (X, 1, 1) be a stratified IFTS.
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Claim:
(X, t, ) is (r, s)-quasi-T, space for all rely, sel;.
Let x;, XmePy(X) such that t < m.
Then there exists aely such thatt < 1-o <m.
Since (X, 1, %) is stratified IFTS, we have t(a) = 1 and t°(a) = 0.
Hence o.eQ(Xm, I, S) such that x,q .

Hence (X, t, 1°) is (r, s)-quasi-T, space for all relp, sel;.

Theorem: 3.3.8

1) Every (r, s)-To space is both (r, s)-quasi-To and (r, s)-sub Tp.

2) Every (r, s)-T; space is (r, s)-To space.
Proof:
1)  Assume (X, 1, t°) is (r, s)-To space.
Claim: (X, t, %) is (r, s)-quasi-Ty and (r, s)-sub T, space.
For each x;, XmePy(X) such thatt <m.
Claim: 1
(X, 1, ) is (r, s)-quasi-T, space.

Since (r, s)-T, space, there exists ALeQ(x;, r, s) such that xma A.

Since t < m, we have x.q A.

Hence X is (r, s)-quasi-T, space.

Hence Claim 1.
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Claim: 2
(X, 7, %) is (r, s)-sub T, space.
For each x;, y;ePy(X) such that x; # y;.
Since (X, 1, ) is (r, s)-To space,
3 AeQXT, S) > YiqA.
Since x; # y;, we may also have,
ueQ(yir, s) 3 Xta H.
For each x # yeX, there exists telp >
Q(x, r, 8) = Q(y, I, S).
= (X, 1,1")isa(r, s)-sub T, space.

Hence Claim 2.

Hence X is both (r, s)-quasi-Ty and (r, s)-sub-T, space.

2)  Assume (X, 1, ") is (r, s)-T; space.
To prove:
(X, 1, t7) is (r, s)-To space.
For each x;, ymePy(X) if X; £ Ym
by (r, s)-T1 space, I AeQ(X, I, S) > YmQ A.
Also, if ym £ Xy,
by (r, s)-T; space, I peQ(ym, I, S) > Xq L.

Hence Xis (r, s)-Tp space.
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Example: 3.3.9
Let X = {Xx, y} be a set.

We define an IGO (z, %) on X as follows:

1 ifr=aforael, 1 ifA=aforael,
_ |1 i "oy kI
T(}\,)— <§ | ;»=},qu, T (7\.) = <§ |f}\4=upq,
0 otherwise, 0 otherwise,

where for each 0 < p < 0.4, pyq(X) = p and pye(y) =9, 0< g <p.

Since (X, 7, t°) is a stratified IFTS, by Theorem 3.3.7, (X, 1, 1°) is
(r, s)-quasi-T, space for each relp and sel.

If r > 1/3, s < 2/3, and tel,, then for each x;, y;ePy(X), we have
Q(x;, r,8)=Q(yy, r,8)={a/1-t<a<1}.
By Theorem 3.3.2 (2) and Corollary 3.3.4 (2), (X, 1, ©°) is neither (r, s)-
sub-Tg nor (r, s)-To forr>1/3 and s < 2/3.

If0<r<1/3,2/3<s<1andx = yeX, there exists 0.7 € I, such that
there‘éxists Kss)0€Q(Xo.7, I, S) With Yo7 9 pezss)o.

Hence, (X, 1, 1) is (r, s)-sub-Tofor0 <r<1/3and 2/3 <s < 1.

For Xo3, Yoz € Py(X),0<r<1/3and 2/3<s <1,
we have Q(Xgp3, I, S) = Q(yos, I, s)=|a|0.7<a].

Hence, itis not (r, s)-ToforO0<r<1/3and 2/3<s<1. ForO<r<1/3
and 2/3 <s < 1, (X, 1, t°) is both (r, s)-quasi-Ty and (s, s)-sub-Ty, but not

(r! s)'TO-
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Example: 3.3.10
Let X = {x, y} be a set.

We define an IGO (r, 1) on X as follows:

1 ifA=aforael, 0 ifr=aforacel,
- 1 .f * < 1 .
’c(?»)—<§ ifA=p,, 1(7»)—<E ifA=p,,
0 otherwise, 1 otherwise,

where for each 0 < p <1, ppq(X) = p and ppg(y) =9, 0< g <p.
Let z, z,, e Py X)withtzmforz=xory.

We have

i 1 11
Q(Z“E’E) ¢Q(zm,—2—,§j

For X, Ym € PyX), for p > 1-t, we have pyeQ(x, 1/2, 1/2) with
ymq Kpo- Hence, (X, 1, t°) is (1/2, ¥2)-T, space.

On the other hand, let y 5% Xg 5.

For each p,qeQ(x;, 1/2, 1/2), since g +0.5>1and p > q,
we have Xg 5 q g, that is Q(yos, 1/2, 1/2) < Q(Xos, 1/2, 1/2).

Thus (X, 1, t°) is not (r, s)-T4 space.

Theorem: 3.3.11
Every subspace of (r, s)-quasi-Ty (resp. (r, s)-sub-To, (r, s)-To, and
(r, s)-T;) space is (r, s)-quasi-To (resp. (r, s)-sub-To, (r, s)-To and

(r, s)-T,) space.
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Proof: Let (X, 1,1") be an IFTS.
Let A be a subspace of X.
Claim: 1
Every subspace of (r, s)-quasi-Ty space is (r, s)-quasi-T, space.
Let (X, 1, ©°) be (r, s)-quasi-T, space.
Let a;, an,ePy(A) such thatt < m.
Then a;, a,h,ePy(X) such that t <m.
Since X is (r, s)-quasi-T, space,

3 AeQ@m, T, S) > aq A

Since ta(i'(A) 2 t(A) =1 and 1, (i'(A) < T(A) < s.

We have i'(L)e Q am, T, S) 3 atai—1 ().

NN
Hence claim 1.
Claim: 2

Every subspace of (r, s)-sub-T, space is (r, s)-sub-T, space.
Let (X, 1, ©°) be (r, s)-sub-T, space.

Let a;, biePy(A) such that a; = b.
Then a,, byePy(X) such that a, = by,
Since X is (r, s)-sub-Ty space,

Jtelyp, for each azbeX such that

3 AeQay 1, s) > bg A

(or) I peQ(byr,s) > aq p.

12



Since o)) = t(A) =1 and T, (') <T(A) <s
) (W)t =r and T, ("(W)<T(W)<s

We have i'(\)eQ_, ., (@ 1,5) > bd@ ().

N  TWeQ,, .. burs)>ad W

L

Hence claim 2.

Claim: 3

Every subspace of (r, s)-Tospace is (r, s)-To space.

Let (X, 1, t°) be (r, s)-To space.
Let a;, b,ePy(A)
Then a;, byePy(X).
Since (X, 1, t°) is (r, s)-To space,
3 AeQayr,s) > bnq A
(o) I peQbmr,S) > aq p.
Since ta(i'(V)) = t(A) =1 and T, (') <\ <s

(or) (') =t(w)2r and 4 ("(W)<T(W<S

We have i'(W)eQ_, ., (@1, $) > bnd  (A).

(o0  '(WeQ,, .\ (bm 1 8)>ad ().

Hence claim 3.
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Claim: 4
Every subspace of (r, s)-T; space is (r, s)-T4 space.
Let (X, 1, t°) be (r, s)-T, space.
Let a;, b,ePy(A) such that a; £ bp,.
Then ét, bmePy(X) such that a; £ b,.
Since (X, 1, 1°) is (r, s)-T, space, |
3 LeQ(a,r, s) 3 bma A.

Since ta(i"(A) = t(A) =1 and 1, (i'(\) < T(A) <,

We have i'(1) € Q,,, ., (8T, S) > bnd ().

Hence claim 4.

Hence the proof.

Theorem: 3.3.12
Every IF homeomorphic space of (r, s)-quasi-Ty (resp., (r, s)-sub-Ty,
(r, s)-To, and (r, s)-T4) space is (r, s)-quasi-Tg (resp., (r, s)-sub-Ty, (r, s)-To

and (r, s)-T4) space.

Theorem: 3.3.13
Let {(Xi, ti, ") / ieI'} be a family of (r, s)-quasi-Ty (resp., (r, s)-sub-Ty,

(r, s)-To, and (r, s)-T¢) space. Let (t,t") be the product IGO on X = IT X,.

iell
Then (X, 1, t°) is (r, s)-quasi-T, (resp., (r, s)-sub-Ty, (r, s)-To, and (r, s)-T4)

space.
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Proof:

Let (1,7") be the product IGO on X = IT X,.

ier
Claim: 1
If {(Xi, 7, ti") / ieT'} is a family of (r, s)-quasi-T, space then (X, , ) is
(r, s)-quasi-T, space.
| Let (Xi, i, 7)) be a (r, s)-quasi-T, space.
Let x;, XmePy(X) such thatt <m.

Then there exists ieI” such that (mj(x)); < (7i(X))m.

Since X is (r, s)-quasi-T, space, there exists rel™ >

reQ . ((m(¥)m T, 8), (m(X)) q 2.

-1
Since m(Xm) = ((X)md A iff Xm g (1), we have

n._1
T[:i_1 (7\’) € Q(Xm: r, S)’ Xt a I (9\’)
Hence X is (r, s)-quasi-Ty-space.

Hence claim 1.

Claim: 2
If {(X;, ©, ©") / iel'} is a family of (r, s)-sub-T, space then (X, t, °) is
(r, s)-sub-T, space.
Let (X, T, Ti') be a (r, s)-sub-T, space.
Let x;, yiePy(X) such that x; = y;.

Then there exist ieI” such that (mi(x)); # (mi(y))
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Since X; is (r, s)-sub-Ty space, 3 A€l for each x # yeX and
3 rel® (or) pe I >

reQ, (M) T, 8), (m(y)) a A.

(or) peQ . ((mr.s), (W) q u.
Since m(x) = (TGOX A A iffx g (),
(Of) )= () qn iy q" (), we have

510) € Qi 1, 8) VT ()

1[71
(or) m'(w) e QY T,8), xxq' ().
Hence X is (r, s)-sub Ty-space.

Hence claim 2.

Claim: 3
If {(X;, i, ") / iel'} is a family of (r, s)-T, space
then (X, 1, t°) is (r, s)-To space.
Let (X, T, ti") be a (r, s)-T, space.
Let x;, ymePy(X). Then there exists iel".
Since X is (r, s)-To space,

3 Ael™ (or) pel™ such that

AeQ,  (®() T, 8), (m(y)n G A

(or) peQ, . (m(yDm 1, 8), (WX q .
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Since (%) = (X)) q A iff X, a"i_1 ),
O m¥m)= (R dp i Yo G (), We have

(A) € QU T, ), Y T (L),

TC-_1
(or) (W) € QWYm T, 8), X d ' (W).
Hence X is (r, s)-To-space.

Hence claim 3.

Claim: 4
If {(X;, =, ©) / iel'} is a family of (r, s)-T; space then (X, 1, 7°) is
(r, s)-T4 space.
Let (X, T, t") be a (r, s)-T; space.
Let X;, ymePy(X) such that x; £ yn,.
Then there exists ieIl” such that ((;(X)); £ ((7i(Y))m.
Since (X, 7, t') is (r, s)-T; space, I Ael such that

AeQ_ . ((mO)) 1, S), (m(y)m T 1.
Since m(x) = (WX G A i X G (1), we have

T[~_1
m (L) € QX T, S), Ymd ' (A).
Hence (X, 1, t7) is (r, s)-T¢ space.

Hence the proof.
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Theorem: 3.3.14
Let {(X;, 7, t") / ieT’} be a family of IFTSs. Let (t,t") be the product

IGO on X = ieri' If (X, , t°) is (r, s)-sub-Ty space, then (X, =, 7") is

(r-g, s+€)-sub-T, space for each € > 0 and for each iel".
Proof:
Let X, y'eX; such that x = y'.

Then there exists x'eX; for all ieI'{j} such that x # yeX and

(x' ifiel-{j)
Ii(x) = -

x, ifi=j,

(x' ifiel-{j)
IT(y) = 5

y, ifi=j,

Since (X, T, 1°) is (r, s)-sub-T, space,

there exists te(0, 1) such that peQ(x;, T, S), Viqp-
Let (B, B*) be a base for (1, 7).

Since t(p) >r and t'(p) < s, by theorem 3.1.9, for € > 0, there exists
a family {px/ p = hA pk} such that

(p) 2 AB(PK) >T—¢, T(p)< v B'(p) <S +e.

Since x; q [p = A px], there exists kel such that x; q px, P(pk) > T —¢€

and B(px) <s +¢.
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Then, there exists a family {A; / px = /\Fn;‘(xi)} in which F is a finite

subset of I" such that

Blp) 2 ATi(h) > 1€, B(p) < v i (M) <s+e (E)
By without loss of generality, we assume jeF.
Take Fy=FuU{j}suchthat = T;7(7)=1and (1) =0.
Since x.q px and y; q px,
t>[ v (T2 @)1 v (T-4) ¥) (F)
t<[ v (T-2) @xN1 v (T-4) () (G)
If (iep\fm (“1'-7“) (mi(x))) = t, it is a contradiction to (F) and (G).
Thus v (T-1) () <t.

= t> (T2 (), t<(T-x) V).
By (E), we have

T(A)) > r-e and 1} (})) < s+e.

Hence Aje Q_ ., ((X), -5, s+8), (¥ q \;

7

Therefore, (X, 7, 1) is (r—¢, s+¢)-sub-T, space.
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Example: 3.3.15
Let X = {x} and Y = {y} be sets.

Define IGO (t4, t;) on X as follows:
1 ifA=aforael, 0 ifA=aforacl,
t(A) = % (A) =

0 otherwise, 1 otherwise,

and IGO (tp, 1,) on Y as follows

1 ifa=0foror1 0 ifr=0foror1
W)= 11 A= sy =41 ifa=
2 2 YO,2’ 2 2 YO.Z’

0 otherwise, 1  otherwise,

Let X x Y = {(x, y)} be a product set and (11 ® 15, 1; ® 1;) the product

IGO X x Y.

Since (X, ¥)o2 = =;"(0.2) = =, (Yo2), by Theorem 3.1.9, we have

(11 ® 12) (0.2) = 14(0.2) v T2(Yo2) = 1, (7} ® 1) (0.2) = 12(0.2) A 7;(Yo2) = 0.

We can obtain the product IGO, (11 ® 1, 1; ® 1) as follows:
1 ifA=aforacel,
T1® 1o(A) =
0 otherwise,
0 ifr=aforacel,
T ® T, (M) =
1 otherwise,
Then, (X x Y, 11 ® 15, T, ® 1) are (r, s)-Tp and (r, s)-quasi-T for all rely,

sely.
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But (Y, 12, 7,) is not (r, s)-quasi-Ty for all rely, sel.

Hence, it is neither (r, s)-To nor (r, s)-T4 for all rely, sel;.

Theorem: 3.3.16
Let {(Xi, i, ©') / ieI'} be a family of IFTSs and (1,7") be the product

IGOon X = IHr X.. If (X, 1, t7) is (r, s)-quasi-Ty (resp., (r, s)-sub-Ty, (r, s)-To

and (r, s)-Ty) and (X;, 7, ') is stratified for jeI, then (X, 7, 7') is
(r, s)-quasi-Ty (resp., (r, s)-sub Ty, (r, s)-Tg and (r, s)-T4) space.
Proof:

Let (X, 1, t°) be (r, s)-quasi-Ty (resp., (r, s)-sub-To, (r, s)-To and
(r, s)-T4) space.

Let (X, 7, 1;") be a stratified for jel.
To prove:

(X, T, 1) is (r, s)-quasi-Ty (resp., (r, s)-sub-Ty, (r, s)-To and (r, s)-T4)
space.

Let (X, 1, ") and )~(j = Xj x {I1 y' /i #j} of X parallel to X;.
Since ()71. , r/)?j , t*/f(j) is a subspace of (X, 1, t°), by Theorem 3.3.11

(X, 9%, 7 /%) is (r, s)-quasi-T, (resp, (r, s)-sub-To, (r, s)-To and (r, s)-Ty)

space.
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Since (X;, 1;, 1;") is stratified, by theorem 3.2.7,
ml X, ()~(j,t/)~(j,t*/)~(j) — (X, 7, 7j") is IF homeomorphism.
From theorem 3.3.12 (X;, t;, 7") is (r, s)-quasi-Ty (resp, (r, s)-sub-Ty,

(r, s)-To and (r, s)-T4) space.

Hence the proof.
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