CHAPTERI

NEUTROSOPHIC SOFT SETS
Definition:1.1

Let U be an universe of discourse then the neutrosophic set 4 1s an

object having the form A={<x:T,(x),/,(x),F,(x)>xeU} where the

functions 7,7 ,,F,: U — ]’ 01 [ define respectively the degree of truth-
membership ,the degree of indeterminacy membership and the degree of
falsity-membership of the elements to the set 4 with the condition
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The neutrosophic set takes the value from real standard (or) non-
standard subsets of ]‘ 0,1 [SO instead of ]‘0,1+[ the interval [0,1] to use for
technical applications .

The value of neutrosophic sets are taken from the non—standard unit
interval J‘O,f [the non-standard finite number 17 =1+ where ‘1’ is the
standard part and & is its non-standard part and 0= 0—0 where ‘0’ is the
standard part and ¢ is its non-standard part.

Example:1.2

Take the wuniverse of discourse U ={x,x,,x,}where x

characterizes the capability, x, characterizes the trust worthiness andx,



characterizes the prices of the objects. It may further assumed that the
values of x,,x, and x,are in [0, 1].The degree of truth membership, the
degree of indeterminacy membership and degree of falsity membership to
explain the characteristics of the objects. Suppose A4 is a neutrosopthic set of
x such that,

A=1{<x,,04,05,03><x,,0.7,02,04 ><x,,0.8,0.3,04 >},

Where the degree of truth membership of capability is 0.4, the

degree of indeterminacy membership of capability is 0.5 and the degree of

falsity membership of capability is 0.3 etc.

Definition:1.3

Let U be an initial universe set and E be a set of parameters .Let
P(U) denotes the power set of U. Consider a non-empty set 4, ACE. A
pair (F,A) is called soft set over U, where F is a mapping given by
F:4— PU). Itis also denoted by F,.
Definition:1.4

Let U be an initial universe set and AC E be a set of parameters.
Let N(U) denotes the set of all neutrosophic sets of U. The pair (F,A4) is
called neutrosophic soft set (in short NSS) over U where F is a mapping
given by

F:A4— NU)

and is denoted as F N
Example:1.5

Let U be the set of houses under consideration and E be the set of

parameters Let £ = {e, —beautiful, e, —wooden, e, —costly, e, -

moderate, e, — cheap, e, — green surroundings}. Suppose that there are four

houses in the universe U given by, U ={h,,h,,h,} and set of parameters



A={ee, e, e}. TheNSS F " describes the “attractiveness of houses™
F(beautiful) = {< £,,0.5,0.6,0.3 >,< h,,0.4,0.7,0.6 >,< h,,0.6,0.2,0.3 >}
F (wooden)= {< 4,,0.6,0.3,0.5 >,< h,,0.7,0.4,0.3 >,< /,,0.8,0.1,0.2 >}
F(costly) ={<1,,0.7,0.4,0.3 >,< h,,0.6,0.7,0.2 >,< h,,0.7,0.2,0.5 >}
F(moderate) = {< £,,0.8,0.6,0.4 >,< £,,0.7,0.9,0.6 >,< h,,0.7,0.6,0.4 >}
Definition:1.6
Let F ', and GB be two neutrosophic soft sets over the common
universe U. F is said to be neutrosophic soft subset of G, if and only if,
l. AcB
2. F(e)is a neutrosophic subset of é(e)
or Tf(e)(x) < Ta(e) (x),IF(e)(x) < Ig(e)(x),F

Fe)

(x)= Fa(e)(x), Vee A,VxelU.
This relationship is denoted by ¥ A= GB.

F ", 1s said to be neutrosophic soft super set of GB if GB s a
neutrosophic soft subset of F,. This relationship is denoted by F, 2 ég,
Definition:1.7

Let F,and G,be two neutrosophic soft sets over the common
universe U are said to be neutrosophic soft equal if F ', 1s neutrosophic soft

sub set of G,and G, is a neutrosophic soft subset of F, . This relationship is

denoted by I = GB
Definition:1.8
Let £ ={e.e,.,......,e,} be a set of parameters. The NOT set of E is

denoted by —F and 1s —F = {—e,,—e,,...,—e, } defined by where —e, =not

e, Vi

Example:1.9
In example 1.5, —1 A = {not beautiful, not wooden, not costly, not
moderate}

Definition:1.10



The complement of neutrosophic soft set ', 1s denoted by ﬁ J and
is defined by F e = (ﬁ ¢ —4) where F " is a mapping given by
FS:=4— NU)and
F " (e) =neutrosophic soft complement with

Fc( V() = F ) (X), Lo (%) = Tz, (X) and

F.. (x)=

ey (x),VxeU,Vee—-4

Ty
Example:1.11

In example 1.5, the neutrosophic soft complement F " describes the
“not attractiveness of the houses”,
F(not beautiful) = {< #,,0.3,0.6,0.5 >,< /,,0.6,0.7,0.4 >,< h,,0.3,0.2,0.6 >}
F(not wooden) = {< /,,0.5,0.3,0.6 >,< /,,0.3,04,0.7 >,< h,,0.2,0.1,0.8 >}
F(not costly) = {< /,,0.3,0.4,0.7 >,< h,,0.2,0.7,0.6 >,< h,,0.5,0.2,0.7 >}
F(not moderate) = {< /,,0.4,0.6,0.8 >,< /,,0.6,0.9,0.7 >,< /,,0.4,0.6,0.7 >}

Definition:1.12
A neutrosophic soft set ,over U s said to be empty neutrosophic

soft set with respect to the parameter A if

(x)=0,1. (x)=0,F. (x)=0Veec A, VxeU. Itis denoted by 0

F(} F(e) Fie)

(¥)=0,7., (x)=0,F. (x)=0

0( ) 0(e) O(e)

Example:1.13
Let U=1{hh, h h, }be the set of four houses and 4={beautiful,

wooden} be the set of parameters that characterizes the houses. Consider
the NSS F,
F(beautiful)={ < £,,0,0,0 >,< £,,0,0,0 >,< 4,,0,0,0 >,< #,,0,0,0 >}

F(wooden)={ < A,,0,0,0 >,<,,0,0,0 >,<4,,0,0,0 >,</,,0,0,0>}.

Here F ', 1s null neutrosophic soft set.



Definition:1.14

Let F, and G,be two NSSs over the common universe U. Then
neutrosophic soft union of F ", and G, is denoted by F " G, is defined
by ﬁA UGB =ED,whereD =AUB and the truth membership,

indeterminacy membership and falsity membership of K , are as follows:

(Iﬁ(e) (x) + Ié(e) (x))
2

Ty (X)) =max( Ty, (%), T, (X)), L (X) =

FE(e) (x) = min(F% (x),Fé(e)(x)),Ve cAnB,VxclU

(e)
Definition:1.15

Let F ", and GBbe two NSSs over the common universe U. Then
neutrosophic soft intersection of F, and G, is denoted by ‘F, ~ G,’is
defined by, ~ G, =K, whereD=ANB and the truth membership,

indeterminacy membership and falsity membership of K ,, are as follows:

(Iﬁ(e) (x) + Ié(e) (x))
2

Ty ®) =min(T (%), T (%)), () =
Fﬁ(e)(x) = max(FF(e}(x),Fa(e) (x)),Vec AnB,Vx eU.
Theorem:1.16
Let ', and G, be two NSSs over the common universe U. Then
WF,uF,=F,and F, ~F, =F,
Z)ﬁA UGB :63 uﬁA and ﬁAﬁéB =53 mﬁA
3)ﬁA uﬁA =f7:1 and f?; ﬁﬁA =6A

H(F) =F,

Theorem:1.17
Let F y ,GB and K , be three NSSs over the common universe U.
Then

D F,u(G, uK,)=(F,uG,) UK,



) F, (G, nK,))=(F,nG)K,
3)F, oGy k) =(F, w6y n(F, wKy)
4 F, (G, uK,)=(F,NG,) U, nK,)
Definition:1.18

LetF, and G,be two NSSs over the common universe U. Then
‘AND’ operation on /" " and G,is denoted by ‘F " ANDG," is defined as
F j /\GB where the truth membership, indeterminacy membership and

falsity membership of (K, 4 x B) are as follows:
2
Ff(a,ﬁ) (x)= max(FF(a) (x),Fé(ﬁ) X)), Vac ANLcBVxclU.

(0. T N Ty () =

T. —_ (x) =min(7’

K Fla)

Definition:1.19

LetF ", and GBbe two NSSs over the common universe U. Then
‘OR’ operation on F, and G, is denoted by ‘I, ORG,’ is defined as F, v
GB = (ﬁ ,Ax B), where the truth membership, indeterminacy membership

and falsity membership of (/{, Ax B) are as follows:

gy X+ I (X))
Tfi(rx,ﬁ) (x) ZlnaX(TF_(a) (x),Té(ﬁ) (x) ’Iﬁ(a,ﬁ) (x) = (@) . )

(x) = min(F, . (x),F;

G(ﬁj(x)),Va cANLFeBVxecl,

Fﬁ (e.8) (e)

Theorem:1.20

Let F ', and G, be two NSS’s over the common universe U. Then
1) (F,vG,)° =F AG;

2) (F,nG,)¢ =F°vGS



Proof:
LetF, ={< %,z ()13 (%), F; (x)>/xeU}and

=fe x’TGB (x)_,]as (x),Faﬁ (x)>/x eU}be two NSSs over the

common universe U. Also let (H,AxB)=F v G, where,

(Iﬁ(a,) (x) =t If‘;('g) (x)) :
H(a, f) = {< x,max( Ty, , (), T, (4)), . min(F, , (x),F, (x))>,Vx U}

U0y (@) + 15, ()
2

(Fy v Gy)© = (H, A% B)® = {< x,min(Fy, (), Fy , (X)),

max(T;,, (x). Ty, (9)) > Vx €U} = (i)

(e @)+ Loy ()
2

F{ aGy = {<x,min(Fye,, (), Fye,, (¥), (T, (0), Toe,, (¥) >, Vx €U}

Uy @)+ 15 (x )) (8

> #a (D Fg

={<x max(Tm(a) (x), Tm(ﬁ)( x)), (x) >, VxeU}°

G(B)

2

= {< x,min( F; (a)(x) F (ﬁ)( x)), max(TF(a)(x), & (xX) > Vxel}

—(11)
from (1) and (11), (ﬁA Y GB)C =ﬁ_f /\ég

2) Let (E,AXB) =ﬁA /\éB where,

1.
N G R )

K(a B) =< x,min(7; S 5

T max(Fﬁ(a) (x), FG(m (x)) > VxeclU}

(s 1oip @)

(Fy AGy)° = (K, Ax B)® ={<x,max(Fy, (x). F5,, (¥)). ; min(7; (). Ty, (X)) >, Vx € U}
— (111)
(Lze o (X) + Lz 5 (X))
Ff v Gy = {<xmax( Fe (%), Fye (), LailCa : T — min(Tye (), e, (%) >, Vx €U}



(&)
3 ,max(FF(a)(x) FG(ﬂ)(x)) >VxeU}

={<x, mm(T~(a)(x) TG(ﬁ}( x)),

Uro @ an® oo

5 o (T

Sy x) > VxelU}

— (< x,max(F, (%), Fy ;) (%),

Fa)

—>(@1v)
from (iii) and (iv), (F, AG,)° = FS v GE
Definition:1.21

Let F, and G,be two NSSs over the common universe U. Then the
Cartesian product of F ', and GB is denoted by ¢ F¥ i éB =H L, 1s defined
by
= {((()f,,ﬁ’),fﬁrD (a, ) (a, ) € Ax B}, where the truth membership,

indeterminacy membership and falsity membership of H ., are as follows:

Uy @I ()
W =min(T, (T, (DL, @) ==

fHD(a £)

(x)fmax(F ( )F~ (x))Va,ﬁeAxB,Ver.

fHD(a £)

Example:1.22
Let U={h,h,,h, ,h}, E=1{e e, ,e,.e,.e.e}and 4={e e, e}

and B = {e,, e, } be two subsets of E. Let]:i{ and @B be two NSSs over the

common universe U. Suppose that

F,=(e,.{< h,(0.7,0.60.7) >< h,,(0.4,0.2,0.8) >,< h,,(0.9,0.1,0.5) >.< h,,(0.4,0.7,0.7) >},

=(e,,{< h,,(0.5,0.7,0.8) >,< h,,(0.5,0.9,0.3) >,< h,,(0.5,0.6,0.8) >,< h,,(0.5,0.8,0.5) >}),



= (e,,{< 1,,(0.8,0.6,0.9) >,< h,,(0.5,0.9,0.9) >,< /,,(0.7,0.5,0.4) >,< h,,(0.3,0.5,0.6) >}).
G, =(e;,{< h,,(0.8,0.9,0.6) >,< h,,(0.7,0.8,0.8) >,< h,.(0.5,0.6,0.4) > < h,,(0.3,0.3,0.6) >}),
(e,.{< h,.(0.8,0.4,0.6) >,< h,,(0.6,0.2,0.8) >,< h,,(0.6,0.4,0.6) >,< h,,(0.5,0.7,0.4) >}).

The Cartesian product of F ", and G, is obtained as follows

F, %G, ={((e,.e,). 1< h,,(0.7,0.750.7) >,< h,,(0.40.5,0.8) >, < h,,(0.5,0.35,0.5) >, < h,,(0.3,0.50.7) >}
(e,€,), {< 1,,(0.7,0.5,0.7) >,< h,,(0.4,0.2,0.8) >,< h,,(0.6,0.25,0.6) >, < I, (0.4,0.7,0.7) >}),
((e,.e,).{< h.(0.50.80.8) > < h,,(0.50.85,0.8) > < h,,(0.5,0.6,0.8) > < h,,(0.50.55,0.6) >}),
(e, €,),{< h,,(0.5,0.55,0.8) >, < h,,(0.5,0.55,0.8) >,< h,,(0.5,0.5,0.8) >, < h,,(0.5,0.75,0.5) >}),
((e;,,),4< 1, (0.8,0.75,0.9) >, < h,,(0.5,0.85,0.9) >, < h,,(0.5,0.55,0.4) >, < h,,(0.3,0.6,0.4) >}),
((e5,€,),{< 1,,(0.8,0.5,0.9) >,< h,,(0.5,0.55,0.9) >,< h,,(0.6,0.45,0.6) >,< h,,(0.3,0.6,0.6) >}).

Definition:1.23
Let F 4 ,ﬁ’ SR ,ﬁ 4 be n neutrosophic soft sets over the common

universe U. Then the Cartesian product of » neutrosophic soft sets

S ryp— ,ﬁ%isdenotedby ﬁA, xﬁAEx ........... xﬁ%:ﬁg‘{"isdeﬁnedby
f?;A" S ((CAR-A—— @) S (00 N77) B (2 S )EA XA X x A}

where the truth membership, indeterminacy membership and falsity

membership of ﬁx . areas follows:

T (@ =min(7, ()]

Trsdy e ) T T4, tany
4 x)+1 X)+ v +TI
7 (x) = ( fﬁﬂ(m( ) Tty e ( ) oy
fﬁ;a,, [ R S | n
F X)= F x),F o e F Va,fe AxB,VxeU.
PR - s T . T T Fy Ve, V;, ,

Definition:1.24

Let F, and G, be NSSs over the common universe U. Then
neutrosophic soft relation from , to @B is a neutrtosophic soft sub set of

F "y K GB. In other words neutrosophic soft relation from F |, to GB is of the



form (R, D),where (D < Ax B)and
R(a.p)c F,xG,¥(a,f)eD
Example:1.25
In example 1.22, the neutrosophic soft relation R from F , to GB

as follows,

R={((e,,e,).{< 1,,(0.7,0.75,0.7) >,< h,,(0.4,0.5,0.8) >,< h;,(0.5,0.35,0.5) >,< 1,,(0.3,0.5,0.7) >}),

((e,.e,), < h,,(0.5,0.8,0.8) >,< h,,(0.5,0.85,0.8) >, < h,,(0.5,0.6,0.8) >,< h,,(0.5,0.55,0.6) >}),
((e,,€,),{< h,,(0.5,0.55,0.8) >,< h,,(0.5,0.55,0.8) >, < h,,(0.5,0.5,0.8) >,< h,,(0.5,0.75,0.5) >}),
((e,.€,),{< h,,(0.8,0.75,0.9) >,< h,,(0.5,0.85,0.9) >,< h,,(0.5,0.55,0.4) >, < h,,(0.3,0.6,0.4) >}).

Definition:1.26

Let R be a neutrosophic soft relation from F 'y 10 éB then inverse

neutrosophic soft relation R is defined as
R (e, p)=R(B,a).Y (e, f) € AxB.

Example:1.27

In 1.25, a neutrosophic soft relation R, from 63 to FA as follows.

R ={((e;,e,),{< 1, (0.7,0.75,0.7) >,< h,,(0.4,0.5,0.8) >,< h,,(0.5,0.35,0.5) >,< ,,(03,0.5,0.7) >}),
((e,,e,),{< h,,(0.5,0.8,0.8) >,< h,,(0.5,0.85,0.8) >,< h,,(0.5,0.6,0.8) >,< h,,(0.5,0.55,0.6) >}),
((e,,e,),{< h,,(0.5,0.55,0.8) >,< h,,(0.5,0.55,0.8) >,< h,,(0.5,0.5,0.8) >,< h,,(0.5,0.75,0.5) >}),
((e,.€,),{< h,,(0.8,0.75,0.9) >,< ,,(0.5,0.85,0.9) >,< h,,(0.5,0.55,0.4) >,< h,,(0.3,0.6,0.4) >}).

Theorem:1.28

If Rbea neutrosophic soft relation from F , to éﬂ then R is a
neutrosophic soft relation from G, to F,.
Proof:

R Y(a,B)=R(p.a),Y(a, f) e AxB.



=f53 (ﬁ)ﬁfa (@)
=Jz ()N [5 (D). V(. ) e AxB

hence R~ is a neutrosophic soft relation from G, to F,.

Theorem:1.29

Let El and ﬁzbe two neutrosophic soft relations. Then

h (®RH7=R
2) RRcR, =R'cCR'
Proof:
D R @p=R"(Ba)
= R,(a.f3)
2R (a.f) = Ry(a.f3)
=R (B.a) SR, (B.a)

=R'c R}

Definition:1.30

Let ', and @B be NSS’s over the common universe U. Let R be a

soft relation from F PR 53. Then domain D(E) and Range R(E) of R

respectively is defined as
DR)={(a.f; (@) e F,:R(a.B)eR}
R(R)={(B. /5 (P)€G, :R(a,p)e R}

Example:1.31
In example 1.25, the D(E) and R(ﬁ) is as follows



D(R) ={(e,,{< 1,(0.7,0.6,0.7) >,< h,,(0.4,0.2,0.8) >,< h,,(0.9,0.1,0.5) >,< h,,(0.4,0.7,0.7) >})
(e,.{<h,,(0.5,0.7,0.8) >,< h,,(0.5,0.9,0.3) >,< h,,(0.5,0.6,0.8) >,< h,,(0.5,0.8,0.5) >})

(e,,{< h,,(0.8,0.6,0.9) >,< h,,(0.5,0.9,0.9) >,< h,,(0.7,0.5,0.4) >,< h,,(0.3,0.5,0.6) >})

R(R) = {(ey,{< 1,(0.8,0.9,0.6) >,< h,,(0.7,0.8,0.8) >,< h,,(0.5,0.6,0.4) >, < h,,(0.3,0.3,0.6) >})
(e,,{< h,,(0.8,0.4,0.6) >,< h,,(0.6,0.2,0.8) >,< h,,(0.6,0.4,0.6) >,< ,,(0.5,0.7,0.4) >})

Theorem:1.32
Let El and ﬁz be two neutrosophic soft relations. Then
1) R cR =RR)cRR,)
2) R <R =DR)cDR,)
Definition:1.33
The composition of two neutrosophic soft relations El and R; is
defined by
(R, o R,)(et.7) = R (et. /) "R, (B.y) where

R, 1s a neutrosophic soft relation from F |, to GB and ﬁz 1s a neutrosophic

soft relation from G, to H .
Theorem:1.34
If ﬁl and R; are two neutrosophic soft relations from # , to éB,
then
(R oR,)" ' =R,"oR"
Proof:
(R, o R)(@, 7)) =R, o R, (7,)
=R(.B)NR,(B.a)
=R,(B.) R, )
=R, (@f) "R (B.y)

— ﬁ; - R5’171



Definition:1.35
Let R be a neutrosophic soft relation from 7, to F,
1) Its neutrosophic soft reflexive relation
ﬁ(a,a) = ﬁ(a, a),Vae A
2) Its neutrosophic soft symmetric relation
R(a, B)=R(B.a),Va,Be A

3) Its neutrosophic soft transitive relation if RoRcR

if

if

4) Its neutrosophic soft equivalence relation if, it is symmetric,

transitive and reflexive.

Theorem:1.36

Let R bea neutrosophic soft relation from F ¢ 10 F i
1) If R is symmetric if and only if R'is symmetric
2) If R is symmetric if and only if R = R

3) It §1 andj!s2 are symmetric relations on [ , then E} OIQZ

symmetric relation on F . 1fand only 1f ﬁ] ° ﬁz = ﬁz ° ﬁl
Proof:

1) Assume that R is symmetric. Then,
R (&, )= R(B,a)
= R(a.f)
=R (p.a)
So, R' is symmetric.
Conversely, assume that R7'is symmetric. Then,
R(a. )= R(f.a0)
=R7(@.p)
=R(B. )

So, R is symmetric.

Similarly one can prove (2) and (3).

18



Note:1.37
If R is symmetric, then R” is symmetric for all positive integer n,
where R" =RoRo.....oR ntimes
Theorem:1.38
Let R bean neutrosophic soft relation from F , to F i

1) If R is transitive, then R ' is also transitive.

2) If R is transitive, then Ro R is also transitive.

3y If R is reflexive, then R 'is also reflexive.

4) If R is symmetric and transitive, then R is also reflexive.

Proof:
DR (e, f) = R(B, @)

cRoR(B, @)

=R(B,7) " R(y,@)

= R(y,@) " R(B.7)

=R (a@NOR'1.P)
=R oR (e, )
hence, R'o R c R™".

so, R 'is also transitive.

Similarly, one can prove (2),(3) and (4).

Definition:1.39

Let R be an equivalence relation on neutrosophic soft relation from
F, to 63 then equivalence class of (a, f 2 (a)) denoted by [(a, f, i ()],
1s defined as

[(a. /7 (@D = {(B. [, (B): R(@. ) e B}

Example:1.40



In example 1.25, the equivalence class of (@, /5 (@)) as follows

[(@. f; (@)]; ={(e,. {< . (08.0.9.06) > < I, (0.7.0.80.8) > < by, (05.0.604) >, < h,,(0130.3.0.6) >})}

Theorem:1.41

Let R be an equivalence relation on neutrosophic soft relation from
F, to F, forany(a, f; (@)).(B, [z (B) € F,, R(e, f) € R if and only
if [(@, [z, (@)]x =105, [z, (PD]-
Proof:
Suppose[(a, [ (@)]z =[(B. [z, (D)
Since R is reflexive R(f3, ) € R.
hence (B, fz (BN el(B. [z (PN]x = (@, [z (@)]; which gives
R(a,pB)eR.
Conversely, suppose R(a, B) € R.
Let (&, f3 (@) €l(a. f5 (@)],
then R(a, ) € R.
Using transitive property of R gives (a, [z @) e(B. 1z (B
hence (a. f;, (@) = (B./, (B)-
Using this similar argument (5, /7 (8)) < (. f (@)
hence (a, /3 (@) = (B, /. (B)).
So, [(. /()]s =[(B.[3, ()]

Definition:1.42

A collection of non-empty neutrosophic soft subsets

P= {ﬁ , 11 €1} of a neutrosophic soft set F ', 1s called a partition of

F

A4



3) ﬁAj ﬁﬁAJ =¢.If i# jVi,jel,Ibe any arbitrary index set.

Here elements of the partition are called a block of F,. More over a
NSS F . We can define a neutrosophic soft relation on F , by
R(a, p) if and only if (a,ffA () and(ﬁ,fa (/) belong to the same

block.

Theorem:1.43

Let P= {FZi :i €I} be a partition of NSS ﬁA the neutrosophic soft
relation R defined on F ', as E(a, p) if and only if (a.f = (er)) and
(5. f = () are the elements of the same block is an equivalence relation.

Proof:

Reflexive: Let (a, fE (a))be any element of F It is clear that
(a, f 7 () 1s in same block itself. Hence E(a, a)e R.
Symmetric: If R(e, f3) € R.then (a, ff,; (@))and (5, ffA (/%)) are in the same

block. Therefore ﬁ(ﬁ, ) e R.

Transitive: If R(«, )€ Rand R(f,7) € R then (a’fi (@), (B, f?A (f))and

(v, fFA (»)) must lie in the same block. Therefore ﬁ(a, ¥)E R.



