


CHAPTER IV
INVERTIBLE MATRICES OVER SEMIRINGS

In this chapter S is always supposed to be a commutative antiring.

Theorem: 4.1

Let AcM,(S). If A is invertible in M,(S), then AAT and ATA are invertible
diagonal matrices.
Proof:

Suppose that A is invertible in M,(S). Then there exists a matrix B in
M, (S) such that AB =I,,. By Result 1.38 (iii), we have

(Zken i) (Zicn byi) = 1 for all ien, and so 2., axeU(S) for all ien.
Let uj = Z, ax for each ien. Then u? = (ke aw)f = Sk % +
Z1 <k <l <n 28 @) = Zken a’y (By Result 1.38(i)) and u?cU(S). (By Result 1.38

(i)), we have that for any iandjinn,

(AAT)ij = Yken Qik Ak = u?  i=j
0 i%]

By Result 1.37. AAT=diag (u?, u?,........... u,?) is an invertable matrix in

Mn(S).

Remark: 4.2
The diagonal matrices AA™ and ATA in Theorem 4.1 need not to be

) M.

over the
80

equal in general. For example, consider the matrix A :{
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4 0
antiring R*. Then, it is clear that A is invertible in My(R*) and AA™ =

0.9

9 0
But ATA = .
0 4

Corollary: 4.3
If S satisfies U(S) = {1} and A eGL,(S), then AAT=ATA =1,,.

Theorem: 4.4
Let A eMn(S). If Ais right invertible in M,(S), then A is an invertible
diagonal matrix in M,(S), where [n] denotes the least common multiple of the

integers 1, 2,...n.

Proof:

Let A eM,(S) be right invertible. Then by Result 1.36, A is invertible in
Ma(S) , and so A™ is invertible in M,(S). In the following we will prove that A"
is a diagonal matrix.

Let w=[n]. If n=2, then w=[2] and

2
AV _ A2 _{311 a12:|

dyy Ay

B 2
Ay +apay Apdp taApdyxy
= 2
(3418 t3y@y 8x@p Ta 22
.2
Aqq + 8428y 0

= ; (By Result 1.38)
0 @y +ap

Therefore A? is a diagonal matrix.

We now assume n > 3.
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Forany i, jen. If a™ %0, then there exist i, i,........i,.1en such that

- . a, ., #0,where w=[n]. Inthe following we shall prove i =]j.

We prove it in four steps.

(1)

(If)

()

(V)

If is = ii for some s, t with O<s<t<w (taking i = iy, j = iy), then
is+1 = ie1. In fact, if isyq # i, then ay aya, , =a, a3, =0 (by
Result 1.38),and so aa,, ........ LT = R Tr— T a, ., =0

This is a contradiction.

If i = iy for some s, t with O<s<t<w, then is.y = iq. In fact, if

is.q1 #lq, then a_ . a a;, =a, 4 2 =0 (by Result 1.38), and so

is-1is ~it—1 is—fis “it—1is
2 - PR B i = By rinss - R B s a, 4, =0. This is a
contradiction.
There exists aden such that iy = ig. In fact, since i, iy, ........ ihen (note
that w>n), there exist some u, vin {0, 1,...... n} such that i, = i, with

u<v. If u =0, then iy =i, and in this case, our statement is proved. If
O<u, then by (Il); we have i,¢ = i..1, and if O<u-1, then, again, we have
iv2 = ivo (by (Il)). Repeating this argument, we have iy = i,.,. Taking
d = v-u, we have den and iy = ig.

Since 1<d<n, we have d|lw. Let w = gd, where g is a positive integer.
Then by (1) and (lll), we have i = ig=ig= g =........ = lgq = Iw = j.

Consequently, we have that a{”’ =0 for all i, j in n with i =j. Thus, A is

a diagonal matrix.

Corollary: 4.5

Al =

If S satisfies U(S) = {1} and A is a right invertible matrix in M,(S), then

I
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Definition: 4.6
Let A eM,(S). The mapping fa : Vn(S) > V,(S) is defined by fa(x) = Ax
for x € V,(S).

Theorem: 4.7
Let A eM,(S) and fais a surjective mapping, then A is right invertible in

M,(S).

Proof:

Since fa is a surjective mapping, ther exist column vectors

(55 Wit Xni)' € Va(S) (i en) such that
X1 1 X12 0 Xin 0
X21 0 X2 1 Xon 0
A = A = . A =
X.m O X;12 0 X;m 1

Put X = (xj). Then X eMy(S) and AX =1,, i.e, Ais right invertible.

Theorem: 4.8

Let A eM,(S). If fais a injective mapping and for any i, j en, Zsc, ais,
Zien @5 €U(S), and aj (Zsen ais) = @jj (Zten ay) = aﬁ , then Ais invertible in M,(S).

Proof:

Forany i jen, take b = (Zscp @s) ' @ Then Zsep bis = 1 and b} = b;. Let

di = Zsep@is_for 1<i<n and D = diag (d4, da,.......,d,) and B = (bj). Then D is
invertible in M,(S) (by Result 1.37 (i)) and B = DA,
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To show A is invertible in My(S), it is sufficient to show that B is
invertible in M,(S). We shall prove it in four steps.

(i) fg is an injective mapping. In fact, suppose that fg(x) = fg(y) for some
X, yeVa(S). Then Bx = By, i.e D'Ax = D'Ay, and so Ax = Ay, i.e,
fa(x) = fa(y). Since fa is an injective mapping, we have x =y. Therefore,
fg is an injective mapping.

(i)  Forany jen, we have

b, =0 (*)
Assume that I1,_,by, =0 for some joen. Putx=TII_b, e ,y=1II_b,e.
Then
y
Bx = (b1zjob2j0 """ bnjo’bﬁobgjo w Dy gDy, .“bﬁjo)
il
= (H B 1) g === I btioj (because b} = b, foralli,jen)
ten ten ten
= e e =y
and
By = IlbyBe
ten
.
i gb%(zb1s,zbzs, ............ zbm]
= IIb, (11 e 1) (since > b, =1 for all ien)
= II btjo e=y

Thus fg(x) = Bx = By = fz(y). But x #y. This contradicts the fact that fg
is an injective mapping.
(iii) Foranyi,j, pen with i #j, we have

bipbjp =0 (*1)
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Assume that b, b, =0 for some i, jo, poen with ig # jo.

Let M be a maximal subset of the set n x n such that (ip, po), (jo, Po) €M
and A = ITsym bst # 0, where n xn = {(i, j): ien, jen}. Then M # ¢ since
(i0, Po) @nd (jo, po)eM, and M # n x n since I1_b, =0 for any jen (By *).

bj A = A if (i, j)eM

0 if(i,j) M (*2)

In fact, If (i, j) €M, then

by A

(H bstj bj =| TT b | b}
(s,t)eM (s,t)eM

(s.t)=(ij)

= (1_)[M b, | b, (since b} = by)
s,t)e
(s,t)=(i.))
= H bst = A
(s,t)eM

if (i, j)¢M, then by the definitions of M and A, we have bA = 0.
Thus, (*,) holds.

In the following, we will prove that for any ien, there exists a jen such
that (i, j)eM. In fact, since Zs., bis = 1 for each ien, we have A = A(Zscp bis) =
Ysen(bisA) # 0, and so b A # 0 for some jen. By (*2), we have b; A = Aand
(i, j) eM.

For each ien, let M(i) = {sen, (i, s)eM}. It is clear that M(i) #¢.
Let ki = w(M(i)). Then 1 < ki< nand A = A1 = A (Zscn(bis) = ZsenAbis =
2, s)emA (¥2) = ZsempA = ki A. Thatis, A = k; A for each ien.

In the following we shall prove thatk; =k, = ............. =k,=1.
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To do this, we first prove that for any given jen, there exists an ien such
that b;A = 0. In fact, if there exists some jen such that byA = 0 for all ien, then
bjA = A for all ien (*2), and so Ii, byA = A. But I, by = 0 (*), we have A = 0.
This contradicts the fact that A = 0.

Suppose that there exists an ien such k; > 2. Taking k = max{k;, ko,
........ , Ko}, we have that k > 2 and A = kA (since A = kA for every k).
Let H ={ien, k; > 2}. Thenw(H)> 1 since ieH.

We now choose an s, in n such that b, A = 0 for all ten \ H (note that if
H = n then sg may be chosen arbitrarily in n), and let

X = A(z§ggj+(k—1)Aeso, y = A(Zseg esj, u =Bxand v = By.

s#Sq

Foranyien, if b, A =0, then

U (BX)I = Zbisxs

sen

= | Y b | A+b, (k-1)A

= | >.b, | A(since b, A=0)

= (By)i = v
If b, A # 0, then ieH (since b, A =0 for all ten \ H) and (i, sp)eM (or

speM (i), and so b, A = A (*p). Then

Ui = (BX); = Zbisxs

sen
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= | Db A{+(k=-NA=|> bA|[+(k-1)A

sen (i,8)eM

S#8q $#8p

=1 D) Al+k=-1DA=| > Al+(k-1A

(i,8)eM seM(i)

s#sq s#Sp

(ki—1)A + (k=1)A (since SpeM(i)).
Since ieH, we have k; > 2. If ki =2 then u; = A+(k=1)A = (1+(k=1))A=kA = A
(since A = kA) = (k—1)A and if k; > 3 then
u = (k1A + (k=1)A
= (k—2)A + A + (k=1)A (since k; > 3)

= (k—2)A + kA = (k—2)A+A (since A = kA)

(ki—1)A
Since

vi=(By)i=>by,= | Db, A= > bA= > A=(k-1)A, we haveu;= v

sen sSen (i,8)eM (i,8)eM
S#Sg S#Sg S#8;

Consequently, we have u = v, i.e., fg(x) = fg(y). But x #y. This contradicts the
fact that fg is an injective mapping. Therefore ky =k, = ....... =k,=1.

Since ki =k, = ....... =k, = 1, we have that for each ien, there exists a
unique jen such that (i, j)eM. Since (ip, Po), (o, Po)eM, there exists a qpoen

such that (i, qo)2M for each ien, that is, b, A = 0 for each ien. Then a,A =

db, A =0forallien, and so

(Za,qo jA =Y a,A =0.

ten ten
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But > .a, €U(S), we have A = 0. This contradicts the fact that A = 0.

Thus bipbj, = 0 for any i, j, pen with i#j.

(iv) Now

BB'

(sznbisbjsj

2, s , Zbij (By *1)

sen sen

I
o
@

Q
V<
M
o

N

I
Q.
@
Q
) A
M
o

ST, , Zb} (because b? = b; for all i, jen)

sen sen

i
o
©

Q

C i
—
-—

......... ,1)  (because > b, =1 forallien) =1,

sen

Then B is invertible in M,(S).

Theorem: 4.9

If A eM,(S) is right (left) invertible and a4, ao, ........ , @nn € U(S), then A
is a diagonal matrix.
Proof:

We assume that A is right invertible in M,(S), i.e., AB = I, for some
BeM,(S). Thenforanyi, jen

e Son, =111

ke

Consequently a; b; = 0 for i#j, and so by = 0 for i#] (since a;cU(S)).
Therefore B is a diagonal matrix. Since AB = I, B is an invertible diagonal
matrix, and so A = B is an invertible diagonal matrix by Result 1.37(ii). If Ais

left invertible, then by result 1.36, A is right invertible, according to what we

have proved, A is a diagonal matrix.
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Corollary: 4.10

If A eM,(S) is right (left) invertible with a{; = a5, =....... = a,, = 1, then

Definition: 4.11

Let x, y €Vx(S), the scalar product of x and y is defined as x'yeS.

Theorem: 4.12

(xi)

(xii)

Let A eM,(S). Then the following statements are equivalent:
A is right invertible.

A is left invertible.

A is invertible.

AAT is an invertible diagonal matrix.

A'A is an invertible diagonal matrix.

AAT and A'A are invertible diagonal matrices.

A%is an invertible diagonal matrix for some positive integer d.
fa is a surjective mapping.

fa is a bijecive mapping.

There exist Uy, Us,........uneU(S) such that (fa(x))"fa(y) ==, u,x,y; for any

ien i

X = (X1, Xa,.......Xn)' @nd Y = (Y1, Yo........ Vo) eVa(S).

fa is a injective mapping and for any i, j en, Zscp ais, Zsen a5 €U(S) and g;
(Zseg ais) = aij (zteg atj) = a; 3

fa is an injective mapping and A¥*® = A%D for some invertible diagonal

matrix D and positive integers k and d.
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Proof:

By the Result 1.36 and Theorems 4.1 & 4.2, we have that statements
(i)-(vii) are equivalent. Also, the implications (iii) = (ix) and (ix) = (viii) are
obvious.

(viii) = (i). Itis Theorem 4.7.

(vii) = (xii). It is obvious.

(xii) = (vii). Since fp is an injective mapping, fAk is also an injective
mappings. Since AA? = A4 = AKD for some invertible diagonal matrix D
and positive integers k and d, we have A% (Dy) for all jen,
ie., fAk((Ad),,j) = fAk (D). Then (A%), =D, for all jen, (since fa is an
injective mapping and so Al=D.

(xi) = (iii). Itis Theorem 4.8

(iii) = (xi). By Result 1.39 (i) & (iii)

(v) = (x). Let ATA = D, where D is an invertible diagonal matrix. Then

for any x = (X4, Xo, ...... X)) and y = (y1, Vo, ... . V) eVa(S), we have
(fA(X)" faly) = (AX)"(Ay) = x" (ATA) y = x'DY. Let D = diag(us, Uy, ....... . Ua)i
Then Uy, Uy, ........, Uy €U(S) and (fa(x))" = fa(y) = Zicn Ui X; Vi

(x) = (v). Suppose that (x) holds. Then for any x = (x4, Xa, ......, X,)"
andy = (Y1, Yo, coennr, Vo) eVa(S), we have x" AT Ay = (Ax)" (Ay) = (fa(x)" fa(y) =
Tien Ui Xi ¥i. Let D =diag (uq, Uy, ........ , Up).

Then D is an invertible diagonal matrix in M,(S) and x' (ATA) y = x'DY.
TeaT T - : : u ifi=j
Therefore, e; (A'A) e; = e De;forany i and jen, i.e., Zasi a, =

— 0 ifizj.

Hence ATA = D is an invertible diagonal matrix in M,(S).
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Corollary: 4.13
If S is an incline and A €M,(S). Then the following statements are
equivalent:
) A is right invertible.
(i)  Als leftinvertible.
(i)  Aisinvertible.
(i) - AA"=1,
(w): A'A=I.
(i) AAT=ATA=1,.
(vii) A" = In for some positive integer k.
(viii) fa is a surjective mapping.
(ix) fais a bijecive mapping.
(x) fa preserves the scalar products, that is, for any x, yeV,(S),
(fa(x)" faly) = x'y.
(xi) AeM,(I(S)) and fa is an injective mapping, where M,(I(S)) denotes the
set of all n x n matrices over the set I(S).
(xii) fa is an injective mapping and A“*? = A* for some integers k and d.
Proof:
Since S is an incline, we have U(S) = {1} and so any invertible diagonal
matrix in M,(S) is the identity matrix I,. Therefore, by Theorem 4.12, the
statements (i) - (x) and (xii) are equivalent.

(iii) = (xi). If (iii)) holds, then by Theorem 4.12 and the condition
U(s) = {1}, we have that for any ien, > . a, = > ,a;= 1 and that for any

i, jen azij = a;, and so AeM,(I(S)). It is clear that fa is an injective mapping.

Thus the statement (XI) holds.
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(xi) = (xii). Since I(S) is a distributive lattice (by the result which and
states that, “If S is an incline and I(S) is the set of all idempotent elements in
S, then I(S) is a distributive lattice and AeM,(I(S)), it follows from “If S is a
distributive lattice and AeM,(S) then there exist positive integers k and d such
that A*Y = A* for some positive integers k and d. Since f4 is an injective

mapping, (XII) holds.

Theorem: 4.14

If S satisfies U(S) = {1} and AeM,(S), then the following statements are
equivalent.
(i) Alisinvertible
(i) Ais an orthogonal combination of some permutation matrices of order n.
Proof:

(i)= (ii)). If A is invertible in M,(S), then by Theorem 4.12, we have
ATA = AAT =1, (since U(S) = {1}). Therefore a; ay = a; a; =0 for alli, j, kin n

sen is Zten tj = 1 fOI" a”' Jen and SO (ZSEI’\ 15)2 ZSen is
* Zsﬁesz iS4 |sz Zsen is s 1 and (Ztegatj)2= Ztegatzj + Zt,:tzahatzj:

D@ = 1. Thus, > _a,=1and ) _a, =1, thatis, each row and each

with j =k and )’

column of A is an orthogonal decomposition of 1 in S. Also, for any i, jen, a; =

aj (Y ..a,) = a +. ..., = a, thatis, each entry of A is idempotent.

Since > ..a, = 1 for all ien, we have 1 = Il (D, ,as) =
Z1ss1,sz,........,snsm = - P — ,a, . If s;=s; for some i, jen with i #j, then
a,-a,=0andso a,a,,,....... i =0

Therefore 1= ) o @154)ze(2) oeeeer no(n)
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Let' a =@, 8,0 <eseons A, for ces, and G = {c :ces, a,#0}. Then, it is
clear that >° __sa, =1 and a,a;, for any o, 1eG with o1, and so the set {a, :

c€G} is an orthogonal decomposition of 1in S. Also, for any ceG.

a, a; = 8. li=al) i, jen
oo ifjzol) T

Therefore, there exists a unique (0, 1) matrix P,eM,(S) such that a;A = a;p,
holds. It follows that

a’PP’= (a.P.)(@.P,)" = (a,A)(@a,A) = a’AAT= a?I

G 6 © on’

and so PP =

I,. Then P, is a permutation matrix for each ceG. Clearly,

YaP,=YaA= (ZanA -A
ceG ceG ceG

i.e., A is an orthogonal combination of some permutation matrices.
(i) = (i). If A'is such combination, say

A= >apP,,

sem

then

2

[Zasps) [ZatPtJT => YaaPP’ = Y al,

sem tem sem tem sem

> > aal, (since asa; = 0 with s#t)

semtem

(zaj =1,

sem

Thus A is invertible in M,(S).
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CRAMER’S RULE OVER COMMUTATIVE ANTIRINGS:
In this part, Cramer’s rule for a matrix equation over a commutative

antiring S is presented.

Lemma: 4.15

Let AeMpn(S) (m<n), and UeGL,(S) and VeGL.(S). Then
per (UAV) = per U per A per V.
Proof:

We first prove that per (UA) = per U per A for any AcM.»(S) and U in
GLn(S). LetW =UA. Then foranyiem and jen, w;j= ) " ua, .Thus

per (UA) = perW= > Mw

iem io (i)

GESmn
CESmn kem
= Z Z s, B Uz, o2y = Unnky Rt

GE€Smq 1<kq k2, Km<m

ity Ut BBy o By

ceSmn  15kiky,n Km<m

If ks = ki for some s, tem with s=t, then u, u, = u, u, =0 (by Result 1.40 (i))

and so

per (UA) D > (u1k1 U o T ) (R H & om)

cesy, 15Kika,..kpsm
ks =k (s#t)

= e D (u1p(1)uzp(2> """"" Unnp(m) ) (apmcm)ap(z)c(z) """" ap(m)o(m))

C€Smn  PESH

= 2 UppyUapizyseoeee Unnp(m) ( 2, 9enBp(2iot2) oo ap(m)c(m))

PESH G€Smn

B ZUW) """"" Unmp(m) ( Z Aot tpem T ap(m)o(p“(p(m)»]
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= ZU1P(1) ......... Ump(m) ( Z a1c(p_1(1» ........ amc(p_,(m»)

OE€Smn

(because p is a bijection of the set m)

S | R ump(m)( Z Bl imnisd am(cp_,)(m)]
$, n

I (R Uro(m) [ - amc(m)J

OE€Sm

per U per A.
Similarly, we can prove that per (AV) = per A per V for any AeM.(S) and

VeGL,(S). Therefore, per (UAV) = per U per (AV) = per U per A per V.

Corollary: 4.16
If AcGL,(S), then per AcU(S).
Proof:

If AeGL,(S), then there exists a BeGL,(S) such that AB = I,. By

Lemma 4.15, we have 1 = per I,, = per (AB) = per A per B, and so par AcU(S).

Corollary: 4.17
If S satisfies U(S) = {1}, then
(i) for any AeGL,(S), we have per A = 1;
(i)  forany AeMmn(S) (m<n), and UeGL,(S) and VeGL(S),

We have per (UAV) = per A.
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Lemma: 4.18
Let AeGL,(S). Then A™ = (per A)" adj A.
Proof:
Let AcGL,(S). Then aya; = 0 for anii, k, len with k=l (by Result 1.42 (i)).

Let B=AadjA. Then forany i, jen, we have b; = Zaik per (j / k).

ken

If i = j, then by = > &, per A (i | k) = per A ; if i =],

(by Result 1.39)

then b; = Zaik Za" per A (ij / k) (by Result 1.39)
T
= > Y.a,perAfij/k)=0 (by Result 1.42(i))

ken len
Ik

Therefore, B = A adj A = (per A) I,. Since per AcU(S) (by Corollary 4.16),
A" = (per A)" adj A.

Corollary: 4.19
If S satisfies U(S) = {1} and AcGL,(S), then adj A = A.
Proof:
By Corollary 4.13 and Corollary 4.19 (i) and Lemma 4.18, we have
AT =A"=adj A.
The following Theorem is Cramer’s rule for a matrix equation over a

commutative antiring.
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Theorem: 4.20

Let AeMn(S) and b = (by, by, ...., by)"eVA(S). If A is invertible in M. (S),
then the matrix equation Ax = b has a unique solution x = (d™'d;, d™'d,,

dd,)"eV.(S), where d = per A and

B Al i iy by A e a,,
S| o e - PRI - YO - P a,, T .
| By By e - PR < T - D, A |
Proof:

It is clear that the equation Ax = b has a solution x = A'b. Let yeV,(S)
be any solution of this equation. Then Ay = b, andsoy =1,y = (A'A)y =
A'(Ay) = A"'b, which means that the equation Ax = b has a unique solution.

Let now (adj A) b = (d4, dy, ....... , d,)". Then for any j in n, we have

di= D i, perA(i|j)bi. On the other hand, we have

P Byen By By o a,,
Sar| 2 e R By By i a,,
| 8y s TR o R - W .
= > b, PerA(i|]) (by Result 1.39)
Therefore
x=A"b = (per A" (adj A)b (by Lemma 4.18)
=d'@djA)b= (d'd;, d"d,, ......... ,d'd,)T.
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Corollary: 4.21

If S satisfies U(S) = {1} and AeGL,(S) and (b4, b, ...

the matrix equation Ax = b has a unique solution x = (d4, dy,

we have

d, = per

NP -
it - A
- IO a,

By Bypq wvens -
Dy @ypq cisee a,,
<A - F - a.

., ba)TeV,(S), then

) dn)TEVn(S)y
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