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CHAPTER IV 

INVERTIBLE MATRICES OVER SEMIRINGS 

In this chapter S is always supposed to be a commutative antiring. 

Theorem: 4.1 

Let AE Me(S). If A is invertible in Ma(S), then 14J4T  and ATA  are invertible 

diagonal matrices. 

Proof: 

Suppose that A is invertible in Mr(S). Then there exists a matrix B in 

Mn(S) such that AB = In. By Result 1.38 (iii), we have 

(kEfl ak) b11 ) = I for all iEn, and so kcn  a kEU(S) for all i Eii. 

Let ui  = kcn ak for each lEn. Then u2 = (kcn ak) = kEfl alk + 

1:~k!~ln 2a k  a 1 = kEn  a 
2 

ik (By Result 1.38(i)) and u2EU(S). (By Result 1.38 

(i)), we have that for any i and j in n, 

(AAT)ij = kEn alk aJk ui2 i = j 

1 

By Result 1.37. AAT=diag (u12, u22 ............ u 2) is an invertable matrix in 

Mr(S). 

Remark: 4.2 

The diagonal matrices AAT  and ATA  in Theorem 4.1 need not to be 

02 
equal in general. For example, consider the matrix A = over the 

30 
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40 
antiring R. Then, it is clear that A is invertible in M2(R) and AAT = 

09 

But A  T  A = 90 
1
. 

 

04 

Corollary: 4.3 

If S satisfies U(S) = {1} and A EGL(S), then 1ôAT = ATA = I. 

Theorem: 4.4 

Let A EM(S). If A is right invertible in Ma(S), then is an invertible 

diagonal matrix in Me(S), where [n] denotes the least common multiple of the 

integers 1, 2 .. .. n. 

Proof: 

Let A EM(S) be right invertible. Then by Result 1 .36, A is invertible in 

Mn(S) , and so A is invertible in Mn(S). In the following we will prove that A 1  

is a diagonal matrix. 

Let w= [n]. If n = 2, then w= [2] and 

2 

AW = 
A2 =all a12 l l

a2i a22] 

= L a112 +a12a21 a11a12  

Laiia2i +a21a22 a21a12  +a 2 22 ] 

L 

a 1  + a12a21 0 1 

0 aa + a2] 
(By Result 1.38) 

Therefore A2  is a diagonal matrix. 

We now assume n ~! 3. 
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For any i, JEfl. If a #O, then there exist il, '2 .........  L.,.iEn such that 

aa 2 ........a 01, # 0, where w = [n]. In the following we shall prove i = j. 

We prove it in four steps. 

If is = it  for some s, t with O:!~ s< t< w (taking i = i0, j = L) then 

i5+1  = In fact, if i5+1  # t+i, then a. $I . 
I  S+1 a.
t I 
a.

t+1 = a5s+1 I a. a. = 0 (by 

Result 1 .38),and so aa.... ........ a1 = a 0 ,.......a 5 , ............  a
1 
 ........ = 0 

This is a contradiction. 

If is  = it for some s, t with 0:!~ s:!~ t:!~ w, then i 1  = it-i. In fact, if 

i 1  # i, then a.
's-i' .s - 

a1 1a t 
= 

' a.s-i' .s 
 a11 = 0 (by Result 1.38), and so 

a1 a 2  ....... .a 1  = a 01. ....... a 11  ............ a111 = 0 . This is a 

contradiction. 

(Ill) There exists adEn such that i0  = id. In fact, since i0, i1  ......... in (note 

that w>n), there exist some u, v in {0, 1.......n} such that i = i,, with 

u<v. If u = 0, then i0  = L, and in this case, our statement is proved. If 

0<u, then by (II); we have i..1  = and if 0<u-1, then, again, we have 

i 2  = i,2  (by (II)). Repeating this argument, we have i0  = Taking 

d = v-u, we have dEn and i0  = id- 

(IV) Since 1:!~ d:5 n, we have dw. Let w = gd, where g is a positive integer. 

Then by (I) and (III), we have i = iO = Id = '2d =........= igd = i W = ij. 

Consequently, we have that alijwl = 0 for all i, j in n with i #j. Thus, Aw is 

a diagonal matrix. 

Corollary: 4.5 

If S satisfies U(S) = {1} and A is a right invertible matrix in Ma(S), then 

A' = I. 

44 



Definition: 4.6 

Let A EM(S). The mapping fA : Vp(S) —> Va(S) is defined by fA(x) = Ax 

forx E Vp(S). 

Theorem: 4.7 

AEELet  EM(S) and fAis  a surjective mapping, then A is right invertible in 

Ma(S). 

Proof: 

Since fA  is a surjective mapping, ther exist column vectors 

(x ii,  x2  .........  x)T E 'Jr(S) (i En) such that 

Xii 1 x12 0 X1,1 0 

x21 0 x22 I x2 0 

A = . , A = . ........., A = 

x.ni A xfl2 0 x lfl  

Put X = (x). Then X EM(S) and AX = I, i.e, A is right invertible. 

Theorem: 4.8 

Let A EM(S). If fA  is a injective mapping and for any i, i En,  IsE=n  a, 

ati EU(S), and aij  (, a1) = ajj a) = a, then A is invertible in Mn(S). 

Proof: 

For any i jEfl, take bij = a1. Then bis  = 1 and b 2 = bij. Let ij 

di  = SEfla S_for 1:!~ kc n and D = diag (d1, d2  ......... d) and B = (b). Then D is 

invertible in Mn(S)  (by Result 1.37 (i)) and B = D 1A, 
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To show A is invertible in Mn(S), it is sufficient to show that B is 

invertible in Mr(S). We shall prove it in four steps. 

fB is an injective mapping. In fact, suppose that fB(X) = fB(y) for some 

x, yEV(S). Then Bx = By, i.e D 1Ax = D 1Ay, and so Ax = Ay, i.e, 

fA(X) = fA(Y). Since fA  is an injective mapping, we have x = y. Therefore, 

fB is an injective mapping. 

For any jEfl, we have 

UIb.=O (*) 
ten 

Assume that LI € b 0  ~ 0 for some j0Efl. Put x = LI b e , y = LIEflbe. ten tj0  jo 

Then 

Bx = (bb 2
0 

 
ijo 20  ...... .••b 0 ,.••

jo 
,b110b20 •..b nj 

 )T 

 

= b 0)  LI b 0  ......LI b 0  
ten t(=n tefl 

(because b= bfor all i,jEn) 

and 

= LIbey. 

By = LIb0Be 
ten 

 

= Ubb15,b25............. brs  
Sen S€fl Sen 

= III btjo  (1, I ............. 1)T 
tEn 

= LIb 0 e=y. 
tEn 

(since I b5  = I for all iEn) 
Sen 

Thus fB(x) = Bx = By = fB(y). But x # y. This contradicts the fact that fB 

is an injective mapping. 

For any i, j, p e n with i #j, we have 

bipbjp  = 0 (*i) 
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Assume that b1.P.bjOPO #  0 for some i0, j, po en with i0  #jo. 

Let M be a maximal subset of the set n x n such that (i0, Po), (Joy Po) EM 

and A = IT(s,t)cM bst # 0, where n x n = {(i, j): iE, jep}. Then M # since 

(i0, Po)  and  (Jo,  po)EM, and M # x since UtEflbtJ  = 0 for any jn (By *). 

b1A= IA  if(i,j)EM 

0 if(i,j)M (*2) 

In fact, If j) (=-M, then 

b1A 
= fl bJ 

((S'QEM 

b 
= fl b b  ij 

(st)EM 

(stMi,j) 

= (SM 

b (since bij 
2 

= b) 

= flbst  = A 
(s,t)eM 

if (i, j)M, then by the definitions of M and A, we have bA = 0. 

Thus, (*2) holds. 

In the following, we will prove that for any lEn, there exists a JEfl such 

that (i, j)eM. In fact, since bis  = 1 for each iEfl, we have A = b1) = 

# 0, and so bij  A # 0 for some jEfl. By (*2), we have bij  A = A and 

(i, j) EM. 

For each iEfl, let M(i) = {sEn, (i, S)EM}. It is clear that M(i) # 4. 

Let ki  = w(M(i)). Then 1 :!~ k :!~ n and A = A.1 = A ( sEn(bis) = sEflAbjs  = 

s)cM A (*2) = sEMA = k1  A. That is, A = k A for each lEn. 

In the following we shall prove that k1  = 12 = .............= kn  = I. 

47 



To do this, we first prove that for any given JEn, there. exists an ien such 

that b11A = 0. In fact, if there exists some jEn such that bA # 0 for all iEfl, then 

bA = A for all iEfl (*2), and so r1t, bA = A. But I-Iten  btj  = 0 (*), we have A = 0. 

This contradicts the fact that A # 0. 

Suppose that there exists an iEfl such k ~! 2. Taking k = max{k1, k2, 

, k}, we have that k ~! 2 and A = kA (since A = kA for every k1 ). 

Let H = {iEn, k ~! 21. Then w(H) ~! I since iEH. 

We now choose an so in n such that b 5 A = 0 for all tEn \ H (note that if 

H = n then s0  may be chosen arbitrarily in n), and let 

x= 4sEn+(k-1)Aes0, y= A(I eJ u = Bx and v= By. 
so s~s0  

For any i Efl, if b 5  A = 0, then 

Ui  = (Bx)i = 
SEfl 

= Ib5 A+b.'so  (k-1)A 
SeI I 

S#S0  

= b 5  A (since b 5 A= 0) 
Sen 

S;~S0  

= (By)1  = V1 

If b 5 A # 0, then iEH (since b5A = 0 for all tEn \ H) and (i, so)EM (or 

s0EM (i)), and so b 5 A = A (*2). Then 

Uj  = (Bx)1 = Zbis xs  
Sen 
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= b 5 A + (k - 1)A = b 5A + (k - 1)A 
SEfl (i,$)M 

S#S0 S"SØ 

= A +(k-1)A= A +(k-1)A 
(is)eM s€M(i) 

S*S0 s1s0  

= (k1  - i)A + (k-i)A (since S0EM(i)). 

Since iEH, we have k ~! 2. If k = 2 then u = A+(k-i)A = (1+(k-1))A = kA A 

(since A = kA) = (k-i )A and if k ~! 3 then 

Ui  = (k-1)A+(k-1)A 

= (k1-2)A + A + (k-i )A (since k ~! 3) 

= (k-2)A + kA = (k-2)A+A (since A = kA) 

= (k-i )A 

Since 

v, = (By)1  = I  bi,ys = Ibis A = I  b 5A = I  A = (k-1)A,, we have u1 = v. 
SEfl sEn (is)€M (is)EM 

Sl~S0 S*S S*S0  

Consequently, we have u = v, i.e., fB(x) = fB(Y). But x # y. This contradicts the 

fact that fB  is an injective mapping. Therefore k1  = k2  = ....... .k = 1. 

Since k1  = k2  = .......= kn  = i, we have that for each iEn, there exists a 

unique jEll such that (i, j)EM. Since (i0, Po), 00  po)EM, there exists a q0En 

such that (I, q0)EM for each iEfl, that is, b jq0 A = 0 for each ian. Then a q0 A = 

db q0 A = 0 for all iEfl, and so 

a tqo JA = atq0  A =0. 
tEfl tEn 
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But I tEnatqo E U(S), we have A = 0. This contradicts the fact that A # 0. 

Thus bb1  = 0 for any i, j, pn with i#j. 

(iv) Now 

BBT = 1b5bjs 
SEn )nxn 

= diagb2 ........... (By *i) 
zns 

SE! scn  

= diagb .........., (because b 2 = bij  for all i,jEfl) 
SE1 Sen 

= diag(1, 1 .......... , 1) (because Zbj, = 1 for all iEn) = In. 
Sen 

Then B is invertible in Mr(S). 

Theorem: 4.9 

If A EM(S) is right (left) invertible and all, a22........., ann E U(S), then A 

is a diagonal matrix. 

Proof: 

We assume that A is right invertible in Ma(S), i.e., AB = In for some 

BEM(S). Then for any i, jEfl 

Ii ifi=j 
aii  b1  + aikbkj = 1 i i ~ .. ken 

k#i 

Consequently aii  bij  = 0 for I#j, and so bij  = 0 for i:#j (since aii  

Therefore B is a diagonal matrix. Since AB = I, B is an invertible diagonal 

matrix, and so A = B 1  is an invertible diagonal matrix by Result I .37(u). If A is 

left invertible, then by result 1.36, A is right invertible, according to what we 

have proved, A is a diagonal matrix. 
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Corollary: 4.10 

If A EM(S) is right (left) invertible with all  = a22  = ....... = ann = 1, then 

A = I. 

Definition: 4.11 

Let x, y EV(S), the scalar product of x and y is defined as xTyES. 

Theorem: 4.12 

Let A EM(S). Then the following statements are equivalent: 

(I) A is right invertible. 

A is left invertible. 

A is invertible. 

AAT  is an invertible diagonal matrix. 

ATA is an invertible diagonal matrix. 

AAT  and ATA are invertible diagonal matrices. 

Ad  is an invertible diagonal matrix for some positive integer d. 

fA  is a surjective mapping. 

fA  is a bijecive mapping. 

There exist u1, u2  ......... uEU(S) such that (fA(x))TfA(y) = iEnU i Xi yi for any 

x = (x1, x2  ......... x)T andy = (Yi, Y2 ........ y)EV(S) 

fA  is a injective mapping and for any i, j cn, Es,n  a,  Esen  atj  EU(S) and aij  

a) = a1 (tefl a) = a
ii 
 

fA  is an injective mapping and Ak+d = Ak.D for some invertible diagonal 

matrix D and positive integers k and d. 
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Proof: 

By the Result 1.36 and Theorems 4.1 & 4.2, we have that statements 

(i)-(vii) are equivalent. Also, the implications (iii) (ix) and (ix) => (viii) are 

obvious. 

(viii) => (i). It is Theorem 4.7. 

(vii) => (xii). It is obvious. 

(xii) => (vii). Since fA  is an injective mapping, fAk  is also an injective 

mappings. Since Ak.Ad = = Ak.D for some invertible diagonal matrix D 

and positive integers k and d, we have Ak. (D) for all j 

i.e., fk((Ad)*j) = fAk(D*J). Then (Ad) = for all jEfl, (since fA  is an 

injective mapping and so Ad = D. 

(xi) = (iii). It is Theorem 4.8 

(iii) = (xi). By Result 1.39 (i) & (iii) 

(v) => (x). Let ATA = D, where D is an invertible diagonal matrix. Then 

for any x = (x1, x2......., x)T  and y = (y1, Y2. ....... yfl)EVfl(S) we have 

(fA(x)T  fA(Y) = (Ax)T(Ay) = xT (ATA) y = xTDY. Let D = diag(u1, u2........, un). 

Then u1, u2........., u EU(S) and (fA(x))T 
= fA(Y) = Efl Ui Xi y. 

(x) => (v). Suppose that (x) holds. Then for any x = (x1, x2....... , 

and y = (yi, Y2. ....... y)EV(S) we have xT  ATAy = (Ax)T (Ay) = (fA(x)T  fA(y) = 

, ui  xi  y. Let D = diag (u1, u2........., un). 

Then D is an invertible diagonal matrix in Mn(S) and xT (ATA) y = xTDY.  

1u. if i=j 
Therefore, eT(ATA)  e = e TDe for any i and JEn, i.e., = 

1 if # 
.. 

Iasi 

Hence ATA = D is an invertible diagonal matrix in Mr(S). 
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Corollary: 4.13 

If S is an incline and A EM(S). Then the following statements are 

equivalent: 

A is right invertible. 

A is left invertible. 

A is invertible. 

AAT  = J 

ATA=I .  

T....ATA....I 
n. 

Ak = In for some positive integer k. 

fA  is a surjective mapping. 

fA  is a bijecive mapping. 

fA preserves the scalar products, that is, for any x, yEV(S), 

(fA(x))TfA(y) = xTy.  

AEM(I(S)) and fA  is an injective mapping, where M(I(S)) denotes the 

set of all n x n matrices over the set I(S). 

fA  is an injective mapping and A k1d = A' for some integers k and d. 

Proof: 

Since S is an incline, we have U(S) = {1} and so any invertible diagonal 

matrix in Mn(S)  is the identity matrix I. Therefore, by Theorem 4.12, the 

statements (I) - (x) and (xii) are equivalent. 

(iii)= (xi). If (iii) holds, then by Theorem 4.12 and the condition 

U(s) = {1}, we have that for any iEfl, I sna,, =tEna
ti = I and that for any 

i, jEn a 2ij = a1, and so AEM(I(S)). It is clear that fA  is an injective mapping. 

Thus the statement (Xl) holds. 
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(xi) => (xii). Since I(S) is a distributive lattice (by the result which and 

states that, "If S is an incline and I(S) is the set of all idempotent elements in 

S, then I(S) is a distributive lattice and AEM(I(S)), it follows from "If S is a 

distributive lattice and AEM(S) then there exist positive integers k and d such 

that A' = Ak for some positive integers k and d. Since fA  is an injective 

mapping, (XII) holds. 

Theorem: 4.14 

If S satisfies U(S) = {1} and AEM(S), then the following statements are 

equivalent. 

A is invertible 

A is an orthogonal combination of some permutation matrices of order n. 

Proof: 

(I) => (ii). If A is invertible in Mr(S), then by Theorem 4.12, we have 

ATA = AAT = I (since U(S) = {l}). Therefore a j  ak = a 1  aki = 0 for all i, j, k in n 

with j # k and 5ais  = 
tj 

= 1 for all i, jEfl, and so ( a)2 = 

+ a a = 1 and a tj 
 )2 = + at,a = 

= 1. Thus, is = I and tj = 1, that is, each row and each 

column of A is an orthogonal decomposition of 1 in S. Also, for any i, jEfl, aij  = 

a ( 5 a 9 ) = a + I  s,,jaisaij  = aij  , that is, each entry of A is idem potent. 

Since I SEna is = 1 for all iEii, we have I = U ( I SE!!aS) = 

1 <S1,S2 Sn<m 
a11a22.......... anS

n 
. If Si = 5]  for some i, jEfl with i # i' then 

a . ajs,  = 0 and so a1 a2  .........., anSn 
 = 0. 

Therefore I = I  CFCSn a1(1)a2(2)  ........ 
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Let aa  =ala(l)a20(2)  ... * ... . an(n) for GESn  and G = : cYES, aa  # O}. Then, it IS 

clear that ,EG =  1 and aa for any a, CEG with c#t, and so the set {ac, 

cYEG} is an orthogonal decomposition of I in S. Also, for any G. 

[a ifj=(i) 
aa= a i,jn. 

L0 ifj (i) - 

Therefore, there exists a unique (0, 1) matrix PEM(S) such that acA = 

holds. It follows that 

aPa  P= (aaPj(aaPa )T  = (aA)(aA)T = aAAT = and so = 

I. Then Pc, is a permutation matrix for each cYEG. Clearly, 

aaPa = aaA= aa JA=A. 
aeG GEG aeG ( 

i.e., A is an orthogonal combination of some permutation matrices. 

(ii) => (i). If A is such combination, say 

A=  lasps 
sEm 

then 

pT 
= = = 

srn tErn Srfl tni sern 
I asps 

) 

= a5aI (since asat  = 0 with s#t) 
scm tern 

= LasJ 
i=i. 

Setp 

Thus A is invertible in Mn(S). 
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CRAMER'S RULE OVER COMMUTATIVE ANTIRINGS: 

In this part, Cramer's rule for a matrix equation over a commutative 

antiring S is presented. 

Lemma: 4.15 

Let AEMmxn(S) (m:!~ n), and UGLm(S) and VeGL(S). Then 

per (UAV) = per U per A per V. 

Proof: 

We first prove that per (UA) = per U per A for any AEMmxn(S) and U in 

GLm(S). Let W = UA. Then for any iErn and jEfl, w = k1ukakJ .Thus 

per (UA) = per W = [I 
CSmn - 

= 
Em 

ESmn - (kem 

=I I u1kak a(1)u2kak(2).........Umk ak o(m ) 
tESmn 1Ek1.k2 km Em 

=I I (uu 
......... umk ) (aka(1)aka(2)........ akm(m)). 

mESrnn 1!~k1,k 2  ....... km  

If ks  = kt  for some s, tErn with s#t, then uSkuk = uSkulk = 0 (by Result 1.40 (i)) 

and so 

per (UA) = I I (uu 
......... umk ) (ak1a( l)ak 2G(2)........ ak a(m)) 

mESmn 1:~k1,k2 ... .... km :5m 
k#k(s*t) 

=I I(uu ..........Ump(m) ) (ap(1)a(1)ap(2)(2)........ ap(m)m(m)) 
mESmn PE rn  

= ul(l)u2(2). ........  Ump(m) ap0)m(1)ap(2)m(2)........ aP(m)(m)J 

Pm mESm,n 

= Iu1 ..........Ump(m) I a (1)( 1((1)))  ........ a P(m)m(P 1(P(m)))) 
PCSm ( cYESm,n 
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U1(1 . Ump(m)  (
,

I  a1(l(1)) . am(Pl(m))
PESm ESmn 

(because p is a bijection of the set m) 

= u1(1..........Ump(m) 
(.P- 

a1( l )(1)  ........ a(1)()
PSm ES 

- u1(1).........Ump(m)  II a1(1).. ......  am(m)J 

PESm kcTESmn 

= per U per A. 

Similarly, we can prove that per (AV) = per A per V for any AEMmxn(S) and 

VEGL(S). Therefore, per (UAV) = per U per (AV) = per U per A per V. 

Corollary: 4.16 

lfAEGL(S), then per AEU(S). 

Proof: 

If AEGL(S), then there exists a BEGL(S) such that AB = I. By 

Lemma 4.15, we have I = per In = per (AB) = per A per B, and so par AE U(S). 

Corollary: 4.17 

If S satisfies U(S) = {1}, then 

for any AEGL(S), we have per A = 1; 

for any AEMmxn(S) (m:!~n), and UEGLm(S) and VEGL(S), 

We have per (UAV) = per A. 
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Lemma: 4.18 

Let AEGL(S). Then A 1  = (per A) 1  adj A. 

Proof: 

Let AEGL(S). Then aa = 0 for an i, k, IEfl with k#1 (by Result 1.42 (i)). 

Let B = A adj A. Then for any i, JEfl, we have bij ak per (j I k). 
ken 

If i = j, then bij  = k flak per A (I I k) = per A ; if i 

(by Result 1.39) 

then bij  = ak a perA(ij/kl) 
ken Inn 

I#k 

= aperA(ijIkl)=0 
ken Iefl 

lek 

(by Result 1.39) 

(by Result 1.42(i)) 

Therefore, B = A adj A = (per A) I. Since per AEU(S) (by Corollary 4.16), 

A 1  = (per A) 1  adj A. 

Corollary: 4.19 

If S satisfies U(S) = {1} and AEGL(S), then adj A = AT.  

Proof: 

By Corollary 4.13 and Corollary 4.19 (i) and Lemma 4.18, we have 

AT  = A 1  = adj A. 

The following Theorem is Cramer's rule for a matrix equation over a 

commutative antiring. 



Theorem: 4.20 

Let AEM(S) and b = (b1, b2....., bfl)TEVfl(S).  If A is invertible in Mr(S), 

then the matrix equation Ax = b has a unique solution x = (d 1d1, d 1d2.........  

d 1d)TEV(S), where d = per A and 

all a12 a11  

a a a. 
d = per 21 22 2,J-1 

a 1  a 2 a 1  

Proof: 

b1  a1  ......a1  

b2 a2  ......a2 
= 1, 2.......n 

b a+......  ann 

It is clear that the equation Ax = b has a solution x = A-' b. Let yEV(S) 

be any solution of this equation. Then Ay = b, and so y = In y = (A 1A)y = 

A 1(Ay) = A 1b, which means that the equation Ax = b has a unique solution. 

Let now (adj A) b = (d1, d2........, d. Then for any j in n, we have 

dj  = I per A (I I j) b. On the other hand, we have 

a1...... 

per a
2. ..... a21  

a ......a 1  

= b PerA(i Ii) 
in 

Therefore 

b1  a1 ...... a1  

b2  a2 ...... a2  

b ...... 
 ann 

(by Result 1.39) 

x=A 1b = (per A) 1 (adjA)b (by Lemma 4.18) 

= d 1(adj A) b = (d 1d1, d 1d2.......... . 
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Corollary: 4.21 

IfS satisfies U(S) = {1} and AEGL(S) and (b1, b2......, bfl)TEVfl(S),  then 

the matrix equation Ax = b has a unique solution x = (d1, d2........, d)TEV(S), 

we have 

a1. ..... a11  

dj  = per a
2. ..... a21  

a ......a 1  

b1  a1  ......a1  

b2  a2  ......a2  
,j=l,2...........n. 

b ......  ann 
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