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INTRODUCTION




INTRODUCTION

Queueing theory deals with the analysis of queues (or waiting lines) where
customers wait to receive a service. Queueing theory has been used in
operations research, manufacturing and systems analysis. Traditional queueing
theory problems refer to customers visiting a store, analogous to requests
arriving at a device.

A queueing system can be described as customers arriving for service,
waiting for service if it is not immediate, and if having waited for service, leaving

the system after being served.

CHARACTERISTICS OF QUEUEING THEORY

The basic features which characterize a system are

» Arrival Pattern

» Service Pattern

» Queue Discipline

» The Number of Service Channels

» System Capacity

ARRIVAL PATTERN

The arrival pattern describes the way in which the customers arrive

and joining the queueing system. Generally, it is not possible to find out or to



observe and control the moment of customers arrival for service. Hence, the
arrival pattern to a queueing system is measured in terms of the average number
of arrivals per some unit of time, mean arrival rate or by the average time

between successive arrivals, mean inter-arrival time.

Arrival may be either single or batches of variable or fixed size. An arrival
pattern that does not change with time is called a stationary arrival pattern. In this
case, a steady state condition occurs. If the arrival pattern is time dependent,

then the input process is called non-stationary.

SERVICE PATTERN

The service pattern describes the manner in which service is rendered to
the arrivals. Customers may be served either singly or in batches of variable or
fixed size. The amount of time which a customer takes to be serviced by the

server is called the service time.

QUEUE DISCIPLINE

The queue discipline is the method by which customers are selected
from the queue for processing by the service mechanisms (also called servers).
The queue discipline is normally First-In-First-Out (FIFO), where the customers
are processed in the order in which they arrived in the queue such that the head
of the queue is always processed next. Most queueing models assume FIFO as

the queue discipline. Some other common usage are Last In First Out (LIFO),



selection for Service In Random Order (SIRO) and a variety of priority

schemes, where customers are given priorities upon entering the system.

THE NUMBER OF SERVICE CHANNELS

The number of servers refers to the number of parallel nodes, which can
service customers simultaneously. In telephone systems describe trunks, tone

detectors, tone generators and time slots.

The service channels may be arranged in parallel or in series or
combination of both depending on the design of the system’s service
mechanism.

In parallel channels, a number of channels provide identical service
facilities, so that several customers may be served simultaneously. In case of
series channels, a customer must pass successively through the ordered
channels before service is completed.

A queueing system is called single server model, when the system has
one server only and when the system has two or more parallel servers, it is

called as multi server model.

SYSTEM CAPACITY

Maximum number of customers in the system can be either finite or
infinite. In some situations, only limited numbers of customers are allowed to

enter the system unless the number becomes less than the limiting value.



KENDALL’S NOTATION

Kendall introduced a notation that is commonly used to describe or

classify the type of a queueing system.

According to the notation, a queueing system is described by the string
(A/IBIXIYIZ).
A — Denotes the distribution of inter arrival times.
B — Denotes the distribution of service times.
X — Denotes the number of servers.
Y — Denotes the maximum size of waiting line in the finite case
(If Y=00, then this letter is omitted).
Z — Denotes the queue discipline and if the service discipline is
FCFS then Z is omitted.
Special letters used to symbolize the inter-arrival time distribution (A) and
service time distribution (B) are as follows
M — Exponential distribution.
D — Deterministic distribution.
G - General (any arbitrary probability distribution).
Ex — Erlang-k distribution.

EXAMPLE

» M/M/1 denotes a single-server queue with Poisson arrival process and
exponential service time with infinite buffer and FIFO service ord
» M/G/1 denotes a single server processor sharing queue with Poisson

arrivals and generally distributed customer service time requirement.



MEAN QUEUE SIZE

The average number of customers waiting in a queue is called mean

gueue size.

MEAN SYSTEM SIZE

The average number of customers waiting in the system (including the

one in service) is called mean system size.

WAITING TIME

The waiting time of a customer in a queue is the time that a customer has
to wait in the queue before starting his service. The waiting time of a customer in

queue along with his service time is called waiting time in the system.

QUEUE LENGTH

Queue length is the number of customers actually waiting [may include

the one who are being served].

TRANSIENT AND STEADY STATES

Queueing theory analysis involves the study of systems (operating
characteristics) over time. A queueing system is said to be in transient state
when its operating characteristics are dependent of time. A queueing system is
said to be in steady state when its operating characteristics are independent of

time.



SERVER’S VACATION

There are queueing models in which the server on completion of service
to the existing customer continues to stay in the empty system, awaiting new
arrivals. From practical considerations; it may not always be worthwhile to keep
servers unnecessarily idle. In such situations, the server may utilize his idle time
in a useful and optimal way to perform additional jobs or for preventive

maintenance work and it is termed as server’s vacation.

SINGLE VACATION

After completing service, if the server finds an empty queue, he leaves
for a vacation. On retuning form vacation, if the server finds that the number of
customers in the queue is not to the required level for service, he may decide to
stay back in the system itself waiting for the customers to start the next service.
The server will take next vacation only after performing at least one service. This

type of server’'s vacation is called single vacation.

MULTIPLE VACATION

In some cases, after returning from a vacation if the server does not find
sufficient number of customer, then the server leaves for another vacation and
repeats his vacations until he finds the sufficient number of customers. This type

of server’s vacation is called multiple vacation.



REVIEW OF LITERATURE

Queueing system with server vacations have been studied by numerous
researchers including Levy and Yechiali (1975), Doshi (1986) and Tian and
Zhang (2006).Takagi (1994) studied M/G/1/N queue with server vacation and
exhaustive service and obtained the distribution of the unfinished work , the
virtual waiting time and the real waiting time ,etc.

The steady state behavior of an arbitrary service time queue with
deterministic server vacation was analyzed by Madan (1999).The queueing
system with setup and vacation was considered by Choudhury (2000). Further,
Choudhury (2002) examined a queueing system with two different vacation times
under multiple vacation policy.

Zhang et al (2005) analyzed an M/M/1/N queue with balking, reneging
and server vacations and derived the matrix form solution of the steady state
probabilities and formulated a cost model to determine the optimal service rate.
Boxma et al (2008) studied the length of a vacation and steady state work load
distribution both for single and multiple vacations.

In real life situations, a queueing system might suddenly breakdown
and hence the server will not be able to provide service unless the system is
repaired. Wang (1995) proposed an N-policy M/M/1 queueing system with server
breakdowns and obtained analytic closed form solution. Srivastava and Jain

(1999) analyzed an optimal N-policy model for single Markovian queue with



breakdown repair and state dependent arrival rate and obtained steady state for
various operational characteristic and optimal value of N under a linear cost
structure.

Ke (2003) proposed M/G/1 queueing system with server vacation,
start up and breakdowns and obtained the system total expected cost function
per unit time under optimal control mechanism. Single server queueing system
with the homogeneous breakdowns and deterministic repair times was analyzed
by Madan (2003).Wang (2004) worked on the M/G/1 queueing system with
second optimal service and server breakdowns. Ke and Pearn (2004) studied the
management policy of M/M/1 queueing service system with heterogeneous
arrivals under N policy in which the server is characterized by breakdowns and
vacations and derived the distribution of the system size and mean queue length.

Thangraj and Vanitha (2010) discussed the single server model with
two stages of heterogeneous service with different service time distribution
subject to random breakdowns and compulsory service vacation with arbitrary
vacation periods. Gray et al (2000, 2004) studied the vacation queueing model
with service breakdown under the assumption of different arrival rates and
obtained formulas for queue length distribution and the mean queue length for
M/M/1.

The operating characteristic for the heterogeneous batch arrival queue
with start up and breakdown and performed a sensitivity analysis among the
optimal value of N, specific values of system parameters , and the cost elements

of M*M/1queue were studied by Ke and Wang (2003).



Jain and Agarwal (2009) analyzed the M*/M/1 queueing system with
multiple types of server breakdown under N-policy and provided the numerical
results to demonstrate the effects of various parameters on the system
performance characteristics. Maraghi et al (2009) have studied batch arrival
queueing system with random breakdowns and Bernoulli schedule random

vacation having general vacation time.

PROFILE OF THE WORK

In chapter two “Finite capacity queueing system with vacations
and server breakdowns” presented by Ghimire and Ritu Basnet (2011) is
analyzed.

The paper entitled “Analysis of M/G/1 queueing model with state
dependent arrival and vacation” studied by Charan Jeet Singh, Madhu Jain and

Binay Kumar (2012) is considered in chapter three.
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CHAPTER-II
FINITE CAPACITY QUEUEING SYSTEM WITH VACATIONS

AND SERVER BREAKDOWNS

A single server finite capacity queueing system with state
dependent Poisson arrivals, multiple vacations and server breakdown is
analyzed in this chapter .The service times and repair times are exponentially
distributed. Using partial generating function method ,queue length distribution,
average queue length, average number of customers in the system, average

waiting time for a customer in queue and in the system are derived.

MODEL DESCRIPTION

Customers arrive in the system in Poisson fashion at rate A, during

vacation, faster rate A; during active service and slower rate A, >0 during the
breakdown. Customers are served exponentially with the rate p.The server

completely stops serving customers during a vacation and start serving
whenever number of customers N(>1) in the system. Once service starts, there
can be an interruption due to server breakdown at rate b and it is immediately
repaired exponentially with the rate r. As soon as the repair process completes,

the server starts to serve the same interrupted customer.



DEFINITIONS AND NOTATIONS

p(0,i) = The steady state probability that there are i customers in the queue

and server is on vacation, 0<i< N .

p(1,i) = The steady state probability that there are i customers in the system

during active service, | <i< N.

P(2.i)

during repair process, 1 <i< N

EQUATIONS GOVERNING THE SYSTEM

The steady state probability that there are i customers in the system

According to the mathematical model mentioned above, the system has

the following set of steady state equations.

Aop(0,0) = up(1,1)

(Ao +V)P(0,i) = Ayp(O,N-1),

vp(O,N) = A,p(O,N-1)

(A; +u+b)p(1,1) = vp(0,1)+up(1,2) +rp(2,1)

(A, +u+b)p(1,i) = A, p(1,i=1)+vp(0,i)+up(1,i+1)+rp(2,i),
(u+b)p(1,N) = A,p(1,N-1)+vp(o,N)+rp(2,N)

(A +1)p(2,1) = bp(1,1)

(A +np(2,)) = bp(1.)+Ap(2,i-1),

rp(2,N) = bp(1,N)+A,p(2,N-1)

GENERATING FUNCTIONS OF QUEUE LENGTH

1<i< N

2<i< N

2<i< N

(1)
(2)
3)



Denote the probability generating functions,

p(0,i)Z'

=
—~
W)
I
M=

I
o

N

Fiz) = > p(1.i)z

i=1

N .
F.(z) = > p2,)z

i=1

From equation (1), we get
)\O
p(1,1) = —=p(0,0)
¥
From equation (4), we have
)\0
p(O,N) = Tp(olN_1)
Substituting equation (11) in to (7), we obtain

bA,

(A +1p(2,1) = y p(0,0)

bA,
H(Ag +1)

p(2,1) = p(0,0)

From equation (2), we get

p(0) = 10 p(,i-1), 1<i<N
Ay +V
= pyp(0,0), 1<i<N
Where p, = A,

A, +V

(10)

(11)

(12)

(13)

(14)



Using equations (12) and (14) in equation (10), we obtain

Fi2) = 2P0,

= p(0,0)+p(0,1)z +p(0,2)z2 +.......+ p(O,N=1)z"" +p(0,N)z"

= p(0,0)+pj p(0,0)z+pZ p(0,0)2% +....... +p5 ' p(0,0) V" +p(0,N)ZM

)11+ PoZ + P52 + ... +py  Z 1}+p(O,N)zN

0.0)1
- (00){11 } p(O,N-1)z"
{

— 00) 1 (pOZ) } OpO (O,O)ZN

1-poz v
_ N N-1

— p(o’o){1 (pOZ) + )\OpO ZN} (15)
1-p,z v

Multiplying equation (5) byzl,and summing fori =2, 3 ...N-1 and using the

generating function defined in equation (10) we get,

{p+b—%—)\f(z—1)}Ff(Z) = (A +u+b)p(1,1)z—E{p(1,1)2+|o(1,2)z2 }+rFs(Z)

B N N-1
+V{1 (Po2) +)\opo ZN_1_poz}p(O,0)—rp(2’1)Z
1-poz v
(16)

Multiplying equation (8) by z' . summing fori=2, 3...... N-1 and using equation
(10), we obtain

N-

_\
z
IN
z
IN

(A, +1)p2,)Z' = bp(1,0)z' + > A p(2,i-1)Z'

i=2 i=2 i=2



=z

()\S+r)’§p(2,i)zi = b p(1,i)z‘+)\s'§p(2,i—1)z‘

i=2 i i=2

Il
N

()\S+r)FS(Z) = bFf(Z)+)\sZFs(Z)

(A +1=-2A)F(2) = DbF(2)

b
F(z) = me(z) (17)

Substituting equations (17) into (16), we get

(z-1)Q(z2) v 2
F(z) = (A +pu+b)p(1,1)z—-— 1,1z +p(1,2)z
1@ = (DY) " {p(1 1)z +p(1.2227)
(18)
_ N N-1
+v{1 (Po2) +)\Opo zN—1—poz}p(0,0)—rp(2,1)z
1-pyz v
where
o(z) = )\f)\sz2 — (N A +Ar+DA +PA)Z+ (A +1) (19)
Substituting z = 1 in equation (18), we obtain
1-p," Aoy
(Af+u+b)p<1,1>—u{|o(1,1>+p<1,2)}—r|o(2,1>+v{1 ‘; e —1—po}p<o,0)o
Mo

1-p," AN
up(1.2) = ()\f+H+b)p(1,1)—rp(2,1)—up(1,1)+V{1 ; + OVO —1—po}p(0,0)
~Mo

up(1.2) = (A +b>p(1,1>—rp(2,1>+v{11‘p°N AoPo” —1—po}p<o,0)

—Po v

rb
(As +1)

= (A +b)p(1,1)-

_ N N-1
|c>(1,1)+v{11 ‘; +A°‘3° —1—po}p(o,0)
— Mo



rb 1-p, APy
bup(1,2) = (Af+b—()\ +r)JP(1,1)+V{1 ‘:)0 + 050 —1—po}p(0,0) (20)
s VMo

Substituting equation (20) in (18), we get

(z-1)Q(z)
Z(Ag +r—2A,)

B N N-1
F(z) = ()\f+p+b)p(1,1)z+v{11(poz) 4 AoPo zN—1—poz}p(0,0)
—pOZ \Y

¥ 1 rb
- p(0,0) -rp(2,1)z —E{)\f +b- i +r)}p(1,1)

_l{' - PON + APy

—1—90}22 p(0,0)
z | 1-p, v

N N-1
= (Af+p+b)p(1,1)z+v{1(poz) +)\°p° zN—1—poz}p(0,0)
1-pyz v

N-1

N
—1()\f+b— b )]p(1,1)—rp(2,1)z—l{1_p° 1 AP
Z

(A +r z|1-p, v

S

—1—p0}z2 p(0,0)

(21)

Consider the following term in equation (21) and simplifying we get,

{V A—°p§'1 N—Xﬁpg‘?ﬂp(oﬂ) = APy 12" ~21p(0,0) (22)
v zZ v

Similarly,

—vp(0,0)—v[_?qzzp(0,0) = v[z-1]p(0,0) (23)

vr‘(p"Z)N—1(1_9°NJ22]p(0,0) _ Vr—(pszw)_2{1—p0NHp(O,O)
1-p,z  z\| 1-p, 1-p,z 1-po



_ V{1—(pEZN)(1—Po)—Z(1—p§)(1—poZ)

0,0
(1-po2)(1-Po) }p( )

N_N N+1_N 2 N N+1_,2
_ Vr_poz _po+p0+z —Z—PoZ +poz_po+z

(1-pe2)(1-py)

}p(O,O)

M2~ 22] - N[ — 2]+ py[2® 1]~ (1)
= 0,0 24
V{ (1-p:2)(1-p0) }p( b
—VpzP(0.0) -~ (-vp2)p(0.0) = [-vp,z+VPyZl P(00)
oy (25)

(A, +p+byp(1,1)z— 2 p(1,1)Z—1[)\f+b— b }zzp(1,1)—rp(2,‘|)z
z z (A +1)

3 N _1 B rb 5 B rb
= (A, +p+b)p(1,1)z Zp(1,1)z Z{Aﬁb (ASHJZ p(1,1) {(As+r)}zp(1,1)

_ ()\f+p+b)p(1,1)z—§p(1,1)z—{)\f+b—(Arir)}zpm,1)—z{(}\rir)}p(1,1)2

3 B B b b

= A p(1,1)z+pp(1,1)z+bp(1,1)z—pp(1,1) {)\f+b (ASH)}p(’I,’I)z o) p(1,1)z
= pp(1,1)z-pp(1,1)

= p[z-1]p(1,1) (26)

Substituting equations (22) to (26) in (21) and simplifying we get



(z—-1)Q(z2)

2 rzay 1@ = 1RO A pg [27 - 21p(0.0) + V(2= 1)p(0,0)

+V{p'8‘+1 [z" - 2%]-pp [2" - 2]+ p, [2° _1]_(2_1)}‘)(0’0)
(1-po2z)(1-po)

(27)
Boar @ = 0o+ Vzp0.0)+ Aopl 9(2)p(00

(28)

+V{p§” 0(z)- b 2% —p) @(2) + P2 + poZ—Z}p(O’O)
(1-po2)(1-py)

where  o@(z) = z2N+z2""+..... +2z? (29)
From equation (28), we obtain
F(z) = Bt Mo [y gNp2 1) 2+ pYo(2) ]p(0,0) (30)

Q(z)(1-p02)

ForA, >0, discriminant A of the quadratic expression (19) satisfies
AZb2 + A2 % + A2 A2 £ AZr% —2A A2 u—2M Agur+ 2N A r
= A2b2+ (A Ag+Ar=A u)? >0

So the equation Q(z) = 0 has two distinct real roots given by

()\f)\s+)\fr+)\sp+b)\s)i\/()\f)\s+)\fr+)\sp+b)\s)2—4)\f)\sp(r+)\s)
2\ A

Zp,Z, =



Hence product and sum of the roots are

H(r+As)
2% =
f s
2 +2, = A A +A T+ A U+DA

)\f )\s
In order for the steady state queue length distribution to exist, both roots of

equation Q(z) =0 must be greater than 1.

2
Since inQ(z), the co efficient of z is positive, the two roots of Q(z) =0 will be

greater than 1.if Q(1) >0 and Ql(1)<O.Since Q(1) = rpu—bA,—Ar

We assume that ru>bA, +A;r or b_)\s+ﬁ<1 (31)
M

The above equation implies that p> A;, so if (30) holds, then

Q'(1) = A;(A;—p)-bA,—A;r<0
Thus, if we assume that (31) holds, then the roots z, and z, of Q(z)=0 will be

greater than 1.
From equation (29), we have for z = 1

(1) = N-1 (32)

N(N+1)

¢'(1) = -1 (33)

Let F (z) denote the probability generating function of the queue size irrespective

of the state of the system.

F(z) = Fo(2)+F.(2)+F(2) (34)



Substituting equation (15), (17) and (30) in equation (34), we get

Fz) = {1—(poZ)N . Ao 95—1 ZN} p(O,O)-{AL}Ff (z)

1-poz v s Tr—zAg

N (Ag +r—2zA )N,
Q(z)(1-po2)

(1-08)22 —z-Dfz+ o)} | p(0,0)

Fz) = {1—(902)N +)\o Py ZN}p(O,O)

1-pgz \%
(35)
(b+As +r—2zA )\, N N
* 1-pN)z? —(z-1) 1z + pYp(2) [p(0,0
Q(2)(1-po2) [( Po )z —( ){ Po®( )}]p( )
Since p, = Ao
Ay +V
1 AtV 1.V
pO )\0 0
v = 1_i — po_1
)\0 Po Po
)\_0 — po_1 (36)
v Po

Using equation (36) in (35) we get

N-1 N

1-(pe2)" | Po Py ' 2

1-pyz 1-po

+(b+A, +1r—2A )N [(1-pg)Z° —(2—1)(Z + Py 9(2))]1p(0,0)
Q(z)(1-py2)

}Q(Z)U—DOZ)D(O,O)

F(z) =



N N _N
{1‘(‘")2) +PoZ }o(z>(1—poz)p(o,0>
1-pyz 1-po
+(b+Ag +1=2A)Ag [(1-py)Z° = (z-1) (z+pp 9(2))]1p(0,0)

Q(z)(1-po2)

F(z) =

Using the normalizing condition F(z)=1 , we obtain

_ N N
{1 Po_, Po }Qmm—po)p(o,0>+(b+r)Ao[(1—p§>—0]p(o,0>

1-pp  1-po 1
Q(1)(1-po)

Substituting Q(1) = rp—A,b—A;r in (38) we get,

[ ! J (rH=Ab = Ar)(1-p,)P(0,0) + (b +r)As (1-p5 )P(0,0)

1-p, _ 1
(ru=Ab—A;r)(1-p,)

[(ru=Ab=Ar)+ (b+r)As(1-pY) [p(0,0)
(1=po ru—=Asb—=A¢r)

=1

(1=pg )(rH=A b —A¢r)

PO0) =~ Ab—A)+(b+n)A,(1-pl)

Now, assuming A, >0 and substituting a :iand B= il
Z1 22

Equation (39) becomes,

H(r+A ) (1-a)(1-B)(1-p,)

p(0,0) = (rH—Ab—An)+(b+0A(1-pY)

Using equation (40) in (37), we obtain

(37)

(38)

(39)

(40)



F(Z) — R(Z) (1—0)(1—6)(1—[)0)
(1-az)(1-Bz)(1-py2)

Where

1-(po2)" P 2"
1-poz  1-py

Riz) = ®FDAL(1=p0)2" ~(2=1)(z+p5 @(2))]
(rH=Asb—A¢r)+(b+1)As (1-pg2)

}Q(Z)U— PoZ)

Put z=1 in (42) and simplifying we get

R(1)=1

PARTICULAR CASE

No customer admitted in the queue during a repair process.

In this case A, =0
Then, equation (19) becomes

f

A
Q(z) = rpu(1-ps2) Where p, = — <1

M
Substituting (43) into equation (37), we get

N N
1-(Po2) , Py
1—p02 1_p

ZN}W (1-p,2)(1-py2)p(0,0)

S+, [ (1-po)e’ _(2_1)(z+p§<p(z))Jp(o,0)
ru(1-p;2)(1-py2)

F(z) =

Again using the normalizing condition F(1) =1, we obtain

(41)



1—poN Po _ _ _ AN
+ ru(1-p; )(1-pg )P(0,0)+ (b +1r)Ay (1-pg )P(0,0)
1-pg 1-pp

= 1
ru (1-p:)(1-pg)
[1_1‘) }ru(1—Pf)(1—Po)p(0,0)+(b+r))\o(1—P§)p(0,0)
0 = 1
ru(=p:)(1-po)
[ru(1-p;)+(b+1)A,(1-py )]1p(0,0) _ 9
rud-pe)(1-py)
ru(1-p;)(1-p,)
0,0) = 45
PO = e + 0+ DA (1=pY)] 4o
F2) = R() (1-p)(1-py) (46)

(1-p:2)(1-py2)

{1‘“’02) v P zN}ru(wfz)mpoz)
1-p,z 1-p,
+(b+r>Ao[(1—p§)z2—(z—1><z+p§cp<z))}

R(z) = (47)

N
(rH=ADb—Ar)+(b+r)As(1-p;)
Equations (41) and (46) are the queue length distribution for A, >0 and A, =0

respectively.

If A, =0. Expression (31) becomes the necessary and sufficient condition for the

queue length distribution to exist; it gives the utilization factor for M/M/1 queue

which is independent from breakdown and repair rates.



THE AVERERAGE QUEUE SIZE WHEN A, >0

The mean number of customers in the queue under steady state is given by

_ ,
L, = lim—F(z) = F(1)

)\S()\f—p—b)+)\o{b+r—)\s(1—p:)}

N-+1

—Afr—{f" (ur —)\Sb—)\fr)}
—Po
L — a + B + pO

g 1 1 1 " N (48)
—a 1B 1P (oAb A+ A (b+1)(1-py)
THE AVERAGE NUMBER OF CUSTOMERS IN THE SYSTEM
L, = Lq+)\—°+ﬁ A (49)
VR VIRV

THE AVERAGE WAITING TIMES PER CUSTOMER IN THE QUEUE AND IN

THE SYSTEM
L L L
W, = )\—“+)\—“+)\—q (50)
0 f s
1
W, = LS+E (51)

THE AVERAGE QUEUE SIZE WHEN /15 =0

Using the value of F (z) given in equation (46), we obtain

L, = IimdiF(z) = F'()

q z-1 Az



pN+1
No(b+)=rup; -~ —(ru(1-pp))
Ly = oo+ Py : (52)
T-pr  1-p0 H(1=p¢) + Ao (B +1)(1-p02)

THE AVERAGE NUMBER OF CUSTOMERS IN THE SYSTEM

L, = L,+—+— (53)

THE AVERAGE WAITING TIMES IN THE QUEUE AND IN THE SYSTEM

Lq Lq
W, = et (54
)\0 )\f
1
Ws = Ls+_ (55)
M
SPECIAL CASES

The system capacity is infinite, (i.e.) N =

Case a: when A, >0

a B o As(Af —p—=Db)+Ag(b+r—A)—Asr

Ly, = + + + (56)
1-a 1-B 1-p, (rH—=Ab=Ar)+Ay(b+r)

Case b: when A, =0

L - P, P . A(btr)-rup (57)

1-p 1-p, ruld—p)+A,(b+r)



CHAPTER-III




CHAPTER-III
ANALYSIS OF M/G/1 QUEUEING MODEL WITH STATE DEPENDENT

ARRIVAL AND VACATION

The steady state behavior of a single server M/G/1 queueing model with
vacation and varying arrival rates is considered in this chapter. Using
supplementary variable technique the steady state solution as well as the
probability generating functions for the number of units in the queue, the average
number of units in the queue and in the system and average waiting time are

obtained.
MODEL DESCRIPTION

The units arrive at the system according to Poisson fashion with state
dependent rates. Let B(v) and b(v) respectively be the distribution function and
the density function of the essential service time. It is assumed that service

time of the units follow general distribution. Let M(X)dX be the conditional
probability of completion of the service of the unit during the interval (X, x + dx)
with elapsed time x so that,

x) = b(x)
Ty ™M

and

\/
~ [u(x)dx
b(v) = p(v)e 9 2)



The server may decide to take a vacation of fixed length d(>0) at the completion
of each service with probability por may continue to be available in the system
for the next service with probability 1-p .The customers are served according to

the first come first served rule. The inter arrival times, service times and the

vacation times are independent of each other.

NOTATIONS AND DEFINITIONS

Ay = Mean arrival rate of the units in idle state
A, = Mean arrival rate of the units in busy state
Ay = Mean arrival rate of the units in vacation state
Wi, (t, x) = Probability of nunitsin the system at time twhen the server

is busy in rendering service to the unit with elapsed service

time lying between X and x + dx .

V(1) = Probability of n units in the queue at time t when the server is on
vacation.
Q(t) = Probability that there are no units in the system and the server is in

idle state at time t.

Pq (z) = Probability generating function of the number of units in the system.

K, = Probability of r arrivals during a vacation period.



Where

EQUATIONS GOVERNING THE SYSTEM

The model is governed by the following set of differential-difference

equations.

d

— Wn )+ (g +BEIWR () = ApW 40, n>1 (3)

d

d—XWO(X)+()\2 +HX)W(x) = 0 4)

MQ = (1—P)(J)WO(X)H(X)dX+V0Ko (5)
o0

Vp = p(j)Wn(x)p(x)dx, n>0 (6)

With the boundary conditions,
WL(0) = (1- p)(I)Wn +1(X) H(x)dx + VoK g + V4K + e +Vn41 Ko, n>1 (7)

Wp(0) = (1—p)(I)W1(x)p(x)dx+V0K1 + V4K +MQ (8)



GENERATING FUNCTIONS OF THE QUEUE LENGTH

Define the probability generating functions,

W(x, z) = rlgown(x)zn (9)

W(z) = noéownz” (10)
X n

V(z) = ngovnz (11)

Multiplying equation (3) byzn _adding with equation (4) summing over n

from 0 to o« using the generating functions defined in equations (9), (10) and (11)

we get,

d » n © n © n
— > W (xX)z A X)) > W X))z = Ay X W X)z
D002 g u0) T W, (0 2 T W ()

9 Wix, 2)+ Ay +H) WK, 2) = Apz > W, _y(x)2"
dx n=0

iW(x, z) + (Ap + H(x)) W(x, 2) = Aoy zWI(x, 2)
dx

diXW(x, z)+ (Ap +H(X) —Ap2) W(x,2) = 0 (12)

Multiplying equation (6) by z" _summing over n and using equations (9) to (11),

we have



V(z) = pEW(x, 2) p(x)dx (13)

“Aad
e 3 (Ayd)"z"
0 n!

M8
A
N
I

M8

n
“Ayd o (Axd2)
e 3y 377

n=0 nl

~Aqd(1-2)
= e O (14)

Performing similar operations on equations (7) and (8), we obtain

o ~Ayd(1-2)
zW(0,2z) = (1-p) JW(x,z)p(x)dx + V(z) e -KoVo
0
o (15)
+MQz-(1-p) IWO (X)p(x)dx
0
Using equation (5) in (15), we obtain
© —)\3d(1—z)
zZW(0,z) = (1—p)éW(x,z)p(x)dx+V(z) e +)\1Qz—)\1Q
© -Ayd(1-2)
= (1—p)(j)W(x,z)p(x)dx+V(z) e +MQ(z-1)
© —)\3d(1—z)
(1-p) [W(x,Zz)u(x)dx + V(z) e +MQ(z-1)
W(©,2) = — - (16)

Solving the differential equation (12), we obtain



X
“[(A_—A,z)dx ] H(bdt
W(x,z) = c1ej(2 22)Xeo

Takingx=0
Then Cq = W(0,z) and hence

X
B B —[ u(t)dt
W(x,z) = W(0,z)e Motz e 0 (17)

Integrating equation (17) with respect to x, we get

X
® © Ay(tzx MO

IW(x,z)dx — W(0,2) Je 2 e dx
0

X p(t)
© N(tzx §1BiH ™

= W(0,z)Je e dx
0

~ W0 2) Oge_)?“_z)x ¢l0g =B 4,

0 —)\2(1—z)x [1

= W(0,2) (j) e ~B(t)] dx

1- b()\2 - )\22)

W(z) = W(Q,
() (Z){ Ay — Ay } (18)

© —)\2(1—z)x
Where DA —Ay2) = (f)e b(x) dx



Multiplying both sides of equation (17) by H(X) and integrating with respect to

x from 0 to w0, we get

» w A (z)x ROt
éW(x,z) u(x)dx = W(o,z)(j)e 2

e —)\2(1—z)x 5

= W(0,2z) (j)e (x)dx

= W(O,Z) B()\z —)\22) (19)

Using equation (16) in (19) and solving for W(0, z), we obtain

V(z) e 3% )+)\1Q(z—1)
W(0,z) = — (20)
z- b()\2 - Azz)(1 -p)

Substituting equation (20) in (18) we get

W(z) =

~Agd(+-2) N
V(z)e +AQz-1) {1 ~b(r, - )\22):|

_ (21)
z-b(Ay —Ay2)(1-p) Ay —Ayz
Using equation (19) in (13) we get,
V(z) = pW(O, z)B()\2 -Ay2) (22)

Substituting equation (20) in (22)

_ ~Ayd(1-2) _
V(z) [z-b(Ay ~Ay2)(1-P)] = p[V(z) e +MQEz-1)]b(Ay —Ay2)



~Ayd(1-2)

V(2)[z-b(Ay —As2)+pb(Ay —Ao2)]-p[V(z) e 3 b(Ay —Ap2z)]

= pMQE-1)b(A, -A,2)

AMQ(z -1)b(Ay — A
V) = Pt 1202 20 —A,d(1-2) (23)
Z-b(Ay —Ay2)+pb(Ay —Ayz)(1-€ 3 )

Substituting equation (23) in (21), we get

_ ~Agd(1-2)

p)\1Q(z—1)b()\2 —)\22) e
+)\1Q(z—1)

Wez) = — — Ayd(1-2)
z—b()\2 —)\22)+pb()\2 —)\22)(1—e )

1 1—6()\2 —)\22)
z-b(Ay ~Ay2z)(1-p) Ay —Ayz

Wea) AMQ[b(Ay —Apyz)—1]
@ = _ _ “Ayd(1-2)
)\2 [Z— b()\2 —)\22)+ pb()\z —)\22)(1—9 )]

(24)

Let Py(2z) be the probability generating function of the queue length, whether the

server is on vacation or available in the system.

Then Pq(2) = V(z) + W(z) (25)

Substituting equations (23) and (24) in equation (25)



pA,Q(z-1)b(A, —A,2)
Pa(2) = 1 2" "2
_ _ —A,d(1-2)
z-b(A, ~A,2)+pb(A, ~A,2)(1-e 3 )
(26)
. MQ[b(Ay —Apz)-1]
_ _ ~Ayd(1-2)
)\2 [Z—b()\z —)\22)+ pb()\z —)\22)(1—9 )]
The unknown constant Q can be obtained by the normalizing condition,
Pq(1)+Q =1 (27)

We see that for z=1, Pq(@ in equation (26) is indeterminate of the form %_

Applying L'Hopitals rule on equation (26) and using the fact that b(0) = 1,

—! 1 _n
-b (0) = E(v) = ; and b (0) = E(v2) where E(v?) is the second moment of

the service time.

V(1) = lim V(z)

z—>1

2)+pAQ(z-1)b(A, ~Ay2)(-A,)

. - —Ayd(1-2)
1-b (Ay —Ay2)(-A,) +Pb (A, —A,2)(-A, )(1-e )

B, — A 2 B3N Z)(—A3d))

PA,Qb(A, — A,

__pAQD(O)
1—A—2+ 0+ p(—A,d)
M




|Jp)\1Q
M- )\2 - p)\3pd

V(1) =

W(1) = lim W(z)

AQ
M- )\2 - p)\3|Jd

w(1) =

pp)\1Q+)\1Q
P (1) =
q |J—)\2—p)\3pd

QA4(1+pu)

= (28)
H=Ay —PA,ud

Therefore adding Q to equation (28) and equating to 1 and simplifying we get,

Q - U_)\z —p)\3pd
U—)\z —p)\3Ud+)\1(1+pU)
M(1+py)
Q= 1- (29)
p(1—p)\3d)+)\1(1+pu)—)\2
Substituting equation (29) in (26), we obtain
_ Mo ) -

)\7 ( b()\z - )\22) -D+(p )\1(2 - 1)b()\2 - )\22))

Py@ = |2
_ _ —A3d(1—z)
Z—b()\z —)\22)+ pb()\2 —)\22)(1—6 )
A (1
y 1(1+pH) (30)

M(1 —p)\3d)+)\1(1 + pp)—)\2



The utilization factor p of the system is given by

A(1+pu)
p=1-Q = (31)
H(1-pAgd)+ A (1+pu)—-Ay

Where p <1 is the stability condition under which the steady state results exist.

Let P(z) be the probability generating function of the number of units in the

system. Then

P(z) = Q+ qu (2)

_ A, d(1-
2(1—)\1J+b()\2—)\2z){p(1—e 3% Z))—1+p)\1z(z—1)+))\\1z}

_ Ao 2
_ _ -Ayd(1-2)
z—-b(Ay —Ayz)+pb(Ay —Ayz)(1-e )
A4(1+pu)
x[1- 1 32
l: p(1—p)\3d)+)\1(1+pu)—)\2} (32)

THE EXPECTED NUMBER OF UNITS IN THE QUEUE

Let Lq denote expected number of units in the queue. Then

d
Ly = lim —Py(z) = P5(1
q = jm —Pq@ = Py()

Let N(z) be the numerator and D(z) be the denominator of Pq(2)

Since N(1) = D(1) = 0 by applying L’Hopitals rule, we get



D'(1)N" (1) =N'(1)D" (1)

Ly = Ilim
7 21 2[D'(1)]?
D'(1N"(1) - N'(1)D" (1)
= lim 33
21 2[D' (1)]2 )

From the expressions of N(z) andD(z), we have

N ) {M[mlﬂ . Ay(1+pu) (34)
M H(1=pAgd)+Aq(1+pp)—A,
2p A A
N"(1) = { Ph%e +A1A2E(v2):| 1- M{T+PH) (35)
M H(1T-pAgd)+ A (T+pp)—A,

Ay
D'(1) = 1-—2-Agpd
u

2p A\, d

D" (1) —[AZE(VZHJALlJ +p)\§d2}

2

Using equations (34) to (37) in (33), we obtain

2.2
2oAh, [ A ] 2pAAALd p AAZd
A, EG2)L(1- Apd) + Ap ]+ 12{12}123 i p2Ap2g? s — 13—

12 13
u u2 v

{1_ Aq(1+py) } (38)

p(1=pAgd) + Aq(T+pp) - Ao



THE EXPECTED NUMBER OF UNITS IN THE SYSTEM

If L denotes number of units in the system.Using little’s formula,

we have
L = Lg+p (39)
Where Lq has been found in equation (38) and p=1-Q (40)

THE EXPECTED WAITING TIME

Let Wq and W denote the expected waiting time in the queue and in

the system respectively.

Then using little’s formula we obtain,

L

_ q
Wq = 7 (41)
eff
L
W= — (42)
At

Where )\eff = )\1Q + )\2W(1) + )\3V(1)

SPECIAL CASES

Case a: No server vacation

In this case, p=0, then equation (38) becomes



2

L A Ay E(v ) b A,

The result (43) reduces to the average queue length for M/G/1 model with state

dependent rates.

Case b: No server vacation and uniform arrival rates

In this case p=0 and Ay =A, =A3 = A then equation (38) becomes

(44)

The result (44) leads to the average queue length for M/G/1 queue.

Case c: service time is K-Erlangian

2 K +1
In this case E(V ) = 2
ky

Then equation (38) becomes

2p A A d p A A2d2
12, 2 +M+p2)\1,\§d2+i
Y 2 u

><|:1— )\1(1+pp) :| (45)



Equation (45) provides the average queue length for M/Ex/1 deterministic

vacation queueing model.

Case d: Service time is exponential

In this case, we get E(v 2
then from equation (38) we obtain,

2)\1 )\2

2

PAMAS

K +1 2
+ (1—)\3pd+)\2p)+p[1

Kp2

A 2p AAsAqd
_2]+p123+p2A1A§d2+
M p2

L= H

2
p A1A3d2 |

Ay 2
2 1—j—)\3pd

1

(46)

x| 1-
{u(

AM(1+py) }

1-pAgd) + Aq(1+pH) — Ay

The result (46) agrees with the results given in M/M/1 deterministic vacation

queuing model.



SUMMARY AND CONCLUSION

SUMMARY AND CONCLUSION



In this dissertation single server queueing system with state
dependent Poisson arrivals, server vacations and random breakdowns are
considered.

In chapter two, finite capacity queueing system with vacations and
server breakdowns are considered.

Infinite capacity queueing system with deterministic server vacation
is analyzed in chapter three.

For both models explicity expressions for expected number of
customers in the queue and in the system, average waiting times for a customer

in the queue and in the system are obtained.
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