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Chapter 7
Generalized T -closed sets and grill
7.1 Introduction

Choquet (1947) initiated the idea of grills on topological spaces. This
concept is a powerful supporting tool like nets and filters for getting a deeper
insight for further study of topological spaces. Roy and Mukherjee (2007) and
Roy et al.(2008) defined and studied a topology by associating the existing
topology and a grill. Dhananjoy Mandal and Mukherjee (2012) defined and
studied G-g-closed sets in grill topological spaces. Arockiarani and Karthika

(2012) introduced the notion of generalized B-closed sets in grill topology.

In this chapter, we have introduced and developed the notion of
gm -closed sets in terms of grills. The concepts of gm(#& )-convergence,

gm(8)-adherence, gm(&@)-linked and gm(€ )-conjoint are introduced and

their properties are discussed.
7.2 Generalized 11- closed sets with respect to a grill
Definition 7.2.1. Let (X, 7 ) be a topological space and G be a grill on X.

Then the mapping 7® .. ®(X) - @(X), with respect to the grill gand 7, is
defined by

@ (A)={x € X: UNAe g for every m-open set U containing x } for Ae ®(X)
Theorem 7.2.2. Let (X, 7) be a topological space.
(i) If gis any grill on X, then 2®  is an increasing function in the sense that
A c B(< X) implies n® ;. (A) € =0 . (B),

(ii)G1 and G, are two grills on X with G1 S G, then 7d g1 (A) & 2P ., (A), for all
AcX.
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(iii) For any grill gon Xand any A c X, if A ¢ G then =D . (A) = ¢.

Theorem 7.2.3 Let (X, 7) be a topological space and g be a grill on X. Then
forall A,B c X,

(i) 7@ ; (AUB) = 2D, (A)U 70 . (B),

(ii) 7D (7@ , (A)) € 7D . (A) =Tcl (0 ; (A) ) STl (A)

g g

Proof. (i) In view of Theorem 7.2.2(i) it suffices to show that »d . (AUB) S 7®
¢ (A) U n® . (B). Suppose x ¢ 20 . (A)U 70 . (B). Then there are Uy,U; emre (x)
such that ANUs¢ ¢ andB N U, ¢ gand hence (AN Uq) U (BN Uy) ¢G. Now
U1.ﬂ Uemr (x)and(AuB)N(UiNU)c(ANU)U (BN Uy ¢gG, and
hence x ¢ 7® . (A U B). Therefore 2® . (AUB) = 70 . (A)U 7D . (B).

(i) x ¢ Tcl(A), there exists U € 7 (x) suchthatUNA=¢ ¢G =x ¢ 70 . (A).
Thus 7@ . (A) < mcl(A). Now we shall show that mcl(#® ; (A)) & 7P ; (A).
Indeed, x € wcl(=@, (A)) and U € mr (x) = U N 0. (A) #¢. Let
ye un o, (A),ie,y€ Uand y€ 20, (A). ThenUNAE€ gand so
X € 2® . (A). Thus mcl(2® . (A)) = 20 . (A).

Now , 7® . (2® . (A)) € Trcl(2D ; (A)) = 7D . (A) < el (A).

g

Definition 7.24 Let g be a gril on a space X. Then the map
my  ®AX) — AX) is defined by 7y (A)=A U 20 . (A), forall A € @(X).

Remark 7.2.5 The above map satisfies Kuratowski's closure axioms.

Definition 7.2.6. Let (X, ) be a topological space and G be a grill on a space
X. There exists a ' unique topology 74T on X given by
regm={UcX: my (X\U)=X\U}
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Note 7.2.7 For any grill gon a space X and any A € X,

my (A)=AU 1® . (A) =1 ¢ T-Cl(A).

Lemma 7.2.8. For any grill gon a space X and any AB € X,
2@ (A)\ 7D (B) = 2® . (A\B)\ 7D, (B).

Corollary 7.2.9. Let G be a grill on a space X, and suppose A, B € X with
B eg. Then nd (AU B)= D (A)= 20 (A\B).

Definition 7.2.10 Let (X, 7 ) be a topological space and ¢G be a grill on X.
Then a subset A of X is said to be g -closed with respect to the grill g (G- gm

-closed) if #® . (A) S U whenever A < U and U is openin X.

A subset A of X is said to be G- g -open if X\ A is G- g1 -closed.
Theorem 7.2.11 For a topological space (X, 7)and a grill gon X,
(a) For any subset Ain X, 20 . (A) is G- g -closed

(b) Any non member of Gis G- g -closed.

(c) Every G- gt -closed set is G- g -closed.

(d) Every g -closed set is G- gt -closed.

Proof: (a) Let A be a subset in X Then 70 . (2@ . (A)) € 2D, (A) U,

whenever U is open in X. 2® . (A)is G-gm -closed.

(b) Let Aeg then . (A= ¢ U, whenever U is open in X. A is

G- gt -closed..

(c) Let A be a G- gt -closed and A< U and U is open in X. Since A is G- g
closed, »@, (A) @, (A) S U, Ais g-g -closed. Thus every G- gm closed

setis G-g ~closed.
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(d) Let A be a g -closed set and U be an open set in X such that A € U then
mcl(A) € U, As 20 (A) & Tcl(A) € U, A is G- gm-closed. Thus every

g -closed set is G- g -closed.

Definition 7.2.12 Let X be a space and (¢#) Ac X. Then
[A]l={BS X: AN B# ¢} is a grill on X, called the principal grill generated by A.

Proposition 7.2.13 In the case of [X] principal grill generated by X, it is
known that 7 = 7q so that any [X]-gm-closed set becomes simply a

gm-closed set and vice-versa.

Theorem 7.2.14 Let (X, 7) be a topological space and G be a grill on X .If a
subset A of X is G- gm-closed then 7, 1 cl(A) €U wheneverAc Uand U is

open.

Proof: Let A be a G- gt -closed set and U be a open in X such that A< U then
7 (A)SU A U 0 (A)S U =1, cl(A) € U. Thus 74 T -cl(A) S U

whenever AC U and U is open.

Theorem 7.2.15 Let (X, r) be a topological space and G be a grill on X .If a
subset A of X is G- g -closed then for all x €7 4 T cl(A) , wcl({x}) N A= .

Proof: Let x erg wcl(A). If mel({x}) NA= ¢ = Ac X\wcl({x}) then by
theorem 7.2.14 7, w cl(A) € X\ wcl({x}) which is a contradiction to our

assumption that x €7 ¢  cl(A). Therefore wcl({x}) N A= ¢.

Theorem 7.2.16 Let (X, ) be a topological space and G be a grill on X .If a
subset A of X is G- gm-closed then 7, m cl(A) \ A contains no non-empty
closed set of (X, 7). Moreover n® . (A) \ A contains no non-empty closed set

of (X, 7).

Proof: Let F be a closed set contained in 74  cl(A) \ A and let x € F. Then
FNA= ¢ and wcl({x}) N A = ¢. This is a contradiction to the fact that

wcl({x}) N A# ¢ . Thereforer ;  cl(A) \ A contains no non-empty closed set of
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(X, 7). Since m® . (A)\ A =15 cl(A)\ A, 7@ ; (A) \ A contains no non-empty

closed set of (X, 7).

Theorem 7.2.17 Let g be grill on a space (X, r)and A be a G- gm-closed set.

Then the following are equivalent
(a)Ais 74 -closed.

(b) rgmcl(A)\ Ais closed in (X,7)
(c) n® ;(A)\ Ais closed in (X,7)
Proof:

(a)= (b)Let A be 7, 1 -closed. Then r,m cl(A)\A =¢ and so 741 cl(A)\ A

is a closed set
(b)= (c) since 14 cl(A)\A =20 . (A)\ A, 75T cl(A)\Ais closed in (X,7)

(c)= (a)Let 2@ . (A) \ A be closed in (X, 7) since A is G- g -closed by
Theorem 7.2.16, =@ .(A)\A=¢ so Ais 71T -closed.

Theorem 7.2.18 For any subset A of a space (X, r)and a grill g on X. If Ais
G- gm -closed then A U (X\7® . (A)) is G- g closed.

Proof: Let AU (X\nd . (A)) & U, where U is open in X. Then
X\Ucs X\ (AU (X\20 . (A)= 2P, (A)A. Since A is G- gm-closed, by
Theorem 7.2.15, we have X\U= ¢, i.e.,.X=U. Since X is the only open set
containing AL (X\7® . (A)), AU (X\7D ;. (A))is G-gTr-closed.

Theorem 7.2.19 For any subset A of a space (X, 7) and a grill g on X, the

following are equivalent

(@ Au (X\n® . (A)) is G- g -closed
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(b) 7@ ; (A)\Ais G- g -open.
Proof: Follows from the fact that X \ (7@ ;. (A\A)=AU (X\7® . (A)).

Theorem 7.2.20 Let(X, r) be a space, G be a grill on X and A, B be subsets
of X such that A € B 7, cl(A). If Ais G- gm-closed, then B is G- g1 -closed.

Proof: LetB < U, where U is open in X. since Ais G- g -closed, »® . (A) < U

= tsmcl(A) € U. Now, A € BE 741 -Cl(A)

=715 mW-Cl(A)S 74 -cl(B) S 7 -Cl(A). Thus 74 m-cl(B) € U and hence B is

G- g1 -closed.

Theorem 7.2.20 Let g be a grill on a space (X, 7). Then a subset A of X is

G-gm -open iff F S74 1 -int (A) whenever FE A and F is closed.

Proof : Let A be G- gm -open and F S A ,where F is closed in (X, 7) .Then
X\A € X\F= 70 . (X\A ) € X\F = 75 Tcl(X\A) € X\F = F S 75 -int(A).

Conversely, X\Ac U where U is open in (X, 7) = X\U € 7, 1 - int(A)
> 15mcl(X\A) € U. Thus (X\A) is G- g1r -closed and hence A is G- g1 -open.

7.3 Grills: gmw(&)-convergence and grr( & )-adherence
Definition 7.3.1 A grill G on a topological space X is said to:

(a) gm(@)-adhere at x € X if for each U € gmO(x) and each G € g,
grmclU NG # o,

(b) gm(& )-converge to a point x € X if for each U € gmO(x), there is some
G € g such that G < gmcl(U) (in this case we shall also say that g is gm(& )-

convergent to x).

Remark 7.3.2 It at once follows that a grill G is gmm(& )-convergent to a point

x € X iff g contains the collection {gmcl(U) : U € gmO(x)}.
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Definition 7.3.3. A filter #on a topological space X is said to gm( & )-adhere at
x € X (gm(@)-converge to x € X) if for each F € F and each U € gmO(x),
F N gmel(U) # ¢ (resp. to each U € gmO(x), there corresponds F € Fsuch that
F < gmcel(V) ).

Definition 7.3.4. If g is a grill (or a filter) on a space X, then the section of g,

denoted by secg, is given by secG={Ac X:ANG# ¢, forall G € g}
Theorem.7.3.5
(a) For any grill (filter) G on a space X, sec ¢is a filter (resp. grill) on X.

(b) If Fand g are respectively a filter and a grill on a space X with £ ¢, then

there is an ultra filter Uon X such that Fc Uc G.

We note at this stage that unlike the case of filters, the notion of
gm( & )-adherence of a grill is strictly stronger than that of gm( & )-convergence.

Theorem.7.3.6 If a grill G on a topological space X, gm( & )-adheres at some

point x € X, then G is gm(& )-convergent to x.

Proof: Let a grill g on X and G be gm(& )-adhere at x € X. Then for each
U € gmO(x) and each G e G, gmel(U) NG # ¢ and hence grrel(U) € secg, for
each U € gmO(x), and therefore X\gmcl(U) ¢ ¢. Then gmel(U) € g (as Gis a

grill and X € @), for each U € gmO(x). Hence g must g1(& )-converge to x.

The following example shows that a gm(& )-convergent grill need not gm(&)

adhere at any point of the space even if the space is finite.
Example.7.3.7 Let X = {a, b,c}, 7 ={X, ¢, {a},{b}, {a, b}} and

G = {{b}, {c}, {a, b}, {a, c}, {b, c},X}. Then it can be easily seen that G is a grill
on X and 7 is a topology on X such that gm O(X) = 7 . Now cl({a}) = {a, c},
cl{fp}) = {b,c}, cl({a, b}) X and clfa, c}) = {a, c}. So,
{cl(U) : U € gm O(x)} = {{a,c}, {b,c},X} € G,V x € X. It can be verified that the
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grill g is gm( & )-convergent to each x € X, but does not gm(6& )-adhere at any

X € X.

Notation.7.3.8 Let X be a topological space. Then for any x € X, we adopt

the following notations:
(@). glgm(&), x) ={A < X : x € gm(8)-clA};
(b). secG(gm(8), x)={AcX:ANG# ¢, forall G € g(gm(&); x)}.

Theorem.7.3.9 A grill g on a space X, gm(& )-adheres to a point x € X iff
G< Gggm(é), x).

Proof: A grill gon a space X gm(€& )-adheres at x € X
= gmcl(U) NG # ¢, forallU e gnO(x) and all G € ¢
= xegm(@)-cl(G),forall Ge g
= Geg@mo),x),forall Ge g
= G ggm(&), X).

Conversely, let g < g(@m(8 ), x). Then for all G € G, x € gm(& )-cl(G), so
that for all U € gmO(x) and for all G € g, gmel (U) N G # ¢. Hence G is

gm( & )-adheres at x.

Theorem.7.3.7 A grill g on a topological space X is gm(é& )-convergent to a

point x of Xiff secg (gm(&), x) < G.

Proof. Let g be a grill on X, gm(& )-converging to x € X. Then for each
U € gmO(x) there exists G € g such that G c gmcl(U), and hence

grcl{U}) € g loreach L) .€ gmOD0s . mmssmmrsnsssnsmmensmssssmussnnsisnsmns (1)
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Let B € secg(gm(&), x). Then X\ B ¢ G(gm(@), x) = x ¢ gm(&)-cl (X\B)
= there exists U € grmO(x) such that gmcl(U) N (X \ B) = ¢ = gmrel(U) < B,
where U egmO(x) = B € G (by (1)).

Conversely, let if possible, g be not to gm(& )-converge to x. Then for
some U € gmO(x), gmclU ¢ g and hence gmcl(U) ¢ secg(gm(@ ), x). Thus
for some A € G(gm(8), X),

But A € g(gm(8), x) = x € gm(8)-clA = gmrcl(U) N A # @, contradicting (2).

Hence the result.

Definition.7.3.11 A grill gon a space X is said to be:
(a) gmr( @ )-linked if for any two members A,B € ¢,
gm( & )-cl(A) N gm(&)-cl(B) # .

(b) gt (& )-conjoint if for every finite subfamily A,A,..... Aq of G,
gmint [ gm(0)-cl(A)] # ¢:
1=l

Remark 7.3.12 It follows from the definitions that every gm( & )-conjoint grill is
gm( & )-linked. That the converse is false is exhibited by the following example.

Example.7.3.12 Let X={a, b, ¢},  ={X, ¢, {a},{b}, {a, b}} and

G = {{a}, {b}, {a, b}, {a, c}, {b, c},X}. Then it can be easily seen that G is a grill
on X and r is a topology on X such that gm O(X) = 7. Now
gm(8)-cl({a}) {a, ¢, gm@é)c(b) = gm(&)cl{b.ch={b.c},
gm(@)-cl({a, b}) = X and gm(& )-cl({a, c}) = {a, c}. It is obvious that G is a
g™ (8 )-linked grill on X but it is not gt (& )-conjoint as gmint [Naeg g( & )-cl(A)]
= gmint {c} =¢.

]
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7.4 gm-closed space and grills

Definition.7.4.1 A non-empty subset A of a topological space X is called gm-
closed relative to X if for every cover U of A by g -open sets of X, there
exists a finite subset U, of U such that A < U {gmcl(U) : U € Up}. If, in

addition, A = X, then X is called a gmr-closed space.

Theorem 7.4.2 For any topological space X, the following are equivalent.
(a) X'is gmr-closed.

(b) Every maximal filterbase g1 (& )-converges to some point of X.

(c) Every filterbase grr(& )-adheres at some poinvt of X.

(d) For every family {Us, | a € A} of gm-closed subsets such that
N{Us | a € A} = ¢, there exists a finite subset A, of A such that
N{gmint(Uq) | a € Ao} = ¢.

Proof: (a)=(b). Let #be a maximal filterbase on X. Suppose that ¥ does not
gm( @ )-converge to any point of X. Since ¥ is maximal, ¥ does not gm(&)
adheres at any point of X. For each x € X, there exists Fx €  and gm-open
set Uy containing x such that Fx N gt cl (Uy) = ¢. Now {Uy | x € X} is a g
open cover for X. By (a), there exists a finite subset {x1, x2, ..., Xn} of X such
that X = u{ g cl(Ux) | 1 <i < n}. Since Fis a filterbase, there exists F € ¥
such that F c NFg . Now, NFq =(NF4) N (U gm cl (Ux)
= U((NF4 ) N g cl (Uy )) = ¢. Hence F = @, a contradiction.

(b)=(c). Let ¥ be a filterbase on X. Then there exists a maximal filterbase
such that Fc . By (b), Fis gm(& )-converges to some point x € X. For every
F € ¥ and every U € g open set containing x, there exists Fo € # such that
Fo € g cl (U). Now Fo < grrel (U) implies that Fo N F < grrel (U) N F. Since
Ty is a filterbase, F N # # ¢ and so F N gm cl (U) # ¢. Hence F is

gm( & )-adheres at x.
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(c)=(d). Let {Uqs | a € A} be a family of g -closed subsets of X such that
N{Uq, | a € A} = ¢. Let I be the family of all finite subsets of A. Assume that
A =N{gmint (Uy) |a € I} # ¢ forevery | € I Then the family F={A,|| € I}is
a filterbase on X. By hypothesis, ¥ is gm(& )-adheres at some point x € X.
Since {X = Uy | a € A} is a gmr-open cover of X, x € X = Ug for some B € A.
Since gt cl (X = Ug) N gt int (Ug) = ¢, a contradiction to the fact that  is
gm(6 )-adheres at x € X. Thus N{gmint (Us) |a € I} =@ forsome | € I.

(d)=¢a). Let {Us | a € A} be a cover of X by gm -open sets of X. Then
X = Uy | a € A} is a family of gm -closed subsets of X such that
N{X-Uqs | a € A} = ¢. By (d), there exists a finite subset Ay of A such that
N{ gt int (X=Ug) | a € Ag} = ¢. Hence X-N{ g int (X-Uy) | a € Ao} = X which
implies that u{ g cl (Uy) | a € Ag} = X. Hence X is g1 -closed.

Theorem.7.4.3 A topological space X is gm-closed iff every grill on X is
gm( & )-convergent in X.

Proof: Let g be any grill on a gm-closed space X. Then by Theorem 7.3.5,
secG is a filter on X. Let B € secg, then X\B ¢ G and hence B € G(as Gis a
grill). Thus secg < g. Then by Theorem 7.3.5(b), there exists an ultra filter U
on X such that sec g ¢ U < G. Now as X is gm-closed, in view of Theorem
7. 4.2 the ultra filter Vis gm(& )-convergent to some point x € X. Then for each
U € gmO(x), there exists F € U such that F < gmcl(U). Consequently,
gmeliU) € v < ¢, ie., gmel(U) € g, for each U € gmO(x). Hence ¢ is

gm( @ )-convergent to x.

Conversely, let every grill on X be gm(& )-convergent to some point of
X. By virtue of Theorem 7.4.2 it is enough to show that every ultra filter on X is
gm( 8 )-converges in X,which is immediate from the fact that an ultra filter on X
is also a grill on X.

Theorem?7.4.4. A subset A of a topological space X is gm-closed relative to X
iff every grill g on X with A € G, gt(& )-converges to a point in A.
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Proof: Let A be gm-closed relative to X and g a grill on X satisfying A € ¢
such that g does not gt( & )-converge to any a € A. Then to each a € A, there

corresponds some U, € gmO(a) such that gmcl(U,) ¢ G. Now {U, : a € A}is a
cover of A by g open sets of X. Then A ¢ U gmel(Uy) = U (say) for some
i=

positive integer n. Since Gis a grill, U ¢ g and hence Ag G, whichis a

contradiction.

Conversely, let A be not gm-closed relative to X. Then for some cover
U={Uq: a e A} of Aby gm open sets of X, F={A\ U gmel(Uq) : Ap is a finite

aeA0

subset of A} is a filterbase on X. Then the family £ can be extended to an
ultrafilter 7 on X. Then #* is a grill on X with A € #* (as each F of ¥ is a
subset of A). Now for each x € A, there must exist Be A such that x € Ug, as
U is a cover of A. Then for any G € #, G N (A\ gmcl(Ug) # ¢, so that

G & gmrcl(Ug), for all G € g. Hence F* cannot gmr( & )-converge to any point of

A. The contradiction proves the desired result.

Theorem.7.4.5. Let X be any topological space such that every grill g on X,

with the property that ﬂ gm(@)-clG; # ¢ for every finite subfamily
i«

{G1,Gy,...Gn} of G, g(8 )-adheres in X, then X is a gmr-closed space.

Proof: Let ¥ be any ultrafiter on X. Then Vis a grill on X and also for each

finite sub collection {U4,U,,...Un} of U, ﬂ gm(é)-cly; 2 ﬂ clU; # @, so that

i=| i=|

U is a grill on X with the given condition. Hence by hypothesis, v is

gm( & )-adheres. Consequently, by Theorem 7.4.2, the space X is gm-closed.

Theorem.7.4.6 Forany A c X, gm(&)-clA = N{gmcl(U) : A c U € gmO(X)}.
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Theorem.7.4.7 In a gm-closed space X, every gm(@ )-conjoint grill
gm( & )-adheres in X.

Proof. Let g be a gm(& )-conjoint grill on a gm-closed space X. Since
gm(@)- cl(A) is gm-closed for every A c X, { gm(&)-cl (A) | A€ G} is a
collection of gm-closed sets in X. Since G is gm(& )-conjoint, for any finite
subfamily {A1,A2, ...,Aq} of G, gmint (N{gm(&)- cl(A) |1 <isn}) # ¢ and so
N{ gt int (gm(& )-cl (A)) |1 i < n}# ¢@. Hence by Theorem 7.4.2, N{ gm(& )-cl
(A) |A € G} # @ and so there exists x € X such that x € gm(& )-cl (A) for every
A € G which implies that A € g(gm(&), x) for all A € G which in turn implies
that g c g(gm(&), x). Therefore, g gmr( 6 )-adheres at x, by Theorem 7.3.9.
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