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Introduction



INTRODUCTION

“As for everything else, so for mathematical theory:
beauty can be perceived but not explained”
-Arthur Cayley

Discrete Mathematics is a branch of mathematics dealing with finite or
countable processes and elements. Graph theory is an area of discrete
mathematics which studies configuration (called graphs) of networking
consisting of a set of nodes (called vertices) interconnecting by lines (called
edges). From humble beginning and almost recreational type problems, graph
theory has found its calling in the modern world complex systems and
especially of the computer. Graph theory and its applications can be found not
only in other branches of mathematics, but also in scientific disciplines such as
engineering, computer science, operational research, management sciences and

the life science.

Presently, science and technology is featured with complex processes
and phenomena for which complete information is not always available. For
such cases, mathematical models are developed to handle various types of
systems containing elements of uncertainty. A large number of these models are
based on an extension of the ordinary set theory, namely, fuzzy sets.
Zadeh(1965) introduced the notion of fuzzy subset of a set as a method of

presenting uncertainty.

Zadeh(1975) introduced the notion of interval-valued fuzzy sets as an
extension of fuzzy sets in which the values of the membership degrees are
intervals of numbers instead of the numbers between 0 andl.Interval-valued
fuzzy sets provide a more adequate description of uncertainty than traditional
fuzzy sets. It is therefore important to use interval-valued fuzzy sets in

applications, such as fuzzy control.

The fuzzy graph theory as a generalization of Euler’s graph theory was

first introduced by Rosenfeld in 1975. The fuzzy relations between fuzzy sets



were first considered by Rosenfeld and he developed the structure of fuzzy
graphs obtaining analogs of several graph theoretical concepts. Later,
Bhattacharya(1987) gave some remarks on fuzzy graphs, and some operations
on fuzzy graphs were introduced by Moderson and Peng (1994). The concept of
weak isomorphism, co- weak isomorphism and isomorphism between fuzzy

graphs were introduced by K.R.Bhutani(1988).

The complement of a fuzzy graph was defined by Moderson(1998) and
further studied by Sunitha and Vijayakumar(2002). Bhutani and Battou(2003)
introduced the concept of M-strong fuzzy graphs and studied some properties.
The concept of strong arcs in fuzzy graphs was discussed by Bhutani and

Rosenfeld in 2003.

Hongmei and Lianhua(2009) gave the definition of interval-valued
fuzzy graph. Akram(2011) defined Bipolar fuzzy graphs and studied Interval-
valued fuzzy line graphs in 2012. Talebi and Rashmanlou(2012) studied the
properties of isomorphism and complement on interval-valued fuzzy graphs. In
2013, Akram and Dudek studied intuitionistic fuzzy hypergraphs with

applications.

The main aim of this thesis is to study the Interval-valued fuzzy graphs.

The following articles are considered for the study.

1. “Interval-Valued Fuzzy Graphs” by Muhammad Akram and
Wieslaw A. Dudek[2011].

2. “Complete Interval-Valued Fuzzy graphs” by Hossein
Rashmanlou[2013].

3. “Certain types of Interval-Valued Fuzzy Graphs” by Muhammad
Akram, Noura Omair Alshehri and Wieslaw A.Dudek[2013].

4. “Irregular Interval-Valued Fuzzy Graphs” by Madhumangal Pal
and Hossein Rashmanlou[2013].

This thesis consists of four chapters including the introductory one.



Chapter I deals with all the preliminary definitions and results on
Interval-Valued Fuzzy Graphs. Various fuzzy graphs used in the course of the

study are also discussed.

Chapter II deals with Interval-Valued Fuzzy Graphs. Here the operations
of Cartesian product, composition, union and join on interval-valued fuzzy
graphs are defined and some of their properties are investigated. Isomorphism

on interval-valued fuzzy graphs is also studied.
The important results obtained in this chapter are as follows:

e The Cartesian product of two interval-valued fuzzy graphs is an
interval-valued fuzzy graph.

e The composition of two interval-valued fuzzy graphs is an
interval-valued fuzzy graph.

e The Union of two interval-valued fuzzy graphs is an interval-
valued fuzzy graph.

e The Join of two interval-valued fuzzy graphs is an interval-
valued fuzzy graph.

e A weak isomorphism preserves the weight of the nodes but not
necessarily the weights of the arcs.

® An isomorphism between interval-valued fuzzy graphs is an

equivalence relation.

Chapter III deals with Interval-Valued Fuzzy Complete Graphs. The
notion of interval valued fuzzy complete graphs is introduced and some
properties of self-complementary and self-weak complementary interval-valued
fuzzy complete graphs are discussed. Three new operations on interval-valued
fuzzy graphs namely direct product, semi strong product and strong product are
provided. The sufficient conditions for each one of them to be complete is

presented.

The important results discussed in this chapter are as follows:



e The composition of two interval-valued fuzzy complete graphs is
an interval-valued fuzzy complete graph.

e Two interval-valued fuzzy graphs are isomorphic iff their
complements are isomorphic.

e The direct product of two interval-valued fuzzy complete graphs
is an interval-valued fuzzy complete graph.

¢ The semi-strong product of two interval-valued fuzzy complete
graphs is an interval-valued fuzzy complete graph.

e The strong product of two interval-valued fuzzy complete graphs
is an interval-valued fuzzy complete graph.

e [f the direct product of two interval-valued fuzzy graphs is
complete, then atleast one of them must be complete.

e [f either the semi-strong product or strong product of two
interval-valued fuzzy graphs is complete, then atleast one of

them must be complete.

Chapter IV deals with certain types of interval-valued fuzzy graphs.
Here certain types of interval-valued fuzzy graphs including the balanced
interval-valued fuzzy graphs, neighbourly irregular interval-valued fuzzy
graphs, neighbourly total irregular interval-valued fuzzy graphs, highly irregular
interval-valued fuzzy graphs, and highly total irregular interval-valued fuzzy
graphs are proposed. Some interesting properties associated with these new
interval-valued fuzzy graphs are investigated, and necessary and sufficient
conditions under which neighbourly irregular and highly irregular interval
valued fuzzy graphs are equivalent are obtained. The relationship between

intuitionistic fuzzy graphs and interval valued fuzzy graphs are also described.
The main results brought out through this chapter are as follows:

e Every complete interval-valued fuzzy graph is totally regular.
e Every regular interval-valued fuzzy graph may not be balanced.

* Any complete interval-valued fuzzy graph is balanced.



The complement of strictly balanced interval-valued fuzzy graph
is strictly balanced.

In isomorphic interval-valued fuzzy graphs, if one is balanced,
then the other is also balanced.

A complete interval-valued fuzzy graph may not be neighbourly
irregular.

A neighbourly total irregular interval-valued fuzzy graph may

not be neighbourly irregular.
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REVIEW OF LITERATURE

Research on the theory of fuzzy sets has been witnessing an exponential
growth; both within mathematics and in its applications. This ranges from
traditional mathematical subjects like logic, topology, algebra, analysis etc. to
pattern recognition, information theory, artificial intelligence, operations
research, neural networks, planning etc. Consequently, fuzzy set theory has

emerged as a potential area of interdisciplinary research.

It is quite well known that graphs are simply models of relations. A
graph is a convenient way of representing information involving relationship
between objects. The objects are represented by vertices and relations by edges.
When there is vagueness in the description of the objects or in its relationships

or in both, it is natural that we need to design a ‘Fuzzy Graph model’.

Yeh and Bang’s(1975) approach for the study of fuzzy graphs were
motivated by its applicability to pattern classification and clustering analysis.
They worked more with the fuzzy matrix of a fuzzy graph, introduced concepts

like vertex connectivity Q(G), edge connectivity A(G) and established the fuzzy

analogue of Whitney’s theorem. They also proved that for any three real

numbers a,b,c such that O0<a <b<c, there exists a fuzzy graph G with
Q(G)=a,A(G)=band 6(G) =c. Techniques of fuzzy clustering analysis can
also be found in Yeh and Bang’s(1975).

The concepts of connectedness and acyclicity levels were introduced for
fuzzy graphs and several fuzzy tree definitions which are consistent with cut-
level representations were given in Delgado M, et al (1985). Introducing the
notion of fuzzy chordal graphs, Craine W.L(1994) had obtained the fuzzy
analogue of the Gilmore and Hoffman(1964) characterization of interval graphs

and also that of Fulkerson and Gross(1965).



J.N.Moderson and C.S.Peng (1994) have introduced the notions of
union, join, cartesian product and composition of fuzzy graphs and had studied
some basic properties. Shannon and Atanassov(1994) introduced the notion of

an intuitionistic fuzzy graph.

In 2003, Deschrijver and Kerre established the relationships between
some extensions of fuzzy sets. Nair(2008) established the definition of perfect
and precisely perfect fuzzy graphs. Some operations on intuitionistic fuzzy
graphs are discussed in Parvathi(2009).Nagoorgani and Malarvizhi(2009)

established the isomorphism properties of strong fuzzy graphs.

Hongmei and Lianhua(2009) gave the definition of interval-valued
fuzzy graph. Hawary(2011) defined complete fuzzy graphs and gave three new
operations on it. Akram(2011) defined Bipolar fuzzy graphs and studied
Interval-valued fuzzy line graphs in 2012. Talebi and Rashmanlou(2012)
studied the properties of isomorphism and complement on interval-valued fuzzy
graphs.. In 2013, Akram and Dudek studied intuitionistic fuzzy hypergraphs

with applications.

Interval-valued fuzzy graph theory is now growing and expanding its

applications. The theoretical development in this area is discussed here.

1) COMPLEMENT OF A FUZZY GRAPH

M.S.Sunitha and A.Vijaya Kumar[2002]

The definition of a complement of a fuzzy graph had been modified and
some properties of self complementary fuzzy graphs were studied. The
automorphism groups of a fuzzy graph and its complement were identified. A
relative study of complement and some other operations on fuzzy graphs such
as union, join and composition had been identified in this paper.

2) ON REGULAR FUZZY GRAPH

A.Nagoor Gani and R.Radha[2008]

In this paper, regular fuzzy graphs, total degree and totally regular fuzzy
graphs were introduced and compared through various examples. A necessary

and sufficient condition under which they are equivalent and the



characterization of regular fuzzy graph on a cycle had been provided. Some
properties of regular fuzzy graphs were studied and are examined for totally
regular fuzzy graphs.

3) INTERVAL-VALUED FUZZY RELATION-BASED
CLUSTERING WITH ITS APPLICATION TO PERFORMANCE
EVALUATION

Yuh-YuanGuha, Miin-Shen Yangb, Rung-WeiPoc, E.Stanley Lee
d[2008]

In this paper fuzzy relations were extended to interval-valued fuzzy
relations and then interval-valued similarity relations for performance
evaluation were constructed. Interval-valued types of fuzzy relation, similarity
relation and resolution form were defined and constructed into a hierarchical
structure schema. It was shown that both of procedures and results for the
partition tree derived from interval-valued and crisp- valued similarity relation
matrices had some corresponding relationships and different merits.

4) INTERVAL-VALUED FUZZY  SUBSEMIGROUPS AND
SUBGROUPS ASSOCIATED BY INTERVAL-VALUED FUZZY
GRAPHS

Ju Hongmei and Wang Lianhua[2009]

In this paper the notion of interval-valued fuzzy graphs had been
introduced. It was shown how to associate an Interval-Valued Fuzzy sub(semi)
group with an Interval-Valued Fuzzy graph in a natural way.

S) INTERVAL-VALUED FUZZY SETS IN SOFT COMPUTING

Humberto Bustince[2010]

The reasons for which, for some specific problems, interval-valued
fuzzy sets must be considered a basic component of Soft Computing had been
explained in this paper.

6) INTERVAL-VALUED (g€ V, ;) - FUZZY SUBQUASIGROUPS

Muhammad Akram and Wieslaw A. Dudek[2010]

In this paper, the notion of interval-valued (€,e V,;) — fuzzy

subquasigroups and some of their properties were introduced . Interval-valued



(€,eV

i) — fuzzy subquasigroups had been characterized by their level subsets.
The implication-based such new fuzzy subquasigroups were also established.
7) INTERVAL-VALUED FUZZY GRAPHS

Muhammad Akram and Wieslaw A.Dudekb[2012]

The Cartesian product, composition, union and join on interval-valued
fuzzy graphs were defined and some of their properties were investigated. The
notion of interval valued fuzzy complete graphs were introduced and some
properties of self-complementary and self-weak complementary interval-valued
fuzzy complete graphs were presented.

8) GENERALIZED OPERATIONS ON FUZZY GRAPHS

D.Venugopalam, Nagamurthi Kumar, M.Vijaya Kumar[2013]

The Cartesian product, Composition, Union, Join on Interval-valued
fuzzy graphs had been discussed. The notion of Interval-valued fuzzy complete
graph was introduced.

9) SOME REMARKS ON COMPLEMENT OF FUZZY GRAPHS

K.R.Sandeep Narayan and M.S.Sunitha[2013]

In this paper, the structures of complement of many important fuzzy
graphs such as Fuzzy cycles, Blocks had been studied.

10) CERTAIN TYPES OF INTERVAL-VALUED FUZZY GRAPHS

Muhammad Akram, Noura Omair Alshehri and Wieslaw A.
Dudek[2013]

In this paper, certain types of interval-valued fuzzy graphs
including balanced interval-valued fuzzy graphs, neighbourly irregular interval-
valued fuzzy graphs, neighbourly total irregular interval-valued fuzzy graphs,
highly irregular interval-valued fuzzy graphs, and highly total irregular interval-
valued fuzzy graphs had been proposed. Some interesting properties associated
with these new interval-valued fuzzy graphs are investigated. The necessary and
sufficient conditions under which neighbourly irregular and highly irregular
interval valued fuzzy graphs were obtained and also the relationship between

intuitionistic fuzzy graphs and interval valued fuzzy graphs were described.



11) COMPLETE INTERVAL-VALUED FUZZY GRAPHS

Hossein Rashmanlou, Young Bae Jun[2013]

In this paper, three new operations on interval-valued fuzzy graphs;
namely direct product, semi strong product and strong product were defined.
Likewise, sufficient conditions for each one of them to be complete are given. It
was shown that if any of these products is complete, then at least one factor was
a complete interval-valued fuzzy graph.

12) DOMINATION IN INTERVAL-VALUED FUZZY GRAPHS

Pradip Debnath[2013]

The concept of domination in interval-valued fuzzy graphs was
introduced. Order of an interval-valued fuzzy graph had been defined and its
relation with domination number had been established. The characterization for
minimal dominating set was provided and the relations between independent
sets and dominating sets were found out. Further, the notion of total dominating
set had been introduced and some important results are proved.

13) IRREGULAR INTERVAL-VALUED FUZZY GRAPHS

Madhumangal Pal and Hossein Rashmanlou[2013]

In this paper, irregular interval-valued fuzzy graphs and their various
classifications were defined and the size of regular interval-valued fuzzy graphs
was derived. The relation between highly and neighbourly irregular interval-
valued fuzzy graphs had been established and some basic theorems related to
the stated graphs had also been presented.

14) ANTIPODAL INTERVAL-VALUED FUZZY GRAPHS

Hossein Rashmanlou, Madhumangal Pal[2013]

The concept of antipodal interval - valued fuzzy graph and self median
interval-valued fuzzy graph of the given interval-valued fuzzy graph had been
introduced. The isomorphism properties of antipodal interval - valued fuzzy

graphs were investigated.



15) ISOMETRY ON INTERVAL-VALUED FUZZY GRAPHS
Hossein Rashmanlou, Madhumangal Pal[2013]

In this paper, isometry on interval-valued fuzzy graphs were defined. It
was shown that isometry on interval-valued fuzzy graphs is an equivalence
relation.

16) BALANCED INTERVAL-VALUED FUZZY GRAPHS
Hossein Rashmanlou, Madhumangal Pal[2013]

In this paper, the notion of ring sum of product interval-valued fuzzy
graphs and tensor product of interval-valued fuzzy graphs had been discussed.
It was shown that the tensor product of two product interval-valued fuzzy
graphs is a product interval-valued fuzzy graph. Three independent theorems
based on ring sum, join and isomorphism of product of interval-valued fuzzy
graphs were provided. Finally, balanced and strictly balanced interval-valued
fuzzy graphs were defined and their properties had been investigated.

17) CONNECTIONS BETWEEN INTERVAL-VALUED FUZZY
GRAPHS AND FUZZY GRAPHS WITH (S,T)-NORMS
H.HEDAYATI AND Z.JAFARI[2013]

Based on the concept of the interval-valued intuitionistic fuzzy sets, the
notion of interval-valued intuitionistic fuzzy graphs with respect to t-norm T
and s-norm S had been introduced and their characteristic properties were
described. It was shown how to associate interval-valued intuitionistic fuzzy
sub(semi)groups with interval-valued intuitionistic fuzzy graphs in a natural

way.
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CHAPTER I
PRELIMINARY DEFINITIONS AND RESULTS
SECTION 1.1
GRAPHS AND FUZZY GRAPHS

Definition 1.1.1:

A Graph is an ordered pair G =(V,E), where V is the set of vertices of
G and E is the set of edges of G".

Definition 1.1.2:

Two vertices x and y in a graph G~ are said to be adjacent in G~ if

{x,y} is in edge of G”
Definition 1.1.3:
A Simple graph is a graph without loops and multiple edges.

Definition 1.1.4:

A Complete graph is a simple graph in which every pair of distinct

vertices is connected by an edge.
Remark 1.1.5:

The complete graph on n vertices has n vertices and n(n-1)/2 edges.

Definition 1.1.6:

By a Complementary graph G of a simple graph G*, we mean a

graph having the same vertices as G~ and such that two vertices are adjacent in

G’ if and only if they are not adjacent in G .



Definition 1.1.7:

An isomorphism of graphs G, and G, is a bijection between the
vertex sets of G, and G, such that any two vertices v, and v, of G, are adjacent

in Gl* if and only if f(v,)and f(v,)are adjacent in G;.
Remark 1.1.8:

Isomorphic graphs are denoted by G, =G, .
Definition 1.1.9:

Let G, = (V,,E,) and G,= (V,,E,) be two simple graphs , we can
construct several new graphs. The first construction called the Cartesian

product of G, and G, gives a graph G, XG,=(V ,E) with V =V, xV,and
E={(x,%,)(x,y,)x€ V;,x, ¥, € E,}U{(x,, (3, D)3,y € E.z€ V, )
Definition 1.1.10:

The Composition of graphs G, and G, is the graph G, [G, ] = (

V,xV,,E°), where = E°= EU{(xl,)cz)(yl,yz)|x1y1 € E,,x, #y,}and

E={(x,x,)(x,y,)|xe V,,x,y, € E;}U{(x, (. 2)|x,y, € E;,z€ V,}
Remark 1.1.11:

Note that G, [G,]# G,[G, ].



Definition 1.1.12:

The number of vertices, the cardinality of V , is called the order of

graph and denoted by |V|

Definition 1.1.13:

The number of edges, the cardinality of E, is called the size of graph

and denoted by |E|

Definition 1.1.14:

A path in a graph G is an alternating sequence of vertices and edges

vo,el,vl,ez...,vn_l,en,vn.
Remark 1.1.15:

The path graph with n vertices is denoted by P,.A path is sometimes

denoted by P, :vyv,.....v (n>0).
Definition 1.1.16:
The length of a path P, in G is n.
Definition 1.1.17:
A path P, :vv,......v, in G is called a cycle if v, =v, and n>3.
Remark 1.1.18:

The path graph P, has n—1edges and can be obtained from a cycle

graph, c,, by removing any edge.



Definition 1.1.19:

An undirected graph G is connected if there is a path between each pair

of distinct vertices.

Definition 1.1.20:

The neighbourhood of a vertex V in a graph G" is the induced

subgraph of G consisting of all vertices adjacent to V and all edges connecting

two such vertices. It is denoted by N(v).

Definition 1.1.21:

The degree deg(v) of vertex v is the number of edges incident on v or

equivalently, deg(v) =|N(v)|.

Definition 1.1.22:

The set of neighbors, called a (open) neighborhood N(v) for a vertex v

in a graph G”, consists of all vertices adjacent to v but not including v; that is,

NWv)={ue V|vue E}

Definition 1.1.23:

The set of neighbors, called a closed neighborhood N[v] for a vertex v
in a graph G, consists of all vertices adjacent to v including v; that is,

N[vl=N®W)u{v}.
Definition 1.1.24:

A regular graph is a graph where each vertex has the same number of

neighbors, hat is, all the vertices have the same closed neighbourhood degree.

Definition 1.1.25:A connected graph is highly irregular if each of its

vertices 1s adjacent only to vertices with distinct degrees. Equivalently, a graph



G’ is highly irregular if every two vertices of G* connected by a path of length

2 have distinct degrees.
Definition 1.1.26:

A connected graph is said to be neighbourly irregular if no two
adjacent vertices of G have the same degree. Equivalently, a connected graph

G is called neighbourly irregular if every two adjacent vertices of G" have

distinct degree.
Definition 1.1.27:

A fuzzy graph with V as the underlying set is a pair G : (0, i) where
o:V —[0,1]is a fuzzy subset and :V xV —[0,1]is a fuzzy relation on ¢ such
that u(x,y)<o(x)Ao(y)for all x,yeV, where A stands for minimum. The
underlying crisp graph of G is denoted by G :(0',4°) where
o’ =sup p(0)={xeV:0o(x) >0} and
u=sup p() ={(x,y)e VXV :u(x,y)>0}. H= (0", /')is a fuzzy subgraph of
G if there exists X cV such that, ¢’ : X —=[0,1] is a fuzzy subset and
U :XxX —[0,1]is a fuzzy relation on ¢’ such that u(x, y) < o(x) A o(y) for

all x,ye X.

Definition 1.1.28:

A fuzzy graph G:(o,u) is complete if u(x,y)=o0(x)Ao(y) for all
x,yeV.

Definition 1.1.29:

Two fuzzy graphs G, :(0,,4,) with the crisp graph G, :(V,,E,) and
G, : (0,, i,) with the crisp graph G, : (V,, E,)are isomorphic if there exists a
bijection h:V, =V, such that o,(x) =0,(h(x))and g (x,y)= p,(h(x),h(y)) for

all x,yeV,.



Definition 1.1.30:

The semi strong product of two fuzzy graphs G, : (o,, &,) with crisp
graph G, : (V,,E,) and G, :(0,, i,) with the crisp graph G, : (V,, E,), where we
assume that V, 1V, = @, is defined to be the fuzzy graph
G,*G,:(0,°0,,/ *® 1,) with the crisp graph G* : (V, xXV,, E) where

E={(u,v)w,v,):ueV,(v,v,)e E,}U{w,,v,)(u,,v,): (u,,u,)€ E,,(v,v,) € E, },

(0,00,)u,v)=0,(u) Ao,(v), forall (u,v)eV,xV,,
(/ul ° ﬂz)((u, V1)(u’ V, )= 0-1(14) ANH, (vp Vz) and
(@ 1y )0ty v )y, v,)) = 1y (U 1)) Ay (V15 0,).

Definition 1.1.31:

The strong product of two fuzzy graphs G, : (o0, &,) with crisp graph
G, :(V,E) and G, :(0,,1,) with the crisp graph G, :(V,,E,), where we
assume that V,V,=¢, is defined to be the fuzzy graph

G, ®G,: (0, ®0,, 1 ® u,) with the crisp graph G*: (V, xV,,E) where

E ={(u,v))(u,v,):ueV,(v,v,)e E,}U{(u,,w)u,,w):weV,,(u,,u,)e E,}
U{Cu,,v)(uy,v,): (u,,u,)e E,,(v,,v,)€ E,},

(0, ®0,)u,v)=0,(u) Ao,(v),forall (u,v)eV,xV,,
(& ® 1) ((u,v)) (W, v,)) = 0,(1) A 1, (v, v,),
(14, ® 11,)((ty, W)ty W) = 5, (W) A 14, (1, 11,) and

(4 ®,uz)((u1,vl)(u2,v2)) = Uy uy) A Ly (v, v,).



Definition 1.1.32:

The direct product of two fuzzy graphs G, : (0, &,) with crisp graph
Gl* =(V,,E)) and G, :(0,, it,) with crisp graph G; =(V,,E,) , where we assume
that V, NV, = @,is defined to be the fuzzy graph G,NG,: (0, N0o,, 14, N w,) with
crisp graph G~ :(V,XV,,E) where
E={(u,v)u,,v,):(u,u,)e E,(v,v,)e E,}

(o,no,)u,v)=0,(u)Ao,(), forall (u,v)eV,xV, and
(e Ty )ty v )y, v5)) = i (g uy) Ay (v, 0,).

Definition 1.1.33:

Partial fuzzy subgraph &’ =(V,7,v)of &is such that 7(v) < o(v) for all

veVand y(u,v)<V(u,v)forall u,veV.
Definition 1.1.34:

Fuzzy subgraph & =(P,0’, 1) of & is such that PcV,0'(u) = o(u)
forall ue P, ' (u,v) = u(u,v)for all u,ve P.

Definition 1.1.35:

The degree of vertex uis d(u)= Y u(u,v).
(uv)eé

Definition 1.1.36:

The minimum degree of £ is §(&) = A{d(w)ue V}.
Definition 1.1.37:

The maximum degree of & is A(§) =v{dw)ue V}.
Definition 1.1.38:

The total degree of a vertex ue V is td(u) =d(u)+ o(u).



SECTION 1.2

FUZZY SETS AND INTERVAL-VALUED FUZZY SETS

Definition 1.2.1:

A fuzzy set A on a set X is characterized by a mapping m: X —[0,1],

called the membership function.

Remark 1.2.2:

A fuzzy set is denoted as A =(X,m).

Definition 1.2.3:

A fuzzy subset 1 onaset Xisamap u#: X —[0.1].

Definition 1.2.4:

A map v:XxX —[0]l] is called a fuzzy relation on X if

v(x,y) <min(u(x),u(y))for all x,ye X.

Definition 1.2.5:

A fuzzy binary relation on X is a fuzzy subset #Zon X x X.

Definition 1.2.6:

A fuzzy relation g is symmetric if v(x,y)=v(y,x)forall x,ye X.



Definition 1.2.7:

An interval number D is an interval [a”,b"|with 0<a” <b" <1.The
interval [a,a] is identified with the number a € [0,1]. D[0,1] denotes the set of all

interval numbers.
For interval numbers D, =[a, ,b ]1and D, =[a,,b, ], we define

e rmin(D,,D,)=rmin([q, b, ],[a,,b,]) =[min{a, ,a, },min{b,b; }]
e rmax(D,,D,)=rmax([q,,b 1,[a,,b;]) =[max{a, ,a, },max{b,b; }]
e D +D,=[a; +a, —a;.a,,b +b; —b/ b, ]

e D <D, &a <a,and b <b,

e D =D,&a =a,and b =b;

® D <D, D <D,and D, #D,

e kD =kla; b/ 1=1[ka, kb ],where0<k <1.

Then, (D[0.,1],<,v,A)is a complete lattice with [0,0] as the least element and

[1,1] as the greatest.
Definition 1.2.8:

The interval-valued fuzzy set A in V is defined by
A={(x,[u, (x), 1;(x)]): xe V},where u,(x)and u, (x)are fuzzy subsets of V
such that g, (x) < u;(x) for all xeV. For any two interval-valued sets

A=[,(x), 1, (x)]and B =[u,(x), 1z (x)]in V we define:

o AUB={(x, max(u; (x), 45 (0), max(£; (x), 425 (1)) : x€ V)
o ANB={(xmin(; (x), 45 (X)), min( (x), 45 (0) : x€ V)



Definition 1.2.9:

If G" =(V,E)is a graph, then by an interval-valued fuzzy relation B on
a set E we mean an interval-valued fuzzy set such that

My (xy) S min(u, (), (1, (), fy (xy) < min(u (x), i, (¥)), for all xye E.

Definition 1.2.10:

An interval-valued fuzzy relation R in a universe X XY is a mapping
R: X XY — D[0,1] such that R(x,y)=[R (x,y),R"(x,y)]e D[0,1] for all pairs
(x,y)e X XY.
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CHAPTERII
INTERVAL VALUED FUZZY GRAPHS
SECTION 2.1

OPERATIONS ON INTERVAL VALUED FUZZY
GRAPHS

Definition 2.1.1:

By an interval-valued fuzzy graph of a graph G* = (V,E) we mean a
pair G = (A,B) where A=[u,,u,] is an interval-valued fuzzy set on V and

B =[u,,u,] is an interval-valued fuzzy relation on E.
Example 2.1.2:

Consider a graph G =(V,E) such that V ={x, v, 2z}, E={xy, yz, zx}
.Let A be an interval-valued fuzzy set of V and let B be an interval-valued fuzzy

set of E < V XV defined by

A=<( i, L’i )( L’L,i )>, B=<( ﬂ,ﬁ,ﬁ )(
02 03 04 0.4 0.5 0.5 0.1 0.2 0.1
A AN
0.3 04 04

We know that A =[g,,u,] and B=[u,,1;].

y(0)=02  wu;(0)=04  u,(»)=03 w;(y»)=05 w,(2) =0.4
M5 (2)=0.5

g (xy)=0.1 " w5 (xy)=03  4;(y2)=02 p;(yz2)=0.4 p;(zx) =0.1
My (zx)=0.4

E ={xy, yz, zx}



My (xy) < min(u, (x) 4, () My (xy) < min(u, (x) ()

0.1 < min(0.2,0.3) = 0.2 0.3 <min(0.4,0.5) = 0.3
My (yz) < min(u, (y)i,(2)) My (yz) <min(u, (V)i (2))
0.2 <min(0.3,0.4) = 0.3 0.4 <min(0.5,0.5) = 0.5

Uy (zx) < min(u, (2) 4, (x))

[04,0.5]

[0.3,0.5]

0.1 <min(0.4,0.2) =0.2

1 (zx) < min(u (2)u (x))

0.4 <min(0.5,04)=0.4 [0.1,0.3]

Thus we have G = (A, B) is an interval-valued fuzzy graph of G".

Definition 2.1.3:

The Cartesian product G, XG, of two interval-valued fuzzy graphs
G, =(A,,B,)) and G, =(A,,B,) of the graphs G, =(V,,E,)and G, =(V,,E,)

is defined as a pair (A, X A,, B, X B,) such that

(U X 41300y x,) = min(ey, (), 425, (x,))

1.
(e X )(x,, x,) = min(u, (x,), 44, (x,)) forall (x,,x,)eV
i [ (g Xy, )X, X,)(X, y,) = min(, (x), Uy, (X,,))

(Hg, X g (%, X,)(x, y,) = min(uy (x), 4y (x,y,)) forall xeV, and

X2y2€ Ez’



i, (45 X f23,)(x 2) (31, 2) = min(y, (5,3, 45 (2))
(e, X 1 (3, 2)(3,,2) = min(y, (63,45 () forall ze V, and

xy,€E,.
Example 2.1.4:

Let G, =(V,E,) and G, =(V,,E,) be graphs such thatV, ={a,b} ,
V, ={c,d}, E, ={ab}, E, ={cd} .Consider two interval-valued fuzzy graphs
G, =(A,,B))and G, =(A,,B,) where

b ab ab
A =<(L 2L 2 B =<(ZZ, 25
=< 2703 )(04 05) ! (0.1 0.2
c d cd
A, =<(—, 2=, 2 ———>Then
? (o 0.2 )(04 06) < 0.3

(15, % 115, (@.c)(a.d)) = min(i; (@), 15, (cd))= min(0.2,0.1) = 0.1
(125, % 413, )(@.)(a.d)) = min(iz}, (a). 15, (cd)) = min(0.4,0.3) = 0.3
(15, % 415, )((a,€)(b,c)) = min(u; (ab), 1}, (¢)) =min(0.1,0.1) = 0.1
(125, % 423, (@, €)(b,¢)) = min(u;, (ab), 42}, (¢)) = min (0.2,0.4) = 0.2
(15, % 13, (@ d)(b,d)) = min(u, (ab). 4, (d)) = min(0.1,0.2) =
(145, % 415, (@, d)(b,d)) = min(i;, (ab). 4, (d)) = min (0.2,0.6) = 0.2
(125, % 115 N(b.€)(b.d)) = min(uz} (b). 15, (cd)) = min(0.3,0.1) = 0.1
(g, X 125, )(b.©)(b,d)) = min(uL}, (b). 15, (cd)) = min(0.5,0.3) = 0.3
Now we see that G, X G, is an interval-valued fuzzy graph of G, XG.

(5, X 13, )((@,0)(a, ) < min( X 1, (a,€), 1, Xt (a,d))



0.1 <min(min(, (a), i, (¢) ),min( 1, (a), 1, (d)))
0.1 < min(min(0.2,0.1),min(0.2,0.2)
0.1 <min(0.1,0.2) = 0.1
(145, % 115, )(@.0)a.d)) Smin( 2}, X i, (@), 41}, X p1}, (a.dl))
0.3 < min(min( 4, (@), i, (c)).min( i, (@), 1, (d)))
0.3 < min(min(0.4,0.4),min(0.4,0.6)
0.3 <min(0.4,0.4) =0.4
(t, X 15, (@ €)(b.)) < min( iy X pe, (a.c). ity X f1 (b.c))
0.1 < min(min( 4, (@), 1, (¢) ),min( 4, (b) , i1, (¢)))
0.1 £ min(min(0.2,0.1),min(0.3,0.1)
0.1 <min(0.1,0.1) = 0.1
(t45, % 13, )(@,)(b,c)) < min(u}, X i, (@.0). 42}, X 1}, (b))
0.2 < min(min( 4, (@), i, (c)),min(4, (b), i, (c)))
0.2 < min(min(0.4,0.4),min(0.5,0.4)
0.2 <min(0.4,0.4) =04
(t, X i, (@ d)(b.d)) < min( g1, X i, (a,d). g1, X 1, (b.d))
0.1 < min(min( &, (a), 4, (d)).min(u, (b), i, (d)))
0.1 < min(min(0.4,0.4),min(0.5,0.4)
0.1 <min(0.4,0.4) =04

(g, X i, )(a,d)(b,d)) < min(u, Xty (a,d), p, X pu; (b,d))



0.2 < min(min( & (a) , £, (d)),min( 2, (b) , 4, (d)))
0.2 < min(min(0.4,0.6),min(0.5,0.6)
0.2 <min(0.4,0.5)=0.4

a C (a,C)

[0.1,0.3]
[0.2,0.4] [0.1,0.4] [0.13
[0.1.02]  [0.1,03]] [0.1,02] Gi x Gs [0.1,0.2]

[0.1,D [0.1,0.3]

b d (b,c) (b,d)

[0.3,0.5] [0.2,0.6]

[0.2,0.5]

(g, X 113, )((b,0)(b,d)) € min(p2, X pty, (b,€), fty, X f1, (b,d))

0.1 < min(min(( 42, (b) , &, (¢) ),min( 4 (b) , 415, (d))
0.1 £ min(min(0.3,0.1),min(0.3,0.2)

0.1 <min(0.1,0.2) = 0.4

(g, X a5 )(,c)(b,d)) < min( y Xy (b, ), pty X i (b.d))
0.3 < min(min(( &, (b) , i, (¢)).min( 4, (b) , 1, (d)))
0.3 < min(min(0.5,0.4),min(0.5,0.6)
0.3 <min(0.4,0.5) = 0.4

Thus we see that G, X G, is an interval-valued fuzzy graph of G, XG, .



Proposition 2.1.5:

The Cartesian product of G, XG, = (A, XA,,B, XB,) of the two
interval-valued fuzzy graphs G, and G, is an interval-valued fuzzy graph of

G, xG,.
Proof:

We verify the conditions only for B, X B, because the conditions for A, X A, are

obvious.

Let xeV, and x,y, € E,
(M, X i )X, 2,)(x, y,) = min(u, (x), iy (X,,))
<min(, (x) . min( 4, (x,), 1, (¥,)))

= min(min(( 25, (x) , 5, (x,) min( 45, (x) , 45, (3,))

=min( (4, Xp, )X, x,), (U, XM, )X, Y,)
(g X g (X, ,)(X, y,) = min(ie, (x), g (x,7,))

< min( 4 (x),min( ) (x,), 45 (,)))

min(min(( £ (x) , 4y (x,) ymin( g, (x) , g (¥,)))

min( (4, X fy )(x,x,), (g Xy )X, y,)

Similarly for ze V, and x,y, € E, we have
(ﬂ;l X’u;z )(xl ’ Z)(yl’ Z) = mln(lu;l ('xlyl)’lu,;2 (Z))

< min(min( &, (x,), 1, (), i, (2))



= min(min( &, (x,) , &, (2) ),min( &, (y,) , &, (2)))

= min( (4, X iy )xp,2), (X, )y, 2)).
(tg, Xt ) (x5 2)(yy,2) = min(u (x,y)), 4y (2))
< min(min( &, (x,), 1, (), 4, (2))

= min(min( & (x,) , &, (z)),min( &3 (y,) , 4, (2)))
= min(( (4 X 4, )(x;,2), (U X 3 )(,52))-

This completes the proof.

Definition 2.1.6:

The Composition G,[G,]= (A °A,,B, o B,)of two interval-valued fuzzy
graphs G, and G, of the graphs G, and G, is defined as follows:
L[ o 1)) = min(y, (). 5, (1))
<

Ly o uy )(x,x,) =min(uy (x,), 4, (x,)) forall (x,,x,)eV

(U, 0ty )(6,2,)(x, y,) = min(u, (x), 4y, (x,,))

< (U, 0 g )(x, x,)(x, y,) = min(u, (), 4y (x,y,))  for all xeV, and

X, ¥, € E,,
iii{ (U © Mg )X, 2)(yy52) = min(uy (x,y,), 1, (2))

(U, © 3)(5,.2)(3,22) = min(ity, (x,y,). 425, () for all zeV, and

xy, €E,.



. (0 (g oy )X, 2,)(yys y,)) = min(ie, (X,), y (9,), Mg (X))
(/u;l ° :u;z (x5 ) (v, ¥,)) = min(/u/:2 (xz),ﬂ; (yz)’/u;l E))

forall (x,,x,)(y,,y,)e E°—FE.
Example 2.1.7:

Let G, =(V,E,) and G, =(V,,E,) be graphs such thatV, ={a,b} ,
V, ={c,d}, E, ={ab}, E, ={cd} .Consider two interval-valued fuzzy graphs
G, =(A,,B))and G, = (A,, B,) defined by

b ab
A=< 2L 2 —( 22 AP
=< 2703 )(05 05) (02 0.4
A2=<(L i)(— —)>, =< (ﬂ i> Then we have
0.1703704°0.6 0.1 0.3

(15, © 13, )(a.)(a,d) = min(u; (@), 45, (cd))=min(0.2,0.1) = 0.1
(145, © 13, )a.)(a,d) = min(u}, (a). 425, (cd))= min(0.5,0.3) = 0.3

(K5, © i3, )(b,C)(b.d) = min(i;, (b). 5, (ed)) =min(0.3,0.1) = 0.1.

(15, © 15, )(b.)(b,d) = min(, (b). 13, (cd)) = min(0.5,0.3) = 0.3

(15, © 15, )(@.€)(b,c) = min(u; (ab), 1}, (¢)) = min(0.2,0.1) = 0.1

(145, © 13, )(@.€)(b,c) = min(u;, (ab). 42}, (¢))) = min (0.4,0.4) =

(15, © (@, )(b.d) = min(z,, (0). 15, (d). 1, (ab)) = min(0.1,03,0.2) = 0.1
(13, © 3, (@, )b, d) = min(z;, (c). 4}, (d), 15, (ab)) = min(0.4.0.6,0.4) = 0.4
(15, © t5, )(b.)(a.d) = min(uL, (c). 41, (d). i, (ab)) = min(0.1,0.3,0.2) = 0.1

(5 © 3 )((b,)a,d) = min(, (c), i, (d), 45, (ab)) = min(0.4,0.6,0.4) = 0.4



Now we see that G,[G,]= (A, °A,,B, o B,) is an interval-valued fuzzy graph

of G/[G,]
(U, ° g, ) a,c)a,d) < min(u, o i1, (a,c), pt, © i, (a,d))
0.1< min(min(z; (a), 4, (c)),min(u, (@), 4, (d)))

0.1 < min(min(0.2,0.1),min(0.2,0.3))

0.1 £min(0.1,0.2) =0.1
(15, 15 Na,c)a,d) < min(u], o 1}, (a,e), i1}, o ), (a,d))
0.3 < min(min(}, (@), 4, (€)),min(}, (@), 4, (d)))
0.3 < min(min(0.5,0.4),min(0.5,0.6))
0.3 <min(0.4,0.5)=0.4

c (a,0)

[0.2,0.5] [0.1,0.4] [0.1,0.4] [0.2,0.5]

[0.2.0.4] [0.1,0.3] [0.1,0.4]

(0.3.0.5] [0.3,0.6] [0.1,04] [0.1,0.3] [0.3.0.5]
b d (b,c) (b,d)
G 1 G2 Gl [G2]

(ty, © pp )b,c)(b,d) <min(u, o, (b,c),u, o p, (b.d))

0.1 < min(min(u;, (b, &3, (), min(L; (b), 45, (d)))



0.1 <min(min(0.3,0.1),min(0.3,0.3))

0.1 <min(0.1,0.3) = 0.1
(15, © piy )b, c)(b,d) < min(ue;, o gy (b,c), g o o (b,d))
0.3 < min(min(u}, (b). 423, (c)),min(u;, (b), 15, (d))

0.3 < min(min(0.5,0.4),min(0.5,0.6))

0.3 < min(0.4,0.5) = 0.4
(g, © iy Na,e)(b,c) Smin(i; o 2, (a,0), 4t o iy, (b))
0.1< min(min(u; (a), 423, (©)),min(i; (b), 425, (€)))

0.1 £ min(min(0.2,0.1),min(0.3,0.1))

0.1 <min(0.1,0.1) = 0.1
(#y, © g )a,c)(b,c) Smin(u, o uy (a,0),py o, (b,c))
0.4 < min(min(u;, (a), 5, ()),min(i;, (b), £, (c)))

0.4 < min(min(0.5,0.4),min(0.5,0.4))

0.4 <min(0.4,0.4)=0.4
(U5, © My, a,d)(b,d) S min(i, o 1 (a,d), i o 1, (b,d)
0.2 < min(min(i;, (a), ;. (d)), min(;, (b, 2, (d)))

0.2 <min(min(0.2,0.3),min(0.3,0.3))

0.2 <min(0.2,0.3) = 0.2
(#y, © pp )a,d)(b,d) < min(u, o u, (a,d), p; o p, (b,d))

0.4 < min(min(u, (a), i, (d)),min(u, (b),u; (d)))



0.4 < min(min(0.5,0.6),min(0.5,0.6)

0.4 <min(0.5,0.5) =0.5
(5, © 1 )(@,0)b,d) S min(u, o f, (a,0), 1, © 41, (b,d)
0.1< min(min(u;, (a), 45, (), min(;, (b), 45, (d)))

0.1 <min(min(0.2,0.1),min(0.3,0.3))

0.1 <min(0.1,0.3) = 0.1
(U, © 1y, Ya,c)(b,d) Smin(u; o 1} (a,c), ity o i (b,d))
0.4< min(min(, (@), 4, (c)),min(u, (b), i1} (d)))

0.4 < min(min(0.5,0.4),min(0.5,0.6))

0.4 <min(0.4,0.5)=04
(H5, © g, (b,)a,d) Smin(u o iy (b.0), p1y, o iy, (a,d)
0.1< min(min(u, (b), 4, (). min(u; (@), 45, (d)))

0.1 <min(min(0.3,0.1),min(0.2,0.3))

0.1 £min(0.1,0.2)=0.2
(124, © 3, )b.c)a.d) < min(ue, o g2, (b.0). 42} © 415, (a.d))
0.4< min(min(z}, (b)., 42}, (€)).min(z;, (@), 425, (d)))
0.4 < min(min(0.5,0.4),min(0.5,0.6))
0.4 <min(0.4,0.5) =04

Thus we have G|[G,]= (A ¢ A,,B, 2 B,) is an interval-valued fuzzy graph of



Proposition 2.1.8:

The composition G,[G,] of two interval-valued fuzzy graphs G, and

G, of G, and G, is an interval-valued fuzzy graph of G, [G, ].
Proof:
The conditions for B, o B, are verified here.

In the case xeV, and x,y, € E,, according to (ii) we obtain
(5, © Mg, (X, %,)(X, y,) = min(u, (x), iy, (X,¥,))
< min( 4, (x) min( 4, (x,) 423, (7))

= min(min( &, (x) , @, (x,) ymin( g, (x) , 4, (y,)))

= min( (&, © )%, (1, © 3 )(E )
(g, © )06 x,)(x, y,) = min L, (x), 45, (4,,))
< min( 4, (x) min( 4, (x,) 425, (7))

= min(min( g3 (x) , &y (x,) )min g (x) , (2, (y,) )

=min( (4, ot )(x,x,), (U oy )(x,y,)
In the case ze V, and x,y, € E,according to (iil), we obtain
(g, © 1y )X, 2)(yy,2) =min(Uy (x,y,), 1, (2))

< min(min &, (x,), 15 (y))s 45, ()

= min(min( &, (x,) , &, (z)),min( &, (y,) , &, (z)))

= min(( (1, © i, )(x,2), (1 © fy )N¥,52)).

(g, © tp )X, 2)(¥,,2) = min(g (x,3,), 4, (2))



< min(min( &, (x,), &, (), 13, (2))

= min(min( 4, (x,) , # (2) ).min( g (y,) , 4, (2)))

= min(( (4 403 )(x,,2) 5 (1 © (3 )(152)).

In the case (x,,x,)(y,.y,)€ E°—E we have x;y,€ E, and x, # y, which

according to (iv) implies

(#y, © )6, 2,) (3,5 ¥,)) = min(ue, (x,), 4 (33, g (X,3)))
< min(u, (x,), 1y, (y,),min(ee, (x), 4, (y,)))
=min(min (&, (x,), &, (x,)),min(ie, (), 1, (¥,)))
=min (4, © Ly )(x,%,), (1, o My )(D15Y,))

(t, © g )5 2,) (5 ¥,)) = min(aey (x,), iy (9,), s (%, 3))
<min(iy (x,), 4y, (y,),min(u (x,), 1 (3,))
=min(min (&, (x,), 4, (x))),min(, (v,), 4 (¥,)))

= min ((,UXI © /u/:z )Xy, %,), (lu:; ° ,u:;z )15 ¥2))
This completes the proof.

Definition 2.1.9:

The Union G, UG, = (A, UA,,B, UB,) of two interval-valued fuzzy

graphs G, and G, of the graphs G, and G, is defined as follows:

(L O 1y, )X) _ (%) if xeV, and x¢V,

(A) (W, O, )x)=p, (x) if xeV, and x¢V,

(f, O, )(x) =max(p, (x), 4, (x))if xe V, NV,



-

(lLlAl UIUAZ )(-x) — /uAl (-x) lf xe V1 and xXe V2

(B)< (M, Vg )=y (x) if xeV, and xeV,

(1, O )(x) = max(u, (x), 4, (x))if xe V, NV,

( (Up, Oty )xy)=py (xy) if xye E, and xy¢ E,

(O (g Y pp )(xy) =g (xy) if xye E, and xy ¢ E,

(o (i D )0y) = max( gy, (xy), iy, () if xy € E\ N E,
( (5, O g )(xy) =ty (xy) if xye E, and xye E,

(D){ (U, O py, )(xy) =pp, (xy) if xye E, and xy¢ E,

L (Mg O iy )(xy) = max( iy (xy), 4y (x))if xye E,NE,
Example 2.1.10:

Let G, =(,,E) and G,=(V,,E,) be graphs such that
V,={a,b,c,d,e} V, ={a,b,c.d,f} , E, ={ab,bc,be,ce,ad,ed}
E, ={ab,bc,cf ,bf ,bd} .Consider two interval-valued fuzzy graphs
G, =(A,,B))and G, = (A,, B,) defined by

=< T 09 01 0 D 04050503 08>

b d
A1= (____L)(__L_L)>
0.2 02 0302 04 04 05 06 0.6 0.6

B8 be o Bf bd ab b of b bd
? 0.1 02 0.1 0.1 0.2 0.2 04 0.5 0.2 0.5

Then, according to the above definition:

(,u;l U, )(a) = max( My (a),,u/}2 (a))=max(0.2,0.2) =0.2



(fy, Oy, )(b) =max(u, (D), u,, (b)) =max(0.4,0.2) = 0.4

(H3, L 43,)(€) = max(f; (0), 5, (€)= max(0.3,0.3) = 0.3

(1, O 3,)(d) = max(42; (d), 15, (d))=max(0.3,0.2) = 0.3

Uy U )O)= () =02, (U U )(F)= oy (f) =04
(), O u;)(a) = max( 4}, (a), 4}, (a))=max (0.4,0.4) = 0.4

(1, U e, )(b) = max( 1, (b). 4, (b)) = max (0.5,0.5) = 0.5

(i, L 5, Y€)= max(;, (c), 5, (c)) = max (0.6,0.6) = 0.6

(43, O ) d) = max( 2} (d), 2}, (d)) = max (0.7,0.6) = 0.7

(s o py)e)= 1, (e)=0.6 (i, W)= w5, (f) = 0.6
(H5, 0 f,ab) = max( 5, (ab), 1y, (ab)) = max(0.1,0.1) =0.1

(U U p3 )(be) = max( , (be), pty, (be))= max(0.2,0.2) =0.2

(y, Uty Nce)= iy (ce)=0.1 (i Uty be)= pi; (be) =0.2
(5, U sty Nad)= gy (ad)=0.1 (i Ut )(de)= p1; (de) =0.1
(H5, O )bd) = 5 (bd) =02 (p U )bf) = 1 (bd) =0.1
(H45, © 43, )(ab) = max( 45, (ab), 45, (ab)) = max(0.3,02) = 0.3

(45, O 3,)(be) = max( 5, (be), 15, (be)) = max(0.4,0.4) = 0.4

(t5, O g )ce)= u, (ce)=0.5 (t5, O i Ybe)= py (be) =0.5

(5, Oty Nad)= pf (ad)=03 (5, U a5, )(de)= i, (de) = 0.6



(s, O bd) = 7, (bd) =05 (i O Nbf) = p5, (bd) =0.2

b

[0.1,0.3] [0.2,0.4]

[0.1,0.3] [0.2,0.5]

[0.1,0.6]

a [0.1,0.3] b [0.2,0.4] [

[0.2,0.4]

[0.4,0.5] [0.3,0.6]

[0.1,0.2]

[0.1,0.3] [0.3,0.p]

[0.2,0.5] [0.1,0.5]

[0.1,0.6]

d e f

Now we see that G, UG, = (A, UA,,B, UB,) is an interval-valued fuzzy

graph of the graph G, UG,
(5, 9 g, )ab) <min(u, L, (@), f, iy, (b))
0.1 < min(max(u, (a), 4, (a)),max(u, (b),u, (b))

0.1 £ min(max(0.2,0.2),max(0.4,0.2))

0.1 <min(0.2,0.4)=0.2

(15, O 115, )(be) < minu, U pr;, (b). 1y U i}, ()

0.2 < min(max(u, (b), i, (b)), max(u, (), i, (c)))



0.2 < min(max(0.4,0.2),max(0.3,0.3))

0.2 <min(0.4,0.3) = 0.3
(Mg, U iy, )(ce) S min(ie, O iy, (), iy, O f, (©)
0.1 < min(max(u, (¢), 4, (¢)), 425, (¢))

0.1 <min(max(0.3,0.3),0.2)

0.1 <min(0.3,0.2) = 0.2
(H5, O 5, be) < min(uy U g1, (b). 45 O 113, (€))
0.2 < min(max(u;, (b, 45, (b)), 1} (€))

0.2 < min(max(0.4,0.2),0.2)

0.2 <min(0.4,0.2) =0.2
(15, © 15 ad) < min(u;, O g, (d), f, O 5, (@)
0.1 < min(max(x; (a), 43, (@), max(u; (d), 4}, (d)))

0.1 < min(max(0.2,0.2),max(0.3,0.2))

0.1 £min(0.2,0.3) =0.2
(Mg, U 5, )(de) < min(uy U gty (d), ;O 4, (€)
0.1 < min(max(u, (d), £, (d)), 1, (€))

0.1 <min(max(0.3,0.2),0.2)

0.1 £min(0.3,0.2)=0.2
(15, O 115, )(bd) < min(uzy, O 1y, (b).p1 O 5, (d))

02 < min(max(,u;l (b), My, (b)), max(,ugl (d), My, (d)))



0.2 < min(max(0.4,0.2),max(0.3,0.2))

0.2 <min(0.4,0.3) = 0.3
(U, O H, )b ) S min(uas, O a5, (B), p15, O 15, ()
0.1 < min(max(x, (b), &, (b)), 25, ()

0.1 <min(max(0.4,0.2),0.4)

0.1 <min(0.4,0.4) = 0.4
(a3, O pg)ab) < min(uy O wy (@), iy O py (b))
0.3 < min(max(« (), 3, (@), max(u;, (b, i, (b))

0.3 < min(max(0.4,0.4),max(0.5,0.5))

0.3 <min(0.4,0.5) = 0.4
(t5, O pg )be) < min(uy O wy (b), fy O p (€))
0.4 < min(max(u}, (b), i, (b)), max(uL}, (€), 43, (c)))

0.4 < min(max(0.5,0.5),max(0.6,0.6))

0.4 < min(0.5,0.6) = 0.5
(U5 O py, )ce) Smin(u, O uy (o), iy U L, (€))
0.5 < min(max(x;, (c), 47, (¢)), 4}, (€))

0.5 < min(max(0.6,0.6),0.6)

0.5 < min(0.6,0.6) = 0.6
(t5, O pg, )be) < min(uy © gy (b), ;15 (€))

0.5 < min(max(z}, (b), i, (b)), 12}, (€))



0.5 < min(max(0.5,0.5),0.6)

0.5 < min(0.5,0.6) = 0.5
(ty, O pp, Nad) Smin(uy O wy (d), g1y O py (d))
0.3< min(max(i, (a), &, (@), max(u;, (d), 1, (d)))

0.3 < min(max(0.4,0.4),max(0.7,0.6))

0.3 <min(0.4,0.7) = 0.4
(45, O g, Nde) Smin(uey © 1y (d), py O L (€))
0.1 <min(max (i} (d), 1}, (), i}, (€))

0.1 £ min(max(0.7,0.6),0.6)

0.1 < min(0.7,0.6) = 0.6
(t5 O pg )(bd) < min(ue; gy (b), pr; O p; (d))
0.5 < min(max(z, (b), i, (b)), max(u; (d), 1y (d)))

0.5 < min(max(0.5,0.5),max(0.7,0.6))

0.5 <min(0.5,0.7) = 0.5

(145, © 3 )Bf ) < min(us, O g, (b). 42 O p2}, ()
0.2< min(max(z}, (b), 4, (b)), 425, ()
0.2 < min(max(0.5,0.5),0.6)
0.2 <min(0.5,0.6) = 0.5

Thus clearly we see that G, UG, = (A, UA,,B, UB,) is an interval-valued

fuzzy graph of the graph G, UG,



Proposition 2.1.11:

The Union of two interval-valued fuzzy graphs is an interval-valued

fuzzy graph.
Proof:

Let G, =(A,,B,)and G, =(A,,B,) be interval-valued fuzzy graphs of
G, and G, respectively. We prove that G, UG, = (A, UA,,B,UB,) is an
interval-valued fuzzy graph of the graph G, UG, . Since all conditions for

A, U A, are automatically satisfied, we verify only conditions for B, U B,

At first we consider the case when xy e E, (| E, .Then
(U5, U 5 )(xy) = max (2 )(xy), (45 )(xy)
< max(min( 4, (x), &, (y)),min(, (x), 1, (¥)))
= min(max(, (x), &, (x))max(i, (y), i, (¥)))
= min( (4, U, )(X), (O f2,)(5))
(e, O 3 )(xy) = max (45, )(xy) (445, )(xy)
< max(min( 43 (x), 4 (¥)):min( 2 (%), f1 ()
= min(max( £, (x), 4, (x)),max(L; (¥), 4, (¥)))
=min( (4, U )(x), (1, Oy ()
If xye E,and xyg E, then
(i, O ) )(xy) S min (42, U2, )0, (1 U 42,)(),

(#p, O pp )xy) < min (g O g )(x), (1 O (5 )(9))



If xye E,and xy¢ E, then
(t, U 5 )0 < min (i, O )X, (thy O 1 )(9).
(#p, O p )xy) < min (O g )(x), (1 O 15 )(9))
This completes the proof.

Definition 2.1.12:

The join G, +G, = (A +A,,B,+B,) of two interval-valued fuzzy

graphs G, and G, of the graphs G, and G, is defined as follows:
(A) (5, + 1)) = (O p23)()
(L, + 1)) = (U, V)@ if xe VUV,
B)[(u5 + 15 )(xy) = (15 UG XY
(W + M3 XY) =y Uy )XY) if xye E NE,
(©)f (U, + 45, )(xy) = min( 2, (x), 4, (7))
(g, + ) (xy) = min( 42, (0, 42, (1))
if xye E’,where E’is the set of all edges joining the nodes of V,and V,

Proposition 2.1.13:

The join of interval-valued fuzzy graphs is an interval-valued fuzzy

graph.



Proof:

Let G, =(A,,B,)and G, =(A,,B,) be interval-valued fuzzy graphs of
G, and G, respectively. We prove that G, +G, = (A +A,,B, +B,) is an

interval-valued fuzzy graph of the graph G, + G, .When xye E’, we have
(U + pg )xy)=min(u, (x), 4, (¥))
<min((u, U, )x), (1, O, )(y)
=min( (1, + 4, )(x), (@, + i1, ()
(g, + ay )(xy) = min( £ (x), 4 (¥))
<min (i g )(x), (4 O 5 )())
= min( (4, + 4 (), + 45 ()
This completes the proof.

Proposition 2.1.14:

Let G, =(V,,E,) and G, =(V,,E,) be crisp graphs with V,V, =¢.
Let A, A,, B, and B, be interval-valued fuzzy subsets of V,,V,, E, and E,
respectively. Then G, UG, =(A, UA,,B, UB,) is an interval-valued fuzzy
graph of G, UG, if and only if G, =(A,,B,)and G, =(A,,B,) are interval-

valued fuzzy graphs of G, and G, ,respectively.

Proof:

Suppose that G, UG, = (A, UA,,B, UB,) is an interval-valued fuzzy

graph of G, UG,.Let xye E,.Then xy¢ E,and x,ye V, -V, .Thus

My, (xy)= (up O tp, )(xy)



< min( (4, U ), (15, O 4)(9)
=min( 4, (x), 4, (¥))

M, (xy) = (U, O i )(xy)
< min( (i, U, )0, (i O 1))
= min( 12}, (x), 2, ().

This shows that G, = (A,, B,)is an interval-valued fuzzy graph. Similarly, we

can show that G, = (A,,B,) is an interval-valued fuzzy graph.
The converse statement is given by Proposition 2.1.11.
Proposition 2.1.15:

Let G, =(V,,E,) and G, =(V,,E,) be crisp graphs withV, NV, =¢.
Let A, , A,, B,and B, be interval-valued fuzzy subsets of V,,V,, E and E,
respectively. Then G, +G, = (A, +A,,B, +B,) is an interval-valued fuzzy
graph of G, UG, if and only if G, =(A,,B,)and G, =(A,,B,) are interval-

valued fuzzy graphs of G, and G,, respectively.

Proof: The proof follows from Proposition 2.1.13 and Proposition 2.1.14.



SECTION 2.2

ISOMORPHISMS OF INTERVAL-VALUED FUZZY
GRAPHS

Here we characterize various types of (weak) isomorphisms of interval-

valued fuzzy graphs.
Definition 2.2.1:
Let G, = (A,,B))and G, = (A,, B,) be two interval-valued fuzzy graphs.

A homomorphism f : G, = G,is amapping f :V, =V, such that

@) ay () <y, (fF(x) My, (x) <y (f(x)
(b) ap Cxyyy) < g, (f (x)f (31)) 5 Mg, (xyy1) < py, (f () f (1))

forall x, eV,, x,y,€ E|.

Definition 2.2.2:

A bijective homomorphism with the property

(© ty ()= py (F(x)), e (x,)= g (f(x,)is called a weak

isomorphism.
Remark 2.2.3:

A weak isomorphism preserves the weights of the nodes but not

necessarily the weights of the arcs.
Definition 2.2.4:

A bijective homomorphism preserving the weights of the arcs but not

necessarily the weights of the nodes, i.e., a bijective homomorphism f :

G, — G, such that



(d) g, () = g, (F ) f (31) M, () = pg, (f () f ()
for all x,y, €V is called a weak co- isomorphism.
Definition 2.2.5:

A bijective mapping f : G, = G, satisfying (c¢) and (d) is called an

isomorphism.

Example 2.2.2:

Consider graphs G, = (V,,E,)and G,= (V,,E,) such thatV, ={a,,b,},
V, ={a,.b,},E, ={a,,b,} and E, ={a,,b,}. Let A,,A,, B,and B, be interval-

valued fuzzy subsets defined by

b, a,b, ab
Al_<(02 03)(05 06) B ( )

b, ab
A =< b, —< (&2
g 03 02)(06 05) ( )

Then G, =(A,,B,)and G, =(A,,B,) are interval-valued fuzzy graphs of G,

and G, ,respectively
The map f:V, =V, defined by f(a,)=b,and f(b)=a,

To check weak isomorphism

15 (a,)=0.2 1, (fa)= i, (by)=02
1, (b)= 0.2 1, (f b)) = 15 (a,)=03
1 (a,)=0.5 15, (f(a) = 42}, (by)=0.5

/u:; (b,)=0.6 ,tl:;z (f(b))= ,UXZ (a,)=0.6



Thus the map f:V, =V, defined by f(a,)=b,and f(b))=a, is a weak

isomorphism
Example 2.2.3:
Consider graphs G, = (V,,E,)and G,= (V,,E,)such thatV, ={a,,b,},

V, ={a,,b,} E, ={a,,b}and E, ={a,,b,}. Let A, A,, B, and B, be interval-

valued fuzzy subsets defined by

4 =< G by b B, =< by abyy
0.2 0.3 04 0.5 0.1 03
a, b a,b,

A =< Doy (@ by =<1 03

04 0.37°0.570.6

Then G, =(A,,B,) and G, =(A,,B,) are interval-valued fuzzy graphs of G,

and G, ,respectively
The map f:V, =V, defined by f(a,)=b,and f(b)=a,
To check weak isomorphism
15 (a)=02 1y, (f(a)) =ty (b,)=0.3
1 @) # i, (f(@)
To check weak co-isomorphism
H; (ab)=0.1 15, (f (@) f(b)= 5, (byay)=0.1
Uy (a,b)=0.3 Uy (f(a) fb)= py (bya,)=0.3

Thus the map f:V, =V, defined by f(a,)=b,and f(b,) =a, is a weak co-

isomorphism.

Proposition 2.2.4:An isomorphism between interval-valued fuzzy graph is an

equivalence relation.
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CHAPTER III
COMPLETE INTERVAL-VALUED FUZZY GRAPHS
SECTION 3.1

INTERVAL-VALUED FUZZY COMPLETE GRAPHS

Definition 3.1.1:

An interval-valued fuzzy graph G = (A, B) is called complete if
15 (xy) = min(u; (x), 4, () and g2 (xy) = min(i; (), 2 () for all xye E

Example 3.1.2:
Consider the graph G =(V,E) such that V ={x, y, z}, E = {xy, yz, zx}

If A and B are interval-valued fuzzy subsets defined by

X y Z X y Z
— ), (=) >
), ( 05)

A=<( b b b b
02 03 04 04 05

X Z X Z X
S L o e LR SN
0.4

B:<( s s
02 03 02 04 05 0.

Then it is easy to check whether the graph is complete.

iy (xy) = min (42, (x), £, () ey (xy)=min (4 (x), £, (¥))

0.2 =min(0.2,0.3) =0.2 0.4 =min(0.4,0.5) =04

Uy (y2)=min(u, (y), 1, (2)) 1y (yz)=min (1, (), 1, (2))

0.3 =min(0.3,0.4)=0.3 0.5 =min(0.5,0.5)=0.5

My (zx) = min (1, (2), 1t (x)) My (zx)=min (1} (2), 1 (x))

0.2 = min(0.4,0.2) = 0.2 0.4 = min(0.5,0.4) = 0.4

Thus G = (A, B) is an interval-valued fuzzy complete graph of G



Proposition 3.1.3:

If G=(A,B) be an interval-valued fuzzy complete graph, then also

G[G] is an interval-valued fuzzy complete graph.
Definition 3.1.4:

The Complement of an interval-valued fuzzy graph G = (A, B) of

G =(V,E) is an interval-valued fuzzy complete graph G=(A,B) on

G'=(V,E),where A=A=[u;, 1 ]and B=[u,,u,] is defined by

ty xy) = 0 it 45 () >0
<

min (45 (00,45 (0) i 45 () =0

;o =[ 0 it 45 (1) >0
<

L min (u; (0,45 (3) i (xy)=0.
Definition 3.1.5:
An interval-valued fuzzy graph G = (A, B) is called self-complementary
if Z =G.
Example 3.1.6:

Consider a graph G =(V, E) such that V ={a,b, ¢}, E ={ab,bc} .Then
an interval-valued fuzzy graph G = (A, B)

a b B b s (a_b b_c) (a_b £)>1s self

A=< (—,—,
0.1 02 03 03 04 05 0.1 027 03 04

complementary.

145 (ab)=0 L5 (ab) =0 145 (be)=0 L1 (be)=0



#; (ca) = min (4 (), 4; (a)) 4y (ca) = min (u}(0), 45 (a))

=min (0.3,0.1)=0.1 =min(0.5,0.3) = 0.3
B=< (ﬂ,ﬂ) >
0.1 0.3
U (ab)=0  p_(bc)=0  p-(ca)=0.1 u;(ab)=0  u; (bc) =0
U (ca)=0.3

142 (ab) = min( 42} (@), i, (b) ) = min (0.1,0.2) = 0.1

4= (be) = min( 25 (b), 45 (c) ) = min (0.2,0.3) = 0.2 4= (ca)=0
122 (be) = min( 4 (b), 42} (¢) ) = min (0.4,0.5) = 0.4 f2(ca)=0
§=< (a—b ﬁ),(a—b ﬁ) > = B.

0.1°027°03° 04

Thus the interval-valued fuzzy graph G = (A, B) is self complementary.

Proposition 3.1.7:

In a self complementary interval-valued fuzzy complete graph

G=(A,B) we have a) ) u,(xy)=) min(u,(x),4;(y) b)

X£Y X#£Yy

2 i (xy) = D min(u; (x), 45 (1))

X#y x#y
Proof:

Let G = (A, B) be a self complementary interval-valued fuzzy complete

graph. Then there exists an automorphism f :V — V such that
My (F (X)) = p, (%) M (f (X)) = g (%)

125 (F () f () = i (xy) forall x, ye V



Hence for x, ye V we obtain,

My (xy) = ,U_E(f(X)f(y)) =min(u, (f (x)), &, (f () =min(, (x), 1, (y))
Similarly,

1 (x9) = 5 (f (0 £ () = min(ae; (f (0) 225 (F (7)) = min(uz (x), 225 (1)

Proposition 3.1.8: Let G=(A,B) be an interval-valued fuzzy complete

graph. Tf £ (xy) = min(i; (x), 4 () and 425 (xy) = min(uz; (x), £ () for all

x,y€eV , then G is self complementary.

Proof: Let G=(A, B) be an interval-valued fuzzy complete graph such that
My (xy) =min(e, (x), 4, (¥)) and w;(xy) = min(;, (x), 1, (y)) for all x,yeV .

Then G =G under the identity map /:V — V. So G=G.

Hence G is self complementary.
Proposition 3.1.9:

Let G, =(A,,B,) and G, =(A,,B,) be interval-valued fuzzy complete graphs.

Then G, =G, if and only if G, =G, .

Proof: Assume that G, and G, are isomorphic, there exists a bijective map
[V, =V, satisfying g, (x) =, (f (x)), ﬂ/:] (%) :ﬂ;(f(x)) for all xeV,

My, (x9) =y (FO)F (), iy (x9) =y, (f (0) f()) forall xye E,

By definition of complement, we have

M5, (xy) = min(uL; (), 425 () = min(ee, (f ) iy, (f D) = g, (F () ()

ﬂ_;(xy) = min(u; (x), i (v)) = min(uy (f (0)), 1, (f (YD) = py, (f (0)f () for
allxye E,.  Hence EIEG_2



SECTION 3.2

VARIOUS PRODUCTS ON INTERVAL-VALUED FUZZY
COMPLETE GRAPHS

Definition 3.2.1:

The direct product of two interval-valued fuzzy graphs G, =(A,,B,)
with crisp graph G, =(V,,E,) and G, = (A,,B,) with crisp graph G, =(V,,E,) ,
where we assume that V, [1V, = @,is defined to be the interval-valued fuzzy graph G,

NG, : (o,No0,, 44, N 4, ) with crisp graph G :(V,xV,,E) where
E={(u;,v)Wy,v,) : (uy,uy) € Ey, (v, v,) € E, )

[ (M Y, v) = i, () A gty (v),  forall (u,v) €V, xV,
LG N Y, v) =y () A ey (),

[t 1 12 )91, 9,)) = it (i) Aty (9,9,)

< + + + +
(:uBl n 1u32 )((ul ) V1)(u2 s Vo )) = ;uBl (u1u2) A Il’le (V1V2) .

~

Example 3.2.2:

Let G, =(V,,E,) and G, =(V,,E,) be graphs such thatV, ={a,b} ,
V, ={c,d} , E, ={ab}, E, ={cd} .Consider two interval-valued fuzzy graphs
G, =(A,,B))and G, =(A,,B,) and G NG, as follows.

a C
@ @

0.1,0.2] 0.1,0.3]

(a,0) (a,d)

3 @
(b,c) (b,d)
G, G GnG

2 1 2



Here V, XV, ={(a,c)(a,d)(b,c)(b,d)} E={(a,c)(b,d):abe E,,cde E,}

(4 1125 @,€) = 1 (@) A p1; ()= (0.2A0.1) = 0.1

(4 1 425 @, d) = i (@) A p1; (d) = (0.2 0.2) = 0.2

(U1 1), €) = 425, (B) A 15, ()= (03 A 0.1) = 0.1

(4, 11425 )b, d) = 2, (b) A i, (d) = (0.3 A.0.2) = 0.2

(L, 1125 (@, €) = 1, (@) A gL, ()= (0.4 A 0.4) = 0.4

(5,1 425, )a,d) = 25, (a) A 17, (d) = (04 £ 0.6) = 0.4

(4,1 425,)(b,0) = 12, () A 17, (€)= (0.5 A 0.4) = 0.4

(e 1 425 )b, d) = g1, (b) A i, (d) = (0.5 0.6) = 0.5

(#5425, )((a, )b, d)) = pt (@b) A fty (cd) = (0.1 A0.1) = 0.1

(45,1 125 ) (a,0)(b,d)) = 415, (ab) A, (cd) = (0.270.3) =0.2.

Now we check the condition for interval-valued fuzzy graph.

(tt 1 15 )((a, €)(b,d)) < gt M, (@,0) A fty Mt (b,d)
0.1< (4 (@) A 25 () A (tt, (B) A 5, ()
0.1<(0.2A0.1)A(0.3A0.2)
0.1<(0.1A0.2)=0.1

(g, N 5 )(a,0)(b,d)) < py N (a,¢) Ay My (b,d)

0.1 (i}, (@) A 13, () A (L, (b) A 125, (d))
0.1<(02A0.1) A(0.370.2)
0.1<(0.1A0.2)=0.1

Thus we see that G, G, is an interval-valued fuzzy graph.



Theorem 3.2.3:

If G,=(A,B)) and G, =(A,,B,) are complete interval-valued fuzzy
graphs, then G,NG, is complete.

Proof:
If (u,,v,)(u,,v,)€ E,then since G,and G, are complete , we have
(it 1 22 (19,115, 9)) = 1 () A fly (9,7,
= 1 () A 0,) A L (0) A L (9,)
= (M )ty vy) A (R A )ity v,)
(g, My )ty v )y, v,)) = i () Ay (Vi)
=y () A gy () A gy (v) Aty (v;)

= (o, M )ty v) A (e T )y, v,)

To define semi-strong product and strong product of interval-valued
fuzzy complete graph we need the following results.

Definition 3.2.4:

An interval-valued fuzzy graph G = (A, B) of a given graph G = (V,E)
is called an interval-valued strong fuzzy graph if i, (xy) =, (x) A 1, (y)and
M (x) = 2, (x) A p () for all xy e E.

Definition 3.2.5:

The Complement of a strong interval-valued fuzzy graph G is

Ez(A, B) where Zz[;;(x),;;(x)] is an interval-valued fuzzy set on V and
B

=[ ,u;,,u_;] is an interval-valued fuzzy set on E C VXV such that

D V=V,

2) 1,(x)=;(x) and g} (x)= g} (x) forall xeV,



3) 1 () =( 0 it 42 (x) >0,
My (X) A (y) if pp(xy) =0.
4 ;=0 it () >0,
()AL (y) i g (xy) =0.
Definition 3.2.6:

Let G = (A, B) be an interval-valued fuzzy graph where A =[g,, 1, ]and
B =[u,, 1, ] be two interval-valued fuzzy sets on a non-empty finite set V and
E c VXV respectively. The total degree of a vertex uc V is denoted by
td(u) and defined as td(u) =[td " (u),td” (u)] where

td* () ="ty (uv) + 4 (u), td ™ (u) =) py () + L, ().
Remark 3.2.7:

If the total degrees of all vertices of an interval-valued fuzzy graph are
equal, then the graph is said to be totally regular interval-valued fuzzy graph.

Definition 3.2.8:

The semi-strong product of two interval-valued fuzzy graphs
G, = (A,,B,) with crisp graph G, =(V,,E,) and G, = (A,,B,) with crisp graph
G, =(V,,E,) , where we assume that V, NV, =@, is defined to be the interval-
valued fuzzy graph G, ®G, : (A ® A,,B, ®B,) with crisp graph G :(V,xV,,E)
where
E={(u,v)w,v,):ueV,(v,v,) e E,}U{(u,v)u,,v,): (u,u,)€ E,(v,,v,) € E,}

i ( (1, ® 1), v) = g1 ) A g, (v), forall (u,v)e V, xV,

<
(1 ® 13 ), v) = gy () A gy (v)

i [ @ M )0, 00 v0) = 5,00 A 1, (),
<

(:U;l ® ﬂgz )((l/t, V1)7 (I/l, vV, )) = ,UZI (I/l) A ,U;—Z (vlvz)



(iii) (ﬂ;l * ,u;z Wy, v)), (uy,v,)) = ,U;l (u,uy) A ,u;z vv,),
(,U;l ® ,U;fz W(wy,vy), (uy,v,)) = ,Ugl (uu,) A ,u;fz (Vv,).

Example 3.2.9:

In this example we consider two interval-valued fuzzy graphs

G, =(A..B)), G, =(A,,B,) and G, *G, as follows

a C (a,0) (a,d)
0.3,0.4] 0.3,0.5] 0.3,0.4]

Q (I,C) (b,d)
Gl GZ Gl * GZ
Here V, XV, ={(a,c)(a,d)(b,c)(b,d)} E={(a,c)(b,d):abe E,,cde E,}

(15, ® 14,0, €) = 11, (@) A f13, ()= (047 03) =03
(5, ® 1)@, d) = 15, (@) A p1, (d)= (04 0.4) = 0.4
(4, @ 4)(b,0) = 1, (b A p1, ()= (054 0.3) = 0.3
(5, @ )b, d) = 1, (b) A p1; (d)= (0.5 A0.4) = 0.4
(1, ® 1)(@,0) = 1}, (@) A 1, ()= (0.6 A 0.6) = 0.6
(5, * 1)@, d) = 15, (@) A p1y (d)= 0.6 70.8) = 0.6
(1), @ )(b,) = 1}, (b) A 1, ()= (0.7 A 0.6) = 0.6

(e, @ 1 )b.d) = g1, (D) A 15, (d) = (0.7 A 0.8) = 0.7



(#5, ® 1 )(a,c)a,d)) = i, (a) A fy (cd)=(0.470.3)=0.3
(145, ® 143, )(b,0)(b,d) = 1, (b) A pay, (cd) = (0.570.3) = 0.3

(5, ® 113, (@ C)a.d)) = 1}, (@) A 1, (cd)= (0.6 A 0.5) = 0.5
(,u;fl °:U;2 )((b,c)(D,d)) = ,UZI (b) /\,u;;2 (cd)=(0.7~0.5)=0.5

(t5, ® 1 )((a,0)(b,d)) = py (ab) A iy (cd)=(0.3A0.3)=0.3
(#5, ® 15, )((a, )b, d)) = py, (ab) A g, (cd)= (0.4 A0.5) = 0.4

Now we shall verify the condition for the interval-valued fuzzy graph.
(ty,  t15,)((@,0)a, d)) < g1, @ a5 (a,€) A fty @ i (a,d)
03 (1, (@) A f1;, () A (5, (@) A 5, ()
0.3<(04A03)A(04A04)
0.3<(0.3A04)=0.3
(U5, ® 15,)(B. )b d)) < p1, 8 15, (b A 1, @ 5 (. d)
0.3 (1, (b) A 13, () A (5, (0) A 15, ()
0.3<(0.5A03)A(0.5A0.4)
03<(03A04)=0.3
(tt, ® 1)@, )b, ) < 1 ® g1, (a,€) A g1, i1, (b,d)
0.3 (45 (@) A L, () A (L, (b) A 45, (d))
0.3<(04A03)A(0.5A0.4)
0.3<(0.3A04)=0.3
(tty, ® t,)((a,0)a,d)) < py @ wy (a,0) Ay @y (a,d)
0.5< (2 (@) A () A (123, (a) A g1, (D))
0.5<(0.6 A0.6) A (0.6 A0.8)

0.3<(0.6A0.6)=0.6



(ty, @ s, (D, )b, d)) < gy @ pry (bc) Aty @y (b.d)
0.5< (223, (b) A i, () A (1, (D) A 5, (d))
0.5<(0.7 A0.6) A (0.7 A0.8)
0.5<(0.6A0.7)= 0.6

(ty, @ 1, (@, 0)b,d)) <y @ phy (@) A pry @ iy (b,d)
0.4< (a3 (@) A, () At (D) A i ()
0.4 (0.6 A0.6) A (0.7 A0.8)
0.4 (0.6 A0.7)= 0.6.

Thus we see that G, ® G, is an interval-valued fuzzy graph.

Theorem 3.2.10:

If G,=(A,B)) and G, =(A,,B,) are complete interval-valued fuzzy
graphs, then G, ® G, is complete.

Proof:

If (u,v,)(u,v,)e E, then
(tg, ® M)Vt v)) = 425 () A g, (V,9,)
= U, () A My, ) A My, (v,) (since G, is complete)
= (U ® 1)) A (L @ ), vy)
If ((u;,v,)(u,,v,))€ E, then since G,and G, are complete , we have
(t, ® i )y )10, v,) = 1 (t10y) Ay (10,)
= () A L (1) A () A L (,)

= (g, @ )ty V) AUy, @ 1)1y, V).



Similarly, if (u,v,)(u,v,)€ E, then
(1t @ g (v, v,)) = 1 () A ply (vv,)
= oy () A, (V) A (v;)
= (U @ 10 ), v) A (g 1 )W, v,)
If ((u,,v,)(u,,v,))€ E, we have
(ty, @ g, )y, v)) Uy, v))) =y (uiay) A fy (Vv;)
=y () A gy () A gy (v) Aty (v,)
=(a, ® 40, )y, v) A (U @ 1 )iy, ,).
Definition 3.2.11:

The strong product of two interval-valued fuzzy graphs G, = (A,,B,)
with crisp graph Gl* =(V,,E,) and G, = (A,,B,) with crisp graph G; =WV,.E,) ,
where we assume that V, 1V, =@, is defined to be the interval-valued fuzzy graph

G, ®G, : (A ®A,,B, ®B,) with crisp graph G : (V,xV,, E) where

E={(u,v)(u,v)):ueV,(v,v,)e E,}U{(u,,w)u,,w):we V,,(u,,u,)e E,}
U{Cu,,v)(uy,v,):(u,,u,)e E,,(v,,v,)€ E,}

i) [ @)@ =, A, ), forall (uv)eV,xV,

<
1y, ® g Yu,v) = o () A gy (v)

i ((, ® 15 (W, v,), (U v,)) = 1, () Al (V)
<
(5, ® 1 )W, v)), (u,v,)) = py () Aty (Vi)

i) (tty ® 115 )1ty ),y W) = 11, (W) A (i),

Vs, ® g )ty W), (1 w)) = 225, () A 225 ()

o [ © 220G, 2 v20) = 1, ) A 1, ),
(ttg, @ g, Yy v)), Uy, v1)) =y (y1ay) A fg, (V).



Example 3.2.12:

Let G, =(V,,E,) and G, =(V,,E,) be graphs such that V, ={a,b} ,
V, ={c,d} , E, ={ab}, E, ={cd} .Consider two interval-valued fuzzy graphs

G, =(A,B)) and G,=(A),B,)) where A = (E a) (E R)
ab ab cd cd
9D b A =< LS gL
02 03 0.2 03 0.5 0.7 02 04

Here V, XV, ={(a,c)(a,d)(b,c)(b,d)}
E={(a,c)a,d),(b,c)(b,d),(a,c)b,c),(a,d)(b,d),(a,c)b,d)}.Then

(15, ® 423, )(a,€) = 5, (@) A f15 ()= (0.370.2) = 0.2
(15, ® p1; a,d) = 4, (@) A f1;, (d) = (03 A0.3) = 0.3
(4, ® 11, )(b.c) =, (b) A 1, (€)= (0.470.2) = 0.2
(4, ® 11, )b, d) = 1, (0) A p1; (d) = (0.470.3) = 0.3
(1}, ® 1y )a,e) = 1, (@) A f1} (€)= (0.5 A 0.5) = 0.5
(u, ® iy Na.d) = (a) A, (d) = (0.570.7) = 0.5
(4, ® 11,)(b.c) = i, (b) A 1, (€)= (0.6 A 0.5) = 0.5
(e, ® g, )(b.d) = (b) A pu (d) = (0.6 A0.7) = 0.6

(5, ® p13)((@,0)(a,d)) = 1, (@) A 1 (cd)= (0.3 70.2) = 0.2
(g, ® 1 )((b,) b)) = 1, (B) A iy, (cd) = (04 10.2) =

(45, ® 115)((@,0)(b,)) = 3, (€) A p5 (ab) = (027 0.2) =0.2
(U, ® iz (@, )b, ) = 5, (d) Ay, (@)= (0.3 A0.2) =

(5, ® 113)((@, )b, ) = 15, (@b) A p1 (cd) = (027 0.2) =0.2

(,u;l ®,u;2 Y(a,c)a,d)) = ,u:{l (a) /\,u;2 (cd)=(0.5A0.4)=0.4
(5, ® g )(b,c)(b,d)) = i (D) A pt (cd) = (0.6 A 0.4) =
(U, ® 13 )((a,c)(b,c)) = uy () A pty (ab) = (0.570.3) = 0.3



(145, ® 123 (@, d)(b.d)) = 41}, (d) A 15 (@b)= (0.7 03) = 0.3
(145, ® 5 )((@.0)(b.d)) = 15, (ab) A i3, (cd) = (0.3 A 0.4) = 0.3

a C (a,0) (a,d)

[0.2,0.5] [02 04] [0.3,0.5]

[0.2,0.3] [0.2,0.4] [0.2,0.3]

[0.4,0.6] [0.4,0.6]

[0.2,0.4]
b d (b.c) (b,d)
G, G, G ®G,

We shall verify the condition for interval-valued fuzzy graph
(12, ® p1 (@ c)a,d)) < p, ® i1y (a.0) Ay, ® it (a.d)
0.2 (4 (@) A s, (€)) A (f; (@) A iy (d))
0.2<(0.3A0.2)A(0.3A0.3)
0.2<(0.2A0.3)=0.2
(g © 1 )(b,o)b,d) < pt, ® i, (bye) At ® i1, (bd)
0.2< (15, (b) A 4, () A (tL; (b) A 4L, (d))
0.2<(04A02) A(0.4A0.3)
0.2<(0.2A0.3)=0.2
(H5, ® 115,)((a,0)(b,0)) < 1, ® 1} (a,0) A, ® i, (b.0)
0.2 (1, (@) A 15, (D) A (1, (B) A 15, (<))
0.2<(0.3A0.2) A(0.4A0.2)

0.2<(02A0.2)=0.2



(1, ® 1 )((a, )b, d)) < g1, ® p, (a,d) A g1, ® i, (b,d)
0.2 (425, (@) A f15, () A (t15, () A 415 ()
02<(03A0.3)A(0.4A0.3)=0.3

(t, ® 1, )((a,0)(b,d)) < 1, ® g1, (a,¢) A e, ® g1, (b,d)

025 (42, (@) A 5, () A (1 (B) A f17, ()
0.2<(0.3A0.2) A (0.4 A0.3)
0.2<(0.2A0.3)=0.2

(3, ® py)(a,c)(a,d)) < i, ® wy (a,c) A py ® iy (a,d)

0.4< (1), (@) A 1, () AL, (@) A 1, ()
0.4<(0.5A0.5) A (0.5A0.7)
0.4<(0.5A0.5=0.5

(i, ® 3 )((b, )b, d)) < g1}, ® g1, (b,) A gt} ® g1}, (b,d)
0.4< (uy (b) A gy () A (a2 (D) A gy (d))
0.4<(0.6A0.5) A (0.6 A0.7)
0.4<(0.5A0.6)=0.5

(3, ® 43 )((a,c)(b, ) < p1; ® p1; (a,¢) A pr;, ® g5, (byc)
0.3< (e (@) A () A (pt, (D) A (€))
0.3<(0.5A0.5) A (0.6 A0.5)
0.3<(0.5A0.5)=0.5

(i3, ® i) ((a,d)(b,d)) < g1}, ® g1}, (a,d) A, ® (b, d)
0.3< (1}, (@) A g, (d)) A (11, (B) A 2, (d))

0.3<(0.5A0.7)A (0.6 A0.7)



0.3<(0.5A0.6)=0.5
(5, ® w5 )(a.c)(b.d)) < g1, ® i (a.¢) A g, ® i (b.d)
0.3< (uy (@) A gy ()) A (py (b) A gy (d)
0.35(0.5A05)A(0.6A0.7)
0.3<(0.5A0.6)=0.5
Thus we have G, ® G, is an interval-valued fuzzy graph.

Theorem 3.2.13:

If G,=(A,B,)) and G, =(A,,B,) are complete interval-valued fuzzy
graphs, then G, ® G, is complete.

Proof:

If (u,v,)(u,v,)e E, then
(U ® ), ), v,) = 4L (1) A i, (W)
= U, () A My, ) A My, (v,) (since G, is complete)
= (U, ® U )v) A (L, ® f; ), v,)
(5, ® 25 ) v, )1ty v,)) = 4 () A 15, (V)
= 4y () Ay, (0) A (v,) (since G, is complete)
= (1 ® g, ), vy) Ay ® oy )u,v,)
If ((u,,w)(u,,w))e E, then
(g ® 1 )((aty, W)ty W) = 1y (W) A g (att)
= Uy, w) A Hy, () A Hy, (u,) (since G, is complete)

= (U ® )ty W) A (1, ® 44 )ty W)



Similarly, we have
(L, ® i )y, W)ty W) = 125, (W) A (i)

= 1, (W) A () A g (uy) (since G is complete)

= (1, ® 1)1ty W) AL, ® 4L, Nty W)
If ((w,,v,)(u,,v,))€ E,then since G,and G, are complete, we have
(15, ® )1, v)) = iy (t113) A fly (v,V,)

= L ) A L () A, () A AL ()

= (2, ® g2 )ty v,) At ® g1 ity v,),
(15, ® 4t (17,03 v)) = 5, (t11y) A fly (v,v,)

= 1 () Ay (uy) A g (V) A iy (v,)

= (4 ® g0, )y, v) A (U @ gy Nuy,v,).
Hence G, ® G, is complete.

Theorem 3.2.14:

If G,=(A,B))andG, =(A,,B,) are interval-valued fuzzy graphs such
that G, N G, is complete, then atleast G,or G, must be complete.

Proof:

Suppose that G,and G, are not complete. Then there exists atleast one

(u,,v,)€ E,and (u,,v,)€ E,such that

g () < g, () A g, (vy) and {ﬂgz (u,v,) < pl, (uy) A g, (v,)
My vy < gy () A gy (vy) My, (yvy) < oy (uy) A gy (v,)



NoOW, (4, 1 5 (1t v, )1ty v,)) = y tt1ty) Al (V,,)
<y W) A, () A, (V) A, (v,)
(since G,and G, are not complete).
Similarly, (2, N gtz )((uy, v 1ty,v,)) <y () A (y) Ay (v) A (v5)
But, (4, N 42 )ty v,) = 12 (1) A 25, (1)
(L T )1ty vy) = 1, (1) A L (9,)
Thus,
(L 1AL )ty v,) A (U T Yty v) = g () A L () A, (0) A, (V)
> (g, Mty )y, v ) (U5, v,))
Similarly, we have
(Ll VAL )aty ) A R T Yt v,) > (Rt T )Gty vyt v,)
Hence, G, G, is not complete, a contradiction.

Theorem 3.2.15:

If G,=(A,B))andG, =(A,,B,) are interval-valued fuzzy graphs such
that G, ® G, orG, ® G, is complete, then atleast G,or G, must be complete.

Proof:

The proof is similar to the proof of the preceding theorem.
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CHAPTER IV
TYPES OF INTERVAL-VALUED FUZZY GRAPHS
SECTION 4.1
BALANCED INTERVAL-VALUED FUZZY GRAPHS

Definition 4.1.1:

Let G be an interval-valued fuzzy graph. The open neighbourhood

degree of a vertex x inG is defined by deg(x) =[degﬂ_ (x),degﬂ+ (x)], where
deg (x):zyem) i,(y) and degﬂ+(x):zyeN(x) 4:(y) . Notice that

My (xy) >0, 1, (xy) >0 for xye E,and u,(xy) = p,(xy) =0 for xye E
Remark 4.1.2:

If all the vertices have the same open neighbourhood degree n, then G is

called an n-regular interval-valued fuzzy graph.
Definition 4.1.3:

Let G be an interval-valued fuzzy graph. The closed neighbourhood

degree of a vertex x inG is defined by deg(x) = [degﬂ_ (x), degﬂ+ (x)], where

degﬂ, [x]= degﬂ, (x)+ w1, (x), degﬂ+ [x]= degﬂ+ (x)+ w3 (%)

Remark 4.1.4:

If all the vertices have the same closed neighbourhood degree m ,then G

is called a m -totally regular interval-valued fuzzy graph.



Example 4.1.5:

Consider a graph G" such that V ={a,b,c,d}, E ={ab,bc,cd,ad}.Let A
be an interval-valued fuzzy subset of V,and let Bbe an interval-valued fuzzy

subset of E cV XV defined by

| @ b c d | ab bc cd da
#, 103 03 03 03 M4z 101 0.1 0.1 0.1
M, 105 05 05 05 My, 102 04 02 04

deg(a) =[deg , (a).deg . (a)]

deg . (a) = p,(b)+ 4,(d)=0.3+0.3=0.6
deg . (a)= Wi(b)+u(d)=05+05=1
deg(a) =[0.6,1]

deg(b) =[deg - (b),deg . (D)]

deg . (b)=p,(a)+ 1,(c)=0.3+0.3=0.6
deg . (b) = Wi(a)+ 1, (c)=0.5+0.5=1
deg(b) =[0.6,1]

deg(c) =[deg, (c),deg . (c)]

deg, (€)=, (b)+ p1;(d)=0.3+0.3=0.6
deg,. (c)= iy (b)+ 1;(d) =0.5+0.5=1
deg(c) =[0.6,1]

deg(d) =[deg - (d),deg ,.(d)]

deg, (d)=,(a)+1;(c)=0.3+03=0.6
deg,. (d) = (@) + 1 (c)=0.5+05=1
deg(d) =[0.6,1]

All the vertices have the same neighbourhood degree. Hence G is regular



[0.3,0.5]

[0.3,0.5]

[0.1,0.2]
[0.1,0.4] G [0.1,0.4]
[0.3,0.5] [0.3,0.5]
[0.1,0.2]
d C

degla] =[deg -[a].deg .[a]]

deg, [a]=deg, (a)+ t£;(a)=0.6+0.3=0.9
deg .la]=deg .(a)+ Mi(a)=1+05=1.5
degl[a]=[0.9,1.5]

deg[b] = [degﬂ_ [b],degﬂ+ [£]1]

degﬂ, [b] = degﬂ, b)+u,()=0.6+03=0.9
deg/f [b]= deg/f D)+ (b)=1+05=1.5
deg[b]=[0.9,1.5]

deg[c] = [degﬂ, [c],degﬂ+ [c]]

deg - [c]=deg  (c)+u,(c)=0.6+0.3=09
degﬂ+ [c]= degﬂ+ (©)+u,(c)=1+05=1.5
deg[c]=[0.9,1.5]

degl[d]= [degﬂ_ [al],degﬂ+ [d]]

degﬂ, [d]= degﬂ, (d)+u,(d)=0.6+03=0.9
deg/f[d] = degﬂ+(d)+,u/j(d) =14+05=15
deg[d]=[0.9,1.5]

Since the vertices have the same closed neighbourhood degree, then it is totally
regular. Thus the interval-valued fuzzy graph G is both totally regular and

regular.



Example 4.1.6:

Consider a graph G” such that V ={v,v,,v,}, E ={v,v,,v,v;}.Let Abe an

interval-valued fuzzy subset of V and let B be an interval-valued fuzzy subset

of E defined by M, (v,)=04, M, (v,)=0.7,
M, (v;) =0.6,
M1i(v) =04, M1 (v,)=0.8, M (v;)=0.7,

Ly (vv) =02, ;) =02, i (vy,) =03, 15wy, =04

deg(v,) =[deg, (v)),deg . (v,)]

deg . (v,) = 12 (v,) + 42, (vy) = (0.7+0.6) = 1.3
deg . (v) = 2 (v,) + £ (v;) =0.8+0.7=1.5
deg(v,) =[1.3,1.5]

deg(v,) =[deg (v,).deg .(v,)] deg(v;) =[deg (v;),deg . (v5)]

deg . (v,) = p,(v) =0.4 deg . (v;) =4, (n) =04
deg . (v,) = u;(v)) =0.4 deg . (v3) =3 () =04
deg(v,)=0.4 deg(v,) =04

All the vertices does not have the same neighbourhood degree. Hence G"is not

regular

deg[v,]1= [degﬂ_ [vl],degﬂ+ (v 1]
deg [v]=deg, (v)+u,(v)=1.3+04=17
deg .[v]=deg . (v)+,(v)=1.5+04=19
deg[v,]1=[1.7,1.9]
deg[v,]=[deg [v,].deg .[v,]]
degﬂ, [v,]1= degﬂ, v)+u,(v,)=04+0.7=1.1
deg .[v,]=deg .(v,) +4,(v,)=04+0.8=1.2
deg[v,]=[1.1,1.2]



deg[v;]=[deg  [v;].deg .[v;]]

deg, [v,]=deg, (v,)+11;(v;) =04+0.6=1
deg .[vi]=deg . (v;) + £, (v;) =0.4+0.7=1.1
deg[v,]=[11.1]

Since the vertices does not have the same closed neighbourhood degree, then it

is not totally regular.

Thus the interval-valued fuzzy graph G is neither totally regular nor regular.
Definition 4.1.7:

We define the order O(G) and size S(G) of an interval-valued fuzzy

graph G=(A,B) by O(G) = Z 1+ 41 (X;— M, (X) ’
S(G) = Z 1+ py (xy) _,U;(x)’)'

ek 2
Theorem 4.1.8:

Every complete interval-valued fuzzy graph is totally regular.

Theorem 4.1.9:

Let G =(A, B) be an interval-valued fuzzy graph of a graph G’.Then,

A=[u,,u;] is a constant function if and only if the following statements are

equivalent:

a) G is aregular interval-valued fuzzy graph

b) G is a totally regular interval-valued fuzzy graph



Proof:

Suppose that A=[u,,u;] is a constant function. Let &, (x)=c, and

My (x)=c, forall xeV.

(a) = (b): Assume that G is an n-regular interval-valued fuzzy graph.

Then, degﬂ_ (x) =n,and deg#+ (x) =n,for allxe V.So,
deg [x]=deg  (x)+,(x), deg .[x]=deg .(x)+ Ui(x) VxeV.
Thus degﬂ, [x]=n +c, degﬂ+ [x]=n,+c,, Vxe V.
Hence, G is a totally regular interval-valued fuzzy graph.
(b) = (a): Suppose that G is a totally regular interval-valued fuzzy
graph. Then degﬂ, [x] =k, degﬂ+ [x]=k,, Vx=V
or degﬂ_ (X)+ 1, (x) =k, degﬂ+ (X)+ 1, (x)=k,, Vx=V
or degﬂ_ (x)+c, =k, degﬂ+ (xX)+c,=k,, Vx=V
or deg (x)=k —c,, deg .(x)= k,—c,, Vx=V

Thus, G is a regular interval-valued fuzzy graph. Hence, (a) and (b) are

equivalent.

The converse part is obvious.

Theorem 4.1.10:

Let G be an interval-valued fuzzy graph where a crisp graph G is an odd
cycle. Then, G is a regular interval-valued fuzzy graph if and only if B is a

constant function.



Proof:

If B=[u,,H,]is a constant function, say g, =c, and u, =c, for all
xy e E; then, degﬂ_ (x) =2c, and deg#+ (x) =2c, for every xe V.Hence G is a

regular interval valued fuzzy graph.

Conversely, suppose that G is a (k;,k,) regular interval-valued fuzzy

graph. Let ¢,e,,e;,......e,, ., be the edges of G in that order. Let u,(e)=c,,

Hp(ey)) =k —c,, pgz(e;)=k —(k —c)=c, Uz(e,)=k —c, and so on.

Therefore,
Hp(e)= [ c, if iis odd
k,—c,, if iiseven.

Thus, u,(e)=uz(e,,.,)=c,. So, if e and e, incident at a vertex v, then
degﬂ_ ) =k, degﬂ_ (e)+ degﬂ_ (€y,n) =k, ¢, +¢, =k, 2c, =k, and ¢, =k, /2.
This shows that g, is a regular function.

Similarly, let w;(e,)=c,, Uy(e,) =k, —c,, ;(e) =k, —(k, —c,) =c,,

Uy (e,) =k, —c,,and so on. Therefore,
wie)= (¢, if iis odd
k,—c,, 1if iiseven.

Thus, ,(e,) = (e, ) =c,.So, if e, and e,, incident at a vertex v,, then
deg .(v,) = k,, deg . (e,) +deg . (e,,,) = k,, c¢,+c,=k,, 2c,=k, and

¢, =k, /2.This shows that g, is a constant function. Hence, B =[4,, i, ]is a

constant function.



Theorem 4.1.11:

Let G be an interval-valued fuzzy graph where a crisp graph G is an

even cycle. Then, G is a regular interval-valued fuzzy graph if and only if either
B =[5, ;] is a constant function alternate edges have the same membership

values.
Definition 4.1.12:

The density of an interval-valued fuzzy graph G s

D(G)=(D"(G),D"(G)),

where D™ (G) = (ZZWEv (U5 (xy))) /(Zwev (U, (x)Au,(y)) for x,yeV and
D" (G) = (ZZMEV (g (xy))) /(Zwev (43 (x) A i () for x, yeV.
Definition 4.1.13:

An interval-valued fuzzy graph G is balanced if D(H) < D(G);that is,

D (H)<D (G), D'(H) < D"(G) for all subgroups H of G.
Definition 4.1.14:

An interval-valued fuzzy graph G is strictly balanced if for every

x,yeV, D(H) = D(G) for all nonempty sub graphs.
Example 4.1.15:

Consider a graph G" such that V ={a,b,c,d}, E ={ab,bc,cd,ad}.Let A
be an interval-valued fuzzy subset of V,and let Bbe an interval-valued fuzzy

subset of E cV XV defined by



| a b c d
ﬂ;‘os 03 03 0.3

| ab bc cd da
M4z 101 0.1 0.1 0.1
M, 105 05 05 05

My, 102 04 02 04

D(G)=(D"(G), D" (G))

D™ (G) = (2(uy(ab) + py (be) + g (cd) + pty (da) (4, (a) A, (D)) + (14 (b) A a4 (c)) +
(Hp () A () + (14 (d) A iy (@)

=(2(0.1+0.1+0.1+0.1))/((0.3A0.3) +(0.3A0.3) +(0.3A0.3) + (0.3 A 0.3))
=2(0.4)/(0.3+0.3+0.3+0.3) =(0.8)/(1.2) =0.67

D*(G) = (2(py (ab) + p (be) + py (cd) + py (da))) [((; (@) A g (b)) + (e (B) A (€)) +
(3 () A g (d)) + (uy (d) A g (@)

=(2(0.2+0.4+0.2+0.4)) /((0.5A0.5)+ (0.5 A 0.5) + (0.5 A 0.5) + (0.5 A 0.5))

=2(1.2)/(0.5+0.5+0.5+0.5) = (2.4)/2=1.2

D(G)=(D (G),D"(G))=(0.67,1.2)

H, ={a,b,c} D(Hl):(D_(Hl),D+(H1))

D™(H,) = (245 (ab) + 5 (o) (15 (@) A 15 (D)) + (15 (b) A 415 (c))
=2(0.1+0.1)/(0.3+0.3)=2(0.2)/0.6=0.4/0.6=0.67

D*(H,) = (2t} (ab) + a5 (o)) (1L} (@) A 4, (0)) + (12, (b) A 124(0))
=2(0.24+0.4)/(0.5+0.5)=2(0.6)/1.0=1.2

D(H,)=(D"(H,),D" (H))) = (0.67,1.2)

H,=la,c} D(H,)=(D"(H,),D"(H,))

D (H,)=0, D'(H,)=0 D(H,)=(0,0).



H,;={a,d} D(H,)=(D (H,),D"(H,))

D™ (H,) = (2(u;(ad)))/ 15 (a) A 1;(d) = (2x0.1)/0.3=0.2/0.3 = 0.67
D*(H,) =} (ad))/ 11 (a) A it (d) = (2x0.4)/0.5=0.8/0.5=1.6
D(H,) =(0.67,1.6)

H,={b,c} D(H,)=(D (H,),D"(H,))

D™ (H,) = (1, (be) ] 11 (b) A 1 (¢) = (2x0.1)/0.3=0.2/0.3=0.67
D*(H,) = Q(u; (be)) 1 (b) A ' (c) = (2x0.4)/0.5=0.8/0.5=1.6
D(H,) = (0.67,1.6)

Here we see that
D(G)=(0.67,1.2)
D(H,)=(0.67,1.2),D(H,)=(0,0),D(H;) =(0.67,1.6), D(H,) = (0.67,1.6)

Thus we see that regular interval-valued fuzzy graph is not balanced.
Remark 4.1.16:

Every regular interval-valued fuzzy graph may not be balanced.
Example 4.1.17:

Consider a graph G"such that V ={x, y,z},E ={xy, yz,zx}.Let Abe an
interval-valued fuzzy subset of V and let B be an interval-valued fuzzy subset of

E defined by
H(0)=03,  1;(0)=04, 1()=05 w(x)=05,
(=07,  u;(2)=0.6, wy(xy)=03, w;(yz)=04,
Ug(2x) =03, uy(xy) =05, w;(y2)=0.6, u;(zx)=0.5.
D(G)=(D"(G),D"(G))
D (G) = (2 (xy) + p (y2) + g (20 1, () A 1, () + (1, (3) A 1, (2)) + (1, (2) A (X))

=(2(0.3+0.4+0.3))/((0.3A0.4) +(0.4 A 0.5)+ (0.5 A 0.3))
=(2(1.0))/(0.3+0.4+0.3)=2/1.0=2



D*(G) = (25 (xy) + 5 (y2) + i (N (g (X) A 1, (D) + (U (9) A 1 (2)) + (43(2) A ()
= (2(0.5+0.6+0.5)) /((0.5 A0.7) + (0.7 A 0.6) + (0.6 A 0.5))

=(2(1.6))/(0.5+0.6+0.5)=3.2/1.6=2

D(G)=(D"(G),D"(G))=(2,2)

le{x’y} D(H1):(D_(H1)’D+(H1))

D (H,) = 2(; (xy)) / 117(x) A 115 (y) = (2x0.3) /(0.3 A0.4) =0.6/03 =2
D*(H,) =t () 1 (x) A i (y) = (2%0.5)/(0.5A0.7) =1.0/0.5=2
D(H,))=(2,2)

H, ={x,z} D(H,)=(D (H,),D"(H,))

D™ (H,) = 215 (x2))) ] 11;(x) A 15 (2) = (2x0.8) /(0.3 A 0.5) = 0.6/0.3 =2
D*(H,) = 2 (x2)) ] 1 (x) A ' (2) = (2%0.5) /(0.5 4 0.6) =1.0/0.5 =2
D(H,)=(22)

H;={y,z} D(H,)=(D (H,),D"(H,))

D™ (H;) =2y ) (D) A 1,(2) = (2%0.4) /(0.4 A 0.5)=0.8/0.4=2
D*(H,) = Qs o)) i1 (y) A i (2) = (2x0.6) /(0.7 A0.6) =1.2/0.6 =2
D(H;)=(22)

D(G)=D(H,)=D(H,)=D(H,)
Thus we see that G is strictly balanced.
Proposition 4.1.18:
Any complete interval-valued fuzzy graph is balanced.
Proposition 4.1.19:

Let G be a self-complementary interval-valued fuzzy graph. Then,

D(G)=(])
Proposition 4.1.20:

Let G, and G, be two balanced interval-valued fuzzy graphs. Then,

G, X G, is balanced if and only if D(G,) = D(G,) = D(G,XG,).



Theorem 4.1.21:

Let G be as strictly balanced interval-valued fuzzy graph, and let G be

its complement; then D(G) + D(E) =(2,2).
Proof:

Let G be a strictly balanced interval-valued fuzzy graph and G its

complement.

Let H be a nonempty subgraph of G.Since G is strictly balanced, D(G) = D(H)

forevery H c G and x,ye V.In G,

My (xy) = i, () A, () — g (xy), (A)

My (xy) = 13 (x) A () = f (xp), (B)

for every x,ye V.Dividing (A) by 1, (xy) A i, (y), we get

e B /¢
BN A ()

forevery x,yeV.

Dividing (B) by £ (xy) A g (y), we get

€ ) IR MG )
My (X) A () My (X) A ()

forevery x,yeV.

Then, z M =1- Z M for every x,yeV.
x,yeV /JA(X)/\,UA()’) x,yeV ,UA(X)/\/JA()’)

1y (xy) Hy (xy)
=1-
);V Ly (X) A (y) ;V My (X) A ()

forevery x,yeV.

Multiplying both sides the above equations by 2,



2y My (xy) —22% My (xy)

= ~ = — — for every x,yeV.
x,yeV ﬂA(x)/\ﬂA(y) x,yeV ﬂA(x)AﬂA(y)

Ay (xy) 5 (xy)
2 =22y B\
;Z:v L () A () ;Z:v My () A gy (y)

for every x,yeV.
Thus, D™ (G)=2-D (G) and D*(G)=2- D" (G).
Now, D(G) + D(G) = (D (G), D" (G)) + (D™ (G), D*(G))

=(D"(G)+D (G)),(D*(G)+ D*(G))

=(2,2).

This completes the proof.

Corollary 4.1.22: The complement of strictly balanced interval-valued fuzzy

graph is strictly balanced
Theorem 4.1.23:

Let G, and G, be isomorphic interval-valued fuzzy graphs. If G, is

balanced, then G, is balanced.



SECTION 4.2
IRREGULARITY IN INTERVAL-VALUED FUZZY GRAPHS

Definition 4.2.1:

Let G be an interval-valued fuzzy graph on G .If there is a vertex which
is adjacent to vertices with distinct neighbourhood degrees, then G is called an

irregular interval-valued fuzzy graph. That is, deg(x) # n forall xe V.
Example 4.2.2:

Consider a graph G such that V ={v,,v,,v,}, E ={v,v,,v,v;,v,v,}. Let A

be an interval-valued fuzzy subset of V and let Bbe an interval-valued fuzzy

subset of E VXV defined by

| Vi V2 Vs | Vit Y2 Vs
“, 102 02 03 M“,1 02 02 03
M 106 0.7 04 M| 0.6 0.7 04

deg(v) =[deg (v),deg . (v)]

deg, (v) = (;(v,) + () =0.2+03=0.5
deg . (v)) = f£;(v,) + f; (v;) = 0.7 +0.4=1.1
deg(v,) =1[0.5,1.1]

[0.1,0.2] [0.1,0.2]

[0.2,0.3]

[0.3,0.4] [0.2,0.7]




deg(v,) =[deg - (v,),deg . (v,)]

deg  (v,) = 13 (v;) + 4, (v) =03+0.2=0.5
deg . (v,) = 4, (v3) + 1, (v)) =0.4+0.6=1.0
deg(v,) =[0.5,1.0]

deg(vy) = [deg  (v,),deg .. (v,)]

deg  (v3) = f; (W) + f£,(v,) =02+02=05
deg . (vy) = i (v) + 145 (v,) = 0.6+0.7 =1.3
deg(v,) =[0.4,1.3]

deg(v,) # deg(v,) # deg(v,).
Thus we have G is an irregular interval-valued fuzzy graph.

Definition 4.2.3:

Let G be an interval-valued fuzzy graph. If there is a vertex which is
adjacent to vertices with distinct closed neighbourhood degrees, then G is

called a totally irregular interval-valued fuzzy graph.

Example 4.2.4:Consider an interval-valued fuzzy graph G such that

V={v,v,,v5,V,,Vs ), E={vv,, V.05, 0,0, V30, V30, V0, V, Vs ).

deg[v]1=[deg [ ].deg .[v]]
deg, [v]=deg, (v)+4,(v) deg,. [n]=deg,. )+ p;(07)
degﬂ— (V) = p, (vy) + 1, (vy) + 4, (vy) degﬂ+ ) =y () + 4, (V) + 1, (v,)

=0.3+0.3+0.4=1.0 =0.5+0.7+0.6=1.8

degﬂ,[vl] =1.0+04=14 deg/ﬁ[vl] =1.8+0.6=24

deg[v,]1=[1.4,2.4]



deg[v,]=[deg  [v,],deg .[v,]]
degﬂ— [v,]= degﬂ, )+, (vy)
deg, (v;) =g, (V) + L, (vs) + 4, (v,)

=0.4+0.3+0.4=1.1
degﬂ,[vz] =1.1+03=14
deg[v,]=[1.4,2.4]

deg[vs]=[deg [v;].deg .[v;]]
degﬂ— [vi]= degﬂ, () + 4, (vs)
degﬂ, (v3) =ty (V) + 1, (V) + 4, (vy)

=0.440.3+0.4=1.1

deg  [v]=1.1+03=14

deg[v,]=[1.4,2.4] v,

[0.1,0.3]

v
5 [0.1,0.2]

deglv,]= [degﬂ, [\/4],deg#+ [v,]1]
degﬂ— [v,]= degﬂ, )+, (vy)

deg,,[v,]=deg,, (v,) + 4} ()
deg/f (v,) = ﬂZ(VI) +IU:;(V3) +/UX(V4)

=0.6+0.7+0.6=1.9

deg,, [v,]1=19+05=24

deg, [v,]=deg, (v) + ()
deg/f (vy) = ﬂZ(Vl) +/u:;(v2) +/UX(V4)

=0.64+0.5+0.6=1.7

degw [v;]=1.7+0.7=24

0.2,0.3] @

[0.2,0.2]

[0.3,0.7]

[0.3,0.5]

V3

deglv ] = [degﬂ, [vs], degﬂ+ A
degﬂ— [vs]= degﬂ, (vs)+ L, (vs)

deg, (vy) =, (V) + 1, (V) + f1, (v3) + i, (vs) deg - (vs) = u, (v,) =0.5



=0.4+0.3+0.340.2=1.2

deg , [v,]1=12+04=16 deg, [v,1=0.4+0.2=0.6
deg[v,]=[deg [v,].deg .[v,]] deg[vs]=[deg [vs].deg .[vs]]
deg .[v,]=deg .(v,)+ U (v,) deg .[vs]=deg . (v;)+ L (vs)

deg,. (v,) = #3(0) + 13 (v,) + 43 (vy) + 415 (v5) deg . (v5) = 4, (v,)

= 0.6+0.5+0.7+0.2=2.0 =06
deg, [v,]=2.0+0.6=2.6 deg, [v5]1=0.6+02=0.8
deg[v,]1=11.6,2.6] deg[v,1=1[0.6,0.8]

Thus it is clear that G is a totally irregular interval-valued fuzzy graph.
Definition 4.2.5:

A connected interval-valued fuzzy graph G is said to be neighbourly
irregular if every two adjacent vertices of G have distinct open neighbourhood

degree.
Example 4.2.6:

Consider an interval-valued fuzzy graph G such that V ={v,,v,,v;,v,},

E={vyv,,v,v;,vv,, vV, }.

deg(v) =[deg - (v,),deg . (v))] deg(v,) =[deg - (v,).deg . (v,)]

deg, (v) =, (v,) + 4, (v,) deg, (v,) =, (W) + 4, (v,)
= 0.3+0.5=0.8 = 0.2+0.4=0.6

deg . (v) = 5 (v,) + 13 (v,) deg . (v,) = f; () + 1, (v;)
=0.7+0.5=1.2 = 0.6+0.4=1.0

deg(v,) =[0.8,1.2] deg(v,) =[0.6,1.0]



deg(v3) = [degﬂ— (V3)’degﬂ+ (V3)]

deg - (v) = p1,(v) + 4, (v,)
=0.3+0.5=0.8

deg . (v) = (v,) + 43 (v,)
=0.7+0.5=1.2

deg(v;) =[0.8,1.2]

Vi

[0.2,0.6]

deg(v4) = [degﬂ— (V4 )’ deg/f (V4 )]
degﬂ— (V) =, (v) + 1, (vy)

=0.2+0.4=0.6
degM (v = :UZ )+ :UZ (v3)
=0.6+0.4=1.0

deg(v,) =[0.6,1.0]

V2

[0.3,0.7]

[0.1,0.4]

[0.5,0.5]

[0.1,0.2]

[0.1,0.4]

[0.4,0.4]
[0.1,0.2]

V4

V3

Thus, we have deg(v,) =[0.8,1.2],deg(v,) =[0.6,1.0], deg(v,) =[0.8,1.2],

and deg(v,) =[0.6,1.0] Hence, G is neighbourly irregular.

Definition 4.2.7:

A connected interval-valued fuzzy graph G is said to be neighbourly

totally irregular if every two adjacent vertices of G have distinct closed

neighbourhood degree.



Example 4.2.8:

Consider an interval-valued fuzzy graph G such that V ={v,,v,,v;,v,},

E={vyv,,v,v;,vv,, v,y }.

deg[v,]= [degﬂ, [vl],degﬂ+ v,]1]
degﬂ— [v1= degﬂ, v+, ()
deg, (v)) = 1, (v,) + 3(v,)

=0.4+0.4=0.8
degﬂ, [v]=0.8+0.3=1.1
deg[v,]1=[1.1,1.6]

deg[v,]= [degﬂ, [vz],degﬂ+ v,]1]
degﬂ, [v,]= degﬂ, () + 1, (v,)
degﬂ, () =, (v) + 1, (v5)

=0.3+0.2=0.5
degﬂ, [v,]=05+04=0.9
deg[v,]=1[0.9,1.8]

deg[v;]=[deg, [v;].deg .[v;]]
deg#, [vi]= degﬂ, vy) + 1, (vy)
degﬂ— (v3) =ty (v,) + 1, (v,)

=0.4+0.4=0.8

degﬂ, [v;]=0.8+0.2=1.0

deg[v;]1=[1.0,1.7]

deg .[v,]=deg,. (v)+ ;)
deg,. (v)) = 4;(v,) + 14, (3,)

=0.5+0.5=1.0

deg,.[1]1=1.0+0.6=16

deg, [v,]=deg , (v,) + ()
deg/p (v,)= :UZ )+ :UZ (v;)

=0.6+0.7=1.3

degﬂ+ [v,]=13+0.5=1.8

degﬂ+ [v;]= deg/p (v3) + p; (vs)
degw (V) = (3 () + 1, (v,)

=0.5+0.5=1.0

degw [v;]=1.0+0.7=1.7



Vi

[0.3,0.6] [0.1,0.2] [0.4,0.5]

[0.1,0.4]

[0.1,0.4]

[0.4,0.5] [0.1,0.2] [0.2,0.7]

V4 V3

deg[v,]= [degﬂ, [v4],degﬂ+ v,]]

degﬂ, v,]1= degﬂ, )+, (v,) degﬂ+ v,]= degﬂ+ )+, v,)

degﬂ, W) =u,(n) + w1, (vy) deg#+ (vy) = ﬂZ v+ ﬂZ (v3)
=0.3+0.2=0.5 =0.6+0.7=1.3

degﬂ, [v,]=05+04=0.9 d(—:‘gﬂ+ [v,]=13+0.5=1.8

deg[v,]1=1[0.9,1.8]

Thus, we have deg[v,]=[1.1,1.6],deg[v,]=[0.9,1.8], deg[v,]=[1.0,1.7],
deg[v,]=[0.9,1.8].

Hence is neighbourly totally irregular.

Definition 4.2.9:

Let G be a connected interval-valued fuzzy graph. G is called highly
irregular if every vertex of G is adjacent to vertices with distinct

neighbourhood degrees.

Remark 4.2.10:

A neighbourly irregular interval-valued fuzzy graph may not be highly

irregular.



Theorem 4.2.11:

An interval-valued fuzzy graph G is highly irregular and neighbourly
irregular interval-valued fuzzy graph if and only if the neighbourhood degrees

of all the vertices of G are distinct.
Proof:

Let G be an interval-valued fuzzy graph with n—vertices v,,v,,....v,.

Assume that G is highly irregular and neighbourly irregular.

Claim 1: The neighbourhood degrees of all vertices of G are distinct. Let
deg(v,) =[k;,l;1,i =1,2,.....,n. Let the adjacent vertices of v, be v,,v;,....v, with
neighbourhood  degrees  [k,,l,].[k;,L],.....,[k,.[, ], respectively.  Then,
ky#k,#...#k, and [, #[,#..#1[, since G is highly irregular. Also
ki#k,#ky#....#k, and [, #1, #1, #...# 1 ,since G is neighbourly irregular.

Hence, the neighbourhood degree of all the vertices of G is distinct.

Conversely, assume that the neighbourhood degrees of all the vertices of G

distinct.

Claim 2: G is highly irregular and neighbourly irregular interval-valued fuzzy
graph. Let deg(v,)=1k;,[;],i=12,..n. Given that k, #k, # k, #...# k, and
l,#1,#1,#...#1, which implies that every two adjacent vertices have

distinct neighbourhood degrees and to every vertex, the adjacent vertices have

distinct neighbourhood degrees.

Theorem 4.2.12:

An interval-valued fuzzy graph G of G*, where G'is a cycle with 3
vertices that is neighbourly irregular and highly irregular if and only if the lower
and upper membership values of the vertices between every pair of vertices are

all distinct.



Proof:

Assume that lower and upper membership values of the vertices are all

distinct.

Claim 1: G is neighbourly irregular and highly irregular interval-valued fuzzy

graph. Let v,v,v,eV. Given that u,(v)#u,(v,)#u,(v,) and

My (v) # (1, (v;) # iy (v,),  which implies that

ZEN(X):“X(V,') # ZEN(X) My v;)# erN(x),u; (v,) and

Do) EY v #E D (v, Thatis,

deg(v;) # deg(v;) # deg(v,) . Hence, G is neighbourly irregular and highly
irregular.

Conversely, assume that G is neighbourly irregular and highly irregular.

Claim 2: Lower and upper membership values of the vertices are all distinct.

Let deg(v,) =[k;,[;]1,i =1,2,....n.Suppose that lower and upper membership value
of any two vertices are the same. Let v,,v,eV. Let u,(v,)=u,(v,) and
i (v)=;(v,) Then , deg(v,)=deg(v,), since G is cycle, which is a
contradiction to the fact that G is neighbourly irregular and highly irregular

interval-valued fuzzy graph. Hence, lower membership and upper membership

value of the vertices are all distinct.
Remark 4.2.13:

A complete interval-valued fuzzy graph may not be neighbourly

irregular.
Remark 4.2.14:

A neighbourly total irregular interval-valued fuzzy graph may not be

neighbourly irregular.



Proposition 4.2.15:

If an interval-valued fuzzy graph G is neighbourly irregular and

[4,, i 1is a constant function, then it is neighbourly totally irregular.

Proof:

Assume that G is a neighbourly irregular interval-valued fuzzy graph.
Then, the open neighbourhood degrees of every two adjacent vertices are

distinct. Let v;,v; € V be adjacent vertices with distinct open neighbourhood
degrees [k,,/,]and[k,,l,], where k, # k,,l, #[,. Let us assume that

W, (v),v,(v)) =, (v;),v,(v,)) =lc,,c,], where ¢, c,are constant and

¢,»¢, € [0.1]. Therefore, deg [v,]=deg (v))+4 )=k +c,

deg .[v,]=deg . (v)+V,(v) =] +c,, deg [v,]=deg (v))+u(v)) =k, +c,
and degw[vj]:degﬂ+(vj)+vl(vj) =1, +c,.

Claim: Consider that degﬂ, [v,] ;tdegﬂ, [v;]and deg#+ [vl.];«'&degﬂ+ [v;]. Suppose

that, degﬂ, [v,]= degﬂ, [v;]and degﬂ+ [v.]= degﬂ+ [v;]. Consider that
deg  [v;,]=deg  [v;],
ki+c =k, +c,
k,—k,=c¢,—c, =0,
k, = k,,which is a contradiction to k, #k,.
Therefore, degﬂ, [v,]# degﬂ, [v;]. Similarly, we consider that
deg .[v,]=deg .[v;],

[, +c,=1,+c,,



l,-1l,=c,—c,=0,
I, =1,, which is a contradiction to [, #1,.

Therefore, degﬂ,[vi]idegﬂ, [vj] .Hence, G is a neighbourly totally irregular

interval-valued fuzzy graph.
Theorem 4.2.16:

If an interval-valued fuzzy graph G is neighbourly totally irregular and
[, , 1, ]is a constant function, then it is a neighbourly irregular interval-valued

fuzzy graph.
Proof:

Assume that G is a neighbourly totally irregular interval-valued fuzzy

graph. Then, the closed neighbourhood degrees of every two adjacent vertices

are distinct. Let v,v,€V and deg[v,]1=[k,,/,],deg[v;]=1[k,,l,] where k, #k,
and [, #1,. Assume that (,(v,),v,(v,)) =lc,,c,] and (1, (v,),v,(v;)) =lc,,c,],

where c,,c, € [0,1]are constant and deg[v,] # deg[v‘i].
Claim: Consider thatdeg[v,] # deg[vj].

Given that deg[v,]# deg[v;] which implies degﬂ, [vl.];tdegﬂ, [v;] and

degﬂ+ [v,]# degﬂ+ [v j], now, we consider that
degﬂ, [v.]# degﬂ, [v i 1,
k +c, #k, +c,
k, #k,.
We now consider that

deg .[v,]#deg .[v;],



[, +c,=1,+c,,
L, #1,.

That is, the neighbourhood degrees of adjacent vertices of G are distinct.

Hence, neighbourhood degree of every pair of adjacent vertices is distinct in G.
Proposition 4.2.17:

If an interval-valued fuzzy graph G is neighbourly irregular and

neighbourly totally irregular, then [, &, ] need not be a constant function.

Remark 4.2.18:

If G is a neighbourly irregular interval-valued fuzzy graph, then interval-

valued subgraph H = (A’, B) of G may not be neighbourly irregular.

Remark 4.2.19:

If G is a totally irregular interval-valued fuzzy graph, then interval-

valued fuzzy subgraph H = (A", B") of G may not be totally irregular.



SECTION 4.3

RELATIONSHIP BETWEEN INTUITIONISTIC FUZZY
GRAPHS AND INTERVAL-VALUED FUZZY GRAPHS

Definition 4.3.1:(Shannon,1994)

By an intuitionistic fuzzy graph (IFG, for short) G of a graph G*, we
mean a pair G = (A, B),where A=(4,,v,)is an intuitionistic fuzzy set on V

and B = (u,,V,)1s an intuitionistic fuzzy relation on E such that

Mg (xy) < min(i, (x), 1, (), g (xy) < min(i,(x), 4, (y)), forall xye E

Remark 4.3.2:
The class of all IFGs on G will be denoted by 1FG(G").

Theorem 4.3.3:(Parvathi,2009)

If G,and G, are intuitionistic fuzzy graphs, then G, NG,,G, UG, and

El are intuitionistic fuzzy graphs.

Remark 4.3.4:

The class of all Interval-Valued Fuzzy Graphs(IVFG, for short) will be
denoted by 1V F G(G").

Theorem 4.3.5:

If G,and G, are intuitionistic fuzzy graphs, then G, NG,,G, UG, and

51 are intuitionistic fuzzy graphs.

Lemma 4.3.5:

(I1VFG(GH),un)and ( I FG(G"),u,N)are complete lattices.



Theorem 4.3.6:
The mapping ¥, : IVEG(G") = 1FG(G") defined by
W, (B) = ({(x, 25 ()1 = 5 (x| e V3, { (ey, iy (Gey), ] = g oy € B,

xye E}), 1s an

where B = ({(x, ,U/Z(X),ﬂZ(X))‘XG VA Gy, sy (xy), py (xy))

isomorphism between lattices (1VFG(G'),u,N)and (1FG(G),u,N).

Remark 4.3.6:

From a pure mathematical point of view, the above theorem shows that
the two concepts intuitionistic fuzzy graphs and interval-valued fuzzy graphs

are equivalent.

Interval-valued Interval-valued
fuzzy sets fuzzy graphs
LT 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
! | ! |
! 1 ! 1
F ! 1 ! 1
uzzy sets —» i ! 1
! | ! |
! 1 ! 1
! 1 ! 1
! | ! |
1
Intuitionistic Intuitionistic
fuzzy sets ~ [----"-- » fuzzy graphs

Fig(a):Links between models

________________

Interval-valued

fuzzy graphs

Fuzzy graphs

Intuitionistic

fuzzy graphs

Fig(b):Link between IFGs & IVFGs

In the above figures, we present the relationships that exists between
different models. In these figures, a double arrow between two theorems means
that they are equivalent, a single arrow X — Y denotes that model Y is an
extension of X.In figure (a), a dash arrow X denotes that the model Y is based

on the previous model X .



Summary and Conclusion



SUMMARY AND CONCLUSION

A graph is a convenient way of representing information involving
relationship between objects. The objects are represented by vertices and
relations by edges. In many real world problems, we get partial information
about that problem. So there is vagueness in the description of the objects or in
its relationships or in both. To describe this type of relation, we need to design
graph model with fission of type 1 fuzzy set. This fission of fuzzy set with
graph is known as fuzzy graph. Interval-valued fuzzy sets provide more

adequate description of uncertainty than traditional fuzzy sets.

In this thesis Interval-valued fuzzy graph, Interval-valued fuzzy
complete graphs, certain types of Interval-valued fuzzy graphs, Isomorphism on
Interval-valued fuzzy graph, relationship between Intuitionistic fuzzy graphs
and Interval-valued fuzzy graphs are studied in detail. Certain operations like
Cartesian product, composition, union, join are defined on Interval-valued fuzzy

graphs and some of their properties are investigated.

The notion of complete interval-valued fuzzy graph is brought out.
Some interesting properties of self-complementary and self-weak
complementary interval-valued fuzzy complete graphs are discussed. Three new
operations namely direct product, semi strong product and strong product are

also provided.

Types of interval-valued fuzzy graphs including the balanced interval-
valued fuzzy graphs, neighbourly irregular interval-valued fuzzy graphs,
neighbourly total irregular interval-valued fuzzy graphs, highly irregular
interval-valued fuzzy graphs, and highly total irregular interval-valued fuzzy
graphs are proposed. Some interesting properties associated with these new
interval-valued fuzzy graphs are investigated. The relationship between the
Intuitionistic fuzzy graph and Interval-valued fuzzy graph is also discussed in
this chapter. The study can be extended to Intuitionistic fuzzy graph,
Neutrosophic fuzzy graph, Bipolar fuzzy graphs further.
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