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Introduction Introduction Introduction Introduction     



INTRODUCTION 

“As for everything else, so for mathematical theory: 

beauty can be perceived but not explained”   

-Arthur Cayley 

Discrete Mathematics is a branch of mathematics dealing with finite or 

countable processes and elements. Graph theory is an area of discrete 

mathematics which studies configuration (called graphs) of networking 

consisting of a set of nodes (called vertices) interconnecting by lines (called 

edges). From humble beginning and almost recreational type problems, graph 

theory has found its calling in the modern world complex systems and 

especially of the computer. Graph theory and its applications can be found not 

only in other branches of mathematics, but also in scientific disciplines such as 

engineering, computer science, operational research, management sciences and 

the life science. 

Presently, science and technology is featured with complex processes 

and phenomena for which complete information is not always available. For 

such cases, mathematical models are developed to handle various types of 

systems containing elements of uncertainty. A large number of these models are 

based on an extension of the ordinary set theory, namely, fuzzy sets. 

Zadeh(1965) introduced the notion of fuzzy subset of a set as a method of 

presenting uncertainty. 

 Zadeh(1975) introduced the notion of interval-valued fuzzy sets as an 

extension of fuzzy sets in which the values of the membership degrees are 

intervals of numbers instead of the numbers between 0 and1.Interval-valued 

fuzzy sets provide a more adequate description of uncertainty than traditional 

fuzzy sets. It is therefore important to use interval-valued fuzzy sets in 

applications, such as fuzzy control.     

The fuzzy graph theory as a generalization of Euler’s graph theory was 

first introduced by Rosenfeld in 1975. The fuzzy relations between fuzzy sets 



were first considered by Rosenfeld and he developed the structure of fuzzy 

graphs obtaining analogs of several graph theoretical concepts. Later, 

Bhattacharya(1987) gave some remarks on fuzzy graphs, and some operations 

on fuzzy graphs were introduced by Moderson and Peng (1994). The concept of 

weak isomorphism, co- weak isomorphism and isomorphism between fuzzy 

graphs were introduced by K.R.Bhutani(1988).  

 The complement of a fuzzy graph was defined by Moderson(1998) and 

further studied by Sunitha and Vijayakumar(2002). Bhutani and Battou(2003) 

introduced the concept of M-strong fuzzy graphs and studied some properties. 

The concept of strong arcs in fuzzy graphs was discussed by Bhutani and 

Rosenfeld in 2003. 

Hongmei and Lianhua(2009) gave the definition of interval-valued 

fuzzy graph. Akram(2011) defined Bipolar fuzzy graphs and studied Interval-

valued fuzzy line graphs in 2012. Talebi and Rashmanlou(2012) studied the 

properties of isomorphism and complement on interval-valued fuzzy graphs. In 

2013, Akram and Dudek studied intuitionistic fuzzy hypergraphs with 

applications.   

The main aim of this thesis is to study the Interval-valued fuzzy graphs. 

The following articles are considered for the study. 

1. “Interval-Valued Fuzzy Graphs” by Muhammad Akram and 

Wieslaw A. Dudek[2011]. 

2. “Complete Interval-Valued Fuzzy graphs” by Hossein 

Rashmanlou[2013]. 

3. “Certain types of Interval-Valued Fuzzy Graphs” by Muhammad 

Akram, Noura Omair Alshehri and Wieslaw A.Dudek[2013]. 

4. “Irregular Interval-Valued Fuzzy Graphs” by Madhumangal Pal 

and Hossein Rashmanlou[2013]. 

This thesis consists of four chapters including the introductory one. 



Chapter I deals with all the preliminary definitions and results on 

Interval-Valued Fuzzy Graphs. Various fuzzy graphs used in the course of the 

study are also discussed. 

Chapter II deals with Interval-Valued Fuzzy Graphs. Here the operations 

of Cartesian product, composition, union and join on interval-valued fuzzy 

graphs are defined and some of their properties are investigated. Isomorphism 

on interval-valued fuzzy graphs is also studied.  

The important results obtained in this chapter are as follows: 

• The Cartesian product of two interval-valued fuzzy graphs is an 

interval-valued fuzzy graph. 

• The composition of two interval-valued fuzzy graphs is an 

interval-valued fuzzy graph. 

• The Union of two interval-valued fuzzy graphs is an interval-

valued fuzzy graph. 

• The Join of two interval-valued fuzzy graphs is an interval-

valued fuzzy graph. 

• A weak isomorphism preserves the weight of the nodes but not 

necessarily the weights of the arcs. 

• An isomorphism between interval-valued fuzzy graphs is an 

equivalence relation.  

Chapter III deals with Interval-Valued Fuzzy Complete Graphs. The 

notion of interval valued fuzzy complete graphs is introduced and some 

properties of self-complementary and self-weak complementary interval-valued 

fuzzy complete graphs are discussed. Three new operations on interval-valued 

fuzzy graphs namely direct product, semi strong product and strong product are 

provided. The sufficient conditions for each one of them to be complete is 

presented. 

The important results discussed in this chapter are as follows: 



• The composition of two interval-valued fuzzy complete graphs is 

an interval-valued fuzzy complete graph. 

• Two interval-valued fuzzy graphs are isomorphic iff their 

complements are isomorphic. 

• The direct product of two interval-valued fuzzy complete graphs 

is an interval-valued fuzzy complete graph. 

• The semi-strong product of two interval-valued fuzzy complete 

graphs is an interval-valued fuzzy complete graph. 

• The strong product of two interval-valued fuzzy complete graphs 

is an interval-valued fuzzy complete graph. 

• If the direct product of two interval-valued fuzzy graphs is 

complete, then atleast one of them must be complete. 

• If either the semi-strong product or strong product of two 

interval-valued fuzzy graphs is complete, then atleast one of 

them must be complete. 

Chapter IV deals with certain types of interval-valued fuzzy graphs. 

Here certain types of interval-valued fuzzy graphs including the balanced 

interval-valued fuzzy graphs, neighbourly irregular interval-valued fuzzy 

graphs, neighbourly total irregular interval-valued fuzzy graphs, highly irregular 

interval-valued fuzzy graphs, and highly total irregular interval-valued fuzzy 

graphs are proposed. Some interesting properties associated with these new 

interval-valued fuzzy graphs are investigated, and necessary and sufficient 

conditions under which neighbourly irregular and highly irregular interval 

valued fuzzy graphs are equivalent are obtained. The relationship between 

intuitionistic fuzzy graphs and interval valued fuzzy graphs are also described. 

The main results brought out through this chapter are as follows: 

• Every complete interval-valued fuzzy graph is totally regular. 

• Every regular interval-valued fuzzy graph may not be balanced. 

• Any complete interval-valued fuzzy graph is balanced. 



• The complement of strictly balanced interval-valued fuzzy graph 

is strictly balanced. 

• In isomorphic interval-valued fuzzy graphs, if one is balanced, 

then the other is also balanced. 

• A complete interval-valued fuzzy graph may not be neighbourly 

irregular. 

• A neighbourly total irregular interval-valued fuzzy graph may 

not be neighbourly irregular. 
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REVIEW OF LITERATURE 

Research on the theory of fuzzy sets has been witnessing an exponential 

growth; both within mathematics and in its applications. This ranges from 

traditional mathematical subjects like logic, topology, algebra, analysis etc. to 

pattern recognition, information theory, artificial intelligence, operations 

research, neural networks, planning etc. Consequently, fuzzy set theory has 

emerged as a potential area of interdisciplinary research. 

It is quite well known that graphs are simply models of relations. A 

graph is a convenient way of representing information involving relationship 

between objects. The objects are represented by vertices and relations by edges. 

When there is vagueness in the description of the objects or in its relationships 

or in both, it is natural that we need to design a ‘Fuzzy Graph model’. 

Yeh and Bang’s(1975) approach for the study of fuzzy graphs were 

motivated by its applicability to pattern classification and clustering analysis. 

They worked more with the fuzzy matrix of a fuzzy graph, introduced concepts 

like vertex connectivity ),(GΩ edge connectivity )(Gλ and established the fuzzy 

analogue of Whitney’s theorem. They also proved that for any three real 

numbers cba ,, such that ,0 cba ≤≤< there exists a fuzzy graph G with 

bGaG ==Ω )(,)( λ and .)( cG =δ Techniques of fuzzy clustering analysis can 

also be found in Yeh and Bang’s(1975). 

The concepts of connectedness and acyclicity levels were introduced for 

fuzzy graphs and several fuzzy tree definitions which are consistent with cut-

level representations were given in Delgado M, et al (1985). Introducing the 

notion of fuzzy chordal graphs, Craine W.L(1994) had obtained the fuzzy 

analogue of the Gilmore and Hoffman(1964) characterization of interval graphs 

and also that of Fulkerson and Gross(1965). 

 

 



J.N.Moderson and C.S.Peng (1994) have introduced the notions of 

union, join, cartesian product and composition of fuzzy graphs and had studied 

some basic properties. Shannon and Atanassov(1994) introduced the notion of 

an intuitionistic fuzzy graph. 

In 2003, Deschrijver and Kerre established the relationships between 

some extensions of fuzzy sets. Nair(2008) established the definition of perfect 

and precisely perfect fuzzy graphs. Some operations on intuitionistic fuzzy 

graphs are discussed in Parvathi(2009).Nagoorgani and Malarvizhi(2009) 

established the isomorphism properties of strong fuzzy graphs. 

Hongmei and Lianhua(2009) gave the definition of interval-valued 

fuzzy graph. Hawary(2011) defined complete fuzzy graphs and gave three new 

operations on it.  Akram(2011) defined Bipolar fuzzy graphs and studied 

Interval-valued fuzzy line graphs in 2012. Talebi and Rashmanlou(2012) 

studied the properties of isomorphism and complement on interval-valued fuzzy 

graphs.. In 2013, Akram and Dudek studied intuitionistic fuzzy hypergraphs 

with applications.  

Interval-valued fuzzy graph theory is now growing and expanding its 

applications. The theoretical development in this area is discussed here. 

1) COMPLEMENT OF A FUZZY GRAPH 

M.S.Sunitha and A.Vijaya Kumar[2002]  

The definition of a complement of a fuzzy graph had been modified and 

some properties of self complementary fuzzy graphs were studied. The 

automorphism groups of a fuzzy graph and its complement were identified. A 

relative study of complement and some other operations on fuzzy graphs such 

as union, join and composition had been identified in this paper. 

2) ON REGULAR FUZZY GRAPH 

A.Nagoor Gani and R.Radha[2008] 

In this paper, regular fuzzy graphs, total degree and totally regular fuzzy 

graphs were introduced and compared through various examples. A necessary 

and sufficient condition under which they are equivalent and the 



characterization of regular fuzzy graph on a cycle had been provided. Some 

properties of regular fuzzy graphs were studied and are examined for totally 

regular fuzzy graphs.  

3) INTERVAL-VALUED FUZZY RELATION-BASED 

CLUSTERING WITH ITS APPLICATION TO PERFORMANCE 

EVALUATION 

Yuh-YuanGuha, Miin-Shen Yangb, Rung-WeiPoc, E.Stanley Lee 

d[2008] 

In this paper fuzzy relations were extended to interval-valued fuzzy 

relations and then interval-valued similarity relations for performance 

evaluation were constructed. Interval-valued types of fuzzy relation, similarity 

relation and resolution form were defined and constructed into a hierarchical 

structure schema. It was shown that both of procedures and results for the 

partition tree derived from interval-valued and crisp- valued similarity relation 

matrices had some corresponding relationships and different merits. 

4) INTERVAL-VALUED FUZZY SUBSEMIGROUPS AND 

SUBGROUPS ASSOCIATED BY INTERVAL-VALUED FUZZY 

GRAPHS 

Ju Hongmei and Wang Lianhua[2009] 

In this paper the notion of interval-valued fuzzy graphs had been 

introduced. It was shown how to associate an Interval-Valued Fuzzy sub(semi) 

group with an Interval-Valued Fuzzy graph in a natural way. 

5) INTERVAL-VALUED FUZZY SETS IN SOFT COMPUTING 

Humberto Bustince[2010] 

The reasons for which, for some specific problems, interval-valued 

fuzzy sets must be considered a basic component of Soft Computing had been 

explained in this paper. 

6) INTERVAL-VALUED ),( ~mqV∈∈ − FUZZY SUBQUASIGROUPS 

Muhammad Akram and Wieslaw A. Dudek[2010] 

In this paper, the notion of interval-valued ),( ~mqV∈∈ − fuzzy 

subquasigroups and some of their properties were introduced . Interval-valued 



),( ~mqV∈∈ − fuzzy subquasigroups had been characterized by their level subsets. 

The implication-based such new fuzzy subquasigroups were  also established. 

7) INTERVAL-VALUED FUZZY GRAPHS 

Muhammad Akram and Wieslaw A.Dudekb[2012] 

The Cartesian product, composition, union and join on interval-valued 

fuzzy graphs were defined and some of their properties were investigated. The 

notion of interval valued fuzzy complete graphs were introduced and some 

properties of self-complementary and self-weak complementary interval-valued 

fuzzy complete graphs were presented. 

8) GENERALIZED OPERATIONS ON FUZZY GRAPHS 

D.Venugopalam, Nagamurthi Kumar, M.Vijaya Kumar[2013] 

The Cartesian product, Composition, Union, Join on Interval-valued 

fuzzy graphs had been discussed. The notion of Interval-valued fuzzy complete 

graph was introduced. 

9) SOME REMARKS ON COMPLEMENT OF FUZZY GRAPHS 

K.R.Sandeep Narayan and M.S.Sunitha[2013] 

In this paper, the structures of complement of many important fuzzy 

graphs such as Fuzzy cycles, Blocks had been studied.    

10) CERTAIN TYPES OF INTERVAL-VALUED FUZZY GRAPHS 

Muhammad Akram, Noura Omair Alshehri and Wieslaw A. 

Dudek[2013] 

 In this paper, certain types of interval-valued fuzzy graphs 

including balanced interval-valued fuzzy graphs, neighbourly irregular interval-

valued fuzzy graphs, neighbourly total irregular interval-valued fuzzy graphs, 

highly irregular interval-valued fuzzy graphs, and highly total irregular interval-

valued fuzzy graphs had been proposed. Some interesting properties associated 

with these new interval-valued fuzzy graphs are investigated. The necessary and 

sufficient conditions under which neighbourly irregular and highly irregular 

interval valued fuzzy graphs were obtained and also the relationship between 

intuitionistic fuzzy graphs and interval valued fuzzy graphs were described. 

 

 



11) COMPLETE INTERVAL-VALUED FUZZY GRAPHS 

Hossein Rashmanlou, Young Bae Jun[2013] 

In this paper, three new operations on interval-valued fuzzy graphs; 

namely direct product, semi strong product and strong product were defined. 

Likewise, sufficient conditions for each one of them to be complete are given. It 

was shown that if any of these products is complete, then at least one factor was 

a complete interval-valued fuzzy graph. 

12) DOMINATION IN INTERVAL-VALUED FUZZY GRAPHS 

Pradip Debnath[2013] 

The concept of domination in interval-valued fuzzy graphs was 

introduced. Order of an interval-valued fuzzy graph had been defined and its 

relation with domination number had been established. The characterization for 

minimal dominating set was provided and the  relations between independent 

sets and dominating sets were found out. Further, the notion of total dominating 

set had been introduced and some important results are proved. 

13) IRREGULAR INTERVAL-VALUED FUZZY GRAPHS 

Madhumangal Pal and Hossein Rashmanlou[2013] 

In this paper, irregular interval-valued fuzzy graphs and their various  

classifications were defined and the size of regular interval-valued fuzzy graphs 

was derived. The relation between highly and neighbourly irregular interval-

valued fuzzy graphs had been established and some basic theorems related to 

the stated graphs had also been presented. 

14) ANTIPODAL INTERVAL-VALUED FUZZY GRAPHS 

Hossein Rashmanlou, Madhumangal Pal[2013] 

The concept of antipodal interval - valued fuzzy graph and self  median 

interval-valued fuzzy graph of the given interval-valued fuzzy graph had been 

introduced. The isomorphism properties of antipodal interval - valued fuzzy 

graphs were investigated. 

 

 

 

 



15) ISOMETRY ON INTERVAL-VALUED FUZZY GRAPHS 

Hossein Rashmanlou, Madhumangal Pal[2013] 

In this paper, isometry on interval–valued fuzzy graphs were defined. It 

was shown that isometry on interval–valued fuzzy graphs is an equivalence 

relation. 

16) BALANCED INTERVAL-VALUED FUZZY GRAPHS 

Hossein Rashmanlou, Madhumangal Pal[2013] 

In this paper, the notion of ring sum of product interval–valued fuzzy 

graphs and tensor product of interval–valued fuzzy graphs had been discussed. 

It was shown that the tensor product of two product interval–valued fuzzy 

graphs is a  product interval–valued fuzzy graph. Three independent theorems 

based on ring sum, join and isomorphism of product of interval–valued fuzzy 

graphs were provided. Finally, balanced and strictly balanced interval-valued 

fuzzy graphs were defined and their properties had been investigated. 

17) CONNECTIONS BETWEEN INTERVAL-VALUED FUZZY 

GRAPHS AND       FUZZY GRAPHS WITH (S,T)-NORMS 

H.HEDAYATI AND Z.JAFARI[2013] 

Based on the concept of the interval-valued intuitionistic fuzzy sets, the 

notion of interval-valued intuitionistic fuzzy graphs with respect to t-norm T 

and s-norm S had been introduced and their characteristic properties were 

described. It was shown how to associate interval-valued intuitionistic fuzzy 

sub(semi)groups with interval-valued intuitionistic fuzzy graphs in a natural 

way. 
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CHAPTER I 

PRELIMINARY DEFINITIONS AND RESULTS 

SECTION 1.1 

GRAPHS AND FUZZY GRAPHS 

Definition 1.1.1: 

 A Graph is an ordered pair *
G =(V,E), where V is the set of vertices of 

*
G and E is the set of edges of *

G . 

Definition 1.1.2: 

 Two vertices x and y in a graph *
G  are said to be adjacent in *

G  if 

{x,y} is in edge of *
G  

Definition 1.1.3: 

 A Simple graph is a graph without loops and multiple edges. 

Definition 1.1.4: 

 A Complete graph is a simple graph in which every pair of distinct 

vertices is connected by an edge. 

Remark 1.1.5: 

The complete graph on n vertices has n vertices and n(n-1)/2 edges. 

Definition 1.1.6: 

 By a Complementary graph *
G of a simple graph *

G , we mean a 

graph having the same vertices as *
G  and such that two vertices are adjacent in 

*
G if and only if they are not adjacent in *

G . 

 



Definition 1.1.7: 

 An isomorphism of graphs *

1G  and *

2G  is a bijection between the 

vertex sets of *

1G  and *

2G  such that any two vertices 1v and 2v of *

1G are adjacent 

in *

1G  if and only if )( 1vf and )( 2vf are adjacent in *

2G .  

Remark 1.1.8: 

 Isomorphic graphs are denoted by *

2

*

1 GG ≅ . 

Definition 1.1.9: 

 Let *

1G = ),( 11 EV and *

2G = ),( 22 EV be two simple graphs , we can 

construct several new graphs. The first construction called the Cartesian 

product of *

1G  and *

2G  gives a graph    *

2

*

1 GG × =(V , E ) with 21 VVV ×= and  

E = },),)(,({},),)(,{( 211111222122 VzEyxzyzxEyxVxyxxx ∈∈∈∈ U  

Definition 1.1.10: 

 The Composition of graphs *

1G  and *

2G  is the graph *

1G [ *

2G ] = (

oEVV ,21 × ), where      oE = },),)(,({ 221112121 yxEyxyyxxE ≠∈U and  

E = },),)(,({},),)(,{( 211111222122 VzEyxzyzxEyxVxyxxx ∈∈∈∈ U  

Remark 1.1.11: 

 Note that *

1G [ *

2G ] ≠ *

2G [ *

1G ]. 

 

 

 

 



Definition 1.1.12: 

 The number of vertices, the cardinality of V , is called the order of 

graph and denoted by .V  

Definition 1.1.13: 

 The number of edges, the cardinality of E , is called the size of graph 

and denoted by .E  

Definition 1.1.14: 

 A path in a graph G  is an alternating sequence of vertices and edges 

.,,...,,,, 12110 nnn vevevev −  

Remark 1.1.15: 

 The path graph with n  vertices is denoted by nP .A path is sometimes 

denoted by ).0(.......: 10 >nvvvP nn   

Definition 1.1.16: 

 The length of a path nP  in G is .n    

Definition 1.1.17: 

 A path nn vvvP .......: 10  in 
∗

G is called a cycle if nvv =0 and .3≥n  

Remark 1.1.18: 

 The path graph nP  has 1−n edges and can be obtained from a cycle 

graph, ,nc by removing any edge. 

 

 



Definition 1.1.19: 

 An undirected graph ∗
G is connected if there is a path between each pair 

of distinct vertices. 

Definition 1.1.20: 

 The neighbourhood of a vertex V in a graph 
∗

G  is the induced 

subgraph of 
∗

G consisting of all vertices adjacent to V and all edges connecting 

two such vertices. It is denoted by ).(vN    

Definition 1.1.21:  

 The degree )deg(v of vertex v is the number of edges incident on v or 

equivalently, .)()deg( vNv =  

Definition 1.1.22: 

 The set of neighbors, called a (open) neighborhood N(v) for a vertex v 

in a graph ,∗G consists of all vertices adjacent to v but not including v; that is, 

}{)( EvuVuvN ∈∈=
 

Definition 1.1.23: 

 The set of neighbors, called a closed neighborhood N[v] for a vertex v 

in a graph ,∗G consists of all vertices adjacent to v including v; that is, 

}.{)(][ vvNvN ∪=
 

Definition 1.1.24: 

 A regular graph is a graph where each vertex has the same number of 

neighbors, hat is, all the vertices have the same closed neighbourhood degree. 

Definition 1.1.25:A connected graph is highly irregular if each of its 

vertices is adjacent only to vertices with distinct degrees. Equivalently, a graph 



∗
G is highly irregular if every two vertices of 

∗
G connected by a path of length 

2 have distinct degrees. 

Definition 1.1.26: 

 A connected graph is said to be neighbourly irregular if no two 

adjacent vertices of 
∗

G have the same degree. Equivalently, a connected graph 

∗
G is called neighbourly irregular if every two adjacent vertices of 

∗
G have 

distinct degree. 

Definition 1.1.27: 

 A fuzzy graph with V as the underlying set is a pair ),(: µσG where 

]1,0[: →Vσ is a fuzzy subset and ]1,0[: →×VVµ is a fuzzy relation on σ such 

that )()(),( yxyx σσµ ∧≤ for all ,, Vyx ∈ where ∧  stands for minimum. The 

underlying crisp graph of G is denoted by ),(: ∗∗∗ µσG  where

}0)(:{)(sup >∈==∗
xVxp σσσ and 

}.0),(:),{()(sup >×∈==∗ yxVVyxp µµµ ),( µσ ′′=H is a fuzzy subgraph of 

G if there exists VX ⊆ such that, ]1,0[: →′ Xσ is a fuzzy subset and 

]1,0[: →×′ XXµ is a fuzzy relation on σ ′ such that )()(),( yxyx σσµ ∧≤ for 

all ., Xyx ∈    

Definition 1.1.28: 

 A fuzzy graph ),(: µσG is complete if )()(),( yxyx σσµ ∧= for all 

., Vyx ∈   

Definition 1.1.29: 

 Two fuzzy graphs ),(: 111 µσG with the crisp graph ),(: 111 EVG∗ and 

),(: 222 µσG with the crisp graph ),(: 222 EVG∗ are isomorphic if there exists a 

bijection 21: VVh → such that ))(()( 21 xhx σσ = and ))(),((),( 21 yhxhyx µµ = for 

all ., 1Vyx ∈  



Definition 1.1.30: 

 The semi strong product of two fuzzy graphs ),(: 111 µσG with crisp 

graph ),(: 111 EVG∗ and ),(: 222 µσG with the crisp graph ),,(: 222 EVG∗ where we 

assume that ,21 φ=VV I is defined to be the fuzzy graph 

),(: 212121 µµσσ ••• GG with the crisp graph ),(: 21 EVVG ×∗  where 

},),(,),(:),)(,{(}),(,:),)(,{( 2211212211221121 EvvEuuvuvuEvvVuvuvuE ∈∈∈∈= U

 

  )()(),)(( 2121 vuvu σσσσ ∧=• , for all ,),( 21 VVvu ×∈  

),()()),)(,)((( 21212121 vvuvuvu µσµµ ∧=• and  

  ).,(),()),)(,)((( 212211221121 vvuuvuvu µµµµ ∧=•    

Definition 1.1.31: 

The strong product of two fuzzy graphs ),(: 111 µσG with crisp graph 

),(: 111 EVG∗ and ),(: 222 µσG with the crisp graph ),,(: 222 EVG∗ where we 

assume that ,21 φ=VV I is defined to be the fuzzy graph 

),(: 212121 µµσσ ⊗⊗⊗ GG with the crisp graph ),(: 21 EVVG ×∗  where 

},),(,),(:),)(,{(

}),(,:),)(,{(}),(,:),)(,{(

2211212211

121221221121

EvvEuuvuvu

EuuVwwuwuEvvVuvuvuE

∈∈

∈∈∈∈=

U

U

),()(),)(( 2121 vuvu σσσσ ∧=⊗ for all ,),( 21 VVvu ×∈  

 ),,()()),)(,)((( 21212121 vvuvuvu µσµµ ∧=⊗  

 ),()()),)(,)((( 21122121 uuwwuwu µσµµ ∧=⊗ and 

 ).,(),()),)(,)((( 212211221121 vvuuvuvu µµµµ ∧=⊗  

 

 



Definition 1.1.32: 

The direct product of two fuzzy graphs ),(: 111 µσG  with crisp graph 

),( 11

*

1 EVG =  and ),(: 222 µσG  with crisp graph ),( 22

*

2 EVG =  , where we assume 

that ,21 φ=VV I is defined to be the fuzzy graph 1G П 2G : ( 1σ П 2σ , 1µ П 2µ ) with 

crisp graph ),(: 21

*
EVVG ×  where 

}),(,),(:),)(,{( 2211212211 EvvEuuvuvuE ∈∈=  

1(σ П ),()(),)( 212 vuvu σσσ ∧=     for all 21),( VVvu ×∈  and 

1(µ П ).,(),()),)(,)(( 21221122112 vvuuvuvu µµµ ∧=    

Definition 1.1.33:   

 Partial fuzzy subgraph ),,( vV τξ =′ of ξ is such that )()( vv στ ≤ for all 

Vv ∈ and ),(),( vuVvu ≤µ for all ., Vvu ∈   

Definition 1.1.34: 

 Fuzzy subgraph ),,( µσξ ′′=′′ P of ξ  is such that )()(, uuVP σσ =′⊆

for all ),(),(, vuvuPu µµ =′∈ for all ., Pvu ∈     

Definition 1.1.35: 

 The degree of vertex u is .),()(
),(

∑
∈

=
ξ

µ
vu

vuud   

Definition 1.1.36: 

 The minimum degree of ξ  is }.)({)( Vuud ∈∧=ξδ  

Definition 1.1.37: 

 The maximum degree of ξ  is }.)({)( Vuud ∈∨=∆ ξ
 

Definition 1.1.38: 

 The total degree of a vertex Vu ∈ is ).()()( uudutd σ+=  



SECTION 1.2 

FUZZY SETS AND INTERVAL-VALUED FUZZY SETS 

  Definition 1.2.1: 

 A fuzzy set A on a set X is characterized by a mapping ],1,0[: →Xm

called the membership function. 

Remark 1.2.2: 

 A fuzzy set is denoted as ).,( mXA =  

Definition 1.2.3: 

 A fuzzy subset µ  on a set X is a map ].1,0[: →Xµ  

Definition 1.2.4: 

 A map ]1,0[: →× XXν is called a fuzzy relation on X if 

))(),(min(),( yxyx µµν ≤ for all ., Xyx ∈  

Definition 1.2.5: 

 A fuzzy binary relation on X is a fuzzy subset µ on .XX ×  

Definition 1.2.6: 

 A fuzzy relation µ  is symmetric if ),(),( xyyx νν = for all ., Xyx ∈  

 

 

 

 



Definition 1.2.7: 

 An interval number D is an interval ],[ +− ba with .10 ≤≤≤ +−
ba The 

interval [a,a] is identified with the number ].1,0[∈a  D[0,1] denotes the set of all 

interval numbers. 

 For interval numbers ],[ 111

+−= baD and ],,[ 222

+−= baD we define 

• }],min{},,[min{]),[],,min([),min( 2121221121

++−−+−+− == bbaababarDDr  

• }],max{},,[max{]),[],,max([),max( 2121221121

++−−+−+− == bbaababarDDr  

• ].,.[ 2121212121

++++−−−− −+−+=+ bbbbaaaaDD  

• −− ≤⇔≤ 2121 aaDD and ++ ≤ 21 bb  

• −− =⇔= 2121 aaDD and ++ = 21 bb  

• 2121 DDDD ≤⇔< and 21 DD ≠  

• .10],,[],[ 1111 ≤≤== +−+− kwherekbkabakkD  

Then, ),,],1,0[( ∧∨≤D is a complete lattice with [0,0] as the least element and 

[1,1] as the greatest. 

 Definition 1.2.8: 

The interval-valued fuzzy set A in V is defined by

},:)])(),([,{( VxxxxA AA ∈= +− µµ where )(xA

−µ and )(xA

+µ are fuzzy subsets of V 

such that )()( xx AA

+− ≤ µµ for all .Vx ∈ For any two interval-valued sets 

)](),([ xxA AA

+−= µµ and )](),([ xxB BB

+−= µµ in V we define: 

• }:)))(),(max()),(),(max(,{( VxxxxxxBA BABA ∈= ++−− µµµµU  

• }:)))(),(min()),(),(min(,{( VxxxxxxBA BABA ∈= ++−− µµµµI  

 

 



Definition 1.2.9: 

 If ),( EVG =∗ is a graph, then by an interval-valued fuzzy relation B on 

a set E we mean an interval-valued fuzzy set such that

)),(),(min()( yxxy AAB

−−− ≤ µµµ  )),(),(min()( yxxy AAB

+++ ≤ µµµ for all .Exy∈  

Definition 1.2.10: 

 An interval-valued fuzzy relation R in a universe YX × is a mapping 

]1,0[: DYXR →×  such that ]1,0[)],(),,([),( DyxRyxRyxR ∈= +−  for all pairs 

.),( YXyx ×∈  
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CHAPTER II 

INTERVAL VALUED FUZZY GRAPHS 

SECTION 2.1 

OPERATIONS ON INTERVAL VALUED FUZZY 

GRAPHS     

Definition 2.1.1: 

By an interval-valued fuzzy graph of a graph ),(* EVG = we mean a 

pair ),( BAG =  where ],[ +−= AAA µµ  is an interval-valued fuzzy set on V and 

],[ +−= BBB µµ  is an interval-valued fuzzy relation on E.  

Example 2.1.2: 

Consider a graph ),(* EVG =  such that },,{ zyxV = , },,{ zxyzxyE =

.Let A be an interval-valued fuzzy set of V and let B be an interval-valued fuzzy 

set of VVE ×⊆ defined by  

 A=<( ,
2.0

x

4.0
,

3.0

zy
),(

5.0
,

5.0
,

4.0

zyx
)>,   B=<(

1.0
,

2.0
,

1.0

zxyzxy
),(

4.0
,

4.0
,

3.0

zxyzxy
)>. 

We know that  ],[ +−= AAA µµ  and ],[ +−= BBB µµ . 

)(xA

−µ = 0.2 )(xA

+µ =0.4 )(yA

−µ =0.3 )(yA

+µ =0.5 )(zA

−µ =0.4

 )(zA

+µ =0.5 

)(xyB

−µ =0.1 )(xyB

+µ =0.3 )( yzB

−µ =0.2 )( yzB

+µ =0.4 )(zxB

−µ =0.1

 )(zxB

+µ =0.4 

  },,{ zxyzxyE =  



))()(min()( yxxy AAB

−−− ≤ µµµ     ))()(min()( yxxy AAB

+++ ≤ µµµ  

       0.1 ≤  min(0.2,0.3) = 0.2                 0.3 ≤ min(0.4,0.5) = 0.3 

))()(min()( zyyz AAB

−−− ≤ µµµ    ))()(min()( zyyz AAB

+++ ≤ µµµ  

       0.2 ≤ min(0.3,0.4) = 0.3           0.4 ≤ min(0.5,0.5) = 0.5  

))()(min()( xzzx AAB

−−− ≤ µµµ    y    z

                                                                                             

       0.1 ≤ min(0.4,0.2) = 0.2 [0.2,0.4] 

))()(min()( xzzx AAB

+++ ≤ µµµ                                              

       0.4 ≤ min(0.5,0.4) = 0.4                         [0.1,0.3]            x              [0.1,0.4]                 

      

 

Thus we have ),( BAG =  is an interval-valued fuzzy graph of *
G . 

Definition 2.1.3: 

 The Cartesian product 21 GG ×  of two interval-valued fuzzy graphs 

),( 111 BAG =  and ),( 222 BAG = of the graphs ),( 11

*

1 EVG = and ),( 22

*

2 EVG =

is defined as a pair ),( 2121 BBAA ×× such that  

    i.     
))(),(min(),)(( 2121 2121

xxxx AAAA

−−−− =× µµµµ
 
          

))(),(min(),)(( 2121 2121
xxxx AAAA

++++ =× µµµµ     for all Vxx ∈),( 21  

    ii.    ))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

−−−− =× µµµµ

 ))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

++++ =× µµµµ     for all 1Vx ∈  and 

222 Eyx ∈ , 

    

[0.3,0.5] 

 

    

[04,0.5] 

 

    

[0.2,0.4] 

 



 iii.  ))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

−−−− =× µµµµ

 ))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

++++ =× µµµµ       for all 2Vz ∈  and 

111 Eyx ∈ . 

Example 2.1.4: 

 Let ),( 11

*

1 EVG =  and ),( 22

*

2 EVG =  be graphs such that },{1 baV = , 

},{2 dcV = , }{1 abE = , }{2 cdE = .Consider two interval-valued fuzzy graphs 

),( 111 BAG = and ),( 222 BAG = where 

 A1 =<( ,
2.0

a

3.0

b
),(

5.0
,

4.0

ba
)>, B 1 =<( ,

1.0

ab

2.0

ab
>, 

A 2 =<( ,
1.0

c

2.0

d
),(

6.0
,

4.0

dc
)>, B 1 =<( ,

1.0

cd

3.0

cd
>.  Then, 

))(),(min()),)(,)(((
2121

cdadaca BABB

−−−− =× µµµµ = min(0.2,0.1) = 0.1 

))(),(min()),)(,)(((
2121

cdadaca BABB

++++ =× µµµµ = min(0.4,0.3) = 0.3 

))(),(min()),)(,)(((
2121

cabcbca ABBB

−−−− =× µµµµ  = min(0.1,0.1) = 0.1 

))(),(min()),)(,)(((
2121

cabcbca ABBB

++++ =× µµµµ = min (0.2,0.4) = 0.2 

))(),(min()),)(,)(((
2121

dabdbda ABBB

−−−− =× µµµµ  = min(0.1,0.2) = 0.1 

))(),(min()),)(,)(((
2121

dabdbda ABBB

++++ =× µµµµ  = min (0.2,0.6) = 0.2 

))(),(min()),)(,)(((
2121

cdbdbcb BABB

−−−− =× µµµµ = min(0.3,0.1) = 0.1 

 ))(),(min()),)(,)(((
2121

cdbdbcb BABB

++++ =× µµµµ = min(0.5,0.3) = 0.3 

Now we see that 21 GG ×  is an interval-valued fuzzy graph of *

2

*

1 GG ×  

≤× −− )),)(,)(((
21

dacaBB µµ  min( ),(),,(
2121

daca AAAA

−−−− ×× µµµµ )  



          0.1 ≤ min(min( )(
1

aA

−µ , )(
2

cA

−µ ),min( )(
1

aA

−µ , )(
2

dA

−µ )) 

          0.1 ≤ min(min(0.2,0.1),min(0.2,0.2) 

            0.1 ≤ min(0.1,0.2) = 0.1 

≤× ++ )),)(,)(((
21

dacaBB µµ min( ),(),,(
2121

daca AAAA

++++ ×× µµµµ ) 

           0.3 ≤ min(min( )(
1

aA

+µ , )(
2

cA

+µ ),min( )(
1

aA

+µ , )(
2

dA

+µ ))  

           0.3 ≤ min(min(0.4,0.4),min(0.4,0.6) 

           0.3 ≤ min(0.4,0.4) = 0.4 

≤× −− )),)(,)(((
21

cbcaBB µµ  min( ),(),,(
2121

cbca AAAA

−−−− ×× µµµµ ) 

          0.1 ≤ min(min( )(
1

aA

−µ , )(
2

cA

−µ ),min( )(
1

bA

−µ , )(
2

cA

−µ )) 

          0.1 ≤ min(min(0.2,0.1),min(0.3,0.1) 

          0.1 ≤ min(0.1,0.1) = 0.1 

≤× ++ )),)(,)(((
21

cbcaBB µµ  min( ),(),,(
2121

cbca AAAA

++++ ×× µµµµ ) 

          0.2 ≤ min(min( )(
1

aA

−µ , )(
2

cA

−µ ),min( )(
1

bA

−µ , )(
2

cA

−µ )) 

          0.2 ≤ min(min(0.4,0.4),min(0.5,0.4) 

          0.2 ≤ min(0.4,0.4) = 0.4 

≤× −− )),)(,)(((
21

dbdaBB µµ  min( ),(),,(
2121

dbda AAAA

−−−− ×× µµµµ ) 

           0.1 ≤ min(min( )(
1

aA

−µ , )(
2

dA

−µ ),min( )(
1

bA

−µ , )(
2

dA

−µ )) 

           0.1 ≤ min(min(0.4,0.4),min(0.5,0.4) 

           0.1 ≤ min(0.4,0.4) = 0.4 

≤× ++ )),)(,)(((
21

dbdaBB µµ  min( ),(),,(
2121

dbda AAAA

++++ ×× µµµµ ) 



           0.2 ≤ min(min( )(
1

aA

+µ , )(
2

dA

+µ ),min( )(
1

bA

+µ , )(
2

dA

+µ )) 

           0.2 ≤ min(min(0.4,0.6),min(0.5,0.6) 

           0.2 ≤ min(0.4,0.5) = 0.4 

   a                                   c                                 (a,c)                                       (a,d)    

                                                              [0.1,0.3] 

 

 

      [0.1.0.2]        [0.1,0.3]        [0.1,0.2]                    G1 x G2                   [0.1,0.2] 

                                                                                                         

                                                          

        [0.1,0.3] 

                                                                                                  

      b        d        (b,c)     (b,d) 

≤× −− )),)(,)(((
21

dbcbBB µµ  min( ),(),,(
2121

dbcb AAAA

−−−− ×× µµµµ ) 

           0.1 ≤ min(min(( )(
1

bA

−µ , )(
2

cA

−µ ),min( )(
1

bA

−µ , )(
2

dA

−µ )) 

           0.1 ≤ min(min(0.3,0.1),min(0.3,0.2) 

           0.1 ≤ min(0.1,0.2) = 0.4 

≤× ++ )),)(,)(((
21

dbcbBB µµ  min( ),(),,(
2121

dbcb AAAA

++++ ×× µµµµ ) 

           0.3 ≤ min(min(( )(
1

bA

+µ , )(
2

cA

+µ ),min( )(
1

bA

+µ , )(
2

dA

+µ )) 

           0.3 ≤ min(min(0.5,0.4),min(0.5,0.6) 

           0.3 ≤ min(0.4,0.5) = 0.4 

Thus we see that 21 GG ×   is an interval-valued fuzzy graph of *

2

*

1 GG × . 

    

[0.2,0.4] 

 

    

[0.1,0.4] 

 

    

[0.1,0.4] 

 

    

[0.2,0.4] 

 

    

[0.1,0.4] 

 

    

[0.2,0.5] 

 

    

[0.3,0.5] 

 

    

[0.2,0.6] 

 



Proposition 2.1.5: 

The Cartesian product of 21 GG × = ),( 2121 BBAA ××  of the two 

interval-valued fuzzy graphs *

1G and *

2G  is an interval-valued fuzzy graph of 

*

2

*

1 GG × . 

Proof:  

We verify the conditions only for 21 BB × because the conditions for 21 AA ×  are 

obvious. 

Let 1Vx ∈  and 222 Eyx ∈  

))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

−−−− =× µµµµ  

       ≤ min( )(
1

xA

−µ ,min( )( 22
xA

−µ , )( 22
yA

−µ )) 

       = min(min(( )(
1

xA

−µ , )( 22
xA

−µ )min( )(
1

xA

−µ , )( 22
yA

−µ ))

       = min( ),)(( 221
xxAA

−− × µµ , ),)(( 221
yxAA

−− × µµ   

))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

++++ =× µµµµ  

       ≤ min( )(
1

xA

+µ ,min( )( 22
xA

+µ , )( 22
yA

+µ )) 

                = min(min(( )(
1

xA

+µ , )( 22
xA

+µ )min( )(
1

xA

+µ , )( 22
yA

−µ ))

     = min( ),)(( 221
xxAA

++ × µµ , ),)(( 221
yxAA

++ × µµ   

Similarly for 2Vz ∈  and 111 Eyx ∈ we have 

))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

−−−− =× µµµµ  

      ≤ min(min( )( 11
xA

−µ , )( 11
yA

−µ ), )(
2

zA

−µ ) 



      = min(min( )( 11
xA

−µ , )(
2

zA

−µ ),min( )( 11
yA

−µ , )(
2

zA

−µ ))

      = min( ),)(( 121
zxAA

−− × µµ , ),)(( 121
zyAA

−− × µµ ). 

))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

++++ =× µµµµ  

        ≤ min(min( )( 11
xA

+µ , )( 11
yA

+µ ), )(
2

zA

+µ ) 

        = min(min( )( 11
xA

+µ , )(
2

zA

+µ ),min( )( 11
yA

+µ , )(
2

zA

+µ ))

        = min(( ),)(( 121
zxAA

++ × µµ , ),)(( 121
zyAA

++ × µµ ). 

This completes the proof. 

Definition 2.1.6:  

The Composition  ][ 21 GG = ),( 2121 BBAA oo of  two interval-valued fuzzy 

graphs 1G  and 2G  of the graphs 
*

1G and *

2G  is defined as follows: 

i. ))(),(min(),)(( 2121 2121
xxxx AAAA

−−−− = µµµµ o   

 ))(),(min(),)(( 2121 2121
xxxx AAAA

++++ = µµµµ o  for all Vxx ∈),( 21  

    ii.    ))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

−−−− = µµµµ o  

 ))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

++++ = µµµµ o   for all 1Vx ∈  and 

222 Eyx ∈ ,  

   iii.    ))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

−−−− = µµµµ o  

 ))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

++++ = µµµµ o
 

for all 2Vz ∈  and 

111 Eyx ∈ . 



iv.     ))(),(),(min()),)(,)((( 11222121 12221
yxyxyyxx BAABB

−−−−− = µµµµµ o

 ))(),(),(min()),)(,)((( 11222121 12221
yxyxyyxx BAABB

+++++ = µµµµµ o                            

for all EEyyxx −∈ o),)(,( 2121 .  

Example 2.1.7: 

 Let ),( 11

*

1 EVG =  and ),( 22

*

2 EVG =  be graphs such that },{1 baV = , 

},{2 dcV = , }{1 abE = , }{2 cdE = .Consider two interval-valued fuzzy graphs 

),( 111 BAG = and ),( 222 BAG = defined by 

 A1 =<( ,
2.0

a

3.0

b
),(

5.0
,

5.0

ba
)>, B 1 =<( ,

2.0

ab

4.0

ab
>, 

A 2 =<( ,
1.0

c

3.0

d
),(

6.0
,

4.0

dc
)>, B 1 =<( ,

1.0

cd

3.0

cd
>.   Then we have 

))(),(min(),)(,)((
2121

cdadaca BABB

−−−− = µµµµ o = min(0.2,0.1) = 0.1 

))(),(min(),)(,)((
2121

cdadaca BABB

++++ = µµµµ o = min(0.5,0.3) = 0.3 

))(),(min(),)(,)((
2121

cdbdbcb BABB

−−−− = µµµµ o  = min(0.3,0.1) = 0.1. 

))(),(min(),)(,)((
2121

cdbdbcb BABB

++++ = µµµµ o = min(0.5,0.3) = 0.3 

))(),(min(),)(,)((
2121

cabcbca ABBB

−−−− = µµµµ o = min(0.2,0.1) = 0.1 

))(),(min(),)(,)((
2121

cabcbca ABBB

++++ = µµµµ o ) = min (0.4,0.4) = 0.4 

))(),(),(min(),)(,)(((
12221

abdcdbca BAABB

−−−−− = µµµµµ o = min(0.1,0.3,0.2) = 0.1 

))(),(),(min(),)(,)(((
12221

abdcdbca BAABB

+++++ = µµµµµ o = min(0.4,0.6,0.4) = 0.4 

))(),(),(min(),)(,)(((
12221

abdcdacb BAABB

−−−−− = µµµµµ o = min(0.1,0.3,0.2) = 0.1 

))(),(),(min(),)(,)(((
12221

abdcdacb BAABB

+++++ = µµµµµ o = min(0.4,0.6,0.4) = 0.4 



Now we see that ][ 21 GG = ),( 2121 BBAA oo  is an interval-valued fuzzy graph 

of *

1G [ *

2G ] 

)),(),,(min(),)(,)((
212121

dacadaca AAAABB

−−−−−− ≤ µµµµµµ ooo  

       0.1 )(),(min()),(),(min(min(
2121

daca AAAA

−−−−≤ µµµµ )) 

         0.1 ≤ min(min(0.2,0.1),min(0.2,0.3))  

         0.1 ≤ min(0.1,0.2) = 0.1 

)),(),,(min(),)(,)((
212121

dacadaca AAAABB

++++++ ≤ µµµµµµ ooo  

          0.3 )(),(min()),(),(min(min(
2121

daca AAAA

++++≤ µµµµ )) 

          0.3 ≤ min(min(0.5,0.4),min(0.5,0.6))  

          0.3 ≤ min(0.4,0.5) = 0.4 

  a                                    c                                (a,c)                                       (a,d)    

                                                              [0.1,0.3] 

     

                [0.1,0.4]                [0.1,0.4] 

                 [0.2.0.4]         [0.1,0.3]                        [0.1,0.4]                                 [0.2,0.4] 

 

                                                                                                           

                                                            [0.1,0.3] 

  

  b                                  d                                 (b,c)                                        (b,d) 

   G1                                   G2     G1[G2] 

)),(),,(min(),)(,)((
212121

dbcbdbcb AAAABB

−−−−−− ≤ µµµµµµ ooo
 

          0.1 )(),(min()),(),(min(min(
2121

dbcb AAAA

−−−−≤ µµµµ )) 

    

[0.2,0.5] 

 

    

[0.1,0.4] 

 

    

[0.1,0.4] 

 

    

[0.2,0.5] 

 

    

[0.1,0.4] 

 

    

[0.3,0.5] 

 

    

[0.3,0.5] 

 

    

[0.3,0.6] 

 



          0.1 ≤ min(min(0.3,0.1),min(0.3,0.3))  

          0.1 ≤ min(0.1,0.3) = 0.1 

)),(),,(min(),)(,)((
212121

dbcbdbcb AAAABB

++++++ ≤ µµµµµµ ooo
 

        0.3 )(),(min()),(),(min(min(
2121

dbcb AAAA

++++≤ µµµµ )) 

        0.3 ≤ min(min(0.5,0.4),min(0.5,0.6))  

         0.3 ≤ min(0.4,0.5) = 0.4  

)),(),,(min(),)(,)((
212121

cbcacbca AAAABB

−−−−−− ≤ µµµµµµ ooo
 

       0.1 )(),(min()),(),(min(min(
2121

cbca AAAA

−−−−≤ µµµµ )) 

       0.1 ≤ min(min(0.2,0.1),min(0.3,0.1))  

       0.1 ≤ min(0.1,0.1) = 0.1  

)),(),,(min(),)(,)((
212121

cbcacbca AAAABB

++++++ ≤ µµµµµµ ooo
 

      0.4 )(),(min()),(),(min(min(
2121

cbca AAAA

++++≤ µµµµ )) 

       0.4 ≤ min(min(0.5,0.4),min(0.5,0.4))  

       0.4 ≤ min(0.4,0.4) = 0.4 

)),(),,(min(),)(,)((
212121

dbdadbda AAAABB

−−−−−− ≤ µµµµµµ ooo  

       0.2 )(),(min()),(),(min(min(
2121

dbda AAAA

−−−−≤ µµµµ )) 

        0.2 ≤ min(min(0.2,0.3),min(0.3,0.3))  

        0.2 ≤ min(0.2,0.3) = 0.2          

)),(),,(min(),)(,)((
212121

dbdadbda AAAABB

++++++ ≤ µµµµµµ ooo
 

        0.4 )(),(min()),(),(min(min(
2121

dbda AAAA

++++≤ µµµµ )) 



         0.4 ≤ min(min(0.5,0.6),min(0.5,0.6)  

          0.4 ≤ min(0.5,0.5) = 0.5 

)),(),,(min(),)(,)((
212121

dbcadbca AAAABB

−−−−−− ≤ µµµµµµ ooo
 

        0.1 )(),(min()),(),(min(min(
2121

dbca AAAA

−−−−≤ µµµµ )) 

        0.1 ≤ min(min(0.2,0.1),min(0.3,0.3))  

        0.1 ≤ min(0.1,0.3) = 0.1  

)),(),,(min(),)(,)((
212121

dbcadbca AAAABB

++++++ ≤ µµµµµµ ooo
 

        0.4 )(),(min()),(),(min(min(
2121

dbca AAAA

++++≤ µµµµ )) 

        0.4 ≤ min(min(0.5,0.4),min(0.5,0.6))  

        0.4 ≤ min(0.4,0.5) = 0.4 

)),(),,(min(),)(,)((
212121

dacbdacb AAAABB

−−−−−− ≤ µµµµµµ ooo
 

        0.1 )(),(min()),(),(min(min(
2121

dacb AAAA

−−−−≤ µµµµ )) 

        0.1 ≤ min(min(0.3,0.1),min(0.2,0.3))  

        0.1 ≤ min(0.1,0.2) = 0.2 

)),(),,(min(),)(,)((
212121

dacbdacb AAAABB

++++++ ≤ µµµµµµ ooo
 

        0.4 )(),(min()),(),(min(min(
2121

dacb AAAA

++++≤ µµµµ )) 

        0.4 ≤ min(min(0.5,0.4),min(0.5,0.6))  

        0.4 ≤ min(0.4,0.5) = 0.4 

Thus we have ][ 21 GG = ),( 2121 BBAA oo  is an interval-valued fuzzy graph of 

*

1G [ *

2G ]. 



Proposition 2.1.8: 

 The composition ][ 21 GG  of  two interval-valued fuzzy graphs 1G and 

2G  of  
*

1G  and *

2G   is an interval-valued fuzzy graph of *

1G [ *

2G ]. 

Proof: 

The conditions for 21 BB o  are verified here. 

In the case 1Vx ∈  and 222 Eyx ∈ , according to (ii) we obtain 

))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

−−−− = µµµµ o  

       ≤ min( )(
1

xA

−µ ,min( )( 22
xA

−µ , )( 22
yA

−µ )) 

                  = min(min( )(
1

xA

−µ , )( 22
xA

−µ )min( )(
1

xA

−µ , )( 22
yA

−µ ))

       = min( ),)(( 221
xxAA

−− µµ o , ),)(( 221
yxAA

−− µµ o   

))(),(min(),)(,)(( 2222 2121
yxxyxxx BABB

++++ = µµµµ o  

       ≤ min( )(
1

xA

+µ ,min( )( 22
xA

+µ , )( 22
yA

+µ )) 

                  = min(min( )(
1

xA

+µ , )( 22
xA

+µ )min( )(
1

xA

+µ , )( 22
yA

−µ ))

        = min( ),)(( 221
xxAA

++ µµ o , ),)(( 221
yxAA

++ µµ o   

In the case 2Vz ∈  and 111 Eyx ∈ according to (iii), we obtain 

))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

−−−− = µµµµ o  

        ≤ min(min( )( 11
xA

−µ , )( 11
yA

−µ ), )(
2

zA

−µ ) 

        = min(min( )( 11
xA

−µ , )(
2

zA

−µ ),min( )( 11
yA

−µ , )(
2

zA

−µ ))

        = min(( ),)(( 121
zxAA

−− µµ o , ),)(( 121
zyAA

−− µµ o ). 

))(),(min(),)(,)((
2121 1111 zyxzyzx ABBB

++++ = µµµµ o  



     ≤ min(min( )( 11
xA

+µ , )( 11
yA

+µ ), )(
2

zA

+µ ) 

     = min(min( )( 11
xA

+µ , )(
2

zA

+µ ),min( )( 11
yA

+µ , )(
2

zA

+µ ))

      = min(( ),)(( 121
zxAA

++ µµ o , ),)(( 121
zyAA

++ µµ o ). 

In the case EEyyxx −∈ o),)(,( 2121  we have 111 Eyx ∈  and 22 yx ≠ which 

according to (iv) implies 

))(),(),(min()),)(,)((( 11222121 12221
yxyxyyxx BAABB

−−−−− = µµµµµ o  

           )))(),(min(),(),(min( 1122 1122
yxyx AAAA

−−−−≤ µµµµ  

           =min(min )))(),(min()),(),((( 2121 2121
yyxx AAAA

−−−− µµµµ  

           = min )),)((),,)((( 2121 2121
yyxx AAAA

−−−− µµµµ oo  

)(),(),(min()),)(,)((( 11222121 12221
yxyxyyxx BAABB

+++++ = µµµµµ o  

           )))(),(min(),(),(min( 1122 1122
yxyx AAAA

++++≤ µµµµ  

           =min(min )))(),(min()),(),((( 2121 2121
yyxx AAAA

++++ µµµµ  

           = min )),)((),,)((( 2121 2121
yyxx AAAA

++++ µµµµ oo  

This completes the proof. 

Definition 2.1.9: 

The Union 21 GG ∪  = ),( 2121 BBAA ∪∪  of  two interval-valued fuzzy 

graphs 1G  and 2G  of the graphs 
*

1G and *

2G  is defined as follows: 

  
))((

21
xAA

−− ∪ µµ
 = 

)(
1

xA

−µ
  if  1Vx ∈  and 2Vx ∉  

(A)     ))((
21

xAA

−− ∪ µµ = )(
2

xA

−µ   if  2Vx ∈  and 1Vx ∉  

))((
21

xAA

−− ∪ µµ  = max( )(
1

xA

−µ , )(
2

xA

−µ ) if 21 VVx I∈  



 
))((

21
xAA

++ ∪ µµ
 = 

)(
1

xA

+µ
  if  1Vx ∈  and 2Vx ∉  

(B)     ))((
21

xAA

++ ∪ µµ = )(
2

xA

+µ   if  2Vx ∈  and 1Vx ∉  

))((
21

xAA

++ ∪ µµ  = max( )(
1

xA

+µ , )(
2

xA

+µ ) if 21 VVx I∈  

))((
21

xyBB

−− ∪ µµ = )(
1

xyB

−µ   if 
1Exy ∈  and 

2Exy ∉  

(C)     ))((
21

xyBB

−− ∪ µµ  = )(
2

xyB

−µ   if  
2Exy ∈  and 

1Exy ∉  

))((
21

xyBB

−− ∪ µµ  = max( )(
1

xyB

−µ , )(
2

xyB

−µ ) if 21 EExy I∈  

))((
21

xyBB

++ ∪ µµ = )(
1

xyB

+µ   if 
1Exy ∈  and 

2Exy ∉  

(D)     ))((
21

xyBB

++ ∪ µµ  = )(
2

xyB

+µ   if  
2Exy ∈  and 

1Exy ∉  

))((
21

xyBB

++ ∪ µµ  = max( )(
1

xyB

+µ , )(
2

xyB

+µ ) if 21 EExy I∈  

Example 2.1.10: 

 Let ),( 11

*

1 EVG =  and ),( 22

*

2 EVG =  be graphs such that

},,,,{1 edcbaV = , },,,,{2 fdcbaV = , },,,,,{1 edadcebebcabE = ,

},,,,{2 bdbfcfbcabE = .Consider two interval-valued fuzzy graphs 

),( 111 BAG = and ),( 222 BAG = defined by 

1A = <( ,
2.0

a

2.0
,,

3.0
,

3.0
,

4.0

edcb
),(

6.0
,

7.0
,

6.0
,

5.0
,

4.0

edcba
)>, 

 1B = <( ,
1.0

ab
)

6.0
,

3.0
,

5.0
,

5.0
,

4.0
,

3.0
(),

1.0
,

1.0
,

2.0
,

1.0
,

2.0

deadbecebcabdeadbecebc
>, 

 1A = <(
6.0

,
6.0

,
6.0

,
5.0

,
4.0

(),
4.0

,
2.0

,
3.0

,
2.0

,
2.0

fdcbafdcba
)> 

2B = <( ,
1.0

ab
)

5.0
,

2.0
,

5.0
,

4.0
,

2.0
(),

2.0
,

1.0
,

1.0
,

2.0

bdbfcfbcabbdbfcfbc
> 

Then, according to the above definition: 

 ))((
21

aAA

−− ∪ µµ  = max( )(
1

aA

−µ , )(
2

aA

−µ )= max(0.2,0.2) = 0.2  



))((
21

bAA

−− ∪ µµ  = max( )(
1

bA

−µ , )(
2

bA

−µ ) = max(0.4,0.2) = 0.4 

))((
21

cAA

−− ∪ µµ  = max( )(
1

cA

−µ , )(
2

cA

−µ )= max(0.3,0.3) = 0.3 

))((
21

dAA

−− ∪ µµ  = max( )(
1

dA

−µ , )(
2

dA

−µ )= max(0.3,0.2) = 0.3 

))((
21

eAA

−− ∪ µµ = )(
1

eA

−µ  = 0.2, ))((
21

fAA

−− ∪ µµ = )(
2

fA

−µ  = 0.4 

))((
21

aAA

++ ∪ µµ  = max( )(),(
21

aa AA

++ µµ )= max (0.4,0.4) = 0.4 

))((
21

bAA

++ ∪ µµ = max( )(),(
21

bb AA

++ µµ ) = max (0.5,0.5) = 0.5 

))((
21

cAA

++ ∪ µµ = max( )(),(
21

cc AA

++ µµ ) = max (0.6,0.6) = 0.6 

))((
21

dAA

++ ∪ µµ = max( )(),(
21

dd AA

++ µµ ) = max (0.7,0.6) = 0.7 

))((
21

eAA

++ ∪ µµ = )(
1

eA

+µ = 0.6  ))((
21

fAA

++ ∪ µµ = )(
2

fA

+µ  = 0.6 

))((
21

abBB

−− ∪ µµ  = max( )(),(
21

abab BB

−− µµ ) = max(0.1,0.1) =0.1 

))((
21

bcBB

−− ∪ µµ  = max( )(),(
21

bcbc BB

−− µµ )= max(0.2,0.2) =0.2 

))((
21

ceBB

−− ∪ µµ = )(
1

ceB

−µ = 0.1 ))((
21

beBB

−− ∪ µµ = )(
1

beB

−µ  = 0.2 

))((
21

adBB

−− ∪ µµ = )(
1

adB

−µ = 0.1 ))((
21

deBB

−− ∪ µµ = )(
1

deB

−µ  = 0.1 

))((
21

bdBB

−− ∪ µµ = )(
2

bdB

−µ = 0.2 ))((
21

bfBB

−− ∪ µµ = )(
2

bdB

−µ  = 0.1 

))((
21

abBB

++ ∪ µµ  = max( )(),(
21

abab BB

++ µµ ) = max(0.3,0.2) = 0.3 

))((
21

bcBB

++ ∪ µµ  = max( )(),(
21

bcbc BB

++ µµ ) = max(0.4,0.4) = 0.4 

))((
21

ceBB

++ ∪ µµ = )(
1

ceB

+µ = 0.5 ))((
21

beBB

++ ∪ µµ = )(
1

beB

+µ  = 0.5 

))((
21

adBB

++ ∪ µµ = )(
1

adB

+µ = 0.3 ))((
21

deBB

++ ∪ µµ = )(
1

deB

+µ  = 0.6 



))((
21

bdBB

++ ∪ µµ = )(
2

bdB

+µ = 0.5 ))((
21

bfBB

++ ∪ µµ = )(
2

bdB

+µ  = 0.2 

      a                          b                              c             a                  b                    c     

          [0.1,0.3]       [0.2,0.4]                                                               [0.1,0.2]                             [0.2,0.4] 

                                                                                                                                                                                                                                                          

              [0.1,0.3]            [0.2,0.5]              [0.1,0.5]                                                      [0.2,0.5]              [0.1,0.2]           [0.1,05] 

            

 

          [0.1,0.6] 

        d              G1              e                   G1 ∪ G2                         d              G2                  f 

  a   [0.1,0.3]           b [0.2,0.4]         c 

 

               [0.1,0.2] 

 [0.1,0.3]                                    [0.2,0.5]                                                [0.3,0.5]  

         [0.2,0.5]                    [0.1,0.5] 

  

    [0.1,0.6] 

            

  d                       e            f  

Now we  see that 21 GG ∪  = ),( 2121 BBAA ∪∪  is an interval-valued fuzzy 

graph of the graph *

2

*

1 GG ∪  

))(),(min())((
212121

baab AAAABB

−−−−−− ∪∪≤∪ µµµµµµ   

          0.1 )))(),(max()),(),(min(max(
2121

bbaa AAAA

−−−−≤ µµµµ  

          0.1 ≤ min(max(0.2,0.2),max(0.4,0.2)) 

          0.1 ≤ min(0.2,0.4) = 0.2 

))(),(min())((
212121

cbbc AAAABB

−−−−−− ∪∪≤∪ µµµµµµ   

          0.2 )))(),(max()),(),(min(max(
2121

ccbb AAAA

−−−−≤ µµµµ  

[0.2,0.4] 

 

[0.3,0.6] 

 

[0.3,0.7] 

 

[0.2,0.6] 

 

[0.4,0.5] 

 

[0.3,0.6] 

 

[0.2,0.4] 

 

[0.2,0.6] 

 

[0.2,0.5] 

 

[0.4,0.6] 

 

[0.2,0.4] 

 

[0.4,0.5] 

 

[0.3,0.6] 

 

[0.3,0.7] 

 

[0.2,0.6] 

 

[0.4,0.6] 

 



          0.2 ≤ min(max(0.4,0.2),max(0.3,0.3)) 

          0.2 ≤ min(0.4,0.3) = 0.3 

))(),(min())((
212121

ecce AAAABB

−−−−−− ∪∪≤∪ µµµµµµ   

          0.1 ))()),(),(min(max(
121

ecc AAA

−−−≤ µµµ  

          0.1 ≤ min(max(0.3,0.3),0.2) 

          0.1 ≤ min(0.3,0.2) = 0.2 

))(),(min())((
212121

ebbe AAAABB

−−−−−− ∪∪≤∪ µµµµµµ   

          0.2 ))()),(),(min(max(
121

ebb AAA

−−−≤ µµµ  

          0.2 ≤ min(max(0.4,0.2),0.2) 

          0.2 ≤ min(0.4,0.2) = 0.2  

))(),(min())((
212121

ddad AAAABB

−−−−−− ∪∪≤∪ µµµµµµ   

          0.1 )))(),(max()),(),(min(max(
2121

ddaa AAAA

−−−−≤ µµµµ  

          0.1 ≤ min(max(0.2,0.2),max(0.3,0.2)) 

          0.1 ≤ min(0.2,0.3) = 0.2 

))(),(min())((
212121

edde AAAABB

−−−−−− ∪∪≤∪ µµµµµµ  

          0.1 ))()),(),(min(max(
121

edd AAA

−−−≤ µµµ  

          0.1 ≤ min(max(0.3,0.2),0.2) 

          0.1 ≤ min(0.3,0.2) = 0.2 

))(),(min())((
212121

dbbd AAAABB

−−−−−− ∪∪≤∪ µµµµµµ  

          0.2 )))(),(max()),(),(min(max(
2121

ddbb AAAA

−−−−≤ µµµµ  



          0.2 ≤ min(max(0.4,0.2),max(0.3,0.2)) 

          0.2 ≤ min(0.4,0.3) = 0.3      

))(),(min())((
212121

fbbf AAAABB

−−−−−− ∪∪≤∪ µµµµµµ
 

          0.1 ))()),(),(min(max(
121

fbb AAA

−−−≤ µµµ  

          0.1 ≤ min(max(0.4,0.2),0.4) 

          0.1 ≤ min(0.4,0.4) = 0.4 

))(),(min())((
212121

baab AAAABB

++++++ ∪∪≤∪ µµµµµµ   

          0.3 )))(),(max()),(),(min(max(
2121

bbaa AAAA

++++≤ µµµµ  

          0.3 ≤ min(max(0.4,0.4),max(0.5,0.5)) 

          0.3 ≤ min(0.4,0.5) = 0.4 

))(),(min())((
212121

cbbc AAAABB

++++++ ∪∪≤∪ µµµµµµ   

          0.4 )))(),(max()),(),(min(max(
2121

ccbb AAAA

++++≤ µµµµ  

          0.4 ≤ min(max(0.5,0.5),max(0.6,0.6)) 

          0.4 ≤ min(0.5,0.6) = 0.5        

 ))(),(min())((
212121

ecce AAAABB

++++++ ∪∪≤∪ µµµµµµ   

          0.5 ))()),(),(min(max(
121

ecc AAA

+++≤ µµµ  

          0.5 ≤ min(max(0.6,0.6),0.6) 

          0.5 ≤ min(0.6,0.6) = 0.6 

))(),(min())((
212121

ebbe AAAABB

++++++ ∪∪≤∪ µµµµµµ   

          0.5 ))()),(),(min(max(
121

ebb AAA

+++≤ µµµ  



          0.5 ≤ min(max(0.5,0.5),0.6) 

          0.5 ≤ min(0.5,0.6) = 0.5 

))(),(min())((
212121

ddad AAAABB

++++++ ∪∪≤∪ µµµµµµ   

           0.3 )))(),(max()),(),(min(max(
2121

ddaa AAAA

−−−−≤ µµµµ  

          0.3 ≤ min(max(0.4,0.4),max(0.7,0.6)) 

          0.3 ≤ min(0.4,0.7) = 0.4           

))(),(min())((
212121

edde AAAABB

++++++ ∪∪≤∪ µµµµµµ
 

          0.1 ))()),(),(min(max(
121

edd AAA

+++≤ µµµ  

          0.1 ≤ min(max(0.7,0.6),0.6) 

          0.1 ≤ min(0.7,0.6) = 0.6 

))(),(min())((
212121

dbbd AAAABB

++++++ ∪∪≤∪ µµµµµµ
 

          0.5 )))(),(max()),(),(min(max(
2121

ddbb AAAA

++++≤ µµµµ  

          0.5 ≤ min(max(0.5,0.5),max(0.7,0.6)) 

          0.5 ≤ min(0.5,0.7) = 0.5 

))(),(min())((
212121

fbbf AAAABB

++++++ ∪∪≤∪ µµµµµµ
 

          
0.2 ))()),(),(min(max(

121
fbb AAA

+++≤ µµµ
 

          0.2 ≤ min(max(0.5,0.5),0.6) 

          0.2 ≤ min(0.5,0.6) = 0.5 

Thus clearly we see that 21 GG ∪  = ),( 2121 BBAA ∪∪  is an interval-valued 

fuzzy graph of the graph *

2

*

1 GG ∪  



Proposition 2.1.11: 

 The Union of two interval-valued fuzzy graphs is an interval-valued 

fuzzy graph. 

Proof: 

 Let ),( 111 BAG = and ),( 222 BAG =  be interval-valued fuzzy graphs of 

*

1G and *

2G   respectively. We prove that 21 GG ∪  = ),( 2121 BBAA ∪∪  is an 

interval-valued fuzzy graph of the graph *

2

*

1 GG ∪ . Since all conditions for 

21 AA ∪ are automatically satisfied, we verify only conditions for 21 BB ∪  

 At first we consider the case when 21 EExy I∈ .Then 

))((
21

xyBB

−− ∪ µµ = max ))(((
1

xyB

−µ , )))((
1

xyB

−µ  

   ≤ max(min( )(
1

xA

−µ , )(
1

yA

−µ ),min( )(
2

xA

−µ , )(
2

yA

−µ )) 

   = min(max( )(
1

xA

−µ , )(
2

xA

−µ ),max( )(
1

yA

−µ , )(
2

yA

−µ )) 

   = min( ))((
21

xAA

−− ∪ µµ , ))((
21

yAA

−− ∪ µµ ) 

))((
21

xyBB

++ ∪ µµ = max ))(((
1

xyB

+µ , )))((
1

xyB

+µ  

   ≤ max(min( )(
1

xA

+µ , )(
1

yA

+µ ),min( )(
2

xA

+µ , )(
2

yA

+µ )) 

   = min(max( )(
1

xA

+µ , )(
2

xA

+µ ),max( )(
1

yA

+µ , )(
2

yA

+µ )) 

   = min( ))((
21

xAA

++ ∪ µµ , ))((
21

yAA

++ ∪ µµ ) 

If 1Exy ∈ and 2Exy ∉ ,then 

 ))((
21

xyBB

−− ∪ µµ ≤ min ))((
21

xAA

−− ∪ µµ , )))((
21

yAA

−− ∪ µµ , 

 ))((
21

xyBB

++ ∪ µµ ≤ min ))((
21

xAA

++ ∪ µµ , )))((
21

yAA

++ ∪ µµ  



If 2Exy ∈ and 1Exy ∉ ,then 

 ))((
21

xyBB

−− ∪ µµ ≤ min ))((
21

xAA

−− ∪ µµ , )))((
21

yAA

−− ∪ µµ , 

 ))((
21

xyBB

++ ∪ µµ ≤ min ))((
21

xAA

++ ∪ µµ , )))((
21

yAA

++ ∪ µµ  

This completes the proof. 

Definition 2.1.12: 

The join 21 GG +  = ),( 2121 BBAA ++ of  two interval-valued fuzzy 

graphs 1G and 2G  of the graphs 
*

1G and *

2G is defined as follows:  

(A)  ))((
21

xAA

−− + µµ = ))((
21

xAA

−− ∪ µµ
 

        
))((

21
xAA

++ + µµ = ))((
21

xAA

++ ∪ µµ    if 21 VVx U∈
 

(B)  (µ
−

1B + µ
−

2B )(xy) = (µ
−

1B ∪ µ
−

2B )(xy) 

       (µ
+

1B + µ
+

2B )(xy) = (µ
+

1B ∪ µ
+

2B )(xy)   if 21 EExy I∈  

(C)  ))((
21

xyBB

−− + µµ = min( )(),(
21

yx AA

−− µµ ) 

        
))((

21
xyBB

++ + µµ = min( )(),(
21

yx AA

++ µµ ) 

      if Exy ′∈ ,where E ′ is the set of all edges joining the nodes of 1V and 2V   

Proposition 2.1.13: 

The join of interval-valued fuzzy graphs is an interval-valued fuzzy 

graph. 

 

 

 



Proof:  

Let ),( 111 BAG = and ),( 222 BAG =  be interval-valued fuzzy graphs of 

*

1G and *

2G   respectively. We prove that 21 GG +  = ),( 2121 BBAA ++  is an 

interval-valued fuzzy graph of the graph *

2

*

1 GG +  .When Exy ′∈ , we have 

 ))((
21

xyBB

−− + µµ = min( )(),(
21

yx AA

−− µµ ) 

               ≤ min ))(((
21

xAA

−− ∪ µµ , )))((
21

yAA

−− ∪ µµ  

               = min( ))((
21

xAA

−− + µµ , ))((
21

yAA

−− + µµ ) 

))((
21

xyBB

++ + µµ = min( )(),(
21

yx AA

++ µµ ) 

                ≤ min ))(((
21

xAA

++ ∪ µµ , )))((
21

yAA

++ ∪ µµ  

                = min( ))((
21

xAA

++ + µµ , ))((
21

yAA

++ + µµ ) 

This completes the proof. 

Proposition 2.1.14: 

Let ),( 11

*

1 EVG = and ),( 22

*

2 EVG =  be crisp graphs with φ=21 VV I . 

Let 1A , 2A , 1B and 2B  be interval-valued fuzzy subsets of 1V , 2V , 1E and 2E

respectively. Then ),( 212121 BBAAGG ∪∪=∪  is an interval-valued fuzzy 

graph of *

2

*

1 GG ∪  if and only if ),( 111 BAG = and ),( 222 BAG = are interval-

valued fuzzy graphs of *

1G and *

2G ,respectively. 

Proof: 

Suppose that ),( 212121 BBAAGG ∪∪=∪  is an interval-valued fuzzy 

graph of .*

2

*

1 GG ∪ Let 1Exy ∈ .Then 2Exy ∉ and 21, VVyx −∈ .Thus 

  )(
1

xyB

−µ = ))((
21

xyBB

−− ∪ µµ  



 ≤ min( ))((
21

xAA

−− ∪ µµ , ))((
21

yAA

−− ∪ µµ  

 = min( )(),(
11

yx AA

−− µµ ) 

  )(
1

xyB

+µ = ))((
21

xyBB

++ ∪ µµ  

 ≤ min( ))((
21

xAA

++ ∪ µµ , ))((
21

yAA

++ ∪ µµ  

 = min( )(),(
11

yx AA

++ µµ ). 

This shows that ),( 111 BAG = is an interval-valued fuzzy graph. Similarly, we 

can show that ),( 222 BAG =  is an interval-valued fuzzy graph. 

The converse statement is given by Proposition 2.1.11. 

Proposition 2.1.15: 

Let ),( 11

*

1 EVG = and ),( 22

*

2 EVG =  be crisp graphs with φ=21 VV I . 

Let 1A , 2A , 1B and 2B  be interval-valued fuzzy subsets of 1V , 2V , 1E and 2E

respectively. Then ),( 212121 BBAAGG ++=+  is an interval-valued fuzzy 

graph of *

2

*

1 GG ∪  if and only if ),( 111 BAG = and ),( 222 BAG = are interval-

valued fuzzy graphs of *

1G and *

2G , respectively. 

Proof: The proof follows from Proposition 2.1.13 and Proposition 2.1.14. 

 

 

 

 

 

 

 



SECTION 2.2 

ISOMORPHISMS OF INTERVAL-VALUED FUZZY 

GRAPHS 

Here we characterize various types of (weak) isomorphisms of interval-

valued fuzzy graphs. 

Definition 2.2.1: 

Let ),( 111 BAG = and ),( 222 BAG = be two interval-valued fuzzy graphs. 

A homomorphism :f 21 GG → is a mapping :f 21 VV →  such that 

(a) ))(()( 11 21
xfx AA

−− ≤ µµ  ;  ))(()( 11 21
xfx AA

++ ≤ µµ  

(b) ))()(()( 1111 21
yfxfyx BB

−− ≤ µµ  ; ))()(()( 1111 21
yfxfyx BB

++ ≤ µµ  

for all 11 Vx ∈ , 111 Eyx ∈ . 

Definition 2.2.2: 

A bijective homomorphism with the property 

(c) ))(()( 11 21
xfx AA

−− = µµ ,  ))(()( 11 21
xfx AA

++ = µµ is called a weak 

isomorphism.  

Remark 2.2.3: 

A weak isomorphism preserves the weights of the nodes but not 

necessarily the weights of the arcs. 

Definition 2.2.4: 

A bijective homomorphism preserving the weights of the arcs but not 

necessarily the weights of the nodes, i.e., a bijective homomorphism :f

21 GG →  such that 



(d) ))()(()( 1111 21
yfxfyx BB

−− = µµ   ))()(()( 1111 21
yfxfyx BB

++ = µµ  

for all Vyx ∈11  is called a weak co- isomorphism. 

Definition 2.2.5: 

A bijective mapping :f 21 GG →  satisfying (c) and (d) is called an 

isomorphism. 

Example 2.2.2: 

Consider graphs *

1G = ),( 11 EV and *

2G = ),( 22 EV such that },{ 111 baV = ,

},{ 222 baV = , },{ 111 baE = and },{ 222 baE = . Let 1A , 2A , 1B and 2B be interval-

valued fuzzy subsets defined by 

)
6.0

,
5.0

(),
3.0

,
2.0

( 1111
1

baba
A =< >  >=< )

3.0
,

1.0
( 1111

1

baba
B  

>=< )
5.0

,
6.0

(),
2.0

,
3.0

( 2222
2

baba
A  >=< )

4.0
,

1.0
( 2222

2

baba
B  

Then ),( 111 BAG = and ),( 222 BAG = are interval-valued fuzzy graphs of *

1G

and *

2G ,respectively  

The map :f 21 VV →  defined by 21)( baf = and 21 )( abf =  

To check weak isomorphism 

)( 11
aA

−µ = 0.2  ))(( 12
afA

−µ = )( 22
bA

−µ = 0.2 

)( 11
bA

−µ = 0.2  ))(( 12
bfA

−µ = )( 22
aA

−µ = 0.3  

)( 11
aA

+µ = 0.5  ))(( 12
afA

+µ = )( 22
bA

+µ = 0.5 

)( 11
bA

+µ = 0.6  ))(( 12
bfA

+µ = )( 22
aA

+µ = 0.6 



Thus the map :f 21 VV →  defined by 21)( baf = and 21 )( abf =  is a weak 

isomorphism  

Example 2.2.3:  

 Consider graphs *

1G = ),( 11 EV and *

2G = ),( 22 EV such that },{ 111 baV = ,

},{ 222 baV = },{ 111 baE = and },{ 222 baE = . Let 1A , 2A , 1B and 2B be interval-

valued fuzzy subsets defined by 

)
5.0

,
4.0

(),
3.0

,
2.0

( 1111
1

baba
A =< >  >=< )

3.0
,

1.0
( 1111

1

baba
B  

>=< )
6.0

,
5.0

(),
3.0

,
4.0

( 2222
2

baba
A  >=< )

3.0
,

1.0
( 2222

2

baba
B  

Then ),( 111 BAG = and ),( 222 BAG = are interval-valued fuzzy graphs of *

1G

and *

2G ,respectively  

The map :f 21 VV →  defined by 21)( baf = and 21 )( abf =  

To check weak isomorphism 

)( 11
aA

−µ = 0.2  ))(( 12
afA

−µ = )( 22
bA

−µ = 0.3 

)( 11
aA

−µ ≠  ))(( 12
afA

−µ  

To check weak co-isomorphism 

 )( 111
baB

−µ = 0.1 ))()(( 112
bfafB

−µ = )( 222
abB

−µ = 0.1 

)( 111
baB

+µ = 0.3 ))()(( 112
bfafB

+µ = )( 222
abB

+µ = 0.3 

Thus the map :f 21 VV →  defined by 21)( baf = and 21 )( abf =  is a weak co-

isomorphism. 

Proposition 2.2.4:An isomorphism between interval-valued fuzzy graph is an 

equivalence relation. 
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CHAPTER III 

COMPLETE INTERVAL-VALUED FUZZY GRAPHS 

SECTION 3.1 

INTERVAL-VALUED FUZZY COMPLETE GRAPHS 

Definition 3.1.1:  

An interval-valued fuzzy graph ),( BAG =  is called complete if  

))(),(min()( yxxy AAB

−−− = µµµ   and ))(),(min()( yxxy AAB

−−− = µµµ  for all Exy ∈  

Example 3.1.2:  

Consider the graph ),(*
EVG =  such that },,{ zyxV = , },,{ zxyzxyE =

.If  A and B are  interval-valued fuzzy subsets defined by 

 >=< )
5.0

,
5.0

,
4.0

(),
4.0

,
3.0

,
2.0

(
zyxzyx

A

 
>=< )

4.0
,

5.0
,

4.0
(),

2.0
,

3.0
,

2.0
(

zxyzxyzxyzxy
B  

Then it is easy to check whether the graph is complete. 

 )(xyB

−µ = min ))(),(( yx AA

−− µµ  )(xyB

+µ = min ))(),(( yx AA

++ µµ  

      0.2 = min(0.2,0.3) = 0.2         0.4 = min(0.4,0.5) = 0.4     

 )(yzB

−µ = min ))(),(( zy AA

−− µµ )(yzB

+µ = min ))(),(( zy AA

++ µµ  

      0.3 = min(0.3,0.4) = 0.3        0.5 = min(0.5,0.5) = 0.5 

)(zxB

−µ = min ))(),(( xz AA

−− µµ   )(zxB

+µ = min ))(),(( xz AA

++ µµ  

      0.2 = min(0.4,0.2) = 0.2        0.4 = min(0.5,0.4) = 0.4  

Thus ),( BAG =  is an interval-valued fuzzy complete graph of *
G  



Proposition 3.1.3: 

 If ),( BAG =  be an interval-valued fuzzy complete graph, then also 

G[G] is an interval-valued fuzzy complete graph. 

Definition 3.1.4: 

 The Complement of an interval-valued fuzzy graph ),( BAG =  of 

),(*
EVG =  is an interval-valued fuzzy complete graph ),( BAG = on 

),,(* EVG = where ],[ +−== AAAA µµ  and ],[ +−= BBB µµ  is defined by  

 −
Bµ (xy) =     0    if )(xyB

−µ >0 

         min ))(),(( yx AA

−− µµ   if )(xyB

−µ =0 

 +
Bµ (xy) =     0    if )(xyB

+µ >0 

            min ))(),(( yx AA

++ µµ   if )(xyB

+µ =0.  

Definition 3.1.5: 

 An interval-valued fuzzy graph ),( BAG = is called self-complementary 

if GG = . 

Example 3.1.6: 

 Consider a graph ),(*
EVG =  such that },,{ cbaV = , },{ bcabE = .Then 

an interval-valued fuzzy graph ),( BAG =  

>=< )
5.0

,
4.0

,
3.0

(),
3.0

,
2.0

,
1.0

(
cbacba

A
         

>=< )
4.0

,
3.0

(),
2.0

,
1.0

(
bcabbcab

B is self 

complementary.  

 
−
Bµ (ab) = 0  +

Bµ (ab) = 0  −
Bµ (bc) = 0  +

Bµ (bc) = 0 



−
Bµ (ca) = min ))(),(( ac AA

−− µµ   +
Bµ (ca) = min ))(),(( ac AA

++ µµ

  = min (0.3,0.1) = 0.1       = min(0.5,0.3) = 0.3  

>=< )
3.0

,
1.0

(
caca

B
 

)(ab
B

−µ =0 )(bc
B

−µ =0 )(ca
B

−µ =0.1 )(ab
B

+µ =0 )(bc
B

+µ =0

 )(ca
B

+µ =0.3 

)(ab
B

−µ = min( )(),( ba AA

−− µµ ) = min (0.1,0.2) = 0.1 

)(bc
B

−µ = min( )(),( cb AA

−− µµ ) = min (0.2,0.3) = 0.2   )(ca
B

−µ = 0 

)(bc
B

+µ = min( )(),( cb AA

++ µµ ) = min (0.4,0.5) = 0.4  )(ca
B

+µ = 0    

B = >< )
4.0

,
3.0

(),
2.0

,
1.0

(
bcabbcab

 =  B. 

Thus the interval-valued fuzzy graph ),( BAG =  is self complementary. 

Proposition 3.1.7: 

 In a self complementary interval-valued fuzzy complete graph 

),( BAG = we have a) ∑∑
≠

−−

≠

− =
yx

AA

yx

B yxxy ))(),(min()( µµµ b) 

∑∑
≠

++

≠

+ =
yx

AA

yx

B yxxy ))(),(min()( µµµ     

Proof: 

 Let ),( BAG =  be a self complementary interval-valued fuzzy complete 

graph. Then there exists an automorphism VVf →: such that 

)())(( xxf AA

−− = µµ   )())(( xxf AA

++ = µµ  

 )())()(( xyyfxf BB

++ = µµ  for all Vyx ∈,  



Hence for Vyx ∈,  we obtain, 

))(),(min()))(()),((min())()(()( yxyfxfyfxfxy AAAABB

−−−−−− === µµµµµµ  

Similarly,

))(),(min()))(()),((min())()(()( yxyfxfyfxfxy AAAABB

++++++ === µµµµµµ  

Proposition 3.1.8: Let ),( BAG =  be an interval-valued fuzzy complete 

graph. If ))(),(min()( yxxy AAB

−−− = µµµ  and ))(),(min()( yxxy AAB

+++ = µµµ for all 

Vyx ∈, , then G is self complementary. 

Proof: Let ),( BAG =  be an interval-valued fuzzy complete graph such that

))(),(min()( yxxy AAB

−−− = µµµ  and ))(),(min()( yxxy AAB

+++ = µµµ  for all Vyx ∈, .                      

Then GG =  under the identity map VVI →: .  So GG = .  

Hence G is self complementary. 

Proposition 3.1.9: 

Let ),( 111 BAG =  and ),( 222 BAG =  be interval-valued fuzzy complete graphs. 

Then 21 GG ≅  if and only if 
21 GG ≅ . 

Proof: Assume that 1G  and 2G are isomorphic, there exists a bijective map

21: VVf →  satisfying  )),(()(
21

xfx AA

−− = µµ   ))(()(
21

xfx AA

++ = µµ  for all 1Vx ∈                                                

)),()(()(
21

yfxfxy BB

−− = µµ       ))()(()(
21

yfxfxy BB

++ = µµ  for all 1Exy ∈  

By definition of complement, we have 

))()(()))(()),((min())(),(min()(
222111

yfxfyfxfyxxy BAAAAB

−−−−−− === µµµµµµ  

))()(()))(()),((min())(),(min()(
222111

yfxfyfxfyxxy BAAAAB

++++++ === µµµµµµ
 
for  

all 1Exy ∈ . Hence 
21 GG ≅ . 

 



SECTION 3.2 

VARIOUS PRODUCTS ON INTERVAL-VALUED FUZZY 

COMPLETE GRAPHS 

Definition 3.2.1: 

The direct product of two interval-valued fuzzy graphs ),( 111 BAG =  

with crisp graph ),( 11

*

1 EVG =  and ),( 222 BAG =  with crisp graph ),( 22

*

2 EVG =  , 

where we assume that ,21 φ=VV I is defined to be the interval-valued fuzzy graph 1G

П 2G : ( 1σ П 2σ , 1µ П 2µ ) with crisp graph ),(: 21

*
EVVG ×  where 

}),(,),(:),)(,{( 2211212211 EvvEuuvuvuE ∈∈=  

−

1
( Aµ П ),()(),)(

212
vuvu AAA

−−− ∧= µµµ     for all 21),( VVvu ×∈  

+

1
( Aµ П ),()(),)(

212
vuvu AAA

+++ ∧= µµµ  

−

1
( Bµ П )()()),)(,)(( 21212211

212
vvuuvuvu BBB

−−− ∧= µµµ ,   

 
+

1
( Bµ П )()()),)(,)(( 21212211

212
vvuuvuvu BBB

+++ ∧= µµµ . 

Example 3.2.2: 

Let ),( 11

*

1 EVG =  and ),( 22

*

2 EVG =  be graphs such that },{1 baV = , 

},{2 dcV = , }{1 abE = , }{2 cdE = .Consider two interval-valued fuzzy graphs 

),( 111 BAG = and ),( 222 BAG =  and 1G П 2G  as follows. 

a   c   (a,c)   (a,d)

    

 
 

 

[0.1,0.2]   [0.1,0.3]     [0.1,0.2] 

    

 

 

 

 b   d   (b,c)   (b,d) 

 1G    2G             1G П 2G  

[0.2,0.4] 

 

[0.1,0.4] 

 

[0.1,0.4] 

 

[0.2,0.4] 

 

[0.3,0.5] 

 

[0.2,0.6] 

 

[0.1,0.4] 

 

[0.2,0.5] 

 



Here )},)(,)(,)(,{(21 dbcbdacaVV =×  },:),)(,{( 21 EcdEabdbcaE ∈∈=  

−

1
( Aµ П )()(),)(

212
caca AAA

−−− ∧= µµµ = (0.2 ∧ 0.1) = 0.1 

−

1
( Aµ П )()(),)(

212
dada AAA

−−− ∧= µµµ = (0.2 ∧ 0.2) = 0.2 

−

1
( Aµ П )()(),)(

212
cbcb AAA

−−− ∧= µµµ = (0.3 ∧ 0.1) = 0.1 

−

1
( Aµ П )()(),)(

212
dbdb AAA

−−− ∧= µµµ = (0.3 ∧ 0.2) = 0.2 

+

1
( Aµ П )()(),)(

212
caca AAA

+++ ∧= µµµ = (0.4 ∧ 0.4) = 0.4 

+

1
( Aµ П )()(),)(

212
dada AAA

+++ ∧= µµµ = (0.4 ∧ 0.6) = 0.4 

+

1
( Aµ П )()(),)(

212
cbcb AAA

+++ ∧= µµµ = (0.5 ∧ 0.4) = 0.4 

+

1
( Aµ П )()(),)(

212
dbdb AAA

+++ ∧= µµµ = (0.5 ∧ 0.6) = 0.5 

−

1
( Bµ П )()()),)(,)((

212
cdabdbca BBB

−−− ∧= µµµ = (0.1 ∧ 0.1) = 0.1 

+

1
( Bµ П )()()),)(,)((

212
cdabdbca BBB

+++ ∧= µµµ = (0.2 ∧ 0.3) = 0.2. 

Now we check the condition for interval-valued fuzzy graph. 

−

1
( Bµ П

−− ≤
12

)),)(,)(( AB dbca µµ П
−− ∧

12
),( AA ca µµ П ),(

2
dbA

−µ
 

         0.1 ))()(())()((
2121

dbca AAAA

−−−− ∧∧∧≤ µµµµ
 

         0.1 )2.03.0()1.02.0( ∧∧∧≤  

        0.1 )2.01.0( ∧≤ = 0.1 

+

1
( Bµ П

++ ≤
12

)),)(,)(( AB dbca µµ П 
++ ∧

12
),( AA ca µµ П ),(

2
dbA

+µ
 

         0.1 ))()(())()((
2121

dbca AAAA

++++ ∧∧∧≤ µµµµ
 

         0.1 )2.03.0()1.02.0( ∧∧∧≤  

         0.1 )2.01.0( ∧≤ = 0.1 

Thus we see that 1G П 2G is an interval-valued fuzzy graph. 



Theorem 3.2.3: 

 If ),( 111 BAG = and ),( 222 BAG = are complete interval-valued fuzzy 

graphs, then 1G П 2G is complete. 

Proof: 

 If ,),)(,( 2211 Evuvu ∈ then since 1G and 2G are complete , we have 

−

1
( Bµ П )()()),)(,)(( 21212211

212
vvuuvuvu BBB

−−− ∧= µµµ  

         = )()()()( 2121 2221
vvuu AAAA

−−−− ∧∧∧ µµµµ  

         = 
−

1
( Aµ П ∧−

),)( 112
vuAµ −

1
( Aµ П ),)( 222

vuA

−µ
 

+

1
( Bµ П )()()),)(,)(( 21212211

212
vvuuvuvu BBB

+++ ∧= µµµ  

         = )()()()( 2121 2221
vvuu AAAA

++++ ∧∧∧ µµµµ  

         = 
+

1
( Aµ П ∧+

),)( 112
vuAµ +

1
( Aµ П ),)( 222

vuA

+µ
 

 

To define semi-strong product and strong product of interval-valued 

fuzzy complete graph we need the following results. 

Definition 3.2.4: 

An interval-valued fuzzy graph ),( BAG = of a given graph ),(*
EVG =  

is called an interval-valued strong fuzzy graph if )()()( yxxy AAB

−−− ∧= µµµ and 

)()()( yxxy AAB

+++ ∧= µµµ for all .Exy ∈  

Definition 3.2.5: 

The Complement of a strong interval-valued fuzzy graph G is 

),( BAG = where )](),([ xxA AA

−−= µµ  is an interval-valued fuzzy set on V and 

],[
+−= BBB µµ  is an interval-valued fuzzy set on VVE ×⊆ such that 

1) ,VV =  

2) )()( xx AA

−− = µµ  and )()( xx AA

++ = µµ  for all ,Vx ∈  

 



3) )(xyB

−µ =   0   if  ,0)( >−
xyBµ  

     )()( yx AA

−− ∧ µµ   if  .0)( =−
xyBµ   

4)  )(xyB

+µ =   0   if  ,0)( >+
xyBµ  

     )()( yx AA

++ ∧ µµ   if  .0)( =+
xyBµ   

Definition 3.2.6: 

Let ),( BAG = be an interval-valued fuzzy graph where ],[ +−= AAA µµ and 

],[ +−= BBB µµ  be two interval-valued fuzzy sets on a non-empty finite set V and 

VVE ×⊆ respectively. The total degree of a vertex Vu ∈ is denoted by 

)(utd and defined as )](),([)( utdutdutd −+=  where   

,)()()( ∑
∈

+++ +=
Euv

AB uuvutd µµ   .)()()( ∑
∈

−−− +=
Euv

AB uuvutd µµ  

Remark 3.2.7: 

If the total degrees of all vertices of an interval-valued fuzzy graph are 

equal, then the graph is said to be totally regular interval-valued fuzzy graph.  

Definition 3.2.8:  

The semi-strong product of two interval-valued fuzzy graphs 

),( 111 BAG =  with crisp graph ),( 11

*

1 EVG =  and ),( 222 BAG =  with crisp graph 

),( 22

*

2 EVG =  , where we assume that ,21 φ=VV I is defined to be the interval-

valued fuzzy graph ),(: 212121 BBAAGG •••  with crisp graph ),(: 21

*
EVVG ×  

where 

}),(,),(:),)(,{(}),(,:),)(,{( 2211212211221121 EvvEuuvuvuEvvVuvuvuE ∈∈∈∈= U

   

     (i)     
),()(),)((

2121
vuvu AAAA

−−−− ∧=• µµµµ     for all 21),( VVvu ×∈

 )()(),)((
2121

vuvu AAAA

++++ ∧=• µµµµ
        

    (ii)    
),()()),(),,)((( 2121 2121

vvuvuvu BABB

−−−− ∧=• µµµµ

 
)()()),(),,)((( 2121 2121

vvuvuvu BABB

++++ ∧=• µµµµ
 



   (iii)   
),()()),(),,)((( 21212211 2121

vvuuvuvu BBBB

−−−− ∧=• µµµµ

 
).()()),(),,)((( 21212211 2121

vvuuvuvu BBBB

++++ ∧=• µµµµ
 

 

Example 3.2.9: 

 In this example we consider two interval-valued fuzzy graphs  

),,( 111 BAG = ),( 222 BAG = and 21 GG •  as follows 

 a   c   (a,c)   (a,d)

    

 
 

 

[0.3,0.4]   [0.3,0.5]     [0.3,0.4] 

   

 

 

 

 b   d   (b,c)   (b,d) 

 1G    2G             21 GG •  

Here )},)(,)(,)(,{(21 dbcbdacaVV =×  },:),)(,{( 21 EcdEabdbcaE ∈∈=  

)()(),)((
2121

caca AAAA

−−−− ∧=• µµµµ = (0.4 ∧ 0.3) = 0.3 

)()(),)((
2121

dada AAAA

−−−− ∧=• µµµµ = (0.4 ∧ 0.4) = 0.4 

)()(),)((
2121

cbcb AAAA

−−−− ∧=• µµµµ = (0.5 ∧ 0.3) = 0.3 

)()(),)((
2121

dbdb AAAA

−−−− ∧=• µµµµ = (0.5 ∧ 0.4) = 0.4 

)()(),)((
2121

caca AAAA

++++ ∧=• µµµµ = (0.6 ∧ 0.6) = 0.6 

)()(),)((
2121

dada AAAA

++++ ∧=• µµµµ = (0.6 ∧ 0.8) = 0.6 

)()(),)((
2121

cbcb AAAA

++++ ∧=• µµµµ = (0.7 ∧ 0.6) = 0.6 

)()(),)((
2121

dbdb AAAA

++++ ∧=• µµµµ = (0.7 ∧ 0.8) = 0.7 

[0.4,0.6] 

 

[0.3,0.6] 

 

[0.3,0.6] 

 

[0.4,0.6] 

 

[0.5,0.7] 

 

[0.4,0.8] 

 

[0.3,0.6] 

 

[0.4,0.7] 

 



)()()),)(,)(((
2121

cdadaca BABB

−−−− ∧=• µµµµ = (0.4 ∧ 0.3) = 0.3

)()()),)(,)(((
2121

cdbdbcb BABB

−−−− ∧=• µµµµ = (0.5 ∧ 0.3) = 0.3 

)()()),)(,)(((
2121

cdadaca BABB

++++ ∧=• µµµµ = (0.6 ∧ 0.5) = 0.5

)()()),)(,)(((
2121

cdbdbcb BABB

++++ ∧=• µµµµ = (0.7 ∧ 0.5) = 0.5 

)()()),)(,)(((
2121

cdabdbca BBBB

−−−− ∧=• µµµµ = (0.3 ∧ 0.3) = 0.3

)()()),)(,)(((
2121

cdabdbca BBBB

++++ ∧=• µµµµ = (0.4 ∧ 0.5) = 0.4 

Now we shall verify the condition for the interval-valued fuzzy graph. 

),(),()),)(,)(((
212121

dacadaca AAAABB

−−−−−− •∧•≤• µµµµµµ
 

       
 0.3 ))()(())()((

2121
daca AAAA

−−−− ∧∧∧≤ µµµµ
 

          0.3 )4.04.0()3.04.0( ∧∧∧≤  

          0.3 )4.03.0( ∧≤ = 0.3 

),(),()),)(,)(((
212121

dbcbdbcb AAAABB

−−−−−− •∧•≤• µµµµµµ
 

      
 0.3 ))()(())()((

2121
dbcb AAAA

−−−− ∧∧∧≤ µµµµ
 

         0.3 )4.05.0()3.05.0( ∧∧∧≤  

         0.3 )4.03.0( ∧≤ = 0.3 

),(),()),)(,)(((
212121

dbcadbca AAAABB

−−−−−− •∧•≤• µµµµµµ
 

      
  0.3 ))()(())()((

2121
dbca AAAA

−−−− ∧∧∧≤ µµµµ
 

          0.3 )4.05.0()3.04.0( ∧∧∧≤  

          0.3 )4.03.0( ∧≤ = 0.3 

),(),()),)(,)(((
212121

dacadaca AAAABB

++++++ •∧•≤• µµµµµµ
 

       
 0.5 ))()(())()((

2121
daca AAAA

++++ ∧∧∧≤ µµµµ
 

          0.5 )8.06.0()6.06.0( ∧∧∧≤  

          0.3 )6.06.0( ∧≤ = 0.6 



),(),()),)(,)(((
212121

dbcbdbcb AAAABB

++++++ •∧•≤• µµµµµµ
 

      
 0.5 ))()(())()((

2121
dbcb AAAA

++++ ∧∧∧≤ µµµµ
 

         0.5 )8.07.0()6.07.0( ∧∧∧≤  

         0.5 )7.06.0( ∧≤ = 0.6 

),(),()),)(,)(((
212121

dbcadbca AAAABB

++++++ •∧•≤• µµµµµµ
 

      
  0.4 ))()(())()((

2121
dbca AAAA

++++ ∧∧∧≤ µµµµ
 

          0.4 )8.07.0()6.06.0( ∧∧∧≤  

          0.4 )7.06.0( ∧≤ = 0.6. 

Thus we see that 21 GG • is an interval-valued fuzzy graph. 

Theorem 3.2.10: 

 If ),( 111 BAG = and ),( 222 BAG = are complete interval-valued fuzzy 

graphs, then 21 GG •  is complete. 

Proof: 

If ,),)(,( 21 Evuvu ∈ then 

)()()),)(,)((( 2121 2121
vvuvuvu BABB

−−−− ∧=• µµµµ  

      = )()()( 21 221
vvu AAA

−−− ∧∧ µµµ (since 2G is complete) 

     = ),)((),)(( 21 2121
vuvu AAAA

−−−− •∧• µµµµ   

If ,)),)(,(( 2211 Evuvu ∈ then since 1G and 2G are complete , we have 

)()()),)(,)((( 21212211
2121

vvuuvuvu BBBB

−−−− ∧=• µµµµ  

         = )()()()( 2121 2221
vvuu AAAA

−−−− ∧∧∧ µµµµ  

         = ).,)((),)(( 2211 2121
vuvu AAAA

−−−− •∧• µµµµ  

 



Similarly,  if ,),)(,( 21 Evuvu ∈ then 

)()()),)(,)((( 2121 2121
vvuvuvu BABB

++++ ∧=• µµµµ  

      = )()()( 21 221
vvu AAA

+++ ∧∧ µµµ  

     = ),)((),)(( 21 2121
vuvu AAAA

++++ •∧• µµµµ   

If ,)),)(,(( 2211 Evuvu ∈ we have 

)()()),)(,)((( 21212211
2121

vvuuvuvu BBBB

++++ ∧=• µµµµ  

         = )()()()( 2121 2221
vvuu AAAA

++++ ∧∧∧ µµµµ  

         = ).,)((),)(( 2211 2121
vuvu AAAA

++++ •∧• µµµµ  

Definition 3.2.11:  

The strong product of two interval-valued fuzzy graphs ),( 111 BAG =  

with crisp graph ),( 11

*

1 EVG =  and ),( 222 BAG =  with crisp graph ),( 22

*

2 EVG =  , 

where we assume that ,21 φ=VV I is defined to be the interval-valued fuzzy graph 

),(: 212121 BBAAGG ⊗⊗⊗  with crisp graph ),(: 21

*
EVVG ×  where

   

}),(,),(:),)(,{(

}),(,:),)(,{(}),(,:),)(,{(

2211212211

121221221121

EvvEuuvuvu

EuuVwwuwuEvvVuvuvuE

∈∈

∈∈∈∈=

U

U

 

     (i)     
),()(),)((

2121
vuvu AAAA

−−−− ∧=⊗ µµµµ     for all 21),( VVvu ×∈

 )()(),)((
2121

vuvu AAAA

++++ ∧=⊗ µµµµ
        

    (ii)    
),()()),(),,)((( 2121 2121

vvuvuvu BABB

−−−− ∧=⊗ µµµµ

 
)()()),(),,)((( 2121 2121

vvuvuvu BABB

++++ ∧=⊗ µµµµ
 

   (iii)   
),()()),(),,)((( 2121 1221

uuwwuwu BABB

−−−− ∧=⊗ µµµµ

 
)()()),(),,)((( 2121 1221

uuwwuwu BABB

++++ ∧=⊗ µµµµ
 

   (iv)   
),()()),(),,)((( 21212211 2121

vvuuvuvu BBBB

−−−− ∧=⊗ µµµµ

 
).()()),(),,)((( 21212211 2121

vvuuvuvu BBBB

++++ ∧=⊗ µµµµ
 



Example 3.2.12:  

 
Let ),( 11

*

1 EVG =  and ),( 22

*

2 EVG =  be graphs such that },{1 baV = , 

},{2 dcV = , }{1 abE = , }{2 cdE = .Consider two interval-valued fuzzy graphs 

),( 111 BAG = and ),( 222 BAG =  where ,)
6.0

,
5.0

(),
4.0

,
3.0

(1 >=<
baba

A

>=<
3.0

,
2.0

1

abab
B , ,)

7.0
,

5.0
(),

3.0
,

2.0
(2 >=<

dcdc
A >=<

4.0
,

2.0
2

cdcd
B

 

Here )},)(,)(,)(,{(21 dbcbdacaVV =×

)},)(,(),,)(,(),,)(,(),,)(,(),,)(,{( dbcadbdacbcadbcbdacaE = .Then  

)()(),)((
2121

caca AAAA

−−−− ∧=⊗ µµµµ = (0.3 ∧ 0.2) = 0.2 

)()(),)((
2121

dada AAAA

−−−− ∧=⊗ µµµµ = (0.3 ∧ 0.3) = 0.3 

)()(),)((
2121

cbcb AAAA

−−−− ∧=⊗ µµµµ = (0.4 ∧ 0.2) = 0.2 

)()(),)((
2121

dbdb AAAA

−−−− ∧=⊗ µµµµ = (0.4 ∧ 0.3) = 0.3 

)()(),)((
2121

caca AAAA

++++ ∧=⊗ µµµµ = (0.5 ∧ 0.5) = 0.5 

)()(),)((
2121

dada AAAA

++++ ∧=⊗ µµµµ = (0.5 ∧ 0.7) = 0.5 

)()(),)((
2121

cbcb AAAA

++++ ∧=⊗ µµµµ = (0.6 ∧ 0.5) = 0.5 

)()(),)((
2121

dbdb AAAA

++++ ∧=⊗ µµµµ = (0.6 ∧ 0.7) = 0.6 

)()()),)(,)(((
2121

cdadaca BABB

−−−− ∧=⊗ µµµµ = (0.3 ∧ 0.2) = 0.2

)()()),)(,)(((
2121

cdbdbcb BABB

−−−− ∧=⊗ µµµµ = (0.4 ∧ 0.2) = 0.2 

)()()),)(,)(((
1221

abccbca BABB

−−−− ∧=⊗ µµµµ = (0.2 ∧ 0.2) = 0.2  

)()()),)(,)(((
1221

abddbda BABB

−−−− ∧=⊗ µµµµ = (0.3 ∧ 0.2) = 0.2

)()()),)(,)(((
2121

cdabdbca BBBB

−−−− ∧=⊗ µµµµ = (0.2 ∧ 0.2) = 0.2 

)()()),)(,)(((
2121

cdadaca BABB

++++ ∧=⊗ µµµµ = (0.5 ∧ 0.4) = 0.4

)()()),)(,)(((
2121

cdbdbcb BABB

++++ ∧=⊗ µµµµ = (0.6 ∧ 0.4) = 0.4 

)()()),)(,)(((
1221

abccbca BABB

++++ ∧=⊗ µµµµ = (0.5 ∧ 0.3) = 0.3 



)()()),)(,)(((
1221

abddbda BABB

++++ ∧=⊗ µµµµ = (0.7 ∧ 0.3) = 0.3

)()()),)(,)(((
2121

cdabdbca BBBB

++++ ∧=⊗ µµµµ = (0.3 ∧ 0.4) = 0.3 

a   c   (a,c)   (a,d)                                 

              [0.2,0.4] 
  

 

                  [0.2,0.3]     [0.2,0.4]       [0.2,0.3]                [0.2,0.3] 

                           [0.2,0.3] 

         

              [0.2,0.4] 

 b    d    (b,c)    (b,d) 

 1G    2G          21 GG ⊗  

We shall verify the condition for interval-valued fuzzy graph 

),(),()),)(,)(((
212121

dacadaca AAAABB

−−−−−− ⊗∧⊗≤⊗ µµµµµµ
 

       
 0.2 ))()(())()((

2121
daca AAAA

−−−− ∧∧∧≤ µµµµ
 

          0.2 )3.03.0()2.03.0( ∧∧∧≤  

          0.2 )3.02.0( ∧≤ = 0.2 

),(),()),)(,)(((
212121

dbcbdbcb AAAABB

−−−−−− ⊗∧⊗≤⊗ µµµµµµ
 

      
 0.2 ))()(())()((

2121
dbcb AAAA

−−−− ∧∧∧≤ µµµµ
 

         0.2 )3.04.0()2.04.0( ∧∧∧≤  

         0.2 )3.02.0( ∧≤ = 0.2 

),(),()),)(,)(((
212121

cbcacbca AAAABB

−−−−−− ⊗∧⊗≤⊗ µµµµµµ
 

       
 0.2 ))()(())()((

2121
cbca AAAA

−−−− ∧∧∧≤ µµµµ
 

          0.2 )2.04.0()2.03.0( ∧∧∧≤  

          0.2 )2.02.0( ∧≤ = 0.2 

[0.3,0.5] 

 

[0.2,0.5] 

 

[0.2,0.5] 

 

[0.3,0.5] 

 

[0.4,0.6] 

 

[0.4,0.6] 

 

[0.4,0.6] 

 

[0.4,0.6] 

 



),(),()),)(,)(((
212121

dbdadbda AAAABB

−−−−−− ⊗∧⊗≤⊗ µµµµµµ
 

       
 0.2 ))()(())()((

2121
dbda AAAA

−−−− ∧∧∧≤ µµµµ
 

          0.2 3..0)3.04.0()3.03.0( =∧∧∧≤         

),(),()),)(,)(((
212121

dbcadbca AAAABB

−−−−−− ⊗∧⊗≤⊗ µµµµµµ
 

       
  0.2 ))()(())()((

2121
dbca AAAA

−−−− ∧∧∧≤ µµµµ
 

           0.2 )3.04.0()2.03.0( ∧∧∧≤  

           0.2 )3.02.0( ∧≤ = 0.2 

),(),()),)(,)(((
212121

dacadaca AAAABB

++++++ ⊗∧⊗≤⊗ µµµµµµ
 

       
  0.4 ))()(())()((

2121
daca AAAA

++++ ∧∧∧≤ µµµµ
 

           0.4 )7.05.0()5.05.0( ∧∧∧≤  

           0.4 )5.05.0( ∧≤ = 0.5 

),(),()),)(,)(((
212121

dbcbdbcb AAAABB

++++++ ⊗∧⊗≤⊗ µµµµµµ
 

      
  0.4 ))()(())()((

2121
dbcb AAAA

++++ ∧∧∧≤ µµµµ
 

          0.4 )7.06.0()5.06.0( ∧∧∧≤  

          0.4 )6.05.0( ∧≤ = 0.5 

),(),()),)(,)(((
212121

cbcacbca AAAABB

++++++ ⊗∧⊗≤⊗ µµµµµµ
 

       
 0.3 ))()(())()((

2121
cbca AAAA

++++ ∧∧∧≤ µµµµ
 

          0.3 )5.06.0()5.05.0( ∧∧∧≤  

          0.3 )5.05.0( ∧≤ = 0.5 

),(),()),)(,)(((
212121

dbdadbda AAAABB

++++++ ⊗∧⊗≤⊗ µµµµµµ
 

       
 0.3 ))()(())()((

2121
dbda AAAA

++++ ∧∧∧≤ µµµµ
 

          0.3 )7.06.0()7.05.0( ∧∧∧≤  



          0.3 )6.05.0( ∧≤ = 0.5 

),(),()),)(,)(((
212121

dbcadbca AAAABB

++++++ ⊗∧⊗≤⊗ µµµµµµ
 

       
  0.3 ))()(())()((

2121
dbca AAAA

++++ ∧∧∧≤ µµµµ
 

           0.3 )7.06.0()5.05.0( ∧∧∧≤  

           0.3 )6.05.0( ∧≤ = 0.5 

Thus we have 21 GG ⊗  is an interval-valued fuzzy graph. 

Theorem 3.2.13: 

 If ),( 111 BAG = and ),( 222 BAG = are complete interval-valued fuzzy 

graphs, then 21 GG ⊗  is complete. 

Proof: 

If ,),)(,( 21 Evuvu ∈ then 

)()()),)(,)((( 2121 2121
vvuvuvu BABB

−−−− ∧=⊗ µµµµ  

        = )()()( 21 221
vvu AAA

−−− ∧∧ µµµ (since 2G is complete) 

        = ),)((),)(( 21 2121
vuvu AAAA

−−−− ⊗∧⊗ µµµµ   

)()()),)(,)((( 2121 2121
vvuvuvu BABB

++++ ∧=⊗ µµµµ  

       = )()()( 21 221
vvu AAA

+++ ∧∧ µµµ (since 2G is complete) 

      = ),)((),)(( 21 2121
vuvu AAAA

++++ ⊗∧⊗ µµµµ
 

If ,)),)(,(( 21 Ewuwu ∈ then 

)()()),)(,)((( 2121 1221
uuwwuwu BABB

−−−− ∧=⊗ µµµµ  

         = )()()( 21 112
uuw AAA

−−− ∧∧ µµµ (since 1G  is complete) 

         = ),)((),)(( 21 2121
wuwu AAAA

−−−− ⊗∧⊗ µµµµ  

 



Similarly, we have 

)()()),)(,)((( 2121 1221
uuwwuwu BABB

++++ ∧=⊗ µµµµ  

         = )()()( 21 112
uuw AAA

+++ ∧∧ µµµ (since 1G  is complete) 

         = ),)((),)(( 21 2121
wuwu AAAA

++++ ⊗∧⊗ µµµµ  

If ,)),)(,(( 2211 Evuvu ∈ then since 1G and 2G are complete, we have 

)()()),)(,)((( 21212211
2121

vvuuvuvu BBBB

−−−− ∧=⊗ µµµµ  

         = )()()()( 2121 2221
vvuu AAAA

−−−− ∧∧∧ µµµµ  

         = ).,)((),)(( 2211 2121
vuvu AAAA

−−−− ⊗∧⊗ µµµµ  

)()()),)(,)((( 21212211
2121

vvuuvuvu BBBB

++++ ∧=⊗ µµµµ  

         = )()()()( 2121 2221
vvuu AAAA

++++ ∧∧∧ µµµµ  

         = ).,)((),)(( 2211 2121
vuvu AAAA

++++ ⊗∧⊗ µµµµ  

Hence 21 GG ⊗ is complete. 

Theorem 3.2.14: 

 If ),( 111 BAG = and ),( 222 BAG = are interval-valued fuzzy graphs such 

that 1G П 2G is complete, then atleast 1G or 2G must be complete. 

Proof: 

 Suppose that 1G and 2G are not complete. Then there exists atleast one 

111 ),( Evu ∈ and 222 ),( Evu ∈ such that 

 )()()( 1111 111
vuvu AAB

−−− ∧< µµµ  and )()()( 2222 222
vuvu AAB

−−− ∧< µµµ

 )()()( 1111 111
vuvu AAB

+++ ∧< µµµ   )()()( 2222 222
vuvu AAB

+++ ∧< µµµ
 

 

 

 



Now,
 

−

1
( Bµ П )()()),)(,)(( 21212211

212
vvuuvuvu BBB

−−− ∧= µµµ  

         )()()()( 2121 2211
vvuu AAAA

−−−− ∧∧∧< µµµµ  

    (since 1G and 2G are not complete). 

Similarly,
 

+

1
( Bµ П )),)(,)(( 22112

vuvuB

+µ  )()()()( 2121 2211
vvuu AAAA

++++ ∧∧∧< µµµµ  

But, 
−

1
( Aµ П )()(),)( 1111 212

vuvu AAA

−−− ∧= µµµ
 

          

−

1
( Aµ П )()(),)( 2222 212

vuvu AAA

−−− ∧= µµµ
 

Thus,  

−

1
( Aµ П ∧−

),)( 112
vuAµ −

1
( Aµ П )()()()(),)( 212122 22112

vvuuvu AAAAA

−−−−− ∧∧∧= µµµµµ
 

     
−>

1
( Bµ П )),)(,)(( 22112

vuvuB

−µ
 

Similarly, we have  

+

1
( Aµ П ∧+

),)( 112
vuAµ +

1
( Aµ П ),)( 222

vuA

+µ +>
1

( Bµ П )),)(,)(( 22112
vuvuB

+µ
 

Hence, 1G П 2G  is not complete, a contradiction. 

Theorem 3.2.15: 

 If ),( 111 BAG = and ),( 222 BAG = are interval-valued fuzzy graphs such 

that 21 GG •  or 21 GG ⊗ is complete, then atleast 1G or 2G must be complete. 

Proof: 

 The proof  is similar to the proof of the preceding theorem.  
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CHAPTER IV 

TYPES OF INTERVAL-VALUED FUZZY GRAPHS 

SECTION 4.1 

BALANCED INTERVAL-VALUED FUZZY GRAPHS 

Definition 4.1.1:  

 Let G  be an interval-valued fuzzy graph. The open neighbourhood 

degree of a vertex x  in G is defined by )](deg),([deg)deg( xxx +−=
µµ

, where 

∑ ∈

−=−
)(

)()(deg
xNy A yx µ

µ
and ∑ ∈

+=+
)(

)()(deg
xNy A yx µ

µ
. Notice that 

0)(,0)( >> +− xyxy BB µµ  for ,Exy ∈ and 0)()( == +− xyxy BB µµ  for Exy ∉  

Remark 4.1.2: 

 If all the vertices have the same open neighbourhood degree n , then G is 

called an n -regular interval-valued fuzzy graph. 

Definition 4.1.3: 

Let G  be an interval-valued fuzzy graph. The closed neighbourhood 

degree of a vertex x  in G is defined by )](deg),([deg)deg( xxx +−=
µµ

, where 

),()(deg][deg xxx A

−+= −− µ
µµ

  )()(deg][deg xxx A

++= ++ µ
µµ

 

Remark 4.1.4: 

If all the vertices have the same closed neighbourhood degree m ,then G

is called a m -totally regular interval-valued fuzzy graph. 

 

 

 



Example 4.1.5: 

 Consider a graph
∗

G such that },,,,{ dcbaV = }.,,,{ adcdbcabE = Let A

be an interval-valued fuzzy subset of ,V and let B be an interval-valued fuzzy 

subset of VVE ×⊆ defined by 

















+

−

5.05.05.05.0

3.03.03.03.0

A

A

dcba

µ

µ

  
















+

−

4.02.04.02.0

1.01.01.01.0

B

B

dacdbcab

µ

µ

 

]1,6.0[)deg(

15.05.0)()()(deg

6.03.03.0)()()(deg

)](deg),([deg)deg(

=

=+=+=

=+=+=

=

++

−−

+

−

+−

a

dba

dba

aaa

AA

AA

µµ

µµ

µ

µ

µµ

]1,6.0[)deg(

15.05.0)()()(deg

6.03.03.0)()()(deg

)](deg),([deg)deg(

=

=+=+=

=+=+=

=

++

−−

+

−

+−

b

cab

cab

bbb

AA

AA

µµ

µµ

µ

µ

µµ

 

]1,6.0[)deg(

15.05.0)()()(deg

6.03.03.0)()()(deg

)](deg),([deg)deg(

=

=+=+=

=+=+=

=

++

−−

+

−

+−

c

dbc

dbc

ccc

AA

AA

µµ

µµ

µ

µ

µµ

]1,6.0[)deg(

15.05.0)()()(deg

6.03.03.0)()()(deg

)](deg),([deg)deg(

=

=+=+=

=+=+=

=

++

−−

+

−

+−

d

cad

cad

ddd

AA

AA

µµ

µµ

µ

µ

µµ

 

All the vertices have the same neighbourhood degree. Hence
∗

G is regular 
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Since the vertices have the same closed neighbourhood degree, then it is totally 

regular. Thus the interval-valued fuzzy graph G is both totally regular and 

regular. 

[0.3,0.5] [0.3,0.5] 

[0.3,0.5] [0.3,0.5] 



 Example 4.1.6: 

Consider a graph
∗

G such that }.,{},,,{ 3121321 vvvvEvvvV == Let A be an 

interval-valued fuzzy subset of V and let B  be an interval-valued fuzzy subset 

of E defined by ,4.0)( 1 =− vAµ   ,7.0)( 2 =− vAµ  

 ,6.0)( 3 =− vAµ   

,4.0)( 1 =+ vAµ   ,8.0)( 2 =+ vAµ   ,7.0)( 3 =+ vAµ   

,2.0)( 21 =− vvBµ    ,2.0)( 31 =− vvBµ   ,3.0)( 21 =+ vvBµ   .4.0)( 31 =+ vvBµ  
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All the vertices does not have the same neighbourhood degree. Hence
∗

G is not 

regular 

]9.1,7.1[]deg[

9.14.05.1)()(deg][deg

7.14.03.1)()(deg][deg

]][deg],[[deg]deg[

1

111

111

111

=

=+=+=

=+=+=

=

+

−

++

−−

+−

v

vvv

vvv

vvv

A

A

µ

µ

µµ

µµ

µµ

   

             

]2.1,1.1[]deg[

2.18.04.0)()(deg][deg

1.17.04.0)()(deg][deg

]][deg],[[deg]deg[

2

222

222

222

=

=+=+=

=+=+=

=

+

−

++

−−

+−

v

vvv

vvv

vvv

A

A

µ

µ

µµ

µµ

µµ

 



 

]1.1,1[]deg[

1.17.04.0)()(deg][deg

16.04.0)()(deg][deg

]][deg],[[deg]deg[

2

333

333

333

=

=+=+=

=+=+=

=

+

−

++

−−

+−

v

vvv

vvv

vvv

A

A

µ

µ

µµ

µµ

µµ

 

Since the vertices does not have the same closed neighbourhood degree, then it 

is not totally regular. 

Thus the interval-valued fuzzy graph G is neither totally regular nor regular.   

 Definition 4.1.7: 

We define the order )(GO and size )(GS of an interval-valued fuzzy 

graph ),( BAG =  by ,
2

)()(1
)( ∑

∈

−+ −+
=

Vx

AA xx
GO

µµ
 

.
2

)()(1
)( ∑

∈

−+ −+
=

Exy

BB xyxy
GS

µµ
 

 Theorem 4.1.8: 

  Every complete interval-valued fuzzy graph is totally regular. 

 Theorem 4.1.9: 

Let ),( BAG = be an interval-valued fuzzy graph of a graph .∗
G Then, 

],[ +−= AAA µµ  is a constant function if and only if the following statements are 

equivalent: 

 

a) G is a regular interval-valued fuzzy graph 

b) G is a totally regular interval-valued fuzzy graph 

 

 

 



Proof: 

Suppose that ],[ +−= AAA µµ  is a constant function. Let 1)( cxA =−µ and

2)( cxA =+µ  for all .Vx ∈   

 :)()( ba ⇒ Assume that G is an n -regular interval-valued fuzzy graph. 

Then, 1)(deg nx =−µ
and 2)(deg nx =+µ

for all .Vx ∈ So, 

 ),()(deg][deg xxx A

−+= −− µ
µµ  

)()(deg][deg xxx A

++= ++ µ
µµ  

.Vx ∈∀
 

Thus  11][deg cnx +=−µ
, ,][deg 22 cnx +=+µ

.Vx ∈∀  

Hence, G is a totally regular interval-valued fuzzy graph. 

:)()( ab ⇒ Suppose that G is a totally regular interval-valued fuzzy 

graph. Then
   

,][deg 1kx =−µ   
,][deg 2kx =+µ

Vx =∀
 

   or  ,)()(deg 1kxx A =+ −
− µ

µ  
,)()(deg 2kxx A =+ +

+ µ
µ  

Vx =∀  

  
 or  ,)(deg 11 kcx =+−µ  

,)(deg 22 kcx =++µ  
Vx =∀

 

  or  ,)(deg 11 ckx −=−µ  
,)(deg 22 ckx −=+µ  

Vx =∀  

Thus, G is a regular interval-valued fuzzy graph. Hence, (a) and (b) are 

equivalent. 

The converse part is obvious. 

Theorem 4.1.10: 

Let G be an interval-valued fuzzy graph where a crisp graph *G is an odd 

cycle. Then, G is a regular interval-valued fuzzy graph if and only if B is a 

constant function. 

  



Proof: 

If ],[ +−= BBB µµ is a constant function, say 1cB =−µ and 2cB =+µ for all 

;Exy ∈ then, 12)(deg cx =−µ
and 22)(deg cx =+µ

for every .Vx ∈ Hence G is a 

regular interval valued fuzzy graph. 

Conversely, suppose that G is a ),( 21 kk regular interval-valued fuzzy 

graph. Let 12321 ,......,, +neeee be the edges of G in that order. Let ,)( 11 ceB =−µ

,)( 112 ckeB −=−µ ,)()( 11113 cckkeB =−−=−µ ,)( 114 ckeB −=−µ and so on. 

Therefore, 

   )( iB e−µ =     ,1c   if i is odd 

                                            ,11 ck −  if i is even. 

Thus, .)()( 1121 cee nBB == +
−− µµ So, if 1e and 12 +ne incident at a vertex ,1v then 

,)(deg 11 kv =−µ
,)(deg)(deg 1121 kee n =+ +−− µµ

,111 kcc =+ ,112 kc = and .2/11 kc =

This shows that −
Bµ  is a regular function. 

Similarly, let ,)( 21 ceB =+µ ,)( 222 ckeB −=+µ ,)()( 22223 cckkeB =−−=+µ

,)( 224 ckeB −=+µ and so on. Therefore, 

   )( iB e+µ =     ,2c  if i is odd 

                                            ,22 ck −  if i is even. 

Thus, .)()( 2122 cee nBB == +
++ µµ So, if 2e and ne2 incident at a vertex ,2v then 

,)(deg 22 kv =+µ
,)(deg)(deg 2122 kee n =+ +++ µµ

,222 kcc =+ 222 kc = and 

.2/22 kc = This shows that +
Bµ  is a constant function. Hence, ],[ +−= BBB µµ is a 

constant function. 

 



Theorem 4.1.11: 

Let G be an interval-valued fuzzy graph where a crisp graph *G is an 

even cycle. Then, G is a regular interval-valued fuzzy graph if and only if either 

],[ +−= BBB µµ  is a constant function alternate edges have the same membership 

values. 

Definition 4.1.12: 

The density of an interval-valued fuzzy graph G is 

)),(),(()( GDGDGD +−=    

 where ∑∑ ∈

−−

∈

−− ∧=
Vyx AAVyx B yxxyGD

,,
)))()((/()))((2()( µµµ  for Vyx ∈, and

  

             ∑∑ ∈

++

∈

++ ∧=
Vyx AAVyx B yxxyGD

,,
)))()((/()))((2()( µµµ  for ., Vyx ∈  

Definition 4.1.13: 

 An interval-valued fuzzy graph G is balanced if );()( GDHD ≤ that is,

),()( GDHD −− ≤  )()( GDHD ++ ≤ for all subgroups H of .G  

Definition 4.1.14: 

 An interval-valued fuzzy graph G is strictly balanced if for every 

,, Vyx ∈ )()( GDHD = for all nonempty sub graphs. 

Example 4.1.15: 

 Consider a graph
∗

G such that },,,,{ dcbaV = }.,,,{ adcdbcabE = Let A

be an interval-valued fuzzy subset of ,V and let B be an interval-valued fuzzy 

subset of VVE ×⊆ defined by 



















+

−

5.05.05.05.0
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µ

  
















+

−

4.02.04.02.0
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B

B

dacdbcab

µ

µ  
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=
−−−−−−−−−

+−

))()(())()(/(()))()()()((2()(

))(),(()(

cbbadacdbcabGD

GDGDGD

AAAABBBB µµµµµµµµ

                

))()(())()(( addc AAAA

−−−− ∧+∧ µµµµ

 

             
67.0)2.1/()8.0()3.03.03.03.0/()4.0(2

))3.03.0()3.03.0()3.03.0()3.03.0/(())1.01.01.01.0(2(

==+++=

∧+∧+∧+∧+++=

 

+∧+∧+++= +++++++++ ))()(())()(/(()))()()()((2()( cbbadacdbcabGD AAAABBBB µµµµµµµµ

                

))()(())()(( addc AAAA

++++ ∧+∧ µµµµ

                    

2.12/)4.2()5.05.05.05.0/()2.1(2

))5.05.0()5.05.0()5.05.0()5.05.0/(())4.02.04.02.0(2(

==+++=

∧+∧+∧+∧+++=

 

)2.1,67.0())(),(()( == +− GDGDGD
 

},,{1 cbaH =
   

))(),(()( 111 HDHDHD +−=
 

))()(())()(/(()))()((2()( 1 cbbabcabHD AAAABB

−−−−−−− ∧+∧+= µµµµµµ

 

   = 2(0.1+0.1)/(0.3+0.3)=2(0.2)/0.6=0.4/0.6=0.67 

))()(())()(/(()))()((2()( 1 cbbabcabHD AAAABB

+++++++ ∧+∧+= µµµµµµ

 

   = 2(0.2+0.4)/(0.5+0.5)=2(0.6)/1.0=1.2 

)2.1,67.0())(),(()( 111 == +− HDHDHD  

},{2 caH =
   

))(),(()( 222 HDHDHD +−=  

,0)( 2 =− HD
 

0)( 2 =+ HD
 

).0,0()( 2 =HD  



},{3 daH =
   

))(),(()( 333 HDHDHD +−=
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Here we see that 

)6.1,67.0()(),6.1,67.0()(),0,0()(),2.1,67.0()(

)2.1,67.0()(

4321 ====

=

HDHDHDHD

GD

 

Thus we see that regular interval-valued fuzzy graph is not balanced. 

Remark 4.1.16: 

 Every regular interval-valued fuzzy graph may not be balanced. 

Example 4.1.17: 

Consider a graph
∗

G such that }.,,{},,,{ zxyzxyEzyxV == Let A be an 

interval-valued fuzzy subset of V and let B be an interval-valued fuzzy subset of 

E defined by 

,3.0)( =− xAµ    ,4.0)( =− yAµ    ,5.0)( =− zAµ    ,5.0)( =+ xAµ  

,7.0)( =+ yAµ    ,6.0)( =+ zAµ    ,3.0)( =− xyBµ    ,4.0)( =− yzBµ  

,3.0)( =− zxBµ    ,5.0)( =+ xyBµ   ,6.0)( =+ yzBµ   .5.0)( =+ zxBµ  

))()(())()(())()(/(()))()()((2()(

))(),(()(

xzzyyxzxyzxyGD

GDGDGD
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)()()()( 321 HDHDHDGD ===
 

 Thus we see that G  is strictly balanced. 

 
Proposition 4.1.18: 

 Any complete interval-valued fuzzy graph is balanced. 

Proposition 4.1.19: 

Let G be a self-complementary interval-valued fuzzy graph. Then,

)1,1()( =GD   

Proposition 4.1.20:  

Let 1G and 2G be two balanced interval-valued fuzzy graphs. Then,

21 GG × is balanced if and only if ).()()( 2121 GGDGDGD ×==       



 Theorem 4.1.21:  

Let G be as strictly balanced interval-valued fuzzy graph, and let G  be 

its complement; then ).2,2()()( =+ GDGD   

 Proof: 

Let G be a strictly balanced interval-valued fuzzy graph and G its 

complement. 

Let H be a nonempty subgraph of .G Since G is strictly balanced, )()( HDGD =

for every GH ⊆  and ., Vyx ∈ In ,G  

 ),()()()( xyyxxy BAAB

−−−− −∧= µµµµ   (A) 

 ),()()()( xyyxxy BAAB

++++ −∧= µµµµ   (B) 

for every ., Vyx ∈ Dividing  (A) by ),()( yxy AA

−− ∧ µµ we get 
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µ
 for every ., Vyx ∈  

Dividing  (B) by ),()( yxy AA

++ ∧ µµ we get 
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∈
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∧
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B
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xy
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)(

µµ
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µ
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Vyx AA
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xy
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)(
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for every ., Vyx ∈  

Multiplying both sides the above equations by 2, 



 ∑∑
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∈
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−

∧
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∧ Vyx AA

B

Vyx AA

B

yx

xy

yx

xy
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22
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µ
 for every ., Vyx ∈
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∧
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Vyx AA

B

yx

xy

yx

xy

,, )()(

)(
22

)()(

)(
2
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µ
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for every ., Vyx ∈  

Thus, )(2)( GDGD −− −=  and ).(2)( GDGD ++ −=  

Now, ))(),(())(),(()()( GDGDGDGDGDGD +−+− +=+  

          ))()(()),()(( GDGDGDGD ++−− ++=  

           = (2,2). 

This completes the proof. 

Corollary 4.1.22: The complement of strictly balanced interval-valued fuzzy 

graph is strictly balanced 

Theorem 4.1.23: 

Let 1G and 2G be isomorphic interval-valued fuzzy graphs. If 2G is 

balanced, then 1G  is balanced. 

 

 

 

 

 

 

 

 



SECTION 4.2 

IRREGULARITY IN INTERVAL-VALUED FUZZY GRAPHS 

Definition 4.2.1:  

Let G be an interval-valued fuzzy graph on .*
G If there is a vertex which 

is adjacent to vertices with distinct neighbourhood degrees, then G is called an 

irregular interval-valued fuzzy graph. That is, nx ≠)deg(  for all .Vx ∈  

 Example 4.2.2: 

Consider a graph
∗

G such that }.,,{},,,{ 313221321 vvvvvvEvvvV ==  Let A

be an interval-valued fuzzy subset of V and let B be an interval-valued fuzzy 

subset of VVE ×⊆  defined by  
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    [0.2,0.3] 
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)deg()deg()deg( 321 vvv ≠≠ . 

Thus we have G is an irregular interval-valued  fuzzy graph. 

Definition 4.2.3:  

Let G be an interval-valued fuzzy graph. If there is a vertex which is 

adjacent to vertices with distinct closed neighbourhood degrees, then G is 

called a totally irregular interval-valued fuzzy graph.  

Example 4.2.4:Consider an interval-valued fuzzy graph G such that 

},,,,,{ 54321 vvvvvV =  }.,,,,,,{ 54144313423221 vvvvvvvvvvvvvvE =  
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       = 0.3+0.3+0.4=1.0         = 0.5+0.7+0.6=1.8 

 4.14.00.1][deg 1 =+=− v
µ     4.26.08.1][deg 1 =+=+ v

µ  

 ]4.2,4.1[]deg[ 1 =v  



 

)()()()(deg

)()(deg][deg

]][deg],[[deg]deg[

4312

222

222

vvvv

vvv

vvv

AAA

A

−−−

−

++=

+=

=

−

−−

+−

µµµ

µ

µ

µµ

µµ

        

)()()()(deg

)()(deg][deg

4312

222

vvvv

vvv

AAA

A

+++

+

++=

+=

+

++

µµµ

µ

µ

µµ  

       = 0.4+0.3+0.4=1.1         = 0.6+0.7+0.6=1.9 

 4.13.01.1][deg 2 =+=− v
µ     4.25.09.1][deg 2 =+=+ v

µ  

 ]4.2,4.1[]deg[ 2 =v  

)()()()(deg

)()(deg][deg

]][deg],[[deg]deg[

4213

333

333

vvvv

vvv

vvv

AAA

A

−−−

−

++=

+=

=

−

−−

+−

µµµ

µ

µ

µµ

µµ

        

)()()()(deg

)()(deg][deg

4213

333

vvvv

vvv

AAA

A

+++

+

++=

+=

+

++

µµµ

µ

µ

µµ  

       = 0.4+0.3+0.4=1.1         = 0.6+0.5+0.6=1.7 

 4.13.01.1][deg 3 =+=− v
µ     4.27.07.1][deg 3 =+=+ v

µ  

 ]4.2,4.1[]deg[ 3 =v
   1v

    2v
 

       [0.2,0.3] 

 

                  [0.1,0.4]  

            [0.1,0.3]         [0.2,0.2]  

               [0.2,0.4] 

   5v
 [0.1,0.2]    

     [0.3,0.5] 

         4v
                 3v

 

)()()()()(deg

)()(deg][deg

]][deg],[[deg]deg[

53214

444

444

vvvvv

vvv

vvv

AAAA

A

−−−−

−

+++=

+=

=

−

−−

+−

µµµµ

µ

µ

µµ

µµ

5.0)()(deg

)()(deg][deg

]][deg],[[deg]deg[

45

555

555

==

+=

=

−

−

−

−−

+−

vv

vvv

vvv

A

A

µ

µ

µ

µµ

µµ

 

[0.4,0.6] 

 

[0.4,0.6] 

 

[0.3,0.5] 

 

[0.3,0.7] 

 

[0.2,0.2] 

 



       = 0.4+0.3+0.3+0.2=1.2               

6.14.02.1][deg 4 =+=− v
µ       6.02.04.0][deg 5 =+=− v

µ    

)()()()()(deg

)()(deg][deg

]][deg],[[deg]deg[

53214

444

444

vvvvv

vvv

vvv

AAAA

A

++++

+

+++=

+=

=

+

++

+−

µµµµ

µ

µ

µµ

µµ

)()(deg

)()(deg][deg

]][deg],[[deg]deg[

45

555

555

vv

vvv

vvv

A

A

+

+

=

+=

=

+

++

+−

µ

µ

µ

µµ

µµ

 

       = 0.6+0.5+0.7+0.2=2.0          = 0.6   

      

]6.2,6.1[]deg[

6.26.00.2][deg

4

4

=

=+=−

v

v
µ

      
]8.0,6.0[]deg[

8.02.06.0][deg

5

5

=

=+=−

v

v
µ

 

Thus it is clear that G  is a totally irregular interval-valued fuzzy graph. 

 Definition 4.2.5: 

A connected interval-valued fuzzy graph G is said to be neighbourly 

irregular if every two adjacent vertices of G have distinct open neighbourhood 

degree.  

 Example 4.2.6: 

  Consider an interval-valued fuzzy graph G such that },,,,{ 4321 vvvvV =

 }.,,,{ 14433221 vvvvvvvvE =  

 
)()()(deg

)](deg),([deg)deg(

421

111

vvv

vvv

AA

−− +=

=

−

+−

µµ
µ

µµ
 

)()()(deg

)](deg),([deg)deg(

312

222

vvv

vvv

AA

−− +=

=

−

+−

µµ
µ

µµ
  

      = 0.3+0.5=0.8        = 0.2+0.4=0.6 

)()()(deg 421 vvv AA

++ +=+ µµ
µ

  )()()(deg 312 vvv AA

++ +=+ µµ
µ

 

       =0.7+0.5=1.2        = 0.6+0.4=1.0 

 ]2.1,8.0[)deg( 1 =v     ]0.1,6.0[)deg( 2 =v   



)()()(deg

)](deg),([deg)deg(

423

333

vvv

vvv

AA

−− +=

=

−

+−

µµ
µ

µµ
 

)()()(deg

)](deg),([deg)deg(

314

444

vvv

vvv

AA

−− +=

=

−

+−

µµ
µ

µµ
  

      = 0.3+0.5=0.8        = 0.2+0.4=0.6 

)()()(deg 423 vvv AA

++ +=+ µµ
µ

  )()()(deg 314 vvv AA

++ +=+ µµ
µ

 

       =0.7+0.5=1.2        = 0.6+0.4=1.0 

 ]2.1,8.0[)deg( 3 =v     ]0.1,6.0[)deg( 4 =v  

   v1    v2  

          [0.1,0.2] 

 

  [0.1,0.4]        [0.1,0.4] 

   

           [0.1,0.2]     

  

      v4    v3   

    

Thus, we have ],0.1,6.0[)deg(],2.1,8.0[)deg( 21 == vv ],2.1,8.0[)deg( 3 =v

and ]0.1,6.0[)deg( 4 =v  Hence, G is neighbourly irregular. 

 Definition 4.2.7: 

A connected interval-valued fuzzy graph G is said to be neighbourly 

totally irregular if every two adjacent vertices of G have distinct closed 

neighbourhood degree. 

 

 

[0.2,0.6] [0.3,0.7] 

[0.5,0.5] [0.4,0.4] 



 Example 4.2.8: 

  Consider an interval-valued fuzzy graph G such that },,,,{ 4321 vvvvV =

 }.,,,{ 14433221 vvvvvvvvE =  

 

)()()(deg

)()(deg][deg

]][deg],[[deg]deg[

421

111

111

vvv

vvv

vvv

AA

A

−−

−

+=

+=

=

−

−−

+−

µµ

µ

µ

µµ

µµ

 

)()()(deg

)()(deg][deg

421

111

vvv

vvv

AA

A

++

+

+=

+=

+

++

µµ

µ

µ

µµ  

       = 0.4+0.4=0.8         = 0.5+0.5=1.0 

 1.13.08.0][deg 1 =+=− v
µ     6.16.00.1][deg 1 =+=+ v

µ  

 ]6.1,1.1[]deg[ 1 =v  

 

)()()(deg

)()(deg][deg

]][deg],[[deg]deg[

312

222

222

vvv

vvv

vvv

AA

A

−−

−

+=

+=

=

−

−−

+−

µµ

µ

µ

µµ

µµ

 

)()()(deg

)()(deg][deg

312

222

vvv

vvv

AA

A

++

+

+=

+=

+

++

µµ

µ

µ

µµ  

       = 0.3+0.2=0.5        = 0.6+0.7=1.3 

 9.04.05.0][deg 2 =+=− v
µ    8.15.03.1][deg 2 =+=+ v

µ  

 ]8.1,9.0[]deg[ 2 =v  

 

)()()(deg

)()(deg][deg

]][deg],[[deg]deg[

423

333

333

vvv

vvv

vvv

AA

A

−−

−

+=

+=

=

−

−−

+−

µµ

µ

µ

µµ

µµ

 

)()()(deg

)()(deg][deg

423

333

vvv

vvv

AA

A

++

+

+=

+=

+

++

µµ

µ

µ

µµ  

       = 0.4+0.4=0.8        = 0.5+0.5=1.0 

 0.12.08.0][deg 3 =+=− v
µ     7.17.00.1][deg 3 =+=+ v

µ  

 ]7.1,0.1[]deg[ 3 =v
 

 



    v1    v2  

          [0.1,0.2] 

 

  [0.1,0.4]        [0.1,0.4] 

   

           [0.1,0.2]     

  

      v4    v3   

 

)()()(deg

)()(deg][deg

]][deg],[[deg]deg[

314

444

444

vvv

vvv

vvv

AA

A

−−

−

+=

+=

=

−

−−

+−

µµ

µ

µ

µµ

µµ

 

)()()(deg

)()(deg][deg

314

444

vvv

vvv

AA

A

++

+

+=

+=

+

++

µµ

µ

µ

µµ  

       = 0.3+0.2=0.5        = 0.6+0.7=1.3 

 9.04.05.0][deg 4 =+=− v
µ    8.15.03.1][deg 4 =+=+ v

µ  

 ]8.1,9.0[]deg[ 4 =v  

 Thus, we have ]6.1,1.1[]deg[ 1 =v , ],8.1,9.0[]deg[ 2 =v ],7.1,0.1[]deg[ 3 =v

 
].8.1,9.0[]deg[ 4 =v  

 Hence is neighbourly totally irregular. 

Definition 4.2.9: 

Let G be a connected interval-valued fuzzy graph. G is called highly 

irregular if every vertex of G is adjacent to vertices with distinct 

neighbourhood degrees. 

 Remark 4.2.10: 

A neighbourly irregular interval-valued fuzzy graph may not be highly 

irregular. 

  

[0.3,0.6] 

  

[0.4,0.5] 

  

[0.4,0.5] 
  

[0.2,0.7] 



 Theorem 4.2.11: 

An interval-valued fuzzy graph G is highly irregular and neighbourly 

irregular interval-valued fuzzy graph if and only if the neighbourhood degrees 

of all the vertices of G  are distinct. 

Proof: 

Let G be an interval-valued fuzzy graph with −n vertices .,....., 21 nvvv

Assume that G is highly irregular and neighbourly irregular. 

Claim 1: The neighbourhood degrees of all vertices of G are distinct. Let 

.,.....,2,1],,[)deg( nilkv iii ==  Let the adjacent vertices of 1v  be nvvv ,....., 32 with 

neighbourhood degrees ],,[],....,,[],,[ 3322 nn lklklk respectively. Then,

nkkk ≠≠≠ ....32 and ,....32 nlll ≠≠≠ since G is highly irregular. Also 

nkkkk ≠≠≠≠ ....321 and ,....321 nllll ≠≠≠≠ since G is neighbourly irregular. 

Hence, the neighbourhood degree of all the vertices of G is distinct.   

Conversely, assume that the neighbourhood degrees of all the vertices of G

distinct. 

Claim 2: G is highly irregular and neighbourly irregular interval-valued fuzzy 

graph.  Let .,...2,1],,[)deg( nilkv iii == Given that nkkkk ≠≠≠≠ ....321 and 

,....321 nllll ≠≠≠≠  which implies that every two adjacent vertices have 

distinct neighbourhood degrees and to every vertex, the adjacent vertices have 

distinct neighbourhood degrees. 

Theorem 4.2.12: 

An interval-valued fuzzy graph G of ,
∗

G where 
∗

G is a cycle with 3 

vertices that is neighbourly irregular and highly irregular if and only if the lower 

and upper membership values of the vertices between every pair of vertices are 

all distinct. 



 Proof: 

Assume that lower and upper membership values of the vertices are all 

distinct. 

Claim 1: G is neighbourly irregular and highly irregular interval-valued fuzzy 

graph. Let .,, Vvvv kji ∈ Given that )()()( kAjAiA vvv
−−− ≠≠ µµµ and 

),()()( kAjAiA vvv
+++ ≠≠ µµµ  which implies that 

)()()(
)()( )( kxNx AjxNx xNx AiA vvv ∑∑ ∑ ∈

−

∈ ∈

−− ≠≠ µµµ  and  

)()()(
)()( )( kxNx AjxNx xNx AiA vvv ∑∑ ∑ ∈

+

∈ ∈

++ ≠≠ µµµ . That is, 

)deg()deg()deg( kji vvv ≠≠ . Hence, G is neighbourly irregular and highly 

irregular. 

Conversely, assume that G is neighbourly irregular and highly irregular. 

Claim 2: Lower and upper membership values of the vertices are all distinct. 

Let .,....2,1],,[)deg( nilkv iii == Suppose that lower and upper membership value 

of any two vertices are the same. Let ., 21 Vvv ∈ Let )()( 21 vv AA

−− = µµ and

)()( 21 vv AA

++ = µµ Then , ),deg()deg( 21 vv = since
∗

G is cycle, which is a 

contradiction to the fact that G is neighbourly irregular and highly irregular 

interval-valued fuzzy graph. Hence, lower membership and upper membership 

value of the vertices are all distinct. 

Remark 4.2.13: 

 A complete interval-valued fuzzy graph may not be neighbourly 

irregular. 

Remark 4.2.14: 

 A neighbourly total irregular interval-valued fuzzy graph may not be 

neighbourly irregular. 



Proposition 4.2.15: 

 If an interval-valued fuzzy graph G is neighbourly irregular and 

],[
+−
AA µµ is a constant function, then it is neighbourly totally irregular. 

Proof: 

Assume that G is a neighbourly irregular interval-valued fuzzy graph. 

Then, the open neighbourhood degrees of every two adjacent vertices are 

distinct. Let Vvv j ∈,1 be adjacent vertices with distinct open neighbourhood 

degrees ],[ 11 lk and ],,[ 22 lk where ., 2121 llkk ≠≠  Let us assume that 

],,[))(),(())(),(( 211111 ccvvvv jjii == νµνµ where 21,cc are constant and 

].1,0[, 21 ∈cc Therefore, ,)()(deg][deg 111 ckvvv iii +=+= −− µ
µµ

,)()(deg][deg 211 clvvv iii +=+= ++ ν
µµ

,)()(deg][deg 121 ckvvv jjj +=+= −− µ
µµ

 

and .)()(deg][deg 221 clvvv jjj +=+= ++ ν
µµ  

Claim: Consider that ][deg][deg ji vv −− ≠
µµ

and ].[deg][deg ji vv ++ ≠
µµ

Suppose 

that, ][deg][deg ji vv −− =
µµ

and ].[deg][deg ji vv ++ =
µµ

Consider that  

  ],[deg][deg ji vv −− =
µµ

 

       ,1211 ckck +=+   

  ,01121 =−=− cckk  

  ,21 kk = which is a contradiction to .21 kk ≠  

Therefore, ][deg][deg ji vv −− ≠
µµ

. Similarly, we consider that 

],[deg][deg ji vv ++ =
µµ

 

       ,2221 clcl +=+   



  ,02221 =−=− ccll  

  ,21 ll = which is a contradiction to .21 ll ≠  

Therefore, ][deg][deg ji vv −− ≠
µµ

.Hence, G is a neighbourly totally irregular 

interval-valued fuzzy graph. 

Theorem 4.2.16: 

If an interval-valued fuzzy graph G is neighbourly totally irregular and 

],[
+−
AA µµ is a constant function, then it is a neighbourly irregular interval-valued 

fuzzy graph. 

Proof:  

Assume that G is a neighbourly totally irregular interval-valued fuzzy 

graph. Then, the closed neighbourhood degrees of every two adjacent vertices 

are distinct. Let Vvv j ∈,1 and ],[]deg[],,[]deg[ 2211 lkvlkv ji == where 21 kk ≠

and .21 ll ≠ Assume that ],[))(),(( 2111 ccvv ii =νµ and ],,[))(),(( 2111 ccvv jj =νµ

where ]1,0[, 21 ∈cc are constant and ].deg[]deg[ ji vv ≠  

 Claim: Consider that ].deg[]deg[ ji vv ≠  

Given that ]deg[]deg[ ji vv ≠ which implies ][deg][deg ji vv −− ≠
µµ

and 

],[deg][deg ji vv ++ ≠
µµ

now, we consider that 

],[deg][deg ji vv −− ≠
µµ

 

       ,1211 ckck +≠+   

  .21 kk ≠  

We now consider that 

],[deg][deg ji vv ++ ≠
µµ

 



       ,2221 clcl +=+    

  .21 ll ≠  

That is, the neighbourhood degrees of adjacent vertices of G are distinct. 

Hence, neighbourhood degree of every pair of adjacent vertices is distinct in .G  

Proposition 4.2.17: 

 If an interval-valued fuzzy graph G is neighbourly irregular and 

neighbourly totally irregular, then ],[
+−
AA µµ  need not be a constant function. 

Remark 4.2.18:  

 If G is a neighbourly irregular interval-valued fuzzy graph, then interval-

valued subgraph ),( BAH ′′= of G may not be neighbourly irregular. 

Remark 4.2.19:  

 If G is a totally irregular interval-valued fuzzy graph, then interval-

valued fuzzy subgraph ),( BAH ′′= of G may not be totally irregular. 

 

 

 

 

 

 

 

 

 



SECTION 4.3 

RELATIONSHIP BETWEEN INTUITIONISTIC FUZZY 

GRAPHS AND INTERVAL-VALUED FUZZY GRAPHS 

Definition 4.3.1:(Shannon,1994) 

By an intuitionistic fuzzy graph (IFG, for short) G of a graph ,
∗

G we 

mean a pair ),,( BAG = where ),( AAA νµ= is an intuitionistic fuzzy set on V

and ),( BBB νµ= is an intuitionistic fuzzy relation on E such that 

)),(),(min()( yxxy AAB µµµ ≤  )),(),(min()( yxxy AAB µµµ ≤  for all Exy∈  

 Remark 4.3.2:  

The class of all IFGs on 
∗

G will be denoted by I F G ).(
∗

G   

 Theorem 4.3.3:(Parvathi,2009) 

If 1G and 2G are intuitionistic fuzzy graphs, then 2121 , GGGG ∪∩ and 

1G are intuitionistic fuzzy graphs. 

 Remark 4.3.4: 

The class of all Interval-Valued Fuzzy Graphs(IVFG, for short) will be 

denoted by  I V F G ).(
∗

G     

 Theorem 4.3.5: 

If 1G and 2G are intuitionistic fuzzy graphs, then 2121 , GGGG ∪∩ and 

1G are intuitionistic fuzzy graphs. 

Lemma 4.3.5: 

  ( I V F G ),),( ∩∪∗
G and ( I F G ),),( ∩∪∗

G are complete lattices. 



 Theorem 4.3.6: 

  The mapping :1ψ  I V F G →∗
)(G  I F G )(

∗
G defined by  

 }),))(1),(,{(},))(1),(,({()(1 ExyxyxyxyVxxxxB BBAA ∈−∈−= +−+− µµµµψ      

where }),))(),(,{(},))(),(,({( ExyxyxyxyVxxxxB BBAA ∈∈= +−+− µµµµ is an 

isomorphism between lattices ( I V F G ),),( ∩∪∗
G and ( I F G ),),( ∩∪∗

G . 

Remark 4.3.6: 

 From a pure mathematical point of view, the above theorem shows that 

the two concepts intuitionistic fuzzy graphs and interval-valued fuzzy graphs 

are equivalent. 

  

     

 

 

Fig(a):Links between models 

    

  

              

 

Fig(b):Link between IFGs & IVFGs 

In the above figures, we present the relationships that exists between 

different models. In these figures, a double arrow between two theorems means 

that they are equivalent, a single arrow YX → denotes that model Y is an 

extension of .X In figure (a), a dash arrow X denotes that the modelY is based 

on the previous model .X      
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Summary and ConclusionSummary and ConclusionSummary and ConclusionSummary and Conclusion    



SUMMARY AND CONCLUSION 

A graph is a convenient way of representing information involving 

relationship between objects. The objects are represented by vertices and 

relations by edges. In many real world problems, we get partial information 

about that problem. So there is vagueness in the description of the objects or in 

its relationships or in both. To describe this type of relation, we need to design 

graph model with fission of type 1 fuzzy set. This fission of fuzzy set with 

graph is known as fuzzy graph. Interval-valued fuzzy sets provide more 

adequate description of uncertainty than traditional fuzzy sets. 

In this thesis Interval-valued fuzzy graph, Interval-valued fuzzy 

complete graphs, certain types of Interval-valued fuzzy graphs, Isomorphism on 

Interval-valued fuzzy graph, relationship between Intuitionistic fuzzy graphs 

and Interval-valued fuzzy graphs are studied in detail. Certain operations like 

Cartesian product, composition, union, join are defined on Interval-valued fuzzy 

graphs  and some of their properties are investigated.  

The notion of complete interval-valued fuzzy graph is brought out. 

Some interesting properties of self-complementary and self-weak 

complementary interval-valued fuzzy complete graphs are discussed. Three new 

operations namely direct product, semi strong product and strong product are 

also provided. 

Types of interval-valued fuzzy graphs including the balanced interval-

valued fuzzy graphs, neighbourly irregular interval-valued fuzzy graphs, 

neighbourly total irregular interval-valued fuzzy graphs, highly irregular 

interval-valued fuzzy graphs, and highly total irregular interval-valued fuzzy 

graphs are proposed. Some interesting properties associated with these new 

interval-valued fuzzy graphs are investigated. The relationship between the 

Intuitionistic fuzzy graph and Interval-valued fuzzy graph is also discussed in 

this chapter. The study can be extended to Intuitionistic fuzzy graph, 

Neutrosophic fuzzy graph, Bipolar fuzzy graphs further. 
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