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SYNOPSIS
The main objective of this dissertation is to study retrial queueing models which may be applicable to many practical situations. In the retrial queueing system, customers arriving to a busy system join a group of blocked customers called orbit and try to capture a free server after a random amount of time.
          Preliminary definitions and a brief survey of the retrial queueing models are presented in chapter one. In the second chapter, a single server discrete-time retrial queueing system with general service is considered. In chapter three, discrete-time retrial queue with single server subject to starting failures is analysed.
 
In the above models primary customers get into the system according to a Geometric process. The service time is arbitrarily distributed. Using supplementary variable method, generating function of the number of customers in the orbit and in the system and the marginal distributions of the orbit size when the server is idle, busy or down are derived. The stochastic decomposition laws are verified.
1. INTRODUCTION


Queueing theory is a branch of applied mathematics utilizing concepts from the field of stochastic processes. The queueing theory has its origin in 1909, when A.K. Erlang (1878-1929) published his fundamental paper relative to the study of congestion in telephone traffic. The study of queueing systems finds application in a variety of real life situation like business, industry, engineering, transportation, communication, computer and consumer activities.

QUEUEING SYSTEM


A queue is a waiting line of customers requiring service from one or more servers service facility. In our day-to-day life we have been a unit in one or other of the following waiting lines: registration for the school term, ticket booth at a movie theatre, teller window at a bank and so on. Queueing models are also applicable to the arrival of rainfall to dams via rivers, arrivals of fire calls to fire departments and money into and out of bank accounts.

CHARACTERISTICS OF QUEUEING SYSTEMS

The basic characteristics of a queueing system are

1. Arrival Process

2. Service Mechanism

3. Queue Discipline

4. System Capacity

5. Service Channels

Arrival Process

The arrival process characterizes the arrival of units into the queueing system. The calling source can consists of a finite or infinite number of units. Arrival of unit can occur either singly or in bulk. The arrival pattern is measured in terms of the mean arrival rate or mean inter-arrival time.

Service Mechanism

Service mechanism describes the manner in which service is rendered. Customers may be served either singly or in batches. The queueing system where the service is done in batches is called bulk service queueing system. The time required for servicing a unit (or group) is called service time.


Sometimes, the service rate may depend on the number of customers waiting for service. When the queue becomes longer, a server may work faster or conversely he may become less efficient. The situation in which service depends on the number of waiting customer is known as state dependent service. 

Queue Discipline

Queue discipline refers to the behaviour of arriving units both in the selection (or rejection) of a waiting line an in the act of waiting. The most common queue discipline is First Out (FIFO) or First Come First Served (FCFS). Another queue discipline is Last In First Out (LIFO) or Last Come First Served (LCFS).


Customers may also be served randomly irrespective of their arrivals into the system as in the selection of Bingo numbers. This type of queue discipline is called Service In Random Order (SIRO). Another discipline is priority queue discipline, which allows service to be offered to customer depending on their priority in relation to other customers. There are two types in priority discipline that is preemptive priority and non preemptive priority. In the preemptive case, the customer with high priority is allowed to enter service immediately suspending the service in progress to a customer with lower priority. In non preemptive case, the higher priority goes to the head of the queue but gets into service only after the completion of service in progress to the customer with lower priority.

System Capacity

Some of the queueuing processes admit the physical limitation to the amount of waiting room, so that when the waiting line reaches the maximum room capacity, no further customer is allowed to enter until space becomes available by a service completion. 

Service Channels

The number of servers in a queueing model may be finite or infinite. The number of servers may be arranged in series or parallel or a combination of both, depending upon the nature of the services required. In parallel channels, all the channels provide identical service facilities so that several customers may be served simultaneously. In series channels, a customer must pass through successively all the ordered channels before service is completed.  

RETRIAL QUEUES

In classical queueing theory it is assumed that a customer who cannot get service immediately after arrival either joins the waiting line or leaves the system forever. Sometimes impatient customers leave the queue, but it is also assumed that they are leaving the system forever. However as a matter of fact the assumption about loss of customers who elected to leave the system is just a first order approximation to a real situation. Usually such a customer after some random period of time returns to the system and tries to get service again. The standard queueing models do not take into account the phenomenon of retrails and therefore cannot be applied in solving a number of practically important problems. Retrial queues have been introduced to solve this deficiency.

RELEVANT LITERATURE SURVEY

During the last two decades considerable attention has been paid to the analysis of queueing systems with repeated attempts (or retrial queues, queues with returning customers,…), see for example the bibliographies on retrial queues Artalejo (1999 a,b), the surveys Falin (1990); Yang and Templeton (1987) and the book Falin and Templeton (1997). Retrial queueing models have been used to model many problems in telephone switching systems, telecommunication networks, computer networks, computer and communication systems. Some details on applications research in the area can be found in the proceedings of successive International Teletraffic Congresses and in the review papers or book mentioned previously. Discrete – time queueing models have been widely used over the past years in view of their applicability in the 

study of many computer and communication systems in which time is slotted. Their importance has been further increased due to recent development in telecommunication technology caused by the emergence of broadband integrated services digital network (BISDN). BISDN can provide the transfer of video, voice and data communication signals through high speed local area network (LAN), on-demand video distribution and video telephony communications. The asynchronous transfer mode (ATM) is a key technology for accommodating such a wide area of services. A detailed discussion and applications of discrete –time queues can be found in the books Bruneel and Kim (1993); Woodward (1994) and the references therein.


The first work on discrete-time queues is due to Meisling (1958). Since 1958, many researches namely Artalejo and Hernandez-Lerma (2003); Atencia and Moreno  (2004 b); Chaudhry, Templeton and Gupta (1996); Gupta and Goswami (2002); Takagi (1993) have dedicated time to the study of discrete-time queueing systems. Only few authors have analysed discrete-time retrial queues Choi and Kim (1997); Li and Yang (1998, 1999); Takahashi, Osawa and Fujisawa (1999); Yang and Li (1995).

PROFILE OF WORK

In chapter two, the paper entitled “A Discrete-Time Geo/G/1 retrial queue with general retrial times” presented by Ivan Atentia and Pilar Moreno (2004 a) is analysed.


In chapter three, the paper entitled “A Discrete-Time Geo/G/1 retrial queue with the server subject to starting failures” presented by  Ivan Atentia and Pilar Moreno (2006) is analysed. 
2. A DISCRETE – TIME GEO/G/1 RETRIAL QUEUE WITH GENERAL RETRIAL TIMES
In this chapter a discrete-time Geo/G/1 retrial queue in which the retrial time has a general distribution is analysed. The server, after each service completion, begins a process of search in order to find the following customer to be served. The generating function of the number of customers in the orbit and in the system is derived. The stochastic decomposition law is verified. 

Model Description


Consider a discrete - time single server retrial queue in which the time axis is segmented into a sequence of equal time intervals called slots. The time axis is marked by 0, 1,…, m,... It is assumed that all queueing activities arrivals, departures and retrials take place around the slot boundaries. Assume that a departure occurs in the interval (m,m), and an arrival or retrial occurs in the interval (m,m+). In otherwords, arrivals and retrials occur at the moment immediately after the slot boundaries and the departures occur at the moment immediately before the slot boundaries.


Customers arrive according to a geometrical arrival process with rate p. If an arriving customer finds the server free, he immediately begins his service. Otherwise, the customer leaves the service area and enters a group of blocked customers called “orbit” in accordance with an FCFS discipline. Only the customer at the head of the orbit is allowed for access to the server. It is always supposed that retrials and services can be started only at slot boundaries and their durations are integral multiples of a slot duration. Successive interretrial times of any customer are governed by an arbitrary distribution 
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 with generating function                       A(x)= 
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. Service times are independent and identically distributed with general distribution
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 and nth factorial moments 
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. After service completion, the served customer leaves the system forever and will have no further effect on the system. In order to avoid trivial cases, we assume 
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The Markov Chain

At time m+, the instant immediately after time slot m, the system can be described by the process,
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where, Cm represents the server state (0 or 1 according to the server is free or busy respectively) and Nm is the number of customers in the retrial group. If
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corresponds to the remaining service time of the customers being served. 


It can be shown that 
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 is the Markov chain of our queueing system whose state space is,
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Define the stationary distribution 
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The one-step transition probabilities 
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The Kolmogorov equations for the stationary distribution are 
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and the normalization condition is 
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Define the generating functions,
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Multiplying equation (2.2) by 
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Multiplying equation (2.3) by 
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Using equation (2.1), the equation (2.4) becomes,
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Using equation (2.1), the equation (2.5) become
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Multiplying equation (2.6) by 
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Multiplying equation (2.7) by
[image: image68.wmf]i

x

 and summing over i, we have,

              
[image: image69.wmf](

)

(

)

(

)

iii

1,i00,0i1,i1

i0i1i1

(z)xpza/zsxppz(z)x

¥¥¥

+

===

f=-p++f

ååå


                                                
[image: image70.wmf](

)

ii

0,1i0i

i1

i1

p/z(z)sxp(1,z)sx

¥

¥

=

=

+f+f

å

å


                                               
[image: image71.wmf](

)

(

)

i

01,1

i

i1

pzpa/z(z)sx

=

¥

++f

å



[image: image72.wmf](

)

(

)

(

)

(

)

(

)

(

)

101,1

xppz/x(x,z)papz/zS(x)ppz(z)

éù

ëû

-+f=+-+f


                                              
[image: image73.wmf](

)

(

)

(

)

0,10,1

p/zS(x)zpS(x)1,z

+f+f



[image: image74.wmf]                                            
[image: image75.wmf](

)

(

)

00,0

pza/zS(x)

+-p

                          …2.9
Using the expression of equation (2.8) for n = 1, equation (2.9) yields,
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Setting 
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Solving these equations (2.11) and (2.12), we get,
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and
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Substituting the expression of 
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Substituting the expressions of 
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in equation (2.10), we get,
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Put x = 1 in the expressions of  
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, we get,


[image: image105.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

0,0

0

pzppzSppz

A1Ap

(1,z)

1p

pAp1zSppzzppzSppz

éù

ëû

éù

ëû

+-+p

-

f=

-

-+-+-+


and

[image: image106.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

0,0

1

S1SppzpAp1zppz

(1,z)

1ppz

pAp1zSppzzppzSppz

éù

ëû

-+-+p

f=

-+

-+-+-+


           
[image: image107.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

0,0

pApppzzpApppz

1Sppz

1ppz

pAp1zSppzzppzSppz

éù

ëû

éù

ëû

+-+p

-+

=

-+

-+-+-+


By applying L-Hospital’s rule, we have,  
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Substituting the expressions of 
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in the normalization condition,
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Performance Measures
(1) The marginal generating function of the number of customers in the retrial group when the server is idle is given by,
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(2) The marginal generating function of the number of customers in the retrial group when the server is busy is given by,
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(3) The probability generating function of the number of customers in the retrial group is given by,
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(4) The probability generating function of the number of customers in the system is given by
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The system is free with probability,
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Probability that system is busy is given by,
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The server is idle with probability,
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The server is busy with probability,
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The mean number of customers in the retrial group 
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The mean number of customers in the system E [L] = 
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The mean time a customer spends in the system (including the service time) is given by,
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Special case

When
[image: image148.wmf]0

a1

=

, the system under consideration reduces to standard Geo/G/1/∞ queuing system. Under this case, the probability generating function for the number of customers including the one in service is given by,
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Stochastic decomposition

The stochastic decomposition relates one performance characteristic for the system with vacations to the corresponding one for the same model without vacations. The stochastic decomposition property states that the system size distribution decomposes into random variables, one of which corresponds to the system size of the queuing model without vacations. The second random variable is the system size given that the server is on vacation.


The probability generating function of the number of customers in the Geo/G/1/∞ queuing system is,
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The probability generating function of the number of customers in the orbit given that the server is idle is
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The stochastic decomposition law is verified for our queuing system. The total number of customers in our queuing system can be represented by the sum of two independent random variables: one is the total number of customers in the corresponding regular system and the other is the number of customers in the orbit given that the server is idle.
      

 3. A DISCRETE –TIME GEO/G/1 RETRIAL QUEUE WITH THE SERVER SUBJECT TO STARTING FAILURES
A discrete-time Geo/G/1 retrial queue where the server is subject to starting failures is studied in this chapter. The Markov chain underlying the regarded queueing system and some performance measures of the system are analysed. Two stochastic decomposition laws and a measure of the proximity between the system size distributions of our model and the corresponding model without retrials are presented. The distributions of the orbit and system size as well as the marginal distributions of the orbit size when the server is idle, busy or down are calculated.

Description of the queueing system
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 Epoch prior to a potential departure
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 Epoch after a potential arrival.
Customers arrive according to a Bernoulli arrival process with rate p.                If, upon arrival, the server is busy or down, the customer is obliged to leave the service area and to come back to the system after a random amount of time (in slots). Those customers who are waiting to retry services are considered to be in orbit. An arriving (external or repeated) customer who finds the server idle must turn on the service station. If the server is activated successfully (with a probability θ), the customer begins his service immediately and abandons the system forever after service completion; otherwise, if the server is started unsuccessfully (with a complementary probability
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), the server is sent to repair directly and the customer must join the orbit. Each customer in the orbit forms an independent retrial source with rate 1-r; that is, at the end of each time slot, a repeated customer attempts service with probability 1-r. Therefore, the retrial time follows a geometrical law with probability 1-r. The retrial process of a repeated customer concludes only if, upon one particular attempt, the server is idle, the repeated customer is chosen for the service among all other repeated customers who are attempting the service at that time and the service station is activated successfully. The service times are independent and identically distributed with general distribution 
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. Certainly, after service completion, the served customer leaves the system forever and will have no further effect on the system. The repair times are independent and identically distributed with arbitrary distribution
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. Naturally, after repair the service station is as good as new. The load of the system is given by
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. It is assumed that the inter arrival times, the retrial times, the service times and the repair times are mutually independent. In order to avoid trivial cases, it is also supposed 0 < p < 1, 
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The Markov Chain


The system can be described by the process
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 denotes the state of the server, 0,1 or 2 according whether the server is free, busy or down and 
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  represents the remaining service time of the customer currently being served and if 
[image: image181.wmf]m

C2

=

,
[image: image182.wmf]2,m

x

   corresponds to the remaining repair time. It can be shown that 
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 provides a Markovian description of our queueing system with state space 
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of the Markov chain
[image: image188.wmf](

)

{

}

m1,m2,mm

C,,,N,mN

xxÎ


The one step transition probabilities are given by  
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The kolmogorov equations for the stationary distribution are
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and the normalization condition is 
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Define the generating functions,
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Multiplying equation (3.1) by 
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Multiplying equation (3.2) by 
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Multiplying equation (3.3) by 
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Using equation (3.4) the equation (3.5) becomes,
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Using equation (3.4) the equation (3.6) becomes,


[image: image250.wmf](

)

(

)

{

2,i2,i12,i01,12,1

(z)ppz(z)ppzsp(rz)p(rz)p(rz)

+

éù

f=+f++qf+f+f

ëû

      

     
[image: image251.wmf]}

1,12,12,i01,12,1

(z)(z)ps(rz)(rz)(rz),i1

éù

+f+f-qf+f+f³

ëû



[image: image252.wmf](

)

(

)

2,i12,i1,12,1

ppz(z)ppzs(z)(z)

+

éù

=+f++qf+f

ëû


    
[image: image253.wmf]2,i01,12,1

ppzs(rz)(rz)(rz)

éù

+qf+f+f

ëû



       
[image: image254.wmf]2,i01,12,1

pps(rz)(rz)(rz),i1

éù

-qf+f+f³

ëû


        
[image: image255.wmf](

)

(

)

2,i12,i0

ppz(z)1zps(z)

+

=+f--qf


 
 
  
[image: image256.wmf](

)

2,i1,12,1

ppzs(z)(z),i1

éù

++qf+f³

ëû

                       … (3.8)

Multiplying equation (3.7) by 
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Multiplying equation (3.8) by 
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 and summing over i, we get,
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Setting 
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Taking 
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 in equation (3.10), we have,
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Using the expression of 
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Using the expression of 
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Substituting the equations (3.13) and (3.14), the equation (3.9), becomes,
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        …( 3.15) 

Substituting the equations (3.13) and (3.14) in the equation (3.10), we get,
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Inserting the expression of 
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Using the normalization condition,
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, we can find the unknown constant 
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Performance measures

(1) The marginal generating function of the number of customers in the orbit  when the server is idle is given by 
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(2) The marginal generating function of the number of customers in the orbit when the server is busy is given by,
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(3) The marginal generating function of the number of customers in the orbit when the server is down is given by,
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(4) The probability generating function of the orbit size  is given by
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(5) The probability generating function of the system size  is given by
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(6) The probabilities that the server is idle, busy and down are
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The mean orbit size E [N] is
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 are zero at z = 1, by applying L-Hospital’s rule, we get,
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The mean system size is given by 
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The mean time a customer spends in the system (including the service time) is given by
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When r = 0, 
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Stochastic decomposition laws

Now, we present two different stochastic decompositions of the system size distribution for the model under study

Decomposition 1


Let 
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 be the probability generating function of the number of customers in the standard   Geo/G/1/∞ queue.


  Then 
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Let 
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 be the probability generating function of the number of repeated customers given that the server is idle or down.

Then 
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Consider
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Decomposition 2

Let 
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 be the probability generating function of the number of customers in the standard   Geo/G/1/∞ queue.



Then 
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Let 
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 be the probability generating function of the number of repeated customers given that the server is idle or down.
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Consider
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SUMMARY AND CONCLUSION
In this dissertation, single server retrial queues with discrete-time; geometric arrival and general service and retrial times are considered.
 
 A retrial queueing model Geo/G/1 is studied. In that, the generating function of the number of customers in the orbit and in the system and the verification of stochastic decomposition law are obtained.

         Another model Geo/G/1 with server subjected to starting failure is considered. For this model, the performance measures are derived. The stochastic decomposition law is verified.

       For both the models, the marginal distributions of the orbit size when the server is idle, busy or down are derived.
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