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CHAPTER-I

SOFT SETS AND SOFT TOPOLOGICAL SPACES

SECTION 1.1
SOFT SETS
Definition 1.1.1

Let U be an initial universe set and E be the set of parameters. Let P(U) denote the
power set of U and let A € E. A pair (F,A) is called a soft set over U, where F is a

mapping given by F: A - P(U).
In other words, a soft set over U is a parameterized family of subsets of the universe U.
The soft set (F, A) is also denoted by Fy.

Definition 1.1.2

Let (F,A) and (G, B) be soft sets over a common universe U, we say that (F,A) is a
soft subset of (G, B), denoted by (F,A) € (G,B), if A € B and for all e € A, F(e) < G(e).

Definition 1.1.3

Two soft sets (F, A) and (G, B) over a common universe U are said to be soft equal

if (F,A) is a soft subset of (G, B) and (G, B) is a soft subset of (F, A).
Notation 1.1.4

Let U be the initial universe. Let E be the set of parameters. The set of
all soft sets over U is denoted as S(U, E) or S(U).
Definition 1.1.5

A soft set (F,A) over U is said to be a null soft set denoted by @ if for all e € A,
F(e) = ¢.
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Definition 1.1.6

A soft set (F,E) over U is said to be an absolute soft set denoted by A if for all
e €A F(e) =U.

Definition 1.1.7

The intersection of two soft sets (F,A) and (G, B) over U is the soft set (H,C),
where C=ANB and e € C, H(e) = F(e) N G(e). This is denoted by (F,A) N (G,B) =
(H, 0).

Definition 1.1.8

The union of two soft sets (F,A) and (G, B) over U is a soft set, where C = AUB
and Ve € C,

F(g), if € € A\B,
H(e) = G(e) if e € B\A and

F(e) U G(e) if ¢ € ANB.

This relationship is denoted by (F,A) U (G, B) = (H, C).
Definition 1.1.9

The complement of a Soft set (F,E) is denoted by (F, E)¢ and is defined by
(F,E)C = (F¢,E) where FC:E - P(U) is a mapping given by F¢(a) = U — F(a) for all
a € E.

Definition 1.1.10

The difference (H,E) of two soft sets (F,E) and (G,E) over U, denoted by
(F,E)\(G, E), is defined as H(e) = F(e)\G(e), for each e € E.
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ii.

SECTION 1.2
SOFT TOPOLOGICAL SPACES

Definition 1.2.1

Let 1 be the collection of soft sets over U. Then 7 is said to be a soft topology on

@, E belongs to 1

The union of any number of soft sets in T belongs to 1.

iii. The intersection of any two soft sets in T belongs to 1.

The triplet (U, 1, E) is called a soft topological space over U.

Definition 1.2.2

Let (U,t,E) be a soft topological space over U, then members of 1 are called soft

open sets in U.

Definition 1.2.3

Let (U, 1, E) be a soft topological space over U. A soft set (F, E) over U is said to be

a soft closed in U, if its complement (F, E)¢ belongs to .

Definition 1.2.4

Let (U, 1, E) be a soft topological space over U. A sub collection B of t is said to be a

base for 1 if every member of 1 can be expressed as a union of members of B.

Definition 1.2.5

Let (U, T, E) be a soft topological space over U. A sub collection B of 1 is said to a

subbase for 1 if the family of all finite intersections members 8B forms a base for T.

Definition 1.2.6

Let (U,1,E) be a soft topological space over U and let (F,E) be a soft set over U.
Then the soft closure of (F,E) over U, is denoted by (F,E) is the intersection of all soft

closed super sets of (F, E).
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Definition 1.2.7

Let (U, 1, E) be a soft topological space over U and let (F,E) be a soft set over U.
Then the soft interior of (F, E) over U, is denoted by (F, E)° and is defined as the union of
all soft open sets contained in (F, E). Thus (F, E) is the largest fuzzy soft open set contained

in (F,E).
Definition 1.2.8

Let (F,E) be a soft set over U. The soft set (F,E) is called a soft point, denoted by
(Xe, E), if for the element e € E, F(e) = {x}and F(e;) = ¢ forall e; € E- {e}.

Definition 1.2.9

A soft set (F, E) in a soft topological space (U, 7, A) is called a soft neighborhood of
the soft point (x, E) € (F, E), if there exists a soft open set (G, E) such that
(%, E) €(G,E) € (F,E).

Definition 1.2.10

A soft set (G, E) in a soft topological space (U, 1, E) is called a soft neighborhood of
the soft set (F, E) if there exists a soft open set (H, E) such that (F,E) € (H,E) € (G,E).
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SECTION 1.3

SOFT MAPPINGS

Definition 1.3.1

Let (U,r,E) and (U,7,E) be two  soft  topological  spaces,
f: (U,5,E) = (U,7,E) be a mapping. For each soft neighborhood (H,E) of (f(x)e, E), if
there exists a soft neighborhood (F, E) of (x¢, E) such that f((F, E)) c (H,E), then f is said

to be soft continuous mapping at (X, E).

If f is soft continuous mapping for all (Xe,E), then f is called soft continuous
mapping.
Example 1.3.2

Let U=¢{hy;,hy,hs}, E={ei,e;}, and 1={QE (F,E),(F,E}
7 = {®,E (G1,E), (G5, E)} be two soft topologies defined on U, where
(F1,E), (F,,E), (Gy,E) and (G, E) are soft sets over U defined as follows:

Fi(e;) = {hy, hy}, Fi(ez) = {h3},F,(e;) = U,Fy(e;) = {hs},
and
Gy (e;) = {h1},Gy(ez) = {h3},Ga(ey) = {h;, h3}, Gy (ep) = {hz, h3},

If we get the mapping f: U — U defined as

f(hy) = f(hy) = hy, f(hy) = h
Then since f1(Gy, E) = (F4, E) and f~1(G,, E) = (Fy, E), f is a soft continuous mapping.
Theorem 1.3.3

Let (U,7,E) and (U',7,E) be two soft topological spaces, f: (U,1,E) = (U,1,E)

be a mapping. Then the following conditions are equivalent:
i.f: (U,1,E) —= (U,1,E) is a soft continuous mapping,
ii. For each soft open set (G, E) over U, f "1((G, E)) is a soft open set over U,

iii. For each soft closed set (H,E) over U, f 2 ((G, E)) is a soft closed set over U,
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iv. For each soft set (F, E) over U, f((F,E)) c (f(F,E)),

v. For each soft set (G, E) over U, m g f‘lm,

vi. For each soft set (G, E) over U, f "1((G,E)°) c (f‘l(G, E))o.
Proof

()=(ii) Let (G,E) be a soft open set over U and (X, E) € f"l((G, E)) be an
arbitrary soft point. Then f(x¢, E) = (f(x)e, E) € (G, E). Since f is soft continuous mapping,
there exists (X, E) € (F,E) € t such that f(F,E) c (G E). This implies that (x,E) €
(F,E) c f—l((G, E)), f~1((G, E)) is a soft open set over U.

(ii) =(@) Let (x., E) be a soft point and (f(x)., E) € (G E) be an arbitrary soft
neighborhood. Then (%, E) € f"l((G, E)) is a soft neighborhood and f(f (G, E)) c
(G,E).

(iii) =(iv) Let (F, E) be a soft set over U. Since (F,E) c f~*((F,E)) and f(F,E) c
f(F,E), we have (F,E) c f1(f(F,E)) c f *f(F,E). Since f "*f(F,E) is a soft closed set

over U, (F,E) c f ~f(F, E). Thus f(F, E) c f(f “*f(F,E)) c f(F,E).

(iv)=(v) Let (G,E) be a soft set over U and f~*((GE)) = (F,E). Then
f((F,E)) = f(f~%(G,E)) c f(f"(G,E)) c (GE). Then f-1(GE) = (FE) c
f~1(f(F,E)) c f "((G,E)).

(v) =(vi) Let (G,E) be a soft set over U’ Substituting (G, E)C for condition (v).

Then f~1((G,E)®) c f~1(G, E)C. Since (G, E)° = ((G, E)C)¢ then we have, f~*((G,E)°) =

i ((@BF)) = G BYC c TG BN = TG BN = (G E)°.

(vi)= (ii) Let (G,E) be a soft open set over U. Then since (f~'(G,E))° c
£f~1(G,E) = (f"1(G,E)°)  (f"1(G,E))°, (f"*(G,E))° = f~'(G,E). This implies that

f~1(G,E) is a soft open set over U.
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Definition 1.3.4
Let (U,1,E) and (U, 7, E) be two soft topological spaces f: U — U’ be a mapping.

i.  If the image f((F, E)) of each soft open set (F, E) over U is a soft open set in U,
then f is said to be a soft open mapping.
ii.  If the image f((H, E)) of each soft closed set (H, E) over U is a soft closed set in U,

then f is said to be a soft closed mapping.
Theorem 1.3.5
Let (U,1,E) and (V,1, E) be two soft topological spaces, f: U — V be
a mapping.
i. fis a soft open mapping if and only if for each soft set (F, E) over U, f((F,E)°) c
(f(F,E))° is satisfied.
ii. fis a soft closed mapping if and only if for each soft set (F, E) over U, f(F,E)) ©
(f(F,E)) is satisfied.
Proof

(i) Let f be a soft open mapping and (F, E) be a soft set over U. (F, E)° is a soft open
set and (F,E)° c (F, E). Since f is a soft open mapping, f((F, E)°) is a soft open set in V and
f((F, E)*) < f((F, E)). Thus f((F, E)*) c (f(F,E))".

Conversely, let (F, E) be any soft open set over U. Then (F,E) = (F,E)°. From the
condition of theorem, we have f((F,E)°) c (f(F,E))°. Then f((F, E)) ={(R,E) c
(f(F,E))° c f(F, E). This implies that f((F, E)) = (f(F, E))°. This completes the proof.

(i) Let f be a soft closed mapping and (F, E) be any soft set over U. Since

f is a soft closed mapping, (f(F, E)) is a soft closed set over V and

f((F, E)) c (f(F, E)). Thus f(F, E)) c (f(F,E)) .

Conversely, let (F, E) be any soft closed set over U. From the condition

of theorem, (f(F,E)) c f(F,E)) = f((F,E)) c (f(F,E)). This means that (f(F,E)) c
f(F, E)). This completes the proof.
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Definition 1.3.6

Let (U,7,E) and (U',7,E) be two soft topological spaces, f: U — U’ be a mapping.
If f is a bijection, soft continuous and f~* is a soft continuous mapping, then f is said to be
soft homeomorphism from U to U'. When a homeomorphism f exists between U and U,

we say that U is soft homeomorphic to U'.
Theorem 1.3.7

Let (U,1,E) and (U',7,E) be two soft topological spaces, f:U — U’ be a bijective

mapping. Then the following conditions are equivalent:

i.  fis a soft homeomorphism,
ii.  fis a soft continuous and soft closed mapping,

iii.  fis a soft continuous and soft open mapping.
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SECTION 1.4

SOFT COMPACTNESS

Definition 1.4.1
A family y = {(F;, E)}jer of soft sets is a cover of a soft set (F,E) if
(F,E) € Uia(F;, E).

It is a soft open cover if each member of v is a soft open set. A subcover of y is a

subfamily of y which is also a cover.

A soft topological space (U, T, E) is said to be soft compact if each soft open cover

of (U, E) has a finite subcover.
Definition 1.4.2

Let (U, T,E) and (V, 7', E) be soft topological spaces. If T € ', then T’ is soft finer

thant. If t € v’ or T € T, then T is soft comparable with t'.
Theorem 1.4.3

Let (U, ', E) be a soft compact space and T € t'. Then (U, 1, E) is soft compact.
Proof

Let {(F;, E)}ier be a soft open cover of E by soft open sets of (U, 1, E). Since T £,
then {(F;, E)}ier is a soft open cover of E by soft open sets of (U, ', E). But (U, ', E) is soft
compact. Therefore

(U,E) € (Fip, ) U ..U (F, E)
for some iy,...,i, € I. Hence (U, 1, E) is soft compact.
Theorem 1.4.4
Let (F,E), (G,E), (H,E) and (I, E) be soft sets in S(U, E). Then the following hold.

G)  (F,E) € (GE)ifandonlyif (F,E) n (GE) = (FE);
Gi)  (F,E) € (G E), (H,E)ifandonlyif (F,E) € (GE) n (H,E);

23



Gii) If (F,E) € (H,E) and (G,E) € (I,E), then
(F,E) U (G,E) € (H,E) U (I,E);
(iv) (F,E) n (FE) = &;
(v) (F,E) n (G,E) = ® ifand only if (F,E) € (G, B
(vi) (F,E) € (G,E)ifandonlyif. (G E)¢ E (F, E)C.
Proof

We prove (iii) Let (F,E) U (G,E) = (J,E) and (H,E) U (LE) = (K E). Since
(F,E) € (H,E) and (G,E) € (I, E) then F(e) € H(e) and G(e) E I(e), Ve € E.
Therefore

J(e) = F(e) U G(e) € H(e) U I(e) = K(e).

Hence (J,E) € (K, E).

The proof of (i), (ii), (iv), (v) and (vi) are similar.
Theorem 1.4.5

Let (Y, Ty, E) be a soft subspace of a soft space (U, T, E). Then (Y, ty,E) is soft
compact if and only if every cover of Y by soft open sets in U contains a finite subcover.
Theorem 1.4.6

Every soft compact subspace of a soft Hausdorff space is soft closed.

Proof

Let (Y,ty,E) be a soft compact subspace of soft Hausdorff space (U,t,E). Let
x € (U,E) — (Y,E). Then for ally € (Y,E), x # y. Therefore, there exist soft open sets
(Uy,E) and (Uyy, E) containing x and y respectively such that (Uy,E) N (Uyy, E) = @.
Obviously, {(Uxy, E)}yey is a cover of Y by soft open sets in U. By Therefore we have
(Y,E) = (Uyy,E) U...U (Uyyn,E) for some yj,...,yn € Y. Now, X € (Uy,E) n...N
(Uyn,E) = (Uy,E) and (Uy,E) N (Y,E) = ®g. Hence x € (Uy, E) € (U,E) — (Y,E).
Then (U,E) — (Y,E) = Uxex-y(Uy, E). Therefore (U,E) — (Y,E) is soft open. Hence
(Y, E) is soft closed.
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Theorem 1.4.7

Every soft closed subset of a soft compact space is soft compact.

Proof

Let (Y, Ty, E) be a soft subspace of a soft compact space (U, t, E) such that (Y, E)
is a soft closed in U. Let {(F;, E)}je; be a cover of Y by soft open sets in X. (Y, E)C is a soft
open set in X. Then {(F;, E)}je; U {(YS, E)} form a soft open cover of E. Therefore

(U,E) € (F,,E)U ..U (Fi,E) U (Y E),

i1’
for some iy, ...,i, € I Hence {(F;, E)}e is a subcover of Y.
Definition 1.4.8

Let (U, T, E) be a soft topological spaces and B € 1. If every element of T can be
written as a union of elements of B, then B is called a soft basis for the soft topology T.
Each element of B is called a soft basis element.

Theorem 1.4.9

A soft topological space (U, T, E) is soft compact if and only if there is a soft basis

8 for T such that every cover of E by elements of B has a finite subcover.
Proof
Let (U,T,E) be soft compact. Obviousely, T is a soft basis for T. Therefore, every

cover of E by elements of T has finite subcover.

Conversely, let {(U;, E)}ije; be a soft open cover of E. We can write (U;,E) as a
union of basis elements, for each i € I . These elements form a soft open cover of E such as
{(Fg,E)}ger. Therefore E = (Fy,,E) U ..U (Fg ,E), for some B,,...,B, € I Let
(Fg,, E) € (U, E), for each 1 < i < n. This implies that {(U_i,E)}i=1..n is a finite

subcover of E. Hence, (U, 1, E) is soft compact.
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SECTION 1.5
SOFT CONNECTEDNESS

Definition 1.5.1
Let (U,T,E) be a soft topological space over U. A soft separation of E is a pair

(F,E), (G, E) of no-null soft open sets over U such that
U = (FE)U (GE),(FE)n (GE)=¢

A soft topological space (U, T, E) is said to be soft connected if there does not exist

a soft separation of E.

Theorem 1.5.2
Let (F, E) be a soft set in S(U, E). Then the following hold

(i) (F,E) U (F,E)* = E;
(ii) (F,E) n (F,E)¢ = &;
(iii) (F,E) n E = (F,E).

Proof
We prove (ii). Let (F,E) U (F,E)¢= (H,E). Then

H(e) = F(e) N F¢(e) = F(e) n (U — F(e)) = &.

Therefore (H,E) = &.

Using Theorem 1.5.2, we prove the following.

Theorem 1.5.3
A soft topological space (U, T, E) is soft connected if and only if the only soft sets in

S(X, E) that are both soft open and soft closed over U are ¢ and E.

Proof
Let (U, 1, E) be soft connected. Suppose to the contrary that (F, E) is both soft open

and soft closed in U different from @ and E. Clearly, (F, E)® is a soft open set in U different
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from @ and E. Therefore (F,E), (F,E)C is a soft separation of E. This is a contradiction.

Thus the only soft closed and open sets in U are ¢ and E.

Conversely, let (F, E), (G, E) be a soft separation of E. Let (F,E) = E. This implies
that (G,E) = &. This is a contradiction. Hence (F,E) # E. Since F(e) N G(e) = @ and
F(e) U G(e) = U, for each e € E, then we have G¢ = U — G(e) = F(e). Therefore
(F,E) = (G,E)C. This shows that (F,E) is both soft open and soft closed in U different

from @ and E. This is a contradiction. Therefore, (U, T, E) is soft connected.
Theorem 1.5.4
Let S(U,A) and S(V, B) be families of soft sets. For a function f,, : S(U,A) -
S(V, B) the following hold
() f1pu ((F,B) U (G,B)) =", (F,B) Uf™*,, (G B);
(ii) f‘lpu(V) =8
(iii) fpu ((F,A) N (G, A)) € fou(F,A) N f,u(G,A);
@(v) fpu((F,B) N (G,B)) =f~"pu(F,B) N {7 (G,B);
) f_lpu (@) = Pa.
Proof
(i) Let (F,B) U (G,B) = (H,B). Then f~',, (H,B) = (f'pu (H),A), where
f1u(H)(®) = u'(H(p(x))), for each x € A. On the other hand, let f~*,, (F,B) U
f~1pu (G,B) = (0,A), where
0 = f 1P U 1@ =uF(p®) U G(p(x)) = u ™ (H(p(x))).for each
x € A. Therefore =1, (H,B) = (0,A).
() i (V)=f"10(V,B) = (F'pu (V),A), where f,(V)(x) =
u V(X)) = u (V) = U = UR).
(iii) Let (F,A) n (G,A) = (H,A). Then fy,(H,A) = (fpu(H),B), where
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fpu (H) (V) = Upr‘l(y)nAu(H(X)) p—l(Y) NA# q)

o) plMNA=¢

foreachy € B.On the other hand, let f,,(F,A) N f,,(G,A) = (0,B), where O(y) =
fou(F)) N f,u(G)(y), foreachy € B. We have

(Upr‘l(y)nAu(H(x))) n (Upr"i(y)nAu(G(X)))’ p_l(Y) NA#d

fpu(H)(V) = ¢ p'l(v) NA=¢

foreachy € B.Since H(x) = F(x) N G(x), foreachx € A, then f,,(H)(y) € 0(y) for
eachy € B. This implies that f,,(H,A) € (O, B).

(iv) Let (F,B)N (G,B) = (H,B). Then f~1,,(H,B) = f™1,,((H),A), where
f~pu (H)(®) =u '(H(p(x))), for each x € A. On the other hand, let f~luEB)N
f~*5u(G,B) = (O, A), where

060 = F 25y N F15u (@) = u™ (F(pG))) nu™ (6(p))
=u ' (H(p())),
for each x € A. Therefore, f~,, (H,B) = (0O, A).

Note 1.5.5

Let (U,1,A) and (V,T',B) be soft topological spaces. Let f,, : S(U,A) -
S(V,B) be a function. Then fy, is said to be soft pu-continuous if for each (F, B) € T’ we
have f~1,, (F,B) € T.
Theorem 1.5.6

Let (F,E), (G, E) and (H, E) be soft sets in S(X, E). Then,

@ (FE)n (GE) U (HE) = (FE) n (GE) U ((FE) n

(H,E));
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Gi)  (F,E)¢ € (GE) ifandonlyif (F,E) n (GE) = (FE);
Gii)  (F,E)C E (G E) ifand only if (F,E) U (G,E) = (G,E).

Proof
(i) Let (G,E) U (H,E) = (AE)and (F .E) n (A,E) = (B,E). Then,

B(e) = F(e) n A(e) = F(e) N (G(e) U H(e)) = (F(e) N G(e)) U (F(e) N H(e)).

foreache € E.

On the other hand, if (F,E) n (GE) = (CE),(FE) n (HE) = (D,E) and
(C,E)U (D,E) = (I,E), then I(e) = C(e) UD(e) = (F(e) N G{e)) U (F(e) N H(e)) for
each e € E. Therefore, (B,E) = (I,E).

The proof of (ii) and (iii) are similar.
Theorem 1.5.7

Let f,, be a soft pu-continuous function cairying the soft connected space (U, T, A)

onto the soft space (V,t’, B). Then (V, T, B) is soft connected.
Proof

Suppose to the contrary there exists a soft separation (F, B), (G, B) of V . Then

(o]

=f"1,, ((F,B)U (G,B)) = f 1, (F,B) Uf (G, B)
= f 1, (F,B)n f~'pu(G, B)
=1,y (Pp) = Pa.
Let f‘lpu (F,B) = ®,. Since f}, is surjective, then we have, (F,B) = ®s.

Therefore f~*,,(F,B) and by a similar reason f"lpu (G, B) are different from @,.
Then this shows that f=*,, (F,B), f™',, (G,B) is a soft separation of U. This is a

contradiction.
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