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                                         CHAPTER I

INTRODUCTION


Queueing systems are prevalent throughtout society.  The adequacy of these systems can have an important effect on quality of life and productivity.  The formation of waiting lines is a common phenomenon  which occurs whenever the current demand for a service exceeds the current capacity to provide that service.  Waiting is part of our daily life and we wish to reduce its inconvenience to bearable levels.  Passengers waiting to board a bus, cars waiting at signals, plane waiting to land in an airport, machineries waiting to be serviced by a repairman, letters waiting to be typed by a secretary and programs waiting to be processed by a computer provide some examples of queues.

1.1 CHARACTERIZATION OF QUEUEING THEORY

Basic elements of the Queueing models

A queueing system can be completely described by

(i) the input (arrival pattern),

(ii) the service mechanism (service pattern),

(iii) the queue discipline, and 

(iv) customer’s behaviour.

The Input (arrival  pattern)

           The input describes the way in which the customers arrive and join the system.  Generally, customers arrive in a more or less random fashion which is not worth making the prediction.  Thus the arrival pattern can be described in terms of probabilities, and consequently the probability distribution for inter-arrival times (the time between two successive arrivals) must be defined. In this thesis, we deal with those Queueing systems in which the distribution of inter-arrival times of customers is exponentially distributed.

The Service Mechanism

This means the arrangement of service facility to serve customers.  If there is infinite number of servers then all the customers are served instantaneously on arrival, and there will be no queue.  If the number of servers is finite then the customers are served according to a specific order with service time a constant or a random variable.  Distribution of service time which is important in practice is the negative exponential distribution.

The Queue discipline


It is a rule according to which the customers are selected for service when a queue has been formed.

The most common disciplines are  

( First come first served (FCFS).

( Last in first out (LIFO).

( Selection for service in random order (SIRO).

         There are various other disciplines according to which a customer is served in preference over the other. Under priority discipline, the service is of two types, namely pre-emptive and non-pre-emptive. In pre-emptive system, the high priority customers are given service over the low priority customers; in non-pre-emptive system, a customer of low priority is serviced before a customer of high priority is entertained for service.

Customer’s Behaviour

The customers generally behave in the following four ways:

(i) Balking:


A customer who leaves the queue because the queue is too long and he has no time to wait or has no sufficient waiting space.

(ii) Reneging:


This occurs when a waiting customer leaves the queue due to impatience. 

(iii) Priorities:

          In certain applications some customers are served before others regardless of their arrival.  These customers have priority over others.

(iv) Jokeying: 


Customers may jockey from one waiting line to another.  This is most common in a supermarket.

Transient and steady states


A system is said to be in transient state when it’s operating characteristics are dependent on time.

          A steady state system is the one in which the behaviour of the system is independent of time.
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If Pn(t) denote the probability that there are ‘n’ customers in the system at time t.  Then in steady state, lim pn(t) = pn   (independent of t)  which implies  lim pn'(t) =0.

Kendall’s notation for representing Queueing models 

Generally, queueing model may be completely specified by the notation (a/b/c):(d/e) where

a= probability law for the arrival (inter-arrival) time.

b= probability law according to which the customers are being                       

served.                    

c= number of channels (or service stations).

d= capacity of the system i.e., the maximum number allowed in the 

system (in service and waiting).

e= queue discipline.

Examples

Model I - (M/M/1) : (( / FCFS)
This denotes Poisson arrival (exponential inter-arrival), Poisson  departure (exponential service time), Single server, Infinite capacity, and First come first served service discipline. The letter M is used due to Markovian property of exponential process.

Model II - M/M(a,b)/1 : (( / FCFS)

          In this model, arrival is according to Poisson process and service

times follow an exponential distribution. There is only one server. Service

 is done in batches according to the general bulk service rule.

General  Bulk  Service Rule

Neuts (1967) considers this rule:

          If immediately after the completion of a service, the server finds less than a units present, he waits until there are a units, where upon he takes the batch of a units for service; if he finds a or more but atmost b, he takes them all in the batch and if he finds more than b, he takes in the batch for service b units, while others wait, i.e., the batch takes a minimum of a units and a maximum of b units.  This rule is called general bulk service rule.

Server’s Vacation


There are queueing models in which the server on completion of service to the existing units continues to stay in the empty system awaiting new arrivals.  From practical considerations it may not always be worth while to keep servers unnecessarily idle. In such situations, the server may utilize his idle time in a useful and optimal way to perform additional jobs or for preventive maintenance   work, if the server is a machine and it is termed as the server’s vacation.  The following are some instances of server’s vacation.

Repeated Vacation


In case of bulk service models, a server on completion of service will start servicing again, if the system has the minimum number of customers required to start the service.  Otherwise, the server will withdraw from the system for a vacation.  On returning from a vacation, if the server finds less than the required number of customers, he may immediately take another vacation.  He will continue in this manner until he finds, upon returning from a vacation, the required number of waiting customers.

Single Vacation


The assumptions are same as those of repeated vacations except that, even if the server finds less than the minimum number of customers required for service when he returns from a vacation, he stays in the system awaiting the queue length to reach the minimum number for starting his next service, that is, the server takes only one vacation between two successive busy periods.

Measures of performance 


The random variables provide measures of performance and effectiveness of a queueing system.  Some of them include,

(1) Mean number of customers in the system.

(2) Mean queue length. 

(3) Virtual waiting time of customers arriving in the system.

(4) The busy period.

(5) Mean length of operational period.

(6) Optimization of the control parameter.

The problems studied in queueing theory may be grouped as

(1) Stochastic behaviour of various random variates and evaluation of the related performance measures.

(2) Nature of solution ( time dependant, limiting form, etc.

(3) Control and design of queues ( Comparison of behaviour and performances under various situations, as well as, queue disciplines, service rules, strategies, etc.

(4) Optimization of specific objective functions involving performance measures, associated cost functions, etc.

Decision Making 


Queueing problem cannot always be treated analytically, and even when they can, it is not possible to present a common decision-making procedure applicable to all situations.


Hence, the queueing theory is concerned with the decision making process of the business unit which confronts with queue questions and make decisions relative to the number service facilities which are operating.

1.2      METHODOLOGY

The results used in this thesis are the following:

(1) To analyze the nature of roots of a polynomial we use Rouche’s theorem which states “If f(z) and g(z) are functions analytic inside and on a closed contour C and if |g(z)| < |f(z)| on C then f(z) and f(z)+g(z) will have the same number of zeros inside C.  Equivalently, the condition for the characteristic equation ((z) = z to have a unique root inside the interval (0,1) is (' (1) > 1.

(2) Solution of linear difference equation with constant co-efficient.


An equation involving yx of the type 

yx+n + a1yx+n-1 +… + an-1yx+1 + anyx = gx  is called a non-homogeneous linear difference equation of order n with constant co-efficient.

       The solution of the corresponding homogeneous equation,            (En + a1En-1 +…+ an) yx = 0 is given by yx =      ci rix where ri are the n distinct roots of the characteristic equation.

If any of the roots say r is of multiplicity k then x(x - 1) …. (x - k + 1)rk is one of the components.  If gx is of the form rn where r ( ri, the particular solution of the non-homogeneous is given by,                                                                                                                                                                                                                                                                   (denominator ( 0) so that the general solution is the solution of the homogenous equation together with particular solution multiplied by a constant.

Some properties of Laplace transform

       Let f(t) be a function of a positive real variable t. Then the Laplace transform of f(t) is defined by 

       L(f(t)) =    e-st f(t)dt


  If (f*g)(t) =    f(h)g(t - h)dh, then  L(f*g)(t) = L f(t). L g(t)


                   L
                    = 


                        L     f(t)dt   =  L


1.3 REVIEW OF LITERATURE


Queueing system with server’s vacation have been studied extensively by several authors.  A comprehensive review on vacation models, methods and results upto 1991 can be found in either Doshi [7] or Takagi [22].  At first, research on queueing systems with vacations mainly centered on M/G/1 models.  Although, Doshi [6], Keilson and Servi [11] considered the GI/G/1 models with vacation, they only have given some decomposition results of waiting time.  Later Nai Shou TIAN, Daquin ZHANG and Chengxuan CAO [23] and U. Chatterjee and Murkherjee [5] have discussed GI/M/1 queueing model with server’s vacation.


In the last few years, increasing interest in studying queueing systems with various rules of vacation has lead to many extensions of previously existing results.  The case of delayed vacation has been studied by Frey and Takahashi [8] and Sakate et al [21] where the term close-down time is used.  They have considered general service, delay and vacation times with Poisson (batch) arrivals, but must rely on numerical examples to gain insights into their results.


The concept of controlled vacation was first introduced by Yadin and Naor [24].  M/M/1 queueing system with delayed and controlled vacation has been studied by Yonglu Deng et al [25] which allows greater insight into the system with less effort.  Lee and Srinivasan [15] have considered the batch arrival queueing system M[x]/G/1 under the assumption that the server takes repeated vacations of the same random length unless there are atleast N units waiting in the system upon returning from the vacation.  Kella [12] has analyzed M/G/1 queueing model under controlled vacation.  Their results also justify the stochastic decomposition property given in Fuhrmann and Cooper [9].  Krishna Reddy et al [14] investigated the systems discussed in Lee et al [16] considering both the vacations and start up conditions.  But all these models have never covered cases involving both server break downs and vacations.  Queueing models with server break downs and vacations accommodate the real-world situations more closely.  J.C.Ke and W.L Pearn [10] have studied M/M/1 queueing service system with heterogeneous arrivals under the N policy, in which the server is characterized by break downs and vacations.


A queueing model in which customers are served in batches are called bulk service queueing models.  There could be a number of policies or rules according to which batches for bulk service may be formed.  The bulk service rule introduced by Neuts [20] is the most general one.


The theory of batch service queues originated with the work of Bailey [1].  Numerous authors have investigated a variety of extensions of the basic model.  Borthakur [2,3] was able to obtain explicit results for the steady state probabilities of queue length.  Medhi [18] considered the 

waiting time distribution for the M/M(a,b)/1 system and gave explicit results for the first two moments of distribution.


Bulk service queueing models under servers vacation have been analyzed by many authors like Nadarajan and Subramaniyan [19], Chatterjee and Mukherjee [4] and Soon Seole Lee, Ho Woo Lee and Nadarajan [17].  Most of the results have been obtained through Matrix-geometric approachers in the queue and the expected queue length and waiting time are obtained.

1.4 WORK DONE IN THE THESIS


In chapter II, we consider vacation model which is extended in two different ways. The first one is the queueing system in which the length of the vacations can be controlled by means of the number of customers K arriving to the system during the vacation, and the level K may be chosen according to the arrival rate and the service rate, the cost per unit of waiting time and the cost of the server being transferred from vacation to work.


Secondly, we allow for a delay time before a vacation begins.  During the delay time, the server is considered to be in idle state and he will start service immediately upon arrival of a customer to the system.  It seems that the consideration of such a delayed vacation might be reasonable if the cost of a server’s warm switch-on is lower than that of a server’s cold switch-on.


Thus, an M/M/1 queue with delayed and controlled vacation is studied.  If the server has been idle for a period of time called the delay time, the server begins an exponentially distributed vacation which is repeated as long as the number of customers in the system remains less than some number K.  Exact expressions for the steady state probability distribution are obtained together with associated performance measures.  System optimization is also considered.  Value of K for which the average total cost per unit time is minimum is also calculated.


The chapter III deals with the study of a general bulk service queueing system with repeated server vacation and delay time.  Whenever the server finds (a-1) customers waiting in the queue, instead of going for vacation immediately, the server will wait in the system for sometime which is called the delay time.  If there is an arrival during the delay time the server starts service, otherwise the server will go for a vacation. Such bulk service queueing models are useful in many real life transportation systems such as shuttle bus service, taxi stand, express elevators, tour guides and so on.


In section I of chapter III, an M/M(a,b)/1 queueing system with multiple vacations is studied, under the condition that if the server finds  (a-1) customers in the queue either at a service completion epoch or at a vacation completion point, the server will wait for an exponential time in the system which is called the delay time.  During this delay time if there is an arrival the server will start service immediately, otherwise at the end of the delay time the server will go for a vacation.  The duration of vacation is also exponential.


Section II deals with the study of bulk service queueing model with delayed controlled vacation.  This model differs from the model of section I, in that the server repeats his vacation until he finds atleast 2b customers in the queue.  Steady state results are discussed for both the models.  The expressions for steady state queue size probabilities and the mean queue length are obtained in a closed form.  Numerical illustrations are also made for all the models.

CHAPTER II

M/M/1 QUEUEING  SYSTEM  WITH  DELAYED  AND CONTROLLED  VACATION

2.1      INTRODUCTION

 
In this chapter, we consider an M/M/1 queueing model in which customers arrive at the system according to a Poisson process with intensity ( and service times are assumed to be exponentially distributed with mean 1/(.  There is only one server in the system and the queue discipline is FCFS.


A delayed controlled vacation policy is introduced in the following way:


If the server has been idle for a period of time (called the delay time), then the server begins an exponentially distributed vacation which is repeated as long as the number of customers in the system remains less than some number K.


The model is considered under the steady state condition.  The steady state equations satisfied by the steady state probabilities are discussed and the following results are calculated;

1. Exact expressions for the steady state probability distribution.

2. The performance measures like, the mean queue length, waiting time of an arriving customer in the system and queue and the expected waiting time.

3. The Little’s  formula and

4. The optimum value of K which minimizes the average total cost per unit time.

2.2      MODEL   DESCRIPTION

     In M/M/1 Queueing model, we consider, whenever the system is empty, the server stays idle in the system for a random period of time called delay time.  The delay time is an exponentially distributed random variable Y with parameter (1. Delay time can be interrupted by the arrival of a customer, in which case the server resumes service.  Otherwise, the server is allowed to stay outside the system called vacation.  Thus, the length of the delay time is min (X,Y) where X is the inter-arrival time which is exponentially distributed with mean 1 / (.

    The vacation time is also an exponentially distributed random variable with parameter (2.  The length of the vacations is controlled by means of the number of customers K arriving to the system during the vacation.  Repeated vacation is considered i.e., if the server soon after his vacation finds only less than K customers in the system, he will not join the system, but will continue his vacation until he finds atleast K customers in the queueing system.

    The inter-arrival times, service time, delay period and vacation time are independent of each other.

2.3       STATE   SPACE   OF THE MODEL

    Let S(t) denote the state of the server and N(t) denote the number of customers in the system.

S(t) = 0, 1, 2 according as the server is on vacation, busy, and in delayed period  respectively.

N(t) takes integral values 0, 1, 2…, when S(t) = 0 or 1 and N(t) =0 when S(t) = 2.

Let p1 j(t) = Probability that {S(t) = i, N(t) = j, at time t}.

Since, it is assumed that the vacation time, service time and the delay time are exponentially distributed random variables, {(S(t), N(t)), t ( 0} forms a standard continuous time Markov chain.  Hence, {(S(t), N(t)), t ( 0} has a unique equilibrium distribution.


Assuming the steady state probabilities, 

pi j   = 
Lim    pi j(t) exist, we obtain the steady state equation of the model.

2.4     STEADY    STATE   EQUATIONS

The steady state equations satisfied by the system size probabilities pi j  are given by,



( p0 0
= (1 p2 0





(2.1)



( p0 j
= ( p0 j-1   


(j = 1, 2…K – 1) 
(2.2)


 (( + (2) p0 j 
= ( p0 j-1   


(j = K, K + 1,…)
(2.3)


 (( + (1) p2 0
= (p1 1
(2.4)


 (( + () p1 1
= (p2 0 + (p1 2
(2.5)


 (( + () p1 j
= (p1 j - 1 + (p1  j + 1        
(j = 2, 3…K– 1)
(2.6)


 (( + () p1 j
= (p1 j - 1 + (p1 j + 1 + (2 p0 j   
(j = K, K + 1,…)
(2.7)

2.5     STEADY   STATE   SOLUTION


Let us solve the above steady state equations along with the normalizing condition,

    (
                        (
  (   p1 j + p2 0 +  (   p0 j = 1

  j = 1 
                      j = 0
        

Equation (2. 2) implies p0 j = p0 0,    
     (j = 1,2…K-1)




    



          =         p2 0,          (j = 1,2… K-1) 

(2.8)

From equation (2.3), we have


   



     p0 j
   =

  p0 j – 1 



   = R2 j – K + 1 p0 K – 1 , (j ( K)


where    R2    =

Next, we shall calculate the probabilities p1 j, (j ( 1). 

Let E denote the forward shifting operator given by E(p1j) = p1j+1.

Then the equation (2.7) can be written as 

                        (( + () E (p1 j) = (p1 j + (E2 (p1 j) + (2 p0 j + 1,      (j ( K–1)

Re-writing the above equation, we have

       (( E2 – (( + () E + () p1 j = ( (2 p​0 j+1, 

      
 (j ( K – 1)

Substituting for p0 j from equation (2.9), the above equation is reduced to,

       (( E2 – (( + () E + () p1 j = ( (2 R2 j – K + 1 p0 K – 1, 

 (j ( K – 1)


i.e., (( E2 – (( + () E + () p1 j = ( (2 
  R2 j – K + 2 p2 0

 (2.10)


The characteristic equation, (z2 – (( + ()z + ( = 0 has two roots namely 1 and ( / (. 

Assuming ( / ( < 1, the solution of the homogeneous equation,                             ((E2 – (( + () E + ()p1 j = 0 is given by  p1j = A1(j where ( = ( / ( , (j ( K-1)

Hence, the solution of the corresponding non-homogeneous equation (2.10) is given by,


     p1 j = A1(j  

      Choosing      A1  = Ap0 0, we have

     p1 j = (A( j + BR2 j) p0 0, 
(j ( k – 1)


(2.11)

where B = 

  


To calculate the remaining probabilities, p1 j (1 ( j ( K–1), we add the equations (2.5) and (2.6) over j = 1 to n, we get

           (p1 n + 1 = (p1 n  + (1 p2 0, (1 ( n ( K – 1)

             At n = 1, p1 2 = (p11 + p2 0

  At n = 2, p1 3 = (2 p1 1 +        (1 + () p2 0

In general,
     p1 j 
= (j – 1 p1 1+
     (1 + ( +….+ (j –2) p2 0


=     (j – 1 
    –

   +
                p2 0

                                                                              (from equation (2.4))

                 (i.e.,) p1 j = 


      p2 0, (1 ( j (  K –1)
 (2.12)

Equating (2.11) and (2.12) at j = K –1, we obtain the value of A.


         A(K p0 0 =  - BR2K + 



       p0 0


= 
          + 
      +



      Hence, A =  



 +
      
       
 (2.13)

Thus, all the probabilities are expressed in terms of p2 0 as


     p1 j = (A( j + BR2j)  
p2 0, 

(j (  K )
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            p2 0, 

(j = 1, 2,…K –1)
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=
 p2 0, 



(j = 0,1, 2,…K –1) 

     p0 j
=
  R2 j – K + 1 p2 0, 

(j ( K)

Now, we can calculate p2 0 using the normalizing condition.

  (

      (
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        j = 0

p2 0 1 +
1 +
      –

 +        – 
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       –  


   = 1        [from equation (2.13)]


p2 0                        +                            +           –                          = 1         

On further simplification, we have


       p2 0   = 







(2.14)

2.6      MEAN SYSTEM SIZE


In this section, we deduce the mean number of customers in the system (L).

          (
       (
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         (2.15)

2.7 SOME PERFORMANCE MEASURES

1. Mean queue length (Lq):

Next, let us calculate average number of customers in the queue (Lq).
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2. The probability that the server is busy (PB):


PB =         p1 n = (
3. The probability that the server is on vacation (PV):

PV =          p0 n  =            p2 0 +           R2 j - K + 1 p2 0


     =            +                  p2 0

4. The probability that the server is in delay period (PD):



PD = 

2.8      WAITING TIME DISTRIBUTION


Let Wq(t) be the virtual waiting time distribution function and wq(t) be the corresponding probability density function of the waiting time of an arriving customer in the queue.

The arriving customer may find the system in any one of the following states: 

Case 
1    :-
(0, 0)

Case
2    :-
(0, j),    (1 ≤ j ≤ K – 1) 

Case 
3    :-
(0, j),    (j ≥ K)

Case
4    :-
(1, j),    (j ≥ 1)

Case
5    :-
(2, 0)


In case (1), the arriving customer finds the server is on vacation and no one is waiting in the system.  In this case, the customer has to wait for the sum of (K – 1) inter-arrival times and the server to return from vacation whose density function (w0 0(t)) is given by, 


    t

    

w0 0(t) 
= ( 

      (2e
  dh.

   0
In case (2), the arriving customer finds the server is on vacation and there are j (1 ( j ( K – 1) customers waiting in the system.  Hence, the time taken for the customer to wait in the queue (w0 1(t)) is the sum of (K – j – 1) inter-arrivals, a residual vacation and j service times.  Using the independence and the memory-less property of the exponential distribution, we have


    t 


  t - h1

    

w0 1(t)
= ( 

      
    (
 (2e



      dh2 dh1
   0


     0

In case (3), the arriving customer finds the server is on vacation and j (( K) customers are waiting in the system.  In this case, the waiting time (w0 2(t) in the queue is the sum of residual vacation and j service times.

Thus,

    t

w0 2(t)
= ( (2 e             (e-(h                dh


    0
In case (4), the customer finds that the server is busy and there are j customers (( 1) waiting in the system.  The waiting time w1 1(t) is the sum of a residual service time and (j – 1) service times.

Thus,


w1 1(t) = 

In case (5), the server is in delay period, so that the arriving customer can directly join the service facility i.e., the arriving customer need not wait in the queue.

Considering all the cases, the density function of the virtual waiting time wq(t) is given by,




          K – 1

      (

         (
wq(t) = p0 0 w0 0(t) +   (    p0 j w0 1(t) +  (   p0 j w0 2(t) +  (   p1 j w1 1(t)




j = 1

     j = K
                   j = 1
If wq(s) denotes the Laplace transform of wq(t), we have


     
                       K – 1

            (
                                  (

wq(s) = p0 0  w0 0(s) +   (    p0 j w0 1(s) + (   p0 j w0 2(s) + (  p1 j w1 1(s)





   j = 1

          j = K
               j = 1




        

where wq(s) = L (wq(t)) =     e-st wq(t) dt 

            
 
t

w0 0(s) =                   L  e     ( e             hK – 2 dh

0




=




  







          =       





             (e
 ((h1)K – j – 2
   If we take f(h1) =
                                 and



         K – j –2




           t - h1
        
             g(t – h1) =     (    (2e
            (e 
             dh2,
                0
 then w0 1(s)  = L (f(t) * g(t))


                              t

where f(t) * g(t)   = ( f(h1) g(t – h1)dh1.



             0
Since L(f(t)*g(t)) = L (f(t)). L (g(t)),


                L(f(t))  =
   





              t

   and L(g(t)) =  L   ( (2 e 
    (e
                            dh2


              0


          (

        t



     =   ( e
      (2 (j      (  e
                  dh2


              0

        0



    (2 (j     L (e 
  t j – 1)



      j – 1
    s  

 s = s + (2
            (2 (j    

    (s + (2) (s + () j


        (      K – j – 1           (2 
    (       j
          


                                

     s + (
      (s + (2)    (s + ()



(2.18)


 

   
  





    (2 (j     L (e 
  t j – 1)



     j – 1
     s

s = s + (2

        (2           (     j
     s + (2      s + (




                    


      (j        L (e - (t t j – 1)



     j – 1

      





= 







 (2.20)


Using the equations (2.17), (2.18), (2.19) and (2.20) in wq(s), we have













            wq(s) = p0 0 


       +         p0 j                  




  


       +                                         +


The first two terms of wq(s) give,




= 
  p2 0


= 
 p2 0




      – 

    (2.21)

The third term of wq(s) becomes,







  p0 j


   =

       R2  p2 0 



  =


        p2 0










    (2.22)



The fourth term of wq(s) is,


                                                                      


  p1j

  =


 +


p2 0


+ 
 (A(j + BR2j) 


p2 0



           


                  ((2

      





        


   ((( + (2 - ()(1 - ()
   

















     – 






=
p2 0 

    
 +

     +


(2.23)

Combining (2.21), (2.22) and (2.23), we obtain









  

wq(s)
=
 

    
 

    +











  

         +
 

+ 

          +


 (2.24)

          Thus, the expected waiting time in queue is given by,                                    E[wq] =  -      (wq(s))  

From equation (2.24), it is calculated that 


E [wq] =                      +          + K(   +

        +


This coincides with 
.

2.9      MEAN LENGTH OF OPERATIONAL PERIOD


Operational period for the system

The period of time from the beginning of a delay to the end of the subsequent delay will be defined as the operational period for the system.  Let us denote this period by A.


When the server is in delay period, customers may or may not enter the system.  Accordingly, the delay terminates.  If any customer arrives during the delay period of the server, the busy period of length B1 begins with one customer in the system.  This busy period will be followed by another delay of length D and then the above process will be repeated.


If no customer arrives during the delay period of the server, the delay terminates and the server goes on vacation.  In this case, vacation of length VK with a control level K will begin and it will be followed by a busy period of length BR, where R is a random variable with values in        {K, K+1,…}.  After the end of this busy period, another delay of length D follows BR so that the above process will again be repeated.


From the above discussions, it is clear that an operational period consists of a delay D, a random number M of successive B1+D events, a vacation of length VK, and a busy period of length BR.

Thus, the mean length of operational period E [A] is given by,

E [A] = E [D] + E [M] (E [B1] + E [D]) + E [VK] + E [BR] 


(2.26) 

We first calculate the mean length of a delay E [D].

We note that, D = min (X,Y) where X denotes the inter-arrival time of customers and Y denotes the delay time of the server.  Since X and Y are exponentially distributed with parameters 1/( and 1/(1 respectively, D is also exponentially distributed with parameter 1/(( + (1).

(i.e.,) E [D] = 1/ ( + (1




(2.27)

Next, we shall calculate E [M], where M denotes the number of (B1 + D) events before the server takes a vacation.  Since these events are 

independent and the exponential distribution has the memory-less property, we can write


P (M = m) = p0 (1 – p0)m, (m = 0, 1, 2….)

where p0 is the probability that the events (B1 + D) end with a vacation.





Thus, E [M] = 

By definition,

       p0 = P(x > y)

= probability that there exists no arrival in the delay period.



    (


=  ( e-(t (1e     dt



    0



       (1



       ( + (1

Thus, E [ M ]
=







 (2.28)

A busy period beginning with r customers has mean,

E [ Br ] =
 (r = 1, 2,…)





(2.29)

Next, to calculate E[ BR ], where R is the random variable which gives the number of customers available in the system while the server returns from the controlled vacation.  

We know that R takes values K, K + 1,… and,


       P(R = r)
=
          , 
(r = K, K + 1,….)




=                                                (from equation (2.9))




      (2

       r – K + 1


      ( 
where R2 =

Thus, 


E [BR]
=
 E [BR | R = r] P (R = r)




=

      




=







(2.30)

We turn next to the derivation for E [VK], the expected length of vacation.

Let X , Z and S be the random variables which are independent and exponentially distributed with mean 1/(, 1/(2 and 1/( respectively.

We use a recurrence method as follows:

E [VK]
= E [VK | Z < X] P(Z < X) + E [VK | X ≤ Z] P(X ≤ Z)


= E [Z + V'K | Z < X] P(Z < X) + E [X + V'K – 1 | X ≤ Z] P(X ≤ Z)


= E [Z | Z < X] P(Z < X) + E [X | X ≤ Z ] P(X ≤ Z)


+ E [V'K | P(Z < X)+ E [V'K – 1] P(X ≤ Z)




= 
        +

    E [VK] + 
          E [VK – 1]

where the residual vacation times V'K and V'K – 1 have the same distributions as VK and VK-1 , respectively, but they are independent of X and Z.  

Hence, E [VK] =        + E [VK – 1]

To obtain E [V1], we note that

E [V1]
= E [V1 | Z < X] P (Z < X) + E [V1 | X ≤ Z] P (X ≤ Z)

= E [Z + V'1 | Z < X] P(Z < X) + E [Z | X ≤ Z] P (X ≤ Z)


= E [Z] + E [V1]



=        +






(2.31)

Using equations  (2.27), (2.28), (2.29), (2.30) and (2.31) in (2.26), we have



E [A] 
=
    +

     + 
          +         +       + 

On simplification, the above expression is reduced to


E [A] 
=



2.10 OPTIMIZATION OF THE CONTROL PARAMETER


We introduce, the following cost per unit time for the optimization.

1) C0 ≤ 0 for server vacation

2) C1 ≥ 0 for delay (warm stand by)

3) C2 ≥ 0 for normal service (C2 ≥ C1 generally)

4) C3 ≥ 0 denotes the cost due to switching the server from vacation to normal service.

5) C4 ≥ 0 per customer waiting in the system.

For an operational period, the expected cost due to vacation is given by


     C0 E [VK]  = C0 
     +

The expected cost due to delay is 


    C1 (E [D] + E [M] E [D])  = C1


The expected cost while the server is busy is   


C2 (E [BR] + E [M] E [B1])
= C2 

   +

  – 1


In the case of exponential delay, we find that the cost for an operational period is given by, 


      C =  C0
    +        +         + C2


             +  C3
So that the average cost per unit time is

 C      = C0(1– ()(1(K(2 + () + C1(1 ( ()((2 + C2(((((1+ (2) + K((1(2 + C3(1 – ()((1(2)

E [A]



   (((1 + (2) + K(1(2
The average total cost per unit time is then 



   G 
= 
   + C4 L

where L is the mean number of customers in the system.


Setting 
= 0, we obtain


      + C4(((1 + (2)K + C0(1 - ()((2 ( C1(1 - ()((2 – C3(1 - ()((1(2                        


+ C4(  ( –          
 = 0

The non-negative solution of this is given by 


        K*  = ((1 (2)-1   -( ((1 + (2) +  (2 ((1 + (2)2 – 

where

      T = (1 - ()((2(C0– C1(C3(1) + C4(   ( –



= C4(1(2K + C4(((1 + (2) ≥ 0


K* is non-negative if T ≤ 0, and the second derivative 
        is non-negative in this case.

Therefore, if Kmin is the nearest integer to K*, then Kmin will minimize cost  (assuming all other quantities are held constant). 

2.11 NUMERICAL ANALYSIS


The expected queue length Lq, expected operational time E[A], the probability that the server is busy PB, on vacation PV and probability of delay time PD are calculated and presented in the tables (2.11.1) to (2.11.3) for various values of the parameters (,(,(1,(2 and K.  The expected queue length and the expected operational period increase as the arrival rate increases.  It is also found that as the vacation time 1/ (2 decreases, the queue length also decreases.


Through the values in table (2.11.4), it is verified that, for fixed values of (2, (1 and (, the average cost per unit time is minimum when   K* = 2.


The variation in mean queue length and expected operational time for different values of (2 are shown graphically.

Table 2.11.1

(1 = 1, K= 5, ( = 1

	(=( / (
	(2
	Lq
	E[A]
	PD
	PV

	.5
	0.1
	6.214
	46.999
	.024
	.476

	.6
	
	7.452
	48.333
	.021
	.379

	.7
	
	9.035
	60.476
	.017
	.283

	.8
	
	11.461
	86.250
	.012
	.188

	.5
	0.25
	3.700
	30.000
	.033
	.467

	.6
	
	4.370
	33.333
	.030
	.370

	.7
	
	5.379
	40.476
	.025
	.275

	.8
	
	7.227
	56.250
	.018
	.182

	.5
	0.50
	2.962
	26.000
	.038
	.462

	.6
	
	3.465
	28.333
	.035
	.365

	.7
	
	4.304
	33.809
	.029
	.270

	.8
	
	5.978
	46.250
	.022
	.178

	.5
	0.75
	2.734
	24.670
	.041
	.459

	.6
	
	3.188
	26.666
	.038
	.363

	.7
	
	3.976
	31.587
	.032
	.268

	.8
	
	5.599
	42.916
	.023
	.177


Table 2.11.2

(1 = 2, K = 5, ( = 1

	(
	(2
	Lq
	E[A]
	PD
	PV

	.6
	.025
	4.505
	32.083
	.016
	.384

	.7
	
	5.540
	38.809
	.013
	.287

	.8
	
	7.414
	53.750
	.009
	.191

	.9
	
	12.626
	100.555
	.005
	.095

	.6
	.0.50
	3.583
	27.083
	.018
	.382

	.7
	
	4.442
	32.142
	.015
	.284

	.8
	
	6.137
	43.750
	.011
	.189

	.9
	
	11.168
	80.555
	.006
	.094

	.6
	0.75
	3.300
	25.417
	.019
	.380

	.7
	
	4.106
	29.921
	.017
	.283

	.8
	
	5.747
	40.416
	.012
	.188

	.9
	
	10.723
	73.880
	.007
	.093


Table2.11.3

( 1 = 4; K = 5; ( = 1

	(
	(2
	Lq
	E[A]
	PD
	PV

	.6
	0.25
	4.577
	31.458
	.008
	.392

	.7
	
	5.626
	37.976
	.007
	.293

	.8
	
	7.514
	52.499
	.005
	.195

	.9
	
	12.741
	98.056
	.003
	.097

	.6
	.05
	3.646
	26.458
	.009
	.391

	.7
	
	4.517
	31.309
	.008
	.292

	.8
	
	6.223
	42.500
	.006
	.194

	.9
	
	11.265
	78.055
	.003
	.097

	.6
	.75
	3.361
	24.792
	.010
	.389

	.7
	
	4.177
	29.087
	.009
	.291

	.8
	
	5.829
	39.166
	.006
	.194

	.9
	
	10.814
	71.388
	.004
	.096


Table 2.11.4

(2 = 5; ( 1 = 7; ( = 0.4; ( = 1

C0 = -100; C1 = 150 ; C2 = 1600; C3 = 1000; C4 = 70

	K
	Lq
	G

	5
	2.292
	1751.220

	4
	1.796
	1721.968

	3
	1.301
	1696.370

	2
	0.812
	1679.570

	1
	0.343
	1694.799


Lq Vs ( for various values of (2 when (1=1, k=5 and ( =1
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CHAPTER III

M/M(a,b)/1 QUEUEING MODEL WITH DELAYED 

VACATIONS

SECTION I

3.1.1 
MODEL DESCRIPTION

In this section, we analyse a general bulk service queueing system M/M(a,b)/1 with repeated  server’s vacation and delay period.  In this model it is assumed that the units arrive, according to a Poisson process with parameter (. The service is done in batches according to the General Bulk Service rule introduced by Neuts [20].  

According to this rule, the server will not start his service until the queue size becomes a.

If the free server finds x units (a ( x ( b) waiting in the system, then the server will take all of them into a single batch for service.  If the number of customers waiting exceeds b, the free server will take the first b customers and the remaining customers of the queue will be considered for the next service.  The service times of each batch follow an exponential distribution with parameter (.  It is independent of the number of customers in the batch of service.

In general, in Bulk service queueing models with server’s vacation, the free server who finds less then a customers in the system will leave the system for a random period of time called vacation.  In our model, we introduce the concept of delay period i.e., after a service completion, if the server finds j (0 ( j ( a-2) customers in the queue, then the server will leave the service facility for a vacation.  If the number of customers waiting in the queue is (a-1) at a service completion epoch, instead of taking vacation immediately the server will wait for some more time in the system which is called the delay time.  The duration of the vacation is a random variable which is assumed to follow an exponential distribution with mean1/(2.  The delay time is also a random variable and assumed to follow an exponential distribution with parameter (1.


During the delay time, if there is an arrival, the server will start service immediately; otherwise at the end of the delay period, the server will go for a vacation. 

We study the model under repeated vacation i.e., on returning to the system after a vacation if the server finds (0 ( j ( a-2) customers in the queue, the server takes another vacation.  Thus, he repeats his vacation until he finds (a-1) customers in the queue.  At a vacation termination point if the server finds (a-1) customers in the queue, he will join the system and wait for a random period of time which is the delay time.  The delay can be interrupted if the queue size becomes a, in which case the server resumes service.  On the other hand, if the delay time is completed before the queue size becomes a, the server takes another vacation.  The vacation times are independently and identically distributed random variables.  It is also assumed that, the service times, inter arrival times and vacation times are mutually independent random variables.

3.1.2 
STATE SPACE OF THE MODEL 

The process can be formulated as a continuous time Markov chain with the state space {(i , j) / i= 0,1, j ( 0} ( {(2, a-1)}, where i represents the state of the server and j gives the queue size.  

Thus the states, 

(0, j) denotes that there are ‘j’ customers waiting in the queue and the server is on vacation, (1, j) denotes that there are ‘j’ customers waiting in the queue and the server is busy and (2,a-1) denotes that ‘a-1’ customers are waiting in the queue and the server is waiting in the system.

          Let pi j(t) denote the probability that at time t, the system is in the state (i, j).

Assuming the steady state probabilities, pi j  = Lim  pi j(t)  exist, we obtain the following steady state equations.

3.1.3 
STEADY STATE EQUATIONS

           (p0 0   = (p1 0 


 

(3.1.1)


           (p0 j    = (p0 j-1 + ( p1 j ,                  (1( j ( a-2)  
(3.1.2)


(( + (2)p 0 a-1  
=(p0 a-2 + (1 p2a - 1 



(3.1.3)


(( + (2)p0 j   
=(p0 j-1,                                ( j ( a)           (3.1.4)


                                             


(( + ()p1 0     
=(p2a-1 + (       p1 s + (2      p0 s 

(3.1.5)


(( + ()p1 j    
=(p1 j-1 + (2p0 j+b + (p1 j+b,     (j (1)      
(3.1.6)


(( + (1)p2 a-1
=(p1 a-1 + (2p0 a-1 



(3.1.7)

3.1.4 
COMPUTATION OF STEADY STATE SOLUTION

From equation (3.1.4), we have


p0 j =             p0 j-1, (j ( a)




Proceeding recursively,

p0 j = R2 j-a+1 p0 a-1, (j ( a -1)      

 


(3.1.8)

where R 2 =  

Now, we shall calculate the probabilities pi j, j (1. 


Using the forward shifting operator E defined by E p1 j = p1 j+1, equation (3.1.6) becomes


((Eb+1 – (( + () E + () p1 j = – (2 p0 j+1+b,    (j ( 1)

(3.1.9)


The characteristic equation of (3.1.9) is (rb+1– ((+()r+(=0, which has only one real root r (|r|<1) inside the circle |z|=1, (when  ( =         < 1) by Rouche’s theorem.

Hence, the solution of the equation (3.1.9) is given by,

          p 1 j = A1rj  –    

Taking A1 = Ap0 a-1, we have

p1 j = (A rj + B R2j)p0 a-1,      ( j ( 0 )     


         (3.1.10)


where B   = –

The probability p2 a-1 can be calculated from the equation,

 

  (( + (1)p2 a - 1 = (p1a-1 + (2p0 a-1

Substituting for p1​a - 1 and p0 a - 1, we have

            (( + (1)p2 a-1  = [((Ara-1 + BR2a-1) + (2]p0 a-1     

Therefore,

                p2 a-1 =          [A(ra-1 + B(R2a-1 + (2] p0 a-1

        (3.1.11)

Next, we shall calculate the expressions for p0 n with (0 ( n ( a - 2).

Adding the equations (3.1.1) and (3.1.2) over j = 0 to n, we get

                                                     n
                p 0 n    =        (  p 1 j ,     (0 ( n ( a - 2)

                                  j = 0

from which it follows that



p 0 j =                          +                        p0 a - 1,( 0 ( j ( a-2)     (3.1.12)

Now we shall calculate the value of A. 

Equation (3.1.3) implies

( p0 a-2  = (( + (2) p0 a-1 – (1p2 a-1 

Substituting for p0 a - 1 and p2 a-1, we get 


p0 a-2       =          (( + (2)  – (1                                      p0 a-1       (3.1.13)

Equation (3.1.12) at j = a-2 gives,



 p0 a-2 =                           +                     p0 a-1

             (3.1.14)

Thus from equations (3.1.13) and (3.1.14) A is given by,

 



     A   =






         (3.1.15)


Thus, all the probabilities are expressed in terms of p0 a -1 ​as, 



     p1j 
= (Arj + BR2j ) p0 a-1,



    ( j ( 0)



    p0 j
=                                                    p0 a-1, 
   (0 ( j ( a-2)



=  R2j-a+1 p0 a - 1,  



    (j ( a-1)


p2 a -1
= 
     (A( ra - 1+ B(R2a - 1+(2) p0 a -1
Using the normalizing condition,


        p0 j  +     p1 j + p2 a-1 = 1  the value of p0 a-1 can be calculated.  (3.1.1 7)

The first term of the normalizing equation is, 



     =              +  



     =              p0 a-1  +         R2 j-a+1 p0 a -1  


       =  A                                + B                                    +           p0 a-1 

                                                                                                          (3.1.18)

The second term is, 


     =           +             p0 a-1 



           (3.1.19)

and


        p2 a-1 =                 +               +
    p0 a-1

(3.1.20) 

Substituting (3.1.18) to (3.1.20) in the normalizing condition we have

         p0 a-1=   AH(r) + BH(R2) +          +              
 

(3.1.21)

where

         H(y) =         +                                  +

SOME OF THE PERFORMANCE MEASURES

1. The mean queue length (Lq):

The expected queue length Lq is given by,

            Lq  =       jp1 j  +       jp0 j   + (a-1)p2 a-1 


(3.1.22) 

Substituting the probabilities p1 j, p0 j and p2 a-1 from (3.1.16) and simplifying 

we have the following.

          jp1 j   =      j(Arj + BR2​j) p0 a - 1



     =             +                 p0 a - 1 



(3.1.23)


     =                                     p0 a-1  +          R2 j-a+1p0 a - 1  


        jp0 j   =   A                    +                     


                     + B                     +                                   



          +                     +                   p0 a-1


(3.1.24)

and

(a-1)p2 a-1=                        +                      +                 p0 a-1
(3.1.25)

Substituting (3.1.22) to (3.1.24) in (3.1.21) gives,

   Lq =      AF(r) + BF(R2) +              +                 +                p0 a-1

where F(x) =                +                                       +             +

2. Probability that the server is on vacation:


           p0     =        p0 j   











         =  A                                + B                                    +           p0 a-1 

                                                                             (from equation (3.1.18))
3. Probability that the server is busy:


p1 =       p1 j  




     =           +           p0 a-1 


(from equation (3.1.19))





4. Probability that the server is in delay period:

         p2 a-1=                +                +
    p0 a-1



 

3.1.6    NUMERICAL ANALYSIS


The expected queue length, the probability that the server is busy, on vacation and in the delay period are calculated numerically for various values of the parameter (, (1, (2 , (, a and b.  The resulting values are presented in the tables (3.1.1) to (3.1.6).  From the tables it is found that, 

(1) Expected queue length Lq is an increasing function of the arrival rate (.

(2) Lq is a decreasing function of the vacation parameter (2. 
(3) As the arrival rate increases, the server is busy for more percentage of time, and the probability that the server is on vacation and in delay period (PD = 1 ( (PB + PV)) are less.

The variation in mean queue length for different values of (2 is shown graphically.

Table 3.1.1

a =10; b=30; ( = 1; (1 = 2

	( = ( / b(
	1 / (2
	Lq
	PB
	PV

	.2
	10
	59.439
	.231
	.768

	.4
	
	116.229
	.434
	.556

	.6
	
	177.992
	.628
	.372

	.8
	
	264.485
	.817
	.183

	.2
	2
	13.257
	.327
	.669

	.4
	
	24.375
	.534
	.465

	.6
	
	41.415
	.707
	.292

	.8
	
	83.947
	.861
	.139

	.2
	1
	8.601
	.396
	.596

	.4
	
	15.503
	.609
	.388

	.6
	
	28.766
	.764
	.234

	.8
	
	67.809
	.891
	.108


Table 3.1.2

a = 20; b = 30; ( = 1; (1 = 2

	(=( / b(
	1 /(2
	Lq
	PB
	PV

	.2
	10
	65.865
	.207
	.793

	.4
	
	126.375
	.407
	.593

	.6
	
	192.780
	.605
	.395

	.8
	
	284.711
	.803
	.197

	.2
	2
	18.673
	.229
	.769

	.4
	
	31.294
	.430
	.569

	.6
	
	50.084
	.624
	.375

	.8
	
	94.545
	.814
	.186

	.2
	1
	13.366
	.248
	.748

	.4
	
	20.189
	.453
	.545

	.6
	
	33.393
	.643
	.356

	.8
	
	72.382
	.825
	.175


Table 3.1.3

a = 20; b =50; ( =1; (1 = 2

	( =( / b(
	1 /(2
	Lq
	PB
	PV

	.2
	10
	101.875
	.222
	.778

	.4
	
	198.839
	.423
	.577

	.6
	
	304.547
	.619
	.381

	.8
	
	451.435
	.811
	.189

	.2
	2
	24.278
	.293
	.706

	.4
	
	43.507
	.497
	.502

	.6
	
	72.577
	.678
	.321

	.8
	
	143.547
	.845
	.155

	.2
	1
	16.160
	.348
	.649

	.4
	
	27.410
	.559
	.440

	.6
	
	49.135
	.727
	.273

	.8
	
	113.224
	.871
	.129


Table 3.1.4

a=10; b =20; ( =1; (1 = 2

	( = ( / b(
	(2
	Lq
	PB
	PV

	.2
	0.1
	41.545
	.216
	.783

	.4
	
	80.936
	.417
	.582

	.6
	
	124.127
	.614
	.386

	.8
	
	184.424
	.808
	.192

	.2
	0.25
	17.907
	.238
	.759

	.4
	
	33.528
	.439
	.559

	.6
	
	53.102
	.633
	.367

	.8
	
	89.880
	.819
	.181

	.2
	0.50
	10.399
	.267
	.728

	.4
	
	18.360
	.472
	.526

	.6
	
	30.463
	.658
	.340

	.8
	
	59.89
	.834
	.166

	.2
	0.75
	8.109
	.289
	.703

	.4
	
	13.704
	.497
	.499

	.6
	
	23.576
	.679
	.318

	.8
	
	50.850
	.846
	.154


Table 3.1.5

(1 = 2; ( =1

	(
	(2
	Lq

	
	
	a=3
	a=5
	a=30

	
	
	b=5
	b=10
	b=50

	.2
	0.25
	4.406
	8.673
	33.555

	.4
	
	8.322
	16.379
	56.491

	.6
	
	13.418
	26.166
	80.653

	.8
	
	23.446
	44.950
	107.370

	.2
	0.50
	2.555
	4.957
	22.586

	.4
	
	4.564
	8.896
	33.397

	.6
	
	7.816
	15.032
	45.719

	.8
	
	16.036
	30.250
	60.725

	.2
	0.75
	1.986
	3.832
	19.319

	.4
	
	3.145
	6.632
	26.266

	.6
	
	6.119
	11.706
	34.636

	.8
	
	13.822
	25.916
	45.912


Table 3.1.6

a =20; b = 50; ( = 1; (1 = 2

	             ( 
	         1 / (2
	            Lq
	            Lq

	.4
	10
	198.839
	199.855

	.6
	
	304.547
	306.133

	.8
	
	451.435
	453.704

	.4
	2
	43.507
	44.151

	.6
	
	72.577
	73.429

	.8
	
	143.547
	144.704

	.4
	1
	27.410
	27.806

	.6
	
	49.135
	49.537

	.8
	
	113.224
	113.665


 Lq Vs ( for varies values of (2 when a=10, b=30, (=1 and (1=2
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 Lq Vs ( for various values of (2 when a=20, b=30, (=1 and (1=2
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SECTION II

M/M(a,b)/1 QUEUEING MODEL WITH DELAYED AND CONTROLLED VACATIONS
3.2.1    MODEL DESCRIPTION


This model differs from the model of section I in that, the server on 

completing his vacation will join the system only if he finds atleast 2b 

customers waiting in the queue, until then he repeats his vacation. All the 

other assumptions are the same for section I and section II.  The server 

delays his vacation only at service completion epoch.

3.2.2 STATE SPACE OF THE MODEL


The process can be formulated as a continuous time Markov chain

with the state space {(i, j) / i =0,1, j ( 0} ( {(2,a-1)}, where ’i’ represents 

the state of the server and ‘j’ gives the queue size.  The server is on 

vacation or busy according as i= 0 and 1 respectively and the state (2,a-1) 

denotes that the server is on delay period.

3.2.3 
STEADY STATE EQUATIONS



Let pi j=            pi j(t) be the steady state probabilities when the system is in the state (i, j).  Then the steady state equations satisfied by pi j are given by,


(p0 0 = (p1 0 







(3.2.1)


( p0 j = (p0 j-1 + (p1 j,        


(1 ( j ( a-2)

(3.2.2)

         (p0 a-1 = (p0 a-2 + (1p2 a-1                                             


(3.2.3)


(p0 n = (p0 n-1,                


(a (n ( 2b-1)

(3.2.4)

   ((+(2)p0 n  = (p0 n-1,         



(n ( 2b) 

(3.2.5)



((+()p10 = (       p1n + (p2 a-1  




(3.2.6)


((+()p1n = (p1n-1 + (p1n+b, 


(1 ( n ( b-1)

(3.2.7)


((+()p 1n= (p1n-1 + (p1n+b + (2p0 n+b,    
(n ( b) 

(3.2.8)

       ((+(1)p2 a-1 = (p1a-1



                


(3.2.9)

3.2.4 
COMPUTATION OF STEADY STATE SOLUTION

           Equation (3.2.4) implies p0 n=p0 a-1, (a ( n ( 2b-1)      
         (3.2.10)

From equation (3.2.5), we have

p0 n=R2n-2b+1 p0 a-1,                       (n ( 2b)


         (3.2.11)


  where R2=

If E denotes a forward shifting operator defined by E(p1n)=p1n+1,equation (3.2.8) can be written as,

((Eb+1– ((+()E+() p1n= – (2p0 n+b+1  

                   (3.2.12)

         Since the characteristic equation (z b+1– ((+() z + (=0 has only one root r, inside the unit disc under the condition (=        < 1, the solution of the homogeneous equation ((Eb+1– ((+()E + ()p1n =0 is given by,

  p1n=A1rn,    (n ( b-1)

Thus, the solution of the non-homogeneous equation (3.2.12) is given by


p1n  =   A1rn –                                     p0 a-1,        (n ( b-1)


 p1n = (Arn + BR2n) p0 a-1,   (n ( b-1) 


         (3.2.13)


where   A1 = Ap0 a-1    and 
  B =

The probabilities p1 n (0 ( n ( b - 2) can be obtained recursively.

Equation (3.2.7) implies, 



p1b-2=  
p1 b-1 –           p1 2b-1




       =              (Arb -1 + BR2b-1) – 
   (Ar2b -1 + BR22b-1)  p0 a-1   

                                                                                        (from equation (3.2.13))                                                                                                                                                                                               

                                                                                                                                                                    

       p1 b-2     =    Arb-2 + BR2b-1             –                p0 a-1 
In general,



p1n=  Arn + BR2b-1                                                            R2b


                                          R2 b-1 ​ …,          R2n-1    
               
(0 ( n ( b-2)





     = Arn+BR2b-1 R3 n-b+1                                     R3n-b+2 R2n+2

where R2=            and R3=

Thus, p1 n(0 ( n ( b-2) can be re-written as,

p1n= [ Arn + B1R2n + B2 R3n ] p0 a-1,


(0 ( n ( b-2) 
     (3.2.14) 



where, B1= 


        and B2 =

From equation (3.2.9), we have 

        p2 a-1  =              p1a-1



     =             [ Ara-1+ B1R2a-1+ B2R3a-1 ] p0 a-1 

      (3.2.15)

Taking the summation over k=1,2,3,...,n in equation (3.2.2) and adding equation (3.2.1) it is found that


           p0 n =                 p1 k ,     (0 ( n ( a-2 )

Substituting for p1n from (3.2.14), we have 



p0 n=
               (Ark + B1R2k + B2​R3k) p0 a-1


      =                         +                  +                      p0 a-1, (0 ( n ( a-2)            

        (3.2.16)

Thus, the queue size steady state probabilities are given by,

     (1)
p1 n= (Arn + B1R2n + B2R3n)p0 a-1,



  ( 0( n ( b-2)

     (2)
p1n = (Arn + BR2n)p0 a-1, 




      (n ( b-1)


     

     (3) 
p0 n =                        +                  +                     p0 a-1, (0 ( n ( a-2)

     (4) 
p0 n  = p0 a-1,  



                         ( a-1 ( n ( 2b-1)    (3.2.17)

     (5)
 p0 n = R2n-2b+1 p0 a-1, 
 




      (n ( 2b)  

     (6) 
p2 a-1=          [Ara-1 + B1R2a-1 + B2R3a-1] p0 a-1


where     B =


 ;     B1 = 


     ;
B2=





      R2  =    
          ;      R3=

Next, we shall calculate the value of constant A.

Substituting for p0 a-2 and p2 a-1 in equation (3.2.3), we have




( p0 a-1=   (                    +                     +                             



                      + (1              (Ara-1 + B1R2a-1 + B2R3a-1)    p0 a-1
On further simplification, we get


      A   =                                      



(3.2.18)


where g(x)= (((+(1)               + ((1x a-1
Thus, we have obtained all the steady state probabilities in terms of p0 a-1.

The value of p0 a-1 can be obtained using the normalizing condition, 


 p0 n + p2 a-1 +       p1 n  = 1 
as follows.


(3.2.19)  

Substituting for p0 n from equation (3.2.17), we have


 
     p0 n =  


   +                   +                       p0 a-1




+
    p0 a-1 +         R2n-2b+1 p0 a-1



p0 n =                       (a-1)                      +              (a-1) –

             

                   +             (a-1)                           + (2b-a+1) +               p0 a-1

p0 n = (AH(r) + B​1H(R2) + B2H(R3) +        + 2b-a+1)p0 a-1,  (3.2.20) 
        



where H(x) =                   

Substituting for p1n from equations (3.2.13) and (3.2.14) and simplifying we 

have

 p1 n =         (Arn + B1R2n + B2R3n)p0 a-1  +        (Arn + BR2n)p0 a-1




       =          +           +                 +                     p0 a-1 
(3.2.21)

Substituting (3.2.20), (3.2.21) and (3.2.15) in (3.2.19), the value of p0 a-1 is given by 

p0 a-1-1 =  A   H(r) +           +            + B1   H(R2) +            +             


                   + B2   H(R3) +           +              +                  + (2b-a+1), (3.2.22)

3.2.5. SOME PERFORMANCE MEASURES
1. The mean queue length (Lq):


Lq    =        np0 n +       np1n + (a-1)p2 a-1 


         (3.2.23)

Substituting for p0 n, p2 a-1 and p1 n we have,


        np0 n  =          n

             +                    +                      p0 a-1


    +         n p0 a-1 +         n R2n-2b+1 p0 a-1

         =     AG1(r) + B1G1(R2) + B2G1(R3)



+            +             +                                    p0 a-1,
(3.2.24)



where  G1(x) =                                                


   np1n = 
n (Arn + B1R2n + B2R3n)p0 a-1  +       n (Arn + BR2n)p0 a-1




=   AG(r) + B1G(R2) + B2G(R3)



+ A              +            + B              +                  p0 a-1, (3.2.25)


where G2(x)
=

Using (3.2.15),(3.2.24) and (3.2.25) in equation (3.2.23) gives




Lq=   A   G1(r) + G2(r) +          +            +            ra-1 


+B1 G1(R2) + G2(R2) +             R2a-1   + B2  G1(R3) + G2(R3) +           R3a-1  


           + B             +                +           +               +                                      p0 a-1
2. The probability that the server is busy (PB):







PB =       p1 n  =              + B           + B1           + B2               p0 a-1

(from equation (3.2.21))

3. The probability that the server is on vacation (PV):




PV =            =     AH(r) + B1H(R2) + B2H(R3) +         + (2b-a)   p0 a-1

(from equation (3.2.20))

4. The probability of delay period (PD):



PD = p2 a-1 =             Ara-1 + B1R2a-1 + B2R3a-1   p0 a-1.

3.2.6     NUMERICAL   ANALYSIS                 


For some values of various operational parameters such as a, b, (,(,(1 and (2 , the numerical results for the expected queue length Lq and the probability that the server is busy PB, on vacation PV, and in delay period PD are shown in tables (3.2.1) to (3.2.3).  From the tables we infer that the expected queue length is an increasing function of the arrival rate ( and is a decreasing function of the vacation parameter (2. 

It is also noted that, for larger arrival rates, the server is busy for more percentage of time where as the probability that the server is on vacation and delay period are less.


The variation in mean queue length for different values of (2 is also shown graphically.

Table 3.2.1

Mean queue length (Lq)

( = 1, (1 = 2

	(
	(2
	a=5;  b=10
	a=10; b=20
	a=20; b=30
	a=30; b =50

	.2
	0.1
	25.223
	50.571
	78.040
	128.785

	.4
	
	43.817
	87.579
	134.639
	222.328

	.6
	
	65.181
	129.951
	199.389
	329.248

	.8
	
	95.777
	189.981
	290.408
	479.334

	.2
	0.25
	15.153
	30.523
	47.666
	78.463

	.4
	
	21.889
	43.751
	68.173
	112.010

	.6
	
	31.269
	62.113
	96.489
	158.382

	.8
	
	49.924
	98.231
	151.197
	248.141

	.2
	0.50
	12.269
	24.821
	39.035
	64.227

	.4
	
	15.400
	30.810
	48.386
	79.291

	.6
	
	21.020
	41.620
	64.983
	106.315

	.8
	
	35.784
	69.974
	107.605
	176.175

	.2
	0.75
	11.431
	23.173
	36.584
	60.187

	.4
	
	13.457
	26.968
	42.521
	69.586

	.6
	
	17.937
	35.465
	55.420
	90.579

	.8
	
	31.557
	61.525
	94.350
	154.412


Table 3.2.2

(1 = 0.5; (2 = 0.7; b =50

	(
	a = 10
	a = 20
	a = 30
	a= 40

	10
	53.410
	57.321
	60.669
	63.806

	15
	56.221
	61.078
	64.734
	68.358

	20
	60.655
	66.655
	70.875
	74.989

	25
	67.830
	74.875
	79.602
	84.047

	30
	79.409
	87.446
	92.709
	97.503

	35
	99.526
	108.491
	114.311
	119.476


Table 3.2.3


The probability that the server is in busy period PB, in delay period PD and vacation period PV are given in the following table:

                                         (2 = 0.5; ( = 1; (1 = 0.1.

	(
	
	Lq
	PB
	PD
	PV

	.2
	a = 5

b = 10
	12.089
	0.213
	0.781
	0.006

	.4
	
	15.245
	0.422
	0.570
	0.004

	.6
	
	20.873
	0.623
	0.375
	0.002

	.8
	
	35.638
	0.814
	0.185
	0.001

	.2
	a = 10

b = 20
	24.708
	0.213
	0.785
	0.002

	.4
	
	30.722
	0.422
	0.576
	0.002

	.6
	
	41.538
	0.622
	0.377
	0.001

	.8
	
	69.893
	0.814
	0.186
	0.0003

	.2
	a = 20

b = 30
	38.953
	0.206
	0.794
	0.001

	.4
	
	48.327
	0.410
	0.590
	0.0004

	.6
	
	64.932
	0.609
	0.391
	0.0003

	.8
	
	107.558
	0.805
	0.195
	0.0001

	.2
	a= 30

b= 50
	64.173
	0.208
	0.792
	0.0002

	.4
	
	79.254
	0.414
	0.586
	0.0002

	.6
	
	106.282
	0.613
	0.387
	0.0001

	.8
	
	176.145
	0.808
	0.192
	0.00005


 Lq Vs ( for various values of (2 when a=3, b=5, (=1 and (1=2 
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 Lq Vs ( for various values of (2 when a=20, b=30, (=1 and (1=2
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SUMMARY AND CONCLUSION


The literature on vacation models is increasing very rapidly nowadays because of its theoretical structure and application to the performance modelling of many engineering systems.  Queueing systems in which idle servers take vacations arise in computers, communication and manufacturing systems, etc.


Queueing models with delayed and controlled vacation are analyzed in this thesis.  The first model discussed is M/M/1 queue, in which whenever the queue becomes empty, the free server instead of taking vacation immediately stays idle in the system for a random period of time and then goes for a multiple vacation.  The server repeats his vacation until the system gets atleast ‘K’ customers.


Two Bulk service queueing models with delayed and controlled vacations are also studied.  In these models the delay occurs if the queue contains (a-1) customers at the service completion epoch or vacation completion epoch in the first model and only at service completion epoch in second model.


The steady state equations to obtain the probability distribution of the number of units in the system are established and some system characteristics including expected number of units in the system, expected 

length of delay and busy period are calculated.  The system characteristics are analyzed through numerical values also.

           Waiting time distribution, mean length of operational period and cost analysis can also be discussed for the bulk service queueing model using the results derived in section I and section II of chapter III.  The model discussed in section II of chapter III can be generalized by changing the control limit form 2b to kb.    
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