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A B S T R A C T

I n  this paper, we introduce (I, 2) * - y /  g  -closed functions from a bitopological space X  to a bitopological
A

space Y as the image o f every r inclosed set is (I, 2)*- ip g  dosed. Also we discuss about Almost
A

(I, 2)* - i p  g  -closedfunctions. Properties, characterizations and applications are studied.

Keywords: (l,2)*~ ip  g  -closed,(1,2)*- ip g-open.(l, 2)*-\p  g  -closedfunction (I, 2)*- \p g-open function.

Almost (I, 2)* -  ip g  -closedfunction.

I . P relim in aries

Levine [8] introduced th e  concepts o f  generalized closed sets in topological spaces and studied their 
properties. Levine [8], Mashhour et al.[IO] and Najas- tad[ll] have introduced the concepts of semi-open 
sets, preopen sets and a-open sets respectively. Bhattacharya and Lahiri[5], Arya and Nour[4], Maki et 
al[9] introduced semi-generalized closed sets, generalized semi-closed sets and a- generalized sets,

Veerakumar[ 16] defined g-closed sets in topological spaces. Thivagar et.al[l IJhave introduced the concepts 

of (1, 2)*-semi open sets,(l, 2)*- a-open sets,(l, 2)*-generalized closed sets,(l, 2)*-semi generalized closed 

sets and (I, 2)*-a-generalized closed sets. In this paper, a new class of function called (1 ,2)*- ip g-closed 

functions, Almost (I, 2)* -  ip ^-closed functions have been introduced and studied their various results. We prove that the

composition of two (1, 2)* — ip g-closed functions need not be (I, 2)* -  \p g-closed function. Also we obtain some 
important results in bitopological settings.

Throughout the present paper (X ,! , , ),(Y. Oj, Oj), (Z, r]|, rî ) briefly X, Y, Z be bitopological space..

D efin ition  1.1: A subset S of a bitopological spacee (X, t,, Tj)is said to be t, , -open if S = AUB where Ae t, 
andB £ Tj , A subset S of X is said to be

[1] T| j closed if the complement of S iŝ ;̂  ^_open.

[2] T| j-clopen if S is both Xj ^-opcn and X| ^.closed

D efin ition  i.2: Let S be a subset of the bitopological spacefX, x,,!,). Then
[1] The ^.interior of S, denoted by ^-intfS) is defined by UG:G S S and G is x, ^-open.

[2] The X -Closure of s, denoted by ^-cl(s) is defined by n F:S c p and F x, -̂closed.
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D efln ition  1.3: A subset A of a bitopological space (X, t,,! ,)  is called

[1] (l,2)*-regularopen ifA =X| ^-int(T|  ̂ -  cl(A)).

[2] (1,2)* -  a-open ifA  c -̂intCT,  ̂ -  cl(X|  ̂ -  int(A))).

[3] (1,2)*- generalized closed (briefly (1.2)*- g-closed) 'fx | cl(A) £ U whenever A £ U and U is x, ^-open in 
X.

The complement of the sets mentioned from (i)and (ii) are called their respective closed sets and the complement 
of the sets mentioned above (iii) is called the respective open set..

D efinition  1 4 . jh e  finite union of(l,2)*-regular open sets is said to be x,  ̂ open. The complement of x,  ̂ -  Bir­
open is said tobe X|  ̂ -  1// -closed.

D efinition  1 5 . A subset A ofa bitopological space(X, X|,X2 ) is called

[1] (l,2)*-g-closed iff(U) is(l, 2)*-g-closedsetin Y for every x 1 2̂ 'dosed set U in X.

[2] (1, 2)* -\|/-closed if (1,2)* -v|/cl(A) £ U whenever A £ Uand U is (1,2)*- sg-open in X.

[3] (1, 2)* -  vp -generalized closed ((1, 2)*\|/-g-closed) if (1, 2)*- v|/cl(A) £ A whenever A £ U and U is 
x],2'Open in X.

A

[4] (1,2)* -  g-closed set if (1,2)* -  cl(A) £ A whenever A £ U and U is(l, 2)*-semi-open in X.
A ' A

[5] (1,2)*~ ijj g-closed if (1,2)* -\pcl(A ) £ U whenever A £ U and U is (1,2)* -  g-open in X.

D efin ition  1.6: A function f  ; X  —» Y iscalled
[1] (1,2)*- continuous if f "'(V ) is (1,2)* - closed in X for every ^ _closed set V in Y.

[2] (1,2)* -  (//.continuous if f -i(v  ) is (1,2)* -  -dosed in X forevery o, ^.closed V in Y.

[3] (1,2)* -  y/g'Continuous if f- '(V  ) is (1,2)*-^g-closed  in X for every ^-dosed V in Y.
A A

[4] (1,2)* -  ^ ^ /g - ‘-Of'tinuous if f -'(Y ) jj (12)* -  g-closed in X forevery 0 | ^

[5] (1,2)* -  (^/g-continuous if f ' '(V  ) is (1,2)*-y / g-closed in X forevery

[6] ( 1 , 2 ) * ^  irresolute if f ' ( V  ) is(l, 2 )* -^  ^  closed in X, for every (■, 2 ) * - g-closed setV ofY.

[7] (1,2)* -  (i/g-continuous if f- '(V  ) is (1,2)*- | / / g-closed in X foreveiy o, ^-dosed

D efin ition  1.7: A space (X, x, ,Xj) is called (1, 2)* — g-T |^2'Space if every (1,2)*- W g-closed set is (1,2)* -  

-closed.
A

D efinition  ],3 ; a  function f : X  —> Y is said to be M -(1, 2)* -  (ir g-closed function ifthe image f(A) is (1, 2)*-
A A

If/ g  -closed in Y foreveiy [\,2)* — y/ g  -closed set A in X.

The complement of the M —(1,2)*— y/ g--dosed function is said to be M —(1,2)* — xg g--open function.

D efin ition  1.9: A space (X, x) is called a-normal, if forevery pair of disjoint closed subsets H,K there exist disjoint 
a-open sets U,V suchthat H ca int U, Kc aintV and aintU fl aintV=(p.

D efinition  1.10: A function f; (X, Xi.x^)—> (Y.Oi.o^jis saidto be almostcontinuous if f - '( y  ) is closed in X for 

every regular closed in Y.

D efin ition  1.11: A function f; ( \ ,  Xp x^)—► (Y, Oj, a^) is said to be almost y/ -continuous if f - '(V )  y/ g .  

closed in X for every regular closed in Y.
© 2012, LIMA. All Rights Reserved 3x23



2. (1,2)* -  (// g - C L O S E D  F U N C T IO N S

D efin ition  2 .1: A function f : (X, T| ,Tj)—> (Y,a, ,a 2 )is said to be(l, 2 ) * g--closed if for every t,  ̂ -closed F of 

X, f(F) is (1,2)* -  ig g-closed in Y.

T h e o re m  2.2: Every .closed function jj (] 2)* y / g  .closed.

Proof: Since every .closed set is (I, 2)* -  ^  S -  closed. We get the result.

The converse need not be true as seen from the following example.

E x a m p le  2.3: Let X={a, b, c},t, ={cp, X, {a},{b},{a,b}}, ={cp, X, {b},{a,b}},a^ ={<p̂  g , {a},{a,c}}, ={(p,X,

{a,b}} f  (X, T| , 12) ^  (Y ,a, , 0^) be th e  i d e n t i t y  function then f is ( I, 2)* -  y / g  - closed but not x, ^ - 

closed function, not (1,2)*- g-closed function.
A

P ro p o s itio n  2.4: If a function ping f  (X, X| , x̂ ) —> (Y ,0 | , o^) is (1.2)* -  y / g  - closed then for every subset 

AofX,(l,2)* -  ig g -c l(f(A ))c f(o , 2-cl(A)).

Proof: Let A cX . Since f  is ( l,2)*_ g  .closed  ̂ _ cl(A))is (1.2)* -  y/ g  - closed in Y. Now f ^ f(o^  ̂

-cl(A)).Also f(A)c (1 ,2)*- g-cl(f(A)). By definition, we have (1,2)* -  ^  g  - cl(f(A)) c ffa^  ̂ -  cl(A)).

Converse need not be trure as seen in the following example.

E x a m p le  2.5: Let X={a, b, c, d},xi={(p, X, {b, c, d}}, X2 ={<p. X},a| ={(p, X, {b}}, 02  ={ip, X,{a}, {a, b}}, f  (x , ,

x^)-> (Y ,0 | , 0j) be the idemtity function. For every subset A of X ,(1,2)*- ^ c l(f(A ))c  f(0 | 2-cl(A)), butfis 

not (1,2)*— W ^-closed function

P ro p o s itio n  2.6: If for eveiy subset A ofX.T, ^-cKx, ^ -int(X | ^-clfA))) c f(0 |  ̂ -  cl(A)) then a function f  (X, x, 

.Xj)—> (Y ,0 | , 0 j) is (1,2)* -  ig g-closed.

Proof; Let A be closed in X. Since x, j ~ cl(X| j -  int(x,  ̂“  cl(A))) c f ( 0|2 — 

cl(A))c f(A).f(A)is (1.2)* -  W closed and hence (1, 2)* -  yy g .  closed .

Converse of the above need not be true as seen in the following example.

E x a m p le  2.7: Let X={a, b, c},xi ={(p, X.{a}},x2 ={(p. X, {a, c}}, 0 ] ={cp, X. {b}},0 2 ={<p. X },f:(X,x,,X2 )->(Y ,

0 |, 0 j ) be the identity function then f is (1,2)* -  y, g .closed function, but x,  ̂ -cl(X|  ̂ -  int(X|  ̂ -  cl(A))) c  ̂ -  

cl (A)) is not true.

P ro p o s itio n  2.7: If a function f  (X, x, ,X2) ^ ( Y , 0 , , 0^) is ( \ .l)* -y /  g-closed and Y is (1, 2 ) * - g - T |/ 2  
spacethen x,  ̂ ~cl(X|  ̂-int(X |  ̂-cl(A))) c f(0 ,  ̂ -  cl(A)).

Proof: Let Ac X.Then X|  ̂ ~ cl(A) is closed in X. Since f  is (1,2)* -  y/ .closed, f(0 j  ̂ -  cl(A)) is (1, 2)* -  
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yy g .  closed in Y and so (I, 2)* -  acl(f(T|  ̂ -cl(A))) c f(a,^ -cl(A)).Hence i,  ̂ - cI(t,  ̂ - i n t l t ,   ̂-cl(A))) c t,  ̂

- c1(T| 2 -int(T | 2 -  cl(f(T| 2 -  cl(A)))) C f(a, 2 ~ cl(A)).

T h eorem  2.8: A surjection f  (X, t, ,T2) ^ ( Y , 0 | ,02is(l,2)* -  y/ g -  closed iff for each subsets of Y andeachtij- 

open set U containing f ' (S) there exist a (1,2)* -  y/ ^-open set V ofY such that S c V  and^ ' (V )c U .

Proof:

Necessity: Suppose that f  is (1,2)* ~ y /  g  -closed. Let S be a subset of Y and Y be an t ] ̂ 2 -open subset of X containing f '
A

(S).IfV=Y-f(X-UXthen V is a (1,2)* ~ ig g -  open set of Y, suchthat S c V  and^ '(V )c U .

Sufficiency: Let F beany x, j -closed set of X. Then f ' (Y - f ( F ) ) c  X  -  F and X-F is x| ̂ 2-open in X. There exists 

(1,2)* -  yr g .  open set V ofY suchthat Y -  f(F) c V and f '( V  ) c X  -  F.Therefore, Y -  V c f (F) c f (X
A ^

-(1 ,2 )*  -  closed ftinctionsf' (V ))c  Y -  V .Hence we obtain f (F) = Y -  V and ((F) is (1,2)* -  y/ g -  

closedinY which shows that fis(l,2)* -  yy .closed.

T heorem  2.9: Iff (X, X| , 12) —> (Y ,0 | , 02)is (1,2)* -  1/ / g’- closed and A i s '̂ 1,2 f|A : (A)
A

—►(Y) is (1,2)* ~ y/ g -  closed.

A

Proof: Let Be A be x, 2 -closed in A. Then B is X| 2 -closed in X. Since f  is(l,2)* -  yy g .  closed, f(B) is (1,2)* -
A A

yy g .  closed in Y.But f(B) = (f|A)(B). So IfA is(l,2)* -  yy g .  closed.

R em a rk  2.10: Composition oftwo (1,2)* -  yj g -  closed functions need notbe (1>2) -  yy closed function.

E xam ple 2.11: LetX=Y=Z={®' t’' 0},̂ ;] ={jp x, (b. c}}.T2 ={(p, X. {a}}.c| ={(p, X. (a}}, o2 ~{(P’ ’ll  “ {'P. X. 
{b}},n2={(P,X,{a},{a, b}}, f  (x , x, ,X2)->  (Y,a, .Oj) ' {Y.o, ,03 )-► (Z, ty,, n2)t>e the identity functions then f

A A

and gare(l,2)* -  yy g  .closed functions, but g o f : (X, x,, X2 )—* (Z, r||,ri2)is not (1,2)* -  yy g  .closed function. 

P rop osition  2.12: If f  (X, x̂  , X2) —* (Y, 0 | , 02)'^ ^12 ® ^ <̂ 2 ^ i’ (1.2) —
A A

yy g .  closed then gof : (X, x,, Xj)—► (Z, ty|,r|2)is (1,2)* -  yy g.closed.

A

Proof: Let A be x, j-dosed in X then f (A) is a, j -closed in Y. Since g is (1,2)* -  *// closed, g(f(A)) is(l,2)*
A A

-  W g  closed in Z. Hence gof is (1,2)*— g  closed.

T heorem  2.13: Let f  (X, x, (Y ,0 | , 02) andg ■ (Y, a, , 0 2 )—► (Z, two functionpings and letgof :

(X.XpXj)—*(Z ,r||,r|2))b e (l,2)* -  ^  g--closed. Then
A

[1] Iffis(l,2) -continuous and surjection then g is (1,2) -  y/ g -closed.
A A

[2] Ifgis(l,2)* -  y/ g-irresolute and injective then fis(l,2)* -  y/ g-closed.



Proof:

(i) LetAbea,j-closedinY.Sincefis(l,2)*-continuous,f' (A) is ^,,2 -closed in X. Since gofis(l,2)* -  V-' g-closed.gof 

(f'(A ))=g(f(f'(A )))=g(A )is(l,2)* -  ¥  ^-closed.

ii)Let A  be T| 2 -closed in X. Since gof is (1, 2)*— -closed, (gof)(A) is (I, 2)*— ^-closed in Z. Since g is (1 ,2 )*- 

yr ^-continuous,g"'((gof)(A)) =  f(A ) is(l,2)* -  yr g-closed in Y. Hence fis (1,2)* -  ^-closed.

P ro p o s itio n  2.14: For any bijectionf (X, (Y.O|, c^) the following statements are equivalent.

[1] f  is a (1, 2)* -  g--open function.

[2] f i s a ( l ,2)* -  y/ ^-closed function.

[3] f ':  (X, T| , 12) —► (Y,a, , 0^) is (1,2)* -  1/ / g--continuous.

Proof; (i) (ii)Let f  be a ( '’ 2) g-open function. Let U be t, 2 -closed in X. Then X-U is t, j -open in X. By 

assumption,f(X -U ) is a 2) -  y/ g  -open function and it implies Y-f(U) is 2) -  yr g  -open function and hence 

f(U)is(*’2) -  yy g-closed.

(ii) => (iii) LetV bet, 2 -closed in X. By (ii) f(V) = (f') ''(V ) is (1,2)* -  yy g  .closed in Y.

(iii) => (i) Let V be x, 2 -open in X. By (iii) (f ')‘'(V) = f(V ) is (1,2)* -  y , g.open in Y.

D efin itio n  2.15: A function (X, x, ,X2) —►(Y.o, , 0 2 ) issaidtobelM -  (>'2) -  yy g-closedfunction ifthe imagef(A) 

is (1.2)  ̂— Iff g -closed in Y for every (1-2) — yy g - closed set A in X.

A A

R e m a r k  2.16: Every M -  (*>2) -  yy g-dosed function is (̂ >2) -  yy g-dosed function, but the converse
need not be true as seen in the following example.

E x a m p le  2.17: LetX= {a, b, c } x i =  {tp, X, {a}}, X2 ={9 , X},oi={cp, X,{b}},o2= {<p, X, {a}, {a, b}}. f  (X,

X| .Xj)—> (Y ,0 | , 02) be the identity function then fis ('• 2) — yy g-dosed function, but not M -  ('>2) -  yy g .  
closed function

D efinition  2.18: A function f  (X, x, , X2) —► (Y. o, , Oj) is called (•■2) -  g - Continuous if f  (V) is x, 2 “  g-  
closed in X for every 0 | 2-closed set V in Y.

T h eorem  2.19: I f f  (X, X| , Xj) ^  (Y, 0 | , 02) is a 2) -  g-continuous and M -  2) -  yy g-dosed
A A

function in X then f(A) is (*.2) -  ^  g-closed in Y for ever) 2) -  ig g-dosed set A of X.

A A

Proof: LetA beany (1,2) -  yy g.closed setofX and V beany 0,2 -  g-openset ofY  containing f(A).Since fis 

(1,2)* -  g-continuous, f ' (V ) is x, 2 ~ g  open in X and A C f  '(V  ). Therefore (1,2)* -  (/^cl(A) C f  (V ) and
A A

hence f( 1,2)* -  (^cl(A))C V .Since fis M - y ^  S'-closed,(1, 2)* -  V^cl(A)) is(l,2)* - i g  g-closed in Y ans
A

hence we obtain (1,2)* -  ig cl(f(A)) C (1,2)* - y /cl(f((1 ,2)* -  ig cl(A))) C V .Hence fi;A)is(l,2)* -  y/ ^-closed 

in Y.



P roposition  2.20: For anybijectionf (X, t, , t, ) —> (Y.OpCjjthefollowing statements are equivalent.

[1] f ': (X, T| , 12) —► (Y,0 | , 02) is a ('>2) -  g--irresolute.

[2] fis a M - ( l ’2) -  y/g--open function.

[3] f i saM -(1.2) -  ig g-closed function.

Proof: (i)=^(ii)LetUbea('.2)* -  ig g-openinX . By ( i) ( f ') ' '(U )  =f(U)'s(>.2)* -  ^-open in Y. Hence (ii) 

holds.
A

(ii) => (iii) Let V be (1,2)* -  ^  g.closed in X. By (ii) f(X  -  V = Y -  f(V ) is(l,2)* -  W S’ open in Y. That is 

f(V)is(l,2)* -  W ^-closed in Y and so fis a M -  (1,2)* -  (1!̂  S'closed function.

(iii)  =>(i) Let V be (1,2)* -  ^-closed in X. By (iii) f(V) = (f-') ' (V ) is(l,2 )*- ^-closed n Y. Hence (i)

holds.
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