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CHAPTER -5

SECOND ORDER BIPOLAR FUZZY GRADATION OF OPENNESS
AND SECOND ORDER BIPOLAR FUZZY COMPACTNESS

In this chapter, second order bipolar fuzzy gradation of openness is introduced.

In 1992, Hazra et al. introduced the concept of gradation of openness and gave a new
definition of fuzzy topology. Using this concept, Kalaichelvi (2000) introduced the definition of
second order gradation of openness and gave results related to the second order fuzzy topologies

induced by second order gradation of openness.

In the first section, first order bipolar fuzzy gradation of openness is introduced and a new
definition of first order bipolar fuzzy topology induced by first order bipolar fuzzy gradation of

openness is given.

In the second section, second order bipolar fuzzy gradation of openness is introduced. Five
interesting connections between first order bipolar fuzzy gradation of openness, second order
bipolar fuzzy gradation of openness and first order gradation of openness are established. These
connections are denoted as D,, D,, D3, D, and D. It is proved that the associations D,, D5 and D¢
are functorial with respect to gradation preserving maps. Results related to the second order bipolar
fuzzy topologies induced by the second order bipolar fuzzy gradation of openness are obtained.

Further it is proved that if Ty (pr) is the second order bipolar fuzzy topology induced by the second

order bipolar fuzzy gradation of openness Gy,,,, then Gy, — £5(Gpp ) is functorial.

Third section is devoted to the study of compactness in the second order bipolar fuzzy
topological spaces. Five different types of compactness, namely, second order bipolar fuzzy 1-
compact, second order bipolar fuzzy 1*- compact, second order bipolar fuzzy 2-compact, second
order bipolar fuzzy 2*- compact, second order bipolar fuzzy 3-compact are introduced in the second
order case by extending the definition of bipolar fuzzy compactness. The relation between these
concepts are analysed with special reference to R, R,, R3, R, and R. It is proved that all the five

concepts are preserved under second order bipolar fuzzy continuous function.
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SECTION 5.1

FIRST ORDER BIPOLAR FUZZY GRADATION OF OPENNESS

Definition:5.1.1
Let X be a non-empty set. A mapping Gy,: BPF(X) — I is said to be a first order

bipolar fuzzy gradation of openness on X, if and only if the following axioms are satisfied:

(BPFGO1) Gyp(Obp) = Gop(1pp) = 1
(BPFGO2) Gy ((Avp) ) > 0, fori=1to m= Gy, (NI (App),) > 0.

(BPFGO3) Gy, ((Abp)k) >0,forall 1€ A = Gy, (UAeA(Abp)A) > 0.

Therefore (X, Gyp) is called a first order bipolar fuzzy gradation space.

Example:5.1.2
Let X be a non-empty set. A mapping Gy,:BPF(X) —» 1 is defined as

Gop(Opp) =1,Gpp(1pp) =1 and  for other first order bipolar fuzzy  sets
Ay,). € BPF(X), Gy, | (Ap = a, where o, € (0,1). Then Gy, is a first order bipolar fuzzy
P/y P P/ p

gradation of openness on X.

Remark:5.1.3
The family of bipolar fuzzy sets Ts(Gup) = { Abp € BPF(X) / Gup(Abp) > 0}

forms a bipolar fuzzy topology on X.

Definition:5.1.4
Let (X,Gpp) be a bipolar fuzzy gradation space. Then tg(Gyp) is called the
bipolar fuzzy topology on X induced by Gy, .

Definition:5.1.5

Let (gbp)l and (gbp)z be two bipolar fuzzy gradations of openness on X.

If (Gop), (Abp) = (Gop), (Abp), for every Ay, € BPF(X), then (Gup). = (Gop),.
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Definition:5.1.6

Let (X, (gbp)1) , (Y, (gbp)z) be two bipolar fuzzy gradation spaces. Then a map
0: X — Y is called

(i) abipolar fuzzy gradation preserving map,

if (Gop), (Abp) < (Gop), (07 (Abp)), for each Ay, € BPF(Y).
(i) a bipolar fuzzy strongly gradation preserving map,

if (Gop), (Abp) = (Gop), (67 (Abp)), for each Ay, € BPF(Y).
(iii) a bipolar fuzzy weakly gradation preserving map,

if (Gop), (Abp) > 0= (Gop), (67" (Ayp)) > 0, for each Ay, € BPF(Y).

Theorem:5.1.7

Let 6: X — Y be a map and let (gbp)1 be a bipolar fuzzy gradation of openness on X.
Then the largest bipolar fuzzy gradation of openness (gbp)z onY which makes
0: (X, (gbp)1) - (Y, (gbp)z) a bipolar fuzzy gradation preserving map is given by
((Gop), ) (Anp) = ((Gop), ) (07 (Abp) ) for each Ay, € BPE(Y).

Proof:

For Ap, € BPF(Y), define (Gop), (Avp) = (Gop), (67 (Asp))
Claim 1:

(pr)zis a bipolar fuzzy gradation of openness on Y.
(BPFG1) (gbp)z(obp) = (pr)l (9_1(0bp)) = (gbp)l(obp) =1
(gbp)z(lbp) = (pr)l (9_1(1bp)) = (gbp)l(lbp) =1

(BPFG2) (Gup), ((Abp)i) >0, fori=1tom implies (Gpp), (6‘1(Abp)i) >0,fori=ltom
implies (Gup), (ﬂ{il (6‘1(Abp)i)) >0
implies (gbp)l (9‘1 ( {‘;1(Abp)i)> >0

implies (Gup), (ﬂ{‘;l(Abp)i) > 0.
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(BPFG3) (Gp), ((Anp), ) > 0, for 1€ A implies (Gyp), (0 ((Anp),)) > 0, for 2€ A
implies (Gp), (Unea (67 ((Aey),))) > 0
implies (Gup), ( (Unen(Abyp) ))
implies (Gop), (Unea(Abp), ) > 0

Claim 2:

(gbp)2 is the largest bipolar fuzzy gradation of openness on Y such that
e:(x,(gbp)l) - (Y,(gbp)z) is a bipolar fuzzy gradation preserving map, then
(Gop), (67 (Abp)) < (Gop),, (Avp). (1)

Suppose ((gbp)z)’ is the bipolar fuzzy gradation of openness onY such that
e:(x,(gbp)l) - (Y,((gbp)z)l) is a bipolar fuzzy gradation preserving map, then
((pr)z)’ (App) < (gbp)l (6‘1(Abp)), for each Ay, € BPF(Y).

Therefore ((gbp)z)’ (App) < (gbp)Z(Abp) by (1). Hence (gbp)2 is the largest bipolar fuzzy

gradation of openness on Y such that e:(x, (gbp)1) - (Y, (gbp)z) is a bipolar fuzzy

gradation preserving map.

Theorem:5.1.8
0: (X, (gbp)l)—>(Y, (gbp)z) is a bipolar fuzzy weakly gradation preserving

map iff : (X, Tg ((gbp)1)> - (Y, Tg ((gbp)2)> is bipolar fuzzy continuous.

Proof:

Assume O is a bipolar fuzzy weakly gradation preserving map. Let
Abpeng((gbp)z). Then (gbp)z(Abp)>0 implies (gbp)l(e‘l(Abp))>0 implies

07" (App) € T8 ((pr)l)-

Therefore 0 is bipolar fuzzy continuous.
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Conversely, Assume 6: (X, Tg ((gbp)1)> - (Y, Tg ((pr)z)) is bipolar fuzzy continuous.

Let (gbp)z(Abp) > 0 implies Ay, € Ty ((gbp)z) implies 67 (App) € T3 ((gbp)1)

implies (Gyp) (e‘l(Abp)) > 0.

Hence 0 is a bipolar fuzzy weakly gradation preserving map.
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SECTION 5.2
SECOND ORDER BIPOLAR FUZZY GRADATION OF OPENNESS

Definition:5.2.1

Let X be a non-empty set. A mapping §bp : SBPF(X) — I is said to be a second order
bipolar fuzzy gradation of openness on X iff the following conditions are satisfied:
(SBPFG1) Gop(0bp) = Gup(Tbp) = 1.
(SBPFG2) Gy ((App), ) > 0, fori=1tom = Gy, (NI (App), ) > 0.

(SBPFG3) Gy ((App), ) > 0, forall 1€ A = Go, (Unea(App), ) > 0.

Therefore (X, §bp) is called a second order bipolar fuzzy gradation space.

Example:5.2.2
Let X be a non empty set. A mapping gAbp:SBPF(X)—His defined as

Gop(Opp) = 1,Gbp(1pp) =1and  for other second order bipolar fuzzy sets
(Kbp)}\ € SBPF(X), G, ((Kbp)}\) = o, where a;, € (0,1). Then Gy, is a second order bipolar

fuzzy gradation of openness on X.

Theorem:5.2.3

If App € BPF(X), then Ay, € SBPF(X) is given by
Kprr(x)(oc) = App” (%), App (X () = Ay, (x), for every x € X and for every a € 1.
Let §bp: SBPF(X) — I be a second order bipolar fuzzy gradation of openness on X. Define
Gop: BPF(X) = 1 as Gpp(App) = Gbp(App). Then Gy, is a first order bipolar fuzzy gradation
of openness on X. The correspondence §bp - Gy is denoted as ;.

Proof:

Let pr: SBPF(X) — I be a second order bipolar fuzzy gradation of openness on X. Let
Gop: BPF(X) — 1 be defined as Gy, (Abp) = Gop(Bop)-
Then gbp(obp) = gbp(abp) =1
Similarly Gop(1pp) = Gop(Tbp) = 1.
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Therefore (BPFG1) is satisfied.

Let Gop ((Abp)i) >0, fori=1tom implies Gy ((Kbp)i) >0,fori=1tom

implies Gy, (n{gl(ﬁbp)i) > 0 implies Gy, (n{‘;KKbp)l) > 0 implies Gy, (n{’;l(Abp)i) > 0.
Therefore (BPFG2) is satisfied.

Let Gpp ((Abp)}\) >0, for 1€ A implies Gy, ((Kbp)}\) >0, for1e A
implies Gp, (UxeA(Z\bp)x) >0 implies Gy, (Uxe@p)x) >0

implies Gy, (UxeA(Abp)}\) > 0.
Therefore (BPFG3) is satisfied.

Example:5.2.4

Let a second order bipolar fuzzy gradation of openness Gy,,: SBPF(X) — 1 on X
be defined by Gpp(0bp) = 1,Gbp(Ibp) = 1and for other second order bipolar fuzzy sets
(Abp), € SBPF(X), Gop ((Bnp),) = B1  where B, € (0,1). If Ap, € BPF(X) then
Ay, € SBPF(X) is defined by Z\bp+(x)(a) = App” (%), App (X () = Ap, ™ (x), for every
x € X and for every a € 1. Define G,,: BPF(X) = I as Gpp(Abp) = Gbp(Bpp)- Then Gy, is @

first order bipolar fuzzy gradation of openness on X.

Theorem:5.2.5

If Ay, € BPF(), then (Ap,), € SBPF(X) is given by (Z\bp+)I ) = App*,
(Kbp_)l(x) = Ap, , for every x € X. Let G,,: SBPF(X) — I be a second order bipolar fuzzy
gradation of openness on X. Define (§bp)l: BPF(X) — l as (§bp)I(Abp) = Gp ((Abp)l). Then
(gAbp)I is a first order bipolar fuzzy gradation of openness on 1. The correspondence
Gop — (gAbp)I is denoted as D, .

Proof:

Let pr: SBPF(X) — I be a second order bipolar fuzzy gradation of openness on X. Let

(pr)I be defined as (pr)I(Abp) = Gbp ((Z\bp)l).
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Then (gbp)l(obp) = gbp ((Obp)l) =1las (6bp)1 = 6bp'

Similarly, (gbp)l(lbp) = gbp ((ibp)l) =1as (ibp)l = ibp'
Therefore (BPFG1) is satisfied.

Let (gbp)I ((Abp)i) >0, fori=1tom implies Gy (((Kbp)i)l) >0,fori=1tom
implies Gy, (ﬂ{;‘l ((Z\bp)i)l) > 0 implies (Gup), (ﬂ{‘;‘l(Abp)i) > 0.

Therefore (BPFG2) is satisfied.

Let (Gup), ((Abp)}\) >0, for A € A implies Gy, (((Z\bp)l)l) >0,for 1€ A
implies Gy, (Unea ((Bbp) A)I) > 0 implies (Gyp), (Unea(Abp), ) > 0.

Therefore (BPFG3) is satisfied.

Hence (gbp)I is a first order bipolar fuzzy gradation of openness on I.

Example:5.2.6

As in example (5.2.4), §bp is a second order bipolar fuzzy gradation of openness
onX. If Ay, €BPF(D), then (Ay,) € SBPF(X) is defined by (Z\bp+)I ) = App ™,
(fﬁbp_)l(x) =Ap,, for every x€eX.  Define (gbp)l: BPF() -1  as

(pr)[(Abp) = Gop ((?\bp)l). Then (gbp)l is a first order bipolar fuzzy gradation of openness

onl.

Theorem:5.2.7
If Ap, € SBPF(X) then for a€l, (Abp)aeBPF(X) is given by

(Bop”) (0 =Ry, (@), (Byp ) (¥) = Ap, ()(@), For every x € X. Let Gy,p: BPF(X) > I be
a first order bipolar fuzzy gradation of openness on X. For a € I, define (pr)a: SBPF(X) — I

as (pr)a(ﬁbp) = Gup ((Kbp)a). Then (gbp)a is a second order bipolar fuzzy gradation of

openness on X. The correspondence Gy, — (pr)a is denoted as D5.
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Proof:

Let Gyp: BPF(X) — I be a first order bipolar fuzzy gradation of openness on X.
Fora €1, (Gbp)_: SBPF(X) — 1 is defined as (Gup) (Abp) = Gop ((Kbp)a).
Then (Gop)  (Obp) = Gop ((Gbp)a) = 1, where (Op,)_ = Opp.
Similarly, (pr)a(ibp) = Gop ((ibp)a) =1, where (ibp)a = 1y,

Therefore (SBPFG1) is satisfied.
Let (Gop),, ((Kbp)_) >0, fori=1tom implies Gy, (((Z\bp),) ) >0,fori=1tom
i Va

implies Gy, (n{;‘l ((Kbp)i)a) > 0 implies (gbp)a (n{‘;l(Z\bp)i) > 0.
Therefore (SBPFG2) is satisfied.

Let (gbp)a ((Kbp)}\) >0,ford € A implies Gy, (((Z\bp)x)a) >0, for 1€ A

implies Gyp (U;\E,\ ((Abp)l)a) > 0 implies (Gpp)_ (U;\E,\(Kbp)x) > 0.

Therefore (SBPFG3) is satisfied.

Hence (gbp)a is a second order bipolar fuzzy gradation of openness on X.

Example:5.2.8

Let a first order bipolar fuzzy gradation of openness Gy,: BPF(X) — I on X be
defined by Gpp(Obp) = 1, Gbp(1pp) = 1 and for other first order bipolar fuzzy sets (Abp))\ €

BPF(X), Gop ((Abp), ) = B, where B, € (0,1). If Ay, € SBPF(X) then for a€l,
(Avp),, € BPF(X) is defined by (Z\b;)a () =Ry (@), (Brp ) () =Ry, (), for

every x € X. For a € I, define (gbp)a: SBPF(X) — I as (§bp)a(2\bp) = Gpp ((Kbp)a). Then

(gbp)a is a second order bipolar fuzzy gradation of openness on X.
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Theorem : 5.2.9

Let G be a first order gradation of openness on I. For x€X,
define (Gp), : SBPF(X) — I such that (Gpp) (App) =G ((Kbp)x). Then (Gpp), is a second
order bipolar fuzzy gradation of openness on X. The correspondence G — (gbp)x is denoted as
D,.

Proof:

Let G:1' - I be a first order gradation of openness on .
For x € X, (Gpp)_: SBPF(X) — I be defined as (Guy) (Abp) = G ((Z\bp)x).
Then (Gop) (Obp) =G ((@bp)x) =125 (0up), = Opp-
Slmllarly (Gbp)x(ibp) = g ((ibp)x) =1 as (ibp)x = 1bp'
Therefore (BPFG1) is satisfied.
Let (Gop), ((Kbp)i) > 0, for i = 1 to m implies G (((Z\bp)i) ) >0, fori=1tom
X
implies g(ﬂ{i‘l((ﬁbp)i)x) > 0 implies (Gop)_ (ﬂ{‘;‘l(ﬁbp)i) > 0.
Therefore (BPFG2) is satisfied.
Let (Gop), ((Kbp)}\) > 0, for A€ Aimplies G (((Z\bp)}\) ) >0, for L€ A
X
implies g(UxeA((Kbp)}\)x) > 0 implies (Gup), (U;\E,\(Kbp)x) >0
Therefore (BPFG3) is satisfied.

Hence (gbp)x is a second order bipolar fuzzy gradation of openness on X.

Example:5.2.10

Let G:1' > I be a first order gradation of openness on I defined by G(0) = 1,
G(1) = 1 and for other first order fuzzy sets A, € I', G(A,) = B, where B, € (0,1). Ifforx €

X, (Gop), : SBPF(X) — 1 is defined as (gbp)X(Z\bp) =g ((Z\bp)x). Then (gAbp)X is a second

order bipolar fuzzy gradation of openness on X.
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Theorem:5.2.11

Let §bp: SBPF(X) — I be a second order bipolar fuzzy gradation of openness on
X. Let (Gbp)_:SBPF(X) ~ 1 be defined as follows: (Gup)_(Abp) = Gup ((Kbp)c) where
(Txbp*)c @)@ = Ay (A — ), (App ) ()(@) = Ay, (L —00), for every x € X and
for every a € 1. Then (§bp)c is a second order bipolar fuzzy gradation of openness on X. The

correspondence Gy, — (§bp)c is denoted as Ds.

Proof:

Let pr be a second order bipolar fuzzy gradation of openness on X.
Let (gbp)c: SBPF(X) — I be defined as (pr)c(Z\bp) = Gbp ((Z\bp)c).
Then (gbp)c(abp) = Gbp ((ﬁbp)c) = gbp(ibp) =1

Similarly, (gbp)c(ibp) = Gbp ((ibp)c) = Gop(Obp) = 1.
Therefore (SBPFG1) is satisfied.

Let (gbp)c ((Kbp)i) > 0, for i =1to mimplies Gy, (((Z\bp)i)c) >0, fori=1tom
implies Gy, (ﬂ{i‘l ((Kbp)i)c) >0 implies (Gup)_ (ﬂ{‘;‘l(ﬁbp)i) > 0.

Therefore (SBPFG2) is satisfied.

Let (gbp)c ((Kbp)}\) >0, for A€ A implies Gy, (((Abp)l)c) >0, for A€ A
implies Gy, (U;\E,\ ((Kbp)}\)c) >0 implies Gy, ((UAEA(A"P)A)C) > 0.

implies (gbp)c (U;\E,\(Kbp)x) > 0.
Therefore (SBPFG3) is satisfied.

Hence (gbp)c is a second order bipolar fuzzy gradation of openness on X.

Example:5.2.12

As in example (5.2.4), gbp is a second order bipolar fuzzy gradation of openness

onX. If (Gop)_ :SBPF(X)—>1 is defined as (gAbp)C(Z\bp)ngbp((Kbp)c) where
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(Ab;)c (@) = Ap, ()1 — ), (B, ) (¥)(@) = Ap, (x)(1— 00, for every x € X and

for every a € I, then (gbp)c is a second order bipolar fuzzy gradation of openness on X.

Definition:5.2.13
Let (X, (gbp)l), (Y, (gbp)z) be two second order bipolar fuzzy gradation spaces.

Thenamap 6: X - Y is called
() a second order bipolar fuzzy gradation preserving map, if

(Gop),(Bop) < (Gop), (67" (Avyp) ), for each Ay, € SBPF(Y).

(i) a second order bipolar fuzzy strongly gradation preserving map, if
(Gop),(Rbp) = (Gop), (9‘1(Z\bp)), for each Ay, € SBPF(Y).
(iii) a second order bipolar fuzzy weakly gradation preserving map, if

(Gop),(Bop) > 0= (Gop), (67" (Avp)) > 0, for each Ay, € SBPF(Y).

Theorem : 5.2.14
The association D,, D5 and D are functorial with respect to the above definition
(5.2.13)

Proof:
To prove D, is functorial, assume ©: (X, (gbp)l) - (Y, (gbp)z) is a second order
bipolar fuzzy gradation preserving map.
Consider 8: (X, (gbp)l) - (Y, (gbp)z), where (gbp)l and (gbp)zare the first order bipolar
fuzzy gradations of openness from (§bp)1 and (gbp)z respectively, via D;.
For each Ay, € BPF(Y), (Gop), (Avp) = (Gop), (Bop) < (Gbp), (67 (Rbp))
= Gop), (67 (sy))
= (pr)l (e_l(Abp))-
Then (gbp)z(Abp) = (pr)l (9_1(Abp))-

Thus 6: (X, (gbp)1) - (Y, (gbp)z) is a first order bipolar fuzzy gradation preserving map.
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Hence D, is functorial.

To prove D, is functorial, assume 8: (X, (gbp)1) - (Y, (pr)z) is a first order bipolar

fuzzy gradation preserving map.

Consider (8),: (X,((gbp)l)a) - (Y, ((g},p)z)a), where ((gbp)1)a and ((gbp)z)a are the

second order bipolar fuzzy gradations of openness from (Gy,), and (Gpp), respectively, via

Ds.
For each (Aup), € SBPF(Y), ((Gop),) (Bop) = (Gop), (Rnp),,) < (Gop), (e—l ((Z\bp)a))
= (@), (07" sp),)

= ((gbp)l)a ((9_1(Kbp)))-
Then ((gbp)z)a (Anp) < ((gbp)l)a (9_1(Kbp))-

Thus (8) 4: (X, ((gbp)l)a) - (Y, ((§bp)2)a) is a second order bipolar fuzzy gradation

preserving map.

Hence D is functorial.
To prove D5 is functorial, assume 6: (X, (g],p)l) - (Y, (§bp)2) is a second order

bipolar fuzzy gradation preserving map.
Consider (8).: (X, ((pr)l)c) - (Y, ((pr)z)c), where ((gbp)l)c and ((gbp)z)c are the second

order bipolar fuzzy gradations of openness from (Gy,,), and (Gyp), respectively, via Ds.
For each (Ayp), € SBPFCY), ((Gop),)_(Bop) = (Gin), (Bep).) = (Gop), (0 (Bp),))
= (Gop), ((07@0p)) )
= (Gop),)_(07(Rp))-
Then ((Gop),)_ (Rop) < ((Gop),) (67 (Bep)).

Thus (8).: (X,((pr)l) ) - (Y, ((gbp)z) ) is a second order bipolar fuzzy gradation
C C

preserving map.

Hence D is functorial.
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Theorem:5.2.15
Let (I, G,) and (I, G) be two first order gradation spaces. If G; = G,, then for x € X

the map 6: (X, ((gbp)l)x) - (Y, ((gbp)z)e(x)) is a second order bipolar fuzzy gradation

preserving map where ((‘Gbp)l)x and ((gbp)z)e(x) are from G,and G, respectively, via D,.
Proof:

For each Ay, € SBPF(Y), ((ﬁbp)z) (App) =G> ((Z\bp)e(x)) =G ((Abp)e(x))

=01 (9_1(Abp)x)
= ((gbp)l)x (9_1(Kbp))-

Therefore 0 is a second order bipolar fuzzy gradation preserving map.

8(x)

Theorem:5.2.16
Let 6: X - Y be a map and let (§bp)1 be a second order bipolar fuzzy gradation of

openness on X. Then the largest second order bipolar fuzzy gradation of openness (§bp)2 on
Y which makes 6 : (X, (pr)l) - (Y, (gbp)z) a second order bipolar fuzzy gradation

preserving map is given by ((pr)z) (Bpp) = ((gbp)l) (9‘1(Kbp)), for each Ay, € SBPF(Y).
Proof:

For Abp € SBPF(Y), define (g’\bp)z(’p\‘bp) = (gbp)l (9_1(Abp))
Claim 1:(§bp)2is a second order bipolar fuzzy gradation of openness on Y.

(SBPFGD) (Gop), (Obp) = (Gop), (672 (0p)) = (Gop), (Op) = 1.
(Gop), (Top) = (Gop), (672 (Tbp)) = (Gop), (Top) = 1.
(SBPFG2) (Gvp),, (Abp),) >0, fori=1tom
implies (Gup), (67 (App),) > 0, fori=1tom
implies (Gvp), (N1 (67" (Byp),)) > 0

implies (), (9‘1 (ﬂ{‘;l(f\bp)i» >0
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2, (Bup),) > 0

implies (Gyp)

(SBPFG3) (Gyp), ((Bvp), ) > 0, for A€ A

implies (Gop), UAEA( ((Abp) )))
UxeA(Abp) ))

implies (§bp)2 (U)\EA(Abp)}\) >0

Claim 2:(g"bp)2 is the largest second order bipolar fuzzy gradation of openness onY such

(n
)

implies (Gyp) (e 1 (Abp) ) >0, for A€ A
(

implies (Gop). (

that 6: (X, (gbp)l) - (Y, (gbp)z) is a second order bipolar fuzzy gradation preserving map.

Suppose ((gbp)z) is the largest first order bipolar fuzzy gradation of openness on Y

such that ©: (X, (pr)l) - (Y,((ﬁbp)z)’) is a second order bipolar fuzzy gradation

preserving map, then ((pr)z)’ (Bop) < (Gup), (9‘1(Z\bp)), for each Ay, € SBPF(Y).

Then ((gbp)z)’ (Bop) < (Gop),(Abp), by the definition of (Gyp).,-

Hence (§bp)2 is the largest second order bipolar fuzzy gradation of openness on Y such that

0: (X, (gbp)l) - (Y, (pr)z) is a second order bipolar fuzzy gradation preserving map.

Note:5.2.17
The second order bipolar fuzzy gradation of openness onY defined in the above

theorem (5.2.16) is called the second order bipolar fuzzy quotient gradation with respect to
(gbp)lon X and it is denoted by Q ((§bp)1).
Theorem:5.2.18

Let 6: SBPF(X) — SBPF(Y) be a second order bipolar fuzzy mapping. Let (gAbp)1 be a

second order bipolar fuzzy gradation of openness on X and (§bp)2 be the largest second order

bipolar fuzzy gradation of openness on Y such that 6: (X, (pr)l) - (Y, (pr)z) is a second
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order bipolar fuzzy gradation preserving map. Let (X, (gbp)1) and (Y, (gbp)z) be the first

order bipolar fuzzy gradation spaces from (X, (gbp)l) and (Y, (§bp)2), respectively via D;.

Then (gbp)2 is the largest first order bipolar fuzzy gradation of openness on Y such that

0: (X, (gbp)l) - (Y, (pr)z) is a first order bipolar fuzzy gradation preserving map.

Proof:

Let (pr)z be the largest second order bipolar fuzzy gradation of openness on Y such

that 6 : (X, (pr)l) - (Y, (§bp)2) is a second order bipolar fuzzy gradation preserving

map.

To prove (gbp)2 is the largest first order bipolar fuzzy gradation of openness on Y

Let ((gbp)z)’ be the largest first order bipolar fuzzy gradation of openness on Y such
that 6: (X, (gbp)1) - (Y, ((gbp)z)’) is a first order bipolar fuzzy gradation preserving map,
then ((Gop),) (Anp) = ((Gop),) Bop) < ((Gop), ) Rop) = (Gop) ,(Avp).

Therefore ((gbp)z)’ (Abp) < (Gop), (Abp).

Hence (gbp)z is the largest first order bipolar fuzzy gradation of openness on Y such that
0 : (X, (gbp)1) - (Y, (gbp)z) is a first order bipolar fuzzy gradation preserving map.

Similar results can be proved for the associations D5 and D-.

Remark:5.2.19

The family of second order bipolar fuzzy sets
28(Gbp) = {Abp € SBPF(X) /Gbp(App) > 03} forms a second order bipolar fuzzy topology

on X.
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Definition:5.2.20
Let (X, Gp) be a second order bipolar fuzzy gradation space. Then g (Gy,) is called

the second order bipolar fuzzy topology induced by §bp.

Theorem:5.2.21
Let (X, pr) be a second order bipolar fuzzy gradation space. Let (X, Gy,,) be a first

order bipolar fuzzy gradation space from (X, Gy,,), Via Dy. If Gy, induces £ (Gyp) and Gy,

induces tg(Gpp), then (r;(é;p)) < 5(Gbp) Where (r;(_g;p)) is from tg(Gpp) Via Ry.

Proof:
Ebp € (T‘B(gbp)) ImplleS Abp € T%(gbp) Imp|IeS gbp(Abp) > 0
implies G, (App) > 0 implies Ay, € t5(Gbp)-

Therefore (T%Tg;p)) <23 (Gop)-

Theorem:5.2.22
Let (X, §bp) be a second order bipolar fuzzy gradation space. Let (I, (gbp)l) be a first

order bipolar fuzzy gradation space from (X, Gyp), Via D,. If Gy, induces £5(Gpp,) 0n X and

(Gop), induces Ty ((gbp)l) on 1, then (r% ((g;)l))lg 25 (Gbp) Where (T% ((g;)l))l is the

second order bipolar fuzzy topology on X from ty ((gbp)l) through the association R,.

Proof:

JE——

(‘K‘bp)l € (T% ((pr)l»l implies App, € Ty ((pr)l)

implies (gbp)I(Abp) > 0 implies Gy, ((Z\bp)l) >0

implies (A ), € T(Gp)-

Therefore (r% ((g?p)l))Ig 25(Gbp)-
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Theorem:5.2.23
Let (X, Gyp) be a first order bipolar fuzzy gradation space. For a € 1, let (X, (g},p)a) be
the second order bipolar fuzzy gradation space from (X, G,p), via Ds. If Gy, induces r%(gbp)

onX and (gbp)a induces %4 ((gbp)a) onX, then (fg)q < tg(Gop) Where (Rg), is the first

order bipolar fuzzy topology from T ((gbp)a), via Rs.

Proof:

(Kbp)a € (g), implies there exists Ay, € &y ((ﬁbp)a) such that (Kbp+)a (x) = F&bp"L(x)(a),
(Kbp_)a(x) =App (¥)(a) implies (pr)a(f\bp) >0

implies Gy, ((Kbp)a) > 0 implies (Z\bp)a € T8(Gop)-

Therefore (£g)q = T3 (Gop)-

Theorem:5.2.24

Let (I,G) be a first order gradation space. Let X be a non-empty set and x € X. Let

(X, (gbp)x) be the second order bipolar fuzzy gradation space from (1, §), via D,. If G induces
() on I and (gbp)x induces T ((gbp)x) on X, then (Rg)y = t(G), where (2g), is the first

order bipolar fuzzy topology on I from & ((gbp)x), via R,.

Proof:
Given (Tg)x = {(Abp)x/ Abp €Ty ((gbp)x)}'
Let (App), € (R)y implies Ay, € Ty ((§bp)x)

implies (§bp)x(ﬁbp) > 0 implies G ((Z\bp)x) > 0 implies (Abp)x € 1(G).

Therefore (Tg)x < T(G).

Theorem:5.2.25
Let (X, pr) be a second order bipolar fuzzy gradation space. Let (X, (pr)c) be the

second order bipolar fuzzy gradation space from (X, pr), via Dg. Ifgbp induces f%(gbp) and
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(Gop), induces tg ((gbp)c)v then (f%(ﬁbp)) g ((ﬁbp)c), where Ty ((Gbp)c) is from

C:
23(Gbp ), Via Rs.

Proof:
Given (ta(Gop)) = {(Bop)/ Aop € 25 ((Gop), )}
Let Ay € T ((Gop),) < (Gop), (Bop) > 0

& Gop ((Bbp),) > 0

& (Bnp), € 2(Gop)

= ((Rop),)_ € (2(Gvp))

Therefore (%%(g"bp))cg T ((gbp)c).

C

Theorem:5.2.26

A function 6: (X, (§bp)1) —>(Y, (gbp)z) is a second order bipolar fuzzy weakly
gradation preserving map if and only if 6: (X, T ((gbp)l)) - (Y,%% ((pr)z)) is second
order bipolar fuzzy continuous.

Proof:

Assume 6 is a second order bipolar fuzzy gradation preserving map.
Kbp € "f% ((gbp)z) Implles (g\bp)z(gbp) >0

implies (§bp)1 (e-l(Abp)) >0 implies 871 (Ay,) € Ty ((gbp)l)'
Therefore 0 is second order bipolar fuzzy continuous.

Conversely, assume 0 is second order bipolar fuzzy continuous.
(gbp)z(:&bp) >0 ImplleS Abp € "f% ((gbp)z)

implies 8 (Ap,) € T ((ﬁbp)l) implies (gbp)l (9_1(Z\bp)) > 0.

Therefore 0 is a second order bipolar fuzzy weakly gradation preserving map.
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SECTION-5.3
SECOND ORDER BIPOLAR FUZZY COMPACTNESS
Definition:5.3.1

A second order bipolar fuzzy topological space (X, Tg) is said to be second order bipolar

fuzzy 1-compact at x € X if the following condition is satisfied:
Given a family of second order bipolar fuzzy open sets {(Kbp))\ /AEA} with
V((T&b;)}) (x) =1 and /\((Z\bp_)x) (x) = —1, there exists a finite subfamily

Ay (%) A such that V {((Txbp*)x) (%) /A€ A ()} = 1 and

A{((Kbp_)k) (x) /A€ AO(X)} I

Then (X, Tg) is said to be second order bipolar fuzzy 1- compact in X, if it is second order

bipolar fuzzy 1-compact at every x € X.
Definition:5.3.2

A second order bipolar fuzzy topological space (X, Tg) is said to be second order bipolar

fuzzy 1*-compact in X if the following condition is satisfied:

Given a family of second order bipolar fuzzy open sets {(Abp)x /A E A}, there exists a
finite  subfamily Ay S A such that if V{(Kb;)}\ x) /A€ A} =1 and
/\{(Rbp_)}\(x)/?\ € A} = —1, for a given x € X, then V{(Ab;)x (x) /A€ AO} =1 and
M@y ), (0 /A€ Ao} = —1.

Definition:5.3.3

A second order bipolar fuzzy topological space (X, Tg) is said to be second order bipolar

fuzzy 2-compact with respect to a € I if the following condition is satisfied Given a

family of second order bipolar fuzzy open sets {(Kbp)A/AeA} with

V{(Ab;)x (x) (o) /A € A} =1and A {(Z\bp_)x(x)(a)/)\ € A} = —1, for every x € X, there
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exists a finite subfamily Ay(a) € A such that V{(Kprr)x x)(a) /A€ Ao(a)} =1 and

/\{(Kbp_)_/\(x)(a) JAE A, (oc)} = —1. Then (X, %) is said to be second order bipolar fuzzy

2-compact in X, if it is second order bipolar fuzzy 2-compact with respect to every a € 1.

Definition:5.3.4

A second order bipolar fuzzy topological space (X, Tg) is said to be second order bipolar

fuzzy 2*-compact if the following condition is satisfied:

Given a family of second order bipolar fuzzy open sets {(Z\bp) A /A E A} , there exists
a finite  subfamily A, S A such that for a given a€l, Iif

v{(Abp+)A @ (/1€ Al =1and A{(Byy ), )@/ A€ A} =1, forevery x € X, then

v{(Abp+)A ()() /A€ Ao} =1 and A {(Rp, ), (0)(e) /AE Ag} = —1, for every x € X.

Definition:5.3.5

A second order bipolar fuzzy topological space (X, Tg) is said to be second order bipolar

fuzzy 3-compact if the following condition is satisfied:
Given a family of second order bipolar fuzzy open sets {(Abp)x /A E A} with
V{(Rprr)A JAE A} = Ty, and A {(Z\bp_))\ /AE A} = 1y, , there exists a finite subfamily

Ao S A such that v {(Kpr')l /A€ AO} =1, "and A {(T&bp_)A /A€ AO} =1y, -
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Remark:5.3.6

All these five concepts of compactness are essentially different. The relations between

these concepts are given in the following diagram

Second order bipolar fuzzy
2*- compact

Second order bipolar fuzzy
1*- compact

l

Second order bipolar fuzzy

l

Second order bipolar fuzzy
3-compact

Second order bipolar fuzzy
1- compact

Second order bipolar fuzzy 2*-compact implies second order bipolar fuzzy

Let (X, Tg) be a second order bipolar fuzzy 2*-compact on X.

Given a family of second order bipolar fuzzy open sets {(Kbp)A /A E A} with

V{(Kprr)A x)(a)/r € A} =1 and /\{(Z\bp‘)x(x)(a)/x € A} = —1, for every

x € X. Since (X,Tg) is second order bipolar fuzzy 2*-compact,
—~  + —~ =

V{(Bvp ))\ @@/AeA}=1 and A{(By, ),()(@/reA}=—1, for every

x € X and for every a € I. Then, there exists a finite subfamily A, S A such that
—~  + —~ =

V{(Bbp ))\ (®)(@) /A€ Ao} =1 and A{(Byp, ), ()(@) /A€ Ao} = —1, for every

x € X. Therefore for a given a € I, there exists a finite subfamily A,(a) € A such

that \/ {(Abp+)l (®)(@) /A € Ag(@)} = Tand A{(Rp, ), (@) /A € Ag(@)} = —1.

Hence (X, Ty) is a second order bipolar fuzzy 2-compact with respect to a € I.

2- compact
Proof :
(i)
2-compact with respect to a € 1.
(ii)

Second order bipolar fuzzy 2*-compact implies second order bipolar fuzzy
1*-compact.

Let (X,Tg) be a second order bipolar fuzzy 2*-compact on X.

Given a family of second order bipolar fuzzy open sets {(Z\bp))\ /A E A} with

A Descriptive Study on Second Order Bipolar Fuzzy Structures

153



Chapter 4

V{(Kblf)x (x) /A€ A} =1 and /\{(Kbp_)}\(x)/)\ € A} = —1, for every x € X.

Then v{(Z\bp+)x @ (/Aen}=1and A{(Ry, ),()(@/ 1€ A} =1, for

every x € X and for every a € 1. Since (X,Tg) is second order bipolar fuzzy

2*-compact, there exists a finite subfamily Ay, S A such that
v{(Kbl;)x () /A€h} =1 and A{(Ryy ),()(@ /A€ A} =—1, for
every x€X and for every a€l. That is for the subfamily A, € A,
v {(Kprr)x (x) /A€ AO} = 1 and /\{(Z\bp_)}\(x) JAE AO} = —1, foreveryx € X.

Hence (X, Tg) second order bipolar fuzzy 1*-compact.
(iii)  Second order bipolar fuzzy 1*-compact implies second order bipolar fuzzy
3-compact.

Let (X, Tg) be a second order bipolar fuzzy 1*-compact on X.
Given a family of second order bipolar fuzzy open sets {(Abp)x JAE A} with
—~ + ~ + —~ = ~ =

V{(App )A /ren=1y," and  A{(By ), /reA}=1y, .  Then
V{(Kprr)A (x) /A€ A} =1 and /\{(Z\bp_)}\(x) JAE A} = —1, for every x € X.
Since (X,%g) is second order bipolar fuzzy 1*-compact, there exists a finite
subfamily  Ag €A  such  that V {(Ab;)x x) /A€ AO} =1 and
A {(Abp_)x(x) JAE AO} = —1, for every x € X. That is for the subfamily A, S A,
V{(Abp+)}\ JAE Ao} = ibp+and /\{(Abp_)A JAE AO} =1, . Hence (X, g) is

second order bipolar fuzzy 3-compact on X.
(iv)  Second order bipolar fuzzy 1*-compact implies second order bipolar fuzzy
1-compact.

Let (X,Tg) be a second order bipolar fuzzy 1*-compact on X.

Given a family of second order bipolar fuzzy open sets {(Kbp))\ /A E A} with
v{(ﬁb;)A ) /Aen}=1 and A{(Ay, ) (/A€ A} =—1, at xeX. Since

(X, 1) be a second order bipolar fuzzy 1*-compact, v{(ﬁb;)}\ x) /A€ A} =1
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and /\{(Txbp‘)x(x)/x € A} = —1, for a given x € X. Then, there exists a finite
subfamily A, €A  such  that V{(Kbp“L)l x) /A€ AO} =1 and
A {(Kbp_)x(x) JAE AO} = —1, for a given x € X. Therefore, at x € X, there exists
a finite subfamily A,(x) € A such that v{((ﬁb;))) (x) /A€ Ao(x)} =1 and

A {((Abp_)x) (x) /AE A, (x)} = —1. Hence (X, ) is second order bipolar fuzzy

1-compact on X.
Example:5.3.7

The following example shows that second order bipolar fuzzy 2-compact does not

imply second order bipolar fuzzy 2*-compact on X.
Proof:

Let Ay, Byp and Cy, be second order bipolar fuzzy open sets in X. Let «y, a, a5 € 1. Define
Ry ()(ay) = 0, Ay () (1) = —1; Ay (0() = 0, Ay ((a) = 0

App ()(az) = 0, Ay, (0(az) = —1.

Bop (@) =0, By, (@) = 0; By, () =1, By, () (0t) = —1;

Byp (0(a3) = 1, Bpp ()(az) = —1.

Cop ((a) = 1, Cop (@) = 0; Cop () = 0, Cpp () (0tz) = 0;

Cop ()(az) = 0, Cpp” () (a3) = 0.

Consider (A, v By ) ()(ay) =0, (Bpp A By ) () = =1

(Bop v Bop ") (o) = 1, (R A By )®)(a) = =1

(Bop v Bop ") () = 1, (R A By )X)(ag) = =1

A Descriptive Study on Second Order Bipolar Fuzzy Structures 155



Chapter 5

Bop v Cop ) () = 1, (B A Cop )E(0) = 0

oV Cop *) () = 1, (Byp A Chp )0 (0tz) =

(
(
(Bop v Cop ) G0(os) = 1, (Bop A Cop )0 (at5) = =
(Kbp+v Cbp+) (o) = 1, (Rpp A Cop ) () = —
(Bop ™ Cop ™) () = 0, (Rup A Cop ) (tz) = 0
(Kbp+v Cbp+) () (az) =0, (Bpp ACpp ) (ag) = —

~ 4+ =~ o+ oA o+ - = A = A =
Let (Ab]p v Bop v Cip )(X)(al) =1and (App ABpp ACop ) (ay) = —1
~ 4+ =~ + A o+ - = A = A =
(Abp v Bop v Chp )(X)(ocz) =1and (App ABpp ACbp )X (az) = —1
~ 4+ =~ o+ A o+ - =~ = A =
(Bop v Bop v Cop ") () = 1and (Rpp, A Byp A Cop ))(a) = —1.

Now, for a; € 1, (Kbp+v Ebp+v Cbp+) (x)(ay) = 1and (A, AByy ACy )(ay) =—
for every x€X. Then there exists a subfamily {Kbp, Cbp} in Ty such that

(Abp+v Cbp+) (X)(al) =1, (Abp_/\ Cbp_)(x)(al) = -1

Slmllarly for a, €1, (Aprrv ﬁbp+v Cbp+) x)(ay) =1and (Abp_/\ Ebp_A Cbp_)(x)(az) = —
for every x € X. Then there exists a subfamily {Ayp, By} and {By,p, Cpp }in 2 such that

(:‘xbp+v Ebp+) () =1, (A, ABpp, )®(ay) = —1and

~ 4+ A - - . —
(Bop v Cop *) () = 1, (Bop A Copp )@ (0tz) = —
And for oz € 1, Ky, v By v Cop ") (@) = 1and (Byp A By A Cop )0 (o) = —1,
for every x € X. Then there exists a subfamily {Ay, By} and {By,p, Cpp }in 2 such that

(Kbp+v Ebp+> (x)(az) =1, (A, ABpp, )®(az) = —1and

(Bop v Cop *) (9(es) = 1, (Bup A Copp )(0t3) = —

A Descriptive Study on Second Order Bipolar Fuzzy Structures 156



Chapter 5

From the above it is clear that, the subfamilies {A,p, Cyp}, {{Kbp,ﬁbp},{ﬁbp,ﬁbp}} and

{{Kbp,ﬁbp},{ﬁbp, Cbp}} for a;, a, and oz €1 respectively satisfy the condition of

2-compactness. Hence (X, Tg) is second order bipolar fuzzy 2-compact with respect to a € 1.
But there exists no such subfamily for all « € I for which the condition of compactness is

true. Thus (X, Tg) is not second order bipolar fuzzy 2*-compact.
Example:5.3.8

The following example shows that second order bipolar fuzzy 1*-compact does not imply

second order bipolar fuzzy 2*-compact.

Let X = {x5,%,} and a = {ay, &, } € L. Let Ay, By, Cppp € T be second order bipolar fuzzy

open sets where
Appy () () = 1, Ay, (1) () = =15 Ay (3 (@) = 0, Ay, (x) (@) = —1;

App (5)(0) = 1, Ay (x2)(0) = —1; Apy, () (0z) = 0, Ay (x,) (1) = 0.

Bop (x)(ay) = 0, By (x9)(ay) = —0.2; By, " (x,) () = 0.1, By, (x,) () = —0.3;
Bop (x2)(ay) = 0, By, (xp)(ay) = 0; By (xp) (@) = 1, By, (x2)(az) = 0.

Cop (x0) () = 1, Cpp () () = —0.4; Ty () () = 0.3, Cpp (x1) () = —0.6;
Cop (x)(@) = 0.4, Ty (x2)(ay) = —0.5; Cpp " (%) () = 0.7, Cppy (x2)(az) = —1.
Then, (Ao v Bop ") () (ay) = 1, (App A Bpp )G (0y) = —1

implies (App v Bop" ) (x1) = 1, (Rpp A By )(x) = -1

(Bpp "V Bop ") () (02) = 0.1, (R A By )(x1)(a) = =1

(Bup"vBop ") () (@) = 1, (Bpp A Bpp )(x2)(ay) = =1

implieS (Abp+v Ebp+) (XZ) =1, (Abp_/\ ﬁbp_)(xz) =-1
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= +

(Bop v Bop ") (x2)() = 1, (R A By, ) () () = 0
(Ebp+v Cbp+) D)) = 1,(Bpp A Cop )(x) (o) = —0.4
(Bop v Cop ) () () = 0.3, (Bop A Cop )(xa)(0t) = —0.6
(Bop v Cop ) (2) (o) = 0.4, (B A Cp )x2) (o) = —0.5
(Bop v Cop ") (2) (o) = 1, (B A Cp ) () () = —1

implies (Ebp+v Cbp+) (2) =1, (Byp AChp )(x) = —1
(ﬁb;v Cbp+) D)) = 1, Bpp A Cop )x) (o) = —1
implies (Abp+v Cbp+) 1) =1, (Rpp ACpp )x1) = -1
(Bop v Cop ) (xa) (o) = 0.3, (Rpp A Cop )(xe)(@) = —1
(Bop v Cop ") () () = 1, (Rpp A Cp ) () (o) = —1
implies (Ap,"v Cop ") (x2) = 1, (Bpp A Cpp )(x2) = —1
(Bop v Cop ) () () = 0.7, (Rpp A Cop )(x2) () = —1.

From the above it is clear that for every x € X there exists subfamilies {Kbp,ﬁbp} and

{Kbp, Cbp} satisfy the condition of 1*-compactness. Hence (X,%g) is second order bipolar
fuzzy 1*-compact. But these two subfamilies do not hold the condition of compactness for

a, € 1. Thus (X, Tg) is not second order bipolar fuzzy 2*-compact.
Example:5.3.9

The following example shows that second order bipolar fuzzy 3-compact does not imply

second order bipolar fuzzy 1*-compact.

Let X = {x4,x,} and a € L. Let Ay, By, Cpp, € £ be second order bipolar fuzzy open sets
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where Ap, " (x) (@) = 1, Ay (x)(0) = —1; App  (x2)(@) = 0, Ay (x2)(c) = 0.
Byp (x)(@) = 0.4, By, (x)(0) = =0.1; By () (@) = 1, By (%) () = 0.
Cop (x1) (@) = 0.1, Cpp (%) (@) = —0.1; Cpp " (x2)(@) = 0, Cpp (x,)() = —1.
Then (Ab;vﬁbp*) )@ =1, Rpp AByp )x)(@ = —1

(x)(@) =1, (Ap, ABpp )x)() =0

(x1) () = 0.4,(Bpp, AChp )x)(@) = —

Bop v Cop ) () (@) = 1, (Bop A Cp ) () (o) = —1
Cop ) (x2) (@) = 0.1, (App A Cop ) (1) (@) =

+

+

o VB v Cop ") () (@) = 1, (B ABpp AChy )(p)(e) = —1

implies (App v Bop v Cop ) = Top + (Rbp ABop AChp ) =Top

implies (App "V Bop v Cop' ) (0 =1, (App A By Alhy ) = —1.

From the above membership functions, it is obvious that the subfamilies {Kbp,ﬁbp} and

{Ebp, Cbp} satisfy the condition of 3-compactness. But these two subfamilies do not satisfy

the condition of second order bipolar fuzzy 1*-compactness for x, € X and x; € X

respectively. Thus (X,Tg) is not second order bipolar fuzzy 1*-compact.
Example:5.3.10

The following example shows that second order bipolar fuzzy 1-compact does not imply

second order bipolar fuzzy 1*-compact.
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Let X = {x4,x,} and a € L. Let Ay, By, Cpp, € £ be second order bipolar fuzzy open sets

where Ay, (x)(@) = 1, Ay () (@) = —1; Ay (%) (@) = 0, Ay (%) () = 0.
Byp (x)(@) = 0.4, By, (x)(0) = =0.1; By, () (@) = 1, By (%) () = 0.
Cop (x1) (@) = 0.1, Cpp (x)(@) = —0.1; Cpp " (x)(@) = 0, Cpp (x)() = —1.
Then, (Kprrv ’B‘bp+) )@ =1, Rpp AByp )x)(@) = —1

( )(xz)(a) =1, (Bpp ABpp )(x)(0) =0

( ) x) (@) = 0.4,(Bpp A Chp )xp) () = —

(Ebp+v p+) )@ =1, (Byp A Cop )(x2)(0) =

( Cop ) (x2) (@) = 0.1, (Rpp A Cop )(x0) (@) =

(Bop v Cop ") () (@) = 0, (Rpp A Cop )(xa) (@) = —

Now for x,, x, € X,

(Bop ™V Bop v Cop ") x)(@) = 1, (B A By AChp )(1)(0) = -1

(Bop ™V Bop v Cop” ) (x2)(@) = 1, (B A By A Cop ) (x)(@) = —1.

Then for x, € X, there exists a subfamily {&,,, B} in £ such that

(Rop "V By ") (x1)(@) = 1, (Bop A Bpp )0 () = 1.

Similarly for x, € X, there exists a subfamily {By, Cpp} in %p such that
~ + A~ + - . =
(Bop v Cop ) Gx2)(@) = 1, (Bop A Cop ) (x2)(@) = —

From the above it is clear that, the subfamilies {Ayp, By,} and {Byp, Cop} for x4,x, € X
respectively satisfy the condition of second order bipolar fuzzy 1-compactness. But there is
no such subfamily for all x € X for which the condition of compactness is true. Thus (X, Tg)

is not second order bipolar fuzzy 1*-compact.
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Theorem:5.3.11

Let (X, tg) be a first order bipolar fuzzy topological space. Let (X,%Tg) be the second
order bipolar fuzzy topological space from (X,tg) through the relation R;. Then the

following statements are equivalent:

a. (X, tg) is bipolar fuzzy compact.
b. (X,%Tg) is second order bipolar fuzzy 2*-compact.
c. (X,%g) is second order bipolar fuzzy 2-compact.

d. (X,%g) is second order bipolar fuzzy 3-compact.

Proof:
Given (X, T;B), "l\f% = {Kbp/Abp € T%} where Abp-l-(X) ((X) = Abp+ (X),

App () () = App~ (%), for every x € X and for every a € 1.
(@)=(b)

Given a €1, v{(Ab;)A @ (/A€ A, (Byp), €5} =1
/\{(Kbp_)h(x)(a)/)\ €A, (Z\bp)x € ?%} = —1, for every x € X.

Then V{(App "), )/ € A, (Avy), € g} =1, A{(Any7), /A E A (Ayy), ETg} =1,

for every x € X.

Therefore there exists a finite subfamily A, S A such that

V{(Anp*), /A € Ao, (Arp), € Ta} = 1,A{(App7), G)/A € Ao, (Abp), € Tg} = —1, for

every x € X
implies V{(Rpp ") CO(@)/A€ Ao, (Bop), € Ta} =1

A {(Kbp_)}\(x)(a)/}\ € Ao, (Z\bp)A € %55} = —1, for every x € X.

Therefore (X,Tg) is second order bipolar fuzzy 2*-compact.
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(d)=(a)

Let V{(App"),(I/AEN Ay €Ty} =1, A{(Anp"),()/AE N Ay, € Tg)=—1, for

every x € X.

Therefore

V{(Ewp") /1€ N (Bry), € Ta) =1

/\{(Kbp_)}\(x)(a)/x € A, (Z\bp)A € %%} = —1, for every x € X, for every a € I
implies V{(Txb;)}\ /L€ N (Byp), € %%} =Ty

M@Bop ), /1€ A, (Rbp), € ta} = Top -

Then there exists a finite subfamily A, S A such that
v{(ﬁblj)A /REn} =10, A{(Bop ), /AEN} =Ty,
Therefore V {(Ab;);\ x)(a) /A€ AO} =1
A {(Kbp_)}\(x)(a) /A€ AO} = —1, for every € X, for every a € I.
Therefore V{(Abp+)}\(x) /A€ AO} =1
A {(Abp")}\(x) = AO} = —1, forevery x € X.
Therefore (X, tg) is bipolar fuzzy compact.
(©)=(a)
Let V{(Ap*), 0 /AeA}=1

/\{(Abp‘)}\(x) /A E A} = —1, forevery x € X.

Therefore V {(Kprr)}\ (x) () /A E A, (T&bp)A € f%} = 1and
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/\{(Kbp_)h(x)(a)/x €A (App), € %53} = —1 for every x € X and for every a € I.

Therefore there exists a finite subfamily Ay(a) € A such that
—~ +
A ALEA =1and
V{(B5p"), (/1€ Ao(@)} = 1 an

M(Bop ), GI(@/A E Ag(e)} = 1, for every x € X.

The subfamily A, (a) independent of «, because for any o, € 1.
-~ + —~ + +
(Abp )}\ ) () = (Abp )}\ (B = (App )}\(x) and

(Bop ), 09(@) = (), COB) = ("), (0.

Therefore denote A, () as A,

v{(Abp+)A (x)(c)/A € Ao} = 1 and

A {(Kbp")x(x)(a)/x € AO} = —1, for every x € X and for every a € L.
implies V {((Abp*),) () /A € Ao} = 1

A {((Abp")}\) (x) /A€ AO} = —1, forevery x € X.
Therefore (X, tg) is bipolar fuzzy compact.
(b) = (c¢) and (b) = (d) follow from remark 5.3.6
Theorem:5.3.12

Given a first order bipolar fuzzy topological space (I, tg), let (X, (3g);) be the second
order bipolar fuzzy topological space from (I, tg) through the relation R,.

Then the following statements are equivalent:
a) (I,tg) is bipolar fuzzy compact.
b) (X, (g)1) is second order bipolar fuzzy 1*-compact.

c) (X, (%g)y) is second order bipolar fuzzy 1-compact.
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d) (X, (%g)y) is second order bipolar fuzzy 3-compact
Proof:

Given (I, tg), () = {(Z\bp)I/Abp € r%} where
(F‘xprr)I () = App ", (App ), () = Ay, ™, forevery x € X.

(@) = (b)

For a given x € X, assume
V{((Z\b;)x)l (x) /AEA, ((Z\bp)x)I € (?23)1} =1

M(@bp ) )I (x) /A€ A, ((Z\bp)x)I € (Rg)}=-1.

Therefore V{(Abp+) /NEA, (App), € r%} =1

M (App7), /A€ A, (Abp), € Ta} = 1

implies V{(Abp+)}\ X)/A €N, (App), € r%} =1
/\{(Abp")}\(x)/)\ €A, (Abp)x € rgg} = —1, for every x € X.

Therefore there exists a finite subfamily A, S A such that
V{(Abp+)}\(x) = AO} =1, /\{(Abp"),}\(x)/?\ € AO} = —1, forevery x € X
implies V {(App "), /A€ Ao} =1, A{(App7), /A EAG} = 1
implies V{((Ab;)x)l (x) /A€ AO} =1, A {((Z\bp_)}\)l (x) /A€ AO} = —1, forevery x € X.
Therefore (X, (Tg);) is second order bipolar fuzzy 1*-compact.

(b)=(c) and (b)=(d) follow from remark 5.3.6.

(d)=(a)
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Given a family of bipolar fuzzy open sets {(Abp)x/x € A}.
Assume V {(Ap*), () /A€ A, (App), € To} =1
A{(Abp_)x(x) JAE A, (Abp)}\ € r%} = —1, for every x € X

implies V {(Ap, "), /A€ A, (Anp), € T8} =1

{
M(Anp7), /A €A (Ayy), €5} = —1.
Therefore V{((Z\b;)‘/\)l (x) /AEA, ((Z\bp)‘/\)l € (%93)1} =1

/\{((T%bp_),/\)I (x) /A€ A, ((Z\bp)x)l € (f%)l} = —1, for every x € X

implies V{((Ab;)x)l /A €E A} =1, ", /\{((Z\bp‘)l)I JAEN} =Ty,

Then there exists a finite subfamily A, A such that

v{((ﬁbﬁf)x)I /A€ AO} =1y, ", /\{((Z\bp‘)x)I JAEN} =Ty,

implies

v{((Abp*)h)I (X)/A € Ao} =1 A{((Bvy),), 69/ 1€ Ao} = 1, forevery x € X

implies V {(App "), /A€ Ao} = 1, A{(App ™), /A EAG} = 1

implies V{(Abp+)}\(x) JAE AO} =1,A {(Abp‘),}\(x)/k € AO} = —1, for every x € X.
Therefore (I, ty) is bipolar fuzzy compact.

(©)=(a)

Given a family of bipolar fuzzy open set {(Z\bp)x/}‘ € A}.

Assume V{(Ap,*), (/A€ A} =1,
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/\{(Abp ) (x) /A€ A} = —1, forevery x € X
implies V{(App ™), /A€ A, (Ayp) ETg}=1,
AM(Anp7), /A €A (Ay) ETg}=—1

implies V{((Ap,") (x) /ne A, (o), ) € %%I} =1

A{((Kbp_)K)l (x) /A E A, ((Z\bp)X)l € %%I} = —1, for every x € X.

Then there exists a finite subfamily A, (x) € A such that
v{((fxbp*)x)I (X)/A € Ao (%) } =LA {(@),), O/ 1€ A(] = -

The subfamily A, (x) will be independent of x, because for any x,y € X

(")), 0= (")), 0=

((Abp_)k)I () = ((Abp_)x)l () = App

Therefore denote A, (x) as A,

v{((ﬁb;)x)l (x) /A€ AO} =1, /\{((Z\bp—)l)l (x)/A € AO} = —1, for every x € X

V{(Anp"), /A€ Ao} = 1, A{(Aby7) /A€ A} = -1

V{(A5p*), GO/AE Ao} =1, A{(Any ), )/ € Ay} = —1, for every x € X.

Therefore (I, ty) is bipolar fuzzy compact.

Theorem:5.3.13

(X, ) is second order bipolar fuzzy 2- compact with respect to a € I iff (X, (Tg)q)

is bipolar fuzzy compact where (X, (Tg),) is from (X, Tg) through the relation R;.
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Proof:
Given (X, tg), (Bg)y = {(Z\bp)a/fkhp € %93} where
(Kb;)a (%) = Apy ()(@), (Bpp ) (¥) = Ay, (x)(a), for every x € X and for some
Ayp € 1.
Assume

V{((Kb;)x)a (x) /A€ A, ((Z\bp)x)a € (%%)a} =1

A {((Abp_)?\)a (x) /A E A, ((Z\bp)‘/\)a € (f%)a} = —1, foreveryx € X

implies

V{(Bup") (9@ /A€ (Ryp), €2a) =1

A {(Kbp_)}\(x)(oc)/?\ €A, (Rbp)}\ € f%} = —1, for every x € X, for every a € I.
Therefore there exists a finite subfamily Ay(a) S A such that

V{(Bp") CO@ /Ae @] =1

A {(Abp_)x(x)((")/}‘ € Ao(oc)} = —1, forevery x € X, forevery a € I

implies

V{((R";)x)a (x) /A E A, ((x)} =1

/\{((Ebp_)}\) (x) /A€ A (cx)} = —1, forevery x € X.

Therefore (X, (Tg)4) is bipolar fuzzy compact.

Conversely,

Given a family of second order bipolar fuzzy open sets {(Kbp)}\/x € A}.
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Assume V {(Txbp*)A @ () /A€ A, (Rpp), € g} =1

A {(Kbp_)}\(x)(a)/x €A, (Z\bp)}\ € %93} = —1, for every x € X ,for every a € I
implies v{((ﬁb;)x) (x) /A€ A, ((Z\bp)x)a € (f%)a} =1

A{((Abp_)l)a (x) /A€ A, ((Z\bp)x)a € (%%)a} = —1, for every x € X.

Therefore there exists a finite subfamily A, < A such that
—~ + —~ =
v{((Ab]p )A)a x) /A€ AO} =1, /\{((Abp >)‘)a (x) /A€ Ay} = —1, for every x € X

implies v{(Abp+)A (@) /A€ Ao} =1, A {(Rpp ), (@A E A} =1,

for every x € X and for every o € 1.
Therefore (X,Tg) is second order bipolar fuzzy 2- compact with respect to a € 1.
Theorem:5.3.14

If (X,%g) is second order bipolar fuzzy 1- compact at x € X, then (I, (Tg),) is bipolar

fuzzy compact where (I, (Bg)y) is from (X, Tg) through the association R,.

Proof:

Given (X,%g), then for x € X, (Rg)x = {(Kbp)x/ﬁbp € %55}, where

((Abp+)x)x =(Ap") 00 ((Bop)),). = By ), 0.

Assume V{((Rb;)?\)x JAEA, ((Z\bp)x)x € (?SB)X} =1

M(@p),) Aen(@y),) € G} =-1

implies v{(fxblf)A @ /AN, (Rpp), €5} =1
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/\{(Kbp_)}\(x)/h €A (App), € f%} = —1, for every x € X.
Therefore there exists a finite subfamily Ay(x) S A such that

v{(KbFf)A @ /A€M ®} =1, A{(Rpp ), /A€ Ag(x)} = —1, forevery x € X

implies V{((Kb;)x)x /A€ AO(X)} =1, /\{((Z\bp‘)x)x JAE M)} =—1.
Therefore (I, (Tg)y) is bipolar fuzzy compact.

Theorem:5.3.15

If (X,2Tg) is P iff (X, (Tg).) is P where (X, (Tg).) is from (X, Tg) through the relation
R and P denotes any one of the five concepts of second order bipolar fuzzy compactness,
namely, second order bipolar fuzzy 1-compact, second order bipolar fuzzy 1*-compact,
second order bipolar fuzzy 2-compact, second order bipolar fuzzy 2*-compact and second

order bipolar fuzzy 3-compact.

Proof:
Given (X, %), (). = {(Z\bp)c/ App € %%} where
(Aop") CO@ =Rpp " (0O(1 ~
(Kbp_)c(x)(a) =App (X)(1— ), forevery x € X and for every a € 1.
Proof of this theorem follows immediately from the definition of (Tg)..

Theorem:5.3.16

Let 0: (X, fﬂgl) - (Y, ?552) be a second order bipolar fuzzy continuous onto function.

If (X, Ty 1) is second order bipolar fuzzy 1-compact, then (Y, %%2) is also second bipolar fuzzy

1-compact.
Proof:

Fory €Y, assume

A Descriptive Study on Second Order Bipolar Fuzzy Structures 169



Chapter 5

V{(Ab;)A (y) JAEA, (kap)x € fgz} =1

M(Bop ), ) /A€ A, (Byy), € Bg,} = —1.

Since 0 is second order bipolar fuzzy continuous, 61 ((T&bp)}\) € 1y, and since 0 is

onto, there exists x € X such that y = 6(x).
Assume V{01 ((Z\b;)x) ) /nent=1,A{07" (B, ),) ) /A€ A} =1

Since 1y, is second order bipolar fuzzy 1-compact, there exists a finite subfamily

Ao (x) € A (depending on x and hence depending on y) such that
v{e ((Abp+)x) @) /A€ M@} =1, A {07 ((Brp ),) ) A€ A ®] =1

implies v{(Abp+)A @) /A€ 2@} =1, A {(Rbp ), ) /A€ g0} = —1.
Therefore (Y, f%z) is second order bipolar fuzzy 1-compactaty € Y.

Hence (Y, %232) is second order bipolar fuzzy 1-compact.

Theorem : 5.3.17

Let 0: (X, %3,) = (Y, %3, ) be a second order bipolar fuzzy continuous onto function.

If (X,2g,) is second order bipolar fuzzy 1*-compact, then (Y,%y,) is second order bipolar

fuzzy 1*-compact.
Proof:

Giveny €Y, assume V {(Ab;)x (y) JAEA, (Z\bp),}\ € f%z} =1

M@y ), 3) /A€ A, (Ryyp), € Bg,} = —1.

Since 0 is second order bipolar fuzzy continuous, 61 ((Z\bp)}\) € 1y, and since 9 is onto,

there exists x € X such that y = 8(x).
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Assume V{0 (@) )00 /1€ af=1, Ao (A ),) @ /Aen}=-1.
Since 1y, is second order bipolar fuzzy 1* -compact, there exists a finite subfamily

Ao < Asuch that v {e~* ((Ab;))\) () /A€ Ao} =1, A {07 ((Bpp ), ) ) /A€ Ao} = -1
implies v{(Kbe)x @) /A€ Ao} =1, A{(Bop ), () /A€ Ao} =—1.
Therefore (Y, %232) is second order bipolar fuzzy 1*-compact.

Theorem : 5.3.18

Let 6: (X,25,) = (Y,%s,) be a second order bipolar fuzzy continuous onto function.
If (X, %,) is second order bipolar fuzzy 2-compact, then (Y,%y,) is second order bipolar

fuzzy 2-compact.
Proof:

For o € I, assume
V{(Bp") 0@ /1en, (Byp), €t} =1
A{(Kbp_)x(y)(a) JAE A, (Z\bp)x € f%z} = —1, forevery y €.

Since 0 is second order bipolar fuzzy continuous, 671 ((Abp);\) € 1y, and since 8 is onto,

there exists x € X such that y = 0(x).
Assume V{0~ ((Ab;)x) ®)(0) /A€ A} =1,

/\{6‘1 ((Kbp_)}\) x)(a) /A€ A} = —1, for every x € X.

Since 1y, is second order bipolar fuzzy 2 -compact, there exists a finite subfamily

Ao (o) € A such that
vie <<Abp+)x) () /AE Ay(@)} =1

/\{6‘1 ((Kbp_)x) (x) () /A € A (a)} = —1, for every x € X
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implies v{(fxbp*)x ) (@/M€ Ao(@)} =1,

/\{(Kbp_)}\(y)(a) /A E A (a)} = —1, foreveryy €Y.

Therefore (Y,fsgz) is second bipolar fuzzy 2-compact with respect to a €l

Hence (Y, %y,) is second bipolar fuzzy 2-compact.
Theorem:5.3.19

Let 6: (X,25,) = (Y,%s,) be a second order bipolar fuzzy continuous onto function.
If (X,%g,) is second order bipolar fuzzy 2*-compact, then (Y,%y,) is second order bipolar

fuzzy 2*-compact.

Proof:

Given a € I, assume V{(ka;)}\ O)(@) /A €A, (Byp), € ?ﬂsz} =1

A{(Kbp_)x(y)(a) /NEN (Byp), € f%z} = —1, forevery y €Y.

Since 8 is second order bipolar fuzzy continuous, 81 ((Abp);\) € 1y, and since 8 is onto,
there exists x € X such that y = 6(x).
Assume V{e=1((A,," AEAf=1

Ve ((Bw"),) 0@ € A}

/\{6‘1 ((Kbp_)}\) x)(a) /A€ A} = —1, for every x € X.

Since 1y, is second order bipolar fuzzy 2*-compact, there exists a finite subfamily

Ay € Asuch that

vie™ ((Bn) ) 0@ /A e pof =1,

/\{6‘1 ((Ebp_)}\) (x)(a) /A€ AO} = —1, forevery x € X
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implies v{(fxbp*)x ) (/M€ Ao} =1,

/\{(Kbp_)}\(y)(a) /A E Ao} = —1, foreveryy €Y.

Therefore (Y, %232) is second order bipolar fuzzy 2*-compact.
Theorem : 5.3.20

Let 6: (X,25,) = (Y,%s,) be a second order bipolar fuzzy continuous onto function.

If (X,%5,) be second order bipolar fuzzy 3-compact, then (Y, %, ) is second order bipolar

fuzzy 3-compact.

Proof:

+

Assume v{(Abp+)A JRE A, (Ryp), € 2g,} = Tup

/\{(Abp_)x /}\ € A, (Abp)k € %%2} = ibp_

Since 8 is second order bipolar fuzzy continuous, 81 ((Abp)x) € Ty, and since 8 is onto,

there exists x € X such that y = 0(x).

_ ~ 4+ ~ + _ -~ — ~ -
Assume v{e 1 ((Abp )A) /A E A} =Ty, /\{9 1 ((Abp )A) /A E A} =1, .
Since 1y, is second order bipolar fuzzy 3 -compact, there exists a finite subfamily A, < A

such that V {6~ ((Ab;)x) /Rene} =157 Aot ((Rop ),) /A€ N} =Ty,

implies v {0 1((Abp+)x) @) () /AE Ao} =1

S G ((Kbp_)}\) () (/A € AO} = —1, for every x € X and for every o« € I

{
{

implies v{(fxb;)A W) /AE A} =1
{

A (Byp ), (/A€ AO} = —1, for every y € Y and for every o € I
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implies V{(F‘xbp”L)A JAE Ao} = ibp+, /\{(Abp_)x JAE AO} = Tpp -

Therefore (Y,%g,) is second order bipolar fuzzy 3-compact.
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