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INTRODUCTION

In 1954 G.Nobeling [21] in his clasified work “Grundlagen der
Analytischen Topologie” has studied topological concepts on Boolean algebras. In
1949 Sikorski [27] has published a paper on closure algebras. Almost all
topological theorems which can be expressed in terms of Boolean algebras hold for
closure algebras. The concepts of open sets, closed sets, nowhere dense sets, F_

and G, sets can be generalised directly to closure algebras.

In 1965 Zadeh introduced the concept of fuzzy sets which is a
generalisation of set. In 1968 Chang [4] introduced the concept of fuzzy
topological spaces. Lowen [15] modified this definition in 1976 and developed
theory of fuzzy topological spaces. Since then various notions in topology like
separation axioms, compactness, connectedness, uniformity, proximity, metric

spaces, convergence, neighborhood spaces, etc have been extended to fuzzy

topological spaces.

The problem of generalising fuzzy topological spaces to fuzzy topological
Boolean algebras leads to some interesting results. A detailed study of fuzzy

topological Boolean algebras is given in the Ph.D thesis of Parvathi (Bharathiar
University, 1994).

In this dissertation we shall study some fundamental properties of fuzzy
topological Boolean algebras discussed in the paper, “Fuzzy Topologcial Boolean
Algebras” by Parvathi and Meenakshi [22].

The study of fuzzy topological Boolean algebras is of interest in that the
underlying set has a Boolean structure. This gives a new dimension to the study of

fuzzy topological spaces.



The passage from a topological space (X, 1) to the topological Boolean

algebra (S(X), 1) is relatively smooth when compared to that from a fuzzy

topological space (X, d) to the fuzzy topological Boolean algebra (S(X), &°).

Chapter 1 is devoted to the study of “Closure algebras” by Sikorski [27]. In
section 1 of this chapter some preliminary definitions and results on Boolean

algebras in general and Quotient Boolean algebras are collected.

In section 2 of this chapter the article “Closure algebras” by Sikorski is
discussed.

A Boolcan algebra with a closure operation is called a closure algebra.

Given a set X, S(X) denotes the Boolean algebra of all subsets of X with

usual Boolean operations union, intersection and complementation.

If X is a topological space, then S(X) is a closure algebra.

Given a closure algebra & and a suitable ideal § of @, the Quotient
algebra 9 /3 is a closure algebra where the closure of [A] € @ /S is given by

the class determined by A* = (v { G/ G open in @ and GAAeS } )°.

Some of the interesting results in chapter one are as follows.

1) An isomorphism h of & on @ is a homeomorphism of & on @ if and only
if h /B (L) is a homeomorphism of B() on B(B ), where B() is the

least subalgebra containing the closed elements of S

2) The following three conditions are equivalent for arbitrary topological spaces
X and .

i) the spaces X and ¢/ are homeomorphic.



ii) the closure algebras S(X) and S( /) are homeomorphic.

iii) the closure algebras S(X) and S(<J/) are weakly homeomorphic.
(i.e. B(X) and B(Y )are homeomorphic),

3. Let 3, be a % - additive ideal of @/ and 3, be an 7 - additive ideal of all
A€ @ such that [A] € 3,. Then the closure algebras (9B/3)/3, and B/3, are

homeomorphic.

4. A topolocial space X is separable and meterizable if and only if S(X) is a
C-algebra.
5. A representation theorem on C-algebras : -

If a C-algebra & is of the form & = @ /S, where @ is a 5-complete

Boolean algebra and 3 is a c-ideal of &, then it is possible to define in & a
closure operation in such a way that

1) 98 with this closure operation is a C-algebra.
ii) the C-algebra ¢ is identical with the closure algebra which we obtain
by the division of the C-algebras @8 by the ideal 3.

Chapter 2 is devoted to the study of the article “Fuzzy Topological Boolean
Algebras” by Parvathi and Meenakshi [22].

In section 1 of this chapter some fundamental definitions and results on

fuzzy topological spaces that are needed for our study are collected.

In section 2 of this chapter the article “Fuzzy Topological Boolean

Algebras” is analysed.



A fuzzy topological Boolean algebra is a pair (@, o), where @ is a
Boolean algebra and ¢ is a subset of I%such that

1) all constant functions belong to ¢

1) arbitrary union of elements of G is in ¢

1i1) finite intersection of elements of ¢ is in ©.

A general method of constructing a fuzzy topology W(X') on a Boolean

algebra @ is given, where K'is a collection of elements of @ closed for finite

union,

Let K be a collection of elements of @ containing the zero element and

closed with respect to finite union. Then there exists a fuzzy topology W(X') such
that

f e W) iff f(B) = Sup {f(A)/ Ae K, A<B}V Be &.
1. When K= {0}, W(X') = All constant functions on &.
2. ForAe &, if K= {0,A},
fe W(X') = f can take only two valuesf(0) and f(A)
3. When K =1, a topology on &
then f € W(XK') & f(A) =Sup {f(B)/ B<A, B open }
—f(intA)VAe®@
An example where W(C)z W(1), where C is the collection of closed sets

on @B, is discussed.

It is proved that for a given fuzzy topology W(X') on @8, the collection

{fae/ A€ K, € € [0,1]} forms a base for W(X') where

f ae (B) = ¢, if B<A for Be @

=0, otherwise.



With every fuzzy set f on x, a fuzzy set f° on S(X) is defined as follows.
f°(A)=Sup {f(x)/x € A} forevery A e S(X).

Given a fuzzy set f on S(X), fy is the fuzzy set on X defined by fx (%)= f(x).

The fuzzy set f° on S(X) has the following properties.
D If b= g’ for some g € Ix, then
he (80 8
i Ik - g A, forg, g e I, then
b= 'ng) k=g Ns, .
1) If {f_/ oe A} is sub collection of I , then
vid = (v

acA acA

8’ is the fuzzy topology with the subbase {f’ / fe §}. With this definition the

following two results are immediate.
()Givenfe I, f’ede  fed
(2) 8 = W(Kp), where Kj is the collection of all finite subsets of X.

Generalising the concept of the characteristic function a new class of

function Ay : -1, A € @B is defined as follows :
ForBe @, A(B) = 1if AAB#0

= (0 otherwise.

Some of the interesting properties of this class of functions are

(1) For Al, A2 (] gg, )\'Al /\A2 < )\'Al 7aN }"AZ

(2) If )\'Al N )\'AZ = )\'B> then B = A] A Az



(3) Let (X,d) be a fuzzy topological space. Then the two topologies t(8) and T(&°)
on X coincide where t (8) = {A /y A €0} and T(8’) is the topology generated by
(A e &),

To study separation axioms in fuzzy topological Boolean algebras, two

important concepts new order relation and generalised quasi coincident are
introduced.

A new order relation (<), is defined on 1% as follows

(£ g, if given A € (8 there exists a non zero B < A such that for cvery
C <B, f(C)2 g(C).

Two fuzzy sets f and g on @ are said to be generalised quasi-coincident in
symbols f Q g, if there exists A in 98 such that for every non zero B < A, there
exists a non zero C <B such that f (C) + g (C) >1.

It 1s interesting to note that when f and g are fuzzy sets on X,
' g’ of<g of'<y’
ForAABe®, MQAzs ©AAB=#0.
fQge f (L), 1-gfor f, ge 12

Section 3 is devoted to the study of separation axioms and fuzzy continuity.
Generalising the separation axioms T, and T, introduced by Nobeling, the

separation axioms FT; and FT; on fuzzy topological Boolean algebras are defined

as follows . -

1. A fuzzy topological Boolean (%, o) is said to be fuzzy T, or FT, iff for every
pair of nonzero fuzzy sets f, g on @ with f({), g, there exists an open fuzzy
set b on & such that f&)n b and g (Sn h.



2. A luzzy topological Boolean algebra (98, o) is said to be fuzzy ‘I'; or F'I'; iff

the following condition is satisfied.

Given two fuzzy sets f, gon 98 with f Q" g there exists two open fuzzy
sets /1, by such that FiE b, g h, and h, Q° /,, where the fuzzy sets f and g

are said to be { related if there exists A € @ such that for every non zero B<A,

there exists a non zero C<B such that min (f(C), g (C))> 0.

The important results proved here are as follows :
(1) Let (X, 9) be a fuzzy topological space. Then (X,3) is FT; iff (S(X), &°)is FT;
for 1=1,2.
(2) Let (S(X), o) be a fuzzy topological Boolean algebra. Then, 6, = {(f), /fe G}
is a fuzzy topology on X having the following property:
(X, 0x)is FT;, 1= 1,2 & (8(X), o) is FT;, 1=1,2.

Let (981, 61) and (98>, 6,) be two fuzzy topological Boolean algebras. A
function 6 : (9, 61) = (B, 6,) is said to be fuzzy continous iff for every feo,,
(6)" (f)e o1, where 67(f) (A) = f (8(A)) V A € B

It is interesting to note that every fuzzy continous function 6:(X,8,)—(Y, )
associates a fuzzy continous function S(8) : (S(X), &) —(S(Y),8,’) and vice versa,
where S(0) (A) = {0(x) / xe A}

Section 4 is devoted to the study of fuzzy topologies on Quotient algebras.

Before discussing fuzzy topology on Quotient algebras we shall sec the

fundamental relations between fuzzy sets on @ and fuzzy sets on @B/ , where 3



i1s an ideal of 98. With every fuzzy set f on 98/, one can associate a fuzzy set f+

on & as follows :

f+(A)=f[A],VAec B

If f is a fuzzy set on 9 which preserves congruences (i.e.) f(A) = f(B) if

A =B mod 3, we can assoicate a function *f on @/S as follows :
*FIA]l=f(A), V [Ale @B/S.
It is intersting to note that
(1) Let f, g: 9/3 — 1 be two fuzzy sets such that f(<), g. Then f* (<), g *.
(2) Let f and g be fuzzy sets on 98 which preserve congruences modulo an ideal
3 of @ and f(<),g. Then *f (<), *g.

(3) Let f and g be fuzzy sets on @/S such that f Q“ g. Then f+ Q€ g-.

(4) Let f and g be fuzzy sets on 98 such that they preserve congruences modulo an
ideal 3 of @ and f{ g. Then *f { *g.

Given a fuzzy topology ¢ on9 and an ideal 3 of elements of 9, two
Quotient topologies K, (o) and K, (c) on 9B/J can be defined as follows :
(1)K, (6)={*f/ f e o, fpreserves congruences}
(2) K5 (o) is the fuzzy topology having {fs /fe G} as a subbase, where
fs [A]l=Sup {f(B)/B=Amod 3.}

The important result proved here are

(1) Let 9 be a Boolean algebra and S be an ideal of @. Let K be a family of

elements closed for finite union. Let [K]4 be the equivalence class of elements



of K'modulo 3. Let W[K], be the fuzzy topology on @/3 induced by [K],.
Then K1 (W(K)) € K»(W(K)) € W[K],.

When X is an ideal of @, K\ (W(XK)) = K, (W(K)) = W([K],)

(2) Let (98, o) be a fuzzy topological Boolean algebra and 3 be an ideal of .

elements of 8. Then 6: (4, 6) = (B/3, K, (c)) defined by 6(A) =[A] V A
€ 9 is fuzzy continous.
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REVIEW OF LITERAUTE

In 1965, Zadeh[29] introduced the notion of fuzzy sets. Chang[4]
introduced the notion of fuzzy topological space in 1968 Lowen[15] modified the
definition of chang by including all constant functions in the definition of fuzzy
topology and studied fuzzy compactness. Since then, various notions in topology
like separation axioms, compactness, connectedness, uniformity, proximity, metric

spaces, convergences, neighbourhood spaces, etc have been extended to fuzzy
topological spaces.

Nobeling[21] in his classic “Grundlagen der Analytischen Topologie” has
deveoped a detailed study of topological Boolean algebras generalising many
topological concepts to Boolean algebras. The study of separation axioms on
Boolean algebras necegsiate new methods of defining these concepts which when

applied to topological spaces coincide with the classical notions.

Another important article on topological Boolean algebra is “On topological
Boolean Algebras” by Meenakshi[19] in 1968. Meenakshi has extended some

non-elementary parts of point-set topology to classical Boolean algebras, by
considering M-algebra the class of regular topological Boolean algebras which

have a o-locally finite bases.

The important results proved here are,

(1) A T, topological space (X, 1) is metrizable iff (S(x),t) is an M-algebra.

(2) Every Quotient M-algebra of topological weight 7 is weakly homedmorphic to
a closure algebra of the form S(X)/S where X is a metric space of topological

weight 7 and 3 is an 7 -additive ideal of S(X).

10



In 1968 Chang[4] introduced the concept of fuzzy topology in the article

“Fuzzy topological spaces”. Chang has defined fuzzy topology & on a set X as a
subset of I* such that

1) the constant functions 0,1 belong to 6
1) arbitrary union of fuzzy setsin &isin

iii) finite intersection of fuzzy sets in § is in &

Lowen[15] in his article “Fuzzy topological spaces and Fuzzy

compactness”, has modified Chang’s defintions by including all constant functions
and analysed fuzzy compactness. Lowen has associated with every topology T on
X, a fuzzy topology 6 on X and with every fuzzy topology & on X, a topology i()
on X and proved that 1(®(t)) = T and & < ©(i(d)).

Lowen has generalised continuity and compactness to fuzzy situation and
defined fuzzy compact set and fuzzy compact space as follows:
1) A fuzzy sety e I*is fuzzy compac't iff for all family B < 6 such that Sup pu > .
nep
and for all € > 0, there exists a finite sub family 3, < B such that Sug W2 y-€
HE Po

2) A fuzzy topological space (X,0) is fuzzy compact iff each constant fuzzy set in
(X,0) is fuzzy compact.

The following are the important theorems established in this article.

(1)The fuzzy topological space (X, ® (1)) is fuzzy compact iff the space (X, 1) is
compact.

() If f: (X,8) — (Y, v) is fuzzy continous and v is a fuzzy compact set in (X,9)
then f(Y) is fuzzy compact in (Y,Y)

(3) If (X, 8) is fuzzy compact and f is fuzzy continous mapping from (X,d) on to
(Y,y) then (Y,Y) is fuzzy compact.

11



Some of the important topics studied under fuzzy topological spaces are as
follows:

Fuzzy separation axioms, Fuzzy proximity, Fuzzy uniformity and Fuzzy
convergence.

A number of articles have been published on these topics. We shall mention
a few.

Important  contribution on fuzzy separation axioms are due to

HUTTON. B[3], RODABAUGH.S.E[26] MIRA SARKAR[20], REKHA

SRIVASTAVA, SN. LAL and ARUN K SRIVASTAVA[24], GANGULY.S and
SAHA S[5], SINHA.S.P[28].

On fuzzy proximities KATSARAS. A K [11,12], GHANIM.M HJ6],
KANDIL. A and EL-SHAF EE.M.E[10] have published interesting articles.

Fuzzy uniformity has been studied by HUTTON.B[8], LOWEN.R and

WUYTS P[17], RODABOUGH.S.E[25], ARTICO.G and MORESCO.R[1] and
KATSARAS. A.K[13].

Fuzzy convergence has been studied by LOWENR/[16,18], PU PAO-
MING and LIU YING-MING[23].

12
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CHAPTER -1

Nobeling [21] has studied topological concepts on Boolean algebras in
1954. Sikorski[27] has published a paper on closurc algebras in 1949, This
chapter is devoted to the study of the article “Closure Algebras” by Sikorski[27].

Preliminary definitions and results on Boolean algebras are collected in the
first section.

The results established in the article “Closure Algebras” by Sikorski[27)] are

studied in section 2. Here the concepts of open sets, closed sets, nowhere dense

sets, F and G, sets are generalised to closure algebras. A representation theorem

for closure algebras is established.

SECTION:1
PRELIMINARY DEFINITIONS ON BOOLEAN ALGEBRAS

Definition : 1.1.1.

A Boolean algebra is a non-empty set @ in which two binary operations
V, A and one unary operation - are defined such that for A,B,Ce @

1. AvB=BVA, AAB=BAA

2. Av(BvC) = (AvB)VvC, AA(BAC) = (AAB)AC

3. (AAB)vB=B, (AvB)AB=B

4. AA(BVC) = (AAB)V(AVC), Av (BAC)=(AVB)A(AVC)

5. (AAA”)vB =B, (AvA")AB=B

i.e., A Boolean algebra @8 is a complemented distributive lattice.

13



Example: 1.1.2.

Let X be a topological space. Let @ be the class of all regular closed
subsets of X. i.e., subsets that are closures of open subsets of X. The join AUB of
sets A,B € @B is set theoritical union of A and B. The meet A A B of sets A,Be &8
is the closure of the interior of the set theoritical intersection of A and B. The

Boolean complement A’ of a set Ae @ is the closure of the set theoritical

complement of A. Then @ is a Boolean algebra.

Let S be a set of elements of a Boolean algebra . An clement Aje 4
(Ape @) is called the sum (product) of all elements Ae S if it is the least (greatest)

element containing (contained in) all elements Ac S.

Definition : 1.1.3.

A Boolean algebra 98 is said to be complete if arbitrary sum of elments of
@B isin 4
Definition : 1.1.4

A Boolean algebra 8 is said to be % -complete if the sum of any collection

of elements of 98 with cardinal < 2 is in &8

Definition 1.1.5

A Boolean algebra @8 is said to be ¢ -complete if itis X complete.

Definition : 1.1.6
A class § of elements of a Boolean algebra @8 is said to be an ideal of 98
if,
1) Ae S 5 Ae @ and AjC A, thenAleS

14



i) Ale S and Aze S thenthe sum A, v A, €S
Definition : 1.1.7

An ideal 3 of an 7 -complete Boolean algebra @ is 7 -additive if the sum

of elements belonging to an aribitrary set § = S of cardinal < 7 belongs to 3.

Definition : 1.1.8

Let 3 be an ideal of a Boolean algebra 9. The symbol /S denotes the

Boolean algebra defined in the following way;

Elements of /3 are disjoint classes of elements of @& such that two

elements A;,Are @ belong to the same class iff (A;’AA)V (AjAA)e 3.

The class Ce @/3 containing an element Ae & is denoted by [A]. The
Boolean operations of 94/3 are defined as follows :
For [A|], [A2] € W/
1) [Alv [Az] = [A1nA;]
(1) [A1] Vv [Az2]l = [A1nA]
(iii) [A] = [A']
(V) [A] A [A2]" = [A1nAS]]

Example : 1.1.9

Let 98 be a Boolean algebra and E be an element of an Boolean algebra.
Then the set of all subelements of E deonoted by @/E is a Boolean algebra under
the binary operations meet and join as defined in 98 and the complement of
A in @/E is given by the meet of E and the complement of A in the Boolean
algebra @.

15



Definition : 1.1.10
A set S of elements of a g-complete Boolean algebra 98 is said to be a

o-sub-algebra of 98 provided

(i)ifAe S, then Ae S

(i) if A, € S (n=1,2..) then L A,e S

n=1

SUB ALGEBRAS AND ALGEBRAS E%

Let S be a set of elements of a Boolean algebra @ and Ec &. Then the

symbol ES denotes the set of all elements EAA. where A € S.

Remark: 1.1.11

EB={A/Ae @B and A cE}

E @ is a Boolean algebra with respect to the same binary operations defined
in @ and the complement of an element A € E 4 in the Boolean algebra E @8 is
EA’

If 98 is % -complete, then E @8 is 7% -complete.

Remark : 1.1.12 _
A o-subalgebra of a G-complete Boolean algebra is also a o-complete

Boolean algebra.

Field of sets:
By a field of sets of a fixed space X we mean a class S(X) of subsets of X

such that S(X) is closed for finite v, A and complementation.

16



SECTION : 2
CLOSURE ALGEBRAS

Definition 1.2.1

A closure algebra is a ¢ - complete Boolean algebra 98 in which with every
Ae @ there is associated an element Ae & such that for A, Ae &
i) AijvA, = AlVvA,
i) 0 =0
i) AcA
iv) (A) - A
The element A is called the closure of A.
The interior and Frontier of A are denoted respectively as int A and F, (A) and are
defined asint A= (A") and F, (A)=A A A’
An element A € @ is called respectively.
Closed, if A=A
Open,if  A=int(A)
nowherr dense, if A < F, (A)
dense, if A=/38 /, where / @ / is the greatest element of .

aG,,if A = []4» where A,isopen, n=1.2,

......................

anF,if A =Y A» where A, isclosed, n=1.2,

Remark 1.2.2
If X is a topological space, then the field S(X) is a closure algebra.

Notation

If @ is a closure algebra, then the class of all open elements and closed

elements of @ are respectively denoted by O(HB ) and F (B ).

17



The least 6 - subalgebra of @ which contains &F. (9) is denoted by B(B)

and the elements of B( B) are called Borel elements.

Proposition 1.2.3
Let 98 be a Boolean algebra and E an element of & Then the subalgebra

E @ is a closure algebra, where the closure of any AeE @ (denoted as Ag ) with
respect to E@ is defined as

K;; = E/\K

The closed elements, open elements and the Borel elements of E & are

respectively given by

FEDB)= EF (D), OEB)= EO(B). and BEX ) - E B(DB).

Definition 1.2.4

If X is a topological space then B(S(XX)) is a closure algebra.
Basis of a closure algebra:-

Definition : 1.2.5
A class R of open elements of a closure algebra @8 in called a basis of @ if
i) % isR complete, where R is the cardinal of R.

ii) every open element G € @ is the sum of elements belonging to subclass of R.

Proposition : 1.2.6
Every complete closure algebra 9 possesses a basis.
Proposition : 1.2.7
If X isa topological space, then the field S(X) possesses a basis.

18



Proposition : 1.2.8

If X is a metric separable space, then field S(X) possesses an enumerable
basis.
Proposition : 1.2.9

If R is a basis of a closure algebra @ and Ee @ , then ER is a basis of I} &8

and IT—%S ﬁ

Proposition : 1.2.10

If a closure algebra 98 possesses a basis, then the sum (product) of an

arbitrary set of open (closed) clements exists and is open (closed).

Definition : 1.2.11
Let A, be a - subalgebra of a closure algebra @8. Then A, is a closure

subalgebra @ ofif Ae A=A e A,

Proposition : 1.2.12

A closure subalgebra A of a closure algebra is also a closure algebra (with

the same operation of closure) and the open elements, closed elements and the

Borel elements of the closure subalgebra, A are respectively given by

OA) = A,0(D),
3"(}\0) = AM?'(Q?)
BAy) = Ay B(D)

19



Theorem : 1.2.17

Let X and </ be topologicl spaces and let f be a o-homomorphism of S(<7))
in S(X) induced by a mapping ¢ of X in /. Then f is continous if and only if ¢ is

continous.

Theorem :1.2.18
A o-homomorphism f of & in @ is continous if and only if the

homomorphism f/ 9 () ( the restriction of f on 9 (.8¢)) is continous.

Definition : - 1.2.19

Two closure algebras S and @ are homeomorphic if there exists an
isomorphism h of & on @ such that both h and h? are continous. The

isomorphism h is then called a homeomorphism of S on @.

Result : 1.2.20

An isomorphism h of a closure algebra S on a closure algebra @ is a
homeomorphism if and only if h(A) = h(A)for every A € 5.
Result 1.2.21

An isomorphism h of a Boolean algebra S on a Boolean algebra @ is a

homeomorphism of S on @& if and only if WB(L) is a homeomorphism of

B(S) on B(B).
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Definition : 1.2.22

Two closure algebras & and @ are weakly homeomorphic if the closure

algebras B(K) and B( @) are homeomorphic.

Proposition : 1.2.23

The following three conditions are equivalent for arbitrary topological
spaces X and <.

1) The spaces X and < are homeomorphic

11) The closure algebras S(X) and S(¢Y ) are homeomorphic

iii) The closure algebras S(X) and S(°Y ) are weakly homeomorphic.
i.e. B(X) and B(Y ) are homeomorphic.

The localisation of topological properties :-

Let 98 denote a closure algebra with a basis R and S an ideal of @ .

Let A be an arbitrary element of . By proposition 1.2.10 there exists an
open clement Gy which is the sum of all open elements G such that GAAe 3. The
closed element Gy’ is denoted by A*,

where A* = (ZGY = (ZRY,

ReR, andRAAe 3.

Theorem : 1.2.24

If an 2 -complete closure algebra @ possesses a basis R of cardinal < %
and if 3 is an 72 -additive ideal of @8, then
AAAH e S forevery Ae @8

The conditions : A* =0 and A € 3 are thus equivalent.
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The division of closure algebra by ideals :-

Theorem :- 1.2.25

Let 8 be a % -complete Boolean algebra with a basis R of cardinal < %
and 3 an 7 -additive ideal of @. Then

i) [R] is a basis of B/S of cardinal < 7
i) O(®/3) =[0(DB)]
iii) F(B/3) = [F (D]
iv) B (9/3)= [B(D]

i.e an element of é/s is respectively an open, closed or Borel element of @/S if

and only if it possesses a representative which is respectively an open, closed or

Borel element of @&.

Theorem :- 1.2.26

Let 98 be a 7 -complete Boolean algebra with a basis R of cardinal < %
and 8 an 7 -additive ideal of 9. Then for A € &.
i) [A] =[A¥]
ii) [A] < [A]
i) [Int (A)] < Int ([A])
iv) Fr ([A]) < [Fr (A)]

The open element ([A])e @B/3 is the sum of all elements [R] where Re R and
[RAA] = [R]A[A] =01i.e. RAAeS3. Hence

({A])'= = [R]=[ZR] = [(A*)] = [A*]

Where Re R and RAAeS.
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Theorem 1.2.27
Let h be a homeomorphism of ¥ on a closure algebra @and J = h(3).

Then /3 and 9/J are also homeomorphic.

Remark 1.2.28

The above theorem shows that the division of a closure algebra by an ideal

is a topological operation.

Theorem : 1.2.29

1) The natural homomorphism of & on @/S is continous.

i) The natural isomorphism of E@/ES on [E](H/3) (where Ee B)is a

homeomorphism.

iif) The natural isomorphism of B(%8 )/S.B(B)) on B(B/3) = [B(B)] is a

homeomorphism.

Theorem : 1.2.30
Let 3, be a % -additive ideal of &8 /S and 3, be the 7 -additive ideal of all
A € @ such that [A] € 3, . Then the closure algebras (& /3)/S, and @/, arc

homeomorphic

C - algebras. Representation theorems :-

Definition : 1.2.31

A closure algebra & is called a C-algebra if it satisfies the following axiom:
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There exists an enumerable sequence {R,} of open elements of & with the

property that every open element Ge & is the sum of all elements R, such that
R.cG.
Definition :1.2.32.

Every Sequence R,e (& ) possessing the property in 1.2.31 is called a
C - basis of 5.

It is interesting to note that C-algebras possess many interesting properties
of separable metric spaces.

The following theorem is a natural generalisation of separable metric spaces :
Theorem :1.2.33

A topological space X is separable and metrizable if any only if S(%¥) is a
C-algebra

If & is a C-algebra and if S is a o-field of &, then /3 is also a
C-algebra.
If R is a C-basis of &, then [R] is C-basis of 7.

Theorem : 1.2.34.

A closure algebra ¢ is a C-algebra if and only if B(SY) is a C-algebra.
Every C-basis of & is a C-basis of B(S ) and conversely.

Theorem :1.2.35.

Let 3 be a o-ideal of Borel subsets of separable metric space X. Then
S(X)/ 3 is C-algebra. S(X)/S is homeomorphic to a C-algebra of all Borel subsets
of a topological space if and only if S is a principal. S(X)/3 is weakly
homeomorphic to a topological iff 3. S(%¥) is a semi-principal ideal of S(X).
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Theorem : 1.2.36.
If &fis a C -algebra and Ee &, then ES¢ is also a C-algebra. If R is a
C-basis of & then ER is a C-basis of E’

Definition :1.2.37.

A closure algebra @ is said to be normal provided that for any two closed

elements F,, Fp,with F)AF, = 0, there exists an open element G such that F,cG and
GAF,=0

Properties of C-algebras :1.2.38
1) Every C-algebra is normal.

2) Let A and B two elements of a C-algebra & such that (AAB) v (AAB) = 0.

Then there exist two open elements G and H such that A ¢ G, B ¢ H and
GAH =0.

3) Let 3 be a o-ideal of a C-algebra . In order that an element B € /3 to be

a Borel element of an additive (multiplicative) class o, it is necessary and

sufficient that B possess a representative Ae S which is a Borel element of an

additive (multiplicative) class o in S

Definition :1.2.39.

If a C-algebra is o-field of sets, then it is called a C-field.
Proposition §1.2.40.

If U is metric separable space, then S(U) and B(B) are C-fields.
Thorem :1.2.41

Every C-field is weakly homeomorphic to a separable metric space.
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A representation theorem on C-algebras:

Theorem :1.2.42.

If a C-algebra & is of the form Sf= @ /S, where @ is a o-complete

Boolean algebra and 3 is a o-ideal of @, then it is possible to define in % a
closure operation in such a way that

1) 9 with this closure operation is a C-algebra
ii) the C-algebra ¢ is identical with the closure algebra which we obtain by the

division of the C-algebra by the ideal 3.
Theorem :1.2.43.

Every C-algebra S is homcomorphic to a C-algebra X/S where X is a

C-field and S is a o-ideal.

A generalisation of Urysohn’s theorem may be stated as follows :
Thorem :1.2.44,

For every C-algebra @8 there exists a metric separable space <J/ and a
c-ideal J of S(<Y) such that 9 is weakly homeomorphic to the C-algebra S()/J
i.e., B(H) is homeomorphic to B(Y)/Jo, where Jy = JAB(Y) is a c-ideal of

B(Y).
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CHAPTER -2

This chapter is devoted to the study of “Fuzzy Topological Boolean
Algebras” by Parvathi and Meenakshi[22].

In section 1 the fundamental definitions and results on fuzzy topological

spaces due to Chang [4] and Lowen [15] that are needed for our study are
discussed.

Section 2 is devoted to the study of fuzzy topological Boolean algebras,
With every fuzzy topological space (X, 8) a fuzzy topological Boolean algebra
( S(X), 8 ) is assigned and some important propertics of & are discussed. To
develop the theory three concepts namely a new class of function A, : @ — I, new

order relation (<), and generalised quasi coincident Q are introduced and various

properties of these concepts are analysed.

Fuzzy separation axioms FT, and FT, and fuzzy continuity on fuzzy

topological Boolean algebras are discussed in third section.

In section 4 fuzzy topologies on quotient algebra are studied. With every
fuzzy topology ¢ on a Boolean algebra @, two Quotient topologies X1(0) and

K»(o) are associated and the relationship between them are studied. Further it is
proved that given a fuzzy topology ¢ on @/ there exists a fuzzy topology E(c)
on 9@ such that X1(E(c)) = A,(E(0)) = ¢ and proved that if E(c) is FT;1 = 1,2
then o 1s FT;, 1=1,2.
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SECTION 1

PRELIMINARIES ON FUZZY TOPOLOGICAL SPACES

Definition : 2.1.1

Let X be any set and I=[0,1]. A fuzzy set on X is an element of the set IX of
all function and from X to I.

Equality, order relations, union and intersection between fuzzy sets are defined

as below:

Let f and g be two fuzzy sets on X.
W)f=g & f(x)=g ) forall xeX.

() f<g & f(x)< g(x) for all xe X.
Let {fi}ica be a family of fuzzy sets on X. Then
(iii)[}ﬁ (x) = Sup {fi(x)} VxeX.

(iv)[Af] () =inf {f(x)} V xeX.

1A 1A

The complement f° of f is defined by f(x) = 1-f(x) for all xe X.

For any oe€[0,1], the constant fuzzy set o is a map from X to I given by

o (x) = o for all xe X.

Definition : [chang 4] : 2.1.2
Let X be a set. A subset § — I" is called a chang fuzzy topology on X iff &

satifies the following requirements.

(1) The constant functions 0,1 € 6
(1) f,ge d = (frg) e &
(111) If {fi}i_, 1s a sub family of §, then vf; €8

€A

The pair (X, 0) is called a chang fuzzy topological space.
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Definition : [Lowen 15) :2.1.3
Let X be any set. A subset § — I* is called a fuzzy topology(Lowen) on X

iff the following conditions are satisfied.

(1) All constant fuzzy sets belong to &
(2)f, ged=>1frged
(3) If (£);_, is a subfamily of § then V£ €8

ieA
The pair (X, 8 ) is called a fuzzy topological space,

The elements in § are called open fuzzy sets of the fuzzy topological space (X, §).
A fuzzy set f e " is called a closed fuzzy set of (X,9) iff f is openie. fed.

Definition : [Lowen 15] :2.1.4
The closure and interior of a fuzzy set g denoted by ¢l g and int g in a fuzzy

topological space (X, 8) are defined as follows.

clg =inf{h/h2g h'e8}

intg =sup{h/h<g, hed}

Note : 2.1.5

Cl g 1s the smallest closed fuzzy set larger than g and int g 1s the largest open fuzzy
set smaller than g,

Definition : [Chang 4] : 2.1.6

Let X and Y be two sets and 0 be a function from X into Y. The inverse of
any fuzzy set h on Y under 6, denoted as 67'(h), is the fuzzy set on X defined as
6"'(h) (x) =h (6(x)) for all xe X,

The image 6(g) of a fuzzy set g on X is the fuzzy set on Y defined by
8(e) (y) = sup {g(2)/ 8(2)=y}

= 0if ' (y) is empty.
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Definition : [Lowen 15] : 2.1.7
Let (X, &) be a fuzzy topological space. A subset B — § is a base for O iff
Ve d there exists a subfamily (), c Bsuch that p= sup W

Jea

Definition : [Lowen 15] : 2.1.8
Let (X, 8) be a fuzzy topological space. A subset S < & is a sub-base for &

iff the family of finite intersection of members of S is a base for 5.

Example : 2.1.9
Consider the interval I = [0,1]. Then the collection S = {o. / o constant} U the

idenity function on I forms a sub-base for the fuzzy topology.

With every topology T on X, a fuzzy topology «(t ) can be associated as
follows.

o(7) = the set of all lower semi-continous functions from (X,7) to the unit interval

[0,1]. Here [0,1] is considered with the usual topology as a subsapce of the real
line.

Conversely given a fuzzy topology & on X the collection of all sets
{f'(e,1]/ >0, fe 8} generates a topology i(5) on X.

Definition : [Lowen 15] : 2.1.10

If 6 = o (1) for some topology t, then & is said to be topologically
generated.

The operators i and ® are related as follows : [Lowen 15]

(1) 1(ax(1)) = 7 for every topology T.
(ii) @(i(9)) is the smallest topologically generated fuzzy topology which contains 9.
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Definition : 2.1.11
Two fuzzy sets f, g on X are said to be quasi-coincident, denoted by f q g if

there exists an xe X, such that f(x)+g(x)>1.

Definition : 2.1.12

Let X be any set. A fuzzy point with support x in X and value t in (0,1]
(denoted by x,) is a fuzzy set defined by

x(y)=t, ify=x =0, otherwise

Definition : 2.1.13

A fuzzy point x, is said to belong to a fuzzy set f on X, denoted by x, €f,
iff t<f(x).

Definition : [chang 4] : 2.1.14
Let (X, &) and (Y, &;) be two fuzzy topological spaces. A map 6 : X —Y

is said to be fuzzy continous if 6" (f)e §, for every fe J,.

SECTION : 2
FUZZY TOPOLOGICAL BOOLEAN ALGEBRAS

Definition : 2.2.1
A fuzzy topological Boolean algebra is a pair (98, o) where @8 is a Boolean
algebra and o is a subset of 1% satisfying the following axioms.
1. All constant functions belong to c.
2. Arbitrary union of elements of G is in ©.
3. Finite intersection of elements of G is in G.
Terminology :

If (98,0) is a fuzzy topological Boolean algebra, then ¢ is called a fuzzy

topological structure on @
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Definition : 2.2.2
Let K be a collection of elements of & A fuzzy set f on @Bis said to be

compatible with the family % if the following condition is satisfied.

Given A and B and f(A) >¢, there exists a Be K such that f(B) > € and B<A.

Remark : 2.2.3

When K contains the element 0 then the constant functions are compatible
with X

Proof :
Let f: 98— Ibe such that f (A) =0 e [0,11V Ae &K

Let f (A) >¢ for some € >0.
Then Oe K such that f (0) >e and 0 < A.
. f 1s compatible with X,

Example : 2.2.4
An example of a fuzzy topological structure on @&

Let (98,7) be a topological Boolean algebra. Consider the collection W(1)

of all increasing fuzzy sets on 9 which are compatible with . Then W(1) is a

fuzzy topological structure on &.

Proof :
(1) It is obvious that all the constant functions belong to W(t) as all the

constant functions are compatible with 7.

(i) Let { f«/ o € A} be an arbitrary collection of elements of W(T).

Claim : vf_e W(7)
Given Ae &

let |:vfa A 56

Then v f_ (A)>e

acA
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= there exists some e A such that fJ(A) >e. As f, e W(1), there exists a

Be 1 such that f (B) >¢ and B<A.

V£, [(B)>e and hence

acA

—

= | vf.|(B) >¢

we A

—

f] e W)

(i)Let {f,/1=1 to n} be any finite collection of elements of W().

Claim : E\ f] e W(1).
1= 1

Given Ae & let E\“ fi| (A) >e
i1

Then for every i, f. (A)>e.

As each f. € W(1), there exists a B, €7 such that f, (B)) >€ and B; <A.

Since B, € 1, we have V' B, € 1.
i=1

As f. s increasing and B; <A

Wehavef[ ]>eandv B. >¢and
1=1

= A fxE_ B] >e
B

= A" fi € W(1). Hence the result.

i=1
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General method of constructing fuzzy topologies on a Boolean algebra @

Theorem : 2.2.5

Let K be a collection of elements of & containing the zero elelment and

closed with respect to finite union. Then there exists a fuzzy topology W(X)
having the following property :

Forevery fe W(%), f(B) = sup {f(A)/Ae X, A<B, Be @.

Proof :
Let W(ZX) consists of all increasing fuzzy sets on & which are compatible
with K.

Claim : W () is a fuzzy topology on &

Let f € W(X) and for Be &, f(B)= a.>¢,— (1) where € >0
Then there exists a A € K such that f (A) >¢ and A <B.
Let sup {f(A)/ A e K, A<B}=p(say) > (2)
It is clear that B < o
Suppose BB <o,
Let o-f3 = € (say), i.e. B = a-¢.
From (1) f(B)=o>a-e=f
= f(B)>p
Since f € W(X), there exists a Ae X such that
f (A)> B such that A <B., a contradiction to (2)
& =B

1.e. f(B)=Sup {f(A)/Ae Kand A <B}.
Study of W(K) for some important families :-

1) K= {0}
W (X) = All constant functions on .
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2)K={0A},Ac @B

fe W(XK) = f can take only two values f(0) and f(A)
3) X={B1,By...B,}, B;,By,...B,e®

fe W(X) = f takes atmost n values f(B,), f(B,).... f(By).
4) Let 8= S(X) and K be the collection of all finite sets of S(X).

Then f € W(X) < f(A) = Sup {f(B) /B finite, B<A} VA e &
5) Let K be the collection of all countable sets of S(X).

Then f e W(K) < f(A)=Sup {f(B) /B countable, B<A} V A ¢ &
6) Let K =1, a topology on @&

Then fe W(1) < f(A) = Sup {f(B) / B<A, B open}

= f(intA)VAe &

7) Let X = C, the collection of all closed sets on &

Then f € W(C) < f(A) = Sup {f(B), B<A, Bclosed} VAe @&

Example : 2.2.6

An example where W(C)¢ W(t) can be constructed as follows:

(9, 1) be a topological Boolean algebra, where 98 is the collection of all

subsets of X=[0,1] and 7 the usual topology on [0,1] derived from the standard
topology on R.

Consider f:[0,1] — [0,1] such that f (x) = x for every x € [0,1]
Let g:S(X) — Ibe defined as
g (A)=Sup { f(x)/ x € A} for every A €9 (x).
As [0,1] 1s T1, every singleton is closed
LetAe S(X)and g(A)> €

As g (A) = Sup f (x), there exists some x € A,

xeA

Such that f (x)>¢€ .
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Choose {x} =B e C, the collection of all closed elements of S(X).
Then {x} <A and g(x)>¢
. g1s compatiable with C,
s.ge W (O).
To show : geg W(7)
Consider B = the set of rationals in [0,1]
Then g(B) = 1
But there is no open set of rational numbers A< B
Such that g(A)>¢
coge W(T)
- W(e) £ W(1)

Definition 2.2.7
A subcollection B < I9 is said to be a base for a fuzzy topology ¢ on @if

every fe ¢ can be expressed as f= V{g/ge R, g < f}

Example : 2.2.8
Construction of a base for a fuzzy topology W(K)on @.

et W(X') be a fuzzy topology on 9§ where K'is a collection of clements

of @ closed for finite union
Let Ae @8 and € = [0,1]
Define fa_ (B) =¢if B>A, for Be &
= 0 otherwise — (1)
Let fe W(X), then for Be &
f(B) =sup {f(A)Ae K, A<B}
= vfI(A)

AeXx
A<B

= vV ara @) [ From (1) f sy (B) = £ (A)]

A<B
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s =V faan
AcX
Thus every fe W(X) can be expressed as
f =v{fatn/ Ac X}

Hence {f oc/A € K e=[0,1]} forms a base for W('X).

Definition : 2.2.9
A subcollection J' G is said to be a subbase for fuzzy topology ¢ on @

iff the family of finite intersection of members of /is a base for ©.

Remark : 2.2.10
A family B of fuzzy sets on @ is a base for some fuzzy topology ¢ on @8 if

(1) every constant function can be expressed as the union of members of B
(i)given f g€ B, f A g can be expressed as the union of all members of B
contained in f A g.
In this case the fuzzy topology having B as a base is denoted by ¢ (8)

(i.e) o( B) = { f/f can be expressed as union of members of B }

Remarks: 2.2.11.
Given any collection J’ of fuzzy sets on a Boolean algebra 94 containing all

constant functions, the collection 23 of all finite intersections of members of J'is a

base for a fuzzy topology. This fuzzy topology is called the fuzzy topology

determined or generated by the collection J!

Definition: 2.2.12
With every fuzzy set f on X, a fuzzy set f on S(X) is defined as follows:

' (A) = Sup{f(x) / xe A} for every Ae S(X).

The correspondence f—f’ has the following properties.

(i) If b = ¢’ for some ge I* then
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By =(g' K=¢
Proof:
Given h = g’
Claim:
By= ()=
Letxe X
Then g’ (x) = sup g(y) = g(x)

ye {x}
Hence (E)x =@ )h=g

(i) If k= (g’ A g) for g,g eI then

(E)X = (glo A gzo)x = gl/\ gz'

Proof :
Given b= gl°
Claim :
(k) = (8 A g k=gne,
Letx e X.
Then (k) (x) =g’ A g, XX
= min (glo (%), gzo ()
=min (g,(x), g,(x) )
= (g,~8,) (x).

(ﬁ)x = (gl° A g2° )X - gl/\ g2'
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(i) If {f./ oo € A} is a subcollection of I*, then
v L =|v i]‘)

Proof :
Let A c I, then £.'(A) = sup f« (x)

Claim :
v £ = |l |2
ue A wacA

l:va(A) = Sup (V) (x)

welA aeA

= Sup {Vvi. (x) }

e A

= Sup {Sup fu (x) }

XCA  weA

= Sup {Sup fu(x) } - (1)

weA xe A

Ef"‘] (A) = v (A)

=v {Sup fux) }

weA  XeA

= Sup {Sup fu(x) } —(2)

ac A xe A

From (1) & and (2) E/f] :E/ﬂ°

Remark : 2.2.13
(g’ ~ g,) need not be equal to (g,Ag,)".

Letg :1—1 suchthatg (x)=1 if x is rational

= ( otherwise
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Letg,:1—1 such that g, (x) = 1 if x is irrational

= 0 otherwise

Let A=[1/3, 1/4] c I
Theng '’ (A)=1, g, (A) =1
and (g,° A g,)(A) =min (g’ (A), g, (A)
=min (1,1) =1
For xel,
(g,78,) (X) = min (g,(x), g,(x))

min (1,0) = 0 of x is rational

min (0,1) = 0 if x is irrational
~(gng) (x)  =0.
c(g,n 8, ° (A)=Sup (g,A8,) (%)
aeA
=Sup0=0

Hence the result.

Proposition : 2.2.14
Let (X, 8) be a fuzzy topological space. Then {f°/ fe 8} is a subbase for a fuzzy
topology 8’ on S(X).
Remark : 2.2.15
Givenfe I, f € 8 & fed.
Proof :
Letfed,
Then by the definition of &', f°€ &’.

g Q Q
Conversely assume f '€ 9§

Claim :
fed.

f=(f"), = Emfj
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Hence f° €8’ & fed.

Remark : 2.2.16
& cw (Ko), Where 'K is the collection of all finite subsets of X,

Proof :
To prove the result it is enough to consider any subbasis element f° € &

Claim : f'e W (%)

Let A« X and £ (A) > € where € > 0
1e. Supf (x) > ¢

xeA

i.e for some x € X, f (x) > €.

- there exists a {x} = B € K such that f (x) > € and {x} c A.
s tle W (%)

Hence §° ¢ W (Ko).

Example : 2.2.17
An example where & is strictly contained in W(Kp).

Let & be the fuzzy topology generated by all constant functions together with the
identify function on [0,1].

Let f: [0,1] — [0,1] be such thhat f(x) = x/3.

Thenf’ € W (K0)
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But f° ¢ & as f cannot be expressed as the arbitrary union of finite intersection of
elements of §.

An important class of fuzzy sets :

Definition : 2.2.18

ForAe @B Ay: B— lis defined as
A (B)=1,if A A B #0.

= (,otherwise.

Remark : 2.2.19

When @ = S(X), the function A4 restricted to the points of X is the same asX,, in
symbols (Ap)x = Xa
Properties of A5 : 2.2.20

(1) Aaisincresing for every A € @8
re. If B] < Bz, then >\‘/\ (B]) < )\'A (Bz)

Proof :

Case (1) : Let AnB; # 0 and AnB, #0
)\'A (B]) =1 and >"A (Bz) =].

Case (i1) : AnB; =0 and AnB,# 0
Then A (B)) = 0 and Ap (B2) =1

Hence ?\tA(Bl) < }\A (Bz)
(2) A} < A; implies )‘Al < 7“\2 for A,, A, € B.
Proof :
LetBe &

Case (i) Let AjnB # 0 then A,»B #0.
s (B)=1= Ay, (B) =1

Case (11) suppose A;"B = 0 and A,B # 0.
Then A4, (B) =0 and Ay, (B) =1
Hence XA] < 7‘/\2'
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(3) Given a finite collection of elements A | in A4,

Aopi = vXAi, whenever VA exists.

Proof:
Let Be @&

Case (1) Assume (V)NB # 0
= A;NB # 0 for some 1.
XVAi (B) =1and }\'Ai (B) =1

s ha (B) =VAy (B)
=(VAn) (B)
o )\,VA1 =4 7\«Al

Case (11) Let (VA) "B =0
Then A; B = 0 for every 1
*. A, (B) =0 and Ay (B) = 0 for every i

o M A, (B) =0
aeA

)\\Ai == V)‘Ai

Iencee the result,

(4) For A], Az (S Q, }\,A]/\ AZS XAI /\)\.A2
Proof :
LetBe @

If Ay MA; "B #0 then KAI/\AZ(B) =1
Then Ay, "B#0and A,"B#0

v ha, (B) = 1and A4, (B) =1

o (Aay A Aa,) (B) =1

()\'AI N )\’A2) (B) = )\'Al ~ Ay (B)

)\.Al N }\'AZ = )\/Al/\Az
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If A\in A, NB =0 then )\‘AlmAz (B)=0.
Case (1) :
AINANB=0=ANnB=00rA,nB=0
~.EitherAs (B) = 0 or Aa, (B)=0
= (A, Ada,) (B)=0
In this case )‘/\Mz = XAI A }"\z'

Case (1) :
If both A~ B and A, " B are non zero
then A4, (B) =1 and A, (B)=1

Then ()\'Al N }\'AZ) (B) =1
In this case ;\'AIAA2 < }\.Al A 7\4\2.

Hence }"AlAAz < }\'Al N }\'AZ‘

(5) If )\./\l AN )\,,\2 = )\‘l}’ then B = Al A A2

Proof :
Suppose Ag (C) =1
= (A, A M) (O) = 1

:>/\1r\C;t0andA2r\C¢0
=A,NA)NC=#0
= A AlmAZ(C) =1 - (1)
Suppose Ag (C)=0
Then (}\,A1 A }\’AZ) (C) =10,
= min (;\’AI(C)’ XAz(C)) =0
= EitherkAl(C) =0 or KAZ(C) =0
Then'A1 mC=OorA2r\C=O
= (A;NA)NC =0

= )\,AIAAZ (C) =0 - (2)
From (1) and (2)

)\'B = )\.A]AAz

=B =Al A A2.
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Example : - 2.2.21
The following example shows that A, As, need not be equal to

}\/\1 N )\'AZ'

Il
-
[

N
W

Let A1 — 10}

LetA, = {56,... 15}
A AA= {56,7,89,10)

Take B={1,15}

Then AinB#d,A,NB=dand A; "A;,"B=0
2 ha (B)=1,A4,(B) =1land A A ay(B)=0

A Aa, (B) <A (B) M A, (B) = (Aa ARA,) (B)
S Ay A A, > A,

Definition : - 2.2.22
A new order relation (<), is defined on 1%as follows:
f (<), g, if given Ae @ there exists a non zero B<A such that for every C < B,
f(C) < g(C)
Remark : 2.2.23.

Let f, g, h be fuzzy sets defined on a Boolean algebra 98. . Then the following
results hold:

(i) f<g=f(S)hg
Proof :
Letf<g
Claim :
fShg
f<g=fA)S gWVAe @

Then by the definition of (<), we have fEn g
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(i) f (g, g (k= f(<nh
Proof:

Let f ($ng, gk
Claim :

f Sk
fERg=

given A € @ there exists non zero B € & such that B < A and for every C<B
(€)= g(C) |

g(Suh=
for B € @& there exists a non zero B;e @ such that B; < A and for every C < B,
£(C) =g (C)<k(C)
= f(C)<h(C)
= f(uh
Hence the result
(i) ()\A1/\7\,A2) (S)n )\4\1,\;\2

Let Be @
If BN (ANAy) # 0, then AinB #0 and A;NB # 0 and the result is obvious.

If BN (ANA,) =0, then we have

(l) A]('\B =0 and Asz =0
(i) A\mB#0 and A)nB#0
(iii) any one of A;NB and A,MB is not zero

In (i) & (ii) the result is obvious.
In (iii) choose C =B N A,°NA; or BN AjNA,° the result holds.

(iv) When @ = S(X),
f (g e (s (9

Proof :
Letf (g
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Claim :

(Hx =(g)x

fShg=
given A € 98, there exists a non-zero B = {x} < A such that for every {x} <B,
fx) = g(x).
This = (f)x (%) < (gh(x)
Le, (Hx<(9k

Conversely assume (f)x < (g)x
Claim:

fSng

i.e, for a given Ae @ there exist a non zero B<A such that for every C<B

F(©) = g(C).

Take B = {x} <A
Then f () g

S fEn g @ (= (9
When f and g are fuzzy sets on X
' o f<g f'<g”
Proof :
Given f° (<), g°.
Claim :
f<eg

ie. Vxe X, f(x)< gx).

In the definition of (<), take A = {x} € X
Then for every C < {x}, f(C) <g(C)

ie. f(x) <gx)
ie. f<g

Conversely assume f < g
re. f(x) £ g(x)VxeX.

Claim :
£ (<)ug’
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Let Ae S(x)

Then for every {x} <A, Choose B={x}.
Then for every C <B.
FP=f® < g@=8"®
ie. f'(x) € g°(x) :

ie. f°< g°

Proof :

Givenf<g

re. f(x) < gix) Vxe X
Claim :

£ < g’
ie. f'(A) < gA)VAeSX)
For Ae S(X),

£°(A)= Sup f(x) < Sup g(x) =g (A)
xe A xe A

£°(A) < g(A)
ie f'<g’.
Conversely assume f° < g’
ie. f(A) < g (A) VAeS(X).

Claim :
f<g
re. f(x)<gx) Vxe X

Forxe X, fx)=fx) < gx) =g®X)
i.e. f(x)< g(x)
ie. f < g
f<g o ' <g of'<g’.

Hence f° (<), g’ © f<geof<g
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Definition : 2.2.24

Two fuzzy sets f and g are said to be generalised quasi-coincident, in
symbols f Q g, if there exists A in @ such that for every non zero B<A, there
exits a non zero C<B such that f(C) + g(C) >1.

Remark : 2.2.25

Fuzzy sets f and g on 98 are not generalised quasi-coincident, in symbols

fQCg, if the following condition holds good:

Given Ac @ there exists a non zero B<A such that for every

C<B, f(C)+ g(C)< 1.

Proposition : 2.2.26
For A,Be Q, )\,AQ)\.B < AAB#0O.
Proof :

LetC=AAB=#O.

Then for every non zero D<C A4 (D) + A (D) = 1+1 = 2>1
7\,/\Q )\.1;.

Conversely assume AzQ Ap.
Claim: AAB=#O.
Assume AAB=0. = A® VB =1.

Given a non zero K, ‘ ]
Choose D =A°AK if AAK#0

=B® A K, otherwise.

If D=A"AK,
Then for every L <D,

A(L) = 0 [Since L c A°AK and A A L =0]

and therefore A (L) + Ag (L) < 1.
fD=B“AK

Ag (L) = 0 [Since L c B°AK and B AL =0]

and therefore Aay(L) +Ag (L) < 1.
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}\,A (L) + 7»}3 (L) <1
This implies A,Q° Ag, a contradiction.

S AAB=#O.
Hence then result.
Remark 2.2.27
fQg & f(S)l-g forf,ge I
Proof :

Given fQ° g
Claim :

f (S)n 1'g‘
fQ g= .
for every Ae @Bthere exist a non zero B<A such that for every C <B

fO+9C) =1

= f(O)=1-9(O)

=  f(C)<(1-g) (C) for every C.
=5 f<1-g

=  f(nlg

Conversely assume f (<), 1-g
Clam: fQ%g
f(&a(d-g)=
for every Ae @there exists a non zero B<A such that for every C<B
f(€) =1-g(C)
= fO+gO)=l
= Qg
Remark : 2.2.28

Given three fuzzy sets f, g and h on @, the following implication is easily
verified:

F©ng gQCh=7Q%k
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Proof :

Given f (<), g and g Q° h
Claim :

FQ%h

fGEhg=
given A € @4 there exists a non zero B<A such that for every C <B,

f(C) < g(C) — (1)
g QC /1’, =5
Given Be @, there exists a non zero B; < B such that for every C<B,
g(C) + h(C) < 1
= ¢(C) < 1- A(C) = (2)

From (1) and (2), Given Ae 98, there exists a non zero B;<B
such that for every C <B;.

£(C) < g(C) < 1- h(C)
=  f(C)<1-h(C)

=  fO)+hO)<1
= Q%
fE&nlg gQh= FQ°4

Remark : 2.2.29 _
Let f, f.. g,» 9, be fuzzy sets on @ I f(agp f,(ag,andf QFf,
then g Q g,
Proof:
Given f, (S g, f,(Sh g, and f,Qf,
Claim : g, Q g,.
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f‘] Q f'z :
there exists a A in @ such that for every non zero B<A, there exists a non zero
C<B such that

HO+ O >1-(1)

f, Sn g,=

For A € @, there exists a non zero B;<A such that for every C < B,.

10 =g/ =2

f, S 9,=

Given B;e @, there exists a non zero B, < B, such that for every C <B,,

6 £g,(O) =)

. From (1) and (2) and (3),
For A € 8 there exists a non zero B, < B, such that for every C <B..
g,(C) £g,(O)2f(C)+f,(C) 21

= g,0)+g,(0)2 1.
= 9Qg,
Hence the result.
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SECTION : 3
FUZZY SEPARATION AXIOMS AND FUZZY CONTINUITY

Definition : 2.3.1

A fuzzy topological space (X, ) is said to be fuzzy T, or FT, iff for every

pair of non zero fuzzy sets f, g on @ with f )ﬁ g, there exists an open fuzzy set h
such that f £h and g <h.

Definition : 2.3.2

A fuzzy topological Boolean algebra (9, o) is said to be fuzzy T, or FT,
iff for every pair of non zero fuzzy sets f, g on 9 with f(<), g, there exists an
open fuzzy set hon @ such that f(<), h, and g (h h.

Definition : 2.3.3

A fuzzy topological space (X, 0) is saJd to be fuzzy T, or FT; iff for every

pair of non zero fuzzy sets f, g on X w1th f q° g there exist open fuzzy sets h; and
h2 such that f A h1 >0 g h2 >0 and h1 q h2

Example : 2.3.4

(1) A fuzzy topological space with satisfies FT; but not FT>.
Let X be any set, x € X and t € (0,1)

Define the mapping
f(,(, t) (X) =1

and fxy (y)=11fy#x

Let & be the fuzzy topology on X generated by
{fo, x € X, te (0,1)} U {a e [0,1], o constant fuzzy setin X }

Let o, B be non zero fuzzy sets in X with oo < B.

Then there exists an x € X such that o(x) > B (x).

Choose A such that oux) >AB (x)

Letg=f(x, ThenPp<gandasg

Thus (X, 8) is an FT, fuzzy topological space.

Since f A g # 0 for any two non zero open fuzzy sets the space cannot be FT>.
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Example : 2.3.5

(2) An example of an FT, space which is not discrete.

Let {I,, Ae A} be the usual interval base of the subbase topology on 1= [0,1]
induced by R, the set of reals.

Let te [0,1]
Define f,, : X —1by

f,(x) =tifxe [,
=0ifxe I;

Let & be the fuzzy topology on [0,1] having as base the collection of all
constant fuzzy set in [0,1] together with { f,,, AeA, te [0,1]}

To prove : (1, 8)is FT,.

Let o, B be non zero fuzzy sets in I with oA = 0.
There exists x, y € X such that o(x) >0, B (y) >0
AsanB=0, x=#y

Since the topology on [0,1] is T,, there exist A|, A €A
Suchthatx e I}, ye I), andI} , NI}, =¢
Leta(x)=t, B(y)=t

Letf= f7\-1‘1’ g= sz‘z

Then (anf) (x) =1, >0

Similarly (BAg) (y)=t.>0

Asl), nIp,=0, fAg=0

Hence (1, 0) is FT,.

As all fuzzy sets are not included in 9, (I, d) is not discrete.

The conditions f A h; > 0 and g A hy > 0 in the definition of FT; space have

to be modified in the case of fuzzy topological Boolean algebras. This leads to the
definition of a new relation { between fuzzy sets on @

Definition : 2.3.6

Let f, g be two fuzzy sets on @ f and g are said to be { related (i.e) f Cg
if there exists A € @8 such that for every non zero B < A there exists a non zero
C<B such that min (f(C), g (C))>0.
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Remark : 2.3.7

f€g = fag>0
Proof :

Given fC g
Claim :

fAag>0

fCg=

There exists A € @ such that for every non zero B<A there exists a non zero
C<B such that min (f(C), g(C))>0

each f (C) and g (C)>0
— fAg>0

Hence the claim.

Remark : 2.3.8

Let f and g be two fuzzy sets on S(X)
Then (f)xA (>0 fCg

When f and g are two fuzzy sets on X, the following implication holds:
fAg>0ef (g’

Proof :
Given (f)x A (g)x >0

Claim :
fCg
Let (f)x A (g)x >0, then there exists x € X such that min ((f)x (x), (g)« (x)) >0
Choosing {x} = A, min ( f(A), g (A))>0
Then by the definition of €, f { g.

Conversely assume f g
Claim : (f)x A (g)x >0
fCg=

there exists Ae @ such that for every non zero B < A there exists a non zero
C < B such that min ((f(C), g (C)) >0

This implies for every {x} c A, min (f(x), g(x)) >0

=(frg)(x)>0

= ()« A (9)x>0.
Hence the claim.
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Assume fAg >0
Claim: f ¢ g’

fag>0=

there exists x € X such that (f A g) (x) >0

i.e. min (f(x), g (x)) >0
Take A = {x}, then f{ g’

Conversely assume (g’

Claim : f A g>0.
f°leg’=

there exists a Ae & such that for every non zero B<A there exists a non zero
C<B such that

min (£°(C), g/(C))>0
1.e. for {x} C A,

min (f° (x), g (x)) >0
i.e. min (f (x), g(x)) >0
rLe. fAg>0

Hence fAg>0 & f'C¢g.

Remark : 2.3.9
Let f and g be two fuzzy sets on X. Then £ A g’ >0 need not imply fAag >0.

Let f:[0,1] — [0,1] such that
f(x) =1ifxisrational

= 0 if x is irrational
Letg:[0,1] — [0,1] such that
g (x) =0 ifx isrational

= 1/2 if x is irrational

Let A =[1/2,1/4]
(f°Ag’) (A) =min (f° (A), f* (A))
=min (1, 1/2) =1/2>0
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ButV x € [0,1] fx)Agx)=0

fAg=0
o ' A g’ >0 need not imply fA g=0.

Definition : 2.3.10
A fuzzy topology Boolean algebra (98, o) is said to be fuzzy T, or FT, iff
the following condition is satisfied.
Given two fuzzy sets f, g on @ with f Q° g there exists two open fuzzy sets
/21, ;22 such that fc 51, gc E/z and El QC 5/2

Theorem : 2.3.11

Let (X, 9) be a fuzzy topological space. Then (X,d) is
FT;iff (S (X), 8)is FT,fori=122

Proof :
Assume (X,0) is FT,
Claim :
(S(X), &) is FT;.
Let f, g be two fuzzy sets on S(X) with f (). g
= (¥ (9.
As (X,0) is FTy, there exists a h € d such that
(flx¥ h and (gk<h
ie. f($) b’ and g (), 1.
-, there exists a h’ € & such that f (£), h’ and g (<), I’
- (S(X), &) isFT,.

Conversely assume (S(X), &) is FT;.
Claim :
(X, 8) is FT,
Letf, gel*suchthat f< g =1f ($)n g’ since (S(X), 8°) is FT, there exists a
he & such that £° (f), hand g’ (). o
£E@nk = ER@ R
ie £ (h)
and g "(€)y b = (&)< (B
ie o< (h)
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. there exists a (£), € & such that f £ (h)x and g < (b),

Assume (X, 8) is FT,

Claim :
(S(X), &) is FT,
Let f, g be two fuzzy sets on S(X) with f Q% g.
= () ¢ (9x

Since (X, ) is FT,, there exists h;, h, € & such that
(f)x A h; >0 and (g)x A h;>0 and hy q© h,

e (f)x A “) >0 and (@) A (h')yxand by’ ¢° hy'.
s f€h’ gthy and h Q° h.

5 (S(X), &) is FT,.

Conversely assume (S(X), §°) is FTs.
Claim :
(X, 9) is FT,.

Let f g be two fuzzy sets on X with £ q© g,

Then f° and g ‘are fuzzy sets on S(X) with f°Q° g°.

As (S(X), §°) is FTy, there exists k4, b in & “such that
£°Chy, gChy and hQ%A,.
e (% A (£1)>0, (8" ) A (R >0 and (h1) q° (o)
ief A (B0, g A(R)>0 (R’ (R

= (h1)x, (hy) e 8

Theorem : 2.3.12

Let (S(X) o©,) be a fuzzy topological Boolean algebra.
Then 6,= { (f)x/ f € o } is a fuzzy topology on X having the following
property :

(X, 6, isFT;, i=12 & (S(X), 0)isFT;, i=12.
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First claim : oy is a fuzzy topology

(1) Since o consists of all constant functions on S(X), it is obvious that o,
consists of all constant functions on X.

(2) Let(f,)x =oeA be a collection of elements of o, .

Thenv f e ¢ and (Vv f_ )€ Oy

AsV(f)x=(V f)o V(f,)x € Ox.

(3) Let (fi)x fori=1to n be a finite collection of elements of o, .
.
Then A" fie o and |A"fj|e o,

=i i=i |,

—
As A (fi) = AL, A" (fix € ox
i= L_i:i « 1=

Hence 6« 1s a fuzzy topology on X.

Assume (X, oy) 1s FT,
Claim :
(S(X), 6)1s FT,

Let f, gbe two fuzzy sets on S(X) with f (). g
= (¥ (9«

Since (X, o) is FT}, there exists a he o such that

(it (B)cand (g)x < (B)«
= f ($)n f and g (<), /4

-. there exista k£ € o such that f(fé)n hand g (<), b
- (S(X), 6) is FT,.

Conversely assume (S(X), 0) 1s FT;.
Claim : (X, oy) 1s FT;.
Let f and g fuzzy sets on X with f< g.

£ (£ &
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As (S(X), 6) is FT,, there exists a he 6 such that
£°($), hand & (<), £
hec = (/2),( € Oy

' ($)s hand g (<),
= () () (B and (&) ¢ (), (h),
= f($), (k) and g (<), (h)

.. there exists a (/Z)x € Oy such that

£ (£ () and g (<) (h)s

(X, O'X) 1s FT1
Hence the claim.

Assume (X, oy) is FT,

Claim :
(S (X),0)1s FT,
Let f and g be fuzzy sets on S(X) such that
£ Q" g. Then (f)x q° (g)

As (X, o) 1s FT,, there exists fuzzy sets /21, 54 €C
with (f A (21)>0, (@) A (h2)>0 and (hy) q© (h2)y

Hence

f ki, gChoand b Q 4,
Hence (S(X), ) 1s FT,

Conversely assume (S(X), 6) is FT,

Claim : ‘
(X, O'x) 18 FT2
Let f and g be two fuzzy sets on X such that
fq“g Thenf’Q°g’

As (S (X), o) 1s FT,, there exist fuzzy sets /21, h 2€EC

such that £° £ £y, ¢° € hoand by Q€ A,
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This implies (£ 1), (o) € G, and
() A (h1)x >0, ()5 A (h2)x >0 and
([Z l)x qC (£2)x

ie. fA (B >0, g A (h2)e >0 and (£1)x qC (h2)s
Hence (X, o) 1s FT,.

Note : 2.3.13

0
o need not be the same as ¢

Leto,={(f)«/f € o}

Then (o)’ is denoted by { (f)x / f € o}
Claim : (6y)’ # ©.

Lletfeo

Then (f)x € ok

let A € S(X), then (f), (A) = sup () (x)
xe A

# f (A)

Hence (G,)° #0.

Remark : 2.3.14

Let (X, 8) be a fuzzy topological space. Then {A /xa€ 8} is a topology t(3) on X.
(1)As 0,1 € & ¢, x € t(9).

(2) Let Ao, x € A be a collection of elements in t(3).
Theny, € dforae A
Then vy, € o

e A

But UXa, = XA

aeA

S XA, € O

UgA

= VA, € t(0)

aeA
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(3) Let Ai for i = 1 to n be a finite collection of elements of t (9).
Then x5 €

Then M"Y 4 € &

i=i

But m"x,\l :anAi € d

i=1i i=1

This implies N" Ai € t (8)
~{ A/ xa € 8} is atopology t (8) on X.
Remark : 2.3.15
Let ¢ be a fuzzy topology on S(X). The collection of elements {A/Aa € o} forms
a subbase for a topology T(c) on S(X).
Let S={A/As € o}

As XAI oA, E KAI A 7»A2, S forms a subbase for a topology T(c) on S(X).

Proposition : 2.3.16

Let (X, &) be a fuzzy topological space. Then the two topologies (8) and T(8") on
X coincide.

Claim t(8) =T (8
Let A e t(d)
= YA€ O

= (xa) € &

=) € &

=A e TS
L8 t(@) = ()
LetAe T (8

= Me &

= (Aa)x € 0

= Xa € O
= A € t(d)
ST t®) -

-. From (1) and (2) t(8) and T(&") coincide.
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Proposition : 2.3.17

Let (S (X), o) be a fuzzy topological Boolean algebra.
Then Ase 6 implies Aye (W (T(0)))’

In this statement T(c) is considered as a topology on X. Hence w(T(c)) is a
fuzzy topology on X and therefore (w (T(0)) )’ is a fuzzy topology on S(X).

}\,/\68 {1 AET(C)
< x, € W(T(0))
& M e(W(T(0)))

FUZZY CONTINUITY :

Definition : 2.3.18

Let (%1, 61) and (9>, ©2) be two fuzzy topological Boolean algebras. A
function 6 : (%), ;) — (9B,, 6,) is said to be fuzzy continous iff for every feo,,
6" (f) € o) where 67 (f) (A)= (8 (A) ), V A € &,

Remark : 2.3.19

0: (%, 61) > (9, 0) is fuzzy continous iff for every closed fuzzy set f on @,,
0" (f) is a closed fuzzy set on 4.

Theorem : 2.3.20

A function 6 : (X, 8;) — (Y,3,) is fuzzy continous iff
S(0) : (S (X), 8;°) = (S (Y), &,") is fuzzy continous,
where S(6) (A)={08(x)/xe A }.

Proof :
Let 6: (X, &) = (Y, 8,) be a fuzzy continous function.
Claim :

S (0) ; (S(X), 8,°) = (S(y), 8,") is fuzzy continous.
Let fe 520'

It is enough to consider the case when f = g’, for some g € §,
Then (f)x = (g = ge 5,
and 67((D)) =6"(2)ed
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Now consider ((S (6) )" ) (x) =7(S (6) (x))
=f(6x)
=6" f ()
=6 (N ®

S ((8(O) e =(6" (F)
2 ((S(0)' fe 8.

To prove ((S (8) )'f) € &', it is enough to observe that
(S ®))" €)=6"@)

We know S (6) : (S(X), 8,°) = (S(Y), &)
Letg:Y — 1 theng’: S(y) > L
and (S(8))" g’: S(X) > L

For A € S(X), (S (8))" &) (A) =g’ (S(8)A)

= Sup g (S(8)(x))
XeA

= Sup g (8(x))— (1)

xe A

g Yo Tthend' (g): X > 1

and (0" (2))°: S(X) » 1

(6" (2))’ (A) = Sup (67 (g)(x))
Xe A

=Sup g(8(x))— (2)
xeA

From (1) and (2) we have (S(8))" g°)=(0"(g)".
(SO (f) = (S(8)" (&') = (67" ()’ 8y’

Conversely assume S(8) : (S(X), 8;") — (S(Y),37) is fuzzy continous.

65



Claim :
0:(X,061) = (Y, d,) is fuzzy continous.
Leth e 8, then h' e §,".
As S(0) is fuzzy continous, (S(8))' (b°) € &, °.
We know S(8) : (S(X), 8,") — (S(Y), &,°)
Leth:Y —1 then h’: S(Y) —» I
(SO () S(X) > 1 |
s (S8 1) (A) = h°(S(8) (A))

= 5up h (3(9) (x))

= Sup h (60)) — (1)

Since h: Y=L 0"'(Mh) : X— I
L 0')° A): SX) o1
. (87(h) ) (A) = Sup 6" (h) (x)

= Su}? h(6(x)) — (2)

From (1) and (2) ((S(8))' h*) = (6) (h))’ € §,°
87 (h)e §,

Hence the claim.

Theorem : 2.3.21

Let (S(X), 01) and (S(Y), o) be two fuzzy topological Boolean algebras,
and 0 : (S(X), 61) — (S(Y), 02) be fuzzy continous.
Then (8),: (X, (61)x) = (Y,(02)y) is fuzzy continous.

Proof : ,
Let 6 : (S(X), 61) — (S(Y), 62) be a fuzzy continous function.
Claim :

(0) : (X, (c1)x) — (Y, (02)y) 1s fuzzy continous.

Letfe (o2),

Then there exists a g € o5 such that (g)y =f
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As 6 is fuzzy continous 6 (g) € o,
As (0)" () =87 ((g)y) = (6" (9

(0)<" (De (o)
. (8)x 1s fuzzy continous

Theorem : 2.3. 22
Composition of two fuzzy continous functions is fuzzy continous.

SECTION. 4

FUZZY TOPOLOGIES ON QUOTIENT ALGEBRAS.

Before discussing fuzzy topology on quotient algebras it is useful to study
the fundamental relations between fuzzy sets on 98 and fuzzy sets on 98/ where

S is an ideal of @ With every fuzzy set f on 98/3, one can associate a fuzzy set
f+«on @ as follows :

f+ (A)=f[Al,VAe B.

If f is a fuzzy set on 98 which preserves congruences (i.e.) f(A) = f(B) if
A=Bmod3, we can associate a function  f on @B/S as follows:

F[A1=f(A), Y [Ale @IS
Proposition : 2.4.1
Let f,g: 98/3 — 1be two fuzzy sets such that

f(Shng. Then f. () g,

Proof :

Let f (<), g. Then for every [A] € 98/S, there exists [B] < [A] such that
for every [C] <[B], f[C] = g[C].

~.For every A'e @8, there exists Bje [B] such that B, <A and for every C <B,,

f+(©) = fIC] = g [C] = 9.(O)
= f‘ (S)n gl
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Proposition : 2.4.2

Let f and g be fuzzy sets on 9 which preserve congruences modulo an
ideal 3 of @ and f (<), g. Then ‘f (<) g.

Proof :
Let f (Sh g.
Then V A € 98, there exists B < A such that for every C <B, f(C) < g(C).
.. For every [A], there exists [B] < [A] such that for every [C] <[B],
"fIC1 = FIC] = £(C) < g(c) ="g[C]

g

Proposition : 2.4.3
Let J and g be fuzzy sets on 98/S such that fQ°g. Then f. Q% g,

Proof : ‘
fFQg e f(Shl-g

& fo(Da(1-g) =1-go = £:Q°g..

Proposition : 2.4.4

Let f and g be fuzzy sets on @ such that they preserve congruences modulo
anideal S of @ and f{g. Then'f{’g.

Proof :
Assume f § g.
Then there exists A € @ such that for every B <A, there exists C < B such that
min (f(C), g(C)) >0.
-, There exists [A] € 9/S such that for every non zero [B] <[A], there exists [C]
< [B] such that min (‘'f [C], "g[C]) >0.

L fCg.

Definition : 2.4.5

Given a fuzzy topology ¢ on @ and an ideal 3 of elements of &, two
Quotient topologies K, (6) and K, (6) on 9B/S can be defined as follows :
(1)K (o) = {' f/ feo, f preserves congruences }
(2) K, (o) is the fuzzy topology having { fs/ f € o} as a sub base, where
f4[A] = Sup {f(B)/B=Amod 3}
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To prove X, (o) is a fuzzy topology :-

(1) It is obvious that all constant functions on @/ belongs to K, (o) as all
constant functions on Beo.

(2) Let { f./0€ A} be a collection of elements of K, (o)
f.e Ki(6) =f eo

= U fu€0

UeA

= ‘(Ufa) e % (o)
Consider [u "fol [A]

= U f«[A]

uc A

= fu(A) = (1)

acA

aeA

EJ fu} (A)

U fa (A) - ()

achA

*[u fal [A]

I

From (1) and 2) U fal=U "fa

ue A

Since *(Uf,)e X (o),

U "‘fm e 4% (o)
- K1 (o) is a fuzzy topology.
Note :
(i) *fe Ki(o) = fq=*f
(i) K, (o) € K, (0)
(iil) f5 € Ka(0) = *((fo)) = fq
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Theorem : 2.4.6

Let 9 be a Boolean algebra and S be an ideal of @ Let K be a family of
elements of 98 closed for finite union. Let [K 15 be the equivalence class of

elements of X modulo 3. Let W([X'] ) be the fuzzy topology on @/S3 induced
by [K]s. Then K, (W(K )< K> (W(K)) c W(K]y).

Proof :
It is obvious that K| (W(K)) < K, (W(K))

Claim :
K2 (W(K)) < W ([K]5)

Let fy € AoAW(K)) for some fe W(K) and f, [B] > €.

.. there exists A=B mod 3 such that f(A) >e.
. there exists De K such that f(D) >e and D <A.

Hence f4 [D] > € and [D] <[A] = [B]. Therefore f, is compatiable with [X]
Hence the claim.

Example 2.4.7
An example where A'; (W(X)) is strictly contained in X, (W(X)).
Consider X = [0, 1], with the usual topology on [0,1] derived as a subspace
of R with the usual topology. Let KK be the collection of all open sets in [0,1].
Let f be the identify function on [0,1]. For A € S (X),
define g(A) = Sup {f(x) /x € int A}
=0, if int A = ¢. |

Then ge W (XK)
Let 3 be the ideal of all countable subsets of X.
Define g, [A] =Sup { g (B)/ A=B mod 3}
Then g € K2 (W(K))
Claim :

gs & W (K)

Let B be the set of irrationals.
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Then g (B) =Sup {f(x)/xe€ intB } =0
If A is a countable set in X, int A = ¢ and g (A) = 0.
AsB=Bu {1} mod 3, g,[B] =Sup {g(C)/C=Bmod 3 } =1
(g & W (K)
¥ (gg)w) = gs 2 K(W(K))
- K1(W(K)) is strictly contained in KAo(W(K)).
Note : 2.4.8
(i) When K is an ideal of 98, K (W(K)) = K2(W(K)) = W([K1,)
(i1) When [K] 4 = [0], then W([KX'] ) consists of only the constant

functions.

Proposition : 2.4.9

Let (98, o) be a fuzzy topological Boolean algebra and 3 be an ideal of
elements of @@ Then 8:(%, ) — (9B/S3, K1(0)) defined by
0 (A)=[A] V Ae @, isfuzzy continous.
Proof :
Let *f € X, (6). Then f € ¢ and preserves congruences.
0 () (A) = *f (8(A)) = *f[A] = f (A)
Lo NH=]

Hence 6 is continous.

Proposition : 2.4.10

Let & be a Boolean algebra and K and 3 be two ideals of % |
Then 6 : (Qg; W(K) — B/3, W([K]),) defined by
0 (A) = [A], A e 4B is fuzzy continous.

Proof :
Obvious.

Ik



Proposition : 2.4.11

Let ¢ be a fuzzy topology on /3. Then there exits a fuzzy topology E(c)
on @ such that X(E(0)) = N,(E(c)) = 6. Further if E(c) satisfies the FT; axiom

for 1 =1,2 then o satisfies the FT; axiom for 1 =1,2.

Proof :

(i) Let (98, E(0)) satisfy the FT, - axiom.
Claim :

(9/3, 0)is FT,

Let f, g be fuzzy sets on 9B/ with f« (<), g«. As (9D, E(0)) is FT), therc
exists /2 € o such that fu(2), fx and g+ (S)k,a. This implies f(<), h and f(S),ﬁ.
Hence the claim.

(i) Let (4, E (0)) satisfy the FT, - axiom.
Claim :

(43, o) is FTa.

Let f and g be two fuzzy sets on 8/ 3 such that f Q%g. Then f+ Q% g+. As

(@B, E(0)) is FT,, there exists ki, by €  such that f+ € (/21)_ - gl (h,). and
(k1) Q (R2)~.

This implies f § h, gC/;,z and b, Q% £,

- (B3, 5)is FT,.
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SUMMARY AND CONCLUSION

In this dissertation we have discussed the results contained in the following
two articles.

1) “Closure algebras” by Sikorski [27]
2) “Fuzzy topological Boolean Algebras” by Parvathi and Meenakshi [22].

In chapter 1 some of the theorems on topological spaces are generalised to

closure algebras and few results on Quotient algebras are discussed.

Few important theorems are as follows:

1. An isomorphism h of 2fon @ is a homeomorphism of Sfon & if and only if
h /B (&) is a homeomorphism of B (S ) on B ( D).

2. The following three conditions are equivalent for arbitrary topological spaces
X and Y
i. the spaces X and ¢/ are homeomorphic.
ii. the closure algebras S(X )and S(¢J/ ) are homeomorphic
iii. the closure algebras S(X )and S(¢J ) are weakly homeomorphic
(i.e. B(X) and B(Y) are homeomorphic)

3. A topological space X is separable and metrizable if and only if S(X) is a
C- algebra.

In chapter two an introduction to the study of fuzzy topological Boolean
algebra is given. Here, given a Boolean algebra 48 many ways of associating

fuzzy topological structures on 9 are given.
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With every fuzzy topological space (X,0) a fuzzy topological Boolean
algebra (S(X), &°) is associated and interesting results on fuzzy separation axioms
FT, and FT, and fuzzy continuity are discussed.

Study of quotient fuzzy topological Boolen algebras leads to some
interesting results. With every fuzzy topology ¢ on a Boolean algebra @ there

exists two fuzzy Quotient topologies K,(c) and K»(c) on @/, where S is an
ideal of @ such that K/(c) = K(0).

An important theorem proved in this connection is as follows :

Let & be a Boolean algebra and 3 be an ideal of & Let K be a family of
elements of @ closed for finite union. Let [ K]y be the equivalence class of
elements of K'modullo 3.Let W([X],) be the fuzzy topology on @/ 3 induced
by [K'lg Then K1(W(K)) € K(W(K)) = (W[K15)

When X is an ideal then

K(W(EK)) = K(W(EK))=W([K]g)

Fuzzy continuity and fuzzy separation axioms are studied for the Quotient

fuzzy topological Boolean algebras.

The concepts of fuzzy proximity, fuzzy completely regular and fuzzy
gradation of openness are discussed in the Ph.D thesis of Parvathi.

Study of fuzzy topological Boolean algebras provides lot of scope for
further research. Fuzzy topological concepts like compactness, connectedness, etc

can be devloped for fuzzy topological Boolen algebras.
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