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INTRODUCTION 

In 1954 G.Nobeling [21] in his clasified work "Grundlagen dci 

Analytischen Topologie" has studied topological concepts on Boolean algebras. In 

1949 Sikorski [27] has published a paper on closure algebras. Almost all 

topological theorems which can be expressed in terms of Boolean algebras hold for 

closure algebras. The concepts of open sets, closed sets, nowhere dense sets, Fa  

and G. sets can be generalised directly to closure algebras. 

In 1965 Zadeh introduced the concept of fuzzy sets which is a 

generalisation of set. In 1968 Chang [4] introduced the concept of fuzzy 

topological spaces. Lowen [15] modified this definition in 1976 and developed 

theory of fuzzy topological spaces. Since then various notions in topology like 

separation axioms, compactness, corinectedness, unifonnity, proximity, metric 

spaces, convergence, neighborhood spaces, etc have been extended to fuzzy 

topological spaces. 

The problem of generalising fuzzy topological spaces to fuzzy topological 

Boolean algebras leads to some interesting results. A detailed study of fuzzy 

topological Boolean algebras is given in the Ph.D thesis of Parvathi (Bharathiar 

University, 1994). 

In this dissertation we shall study some fundamental properties of fuzzy 

topological Boolean algebras discussed in the paper, "Fuzzy Topologcial Boolean 

Algebras" by,  Parvathi and Meenakshi [22], 

The study of fuzzy topological Boolean algebras is of interest in that the 

underlying set has a Boolean structure. This gives a new dimension to the study of 

fuzzy topological spaces. 
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The passage from a topological space (X, 't) to the topological Boolean 

algebra (S(X), t) is relatively smooth when compared to that from a fuzzy 

topological space (X, ) to the fuzzy topological Boolean algebra (S(X), 0)  

Chapter 1 is devoted to the study of "Closure algebras" by Sikorski [27]. In 

sccton I of this chapter some preliminary definitions and results on l3ooleaii 

algebras in general and Quotient Boolean algebras are collected. 

In section 2 of this chapter the article "Closure algebras" by Sikorski is 

discussed. 

A I3ooleumm algebra with a closure operation is called a closure algebra. 

Given a set X, S(X) denotes the Boolean algebra of all subsets of X with 

usual Boolean operations union, intersection and complementation. 

If X is a topological space, then S(X) is a closure algebra. 

Given a closure algebra 0 and a suitable ideal 53 of 0 , the Quotient 

algebra 4  /53 is a closure algebra where the closure of [A] e 0 /53 is given by 

the class determined by A* = ( v { G I G open in 0 and GAAE 53 } ). 

Some of the interesting results in chapter one are as follows. 

An isomorphism h of ji'on is a homeomorphism of il'on 0 if and only 

if h /B (i1) is a homeomorphism of B(ii) on ), where 8(Ji) is the 

least subalgebra containing the closed elements of iI 

The following three conditions are equivalent for arbitrary topological spaces 

'X and T. 

i) the spaces X and T are homeomorphic. 
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the closure algebras S(X) and S( I)  are homeomorphic, 

the closure algebras S((X) and S( (7J) are weakly homeomorphic. 

(i.e. 8(9) and 8('/ )are hoineornorphic). 

3. Let 31  be a M - additive ideal of 4i3 and 32 be an 7X - additive ideal of all 

AE 4 such that [A] E 3. Then the closure algebras ((i./3)I$1  and (4/32 are 

homeornorphic. 

A topolocial space CX is separable and ineterizable if and only if S(cX) is (i 

C-algebra. 

A representation theorem on C-algebras: - 

If a C-algebra si is of the form il = 0/3, where 0 is a a-complete 

Boolean algebra and 3 is a a-ideal of 0 , then it is possible to defme in (4 a 

closure operation in such a way that 

(4with this closure operation is a C-algebra. 

the C-algebra si is identical with the closure algebra which we obtain 

by the division of the C-algebras 0by the ideal 3. 

Chapter 2 is devoted to the study of the article "Fuzzy Topological Boolean 

Algebras" by Parvathi and Meenakshi [22]. 

In section 1 of this chapter some fundamental definitions and results on 

fuzzy topological spaces that are needed for our study are collected. 

in section 2 of this chapter the article "Fuzzy Topological Boolean 

Algebras" is analysed. 
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A fuzzy topological Boolean algebra is a pair (, (7), where 0 is a 

Boolean algebra and cy is a subset of Isuch that 

all constant functions belong to  cv 

arbitrary union of elements of cv is in 

finite intersection of elements of is in . 

A general method of constructing a fuzzy topology W(() on a Boolean 

algebra q is given, where .!1(is a collection of elements of closed for finite 

Iii 11011. 

Let J( be a collection of elements of 68 containing the zero element and 

closed with respect to finite union. Then there exists a fuzzy topology W(X) such 

that 

f e W(-W) ifff(B) == Sup {f(A)  I AE !K, A <B}V BE 0 . 

I. When 9(= {O}, W(X) = All constant functions on 

ForAE 0,if..R'=(O,A}, 

fE W(X) = f can take only two valuesf(0) and f(A) 

When LI(='r, a topology on 

then f, E W(X) <= f(A) = Sup {f(B) / B<A, B open } 

=f(intA)VAE 

An example where W(C) W(t), where C is the collection of closed sets 

on , is discussed. 

It is proved that for a given fuzzy topology W(X) on , the collection 

iA,c / AE K, c e [0, 1] forms a base for W(X) where 

f,,E (B)=e,ifB<A for BE 

= 0, otherwise. 
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With every fuzzy set f on x, a fuzzy set f °  on S(X) is defined as follows. 

f °  (A) = Sup {f(x) / x E A } for every A E S(X). 

Given a fuzzy set f on S(X), f x  is the fuzzy set on X defined by f (x) = f(x). 

The fuzzy set 1°  on S(X) has the following properties. 

l)IfI = g°  for some g E l then 

fLy, (g° )x g 

iIJ g1 QA 920 , lot I
x 

 , then 

&(g1°A 920 )x = g1A g2 . 

If If,, / (XE A} is sub collection of Ix,  then 

vf = (vf)°  
(lEA 

60 is the fuzzy topology with the subbase {f°  I f 61. With this definition the 

following two results are immediate. 

(1)GivenfE I)', f ° Eö° = fE6 

(2) 6°  c W(.R), where  .% is the collection of all finite subsets of X. 

Generalising the concept of the characteristic function a new class of 

function XA: -* I, A e 0 is defined as follows: 

FOrBE 0,A A (B) = lifAAB#O 

= 0 otherwise. 

Some of the interesting properties of this class of functions are 

(1) For A1, A2  E , XA1  AA2 A ?A2  

(2)lfA1A?A2?B, thenBAiAA2 
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(3) Let (X,) be a fuzzy topological space. Then the two topologies t(ö) and T() 

on X coincide where t (ö) = (A / € ö) and T(ö° ) is the topology generated by 

A/XAc ), 

To study separation axioms in fuzzy topological Boolean algebras, two 

important concepts new order relation and generalised quasi coincident are 

introduced. 

A new order relation (!5), is defined on l as follows 

I.  () g, if given A c (4 tlicrc cxiNtN a non zero 13 - A such that fin cvciy 

C <B, f(C) g(C). 

Two fuzzy sets f and g on 0 are said to be generalised quasi-coincident in 

symbols f Q g, if there exists A in 0 such that for every non zero B <A, there 

exists anon zero C < B such thatf (C)+g(C)>1. 

It is interesting to note that when f and g are fuzzy sets on X, 
fQ()gQ fg =f° <g°. 

ForA,B€, XAQ?B=AAB#0. 

f QC 
g f ( 1- g for f, g € 

Section 3 is devoted to the study of separation axioms and fuzzy continuity. 

Generalising the separation axioms T1  and T2  introduced by Nobeling, the 

separation axioms FT1  and FT2  on fuzzy topological Boolean algebras are defined 

as follows. 

1. A fuzzy topological Boolean ((i, ) is said to be fuzzy T1  or FT1  iff for every 
pair of nonzero fuzzy sets f, g on 68 with f Wn g, there exists an open fuzzy 

set on such that f( fi and 9 ( I. 



2. A fuzzy topological Boolean algebra (, (Y) is said to be fuzzy 12 or 112  iff 

the following condition is satisfied. 

Giveti two fuzzy sets j, g on 0 with f 
QL 

g there exists two open fuzzy 

sets I, I2  such that f C 41 , g /2 and 91 QC  92, where the fuzzy sets f and g 

are said to be related if there exists A E such that for every non zero B<A, 

there exists a non zero C<B such that mm (1(C), g (C))> 0. 

The important results proved here are as follows: 

Let (X, ö) be a fuzzy topological space. Then (X,) is FT j  iff (S(X), ö° ) is FT 

for i=l,2. 

Let (S(X), (T) be a fuzzy topological Boolean algebra. Then, a = {(f) If E a} 

is a fuzzy topology on X having the following property: 

(X, (5) is FT1, i = 1,2 (S(X), (Y) is FT1, i =1,2. 

Let ( , a) and (2.  a2) be two fuzzy topological Boolean algebras. A 

function 0 : (i, (71) -> (2,  a2) is said to be fuzzy continous if for every fE 02, 

(0)' (flEa, where 0 1 (f) (A) = 1(0(A)) VA E i. 

It is interesting to note that every fuzzy continous function 0:(X,61)—>(Y, 2) 

associates a fuzzy continous function S(0) : (S(X), ) —(S(Y), 20 ) and vice versa, 

where S(0) (A) = {0(x) I xe A} 

Section 4 is devoted to the study of fuzzy topologies on Quotient algebras. 

Before discussing fuzzy topology on Quotient algebras we shall see the 

fundamental relations between fuzzy sets on 0 and fuzzy sets on 013 , where S 
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is an ideal of . With every fuzzy set f on one can associate a fuzzy set I. 

on as follows: 

f (A) = f[A], V AE 

if f is a fuzzy set on 4d which preserves congruences (i.e.) f(A) = f(B) if 

A B mod 3, we can assoicate a function *f on as follows: 

*f [A] = f(A), V [A] E I3. 

It is intersting to note that 

Let f, 9: 0/3 —> I be two fuzzy sets such that f g. Then f* ( g * 

Let f and g  be fuzzy sets on 0 which preserve congruences modulo an ideal 

3 of 0 and f( g. Then * f  *g.  

Let f and g be fuzzy sets on (i3 such that f QC g. Then f QC  g 

Let f and g be fuzzy sets on 0 such that they preserve congruences modulo an 

ideal 3 of 0 and ft g. Then * f  *g.  

Given a fuzzy topology onO and an ideal S of elements of , two 

Quotient topologies 9C1()  and 9C2  () on 0/3 can be defined as follows: 

( 1  () = {*f I f E cF, f preserves congruences} 

}(2 () is the fuzzy topology having tf s  If E (} as a subbase, where 

[A] = Sup {f(B) lB A mod 3.} 

The important result proved here are 

(I) Let 66 be a Boolean algebra and 3 be an ideal of 68 . Let 9(be a family of 

elements closed for fmite union. Let [.R] be the equivalence class of elements 
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of L1ç'modulo 3. Let W[R]9  be the fuzzy topology on (I$ induced by [L1(1. 

Then 9( I  (W(17()) c 9C2(W(9()) c W[9(]8. 

When 9( is an ideal of (, 7( (W(1J()) = 9(2 (W(!JO) = W([A13) 

(2) Let ((4, ) be a fuzzy topological Boolean algebra and $3 be an ideal of. 

elements of 1. Then 0: ((4, ) -p ((4/3, 9(()) defined by 0(A) = IAI V A 

E (4 is fuzzy continous. 
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REVIEW OF LITERAUTE 

In 1965, Zadeh[29] introduced the notion of fuzzy sets. Chang[4] 

introduced the notion of fuzzy topological space in 1968. Lowen[15] modified the 

definition of chang by including all constant functions in the definition of fuzzy 

topology and studied fuzzy compactness. Since then, various notions in topology 

like separation axioms, compactness, connectedness, uniformity, proximity, metric 

spaces, convergences, neighbourhood spaces, etc have been extended to fuzzy 

topological spaces. 

Nobeling[21] in his classic "Grundlagen der Analytischen Topologie" has 

deveoped a detailed study of topological Boolean algebras generalising many 

topological concepts to Boolean algebras. The study of separation axioms on 

Boolean algebras necessiate new methods of defining these concepts which when 

applied to topological spaces coincide with the classical notions. 

Another important article on topological Boolean algebra is "On topological 

Boolean Algebras" by Meenakshi[19] in 1968. Meenakshi has extended some 

non-elementary parts of point-set topology to classical Boolean algebras, by 

considering M-algebra the class of regular topological Boolean algebras which 

have a G-locally fmite bases. 

The important results proved here are, 

A T1  topological space (X, 'r) is metrizable if (S(x),'c) is an M-algebra. 

Every Quotient M-algebra of topological weight IX is wealdy homeomorphic to 

a closure algebra of the form S(X)IZ where X is a metric space of topological 

weight IX and 53 is an IX -additive ideal of S(X). 
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In 1968 Chang[4] introduced the concept of fuzzy topology in the article 

"Fuzzy topological spaces". Chang has defined fuzzy topology ö on a set X as a 

subset of I  such that 

I) the constant functions 0,1 belong to ö 

arbitrary union of fuzzy sets in 6 is in ö 

finite intersection of fuzzy sets in ö is in ö 

Lowen[15] in his article "Fuzzy topological spaces and Fuzzy 

compactness", has modified Chang's defintions by including all constant functions 

and analysed fuzzy compactness. Lowen has associated with every topology 't on 

X, a fuzzy topology ö on X and with every fuzzy topology 8 on X, a topology i(ö) 

on X and proved that i(o)(r)) = 't and ö c o)(i(ö)). 

Lowen has generalised continuity and compactness to fuzzy situation and 

defined fuzzy compact set and fuzzy compact space as follows: 

A fuzzy set I  is fuzzy compact iff for all family 13  c ö such that Sup t ~! 
. 

IE 1 

and for all e> 0, there exists a finite sub family PO  c 13  such that Sup p. ~! 'y- 
p.E 13° 

A fuzzy topological space (X,ö) is fuzzy compact iff each constant fuzzy set in 

(X,ö) is fuzzy compact. 

The following are the important theorems established in this article. 

(1)The fuzzy topological space (X, o ('c)) is fuzzy compact iff the space (X, 't) is 

compact. 

If f : (X,ö) -> (Y, y)  is fuzzy continous and y is a fuzzy compact set in (X,) 

then jy  is fuzzy compact in (Y,'y) 

If (X, ) is fuzzy compact and f is fuzzy continous mapping from (X,) on to 

(Y,y) then (Y,y) is fuzzy compact. 
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Some of the important topics studied under fuzzy topological spaces are as 
follows: 

Fuzzy separation axioms, Fuzzy proximity, Fuzzy uniformity and Fuzzy 
convergence. 

A number of articles have been published on these topics. We shall mention 
a few. 

Important contribution on fuzzy separation axioms are due to 
HUTTON. B[3], RODABAUGH.S.E[26], MIRA SARKAR[2011  REKHA 
SRI VASTA VA, S.N. LA!. and ARUN.K SRIVASTAVA[24], GANGULY.S and 
SAH.A.S[5], SIINHA.S.P[28]. 

On fuzzy proximities KATSARAS.A.K.[1 1,12], GHANIM.M.H[6], 
KANDIL. A and EL-SHAFEE.M.E[1O] have published interesting articles. 

Fuzzy uniformity has been studied by HUTTON.B[8], LOWEN.R and 
WUYTS.P{17], RODABOUGH.S.E[25], ARTICO.G and MORESCO.R[1] and 
KATSARAS. A.K[13]. 

Fuzzy convergence has been studied by LOWEN.R.[I6,18], PU PAO-
MING and LIU Y1NG-MING231. 

12 
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CHAPTER -.1 

Nobeling [21] has studied topological concepts on Boolean algebras in 

1954. Sikorski[27] has published a paper on closure algebras in 1949. This 

chapter is devoted to the study of the article "Closure Algebras" by Sikorski[27]. 

Preliminary definitions and results on Boolean algebras are collected in the 

first section. 

The results established in the article "Closure Algebras" by Sikorski[27] are 

studied in section 2. Here the concepts of open sets, closed sets, nowhere dense 

sets, F and G sets are generalised to closure algebras. A representation theorem 

for closure algebras is established. 

SECTION: 1 

PRELIMThARY DEFINITIONS ON BOOLEAN ALGEBRAS 

Definition: 1.1.1. 

A Boolean algebra is a non-empty set 0 in which two binary operations 

V, A and one unary operation ' are defined such that for A,B,CE 

AvBBvA, AABBAA 

Av(BvC) = (AvB)vC, AA(BAC) = (AAB)AC 

(AAB)VB = B, (AVB)AB = B 

A,'(BvC) = (AAB)v(AvC), Av (BAC)(AvB)A(AvC) 

(AAA')VB = B, (AvA')AB= B 

i.e., A Boolean algebra is a complemented distributive lattice. 
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Example: 1.1.2, 

Let X be a topological space. Let 14 be the class of all regular closed 

subsets of X. i.e., subsets that are closures of open subsets of X. The join AuB of 

sets A,B E 14 is set theoritical union of A and B. The meet A r B of sets A,BE (4 

is the closure of the interior of the set theoritical intersection of A and B. The 

Boolean complement A' of a set A€ 66is, the closure of the set theoritical 

complement of A. Then 0 is a Boolean algebra. 

Let S be a set of elements of a Boolean algebra 0. An clement Ac 14 

(A1 (4) is called the sum (product) of all elements Ae.  if it is the least (grcatcsl) 

element containing (contained in) all elements AE S. 

Definition: 1.1.3. 

A Boolean algebra 0 is said to be complete if arbitrary sum of elments of 

14isin 14 

Definition: 1.1.4 

A Boolean algebra 68is said to be V -complete if the sum of any collection 

of elements of 14 with cardinal :!:- ?X is in 14 

Definition 1.1.5 

A Boolean algebra 0is said to be a -complete if it is N o  complete. 

Definition: 1.1.6 

A class 3 of elements of a Boolean algebra 14 is said to be an ideal of 14 

if, 

i)AE,Ai E 14 and A1cA,thenAi€Z 
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ii) AlE 53 and A2c 3 then the sum A1  v A2  C 3 

Definition: 1.1.7 

An ideal 53 of an 7X -complete Boolean algebra 45 is N -additive if the sum 

of elements belonging to an aribitraiy set S c 53 of cardinal !~- IX belongs to S. 

Definition: 1.1.8 

Let 53 be an ideal of a Boolean algebra (4.. The symbol (*'l/S denotes the 

Boolean algebra defined in the following way; 

Elements of 4/3 are disjoint classes of elements of 45 such that two 

elements A1,A2E 45 belong to the same class if (Ai'AA2)v (A1AA'2)E 53. 

The class CE 45/53 containing an element AE 45 is denoted by [A]. The 

Boolean operations of 45/53 are defined as follows: 

For [A1 ], [A2] E 45/53 

[A1 ] v [A2] = [A1 AA2] 

[A1] v [A2] = [A1AA2] 

[A]' [A] 

[A1] A [A2]' = [A1AA2'] 

Example: 1.1.9 

Let 45 be a Boolean algebra and E be an element of an Boolean algebra. 

Then the set of all subelements of E deonoted by 45/E is a Boolean algebra under 

the binary operations meet and join as defined in 45 and the complement of 

A in 451E is given by the meet of E and the complement of A in the Boolean 

algebra A. 

15 



Definition: 1.1.10 
A set S of elements of a -complete Boolean algebra (4 is said to be a 

a-sub-algebra of 0 provided 

if A E S, then A'E S 
00 

if A € S (nl,2.) then X A11€ S 
n= 1 

SUB ALGEBRAS AND ALGEBRAS E(4 

Let S be a set of elements of a Boolean algebra (4 and EE 0. Then the 

symbol ES denotes the set of all elements EAA. where A € S. 

Remark: 1.1.11 

E(4={A/Ae (4andAcE} 

E (4 is a Boolean algebra with respect to the same binary operations defined 

in (4 and the complement of an element A E E 0 in the Boolean algebra E 0 is 

If (4is W -complete, then E (4 is Z -complete. 

Remark: 1.1.12 
A -subalgebra of a s-complete Boolean algebra is also a a-complete 

Boolean algebra. 

Field of sets: 
By a field of sets of a fixed space X we mean a class S(X) of subsets of' X 

such that S(X) is closed for finite v, A and complemnentation. 

16 



SECTION : 2 

CLOSURE ALGEBRAS 

Definition 1.2.1 

A closure algebra is a a - complete Boolean algebra 0 in which with every 

A(=-  (A there is associated an element A€ q such that for A1, A2E 

A1 vA2  =AlvA2  

0 = 0 

Ac 

iv)(A) A 

The element A is called the closure of A. 

The interior and Frontier of A are denoted respectively as mt A and Fr  (A) and are 

defined as mt A = (A')' and Fr  (A) = A A A' 

An element A E 0 is called respectively. 

Closed, if AA 

Open,if A=int(A) 

nowherr dense, if A c: Fr A) 

dense, if A = / q I, where / I is the greatest element of 0 . 

aG,if A flAn where A0 isopen, n1,2....................... 

an F0, if A = where A0  is closed, n = 1,2...................... 

Remark 1.2.2 

if X is a topological space, then the field S(X) is a closure algebra. 

Notation 

If 0 is a closure algebra, then the class of all open elements and closed 

elements of 0 are respectively denoted by U( ) and ff( ). 
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The least - subalgebra of which contains ff( ) is denoted by B( i) 

and the elements ofB() are called Borel elements. 

I'roposition 1.2.3 

Let q be a Boolean algebra and E an element of 0 . Then the subalgebra 

E 0 is a closure algebra, where the closure of any AE E (denoted as AE ) with 
respect to E is defined as 

A1 EAA, 

Ihe closed elements, open elements and the Borel elements of E are 

respectively given by 

T'(E)= E!F'(),O(E)= EO().and (E)=E8(). 

Definition 1.2.4 

If IX is a topological space then S(S(CX')) is a closure algebra. 

Basis of a closure algebra:- 

Definition: 1.2.5 

A class 91 of open elements of a closure algebra i in called a basis of if 

q is .R complete, where 91 is the cardinal of 91 

every open element G E 0 is the sum of elements belonging to subclass of R 

Proposition: 1.2.6 

Every complete closure algebra possesses a basis. 

Proposition: 1.2.7 

If CX is a topological space, then the field S(X) possesses a basis. 
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Proposition: 1.2.8 

If X is a metric separable space, then field S('X) possesses an enumerable 

basis. 

Proposition : 1.2.9 

I f9t is a basis ofa closure algebra 14 and E€ 14, then E91 is a basis of 14 

and ER:!~ R. 

Proposition: 1.2.10 

If a closure algebra 1(3 possesses a basis, then the sum (product) of an 

arbitrary set of OCfl (closed) elements exists and is open (closed). 

Definition : 1.2.11 

Let A0  be a c- subalgebra of a closure algebra 14. Then A0  is a closure 

subalgebra 14 of ifA E A0  = A E A0  

Proposition: 1.2.12 

A closure subalgebra A0  of a closure algebra is also a closure algebra (with 

the same operation of closure) and the open elements, closed elements and the 

Borel elements of the closure subalgebra, A0  are respectively given by 

0(A0) = A0  0(14), 

ff(A0) = A0 ff'(14) 

EE(A0) = A0 B(14) 
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Theorem: 1.2.17 

Let X and ¶lJ be topologici spaces and let f be a a-homomorphism of S('J/) 

in S(X induced by a mapping 0 ofX in T. Then f is continous if and only if 4) is 

continous. 

Theorem :1.2.18 

A a-homomorphism f of .51 in 68 is continous if and only if the 

homomorphism V I(Ji) ( the restriction off on 0 (Ji)) is continous. 

Definition : - 1.2.19 

Two closure algebras Jiand 0 are homeomorphic if there exists an 

isomorphism h of don 0 such that both h and h' are continous. The 

isomorphism h is then called a homeomorphism of sion (. 

Result: 1.2.20 

An isomorphism h of a closure algebra si on a closure algebra 0 is a 

homeomorphism if and only if h(A) = h(A)for evely A E d. 

Result 1.2.21 

An isomorphism h of a Boolean algebra don a Boolean algebraO is a 

homeomorphism of Je on 4 if and only if h/B(Si) is a homeomorphism of 

8(J) on(). 
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Definition: 1.2.22 

Two closure algebras si and 14 are weakly homeomorphic if the closure 

algebras B(.si and M(0 ) are homeomorphic. 

Proposition: 1.2.23 

The following three conditions are equivalent for arbitrary topological 

spaces cX and T. 

The spaces IX and ¶,/ are homeomorphic 

The closure algebras S('X) and S(W)  are homeomorphic 

The closure algebras S(X) and S(7J) are weakly homeomorphic. 

i.e. [B(X) and B(J) are homeomorphic. 

The locailsation of topological properties :- 

Let 14 denote a closure algebra with a basis 9t and S an ideal of 14 

Let A be an arbitrary element of 14. By proposition 1.2.10 there exists an 

open element G0  which is the sLun of all open elements U such that (JAAE 3. The 

closed element G0' is denoted by A*, 

where A* = (G)' = (ER)', 

RE9, and RAAE3. 

'I'heorem: 1.2.24 

If an W -complete closure algebra 14 possesses a basis 91 of cardinal :!~- W 

and if 3 is an 1/€ -additive ideal of 14, then 

A A (A*)c E S for every A e 14 

The conditions A* 0 and A E S are thus equivalent. 

22 



The division of closure algebra by ideals :- 

Theorem :- 1.2.25 

Let 10 be a N -complete Boolean algebra with a basis 9t of cardinal !~ W 

and 9 an N -additive ideal of 4. Then 

[9] is a basis of 14/S of cardinal < 

O(4/s) =[O(14)} 

iv)(14/S)= [(l 

i.e an element of this is respectively an open, closed or Borel element of 0/3 if 

and only if it possesses a representative which is respectively an open, closed or 

Borel element of 14. 

Theorem :- 1.2.26 

Let 14 be a 71€ -complete Boolean algebra with a basis 9t of cardinal 71€ 

and3 an7X-additive ideal of 14. Then forA€ 14. 

[A] =[A*] 

[A]c[] 

[Tnt (A)] c: Tnt ([Al) 

Fr ([A]) c [Fr (A)] 

The open element ([A])'E 14 /3  is the sum of all elements [R] where RE 9t and 

[RAA] = [R]A[A] =0 i.e. RPAE3. Hence 

()'= I [R] = [I R] = [(A*)'] = 

Where RE 9t and RI\AES. 
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Theorem 1.2.27 

Let Ii be a hoineornorphism of .' on a closure algebra 0 and J 

Then si/3 and (4IJ are also homeomorphic. 

Remark 1.2.28 

The above theorem shows that the division of a closure algebra by an ideal 
is a topological operation. 

'iheorem: 1.2.29 

The natural homomorphism of 0 on /3 is continous. 

The natural isomorphism of E 4'/E3 on [E]( 4IZ) (where E(=- ) is a 

homeomorphism. 

The natural isomorphism of A )/ .( 0  )) on 8( IS) = [!8( 4)] is a 

homeomorphism. 

Theorem: 1.2.30 

Let -91  be a 7X -additive ideal of 0 /S and 52 be the W -additive ideal of all 

A € such that [A] € . Then the closure algebras ($ /3)/5 and 0/9 are 

h omeomorphic 

C - algebras. Representation theorems :- 

Definition: 1.2.31 

A closure algebra jiis called a C-algebra if it satisfies the following axiom: 
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There exists an enumerable sequence {R} of open elements of Jiwith the 

property that every open element GE ii is the sum of all elements R Such that 

RcG. 

Definition :1.2.32. 

Every Sequence R 0(d) possessing the property in 1.2.3 1 is called a 

C - basis of si 

It is interesting to note that C-algebras possess many interesting properties 

of separable metric spaces. 

'I'he following theorem is a natural generalisation of separable metric spaces 

Theorem :1.2.33 

A topological space X is separable and metrizable if any only if S(CX) is a 

C-algebra 

If d is a C-algebra and if 3 is a a-field of d, then 413 is also a 

C-algebra. 

If 9t is a C-basis of .si, then [R] is C-basis of s(i3. 

Theorem: 1.2.34. 

A closure algebra 51 is a C-algebra if and only if 8(i) is a C-algebra. 

Every C-basis of jiis a C-basis of.8(Si) and conversely. 

Theorem :1.2.35. 

Let 3 be a -ideaI of Borel subsets of separable metric space X. Then 

S('X)/ 3 is C-algebra. S(X)I$ is homeomorphic to a C-algebra of all Borel subsets 

of a topological space if and only if 3 is a principal. S(k)/3 is weakly 

homeomorphic to a topological if 3. S(9C) is a semi-principal ideal of S(CX). 
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Theorem: 1.2.36. 

If dis a C -algebra and EE d then Ed is also a C-algebra. lf9i is a 

C-basis of d then E91 is a C-basis of Ed 

Definit ion :1.2.37. 

A closure algebra 0 is said to be nonnal provided that for any two closed 

elements F1 , F2,with F1AF2  = 0, there exists an open element G such that F1cG and 

GAF2 = 0 

Properties of C-algebras :1.2.38 

Every C-algebra is normal. 

Let A and B two elements of a C-algebra d such that (AAB) v (AAB) 0. 

Then there exist two open elements G and H such that A c G , B c H and 

GAH=0. 

Let S be a cy-ideal of a C-algebra i In order that an element B e diZS to be 

a Borel element of an additive (multiplicative) class a, it is necessary and 

sufficient that B possess a representative A€ si which is a Borel element of an 

additive (multiplicative) class c in .si 

Definition :1.2.39. 

If a C-algebra is G-field of sets, then it is called a C-field. 

Proposition :1.2.40. 

If ¶4/ is metric separable space, then S(74) and 8( ) are C-fields. 

Thorem :1.2.41 

Every C-field is weakly homeomorphic to a separable metric space. 
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A representation theorem on C-algebras: 

Theorem :1.2.42. 

If a C-algebra ii is of the form .= I/3, where i is a (T-complete 

Boolean algebra and 9 is a (Y-ideal of 0 , then it is possible to define in fd it 

closure operation in such a way that 

with this closure operation is a C-algebra 

the C-algebra si is identical with the closure algebra which we obtain by the 

division of the C-algebra by the ideal 3. 

Theorem :1.2.43. 

Evciy C-algebra .. is horncomorphic to a C-algebra XJZ where X is It 

C-field and 3 is a a-ideal. 

A generalisation of Urysohn's theorem may be stated as follows: 

Thorem :1.2.44. 

For every C-algebra 0 there exists a metric separable space ¶J and a 

a-ideal J of S(7J) such that 0 is wealdy homeomorphic to the C-algebra S(W)/J 

i.e.,B( 4) is bomeomorphic to EB(W)IJ0, where Jo  = JAB(,J) is a a-ideal of 
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CHAPTER —2 

This chapter is devoted to the study of Fuzzy Topological Boolean 

Algebras" by Parvathi and Meenakshi[22]. 

In section 1 the fundamental definitions and results on fuzzy topological 

spaces due to Chang [4] and Lowen [15] that are needed for our study are 

discussed. 

Section 2 is devoted to the study of fuzzy topological Boolean algebuas. 

With every fuzzy topological space (X, ) a fuzzy topological Boolean algebra 

( S(X), ) is assigned and some important properties of ° are discussed. To 

develop the theory three concepts namely a new class of function ?A: 0  - I, new 

order relation (~)n  and generalised quasi coincident Q are introduced and various 

properties of these concepts are analysed. 

Fuzzy separation axioms FT1  and FT2  and fuzzy continuity on fuzzy 

topological Boolean algebras are discussed in third section. 

In section 4 fuzzy topologies on quotient algebra are studied. With every 

fuzzy topology on a Boolean algebra 0 , two Quotient topologies %() and 

are associated and the relationship between them are studied. Further it is 

proved that given a fuzzy topology on /3 there exists a fuzzy topology E() 

on such that X1(E()) = =  cy  and proved that if E() is FT1  i = 1,2 

then ci is FT1, i = 1,2. 



SECTION 1 

PRELIMINARIES ON FUZZY TOPOLOGICAL SPACES 

Definition : 2.1.1 

Let X be any set and I=[0,l]. A fuzzy set on X is an element of the set l  of 

all function and from X to I. 

Equality, order relations, union and intersection between fuzzy sets are defined 

as below: 

Let f and g be two fuzzy sets on X. 
(i)f=g f(x)=g(x) for all xEX. 

(ii)fg f(x) g (x) for all xe X. 

Let {f}j€  A be a family of fuzzy sets on X. Then 

LAJ (x) Sup {f(x)} VxEX. 

(iv)rA (x) = inf {f'1(x)} V 

L_1 

The complement f off is defined by f(x) = 1-f(x) for all XE X. 

For any [0,1], the constant fuzzy set cx is a map from X to I given by 

0'. (x) = cx for all xc= X. 

Definition: chang 41: 2.1.2 

Let X be a set. A subset S c I  is called a chang fuzzy topology on X iff S 

satifies the following requirements. 

The constant functions 0,1 E S 
f,gE S=(fAg)E S 
If {f} is a sub family of 5, then vf, eS 

jE 

The pair (X, 5) is called a chang fuzzy topological space. 
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Definition: (Lowen 151 :2.1.3 
Let X be any set. A subset 8 c I  is called a fuzzy topology(Lowen) on X 

iff the following conditions are satisfied. 

(I) All constant fuzzy sets belong to ö 
(2)f, gEö=fAgE 

(3) If(f) j,,  is a subfamily of ö then vf1  E 
iEA 

The pair (X, 8 ) is called a fuzzy topological space. 

The elements in ö are called open fuzzy sets of the fuzzy topological space (X, ö). 
A fuzzy set fE j(  is called a closed fuzzy set of (X,) ifft is open i.e. 

Definition: [Lowen 151 :2.1.4 
The closure and interior of a fuzzy set g denoted by ci g and mt g in a fuzzy 

topological space (X, ) are defined as follows. 

cig =inf{h/h~!g, h'Eö} 

intg zsup{h/h~g, hEö} 

Note : 2.1.5 

Cl g is the smallest closed fuzzy set larger than g and mt g is the largest open fuzzy 
set snialler than g. 

Definition: [Chang 41: 2.1.6 
Let X and Y be two sets and 0 be a function from X into Y. The inverse of 

any fuzzy set h on Y under 0, denoted as 0'(h), is the fuzzy set on X defmed as 

0'(h) (x) = h (8(x)) for all xcz X. 

The image 0(g) of a fuzzy set g on X is the fuzzy set on Y defined by 
0(g) (y) = sup (g(z)I O(z)Y} 

= 0 if 8 1 (y) is empty. 
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Definition: fLowen 151 : 2.1.7 

Let (X, 6) be a fuzzy topological space. A subset 13 c: 6 is a base for 6 iff 

6 there exists a subfamily ( )j,, c .23 such that r= sup  gj  

jEA 

Definition : ILowen 151 : 2.1.8 

Let (X, 6) be a fuzzy topological space. A subset S c 6 is a sub-base for 6 

lIT the family of unite intersection of members of'S is a base fbr 6. 

Example: 2.1.9 
Consider the interval I = [0,1]. Then the collection S = ((x / cx constant} u the 

idenity function on I forms a sub-base for the fuzzy topology. 

With every topology r on X, a fuzzy topology or ) can be associated as 

follows. 

= the set of all lower semi-continous functions from (X,r) to the unit interval 

[0,1]. Here [0,1] is considered with the usual topology as a subsapce of the meal 
line. 

Conversely given a fuzzy topology 6 on X the collection of all sets 

{f'(E,I] / e>0, fE61 generates a topology i(6) on X. 

Definition : ILowen 151 : 2.1.10 
if 6 = w ('r) for some topology t, then 6 is said to be topologically 

generated. 

The operators i and co are related as follows: f Lowell 151 

i(w('r)) = 'r for every topology t. 
oXi(ö)) is the smallest topologically generated fuzzy topology which contains 6. 
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Definition : 2.1.11 

'Iwo fuzzy sets f, g on X are said to be quasi-coincident, denoted by fq g it' 

there exists an xEX, such that f(x)+g(x)>1. 

Definition : 2.1.12 
Let X be any set. A fuzzy point with support x in X and value t in (0,11 

(denoted by x1) is a fuzzy set defined by 

x1  (y) = t, if y = x = o, otherwise 

Definition : 2.1.13 

A fuzzy point Xt is said to belong to a fuzzy set f on X, denoted by x1  E 

iff t<f(x). 

Definition: Ichang 41: 2.1.14 

Let (X, ö) and (Y, 2)  be two fuzzy topological spaces. A map a X —Y 

is said to be fuzzy continous if 0'(f)e 8, for every fe 62. 

SECTION : 2 

FUZZY TOPOLOGICAL BOOLEAN ALGEBRAS 

Definition : 2.2.1 

A fuzzy topological Boolean algebra is a pair (, a) where q is a Boolean 
algebra and a is a subset of 1, satisfying the following axioms. 

I. All constant functions belong to a. 
Arbitrary union of elements of a is in a. 
Finite intersection of elements of a is in a. 

Terminology: 

If (Kq 'a) is a fuzzy topological Boolean algebra, then a is called a fuzzy 

topological structure on 
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Defmition : 2.2.2 

Let !J( be a collection of elements of I A fuzzy set f on T is said to be 

compatible with the family .!Kif the following condition is satisfied. 

Given A and B and f(A) >s, there exists a BEKsuch that f(B) > e and B<A. 

Remark : 2.2.3 

When .!J( contains the clement 0 then the constant lunctions are compatible 
with fK. 

Proof: 

Let f: -* I be such that f (A) = a E [0,1] V A€ 

Let f (A) >e for some e >0. 

Then 0e .9( such that f (0) >c and 0 <A. 

f is compatible with 1J( 

Example: 2.2.4 
An example of a fuzzy topological structure on 

Let (.,'t) be a topological Boolean algebra. Consider the collection W('t) 

of all increasing fuzzy sets on 4 which are compatible with r. Then W('t) is a 

fuzzy topological structure on M. 

Proof: 

It is obvious that all the constant functions belong to W(t) as all the 

constant functions are compatible with t. 

Let { f / a E Al be an arbitrary collection of elements of W('t). 

Claim vf.  E W(r) 

Given A E 

let [V-~-] (A) >e 

Then v f (A) >e 
ci.c A 
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there exists some E A such that f(A) >6. As f E W('t), there exists a 

BE t such that j(B) >c and 13<A. 

rVf (B) >c and hence 

rVf( (B) >6 

> [~ V~A 

W(t) 

(iii)Let {f. I 1=1 to n} be any finite collection of elements of W('t). 

Claim: [A.  f 
, 

E W('r). 
i 

 _ I ] 

Given A€ 4 let (A) >e 

Then for every i, f 1  (A) >c. 

As each f. E W(r), there exists a B. E 't such that f. (B) >6 and B1  <A. 

Since B. E 't, we have v B. E 't. 

As f, is increasing and B1  <A 

We have fR B1 >6 and v' B. >e and 

i fJBJ >6 

= 

E:ni En. 
 

I 
> 

=> , 
fi e W('r). Hence the result. 
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General method of constructing fuzzy topologies on a Boolean algebra ( 

Theorem: 2.2.5 

Let 1K be a collection of elements of 0 containing the zero elelment and 
closed with respect to finite union. Then there exists a fuzzy topology W(-W) 
having the following property: 

For every fE W(1K), f(B) = sup {f(A) / A E 17k', A<B, B€ A. 

Proof: 

Let W(.rK) consists of all increasing fuzzy sets on which are compatible 
with J( 

Claim: W (1K)  is a fuzzy topology on 

Letf c W(1K)  and forBc 0, f(B)=c>c,—(1)wheree>O 

Then there exists a A E 1K such that f (A) >c and A < B. 

Let sup (f(A) / A c .fK A <B} = i (say) - (2) 

It is clear that 0. 

Suppose <ct, 

Let a- = c (say), i.e. 3 tx-C. 

From (I) f(B)u>ot-c3 

Since f c W(IX), there exists a Ac 1K  such that 

f (A)> (3 such that A <B., a contradiction to (2) 

c,.=B. 

i.e. f (B) = Sup f(A) I Ac 1K and A < B}. 

Study of W(K) for some important families :- 

W (1K) = All constant functions on 
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2) !J(= {O,A}, A E 

f E WCR) f can take only two values f(0) and f(A) 

3)!= (B1, B2, B}, B1, B2, Bn  E 

fE W(Ik) = f takes atmost n values f(B1), f(B2).... f(B). 

Let = S(X) and !Kbe the collection of all finite sets of S(X). 

Then fE W(!K)f(A)=  Sup  {f(B)/Bf1thte,B<A}VAE 

Let !Kbe the collection of all countable sets of S(X). 

Then f E  W(!k) f(A) = Sup (f(B) / B countable, B<A) V A € 

Let !K= 't, a topology on 

Then fE W(r) f(A) = Sup (f(B) / B<A, B open) 

= f(intA)VAE 4 

Let IJ(= C, the collection of all closed sets on  -64 

Then f c W(C) = f(A) = Sup {f(B), B<A, B closed) V A E 

Example : 2.2.6 

An example where W(C) W(r) can be constructed as follows: 

((i, 't) be a topological Boolean algebra, where 0 is the collection of all 
subsets of X=[O, 1] and r the usual topology on [0,1] derived from the standard 
topology on R. 

Consider f: [0,1] —[O,l]suchthatf(x)=xfor every xE 

Let g: S (X) -> I be defined as 

g (A) = Sup { f(x) / x E Al for every A E 8 (x). 

As [0,1] is T 1, every singleton is closed 

Let Ae S (X) and g (A)> E 

As g (A) = Sup f (x), there exists some x e A, 

XE A 

Such that f (x)> C. 
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Choose {x) = B e C, the collection of all closed elements of S(X). 

Then {x} <A and g(x)>e 

g is compatiable with C, 

.•. geW(C). 

To show : ge W(r) 

Consider B = the set of rationals in [0,1] 

Then g(B) = 1 

But there is no open set of rational numbers A< B 

Such that g(A)> c 

..9EW(t) 

W(c)W(t) 

Definition 2.2.7 

A subcollection 23 c: 10  is said to be a base for a fuzzy topology on Oif 

every fe can be expressed as f= V{glge 23, g :f~- f} 

Example: 2.2.8 

Construction of a base for a fuzzy topology W(-R)on  W. 

Let W(X) be a fuzzy topology on 64 where .is a collection of elements 

of 4 closed for finite union 

LetAc 4andE=[0,1] 

Define f (B) = e if B>A, for Be 

= 0 otherwise -> (1) 

Let fe W(!7(), then for Be 

f(B) = sup {f(A)IAe !J(, A<B} 

= vf(A) 
Ae 1K 
A<B 

A,F(A) (B) [.. From (1) f A,f(A) (B) = f (A)] 
A<B 

37 



.•.f =vf 
A sic 

Thus every fE W(-W) can be expressed as 

f =v{ff(A)/AEs'} 

Hence {f,/A E X E = [O,l]} forms a base for W(.X). 

Definition: 2.2.9 

A subcollection J is said to be a subbase for fuzzy topology on 

iff the family of finite intersection of members of f is a base for c. 

Remark : 2.2.10 

A family 23 of fuzzy sets on 68 is a base for some fuzzy topology on 68 if 

every constant function can be expressed as the union of members of 23 

given f g E 13 f A g can be expressed as the union of all members of 13 

contained in f A g. 

In this case the fuzzy topology having 23 as a base is denoted by a (23) 

(i.e) c( 13) = { f/f can be expressed as union of members of 23 } 

Remarks: 2.2.11. 
Given any collection J of fuzzy sets on a Boolean algebra 66 containing all 

constant functions, the collection 23 of all finite intersections of members of J is a 

base for a fuzzy topology. This fuzzy topology is called the fuzzy topology 

determined or generated by the collection J 

Definition: 2.2.12 

With every fuzzy set f on X, a fuzzy set f°  on S(X) is defmed as follows: 

f (A) = Sup {f(x) / xc= A} for every AE S(X). 

The correspondence f---f has the following properties. 

(i) if I. = g°  for some ge l  then 

W. 



(/ )=(gQ )=g  

Proof: 

Given Ig° 

Claim: 

(I) = (9' )x = g 

Let x E X 

Then g°  (x) = sup g(y) = g(x) 
ye{x} 

Hence (I) = (g°  ) = g. 

(ii) If I = (g1 A g20 ) for gg JX then 

(f) = (g1°  A g2o)x  = g1Ag2. 

Proof: 
p 

Given h = g1  

Claim 

A.  = (g1°  A 92° ) = g1ig2. 

Let x e X. 

Then (I) (x) = (g1°  A 92°  )(x) 

= mm (g1°  (x), 920  (x)) 

=min(g1(x),g2(x)) 

= (g1A92) (x). 

(1) = (g1°  A 9 29 
), 

= g1Ag2. 
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(iii) If {f I (x E z} is a subcollection of IX,  then 

0 v1 -
[,,,VIA 
i 

wA 

Proof: 

Let A c I, then f °(A) = sup f (x) 

Claim 

vf° vf 

1J 

rv° (A) = Sup (vf) (x) 

LA] (LEA 

Sup {vf(x) } 
(L( A 

= Sup (Sup f (x) } 
xA wA 

Sup (Sup f(x) I -  (1) 
utA xtA 

I 
(A) = vf ° (A)  f.I 

((LA 

=v {Supf(x)} 
((LA xA 

= Sup {Sup fa(x) } 
((LA X(A 

From (1) & and (2) [
-E 

fj  fv-Th
AJ 

Remark: 2.2.13 

(g1 °  A g20 ) need not be equal to (g1 Ag2 )°. 

—(2) 

Let g,  : I - I such that g1  (x) = 1 if x is rational 

= 0 otherwise 



Let g2  : I - I such that 92  (x) I if x is irrational 
= 0 otherwise 

Let A=[1/3, 1/4]c:I 

Then g1°  (A) =1, 920  (A) =1 

and (g1°  A 920)(A) = mm (910  (A), g2  0  (A) 

= mm (1,1)=l 

For xG I, 

(g1 Ag2) (x) = mm (g1(x), g2(x))  

r
min (1,0) = 0 of x is rational 

Lmin (0,1) = 0 if x is irrational 

.. (g1 t..g2) (x) = 0. 

:.(g1 A 92) °  (A) = Sup (g1 A g2 )(x) 

= Sup 0 = 0 
u( A 

Hence the result. 

Proposition : 2.2.14 

Let (X, ö) be a fuzzy topological space. Then {f °  I fEö} is a subbase for a fuzzy 

topology ö°  on S(X). 

Remark: 2.2.15 

Given f E l ,  f°  E <=> f E ö. 

Proof: 
Let f (=- 

Then by the definition of ö, f 'E ö°. 

Conversely assume f °. 

Claim 
fEö. 

f= ( f ° ) = 1j 
J x 
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= 

w-" L. J 

= U n' [f -]~ E=- 
(zE' i:=i 

I- lencef °  Eö #> fEö. 

Remark : 2.2.16 

6°  c W (!), Where 174 is the collection of all finite subsets of X. 

Proof: 
To prove the result it is enough to consider any subbasis element f°  € 6°. 

Claim : f 0€ W (%) 

Let Ac: X and f ° (A) > e where c>0 
i.e. Supf(x)>c 

xc A 

i.e for some x € X, f(x)> e. 

there exists a { x } = B € £Ko such that f(x)> c and (x} c A. 

1-lence 6 W (!). 

Example 2.2.17 
An example where 6' is strictly contained in W(..%). 

Let 6 be the fuzzy topology generated by all constant functions together with the 
identify function on [0,1]. 

Let f: [0,1] - [0,1] be such thhat f(x) = x13. 

Thenf °  € W(94) 
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But f ° as f cannot be expressed as the arbitrary union of finite intersection of 
elements of. 

An important class of fuzzy sets: 

Definition: 2.2.18 

ForAE XA: - Iisdefinedas 
4(B) - 1,ifAAB#0. 

= O,otherwise. 

Remark: 2.2.19 

When 0 = S(X), the function XA  restricted to the points of X is the same asXA,  in 
symbols (XA), = XA 

Properties of AA : 2.2.20 

(1) 2 A is incresing for every A E 
i.e. IfB1  <B2,then?A(Bl)!~? A (B2) 

Proof: 

Case (i) : Let AnB1  # 0 and Ar'B2  # 0 

?A(B1)=l and ? A(B2)=l. 

Case (ii) : AnB1  =0 and AtB2 :f-  0 
Then A  (B1 ) =0 and %A (132) =1 
Hence XA(Bl)  !~, A  (B2) 

(2) A1  <A2  implies ?A1 :-~ XA2  for A1, A2, E B. 

Proof: 
LetBE 

Case (i) Let A1 mB ~ 0 then A2nB # 0. 
X./ (B)1 = XA2  (B)-1 

Case (ii) suppose A1 nB = 0 and A2nB # 0. 
Then XA1  (B) =0 and XA2  (B) =1 

Hence 
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(3) Given a finite collection of elements A i in , 

XVA VXA., whenever vA, exists. 

Proof: 

Let Be CA 

Case (I) Assume (vA )nB :t- 0 
A1 nB 0 for some i, 

•• 
(B) = 1 and 4A,  (B) =1 

..vX(B)=1 

.. 4A. =vX(B) 

= (v?) (B) 

..XVAi  

Case (ii) Let (vA) n B = 0 

'T'hen A, nB = 0 for every i 

(B) = 0 and 2 (B) = 0 for every i 
A 

• V ?.A. (B) = 0 

(U A 

VXA. 

I leilce the result. 

(4) For A1 , A2  E , 41 A A2  AA1  A?A2  

Proof: 
Let Be q 

If A1  nA2 nB 0then? A1A A2(B) = 1 

Then A1 n B 0 and A2  nB# 0 

7A (B) = 1 and 22  (B) =1 

(41 
A 2A2)  (B) =1 

•. (kA A  XA2) (B) = 2-A1 A A2 (B) 

41  A 2 A2  
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IfA1 n A2  nB =0 then XA1 A2  (B)= 0. 
Case (i) 
A i nA2 nB-0=Ai nB---OorA2 nB=0 

Either?(B) = 0 or 2A2  (B) = 0 
(?, A A2)  (B) = 0 

In this case A1AA2 =  ?A1  A 42. 

Case (ii) 
If both A1n B and A2 n B are non zero 
then 2A1  (B) = I and 2A1  (B) = 1 

'l'hen (2A1  A  ?A2)  (B) = 1 

in this case A A2• 

Hence XAIAA2 A XA2. 

(5)If?A, A 7'A 7 then B = A1  A A2  
Proof: 

Suppose XB (C) = 1 
I 

=A1  nC~t0 and A2 nC0 

=(A1 nA2)nC:P&O 

=XA1flA2(C) - 1 - (1) 

Suppose ?'B (C) = 0 

Then (41  A kA2) (C) = 0. 

= mm (XA1(C), X.A2(C)) = 0 

=> Either?(C) =0 or 42(C) = 0 
ThenA1 nCOorA2 nC0 

= (A1rA2)nC =0 

A1 ,A2 (C) =O—>(2) 
From (1) and (2) 

2I3 = 

= A1  A A2. 
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Example: - 2.2.2 1 

The following example shows that ?A1 AA2  need not be equal to 

XA1  A 

Let A1 { 1,2,3,.......1O} 

Let A2 = {5,6...........15} 

Al  A A2 = { 5,6,7,8,9,101 

Take B={1,15} 

Then A1 nB#,A2 nB andA1 nA2 nB=O 

..XA1(B)—1,?A2(B)-1afldX.A1 A A2(B)=O 

XAAA (B) < (B) n ?LA2  (B) = (? A1A?A2)(B) 

XAI A  A2 > 

Definition: - 2.2.22 

A UCW order relation is defined on 1'as follows: 

f (, g, if given AE there exists a non zero B<A such that for eveiy C <B 

1(C) g(C,P 

Remark: 2.2.23. 

Let f, g, Ii be fuzzy sets defined on a Boolean algebra 0. . Then the following 

results hold: 

0)1!~9=f(!09 

Proof: 
Let f g 

Claim: 

f (!On g 
fg=f(A) g(A)VAe ~ 

Then by the definition of ( we have f (On 9 



(ii)f(:~) g , g =f 

Proof: 

Let f g, g 

Claim: 

f ()n 

given A e there exists non zero B e such that B <A and for every C<B 

f(C)< g(C) 

g (011  4 = 

for B E !Z there exists a non zero BIE 0 such that B1  <A and for every C <B1  

f(C) !~-g(C)!!~IC) 

=> f(C)I(C) 

= 

Hence the result 

(iii) (41AX2) () ?A1 A 

Let B E 

if B n (A1 rmA2) # 0, then A1 nB # 0 and A2rB # 0 and the result is obvious. 

If B n (A1 nA2) = 0, then we have 

(i) A1 nB=O and A2nB=0 

A1 nB#O and A2nB0 
any one of A1 nB and A2nB is not zero 

In (i) & (ii) the result is obvious. 

In (iii) choose C = B n AiCnA2  or B n AinA2C  the result holds. 

When 4 = S(X), 

I () g (f) !~- (g) 

Proof: 
Let f g 
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Claim: 

(f) (g) 

f (0, g = 
given A E I, there exists a non-zero B = {x} <A such that for every {x} <B, 
f(x) !~ g(x). 

'I'his = (f) (x)  !-~ (g)x(x) 
i.e., (f (g) 

Conversely assume (g) 
Claim: 

f (On g 

i.e, for a given AE 0 there exist a non zero B<A such that for every C<B 
f'(C) g(C). 

Take B = (x) <A 
Then f g 

f(~:), g (f) :!~ (g) 

When f and g are fuzzy sets on X 
f ° ()1 g° f!~g f °  <_g °. 

Proof: 
Given f 0 

(On 9 
0 

Claim 
f !~_ g. 
i.e. V x e X, f(x) ~:, g(x). 

In the defmition of (, take A = {x} E X 

Then for every C < tx}, f(C) !~ g(C) 
i.e. f(x) :!~-g(x) 

i.e. f<g. 

Conversely assume f < g 
i.e.f(x) :~- g(x)VxeX. 

Claim: 
f °  ()ng° 



Let Ac S(x) 

Then for every {x} <A, Choose B{x}. 

Then for every C <B. 

f ° (x)=f(x) g(x)=g ° (x) 

i.e. f ° (x) g ° (x) 

0 0 i.e. f g. 

f 0 <g <t> fg. 

Proof: 

Given f < g 

i.e. f (x) :5 g (x) V x c X 

Claim: 
0 0 f g. 

i.e. f° (A) < g° (A)VAc S(X) 

For Ac S(X), 

f ° (A) = Supf(x) Sup g(x)=g° (A) 
xcA xeA 

f ° (A) !~, g°(A) 

i.e. f 0 
2
__ 

g
0 

 

Conversely assume f 0 < g0
. 

i.e. f°(A) :!~ g°  (A) VAc S(X). 

Claim: 
f < g 
i.e. f(x) g(x) V x e X. 

For x c X, f(x) = f0(x) < g°(x) = g(x) 

i.e. f(x) g(x) 

i.e. f < g. 

I. fg f ° g f° <—g °. 

Hence (O g° f 9 g0. 
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Definition: 2.2.24 

Two fttzzy sets f and g are said to be generalised quasi-coincident, in 

symbols f Q g, if there exists A in such that for every non zero B<A, there 

exits a non zero C<B such that f(C) + g(C) >1. 

Remark: 2.2.25 

Fuzzy sets f and g on 0 are not generalised quasi-coincident, in symbols 

fQCg if the following condition holds good: 

Given A€ 0 there exists a non zero B<A such that for every 

C<B, f(C) + g(C) < 1. 

Proposition : 2.2.26 

FOrA,BE4,XAQXB  <=> AiB#O. 

Proof: 

LetCAAB#O. 
Then for every non zero D<C XA (D) + ?B (D) = 1+1 = 2>1 

•.XAQXI. 

Converse1y assume XAQ  X13. 

Claim: AAB#O. 

AssumeAABO. =~> Ac vB'1. 

Given a non zero K, 
Choose D == Ac A K if Ac A K # 0 

= BC A K, otherwise. 

If D=ACAK, 

Then for every L <D, 

= 0 [Since L c ACAK  and A A L =01 

and therefore 2A (L) + XB (L) < 1. 

IfD=BC A K 

XB (L) = 0 [Since L c BCAK  and B A L 01 

and therefore kA (L) + B (L) < 1. 
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This implies ?AQ XB, a contradiction. 

AAB#O. 

Hence then result. 

Remark 2.2.27 

f 
QC g f(!~-) 1-9 for f, g E 1B 

Proof: 
Given fQ

C  g 
Claim: 

I () l-g. 

fQC g=  

for every AE Othere exist a non zero B<A such that for every C <B 

f(C) + g(C) < 1 

= f(C) ~5  1-g(C) 

= f(C) (1-g) (C) for every C. 

= f!~, 1-g 

=> f(0l-g 

Conversely assume f 1-g 

Claim: f 
QC g 

•f () (l-g) = 

for every AE there exists a non zero B<A such that for every C<B 

f(C) l-g (C) 

= f(C)+g(C)<1 

fQC g  

Remark: 2.2.28 

Given three fuzzy sets f, g and 9 on , the following implication is easily 

verified: 

f(<)g gQC/=fQC/ 
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Proof: 

Givenf g and gQC/ 

Claim: 
fQCJ 

I () g 
given A E 66  there exists a non zero B<A such that for every C <B, 

f(C)!~-g(C)—(1) 

gQC/ =  

Given BE , there exists a non zero B1  <B such that for every C<131  

g(C) + I(C) < 1 

C)!~ 1-(C)(2) 

From (1) and (2), Given AE 0, there exists a non zero B1< B 

such that for every C <B1 . 

f(C) g(C)!~-1-/(C) 

f(C)l-(C) 

=> f(C)+I(C)<1 

= 
fQC/ 

f () 1-g, g QC 
=> f 

QC IL 

Remark: 2.2.29 

Let f, f2, 91) 92  be fuzzy sets on If f(SO 91, f 2  (On 92, and f 1  Q f 2  

then 91 Q 92. 

Proof: 

Given f 1  ( g1,  f2 ( 92  and f 1  Q f2• 

Claim: 91 Q  92. 
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i Qf 2 = 

there exists a A in 0 such that for every non zero B<A, there exists a non zero 
C<B such that 

f1(C)+f2(C)>1—(1) 

f I g = 

For A E 0, there exists a non zero B1<A such that for every C <B1. 

f1(C)!~-g1(C) —(2) 

f2 () g = 

Given B1 E , there exists a non zero B2  < B 1  such that for every C <B2, 

f2(C) !~- 2() - (3) 

From (1) and (2) and (3), 
For A Eq there exists a non zero B2  <B1  such that for every C <B2. 

91 (C) ~92(C)>f1(C)+f2(C) >l 

= 91(C)+92 (C)>1. 

= g1Q 92 
Hence the result. 
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SECTION : 3 

FUZZY SEPARATION AXIOMS AND FUZZY CONTINUITY 

Definition: 2.3.1 
A fuzzy topological space (X, ) is said to be fuzzy T1  or FT1  iff for every 

pair of non zero fuzzy sets f, g on with f g, there exists an open fuzzy set h 

such that f%h and g:!~, h. 

Definition: 2.3.2 
A fuzzy topological Boolean algebra (, () is said to be fuzzy T1  or FT1  

iff for every pair of non zero fuzzy sets f, g on 0 with ff~)n  g, there exists an 

open fuzzy set fi on 0 such that ff~)n I, and g (~)n  Ii 

Definition : 2.3.3 
A fuzzy topological space (X, ) is said to be fuzzy T2  or FT2  iff for every 

pair of non zero fuzzy sets f, g on X with f qC  g there exist open fuzzy sets h1  and 

h2  such that fAh1 >0, gAh2 >0 and hiqCh2. 

Example : 2.3.4 

(1) A fuzzy topological space with satisfies FT1  but not FT2. 

Let X be any set, x E X and t E (0,1) 

Define the mapping 
t) (x) = t 

and f(,, t) (y) = 1 if y # x. 

Let ö be the fuzzy topology on X generated by 

{f(t), x E X, t E (0,l)} u {a E [0,11, a constant fuzzy set in X } 

Let a, P be non zero fuzzy sets in X with a :~- B. 

Then there exists an x E X such that a(x)> P (x). 

Choose ? such that a(x) >?43 (x) 

Let g=f (X, ). Then g and a<g. 

Thus (X, ö) is an FT1, fuzzy topological space. 

Since f A g # 0 for any two non zero open fuzzy sets the space cannot be FT2. 



Example: 2.3.5 

(2) An example of an FT2  space which is not discrete. 

Let (1),5 ? A) be the usual interval base of the subbase topology on I = [0,1] 
induced by R, the set of reals. 

Lette [0,1] 
Definef: X —>Iby 

f 1 (x) =tifxE I 

0ifx I. 

Let ö be the fuzzy topology on 10,11 having as base the collection of all 
constant fuzzy set in [0,1] together with { f,, X,EA, t e [0,1] } 

To prove (1, 8 ) is FT2. 

Let a, 13 be non zero fuzzy sets in I with wf3 = 0. 
There exists x, y e X such that a(x)> 0, 13 (y)> 0 
ASaA13=0, x#y 
Since the topology on [0,1] is T2, there exist X, X2 EA 

Such that x E 1, y E I2  and I, fl I = 

Let a(x)t1, 13(y)t2  
Let f = f 1, g = f?.2t2 

Then ((XAf) (x) = t1 > 0 

Similarly (13 A g) (y) = t2 > 0 

AsI 1 nI 2 =4, f A g = 0 

Hence (1, ) is FT2. 
As all fuzzy sets are not included in 8, (I, ) is not discrete. 

The conditions f A h1  > 0 and g A h2 > 0 in the defmition of FT2  space have 
to be modified in the case of fuzzy topological Boolean algebras. This leads to the 
definition of a new relation between fuzzy sets on 

Definition : 2.3.6 
Let f, g be two fuzzy sets on 0 f and garesaidtobere1ated(i.e)fcg 

if there exists A E such that for every non zero B <A there exists a non zero 

C<B such that miii (f(C), g (C)) >0. 
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Remark: 2.3.7 

f  ç  g = fAg>0 
Proof: 
Given f g 
Claim: 

fAg> 0 

There exists A E such that for every non zero B<A there exists a non zero 
C<B such that mm (f(C), g(C)) >0 

each f (C) and g (C) >0 
=> ft.g>0 

I lence the claim. 

Remark: 2.3.8 

Let f and g be two fuzzy sets on S(X) 
Then (f) A (g)> 0 f C g 

When f and g are two fuzzy sets on X, the following implication holds: 

fA g>0=fg°  

Proof: 
Given (f) A (g) >0 

Claim 
fr g  

I et (f) A (g) >0, then there exists x E X such that mm ((f) (x), (g) (x))> 0 

Choosing {x} = A, mm (f(A), g (A)) >0 

Then by the definition of , f g. 

Conversely assume f g 

Claim : (f) A (g) > 0 

there exists Ae such that for every non zero B < A there exists a non zero 

C <B such that mm ((f(C), g (C)) >0 
This implies for every {x} c A, mm (f(x), g(x)) >0 

= (f A g) (x) >0 

= (f) A (g) >0. 
Hence the claim. 
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Assume fAg >0 

Claim: f g°. 

fA g>0 = 

there exists x E X such that (f A g) (x) >0 

i.e. mm (f(x), g (x)) >0 
TakeA={x}, then f° g °. 

Conversely assume fC g. 

Claim : fA g>0. 
fQ çg0= 

there exists a Ae such that for every non zero B<A  there exists a non zero 

C<B such that 
mm (f °(C), g(C)) >0 
i.e. for {x} c: A, 

mm (f °  (x), g° (x)) >0 

i.e. mm (f (x), g(x)) >0 
i.e. fA g>0 

HencefAg>0 f ° g°. 

Remark: 2.3.9 
Let f and g be two fuzzy sets on X. Then f A g°  >0 need not imply fAg >0. 

Letf: [0,1] —[0,l] such that 

f (x) = 1 if x is rational 

0 if x is irrational 

Letg:[0,1] - [0,1] such that 

g(x) = 0 if x is rational 

= 1/2 ifxis irrational 

LetA =[l/2,1/4] 

(f ° Ag ° )(A) =min(f 0  (A),f °  (A)) 

= mm (1, 1/2) = 1/2 >0 
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ButVxE[O,1] f(x)Ag(x)=O 

fAg=O 

f A g >OneednotimplyfAg=O. 

Definition : 2.3.10 

A fuzzy topology Boolean algebra (, a) is said to be fuzzy T2  or FT2  sf1' 
the following condition is satisfied. 

Given two fuzzy sets f, g on with f QC g there exists two open fuzzy sets 

Iii , I 2  such that f/ 1, g/and Q'I 

'theorem: 2.3.11 

Let (X, ) be a fuzzy topological space. Then (X,ö) is 
FT1  iff( S (X), 0)  is FT1  for i = 1,2 

Proof: 
Assume (X,ö) is FT1  
Claim: 

(S(X), ö) is FT1 . 
Let f, g be two fuzzy sets on S(X) with f ( g 

=> (f) (g),. 
As (X,ö) is FT1, there exists a h E ö such that 

(f)4 h and (g):!~-h 
i.e. f ( h and g (O h°. 

there exists a h°  e & such that f (A)n h°  and g (~)n h°. 

(S(X), ) is FT1 . 

Conversely assume (S(X), ) is FT1 . 
Claim 

(X, ö) is FT1  
Let f, g e I' such that f !~' g. = f°  ($)n g°  since (S(X), ö) is FT1, there exists a 

Je Ii. 

fo ( ) = (f " )X () (I) 

i.e. f s (/) 

andg 0 (!!~-)I=. (gO)(/) 

i.e. 
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there exists a (1) E 8 such that f (I) and g :!~- (I1) 

(X,ö) is FT1 . 

Assume (X, ) is FT2  

Claim 
(S(X), 80 ) is FT2  
Let f, g be two fuzzy sets on S(X) with f 

QC g 
= (f)x  qC (g) 

Since (X, ö) is FT2, there exists h1, h2  € 8 such that 

(f) A h1  >0 and (g)X  A h2>0 and h1 qC  h2 
i.e. (f) A (h1  ) >0 and (g) A (h2°  ) x and h1°  Oc  h20. 

0 0 0 C 0 fh1 , gh2  and h1  Q h2 . 
(S(X), ö° ) is FT2. 

Conversely assume (S(X), °) is FT2. 
Claim 

(X, ö) is FT2. 

Let f, g be two fuzzy sets on X with f qC g 

Then f and g °are fuzzy sets on S(X) with f °  Q' g °  

As (S(X), 8°)  is FT2, there exists Iii , I in 8 "such that 

f' ° 1, go  9 2 and  9 IQC 92. 

i.e. (f )X A (I)>0, 

i.e f A (1 ') >0, gx  A (I 2)x > 0 (9 
1)qC (I2)x 

(X,ö)is FT2. 

Theorem: 2.332 

Let (S(X) ,) be a fuzzy topological Boolean algebra. 
Then = { (f) I  f e } is a fuzzy topology on X having the following 

property: 

(X, o) is FT1, i = 1,2 (S(X), ) is FT1, i = 1,2. 
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First claim: cy,,  is a fuzzy topology 

(1) Since consists of all constant functions on S(X), it is obvious that a 
consists of all constant functions on X. 

(2) Let (f,,), = c A be a collection of elements of y,. 

Then v f € cy and ( v f )E  x 

As v( f) = (v v( f) E 

(3) Let (f, for i = 1 to n be a finite collection of elements of y. 

Then A f y and rA  f E a. 
[i]x  

As A (f ) f , A (fj) E 
. 

i=i [=i]  

Hence is a fuzzy topology on X. 

Assume (X, ) is FT1  

Claim: 

(S(X), Cr) is FT1  

Let f, g be two fuzzy sets on S(X) with f ( g 

=:> (f) (g) 

Since (X, Cr ) is FT1, there exists a r such that 

(f) and (g) ( 

=> f ( and g ( 

there exist a I. e Cr such that f( and g (:!O 

(S(X), r) is FT1 . 

Conversely assume (S(X), Cr) is FT1. 

Claim : (X, ) is FT1. 
Let f and g fuzzy sets on X with f < g. 

f() 9°. 
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As (S(X), c) is FT1, there exists a such that 

f° ( and g° I. 

E G => (I) C=  CTI
. 

f () I and g (:5), / 

=> (f () (I) and (ge) ( (f) 

and g (I) 

.. there exists a () E ,, such that 

f () (I). and g () (I;) 

(X,)is FT1  

Hence the claim. 

Assume (X, cr) is FT2  
Claim: 

(S (X),) is FT2  
Let f and g be fuzzy sets on S(X) such that 

f 
QC g. Then (f)x  qC 

 ( 

As (X, c5 ) is FT2, there exists fuzzy sets I 2  E ( 

with (f )X  A (fi  I )X  >0, (g) A (I 2)x  >0 and (Ii) qC 
(/2)x 

Hence 

I g2 and  / i QC/ 2  

Hence (S(X), ) is FT2  

Conversely assume (S(X), ) is FT2  

Claim 
(X, CY X) is FT2  
Let f and g be two fuzzy sets on X such that 
f q  C  g Then fQQC gQ 

As (S (X), ) is FT2, there exist fuzzy sets i, 12 E ( 

such thatf° ç91,gQ 2andiQC/ 
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This implies (fi 1)x, (2)x and 

() A ( i) >0, (g) A (2)x >0 and 

(I) qC (/2)x 

i.e. f A (1) >0, g A (I) >0 and (I qC  (1 2)x 

Hence (X, ) is FT2. 

Note: 2.3.13 

° need not be the same as 
Let ,, { (f) I  f e 

Then (o)°  is denoted by { (f) °  / f e } 

Claim ()° # . 

Let f C 1Y 

Then (f) e 
let A e S(X), then (f) °  (A) = sup (f) (x) 

XEA 

#f(A) 

Hence (G) 0  #. 

Remark: 2.3.14 

Let (X, ) be a fuzzy topological space. Then (A IXAE  ö} is a topology t() on X. 

(1)As0,1 e 0,x e t(). 

(2) Let A, a eA be a collection of elements in t(ö). 

Then C6 for a c 

Then Li XA, E b 

(At A 

But ux X) 
tACIt 

C 

tACIt 

=> uA E t(ö) 
A 
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(3) Let Ai for i = ito n be a finite collection of elements oft (s). 
Then 

Then 

But x Aj =Ai E ö 

This implies nn  Al E t () 

( A/ XA E ö} is a topology t (ö) on X. 

Remark: 2.3.15 
Let be a fuzzy topology on S(X). The collection of elements {A / XA e } forms 
a subbase for a topology T() on S(X). 

Let S={A/? A E c} 

As 2 A1  A2  # ?A1  A S forms a subbase for a topology T() on S(X). 

Proposition: 2.3.16 

Let (X, ö) be a fuzzy topological space. Then the two topologies t(ö) and T(ö) on 
X coincide. 
Claim: t(ö) = T () 

Let A e t (ö) 

E ö 

= (x)° c 80  
= (?) c 60  
=A E T(ö) 

t(ö)c t(ö° ) —(l) 

Let A E T () 
AE 

= (?'A)x E 

= XA E 

= A E t() 

:.T(ö)ct(ö) —>(2) 

From (1) and (2) t() and T(E,) coincide. 
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Proposition : 2.3.17 
Let (S (X), o) be a fuzzy topological Boolean algebra. 
Then kAcz 0 implies ?AE  (W (T((r)))°  

In this statement T((Y) is considered as a topology on X. Hence w(T((Y)) is a 
fuzzy topology on X and therefore (w (T(a) ) ) is a fuzzy topology on S(X). 

AeT() 

XA EW(T(cY)) 

XA  E (W(T(c)))°  

FUZZY CONTINUITY: 

Definition: 2.3.18 

Let (', (T) and (2 02) be two fuzzy topological Boolean algebras. A 
function B: (wi, o) - (2 02) is said to be fuzzy continous if for every fE 02, 
0' (f) oi where 0' (f) (A) = f(O (A)), V A E  01. 

Remark: 2.3.19 

0: (i, o)  —p (2 02) is fuzzy continous if for every closed fuzzy set f on  02, 
01  (f) is a closed fuzzy set on 

Theorem: 2.3.20 

A function 0: (X, ö) —> (Y,62) is fuzzy continous iff 
5(0) : (S (X), 81 ) -4 (S (Y), 62 ) is fuzzy continous, 
where S(0) (A) = 0(x)! x E A }. 

Proof: 
Let 0 : (X, ) - (Y, 2)  be a fuzzy continous function. 

Claim: 
S (0) ; ( S(X),  °) — (5(y), 620) is fuzzy continous. 
Let f E 

It is enough to consider the case when f = g°, for some g E  62 
Then (f) = (g)x = g 82  
and 0'((f)) = 0'(g)E 8 



Now consider ( (S (0) )1 
f) (x) = f ( S (0) (x)) 

= f ( 0 (x)) 

= 9' f (x) 

= (0'  (f)) (x) 

((S (0) )' f) = (O'  (f)) 

((S (0) )-' f) 

To prove ( (S (0) )'f) e ö,, it is enough to observe that 

((S (0) ) (g) (0'(g)f 

We know S (0) (S(X), ö,°) - (S(Y), 2) 

Letg: Y—I,theng': S(y)—>I. 
and (S(0))-' g°: S(X) - I. 

For A € S(X), ((S (0))'  g°) (A) = g (S(0)A) 

= Sup g (S(0)(x)) 
xE A 

= Sup g (0(x))— (1) 
XEA 

... g:Y—*1then0'(g):X---I 

and (0' (g))° : S(X) -> I 
(0'  (g))°  (A) = Sup (0'(gx)) 

XE A 

= Sup g(O(x))—> (2) 

XEA 

From (1) and (2) we have (S(0))' g) = (9'(g))0  

(S(0))-' (f) = (S(0))' (g°) = (0_i (g))Q 

Conversely assume S(9) : (S(X), °) -* (S(Y)) is fuzzy continous. 
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Claim 
0 : (X, öi ) —* (Y, 2)  is fuzzy continous. 

Let h E 62  then h°  E  620. 

As S(0) is fuzzy continous, (S(0))' (h) E  51  

We know S(0) : (S(X), ö,° ) — (S(Y), 82 
0)  

Let h: Y —* I then h° : S (Y) —> I 

.. (S(0))' (10 ): S (X) —>1 
((S(0) 1  h° ) (A) = h°  (S(0) (A)) 

= Sup h (S(0) (x)) 
xeA 

=Sup h(0(x)) —3 (1) 
XEA 

Since h: Y —> I, if'(h) : X —> I 
.. (0-'(h)) 0  (A): S (X) -4 I 
.. (0' (h) )'(A) Sup if' (h) (x) 

X LA 

= Sup h(8(x)) - (2) 
XLA 

From (1) and (2) ((S(0)' h ° ) = (if') (h))0  E 

Hence the claim. 

Theorem: 2.3.2 1 
Let (S(X), i)  and (S(Y), 2)  be two fuzzy topological Boolean algebras, 

and 0: (S(X), ) —> (S(Y), 2)  be fuzzy continous. 
Then (0) : (X, ((3,) ) --> ( Y,  () ) is fuzzy continous. 

Proof: 
Let 0 : (S(X), ) — (S(Y), 2)  be a fuzzy continous  function. 

Claim 
(0) : (X, ((Ti)) _ (Y, (2)y)  is fuzzy continous. 
Let f E (2)y 

Then there exists a 9 E 72 such that (g)y = f 



As 0 is fuzzy continous 0' (g) E  (71  

As (0)' (f) = 0 1((g)) (0'  (g)) 

(0)' (f)E() 

.. (0) is fuzzy continous 

Theorem: 2.3. 22 
Composition of two fuzzy continous functions is fuzzy continous. 

SECTION. 4 

FUZZY TOPOLOGIES ON QUOTIENT ALGEBRAS. 

Before discussing fuzzy topology on quotient algebras it is useful to study 
the fundamental relations between fuzzy sets on 0 and fuzzy sets on (MIS where 
S is an ideal of 0 With every fuzzy set f on Ce/S, one can associate a fuzzy set 
ft on 0 as follows: 

f (A)=f[A],VAEB. 

If f is a fuzzy set on 0 which preserves congruences (i.e.) f(A) = f(B) if 
A B mod 5, we can associate a function t f on I9 as follows: 

t f [A]=f(A),V[A]E /S. 

Proposition : 2.4.1 
Let f,g: 4/S -> I be two fuzzy sets such that 

•f () g. Then f 00 g. 

Proof: 

Let f g. Then for every [A] E MIS, there exists [B] < [A] such that 

for every [C] <[B], f [C] :!~ g [C]. 

For every AE 0, there exists B1 E [B] such that B1  <A and for every C <B1, 

f (C) = f [C] g [C] = g(C) 

= f (!5)n g 
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Proposition : 2.4.2 

Let f and g be fuzzy sets on which preserve congruences modulo an 
ideal S of and f (~), g. Then *f (<) tg. 

Proof: 
Let f g. 
Then V A e q, there exists B <A such that for every C <B, f(C) !~ g (C). 

For every [A], there exists [B] <[A] such that for every [C] <[B], 

f [C] = f [C] = f(C) g (c) = g [C] 

Proposition : 2.4.3 

Let J.  and g be fuzzy sets on 4/3 such that fQ'g. Then J,. 
QC g 

Proof: 
fQCg= f()1-g 

e f (<) (1-g) * = 1-gs f 
QC g 

Proposition : 2.4.4 

Let f and g be fuzzy sets on 0 such that they preserve congruences modulo 

an ideal S of q and fg. Then *fc*g. 

Proof: 
Assume f C g. 
Then there exists A E -q such that for every B <A, there exists C <B such that 

mm (f (C), g(C)) >0. 
There exists [A] e 1I3 such that for every non zero [B] <[A], there exists [C] 

<[B] such that mm 
(Sf 

 [C], 5g [C]) >0. 

g. 

Definition: 2.4.5 

Given a fuzzy topology a on 0 and an ideal S of elements of 0 , two 

Quotient topologies 9( (a) and 9(2  (a) on '/S can be defmed as follows: 

9(i ((Y) = { 5 f I  Lf a,  f preserves congruences } 

9(2  (a) is the fuzzy topology having { f 9  I  f e as a sub base, where 

= Sup {f(B)/BAmodS} 

W. 



To prove X, (a) is a fuzzy topology 

It is obvious that all constant functions on 015 belongs to 9(1  ((Y) as all 
constant functions on a. 
Let 

{ *f 
/aE= A } be a collection of elements of 9(1 (a) 

9(1 (a) =fE a 

= u fE a 
UEA 

> 
*(f) 

e 9(1 ((Y) 

Consider I 
i 

u f [A] 
L "  

= U 
f• 

[A] 
A 

=uf(A) 

*rU f- [A] 
HEA 

= ru ful (A) 
EAJ 

=uf(A) 
UEA 

From (1) and (2) *rU = u  f. 
A J 

Since * (u f) E 9( ((Y),  

u *f E 9(1 ((;) 
9(i ((T) is a fuzzy topology. 

Note: 
*f E  9(1(a) = f 

= 

K1(a)c%(a) 

f3 E 9(2((Y) = *((f)) = 

M. 



Theorem: 2.4.6 

Let 0 be a Boolean algebra and S be an ideal of 0 Let IKbe a family of 
elements of 0 closed for finite union. Let [1K ] be the equivalence class of 
elements of 1K modulo S. Let W([SK] ) be the fuzzy topology on /S induced 
by [1K]. Then % (W(SK))c: 9(2 (W(IK)) c: W([IK] ). 

Proof: 
It is obvious that 9( (W(lk)) c 9(2 (W(.R)) 

Claim 

9(2 (W(.!K)) c W ([1K] ) 

Let j  c ¶X2(W(1) for some fE W(.) and J.  [B] > E. 

there exists A B mod S such that f(A) >e. 
there exists DE 1/'( such that f(D) >e and D <A. 

Hence f [D] > s and [D] <[A] = [B]. Therefore f is compatiable with [11(1 
Hence the claim. 

Example 2.4.7 

An example where 9( (W(-W)) is strictly contained in 9(2 (W(lk)). 

Consider X = [0,1], with the usual topology on [0,1] derived as a subspace 

of R with the usual topology. Let -!Kbe the collection of all open sets in [0,1]. 

Let f be the identify function on [0,1]. For A E S (X), 

defme g(A) = Sup {f(x) /x E mt A} 

=0, ifintA=. 

Then gE W(.R) 

Let 53 be the ideal of all countable subsets of X. 

Defineg3 [A]=Sup{g(B)/ABmodS} 

Then g3  e 9(2 (W(IK)) 

Claim 

W (.R) 

Let B be the set of irrationals. 
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Then g (B) = Sup {f(x) / x E mt B } = 0 

If A is a countable set in X, intA=4) and g(A)=O. 

AsBBu{1}mod3, g9 [B] =Sup{g(C)/CBmodS}=1 

(g)*W(R) 

• *((g9) *) 
= g 9(1(W(R)) 

.. <X(W(R)) is strictly contained in %(W(R)). 

Note: 2.4.8 

When L/(is an ideal of 0
, 9(1 (W(IK)) = 9C2(W(!K)) = W([!K] ) 

When [IX] = [0], then W([IK] ) consists of only the constant 

functions. 

Proposition: 2.4.9 

Let (, ) be a fuzzy topological Boolean algebra and S be an ideal of 

elements of 4 Then 0:( 0, ) -* (/S, 9X1()) defmed by 

0 (A) = [A] V A , is fuzzy continous. 

Proof: 

Let *f E 9( I  (a).  Then  f and preserves congruences. 

... 0' (*f) (A) = *f (0(A)) = *f [A] = f (A) 

Hence 0 is continous. 

Proposition: 2.4.10 

Let !A be a Boolean algebra and !Kand S be two ideals of 

Then 0:(4,W(R)) -> I3, W([R1) 9) definedby 

0(A) = [A], AE is fuzzy continous. 

Proof: 
Obvious. 
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Proposition : 2.4.11 

Let a be a fuzzy topology on /S. Then there exits a fuzzy topology E() 

on such that 9(1(E()) = = . Further if E() satisfies the FT, axiom 

for i =1,2 then satisfies the FT1  axiom for i =1,2. 

Proof: 

Let (, E()) satisfy the FT1  - axiom. 

Claim 

(/3,ois FT1  

Let f, g be fuzzy sets on with fs (!~, ), g. As (, E(G)) is FT1. there 

exists I E cy such that f(!5) fz. and g* (5)I. This implies f(5)11  I and 

Hence the claim. 

Let (, E ((Y)) satisfy the FT2  - axiom. 

Claim: 

(0I3,(Y) isFT2. 

Let f and g be two fuzzy sets on (I 3 such that f 
QCg• Then f QC  g* As 

(, E()) is FT2, there exists Ii, fz,2 e such that f (11) , (9 2) * and 

(I) * 
QC 

(92)s. 

This implies f Ii, g 92 and QC  1.2 

(4/3,)is FT 2. 
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SUMMARY AND CONCLUSION 

In this dissertation we have discussed the results contained in the following 

two articles. 

"Closure algebras" by Sikorski [27] 

"Fuzzy topological Boolean Algebras" by Parvathi and Meenakshi [22]. 

In chapter 1 some of the theorems on topological spaces are generalised to 

closure algebras and few results on Quotient algebras are discussed. 

Few important theorems are as follows: 

1. An isomorphism h of iton 0 is a homeomorphism of iion 68 if and only if 

h iB (it) is a homeomorphism of I3 (it) on B (). 

2. The following three conditions are equivalent for arbitrary topological spaces 

X and ¶4' 
the spaces X and 9] are homeomorphic. 

the closure algebras S(X )and S(9/) are homeomorphic 

the closure algebras S(X )and S(9/) are weakly homeomorphic 

(i.e. (.8('X) and (171) are homeomorphic) 

3. A topological space X is separable and metrizable if and only if S(X) is a 

C- algebra. 

In chapter two an introduction to the study of fuzzy topological Boolean 

algebra is given. Here, given  a Boolean algebra 0 many ways of associating 

fuzzy topological structures on 0 are given. 
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With every fuzzy topological space (X,) a fuzzy topological Boolean 

algebra (S(X), °) is associated and interesting results on fuzzy separation axioms 

FT1  and FT2  and fuzzy continuity are discussed. 

Study of quotient fuzzy topological Boolen algebras leads to some 

interesting results. With every fuzzy topology on a Boolean algebra 0 there 

exists two fuzzy Quotient topologies 9(() and 9(2(y) on (/S, where S is an 

ideal of such that 9(() 

An important theorem proved in this connection is as follows: 

Let 0 be a Boolean algebra and S be an ideal of 0 Let .!(be a family of 

elements of closed for fmite union. Let [1K15  be the equivalence class of 

elements of !I(modullo S .Let W([1J(J)  be the fuzzy topology on S induced 

by [1K] Then  %(W(LK))  c 9C2(W(9()) c (W[SJfl) 

When 1J( is an ideal then 

= %(W(IK))—  W([9fl8 ) 

Fuzzy continuity and fuzzy separation axioms are studied for the Quotient 

fuzzy topological Boolean algebras. 

The concepts of fuzzy proximity, fuzzy completely regular and fuzzy 

gradation of openness are discussed in the Ph.D thesis of Parvathi. 

Study of fuzzy topological Boolean algebras provides lot of scope for 

further research. Fuzzy topological concepts like compactness, connectedness, etc 

can be devloped for fuzzy topological Boolen algebras. 
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