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CHAPTER VI 

LINEAR OPERATORS PRESERVING RANK AND 

PERIMETER OF RANK-i MATRICES OVER SEMIFIELDS 

Let Mm,n(F+) denote the set of all m x n matrices with entries in F+  , the set 

of nonnegative part of any field F+  . Throughout this paper, we shall adopt the 

convention that m :!~ n unless otherwise specified. 

Definition : 6.1 

If A[a] is any matrix in Mm,n(]F+), we define A*=[ajj*]  to be the m x n 

Boolean matrix whose (jj)th  entry is 1 if and only if aij  # 0. Then * maps M 1,(F+) 

onto Mmn(B), and preserves matrix addition, product and multiplication by 

scalars. That is * is a homomorphism. It follows that 

(A+B)*A*+B* and  (BC)*B*C* (1) 

for all A,B E Mm,n(F+) and all CE M,(F+). 

Definition : 6.2 

An n x n matrix A over F+  is said to be invertible if there exist an n x n 

matrix B over F+  such that AB = BA = I , where In  is the n x n identity matrix. 

Note: 6.3 

A square matrix A over F+  is invertible if and only if some permutation of 

its rows is a diagonal matrix all of whose diagonal entries are nonzero in F+ . 

Notation: 6.4 

Lowercase boldface letters will represent column vectors, all vectors u are 

column vectors ( ut  is a row vector) for UE F+m [Mm,i(F+)]. 
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Definition : 6.5 

The rank of A E Mm,n(F+) is 1 if and only if there exist nonzero vectors 

aeMm, i(F+) and be Mn,  1(F+) such that A=abt.  We call a the left factor, and b the 

right factor of A . But these vectors a and b are not uniquely determined by A as 

shown in the following example. 

Example: 6.6 

1

1 21 [li[l  2]=[111121[2 4]= 
2 4] [2] [1] 

Lemma: 6.7 

For any factorization abt  of an m x n rank-i matrix A over F+ , J al and I b 

are uniquely determined by A. 

Note: 6.8 

Even though the factorization of A are not unique, Lemma 6.6 shows that 

the perimeter of A is unique, and that P(A)P(A*). 

Theorem: 6.9 

If A, B and A+B are rank-i matrices in M1 ,(F+), then 

P(A+B)<P(A)+P(B). 

Proof: 

Since P(A)=P(A* ), it is sufficient to consider A, B, A+B e M11 ,(B). Let 

A=axt,  B=byt and A+B=czt  be any factorizations of A, B and A+B. Then we have 

for all i,j 

a1x + b1y = c1z (2) 

and xa + yb = zjc. (3) 
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If B !~ A, then we have A+BA. Thus we obtain that 

P(A+B) = P(A) <P(B) + P(B) 

because P(B) # 0, as required. 

Similar argument shows that A!~-B, then P(A+B) <P(A) <P(A) + P(B). 

So we can assume that A:513 and B :!~,A. We consider three cases: 

Case 1 

a:!~b and b:~-a. The equation (2) implies that a1 x = c1z and by = cz for some 

nonzero a , c, , b , c E B so that x = y = z. Thus we have the following 

P(A+B) = P((a+b)zt) = a+bI+Iz = P(A)+P(B) as required. 

Case 2 

a:!~b. Then x:!~y. Thus (3) implies that xa = zc for some nonzero 

Xj , zj  e B and so that b!~-c. Therefore a = b = c and we have 

P(A+B) = P(c(x+y)t) = jc(+x+yI <(jcl+Ixj)+(Icj+jy() = P(A)+P(B) as required. 

Case 3 

b:!~a. It is similar to the case 2. 

Proposition: 6.10 

If T is a (U,V)-operator on Mn ,m(F+), then T preserves both rank and 

perimeter of rank-i matrices. 

Proof: 

Since T is a (U,V)-operator, there exist invertible matrices U E Mm,m(F+) 

and V e M,(F+) such that either T(A) = UAV, or m = n and T(A) = UAtV for all 

A in M,(F+). Let A be a matrix in M,(F+) with r(A) = 1 and A = abt  be any 

factorization of A with P(A) = IaJ+!b . For the case T(A) = UAV, 

T(A) = UAV = (Ua)(btV) = (Ua)(Vtb)t. 

Thus we have 

r(T(A)) = r((Ua)(Vtb)t) = 1, 
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and 

P(T(A)) = IUaHVtbi = jaj+j bj by the similar method as above. 

For the case 1(A) = UAtV, we can show that r(T(A)) = 1 and P(T(A)) = aj+IbI by 

the similar method as above. Therefore a (U,V)-operator preserves the rank and 

the perimeter of rank-i matrices over U E F+ . 

Definition: 6.11 

We say that A is a row (column) matrix if A has a nonzero entries only 

in one row (column). 

Lemma: 6.12 

Let I be a linear operator on M 1,(F+). If T preserves rank and 

perimeter 2 of rank-i matrices, then the following statements hold: 

T maps a cell into a nonzero scalar multiple of a cell. 

1 maps a row (or a column) of a matrix into a row or a column (if m=n) 

with scalar multiplication. 

Definition :6.13 

Let R1  ={E,1:!~ j :5 n}, cj  ={E,1:!~ i :!~ m}, OR =fRjl ~ i~mj and 

={cji !~- j :!~- n}. For a linear operator I on Mm,i (F+), define T*(A)  = [T(A)1* for 

all A in Mm,n(F+). Let T*(RI) =1T(E,)1:!~ j :!~ n}, for all i = 1,2 .......... m and 

T*(C) = {T*(E,1)1:!~ i :!~ m} for allj = 1,2 .......... n. 

Lemma :6.14 

Let T be a linear operator on Mmn(F+). Suppose that T preserves rank 

and perimeters 2 and p (for some p ~! 3) of every rank-i matrix. Then 

(1) 1 maps two distinct cells in a row (or a column) into a nonzero scalar 

multiple of two distinct cells in a row or in a column; 
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(2) In the case of m=n, if T maps some R, into a row (or column) matrix 

then T maps every row matrix into a row (or column) matrix, and if T 

maps some C into a row (column) matrix then T maps every column 

matrix into a row (column) matrix. 

Lemma: 6.15 
Ifl fl 

Let T be a linear operator defined by T(A) = a. 1  u. (ET (, J )) for some 
1=1 j=1 

function T' : Am ,i  -+ A,, and for some nonzero scalar u1j F+  , i = 1,2....... 

j = 1,2 ........ n. If T preserves both rank and perimeters 2 and k (for some k ~! 4, 

k # n + 1) of rank-i matrices,then the corresponding map T' is a bijection on 

Theorem: 6.16 

Let T be a linear operator on Mm,n(F+). Then the following are 

equivalent: 

T is a (U,V)-operator; 

T preserves both rank and perimeter of rank-i matrices; 

T preserves both rank and perimeters 2 and k (for some k ~! 4 , k # n +1) 

of rank-i matrices. 

Proof: 

(1) implies (2) by Proposition 6.10. It is obvious that (2) implies (3). We now 

show that (3) implies (1). 

Assume (3). Then the corresponding mapping T' :A 71 -+ A,,,, is a bijection 

by Lemma 6.15. 

By Lemma 6.14, there are two cases; 

T maps OR onto OR and maps onto C or 

T*  maps R. onto and E onto Ei. 
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Case (a) 

We note that T*(RI) = Ra(j) and T*(C) = CTU) for all i,j, where (5 and 't are 

permutations of {1,2 ........ m} and {1,2.......,n}, respectively. Let P and Q be the 

permutation matrices corresponding to a and t, respectively. Then for any 

Eij  E Em,n , we can write T(E1 ) = bij E ( ) (I)for some nonzero scalar b1,, E F, . Now 

we claim that for all i, lE {1,2 ........ m} and all j,re {1,2 ........ n}, 

bij
= 

b11 

bir bir  

Consider a matrix E = + Ej,r  + E1, + Ei,r with rank 1. Then we have 

T(E) = E(I)(j) + bi,r  Ea(i)r(r) + b1, E((1)TU) + bi,r E(l)t(r) 

Since T(E) has rank 1, it follows that = '. Let C E Mm,m(F+) and D e M,(F+) 

be diagonal matrices such that c11  = 1, d 1  = 1, c,, = 
bij and d11  = b11  for all 
bij 

i = 1,2 ........ m andj = 1,2 ........ n. Then b,1 =c1li  d 1  for all iE{l,2 ........ m} and 

jE{1,2 ........ n}. 

Let A = [a] be any m x n matrix in Mm,n(F+). Then we have 

T(A) = T( a11  E,1 
) 

 = 
a, T(E, 1 ) 

,=1 j=1 i=t j=l 

= a11b11  E (I)T(I)  
,=I 1=1 

= c1/a1J E (1)1(J)dJJ  
i=1 j=I 

= CPAQD. 

Since CP = U is an m x m invertible matrix and QD = V is an invertible 

matrix, it follows that T is a (U,V)-operator. 
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Case (b) 

Then in = n and T(R1) = Ca(i) and T*(CJ) = RTa) for all i,j, where c and t 

are permutations of { 1,2.......,m}. By an argument similar to case (a), we obtain 

that T(A) is of the form T(A) = CPAtQD. Thus T is a (U,V)-operator. 

Definition : 6.17 

We say that a linear operator T on M 1,(F+) strongly preserves perimeter 

k of rank-i matrices if P(T(A))=k if and only if P(A)=k. 

Example: 6.18 

Consider a linear operator T on M2,2(F+) defined by 

Ti l 
([a bT'l 

fo 

l 01
. 

 

Lc dj) 0 

Then T preserves both rank and perimeter 2 of rank-i matrices but does not 

strongly preserve perimeter 2, since TI I I = with P I I = 4 but 
(1 21 [6 

01 
[[1 21'\ 

[i 2] 0 0 1 2]) 

([6 oT' 
P11 1

)  
1=2. 

LO 0] 

Theorem : 6.19 

Let T be a linear operator on M,(F+). Then T preserves both rank and 

perimeter of rank-i matrices if and only if it strongly preserves perimeter 2 and 

preserves perimeter 3 of rank-i matrices. 

Proof: 

Suppose T strongly preserves perimeter 2 and preserves perimeter 3 of 

rank-i matrices. Then T maps each row of a matrix into a nonzero scalar multiple 

of a row or a column (if mn). Since T strongly preserves perimeter 2, T maps 

each cell onto a nonzero scalar multiple of a cell. This means that the 
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corresponding mapping T' is a bijection. Thus T preserves both rank and 

perimeter of rank-i matrices by a similar method as in the proof of Theorem 6.16. 

The converse is immediate. 

Theorem : 6.20 

Let T be a linear operator on Mm,n(F+) that preserves the rank-i matrices. 

Then T preserves the perimeter of rank-i matrices if and only if it strongly 

preserves perimeter 2 of rank-i matrices. 

Proof: 

Suppose T strongly preserves perimeter 2 of rank-i matrices. Then T 

maps each cell onto a nonzero scalar multiple of a cell. Thus T' is a bijection. 

Since T preserves rank i, it maps a row of a matrix into a row or a column 

(if m=n). Thus T preserves both rank and perimeter of rank-i matrices by similar 

methods to the proof of Theorem 6.16. The converse is immediate. 
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