Interval-Valued Intuitionistic Fuzzy Structures
in Z-Algebras

In 1989, K. T. Atanassov and G. Gargov [10] proposed interval-valued
intuitionistic fuzzy set based on the comparative analysis of interval-valued fuzzy sets and
intuitionistic fuzzy sets. This chapter is divided into two sections. In the first section, we
introduce the notion of interval-valued intuitionistic fuzzy Z-Subalgebras in Z-algebras while in
the second section, we introduce the notion of interval-valued intuitionistic fuzzy Z-ideals in
Z-algebras and acquired some interesting results.

8.1 Interval-Valued Intuitionistic Fuzzy Z-Subalgebras in Z-algebras

In this section, we establish the notion of interval-valued intuitionistic
fuzzification of the concept of Z-Subalgebras in Z-algebras and investigate some of its
properties.
Definition 8.1.1: An interval-valued intuitionistic fuzzy set A = {{x,ﬁ A(X),V,(x))[x e X} in a
Z-algebra (X,*,O) is called an interval-valued intuitionistic fuzzy Z-Subalgebra of X if it
satisfies the following conditions:
(i) Fp(x*y) 2 rmin{fi, (x),f, ()}
(if) vV, (x*y) <rmax{V,(x), V,(y)} , forall x,yeX.

Example 8.1.2:Consider a Z-algebra X= {0,1,2,3} be a set with the following Cayley table :

* 10 1 2 13
0 |0 1 2 |3
1 |0 1 2 1
2 |0 2 |2 1
3 |0 1 1 3
Define an interval-valued intuitionistic fuzzy set A, =(ﬁAI,VA1) in X by

[0.4,0.8] if xe{0,2}
[0.3,0.5] otherwise

[0.1,0.2] if xe{0,2}

.
My, () { [0.2,0.3] otherwise

and v, (x)= {
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Then, A, is an interval-valued intuitionistic fuzzy Z-Subalgebra of X.

Theorem 8.1.3: An interval-valued intuitionistic fuzzy set A = (ﬁ A5V A) in a Z-algebra X is an
interval-valued intuitionistic fuzzy Z-Subalgebra of X if and only if AY = (ug, VK) and
A= (pi,vk) are intuitionistic fuzzy Z-Subalgebras of X.
Proof: Suppose A"and A" are intuitionistic fuzzy Z-Subalgebras in a Z-algebra X. Then,
B (x*y) 2 min {pg (), 1y (¥)} 5 VR (X *y) Smax{vy (x),vi(y)}
Ha (x*y) 2 min{u (x), 1 (¥)} and vi; (x *y) < max{v (x),v5(y)} ,forall x,yeX.
Consider i, (x *y) = [z (x *y), iy (x * y)] = [min g (x), pis (¥)}, min g (x), 1y (1)}
= rmin{[p (x), g (OL [ (¥), LR (D]}
= rmin{p, (x), 1, (¥)}
and Y, (x*y)=[vi(x*y), vy (x*y)] <[max{vy (x),v;(y)},max{v, (x), vy (y)}]
=rmax{[vy (x),vy ()LIVi(¥),va(]}
=rmax{ v, (x), V,(y)}

Thus A is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

Conversely, for any x,y e X ,
(s (% ), e (x * y)] = i (x * y) > rmin{f, (%), 1, (y)}
= rmin{[p; (x), fy COL IR (¥), 1 ()]}
= [min {p; (x), s (¥)}, min {u;, (x), 1 ()]
and  [Vi(x*y),vi(x*y)] =V, (x*y) <rmax{ V,(x), V,(y)}
= rmax {[v} (x), v (OL[VL (¥),vi(D]}
= [max {vy (x),v5 (y)}, max{v, (x), v, (y)}]
Hence, w;, (x*y) > min{u (x), 1, (y)}, Vi (x * y) S max{vy (x),v3 (y)}

pa (x*y) 2 min{uy (), 1 ()} Vi(x*y) <max{vy(x),vi(y)} . forall x,ye X .
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Therefore, A" = (ufi,vfi) and A" = (uf;,vf;) are intuitionistic fuzzy Z-Subalgebras of a
Z-algebra X.

Theorem 8.1.4: Let A, =(ji, ,v, ) and A, =(ii, ,v, ) be interval-valued intuitionistic fuzzy
Z-Subalgebras of a Z-algebra X. Then A NA,=(li, A ,Va s, ) 18 an interval-valued
intuitionistic fuzzy Z-Subalgebra of X.

Proof: Let x,ye A, nA,.Then, x,ye A, and A,.

Clearly, i, ., (x*y)>rmin{fi, , (X),f, s, (¥)}

Also, V, ,, (x*y)=rmax{V, (x*y),V, (x*y)}

=rmax{[vy (x*y),vy (x*y)LIvi, (x*y). vy, (x* )]}

=[max{vy (x*y),vy, (x*y)},max{vy (x*y),vy (x*y)}]

< [max{max{ vy (x),v} (y)},max{vy (x),vi (y)}}, max{max{vy (x),vy (y)},max{vy (x),vy (¥)}}]
=[max{max{vy (x),vy, (x)},max{vy (y),vy, (¥)}},max{max{vy (x),vy, (x)},max{vy (¥),vy, (y)}}]
=[max{vy ,x, (), Vi oa, ()}, max{vy L. (%), Vi oa, ()]

=rmax{[vy s, (X), V4 oa, (OLIVE oa, (), Vi, 0a, D1}

=rmax{ V, ,, (X), Vy s, (¥)}

Hence A, N A, is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
Corollary 8.1.5: Let {A,|ieQ} be a family of interval-valued intuitionistic fuzzy

Z-Subalgebras of a Z-algebra X. Then ﬂAi is also an interval-valued intuitionistic fuzzy
ieQ)

Z-Subalgebra of X.

Theorem 8.1.6: An interval-valued intuitionistic fuzzy set A= (ﬁ A,VA) is an interval-valued
intuitionistic fuzzy Z-Subalgebra of a Z-algebra X if and only if the interval-valued fuzzy sets
n, and (v,)° are interval-valued fuzzy Z-Subalgebras of X.

Proof: Let A=({i,,V,) be an interval-valued intuitionistic fuzzy Z-Subalgebra of a
Z-algebra X then

iy (x*¥y) 2 rmin {fi, (),fi, (v)} and (1)
V,(xFy) Srmax{V,(x),9,(y)} ¥ xyeX. )
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By (1), the interval-valued fuzzy set [i, is an interval-valued fuzzy Z-Subalgebra of a Z-algebra
X.

Forevery x,ye X,
(Vo) (xxy) =[L1] =V, (x *y) 2 [L1] - rmax{ ¥, (x),V,(y)} =rmin {L1]-9,(x),[L1]-,(y)}
=rmin{ (V,)* (%),(¥,)" )
@O (x*y) zrmin{ (5,)°(0), ) )
Hence (V,)° is an interval-valued fuzzy Z-Subalgebra of a Z-algebra X.
Conversely, for every x,ye X,
H, (x*y) 2 rmin{fi, (x),fi, ()} and 3)
[LI-V, (x*y) = (¥,)°(x *y) Zrmin{(V,)°(x), (¥,)° (y)} = rmin {L1]-¥, (x),[LI]-V,(y)}
=[L1]=rmax{ v, (x),V,(y)}

ie, V,(x*y)<rmax{ v,(x),v,(y)} 4)
By (3) and (4) we get, A= (ﬁ AV A) is an interval-valued intuitionistic fuzzy Z-Subalgebra of a
Z-algebra X.
This completes the proof.
Theorem 8.1.7: A= (ﬁ AV A) is an interval-valued intuitionistic fuzzy Z-Subalgebra of a
Z-algebra X if and only if @ A = (ﬁA,(ﬁA)c) and ®A= ((VA)C,VA), both are
interval-valued intuitionistic fuzzy Z-Subalgebras of X.
Proof: Let A = (ﬁ AV A) be an interval-valued intuitionistic fuzzy Z-Subalgebra of a
Z-algebra X.
To prove: ® A and ® A, both are interval-valued intuitionistic fuzzy Z-Subalgebras of a
Z-algebra X.
Let x,ye X .Then,

(i) Fia(x*y) = rminfil, (x),5, ()}

(i) ¥, (x*y) < rmax{ ¥, (x),7,(y)}

(i) () (x* y) =[L1~ i, (x* y) <[L1 = rmin £, (0, (1)}

= rmax {{L1] =i, (0).[L1] =i, ()}
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= rmax{(,) (), ([,)° ()]
(iv) (V) (x*y)=[LI]-V,(x*y) >[LlI]-rmax{V, (x),V,(y)}
= rmin {11 -V, (x),[L1]- ¥, (y)}
=rmin{(v,)"(x),(V4)*(V)}
From (i) and (iii), we get @ A is an interval-valued intuitionistic fuzzy Z-Subalgebra of a
Z-algebra X.

And, from (ii) and (iv), we get ® A is an interval-valued intuitionistic fuzzy Z-Subalgebra of a

Z-algebra X.

Conversely, assume that @ A = (ﬁ R )°) and ®A= ((V )5V A) are interval-valued
intuitionistic fuzzy Z-Subalgebras of a Z-algebra X.

Forany x,ye A,

M, (x#y) 2 rmin{fi, (X), 1, ()}

and v, (x *y) <rmax{ Vv, (Xx),V,(y)}

Hence A =(fi,,V, ) is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
Theorem 8.1.8: Let A =({i,,V,) be an interval-valued intuitionistic fuzzy set in a Z-algebra X.
Then A is an interval-valued intuitionistic fuzzy Z-Subalgebra of X if and only if the

nonempty set U(HA;[SI’SZ])z {xeX|p,(x)2[s;,s,1}

and LV, :[t,,t,])={x e X|V,(x) <[t,,t,]}

are interval-valued Z-Subalgebras of X for any [s,,s,],[t,,t,]€ D[0,1].

Proof: Assume that A is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X
and let [s,,s,] € D[0,1] be such that x,y e U(fi;[s,,s,]) .

This implies [, (x)2>[s,,s,] and [, (y)=[s,,s,].

L, (x*y) > rmin{il, (x),fi, ()} > rmin{[s,.s,1[s,.s,]} =[min{s,,s },min{s,.s,}]

=[SI,S2]

and so ﬁA(X *y) 2[s,,s8,]

Thus U(ﬁ A5LS,8 2]) is an interval-valued Z-Subalgebra of a Z-algebra X.
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Similarly, we can prove L(V oltst, ]) is an interval-valued Z-Subalgebra of a Z-algebra X for all
[t,,t,]<€ D[O0,1].

Conversely, assume that the nonempty sets U(fi,;[s;,s,]) and L(V,;[t,t,]) are an
interval-valued Z-Subalgebra of a Z-algebra X for any [s,s,],[t,,t,]€ D[0,1].

Suppose there exists Xx,,y, € X such that pn,(x,*y,)< rmin{ﬁA (xo),ﬁA(yo)}. (1)
Let i, (x,)=[5.5] . s (vy)=[5,.1,] and i, (x, % o) =[s,.8,].

Then (1) becomes, [s,,s,]< rmin{r,,,1,[r,,r, ]} =[min{r,,r,},min{r,,r,}]

so s, <min{r,r,;} and s, <min{r,,r,}.
I~ .~ ~
If we take [A,A,]= E[}’LA (X *Y,) +rmm{HA (Xg)sHy (Yo)}]
1 : 1 : .
then  [2,2,]=—{ls,,s, ]+ rmin{[5, o] (1.1, ]3] = Z{ls,.s. ]+ [minfr, v} min r,,r, } ]
1 . 1 .
= [5(51 +1’n1n{1‘1,1‘3}),5(52 + mm{rzar4})j|

1 . 1 .

This implies 7‘1 25(51 +m1n{r1,r3}) and 7‘2 :E(Sz +m1n{r2,r4})

. 1 . . 1 .
Therefore, min{;,r,} > A, 25(81 +min{;,5})>s, and min{,,r,} >A, 25(82 +min{,,r,})>s,

Hence, [min{r,,r,},min{r,,r,} ] > [A,A,]>[s,,s,]= ﬁA(x0 * yo)

Therefore x, *y, ¢ U(ﬁ ol A, ]), which is a contradiction.

But, {i, (x,) =[1,,1,]> [min{r,r,},min{r,,r,}]1> 1,1, ]

and ﬁA(yO)=[r3,r4]Z[min{rl,r3},min{r2,r4}]>[Kl,kz]

implies x,,y, € U(ﬁA;[kl,kz]), which is a contradiction.

Suppose there exists x,,y, € X such that v, (x, *y,)>rmax{v, (x,),9,(y,)} (2)
Let V,(x,)=18,,8,1, V,(v,)=[8,,8,] and V,(x, *y,) =[t,,t,].

Then (2) becomes, [t,,t,]>rmax{[$,,9,],[8;,0,]} =[max{d,,0,},max{5,,5,}]

so t, >max{d,,d,} and t,>max{d,,d,}.
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1o ~ -
If we take [o,,q, ] :E[VA (X0 *Y,) +rmaX{VA (X0),Va (YO)}]

1
then [al,%]=5[[t1,t2]+rmax{[61,62],[63,64]}]: [[tlatz]+[max{81=63}=max{82a84}]]

N |~

_ E(tl +max{81,83}),%(t2 +max{82,84})}
L 1 1
This implies :E(tl +max9,,0,}),0, :E(tz +maxp,,d,})
1
Therefore, max®,,d,} <a, :E(tl +max ,,0,})<t,

1
and maX{52,54}<0t2=5(t2 +max,,8,})<t,

Hence, [max{3,,8,},max{3,,8,}]<[o,, 0,1 <[t,,t, 1=V, (X, *V,)

This implies that [a,,0,] < VA(XO * yo). Therefore x, *y, ¢ L(VA;[ocl,az]) .

But v, (x,)=[8,,5,]<[max{5,,8,},max{8,,5,}]<[o, 0, ]|= ¥, (x,) < [0}, 0, ]

and V,(y,)=[8,,8,]<[max{3,,8,},max{5,,8,}]<[a,,0, | =V, (v,) <[at,,,]

implies x,,y, € L(V,;[a,,a,]) which is a contradiction.

Thus [i, (x*y) > rmin{T, (x), 5, (Y)}, ¥, (x*y) <rmax{V, (x),V,(y)} ,forall x,ye X.
Hence, A =(l1,,V,) is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

Theorem 8.1.9: Any Z-Subalgebra of a Z-algebra X can be realized as both the interval-valued
upper level and interval-valued lower level Z-Subalgebras of some interval-valued intuitionistic

fuzzy Z-Subalgebras of X.

Proof: Let Y be a Z-Subalgebra of a Z-algebra X and A be an interval-valued intuitionistic fuzzy

set on X defined by

i) [s;,s,] ifxeY 4 V. [t,t,] ifxeY
X) = Vv, (x)=

Ha [0,0]  otherwise an . [LI] otherwise

where [s,,s,],[t,,t,]€ D[0,]] with [s,,s,]>[0,0] and [t,,t,]<[L,]] and s,+t, <1;s,+t, <1.

It is clear that U(fi,;[s,,s,])=Y =L(V,:[t,.t,]).
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Let x,y € X. We consider the following cases.

Case (1): If x,yeY then x*yeY .Also n,(x)=p,(y)=[s,,8,] , VA(X) =V, (¥)=[t},t,].
Now, i, (x*y)=[ss,]=rmin{[s,.s, L[s,.8,]} = rmin{fi, (x),F, ()}

and V,(x*y)=[t,,t,] =rmax{[t,t,].[t,,t,]} =rmax{V,(x),V,(y)}

Case (2): If x,y ¢ Ythenp, (x)=[0,0]=1,(y)and v, (x)=[L1]=V,(y).

Thus, i, (x*y)=[0.0] = rmin{[ 0,03,[0,01} = rmin{fT, ()&, (y)}

and V, (x*y)=[L1] = rmax{[ LILILI]} =rmax{¥, (x),9,(y)}

Case 3): If xeY and yeYthen {i,(x)=[s.s,] , f,(y)=[00] , ¥,(x)=[t,t,] and
VA =[L1.

Thus, i, (x*y)>[0.0]=rmin{[s,.s,1,[0.0]} = rmin {fi, (x),i, (y)}

and V,(x*y)<[L1] = rmax {[t,,t,,[L1]} =rmax{V,(x),V,(y)}

Case (4): If yeY and xeYthen fi,(x)=[0,0] , f,(y)=[s.s,] , V.(x)=[L1] and
v =[ti.t,].

Thus, i, (x*y)2[0.0]=rmin{[0,0][s,.5,1} = rmin{fi, (x), i, (¥)}

and  V,(x*y)<[LI] = rmax{[L1L[t,,t,]} =rmax{V,(x),V,(y)}

Therefore A is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

Theorem 8.1.10: Let Y be a subset of a Z-algebra X and A be an interval-valued intuitionistic

fuzzy set on X which is given in the proof of Theorem 8.1.9. If Y be realized as interval-valued

upper [s,,s,]-level Z-Subalgebra and interval-valued lower [t,t,] - level Z-Subalgebra of some

interval-valued intuitionistic fuzzy Z-Subalgebra of X, then Y is a Z-Subalgebra of X.

Proof: Let Y be a subset of a Z-algebra X and Let A be an interval-valued intuitionistic fuzzy
Z-Subalgebra of X such that U(,;[s,,8,]) =Y =L(V,;[t,,t,]).

Let x,yeY.Then, i,(x)=[s,s,]=1,(y) and V,(x)=[t,,t,]=V,(y).

Thus,

B, (e y) 2 rmin i, (x),H, ()} = rmin{[s,.s,L[s,.8,1} =[min{s,,s,},min{s,.s,}]1 =[s,.s,]
and

VA(X*Y)SrmaX{VA(X)aVA(Y)} =rmax{[t,t,],[t,,t,]} =[max{[t,,t,}, max{t,,t,}] =[t,t,]
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Thus x*yeY.
Hence Y is a Z-Subalgebra of a Z-algebra X.
Theorem 8.1.11: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra

(Y,*’,O’) and A be an interval-valued intuitionistic fuzzy Z-Subalgebra of X with rsup-rinf
property. Then the image of A, h(A):{<y,ﬁh(A)(y),Vh(A)(y)>|yeY} is an interval-valued
intuitionistic fuzzy Z-Subalgebra of Y.

Proof: Let a,be Y with x,eh'(a) and y, e h™'(b) such that

ﬁA(XO) = ISup ﬁA(t) ; ﬁA(yO) = r5111p ﬁA(t) and

teh™(a) teh™ (b)

VA(XO ): [g}}g)vA(t); VA(YO): éhi}}(fb)VA (t)

Now,

r’Lh(A)(a ¥ b): rsup HA(t) 21, (Xo * YO) 2 rmin{ﬁA (XO)’ﬁA (YO )}

teh™ (ax'b)

= rmin{ rsup fi,(t), rsup i, (t)}

teh™(a) teh™ (b)
=rmin{f, (@), k) (b)}

Also Vh(A)(a + b) = tgg,ilggb)v/x (t) <V, (Xo * YO) < rmax{VA (Xo )a Va (YO )}

:rmax{ rinf V,(t), rinf VA(t)}

teh™(a) teh™ (b)

=rmax {Vh(A)(a)ﬂ Vh(A)(b)}
Hence h(A) is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y.

Theorem 8.1.12: Let h: (X,*,O) — (Y,*',O') be a Z-homomorphism of Z-algebras and
B= {(x,ﬁB(x),VB(x)>|x € Y} be an interval-valued intuitionistic fuzzy Z-Subalgebra of Y. Then
the pre-image of B, h™'(B) = {<X,ﬁh1 (B)(X),Vh,l (B)(x)>|x € X} of B under h is an interval-valued

intuitionistic fuzzy Z-Subalgebra of X. Converse is true if h is an Z-epimorphism.

Proof: Let B= {<x,ﬁB(x), Vi (x)>|x € Y} be an interval-valued intuitionistic fuzzy Z-Subalgebra

of a Z-algebra Y.
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Let x,yeX,
Then ., (x*y) =Hy(h(x *y)) =i (h(x) ¥ h(y)) = rmin {{i, (h(x)), [, (h(y))}
= rmin i, (., ()
and Vi (X*Y) = Vg (h(x *y)) =V (h(x) * h(y)) < rmax{Vv, (h(x)),Vy (h(y))}
=rmax{V, ., (X),V . (V)}
Therefore h™'(B)= {<X, b ® (X),V,- (B)(X)>|X 5 X} is an interval-valued intuitionistic fuzzy

Z-Subalgebra of a Z-algebra X.

On the other hand, let y;, y» € Y. Since h is an Z-epimorphism there exists x;, X, € X such that
h(x;) =y; and h(x;) = y».

This implies x;=h "'(y;) and x,=h "(y2).

Now,  fiy(y, ¥ y5) = g (h(x,) ¥ h(x,)) = Ey(h(x, *X,)) = [, (%, *x,)
2 rmin{f g (O, ) (0 )
= rmin{pi, (h(x,)), g (h(x,))}
= rmin{{ig (y,), B (¥,)}
and Vi, (y, *y,) = Yy (h(x,) ¥ h(x,)) =V (h(x, %x,)) =V, (%, #X,)
<rmax{v (B)(xl ) Vo (B)(x2 )
= rmax {7, (h(x,)), ¥, (h(x,))}
=rmax{Vy(y,),Vs(y,)}
Hence B is an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y.
Theorems 8.1.13: Let A and B be any two interval-valued intuitionistic fuzzy Z-Subalgebras of
a Z-algebra X. Then A xB is an interval-valued intuitionistic fuzzy Z-Subalgebra of X x X .
Proof: Take (x,,y,) and (x,,y,)e XxX . Then clearly,
s [0y )% (xo0 v )] 2 rmindi, o (x v, )L B (32092}
Va0 )% 00,y )=V a6 23, 0y, + v, )]

rmaX{VA(X1 * Xz),VB(Yl * Yz)}
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This proves that the

IN

rmax {1‘ maX{VA (X1 ), Va (Xz )},1‘ maX{VB (Y1 )’ Vi (Y2 )}}

rmax{r max{VA (Xl ), Vg (Y1 )}’r maX{vA (Xz )’ Vg (Y2 )}}

=T maX{VAxB (Xl Y1 )’ Vaus (Xz Y2 )}

Cartesian product of any two interval-valued intuitionistic fuzzy

Z-Subalgebras is again an interval-valued intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
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8.2 Interval-Valued Intuitionistic Fuzzy Z-Ideals in Z-algebras

In this section, we introduce the notion of Interval-Valued Intuitionistic Fuzzy

Z-ideals of Z-algebras. Also we have proved some simple interesting results.

Definition 8.2.1: An interval-valued intuitionistic fuzzy set A = {<x, M (x),V,(x))|x e X} ina
Z-algebra (X,*,O) is called an interval-valued intuitionistic fuzzy Z-ideal of X if it satisfies
the following conditions:

() Fr(0)2 i, (x) and ¥, (0)<7,(x)

(i) | (x) 21 min{p, (x*y), 1, (y)}

(iii) v,(x) <rmax{V,(x*y), V,(y)} ,forall x,yeX.

Example 8.2.2: Consider a Z-algebra X= {0,1,2,3} be a set with the following Cayley table :

Define an interval-valued intuitionistic fuzzy set A =(fi,, "V, ) in X as follows: {i,(x)=[0.4,0.5]
forallx=0,1,2,3 and ¥, (x)=[0.3,0.4] forallx =0,1,2,3. Then, A=(i,,V,)isan
interval-valued intuitionistic fuzzy Z-ideal of X.

Theorem 8.2.3 : Let A =(i1,,V, )= ([u}s,usL[v5,vY]) be an interval-valued intuitionistic fuzzy

set of a Z-algebra X then A is an interval-valued intuitionistic fuzzy Z-ideal of X

=Y\ (pi,vk) and A" = (pi,vﬁ) are intuitionistic fuzzy Z-ideals of X.

Proof: Assume A =(i,,V,) is an interval-valued intuitionistic fuzzy Z-Ideal of a Z-algebra X.
n,(0)>p, (x) and v, (0)<V,(x) , forall xeX.

<[5 0),1y (0)]=[u; (x),uy (x)] and [v5(0),vi(0)]< [V (x),vi(x)], forall xeX.

< phO) >pi(x), vi(0)<vi(x) and ui(0)>pi(x), vi(0)<vi(x), forall xeX. (1)
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f, ()2 rmin{fi, (x *y), 0, (y)} = rmin{[pg (x* y),p, (x * )L [ (9), 12 (01}

& [z (0),ux (0] 2 [min {p (x* y), iz (v)},min {u, (x* y), 1, (¥)}]

& pi (x) 2min{py (x*y),p; (y)} and pi (x) = min{p; (x *y),us (y)}forall x,ye X . 2)
Similarly, ¥, (x) <rmax{V, (x*y),V, (y)} = rmax{[vy (x *y),v3 (x *y)L[Vi (¥), Vi ()]}

& [V (X), v (0] <[max{vi (x *y), v (¥)}, max {v, (x*y),v3 (y)}]
< vi(x) <max{vi(x*y),vi(y)} and v} (x)<max{v}(x*y),vi(y)}, forall x,yeX. 3)

By (1),(2)and 3) < A" = (pi,vk) and AY = (ug,vfi) are intuitionistic fuzzy Z-Ideals of a
Z-algebra X.

Lemma 8.2.4: An interval-valued intuitionistic fuzzy set A =(ji,,V,) is an interval-valued

intuitionistic fuzzy Z-ideal of a Z-algebra X if and only if [, and (V,)° are interval-valued

fuzzy Z-ideals of X.

Proof : Let A= (ﬁ A5V A) be an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.
Clearly, [, is an interval-valued fuzzy Z-ideal of a Z-algebra X.
Forany x,ye X,
(V) (0) =[L1]= V,(0) 2[L1] -V, (x) = (V)" (x)
(V)7 (0 =[L1] =¥, () 2 [L1] - rmax {7V, (x*y),, (y)}

= rmin{[L1] -9, (x * y)[LI =¥, (1)} = rmin{ ()" (x £y, (5,)° 0
Hence (V,)° is an interval-valued fuzzy Z- ideal of a Z-algebra X.
Conversely, for every x,y e X, we have,
) E0) 2, ()
(i) [L=9,(0)=(F,)°(0) 2(¥,)"(x) =[L11-¥,(x). Thatis, ¥,(0)<7,(x)
(i) i, (x) 2rmin{i, (x *y), 1, ()}
(V) (L=, (x) = (%,)°(x) 2 rmin{(¥,)° (x * Y),(5,)°(9)]

= rmin{[L1]=, (c* YL L=V, (0} = (L] - rmax {7, (x *y).9, ()}

Thatis, v, (x)< rmaX{VA (X *y),V, (y)}
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From (i), (ii), (iii) and (iv) we get A = (ﬁ AV A) is an interval-valued intuitionistic fuzzy
Z-ideal of a Z-algebra X.
Theorem 8.2.5: Let A = (ﬁ AV A) be an interval-valued intuitionistic fuzzy set in a Z-algebra X.
Then A= (ﬁ AV A) is an interval-valued intuitionistic fuzzy Z-ideal of X if and only if
DA= (ﬁ as (L, )°) and ® A = ((V RAY A) are interval-valued intuitionistic fuzzy Z-ideals of X.
Proof : Let A =(fi,,V, ) is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.
L, (0) 2, ()= [LI]=(,)" (0) 2 [L1] = (1) (%)
= ([{,)°0)<(E,) (x), forany xeX. (1)
(0)°00 = [L1] - i, (x) <[L1 - rmin i, (x * y), T, (1))
= rmax{[L1]—p, (x *y),[L1] -, ()}
= rmax {(i,)" (x*y), (i) (¥)} )
VA0 <V, (x) = [LI]-() (0 <[L1]-(V,) (%)
= V)(0)=2(WV,)(x),forany xeX and 3)
(Va) (X)) =[L1] =V, (x) 2[LI]-rmax{v, (x *y),V,(y)}
=rmin{[L1]-V, (x*y),[L1]-V,(y)}
=rmin{(V,) (x*y),(V,) ()} 4)
Hence ©A = (X, TN )°) and ® A= (X, V)5V A) are interval-valued intuitionistic fuzzy
Z-ideals of a Z-algebra X. Clearly, converse is true.

Theorem 8.2.6: If A=({i,,V,) is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra
Xthen ® A = ((V A5V A) is an interval-valued intuitionistic fuzzy Z-ideal of X.

S®A" =((v5),VvE) and ® AY =((v})¢,v}) are intuitionistic fuzzy Z-ideals of X.
Proof: We have (v,)“(0)>(v,)“(x)

< [LI=V,(0) 2[L1] -V, (x)
& [LI=[vi(0),vi(0)]2[L1] - [V (x),vi(x)]

& [1=vi(0)1=vi(0)]2[1-vi(x),1 = vy (x)]
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S [(vi)(0),(v) (O] [(vi) (x), (Vi) (x)]
S (Vi) (02 (v (x) and (vi)(0)= (Vi) (x)
Also
(V) (x) 2rmin{(v, )" (x *y),(V,) (¥)}
< [LI]=v,(x) Z2rmin{[L1]-V, (x *y),[L1]-V, (y)}
& [L=[vi(x), v ()12 rmin{[L1] = [vi (x *y), vy (x * YL LI = [V (¥), VA1)
& [1=vi(),l=vi (]2 rmin{[1-vj (x #y),l = vi(x* L=V (¥l = vi(N]}
S [(vi) (X, (vi) ()] 2 rmin{[(v;) (x*y), (v (x* )LL) (¥, (Vi) (D]
& [(vi) (0, (vi) (0] 2 [min {(vi)*(x *¥), (V) (¥)},min{(v,))* (x * y),(vy)*(y)}]
Therefore, (v5)(x) = min{(v})*(x*y),(v})*(y)} and
W)= min{ (VD) (x ), (V) (1)}, forall x,y e X .
Theorem 8.2.7: If A =({i,,V,) is an interval-valued intuitionistic fuzzy Z-ideal of a
Z-algebra X then ® A =(fi,, (fi,)°) is an interval-valued intuitionistic fuzzy Z-ideal of X.
e @A"=(ul.(n)°) and @AY =(uY,(uY)) are intuitionistic fuzzy Z-ideals of X.
Proof: We have (£,)*(0) < (iL,)* ()
< [L-p, (0)<[L]-p, (%)
< [L1=[p5(0), pux (O] [L1] = [ (), 1y (¥)]
& [1=pz (0),1-pg (O] <[1—pjy (x),1—pg ()]
& [ (0), () (O [(uin)* (), () (%)]

& () (0= () (®) and  (1)*(0) < (uy) (%)

And
(B2)°(x) s rmax{(K, )" (x *y),(H,) (¥)}
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< [LI]-p,(x) Srmax{[L1] -, (x * y),[L1] -, (¥)}

& L =R (0, pg (O] < rmax{[L1] = [py (x * ), px (x * Y)LILT =[5 () 1wy ()]}
& [I=pa ()= p (O] S rmax{[1-py (x * y),L = p (x* y) L= pi (v),1 = ua (D]}
& [0 (), (1) TS rmax {[ () (x * y), () (x * YL L) (s (D (N1
<[5 (0, ()OI max { (k) (x *¥), (15 (¥)}, max {(p ) (X * ¥), (1) (¥)}]
Therefore, (15)°(x) < max{(us)*(x * y), (45 )*(y)} and

(2)°(x) S max{(uy) (x *y), (1) (y)} ,forall x,yeX.

Theorem 8.2.8 : Intersection of any two interval-valued intuitionistic fuzzy Z-ideals of a

Z-algebra X is again an interval-valued intuitionistic fuzzy Z-ideal of X.
Proof: Let A= {<x,ﬁA(x), VA(X)>|X € X} and B= {<x,ﬁB(x),VB(x)>|x € X} be an

interval-valued intuitionistic fuzzy Z-ideals of a Z-algebra X .

Now, for every x,y e X
Hanp(0) = rmin{i, (0). 1, (0)} > rmin{it, (x ) iy (x)} = {5 (x)
Vs (0) =rmax{v, (0),9,(0)} < rmax{¥, (x). ¥, (x)} = ¥, s (x)
Hop (x) = rmin{fT, (x), 7, (x)}
> rmin{rmin{{, (x * y),fi, (y)}, rmin {fi, (x = y ), i, ()1}
= rmin{rmin{it, (x *y). i, (x * y)h rmin{i, (v), 5o (v)}}
=rminffi, 5 (x *y) i, (v)}

Vaon (X) =TI maX{VA (X )’ Vg (X )}

Hence A N B is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.
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We generalize the above theorem as follows.

Theorem 8.2.9: Let {Ai lie Q} be a family of interval-valued intuitionistic fuzzy Z-ideals of a

Z-algebra X. Then ﬂAi is an interval-valued intuitionistic fuzzy Z-ideal of X.
ieQ

Theorem 8.2.10: An interval-valued intuitionistic fuzzy set A = (ﬁ AV A) is an interval-valued
intuitionistic fuzzy Z-ideal of a Z-algebra X if and only if for all [s,s,],[t,,t,]€ D[0,1], the sets
U(iX,:[s,.s,]1) and L(V ;[t,,t,]) are either empty or Z-ideals of X.
Proof: Let A= (ﬁ AV A) be an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.
Assume that U(f,:[s,,s,])# 0= L(V ;[t,,t,]) forany [s,,s,].[t,,t,]€ D[0,1].
Since [, (0)>[s,,s,] and v, (0)<[t,,t,],
It is clear that 0 e U(ﬁA;[sl,sz])ﬂ L(VA;[tl,tz]) and U(ﬁA;[sl,sz]) is an Z-ideal of a
Z-algebra X.
Let x,y € X such that x *y e L(V,:[t,,t,]) and ye L(V,;[t,,t,]) . Then ¥V, (x *y) <[t,,t,] and
Va <[t ].
Now, V,(x)<rmax{V,(x*y),v,(y)} <rmax{[t,t,],[t,,t,]1}=[t,,t,]
=  xeL(V,;t,t,]).
Hence L(V,;[t,,t,]) is an Z-ideal of a Z-algebra X.
Conversely, for any xeX, let 1, (x)=[s,,s,] and Vv,(x)=[t,,t,].
Then x € U(fi,;[s,,s,1)N L(V,;i[t,»t,]1)
= Ualses,)) 202 L0t t,)
Since U([i,;[s,»s,]) and L(V,:[t,,t,]) are Z-ideals of a Z-algebra X,
0e U(E,:0s,,8, DN LV [t 1) -
Hence, 1,(0)>[s,,s,]=pn,(x) and v, (0)<[t,,t,]=V,(X) VxeX. (1)
Suppose there exist x',y’' € X such that {1, (x") < rmin{jt, (x"*y"), 1, (¥)} .

1 '~ I . ~ ! AN /
By taking [Ay,A, ] =5[uA<x>+rmm{ i, (X *Y), 0, ()]

We have, fi,(x')<[A,A,]< rmin{{, (x"*y"), [, (y)}
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Hence x' & U([i,;[1,,A,]) but x"*y"e U(fi,;[A,,A,]) and y' € U({,:[A,,2,]).
That is, U(ﬁ LA, ]) is not an Z-ideal of a Z-algebra X, which is a contradiction.
Therefore, 1, (x) > rmin{u, (x *y),i1,(y)} , forall x,y e X. (2)

If there exist a, be X such that, v, (a) > rmaX{VA (a*b),v, (b)}.

Then by taking [o,,0,]= %[VA (a) +rmax{¥V, (a*b),v,(b)}]

We have, rmaX{VA(a *b),VA(b)}< [o,,0,]<V,(a)

Therefore, a*b e L(V,;[a,,a,]) andbe L(V ;[a,,a,])

But a¢ L(V,;[a,,a,]), thatis, L(V,;[a,,a,])is not an Z-ideal of a Z-algebra X ,which is a
contradiction.

Hence, v, (x)< rmaX{VA (X*Yy),V, (y)} , forall x,yeX. 3)

By (1), (2) and (3), A= (ﬁ A5V A) is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra
X.

Theorem 8.2.11: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra

(Y,*',O’) and A be an interval-valued intuitionistic fuzzy Z-ideal of X with rsup-rinf property.
Then image of A, h(A)= {<y,ﬁh( A)(y),Vh( A)(y)>|y € Y} is an interval-valued intuitionistic fuzzy
Z-ideal of Y.

Proof: Let a,beY with x, e h™'(a) and y, € h™'(b) such that

M, (xo)=rsup i, (t) ; i, (y,)= rsup fi,(t)

teh™(a) teh™(b)
Va (Xo ) = tghi;'l(E)VA (t) 5 Va (YO ) = tzhi,r}({)VA (t)

Now,

Mh(A)(O’): rsup ﬁA(t) 2 ﬁA(O) 21, (Xo) = Isup ﬁA(t) = ﬁh(A)(a)

teh™(0') teh™(a)

IN

Vo) (0)= rinf ¥,(t)<V,(0) <V,(x,) = rinf ¥,(t) =¥, ,(a)

teh ' (0') teh'(a)

r min {ﬁh(A)(a *,b)ﬂﬁh(A)(b)} - rmin{ rsup ﬁA(t)i rsup ﬁA(t)} = rmin{ﬁA(Xo *Yo )’ﬁA(yO)}

teh™ (a*'b) teh™ (b)
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= rsup i, (t)

teh™(a)

= ﬁh(A)(a)

rmaX{Vh(A)(a * b),Vh(A)(b)}:rmax{ rinf V,(t), rinf VA(t)} > rmax{V, (x, *y, bV, (¥, )}

teh™ (ax'b) teh™ (b)

Hence h(A) is an interval-valued intuitionistic fuzzy Z- ideal of a Z-algebra Y.

Theorem 8.2.12: Let h:(X,*,O)—) (Y,*',O’) is a Z-homomorphism of Z-algebras and B be an

interval-valued intuitionistic fuzzy Z-ideal of Y. Then the inverse image of B,
h! (B) = {<x,ﬁh1 (B)(X), V- (B)(X)>|X € X} is an interval-valued intuitionistic fuzzy Z-ideal of X.

Proof: Let x,y € X . Now it is clear that

By (0)= i (0(0) 2 Ty () =, )
7, 0y(0)= 9 (0(0)) ¥y (h(x)) = 9, . ()
Then, i, ., (x) =iy (h(x)) = rmin {fig (h(x)* h(y)). s (h(y))} = rmin {7, (h(xox y)) i, ((y))}
= rmin{it, g, (X *Y), 1, (9}
Also, 3, (x)= 7, (h(x)) < rmax{T, (h(x)* h(y)). 9, (h(y))} =rmax{F,(h(x *y)).7, (h(y))}
=rmax{V . (X*y),V ()}
Hence h™'(B) is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.

Theorem 8.2.13: Let h:(X,%0)— (Y,*,0’) be an Z-epimorphism of Z-algebras. Then B is an

interval-valued intuitionistic fuzzy Z-ideal of Y, if h™'(B) is an interval-valued intuitionistic
fuzzy Z-ideal of X .
Proof: Let y €Y, there exists x € X such that h (x) =y. Then

i (9) = i (h(X) =, 1 (%) < iy (0)= g (R(0)) = Ty (0)
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Vo ()= V5 (h(x) =¥, (x) 29,1, (0)= V5 (h(0) = (0"
Let x, y € Y. Then there exists a, b € X such that h(a) =x and h (b) =y. It follows that
Ha(x) =iy (h(2) = i, ;) (a) 2 rmin{fE, . (a # D), ;) (b)) = rmin{fiy (h(a * b)), i, (h(b))}
= rmin {fi, (h(a) ¥ h(b)), K, (h(b)}
= rmin {fl,(x ¥ y),Fy(v)}  and
V() =V (h(@) =V, (@) <rmax{V, ., @*b) V., (b); =rmax{¥y(h(a+b)),V, (h(b)}
= rmax {Vy, (h(a) *"h(b)), v, (h(b))}
=rmax{vy(x*'y),vy(y)}
Hence B is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra Y.
Theorem 8.2.14: Let A and B be two interval-valued intuitionistic fuzzy Z-ideals of a Z-algebra
X. Then A xBis an interval-valued intuitionistic fuzzy Z-ideal of X x X .
Proof: Take (x,,x,),(y,,y,)€ Xx X . Then, by Theorem 7.2.8,
Fa (00)2 F i (x,.x, ) and i (6, ,) 2 rmin (o (61 %,)# (50, Y2 ) B (91923
Then Vv, , (0,0) = rmax{VA (0),v, (O)} < rmax{VA (x1 JRA (x2 )} = VAxB(xl,xz)
and v, ,(X,,X,)=rmax{v,(x,),Vy(x,)}
< rmax{rmax{v, (x, *y,),V, (y,)},rmax{vy(x, *y,),Vg(y,)}}
= rmax{rmax{V, (x, *y,), V3 (X, *y,)},rmax{V, (y,), Vs (y,)} }
= rmax{V,,; (X, *y,),(X, *¥,)), Vo (Y1, ¥,)}

=rmax{V,;((X;,X,) *(¥,,¥,)): Vo (Y1, ¥2)}
Hence A xBis an interval-valued intuitionistic fuzzy Z-ideal of X x X .
Theorem 8.2.15: Let A and B be two interval-valued intuitionistic fuzzy sets of a Z-algebra X. If

A xB is an interval-valued intuitionistic fuzzy Z-ideal of X x X, the following are true.
(i) F,(0)2F,(y) and [1,(0)2,(x) forall x,yex.

(if) ¥, (0)<Vy(y) and V,(0)<
Proof : Assume that fi,(y)

V,(x) forall x,yex.
(0) and i, (x)>i,(0) for some x,y e X .
»(v)} > rmin{i; (0}, (0);

=1i,.5(0,0) which is a contradiction.

>H,
Then ﬁAxB(X,y) = rmin{HA( )

Fuzzy Structures on Z-Algebras 189



Interval-Valued Intuitionistic Fuzzy Structures in Z-Algebras

Similarly, assume that v, (x)<V,(0) and V,(y)<¥,(0) for some x,ye X .

Then  Vyp(x.y)=rmax{V, (x).V,(y) <rmax{v,(0).9,(0);
=7,.5(0,0) which is also a contradiction. Thus

proving the result.
Theorem 8.2.16: Let A and B be two interval-valued intuitionistic fuzzy sets of a Z-algebra X
such that A xB is an interval-valued intuitionistic fuzzy Z-ideal of X x X .Then either A or B is
an interval-valued intuitionistic fuzzy Z-ideal of X.
Proof : Now by above Theorem 8.2.15 if we take {i,(0)>fi,(y) and ¥,(0)<V,(y) for all
yeX,
Hrn(0,y) = rmin{fi, (05, (y) = Ha(y) and ¥,,5(0,y)=rmax{v, (0)¥a(y)}=¥s(y) (D
Take (x,,x,).(y,,y,)e XxX.
Since A xB is an interval-valued intuitionistic fuzzy Z-ideal of X x X .
Fan (%1, 30) 2 rmin{fi g (%03, )% (e, )L s (6,32 ))

=rmin{fl,, (X, *X,, ¥ ¥ ¥,), Bap (X5, ¥,) 2
Putting x, =x, =0 in (2) we get,
W0, y,) = rmin{i, 0.y, * y, )i, (0,y,)} and by (1),
Fa(y,) > rmin{iy (y, * v, ) Ba(y,)}
Analogously, we can prove v, (y,)<rmax{V,(y, *y, ), v,(y,)} .
Hence B is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.
By Theorem 8.2.15, assume that fi,(0)>1i,(x) and v,(0)<¥,(x) then A is an interval-valued

intuitionistic fuzzy Z-ideal of a Z-algebra X.
Therefore, either A or B is an interval-valued intuitionistic fuzzy Z-ideal of a Z-algebra X.

This completes the proof.
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