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CHAPTER-I
CHAPTER-I

INTRODUCTION

Queueing theory is the mathematical study of waiting lines or queues. The theory enables mathematical analysis of several related processes including arriving at the (back of the) queue, waiting in the queue (essentially a storage process) and being served at the front of the queue. The theory permits the derivation and calculation of several performance measures including the average waiting time in the queue or the system, the expected number waiting or receiving service and the probability of encountering the system in certain states such as empty, full having an available server or having to wait a certain time to be served. Queueing theory has applications in diverse fields including telecommunications, traffic engineering, computing, the design of factories, shops, offices and hospitals.

Examples include

· Checking out groceries or other goods that have been collected in a self service shop, in a shop without self service, at an ATM, at a ticket desk, a city bus, or in a taxi stand. 

· Supermarkets must decide how many check out positions should be opened.

· Gasoline stations must decide how many pumps should be opened and how many attendants should be on duty.

· Banks must decide how many teller windows to keep open to serve customers during various hours of the day.

CHARACTERISTICS OF QUEUEING THEORY

          The basic features which characterize a system are:

· Arrival pattern of customers

· Service pattern of customers

· Queue discipline

· System capacity

· Number of service channels

Arrival pattern of customers

          The customers may arrive for service individually or in groups. Single arrivals are illustrated by patients visiting a doctor, students reaching at a library counter etc. On the other hand, families visiting restaurants, ships discharging cargo at a dock are examples of bulk, or batch arrivals. The source of customers can be finite or infinite. 

          The average time between successive arrivals also called inter-arrival time (time between two consecutive arrivals) and the average arrival rate (i.e. number of customers arriving per unit of time at the service system). The arrival pattern of customers that does not change with time is called stationary arrival pattern otherwise it is called non-stationary.

Service pattern of customers

          Service pattern describes the manner in which the service is rendered to the arrivals. Service may also be single or batch the service process may depend on the number of customers waiting in queue for service. The time required for servicing a unit is called service time. 

Queue discipline

           The queue discipline is the order or manner in which customers from the queue are selected for service. There are a number of ways in which customers in the queue are served. If the customers are served in the order of their arrival, then this is known as the first-come- first-served (FCFS) service discipline. If the customers are serviced in the reverse order of their entry so that the ones who join the last are served first is termed as Last-come-first-served (LCFS).The customers are selected for service at random irrespective of their arrivals in the service system and every customer in the queue is equally likely to be selected. This type of queue discipline is called Service in Random Order (SIRO). Another type of queue discipline is priority queue discipline in which the customers are grouped in priority classes on the basis of some attributes such as service time or urgency or according to some identifiable characteristics. The priority service may be

· Preemptive queue discipline.

· Non – preemptive queue discipline.

           In a preemptive priority, the customer currently being served is placed back at the front of the queue if the incoming customer has the higher priority than the customer who is currently being served. The displaced customer’s service may be either restarted or reassumed. In a non – preemptive priority, the continuous service is provided for the customer currently being served until it ends, even if a “priority customer” arrives midway changing his service.
System capacity
          System capacity or Maximum Queue Size is the maximum number of customers permitted in the system including those in service. A queuing system can be finite or infinite. In certain queuing process the customers are not allowed to enter if the queue has reached a certain length then it is called finite queuing systems. If there is no restriction on the length of the queue then it is called an infinite queuing system. Queue is always limited. If the queue length is limited, some customers are forced to renounce without being served.

Number of service channels

           The service channels may be arranged in parallel or in service or combination of both depending on the design of the system’s service mechanism.

In parallel channels, a number of channels provide identical service facilities, so that several customers may be served at a time. 

In case of series channels, a customer must pass successively through the ordered channels before service is completed. If a queueing system has only one server, then it is called a single server model. On the other hand, when the system has two or more parallel servers, it is called as multi-server model.

KENDALL’S NOTATION

           In queueing theory, D.G.Kendall has developed a standard system of notation which is used to describe and classify the queueing model. A queue is represented by a sequence A/B/C/K/D with the following meaning attached to the letters A to D.
A: The arrival process
          It represents the nature of arrival process to the queue. Letters used to symbolize the nature of interarrival time distribution are

M    – Markovian

MX    – Batch Markovian

D     – Deterministic

Ek    – Erlang distribution

G     – General distribution

Geo – Geometric (Discrete)

PH   – Phase - type distribution

B: The service time distribution 

           It represents the nature of service time distribution for the customers getting served in the queue. Here, the symbols are similar to the interarrival time distribution.
C: The number of servers in the system

          It represents the number of service channels or servers.

K: The number of places in the system (or) the system capacity.

D: Queue discipline.

BULK QUEUES

A bulk queue model is described in terms of inter-arrival times of groups of customers, group sizes, service times of customer batches and batch sizes. A bulk queue in its full generality is extremely complicated even in the single-server case. In batch-arrival batch-service queueing systems, customers arrive in batches, and customers in each batch are served simultaneously. Such types of queueing system provide practical models for performance evaluation in computer and communication systems.
Example
· Multiprogramming computer systems for which each program requires the loading of memory units from a main memory store 

· A circuit-switched telecommunication system which supports a variety of traffic type such as voice, video etc., each of which having different bandwidth requirements and holding-time distributions. 
SERVER VACATION
            Queueing system with server vacation arises as models of many diverse fields such as computer, communication and product systems. The non – availability of server at the system is termed as server’s vacation. The purpose of leaving the system is manifold. The server may want to utilize his idle time for another task, or may leave to attend an emergency call. If server is a machine it may need some repair after completing job. For instance an exhausted bank teller may like to have a coffee break before getting ready for the next customer.
REVIEW OF LITERATURE
Queueing systems with batch arrivals are common in number of real life situations due to their wide applications in flexible manufacturing or computer communication systems.

Queueing systems with server vacations have been studied by numerous researchers including Levy and Yechiali (1976) and Doshi (1986). Choudhury and Madan (2005) have been analyzed queueing system with Bernoulli schedule server vacation in which they considered Two- stage service where the server may leave for vacation with probability p or continue to stay in the system with probability 1-p.

Fuhrmann and Cooper (1985), Chae et al (2001) and Chang and Takine (2005) have considered queues with generalized vacations. Multiple vacations have been studied by Tian and Zhang (2002). General service queue with multiple vacations has been studied by Xu et al (2007).

In real life situations, a queueing system might suddenly break down and hence the server will not be able to continue providing service unless the system is repaired.

Queueing systems with random system breakdowns have been studied by numerous researchers including Avi and Naor (1963), Kulkarni and choi (1990), Takine and Sengupta (1997), Aissani and Artalejo (1998) and Wang and Li (2001).  Madan (1995) has studied the steady state behaviour of a queueing system with a stand - by server which provides service to customers only during the repair period. [image: image2.wmf]1
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 queueing system with breakdowns have been analyzed by Madan, Abu –Dayyeh and Gharaibeh (2003) and Maraghi, Madan and Dowman (2009) in which they assumed whenever the system breakdown the repair process starts immediately.

PROFILE OF THE WORK

            The content of the thesis is presented following with the introduction.

            In chapter – II “On a Batch Arrival Queueing System Equipped with a Stand- by Server during vacation Periods or the Repair Times  of the Main Server” presented by Rehab F .Khalaf, Kailash C. Madan and Cormac A. Lukas (2011) is analyzed.

            The paper entitled “An [image: image3.wmf]1

/

/

]

[

G

M

X

 Queue with Bernoulli Schedule, General Vacation Times, Random Breakdowns, General Delay Times and General Repair Times” by Rehab F.Khalaf, Kailash C. Madan and Cormac A. Lukas (2011) is investigated in chapter – III.

CHAPTER-II
CHAPTER – II
ON A BATCH ARRIVAL QUEUEING SYSTEM EQUIPPED WITH A STAND – BY SERVER DURING VACATION PERIODS OR THE REPAIR TIMES OF THE MAIN SERVER
In this chapter, a queuing system which is equipped with a stand-by server in addition to the main server is considered. The stand-by server provides service to customers only during the period of absence of the main server when either the main server is on a vacation or it is in the state of repairs due to a sudden failure from time to time. It is assumed that the service times, vacation times, and repair times follow general arbitrary distribution while the stand-by service times follow exponential distribution. Using supplementary variables technique, the steady state solution as well as the probability generating functions for the number of customers in the queue, the average number of customers and the average waiting time in the queue are derived explicitly.
MODEL DESCRIPTION
           Assume that the customers arrive at the system in batches of variable size in a compound poisson process. Let [image: image4.wmf]t
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and λ > 0 is the mean arrival rate of batches. The customers provided service one by one on a “first come first served basis.” The service times of the main server are assumed to be a general distribution with distribution function G(s) and density function g(s). Let μ(x) Δ x be the conditional probability density of service completion during the interval (x, x +Δ x], given that the elapsed service time is x, so that

                          
[image: image6.wmf])

x

(

G

1

)

x

(

g

)

x

(

-

=

m

                                                                 [image: image7.wmf][

]

1


          with            
[image: image8.wmf]ò

m

-

m

=

s

0

dx

)

x

(

e

)

s

(

)

s

(

g

                                                       [image: image9.wmf][

]

2

  

On completion of a service, the server may take a vacation of random length with probability p, or may stay in the system providing service with probability 1−p, where 0 ≤ p ≤ 1. The server’s vacation times follow a general distribution with distribution function B(v) and density function b(v). Let β(x) Δx be the conditional probability of a completion of a vacation during the interval (x, x + Δx) given that the elapsed vacation time is x, so that
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          The system may break down at random and breakdowns are assumed to occur according to a poisson stream with mean breakdown rate α > 0. Further we assume that once the system breaks down, the customer whose service is interrupted comes back to the head of the queue but it is instantly taken up for service by the stand-by server. Once the system breaks down, its repair starts immediately and the duration of repairs follow a general distribution with distribution function F(r) and density function f(r). 

Let [image: image14.wmf]g

(x) Δ x be the conditional probability density of repair completion during the interval (x, x +Δ x), given that the elapsed repair time is x, so that
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          The stand-by server starts serving the customers as soon as the main server breaks down or as soon as the main server leaves for a vacation after completing a service. The stand-by service times follow an exponential distribution with stand-by service rate δ > 0 and mean stand-by service time 1/δ. Further assume that the main server joins the system immediately after the completion of its vacation or completion of its repairs and the customer being served by the stand-by server is immediately transferred to the main server to start a service afresh. Various stochastic processes involved in the system are assumed to be independent of each other.

DEFINITIONS AND NOTATIONS

          Define, 

          Pn (t, x) = Probability that at time t, there are n ≥ 0 customers in the queue excluding one customer in the service served by the main server and the elapsed service time of this customer is x. Accordingly, 
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           Vn (t, x) = Probability that at time t, there are n ≥ 0 customers in the queue (and one customer is being served by the stand-by server) and the main server is on vacation with elapsed vacation time x. Accordingly, 
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 n ≥ 0 customers in the queue and the server is on vacation irrespective of the value of x. As soon as the vacation starts the stand-by server starts serving the customers in the system.

          Rn (t, x) = Probability that at time t, there are n (n ≥ 0) customers in the queue (and one customer is being served by the stand-by server) while the system is under repair with elapsed repair time x. Accordingly,    

          R n (t) = [image: image21.wmf]ò

¥

0

)

,

(

dx

x

t

R

n

 denotes the probability that at time t, there are 

n ≥ 0 customers in the queue and the server is under repair irrespective of the value of x

          Q (t) = Probability that at time t, there are no customers in the system and the server is idle but available in the system.

Assume that the steady state equation exists for the model. The equations are given as follows
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EQUATIONS GOVERNING THE SYSTEM
          Finding the limit as Δ t → 0, we obtain the following set of differential-difference equations
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QUEUE SIZE DISTRIBUTION AT RANDOM EPOCH

          Define the probability generating functions
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Performing similar operations on equation [10], [11], [12] and [13] and using equation [19] we obtain,
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                                                 Multiplying both sides of equation [15] by z n+1 summing over n from 0 to [image: image110.wmf]¥
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Using equation [14] in equation [23] we obtain,
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Multiplying both sides of equation [16] by z n   and sum over n from 0 to [image: image131.wmf]¥
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                                                Performing similar operation on equation [17] and using equation [19] we obtain, 
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Integrating equation [27] by parts with respect to x yields, 
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 is the Laplace-Stieltjes transform of the service time G(x).

Multiplying both sides of [27] by μ(x) and integrating with respect to x from 0 to [image: image151.wmf]¥
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 Using equation [29] into [25] we obtain,

                  Vq (0, z) = p Pq (0, z) 
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Solving the partial differential equation [21] we obtain, 
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Substituting equation [30] in equation [31] we get
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Integrating equation [32] by parts with respect to x we get,
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 dB(x) is the Laplace-Stieltjes transform of the vacation time B(x). 
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                                                     similarly solving the partial differential equation [22] we obtain 
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Using equations [26] and [28] in equation [35] we get
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Integrating equation [36] by parts with respect to x we get
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Using equations [29], [34], [38] in equation [24] and solving for 

Pq(0,z), we get
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Substituting equation [39] into [28], [33] and [37] we get,
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Let Sq (z) denote the probability generating function of the queue size irrespective of the state of the system. 

     Sq (z) = P q (z) + V q (z) + R q (z).

Adding equations [40], [41] and [42] we get,
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The unknown constant Q can be obtained by the normalizing condition,

     Sq (1) + Q = 1.                                                                                        [image: image216.wmf][
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It is easy to verify that for z = 1, the right hand side of equation [43] is indeterminate of the form 0/0.Hence, we apply L’Hopital’s Rule twice on equation [43] and using the fact that[image: image217.wmf]1
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Where N (z) and D (z) are the numerator and denominator of the right hand side of [43] respectively.
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The utilization factor [image: image232.wmf]r
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PARTICULAR CASE

          M X /G / 1 queue with no stand by server during vacation periods or the repair times of the main server. In this case, δ = 0, b = [image: image235.wmf])
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     Q =  [image: image239.wmf]þ

ý

ü

î

í

ì

+

-

+

-

-

)

(

)

(

)

(

*

)

(

1

)

(

*

1

)

(

1

V

pE

R

E

a

G

R

E

a

G

I

E

a

l

                                   [image: image240.wmf][

]

51

                                                                             

MEAN NUMBER IN THE SYSTEM


          Let Lq denote the mean number of customers in the queue under the steady state. Then 

Lq   = 
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Let N (z) and D (z) be the numerator and denominator of Sq (z).
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EXPECTED SYSTEM SIZE

         The expected system size is given by L = L q +[image: image269.wmf]r
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THE MEAN WAITTING TIME

    The mean waiting time in the queue is given by W q =[image: image271.wmf]l
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   The mean waiting time in the system is given by W = [image: image273.wmf]l
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CHAPTER-III
CHAPTER–III
AN 
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QUEUE WITH BERNOULLI SCHEDULE,
GENERAL VACATION TIMES, RANDOM BREAKDOWNS, GENERAL DELAY TIMES AND GENERAL REPAIR TIMES

 A 
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queuing system with Bernoulli schedule server vacations and random system breakdowns are analyzed in this chapter. We assume that the repair process does not start immediately after a breakdown and there is a ‘delay time’ waiting for repairs to start. The service times, vacation times, delay times and repair times are assumed to follow general distribution but the ‘time to breakdown’ is exponentially distributed. The steady state solutions are obtained by using supplementary variable techniques.

MODEL DESCRIPTION

          Assume that the customers arrive at the system in batches of variable size in a compound poisson process. Let λ c i Δ t (i = 1, 2, 3 . . .) be the first order probability that a batch of i customers arrives at the system during the interval (t, t +Δ t), where 0 ≤ c i ≤ 1 and 
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and λ > 0 is the mean arrival rate of batches. The customers provided service one by one on a “first come first served basis.” The service time of the main server is assumed to follow a general distribution with distribution function G(s) and density function g(s). Let μ(x) Δ x be the conditional probability density of service completion during the interval (x, x +Δ x], given that the elapsed service time is x, so that
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            On completion of a service, the server may take a vacation of random length with probability p, or may stay in the system providing service with probability 1−p, where 0 ≤ p ≤ 1.The server’s vacation times follow a general distribution with distribution function B (v) and density function b (v). Let β(x) Δ x be the conditional probability of a completion of a vacation during the interval (x, x + Δ x) given that the elapsed vacation time is x, so that
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                                                  [4] The system may break down at random and breakdowns are assumed to occur according to a poisson stream with mean breakdown rate α > 0. Further we assume that once the system breaks down, the customer whose service is interrupted comes back to the head of the queue. Once the system breaks down, its repair process does not start immediately and there is a delay time. The delay time follows a general distribution with distribution function W(x) and density function w(x). Let 
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(x) Δ x be the conditional probability of a completion of a delay during the interval (x, x +Δ x) given that the elapsed delay time is x, so that
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                                                                      The duration of repair follows a general (arbitrary) distribution with distribution function H(r) and density function h(r). Let 
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All stochastic processes involved in the system are assumed to be independent of each other.

DEFINITIONS AND NOTATIONS

          Define, 

          Pn (t, x) = Probability that at time t there are n ≥ 0 customers in the queue excluding one customer in the service served by the main server and the elapsed service time of this customer is x. Accordingly

          Pn (t) = 
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Vn (t, x) = probability that at time t there are n ≥ 0 customers in the queue (and one customer is being served by the stand-by server), and the main server is on vacation with elapsed vacation time x. Accordingly 
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          D n (t, x) = probability that at time t there are n ≥ 0 customers in the queue and the server is inactive due to system breakdown and waiting for repairs to start with elapsed delay time x. Accordingly

        
 Dn (t) = 
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         Q (t) = probability that at time t there are no customers in the system and the server is idle but available in the system.

         Rn (t, x) = Probability that at time t there are n (n ≥ 0) customers in the queue (and one customer is being served by the stand-by server) while the system is under repair with elapsed repair time x. Accordingly 

         Rn (t) = 
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Assume that steady state condition exists. Let
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denote the steady state probabilities.

EQUATIONS GOVERNING THE SYSTEM

          The system has a following set of differential difference equations 
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      With the boundary conditions,

P n (0) = (1 – p) 
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R n (0) =  
[image: image355.wmf]ò

¥

0

 Dn (x) 
[image: image356.wmf]j

(x) dx                                                       n ≥0           
[image: image357.wmf][

]

23

                                                                                                 

QUEUE SIZE DISTRIBUTION AT A RANDOM EPOCH

          Define the probability generating functions

P q(x, z) = 
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 R q(x, z) =
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Performing similar operations on equation [12] and [13] and [14] [16] and [17] and using equation [24] we obtain,
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Multiplying both sides of equation (19) by z n+1 summing over n from 

0 to 
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 Using equation [18] in equation [30] we obtain,
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 Multiplying both sides of equation [20] by z n   and sum over n from 1 to 
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                                          Performing similar operation on equation [21], [22] and [23] and using equation [24] we obtain, 
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                                           Solving the partial differential equation given in [26] we obtain,
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         C 1 = P q (0, z) and hence, 
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Integrating equation [36] by parts with respect to x yields, 
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 is the Laplace-Stieltjes transform of the service time G(x).

Multiplying both sides of [36]  by μ(x) and integrating with respect to x from 0 to [image: image445.wmf]¥
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 Using equation [38] into [32] we obtain,
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Solving the partial differential equation [27] we obtain, 
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Substituting equation [39] in equation [40] we get
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Integrating equation [41] by parts with respect to x we get
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Using equations[33]   equation [44] becomes
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Integrating equation [45] by parts with respect to x we get
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Integrating equation [45] by parts with respect to x we get                                                                                 D q (x, z) = α z P q (z) 
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Substituting the value Pq (z) from equation [37] yields
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Multiplying both sides of [45] by 
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Substituting the value of P q (z) from equation [37] we obtain,
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 Similarly solving the partial differential equation [29] we obtain,                                                                                                                                                                                                                                                                 R q (x, z) = R q (0, z) 
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                                                                    Substituting equation  [34] and [49] in [50] we obtain

R q (x, z) = α z P q (0, z) 
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   Integrating equation [51] by parts with respect to x, we get

R q (z) = α zPq(0,z)
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Multiplying both sides of equation [51] by 
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Substituting equations [38], [43], [53] in equation [31] and solving for 

P q (0, z) we get,

 P q (0, z) = 
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Substituting equation [54] in equations [37], [42], [47], and [52] we obtain,
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V q (z) =
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D q (z) =
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R q (z) =
[image: image532.wmf])

(

*

(

*

))

(

*

1

(

)]]

(

*

1

)[

(

*

[

))

(

*

1

)(

(

*

))

(

*

1

(

b

bH

W

a

G

z

b

pB

p

a

G

z

a

b

H

b

W

a

G

zQ

-

-

+

-

-

-

-

-

a

a

                    
[image: image533.wmf][

]

58

    

     Let Sq (z) denote the probability generating function of the queue size irrespective of the state of the system. 

           Sq (z) = Pq (z) + Vq (z) + D q (z) + Rq (z)

Adding equation [55], [56], [57] and [58] we obtain,

Sq (z) =
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The unknown constant Q can be obtained by the normalizing condition,

                                      Sq (1) + Q = 1.                                                    
[image: image536.wmf][

]

60

                               

It is easy to verify that for z = 1, the right hand side of equation [59] is indeterminate of the form 0/0.Hence, we apply L’Hopitals Rule and using the fact that 
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                                                                                                                                                                                                                     Therefore adding Q to equation [61] and equating to 1 and simplifying we get,     
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The utilization factor 
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 of the system is given by 
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Where 
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 the stability condition under which the steady state results exist. 

PARTICULAR CASES

Case 1: EXPONENTIAL REPAIR TIME
          The common distribution function for the repair time is the exponential distribution. For this distribution take the service rate as 
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Using equation [65] in [59], [62] and [64] respectively we get,
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Where c =
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Case2: NO DELAY FOR REPAIRS TO START
     In this case, assume E (D) = 0, W*(b) = 1.

Then the results corresponding to Sq (z), Q and ρ 
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     Q =
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Case3: MEAN NUMBER IN THE SYSTEM
          Let L q denote the mean number of customers in the queue under the steady state. Then 
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Let N (z) and D (z) be the numerator and denominator of Sq (z).

Since N (1) = D (1) = 0,

By applying L Hospital’s Rule, we get,
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Where E (V2) is the second moment of the vacation time, E (R2) is the second moment of repair time and E (D2) is the second moment of delay time. E [I (I-1)] is the second factorial moment of the batch size of arriving customers.

Substituting the value of 
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L q in closed form. 

 EXPECTED SYSTEM SIZE

The expected system size is given by L = L q +
[image: image605.wmf]r

.                                      
[image: image606.wmf][

]

77

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               

THE MEAN WAITTING TIME

The mean waiting time in the queue is given by W q =
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SUMMARY AND CONCLUSION
SUMMARY AND CONCLUSION

            In this dissertation an M [x] / G / 1 queueing system with Bernoulli schedule server vacations and random breakdowns are considered.

            In chapter two, it is assumed that the system is equipped with a stand - by server in addition to the main server, when either the main server is on vacation or it is in the state of repairs, immediately the stand - by server provides service to the customers.

            The model discussed in chapter three assumes that repair process does not start immediately after a breakdown and there is a delay time waiting for repairs to start.

            Using supplementary variable technique the steady state results in terms of the probability generating functions for the average number of customers in the queue and the average waiting time in the queue are obtained.
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