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INTRODUCTION

Zadeh[22] introduced the concept of fuzzy sets in 1965.  Using this concept Chang[2] introduced the concept of fuzzy topological spaces in 1968.  To overcome certain drawbacks in Chang’s definition, Lowen[12] modified the definition of fuzzy topological spaces.  In 1967, Goguen [4] introduced the notion of L-fuzzy sets and a theory parallel to that of fuzzy topological spaces was developed in the case of L-fuzzy topological spaces.  Almost all the concepts in topology have been generalized to fuzzy topological spaces as well as to L-fuzzy topological spaces.

The concept of compactness has been generalized to fuzzy situation and a good theory of generalized notions of L-fuzzy compactness has been developed by various authors.  In this dissertation we have concentrated our study on the concepts of almost, light, near, strong and SR-compactness in L-fuzzy topological spaces.  In this connection we have chosen the following articles for discussion;

1. S.R.T.Kudri and M.W.Warner, Some good L-fuzzy compactness-related concepts and their properties-I [8]

2. S.R.T.Kudri and M.W.Warner, some good L-fuzzy compactness-related concepts and their properties-II [9].

3. Bai Shi-Zhong, SR-compactness in L-fuzzy topological spaces [1]

Chapter 1 is devoted to the study of almost, light and near compactness in L-fuzzy topological spaces.  The results are due to Kudri and Warner [8].  It has been shown that the concepts of almost, light and near compactness are good extensions.  Some interesting characterizations of almost compactness and near compactness are obtained.  They [8] have proved that join of two almost compact            (nearly compact) L-fuzzy sets is almost compact(nearly compact) and meet of an almost compact (nearly compact) and a clopen L-fuzzy set is almost compact (nearly compact).  Near compactness is hereditary for regularly closed L-fuzzy sets.  Regarding the behaviour under various notions of continuous mappings the following results are obtained:

(i) Almost compactness is preserved under an almost continuous mapping whereas near compactness is preserved under an almost continuous, almost open mapping.

(ii) Image of a compact L-fuzzy set under a weakly continuous mapping is almost compact.

(iii) Image of an almost compact L-fuzzy set under a strongly continuous mapping is compact

(iv) Image of a compact L-fuzzy set under an almost continuous map is nearly compact.

It is always true that 

Compactness ( near compactness ( almost compactness.

But in the case of an extremally disconnected L-fuzzy topological space both the concepts namely, near compactness and almost compactness coincide.  Moreover, if g is an L-fuzzy set with finite support then g is nearly compact as well as almost compact.


In chapter 2 we discuss the concepts of strong compactness and 

S-closedness in L-fuzzy topological spaces.  Kudri and Warner [9] have proved that both these concepts are good extensions.  They [9] have also proved that join of two S-closed (strong compact) L-fuzzy sets is S-closed (strong compact) and every L-fuzzy set with finite support is both S-closed and strong compact.  Regarding intersection it has been shown that meet of an S-closed L-fuzzy set and a regularly open L-fuzzy set is S-closed. As a consequence, we get that every regularly open L-fuzzy set in an            S-closed L-fuzzy topological space is S-closed.  They [9] have also proved that in an extremally disconnected L-fuzzy topological space all the three concepts, namely almost compactness, near compactness and                S-closedness coincide.  Moreover, S-closedness is preserved under

(i) an almost continuous, almost open mapping

and (ii)  a weakly continuous mapping f with f-1 (cl h) (  cl (f-1(h))              for every 
regularly open L-fuzzy set h in the codomain space . 

        If the codomain space is extremally disconnected, then S-closedness is preserved under 

(i) an almost continuous mapping

and  (ii)    a weakly continous mapping

Regarding strong compact L-fuzzy sets, it has been proved that 

1) Every strong compact L-fuzzy set is compact.

2) Meet of a preclosed L-fuzzy set and a strong compact L-fuzzy set is strong compact.

3) Image of a strong compact L-fuzzy set under 

(i) a (' continuous mapping  

and     (ii)  an M-pre-continuous mapping 

 is strong compact.

     Chapter 3 is devoted to the study of SR-compactness in L-fuzzy topological spaces. The results are due to Bai Shi-Zhong[1].  Characterization of   SR-compact L-fuzzy sets are obtained interms of     (-nets having SS-cluster points, r-S-covers having finite r +-S-covers and family of strongly semi-closed L-fuzzy sets having a finite intersection property.  Some of the interesting properties of SR-compact L-fuzzy sets are as follows;

1) SR-compactness is hereditary for strongly semiclosed L-fuzzy sets 

2) SR-compactness is preserved under S-irresolute mapping.

3) Every L-fuzzy set with finite support is SR-compact.

CHAPTER 1

ALMOST, LIGHT AND NEAR COMPACTNESS IN 

L-FUZZY TOPOLOGICAL SPACES

The concepts of almost, light and near compactness are introduced by Kudri and Warner [8].  These three notions are proved to be good extensions.  Characterizations of almost compact and nearly compact     L-fuzzy sets are obtained using collections of regularly open   L-fuzzy sets.  Some interesting properties are discussed.  Moreover, behavior of these L-fuzzy sets under various notions of generalizations of continuous mappings are also discussed in detail.

Section :1.1

Preliminary definitions and results


In this section we have collected the preliminary definitions and results needed for our discussion.

L-Fuzzy Sets: 1.1.1


Let L = L ((, (, (,') be a fuzzy lattice (i.e) a completely distributive lattice with the smallest element 0 and the largest element 1, (0 ( 1) and with an order reversing  involution a ( a' (a(L)

Definition: 1.1.2


Let L be a fuzzy lattice and e(L. e is called an irreducible element of L. if the quantity p(q = e implies p = e or q = e where p(L and q(L.  The set of all non-zero irreducible elements of L will be denoted by M(L).

Definition: 1.1.3


Let L be a lattice and e(L. e is called a prime element of L, if     p(q  ( e implies p ( e or q ( e, where p(L and q(L.  The set of all prime elements of L will be denoted by PR(L).

Definition: 1.1.4


An L-fuzzy point x( in LX, ((L is an L-fuzzy set defined as follows:

    (   if y = x

x((y)=


    0   otherwise,

Here ( is called the value or height of x( and x is called the support of the L-fuzzy point x(.Specifically, when ( ( M(L), we shall call x( a point ( or a molecule ) in LX.

Put, M*(LX) = {x( : x(X and ( ( M(L) }

Definition: 1.1.5

Let D be a non-empty set.  Let ( be a semiorder on D.  The pair  (D, () is called a directed set, directed by ( iff for every pair m,n(D there exists a p(D such that p ( m and p ( n.

Definition:1.1.6


Let L be a fuzzy lattice and ( ( L.  A set B of L is called a minimal set of (, if the following two conditions hold:

1) (B = ( ;

2) for each x(B and every subset C of L with (C ( (, there is z(C such that z (x.

According to Hutton [6], in a fuzzy lattice, each element ( has a 

greatest minimal set which we will denote by ((().  It is easy to check 

that for every ((L, ((()(M(L) is a minimal set of (, and that ((M(L) iff 

((()(M(L) is a directed set.

 Denote (*(() = ((() ( M(L) and (*( r) = ((*( r'))'.

Definition: 1.1.7


Let X be a non-empty set and L a fuzzy lattice.  A mapping 

f : X ( L is called an L-fuzzy set on X.  The set of all L-fuzzy sets on X is denoted by LX.

Definition:1.1.8


Let f be a function from X to Y.  Let ( be a fuzzy set in Y.  The inverse image of (  or preimage of (, written as f-1(() is a fuzzy set in X defined by f-1(((x)) = ((f(x)) for all x(X.

           Conversely, let ( be a fuzzy set in X.  The image of (, written as f(() is a fuzzy set in Y defined by,


f(() (y) = Sup    ((z),  if f-1(y) is non-empty

                       = 0,                 otherwise

for all y(Y where f-1(y) = {x : f(x) = y}.

Definition: 1.1.9

Let X be a non-empty set and L a fuzzy lattice.  An L-fuzzy topology on X is defined to be a subset ( ( LX satisfying the following conditions:

1. The constant functions 0 and 1 belong to (.

2. If f,g (( then f(g ((.

3. If {fi}i(I is a family in ( then (  ( fi ((.

The pair (X,() is called an L-fuzzy topological space.  An 

L-fuzzy topological space will be written in short form as L-fts.

The members of ( are called open L-fuzzy sets and the members of (' are called closed L-fuzzy sets.

Definition: 1.1.10


Let (X,() be an L-fuzzy topological space and let  f(LX.  The sets  cl(f)  =  ({g(LX, f ( g and g closed} and 

int(f) = (({g(LX, g ( f and g open } are called closure and interior of f.
Definition: 1.1.11


The collection of all sets of the form {t(L / t ( p} where p(PR(L) forms a subbasis for a topology on L.  This topology is referred to as Scott topology.
Definition: 1.1.12


Let (X,() be a topological space and ((LX, if for every ((L, 

{x(X ; ((x) ( (}( (', then we call ( a lower semi-continuous function.  The set of all these functions is denoted by ((().
Equivalently,
If (X,() is a topological space then ((() is nothing else but the set of all continuous functions from (X,() ( L with its Scott topology.

Warner[9] has proved that the set ((() of continuous functions from a topological space (X,() to L with its scott topology is an L-fuzzy topology which is referred to as induced L-fuzzy topology.  This provides a “goodness of extension” criterion for an L-fuzzy topological property.

Definition: 1.1.13


Let (X,() be a topological space.  An L-fuzzy extension of a topological property of (X,() is said to be good when it is possessed by the L-fuzzy topological space (X,((()) iff the original property is possessed by (X,().

Theorem: 1.1.14


Let (X,() be a topological space. Let f be an L-fuzzy set in the induced L-fts (X,((()) and let p(PR(L).  Then we have the following,

(i) (cl(f))-1 ({t(L : t ( p}) ( cl (f-1({t(L ; t ( p})).

(ii) (int (f))-1({t(L ; t (p}) ( int (f-1({t(L : t ( p})).

Nets in L-fuzzy topological spaces

Definition:1.1.15


Let (X,() be an L-fts.  A net in (X,() is a mapping S : D ( M(LX), where D is a directed set. For m(D, we shall denote S(m) by Sm and the net S by (Sm) m(D.
Definition: 1.1.16


 Let (X,() be an L-fts, f(LX and let (Sm) m(D be a net in (X, (). (Sm)m(D is called a net contained in f if and only if Sm ( f for each m(D, (i.e) f(supp Sm) ( h(Sm).

Definition: 1.1.17


A net (Sm)m(D is called an (-net (((M(L) if for each (((*((), which is the union of all minimal sets relative to (, the net  h(S) = (h(Sm))m(D)is eventually greater than (, (i.e) for each (((*(() there is m0(D such that h(Sm) ( ( whenever m ( m0, where h(Sm) is the height of the L-fuzzy point Sm(M(LX).  If h(Sm) = ( for all m(D then we shall say that (Sm)m(D is a constant (-net.

Definition: 1.1.18


An L-fuzzy set f in an L-fuzzy topological space (X,() is called regularly open if and only if f = int (cl(f)). And f is regularly closed if and only if f′ is regularly open (i.e) f = cl (int(f)).

Theorem: 1.1.19


The closure of an open L-fuzzy set is regularly closed and the interior of a closed L-fuzzy set is regularly open.

Definition: 1.1.20


An L-fts (X,() is said to be extremally disconnected if and only if cl(f)(( for every f((.

Definition: 1.1.21


Let (X,(X) and (Y,(Y) be L-fts’s. A function f:(X,(X) ( (Y,(Y) is called,

(i) Almost continuous if and only if f-1(g)((x for all regularly open g in (Y, (Y).

(ii) Almost open if and only if f(g) ((Y for every regularly open g in (X,(X), (i.e) f(g) is closed in (Y,(Y) for every regularly closed g in (X, (X).

(iii) Weakly continuous if and only if f-1(g)≤int (f-1 (cl (g)) for all g((Y.

(iv) Strongly continuous if and only if f (cl (g))≤f(g) for every g(LX.

Definition: 1.1.22

Let (X,() be an L-fts and let g(LX. The L-fuzzy set g is said to be compact if and only if for every p(PR(L) and every collection {fi}i(J of open L-fuzzy sets with  ((i(J fi)(x) ( p for all L-fuzzy points xp such that xp(g(, there exists a finite subset F of J with   ((i(J fi)(x) ( p for all L-fuzzy points xp such that xp (g(.

Theorem: 1.1.23

Let (X,() be an L-fts.  If g is a compact L-fuzzy subset, then for each closed L-fuzzy subset h, h(g is compact.

Theorem: 1.1.24

Let ζ be a subbase for the L-fuzzy topology ( on a set X and 

g ( Lx.   If for every prime p of L and every collection {fi} i(J of sub basic open L-fuzzy  sets with ( (i(F(fi )(x) ≤ p for all L-fuzzy points xp with xp ( g(, there is a finite subset F of J with ((i(F fi )(x) ≤ p for all L-fuzzy points xp with xp ( g(, then g is compact in (X, ().

Theorem: 1.1.25


Let (X,(X) and (Y,(Y) be L-fts’s and let f: (X,(X) ( (Y,(Y) be an almost continuous and almost open map. Then the inverse image of any regularly open L-fuzzy set in (Y,(Y) is a regularly open L-fuzzy set in       (X,(X).

Theorem: 1.1.26


Let (X,(X) and (Y,(Y) be L-fts’s and let f: (X,(X) ( (Y,(Y) be an almost continuous and almost open map.  Then for every closed L-fuzzy set g in (Y,(Y), f-1(g) is a regularly closed L-fuzzy set in (X,(X).
Theorem: 1.1.27


Let (X,(X) and (Y,(Y) be L-fts’s and let f: (X,(X​) ( (Y,(Y) be an almost continuous map with f-1(cl (h)) ≤ cl (f-1 (h)) for all h((Y. Then the inverse image of any regularly open L-fuzzy set in (Y,(Y) is a regularly open L-fuzzy set  in (X,(X).    

Theorem: 1.1.28

Let (X,(X) and (Y,(Y) be L-fts’s and let f: (X,(X​) ( (Y,(Y) be a weakly continuous map with f-1(clh) ≤ cl (f-1(h)) for every regularly open L-fuzzy set h in (Y,(Y). Then the inverse image of any regularly open L-fuzzy set in  (Y,(Y) is regularly open in (X,(X). Equivalently, any regularly closed L-fuzzy set in (Y,(Y) is regularly closed L-fuzzy set.

Theorem: 1.1.29


Let (X,() be an L-fts. Every L-fuzzy set g with finite support is compact.

Theorem: 1.1.30


Let (X,() be a topological space, let f be an L-fuzzy set in the L-fts (X,((()) and p( PR(L). Then  (cl (f))-1 ({t ( L; t ( p}) ( cl (f-1({t ( L; t ( p})).

Proof 


First let us prove the following claim.

Claim: If C is any closed set in (X,() with C ( f-1 ({t ( L; t ( p}) then            C ( f-1 ({t ( L; t ( p})


Let C ( f-1 ({t ( L; t ( P})


Define g: X(L by g (x) = 1 if x (C 

    = p otherwise

Take x ( X

Case (i): e ≤ p

Then g(x) (  p ( e ( g (x) ( {t ( L ; t ≥ e} (  x ( g-1 {t ( L : t ≥  e}

 (  X ( g-1 {t ( L : t ≥  e}

( g-1 {t ( L : t ≥ e} = X if e ≤ p.


Case (ii): e ( p

Then by definition of g, g-1 {t ( L : t ≥ e} = C

        x if e ≤ p





        c if e ( p

Hence g-1 (t ( L : t ≥ e}) is closed in (X, () for all e ( L.  (i.e) g is closed in (X,​((()) (Since L is completely distributive, the sets of the form                   { t ( L;t ( e} where e ( L generate the scott topology).

If x ( C  g (x) = 1 ≥ f(x)

If x ( C then g (x) = p and x ( f-1 (t ( L ; t ( p}

Hence f(x) ( {t ( L ; t ( p}

(f (x) ≤ p = g (x)

Hence g (x) ≥ f (x) for all x ( X

( g ( f

since g is closed, g = cl g

Hence g ( f ( g ( cl (f)

( g-1({t ( L ; t  ( p}) ( (cl (f))-1 ({t ( L : t ( p})

Hence the claim.

Since f-1 ({t ( L ; t ( p}) ( cl (f-1({t ( L ; t ( p}) and cl(f-1({t(L;t(p}) is closed in (X, (), by the above claim, we have 

cl(f-1({t ( L ; t ( p}) ≥ (cl (f))-1 ({t ( L ; t ( p}) .

Hence the result.

Theorem: 1.1.31

Let (X,() be a topological space and A(X. Considering the L-fts 

 

  (X,((()),  e ( L and f(x) =     

we have, cl (f) (x) 
      = 



              =

Proof 


    Let g(x)
     = 

We shall prove that cl (f) = g and int (f) = h.





         X      if b = 0

        cl (A) if e ≥ b and b ( 0






        (        if e ( b and b ( 0

( g-1({t ( L : t ≥ b}) is closed in (X, () which in turn implies that g is closed in (x,((()).

Claim: g ≥ f


If x ( A, then g (x) = e and f (x) = e.  Hence f(x) = g(x)


If x ( A then f(x) = 0 ≤ g (x)

Thus, g (x) ≥ f (x) for every x.  Thus g ≥ f


Hence the claim

Then f ≤ cl (f) ≤ cl (g) = g

If x ( cl A, g (x) = 0 ( cl (f) (x) ≤ 0 ≥ cl (f) (x) = 0

If x ( A, then f (x) = e = g (x)

Hence f ≤ clf ≤ g.

( e ≤ cl f (x) ≤ e ( cl f (x) = e

From cl (f) ≤ g, we obtain (cl (f))-1 ({t ( L : t ( e}) ( g-1 (t ( L: t ( e ) = (cl (A))(
If x ( cl A, then x ( (cl A)(
(x ( (cl f)-1 {t ( L ; t ( e}

(cl f) (x) = e

If x ( clA, x ( (cl A)( ( x ( g-1 {t ( L ; t ( e} 
( g (x) ( e








( g (x) = 0








( As cl f ≤ g, cl f (x) ≤ g (x) = 0








( cl f (x) = 0

Hence (cl f) (x) =



   = g (x).

 (cl f 
   = g

Similarly, for every b ( L,


h‑1 ({ t ( L ; t ( b}) =

If x ( int A, h (x) = e

Since int A ( A, x ( A also.  Thus f (x) = e = h (x)

If x ( int A, h(x) = 0 ( f(x)

Hence h(x) ( f(x) for every x ( X

( h ≤ f ( int h ≤ int f

Since h is open, int h = h

( h ≤ int f ≤ f

Thus we have int (f) (x) = 0 for all x ( A and

int (f) (x) = e for all x ( int (A)   



                 (1)

Since int (f) ( ((() and int (f) ≤ f

We obtain (int (f))-1 ({t ( L : t ( 0}) ( f-1({t ( L : t ( 0}) = A
and (int (f) )-1 (t ( L : t ( 0}) ( int (A)                                              (2)





       

Hence from (1) and (2) we get, int (f) (x) = 

                                                                  ( int (f) = h

Corollary: 1.1.32


Let (X,() be a topological space and A ( X.  Considering the L-fts  (X,((()),  we have ( cl (A) = cl ((A) and ( int (A) = int (( A).

Proof 


This follows immediately from theorem 1.1.31

Corollary: 1.1.33


Let (X,() be a topological space and A ( X.  Consider the L-fts (x,((()).  If


 e ( L and f (x) =

        then   int (cl (f))(x)  = 

Proof



This follows immediately from theorem 1.1.31.


Section 1.2

Almost compactness, lightly compactness and nearly compactness in L-fuzzy topological spaces

In this section we study the concept of almost compactness, lightly compactness and nearly compactness in L-fuzzy topological spaces and we have shown that all these concepts are good extensions.  Moreover, some interesting characterizations of almost compactness and nearly compactness are obtained.

Definition: 1.2.1


Let (X,() be an L-fts and g ( Lx.  The L-fuzzy set g is said to be almost compact if and only if for every p ( PR (L) and every collection {fi}i ( ( of open L-fuzzy sets   with  ((i(J fi)(x) ( p for all L-fuzzy points xp such that xp ( g(, (i.e) for all x ( X with g (x) ≥ p(, there exists a finite subset F of J with  ( (i(J cl(fi))(x) ( p for all L-fuzzy points xp such that      xp ( g(.



If g is the whole space, then we say that the L-fts (X,() is almost compact.

Definition: 1.2.2


Let (X,() be an L-fts and g ( LX.  The L-fuzzy set g is said to be lightly compact if and only if for every p ( PR(L) and every countable collection {fi} i(J of open L-fuzzy sets with  ((i(J fi)(x) ≤ p for all L-fuzzy points xp ( g( (i.e) for all x ( X with g (x) ≤ p(, there exists a finite subset 

F of  J with  ((i(J cl(fi))(x)( p for all L-fuzzy points xp such that  xp ( g(.  If g is the whole space, then we say that the L-fts (X,() is lightly compact.

Definition: 1.2.3


Let (X,() be an L-fts and g ( LX.  The L-fuzzy set g is said to be nearly compact if and only if for every p ( PR(L) and every collection    {fi} i(J of open L-fuzzy sets with  ((i(J fi )(x) ( p for all L-fuzzy points xp such that xp such that xp(g(, there exists a finite subset F of(( int (cl (fi)) (x)(p for all L-fuzzy points xp such that xp ( g(.  If g is the whole space, then we say that the L-fts (X,() is nearly compact.


Theorem: 1.2.4


Let (X ,() be a topological space.  (X,((()) is almost compact if and only if (X, () is almost compact.

Proof


Assume that (X, ((() is almost compact.

Let {Ai}i ( ( be an open cover of (X ,().  Then X =          Ai    and          i ( J is a family of 

open L-fuzzy sets in (X,((()).  Take x ( X.  Then there exists i(J such that x ( Ai.

((Ai (x) = 1

( ((i(J (Ai) (x) = 1 ( p


This is true for all x ( X and for all p ( PR(L) since (x,((()) is almost compact, there exists a finite subcover F of J such that  

((i(F cl((Ai))(x)( p, ( x ( X, ( p ( PR (L)

By corollary 1.1.32 cl ((Ai) = (clAi
((( (clAi) (x) = (( cl ((Ai)) (x) = 1

Take x ( X, then (((clAi) (x) = 1

( there exists i ( F such that ((clAi) (x) = 1

( x( cl Ai (
(i(F clAi

( X (
( X = ( cl Ai
( (X,() is almost compact.

Let p ( PR(L) and {fi} i(J = ( be a family of basic open L-fuzzy sets in (x, ( (()) with  ((i(J fi)(x) ( p for all x ( X.

Thus, for each i ( J,



fi (x) = fi eiUi (x) = 

Since ((i(J fi) (x) ( p for all x ( X, for each x ( X there is i(J such that   fieiui (x) for ( p (i.e) ei ( p.


Let C = { Ui ; there is i ( J with p ( ei and fieiUi ((}.

Then C is a family of open sets covering (X,().  Since (X,()  is almost compact, there exists a finite subfamily A of C say    {U1,…..Um} such that ( cl (Ui) = X

By theorem 1.1.31

cl (fi) (x) = 

Hence((i({1,2,…m}  cl(fi))(x) ( p for all x ( X.

Hence (X,((()) is almost compact.

Theorem:1.2.5


Let (X,() be a topological space.(X,((()) is lightly compact if 

and only if  (X,() is lightly compact.
Proof

This follows in the same way as in theorem 1.2.4 considering the index set J to be countable.

Theorem: 1.2.6

Let (X,() be a topological space. (X,((()) is nearly compact If and only if  (X,() is nearly compact.

Proof 

Necessity

Let {Ai} i(J be an open cover of (X,().

Then ((Ai)i(J is a family of open L- fuzzy sets in (X,((()) with                    ((i(J (Ai)(x)=1 ( p for all x ( X and for all p(PR (L). From the near compactness of (X,((()) there exists a finite subset F of J with                   ((i(J  int (cl ((Ai)))(x) = 1 ( p for all x(X for all p(PR (L).

   Since from corollary 1.1.33 int (cl((Ai)) = (int(cl(Ai)), we have                                         ((i(J ( int (cl (Ai))) (x)=1 for all x ( X.

Hence ( (int (cl (Ai)) ( X and

 (X,() is nearly compact.

Sufficiency

Let p(PR (L) and β = {fi} i ( J be a family of basic open L- fuzzy sets in (X,((()) with ((i(Jfi )(x) ( p for all  x ( X. Thus, for each i ( J, 
                              

      ei if x ( Ui ( (
fi (x) =fi        (x)  =                  






                                                     

                           0 otherwise

Let C = {Ui; there is i ( J such that p ( ei and fieiUi ( β}. Since C is an open cover of (X,(), from the near compactness there exists a finite subfamily of A of C say {U1,...,Um} such that  

 ( (int (cl (Ai)) ( X
 .            

since by corollary 1.1.33 



     ei if x (int (cl(Ui))  

                           
            0 otherwise

We have ( (i(F int (cl (fi))) (x) ( p for all   x ( X           




                           Hence (X,((()) is nearly compact.

Characterizations

Thereom: 1.2.7

Let (X,() be an L-fts and let g ( LX. The L-fuzzy set g is almost compact if and only If for every p(PR(L)  and every collection  {fi}i(F of regularly open L-fuzzy sets with ((i(J fi)(x)  ( p for all L-fuzzy points xp such that xp ( g(, there is a finite subset F of J with ((i(F cl(fi))(x) ≤ p for all 

L-fuzzy points xp such that xp ( g(.

Proof

Let p(PR (L) and let {fi} i(J  be a collection of regularly open L-fuzzy sets with ( (i(Jfi)(x) ( p for all x(X   with g (x) ( p(. Since each is a regularly open L-fuzzy set fi ( (  for every  i(J.
Since g is almost compact there is finite subset F of J with 

((i(J fi)(x) ( p for all x ( X   with g (x) ( p(.

From theorem 1.1.19 int (cl (fi) is a regularly open L-fuzzy set for each i(J. Then by the hypothesis, there exists a finite subset F of J with 

((i(F cl (int (cl (fi))) (x) ( p for all x ( X   with g (x) ( p(.

From fi ( int (cl (fi)) ( cl (fi) we obtain cl (fi) = cl (int (cl (fi)).

Hence ((i(F cl (fi))) (x) ≤ p for all x ( X   with g(x) ( p( and (X, () is almost 

compact.

Theorem: 1.2.8

Let (X,() be an L-fts and let g(Lx. The L-fuzzy set g is nearly compact if and only if for nearly p(PR (L) and every collection  {fi} i(J of regularly open L-fuzzy sets with  ((i(Jfi) (x) ≤ p for all x ( X   with g (x) ( p( , there exists finite subset F of J with ((i(F fi) (x) ≤ p  for all x ( X   

with g(x)( p( .

Proof
         This follows in the same way as theorem 1.2.7

Section 1.3

Properties

In this section we have discussed some interesting properties of almost compactness, nearly compactness.

Theorem: 1.3.1

Let (X,() be an L-fts and let g, h be almost compact L-fuzzy sets. Then g(h is almost compact.

Proof

Let p(PR (L) and let {fi} i(J be a collection of open L-fuzzy sets with ((i(J fi)(x)( p for all with (g(h)(x) ( p(.
But if (h(g)(x) ( p( then h(x) ( p( or g(x) ( p( as p(PR (L) 

If h(x) ( p( or g(x) ( p( then (h(g)(x) ( p(.

Since h and g are almost compact there are finite subsets F1, F2 of J with 

((i(F1 cl(fi)) (x)  ( p for all x ( X   with h(x) ( p(  and ((i(F2 cl(fi)) (x)  ( p for all 

x ( X   with g(x) ( p(.

Then ((i(F1(F2 cl(fi)) (x)  ( p for all x (X   with h(x) ( p(  or g(x)(p(
(i.e)( (i(F1(F2 cl (fi)) (x) ( p for all x ( X   with (h(g) (x) ( p(.

Hence h(g is almost compact.

Theorem: 1.3.2

Let (X,() be an L-fts and let g be an almost compact and h a clopen L-fuzzy set. Then h(g is almost compact.

Proof 
Let p(PR (L) and let {fi} i(J be a family of open L-fuzzy sets with 

( (i(J fi)(x)  ( p for all x ( X   with (h(g)(x) (p(.
Claim:

β = {fi} i(J ( {h(} is a family of open L-fuzzy sets in (X, () with

 ((k(( k)(x)( p for all x ( X   with g (x) ( p(.

Take  x ( X , with g (x) ( p(.

If h (x) ( p( then (h(g)(x) ( p(.

Hence  ((i(J fi)(x) ≤ p

( ((k((  k)(x) (  p.  If h (x) ( p( then h((x) ( p.

( ((K(( k)(x) ( p

Hence the claim.

From the almost compactness of g, there is a finite subfamily ( of β say 

( = {f1, f2,…….. fm, h(} with ((k(( cl(k))(x) ( p for all x ( X with g (x) ( p(.

Take x ( X  with. (h(g)(x) ( p(. Then g (x) ( p(.

Hence  ((k(( cl(k))(x) ≤ p.

Therefore there exists  K(( such that cl(k))(x) ( p.

However h (x) ( p(, that is h((x) ≤ p and since h ( ( , h( is closed.

(i.e) h(= cl(h()

So h((x) ( p ( cl h(( p 

Thus, ((i({1,2,…m} cl(fi))(x) ( p for all x ( X with (h(g) (x) ( p(.

Hence h(g is almost compact.

Corollary: 1.3.3

Let (X, () be an almost compact L-fts. Then each closed L-fuzzy set is almost compact in (X,().

Proof

This follows immediately from theorem 1.3.2.

Theorem: 1.3.4

Let (X,(X) and (Y,(Y) be L-fts’s.Let F:(X,(X)((Y,(Y) be an almost continuous mapping and let g be an almost compact L-fuzzy set of (X,(X). Then f(g)  is an almost compact L-fuzzy set of (Y,(Y).

Proof

         Let p ( PR(L) and let {fi} i(J be a family of regularly open L-fuzzy sets of (Y,(Y) with((i(J fi)(y) ≤ p for all y(Y with f(g)(y)(p(. Then from the almost continuity of f, (f-1(fi)) i(J is a family of open L-fuzzy sets in (X,(X).

Take x(X with g(x) ( p'.

By definition f(g)(y) =    (x(f-1(y)  g(x) if f-1 (y) ( (
                               =     0                  Otherwise.

        We get f(g)(y) =    (x(f-1(f(x)) g(z)  if  f-1(f(x)) ((
= 0                          Otherwise.

As g (x) ≥ p( and x ( f-1 (f (x)), we get f (g) (f (x) ≥ p(.
Hence by assumption (( i( J fi ) (f (x)) ≤ p

((i(J (fi (f (x)) ≤ p ( (i(J (f-1(fi) (x)) ≤  p ( (( i(J f-1 (fi)) (x) ≤ p

Hence ((i(J f-1(fi)) (x) ≤ p for all x ( X with g (x) ≥ p(.

Since g is almost compact in (X, (x) there exist a finite subset F of J with   ((i(J cl (f-1(fi))(x) ≤ p for all x ( X with g(x) ( p(


(1)

Then  (( i(F cl (fi))(y) ≤ p for y ( Y with f(g)(y) ( p(.

In fact, if f(g)(y) ( p(  then  (x(f-1(y)  {g(x)}≥p( which implies that there is x(X with g(x) ≥ p( and f(x) = y. 

So    ((i(F cl (fi)) (y) =   (( i(Fcl (fi))(f(x)) = (( f-1(cl (fi)) (x)

By theorem 1.1.19 cl(fi) is regularly closed.

Since f is almost continuous, f-1(cl (fi)) is closed.

(cl (f-1(cl (fi)) = f-1(cl (fi))

Hence ((i(F cl(fi))(y    = ((i(F cl(f-1(cl(fi))(x)


   (((i(Fcl(f-1(fi))(x)(p   by    (1)

Hence f(g) is almost compact by theorem1.2.7.
Theorem: 1.3.5


Let (X,(x) and (Y,(Y) be L-fts’s.  Let f : (X,(x) ( (Y, (Y) be a weakly continuous mapping and let g be a compact L-fuzzy set of (X,(x).  Then  

f (g) is almost compact in (Y,(Y).

Proof


Let p ( PR (L) and let {fi} i(J be a family of open L-fuzzy sets in       (Y, (Y) with    ((i(J fi )(y) ( p for all y ( Y with f (g) (y) ( p(.

Since f is weak continuous, f-1(fi) ( int (f-1 (cl (fi)).

Then   ( (i(J int (f-1 (cl (fi)) (x) ( p for all x ( X with g (x) ( p(.

Since g is compact, there is a finite subset F of J with  

 ((i(F int (f-1 (cl (fi)) (x) ( p for all x ( X with g (x) ( p(.

Thus,    ((i(Fcl (fi) (y) ( for all y ( Y with f(g) (y) ( p(.

Infact, If f(g)(y) ( p( then     (x(f-1(y) {g (x)} ( p( which implies there is x ( X with f (x) = y and g (x) ( p(. So,

  ((i(F cl (fi)) (y) 
 =     ((i(F  cl (fi) (f(x))



             =     (( i(F f-1(cl (fi))) (x)


                       (     ((i(F  int (f‑1 (cl (fi))) (x) ≤ p

Hence f(g) is almost compact.

Theorem: 1.3.6


Let (X, (x) and (Y, (Y) be L-fts’s.  Let f : (X, (x) ( (Y, (Y) be a strongly continuous mapping and let g be an almost compact L-fuzzy set of (X, (X).  Then f(g) is compact in (Y, (Y).

Proof

Let p( PR (L) and let {fi} i ( J be a family of open L-fuzzy sets in  (Y, (Y) with ((i(J  fi) (y) ( p for all y ( Y with f (g) (y) ( p(.
By the continuity of f, (f-1(fi))i(J is a family of open L-fuzzy sets in      (X,(x).

Also,   ((i(J  f-1(fi) (x) for ( p for all x ( X with g (x) ( p(.
From the almost compactness of g, there is a finite subset F of J with,

  (( i(F cl (f-1(fi)) (x)  ≤ p for all x ( X with g (x) ( p(
Then, p ( f    ( (i(F  cl (f-1(fi))(y) =    ((i(F cl (f-1(fi))(y)

       (    ((i(F  f (f-1(fi))(y) (ֹ.ֹ f is strongly continuous) 

       (    (( i(F fi )(y)

for all y ( Y with f (g) (y) ( p(
Hence f (g) is compact in (Y, (Y)

Theorem: 1.3.7


Let (X, () be an L-fts and let g and h be nearly compact L-fuzzy sets.  Then g(h is nearly compact.

Proof


This is similar to the proof of theorem 1.3.1.

Theorem: 1.3.8


Let (X, () be an L-fts and let g be a nearly compact and h a regularly closed L –fuzzy set.  Then h ( g is nearly compact.

Proof


This is similar to the proof of theorem 1.3.2.

Corollary: 1.3.9


Let (X, () be a nearly compact L-fts.  Then each regularly closed   L-fuzzy set is nearly compact.

Proof


This follows immediately from theorem 1.3.8.

Corollary: 1.3.10 


Let (X, () be an L-fts and let g be a nearly compact and h a clopen L-fuzzy set.  Then h ( g is nearly compact.

Proof


This follows immediately from theorem 1.3.8, since h clopen implies h regularly closed.

Corollary: 1.3.11


Let (X, () be a nearly compact.  L-fts.  Then each clopen L-fuzzy  set is nearly compact.

Proof


This follows immediately from corollary 1.3.10.

Theorem: 1.3.12


Let (X, (x) and (Y, (Y) be L-fts.  Let f : (X, (x) ( (Y, (Y) be an almost continuous, almost open mapping and let g be a nearly compact L-fuzzy set of   (X, (x).  Then f (g) is nearly compact in (Y, (Y).

Proof


Let p ( PR (L) and {fi}i(J be a family of regularly open L-fuzzy sets in (Y, (Y) with  ((i(J  fi (y) ( p for  all y ( Y with f(g) (y) ( p(.

By theorem 1.1.25  (f-1(fi))i(J (x) is a family of regularly open L-fuzzy sets in (X, (x).

Also,   ((i(J f-1(fi))(x) ( p, for all x ( X with g (x) ( p( because if g(x) ( p( then f (g) (f(x)) ( p(, so

   ((i(J  f-1(fi)) (x) =   ((i(J  fi )(f(x)) ( p

From the near compactness of g, there exists a finite subset F of J with  ((i(F int cl (f-1(fi)) (x) ( p. 

Since f-1(fi) is regularly open, f‑1(fi) = int clf-1 (fi) 

(((i(F f-1(fi))(x)(x) ( p or all x ( X with g (x) ( p(
Then ((i(F fi)(y) ( p for all y ( Y with  f(g)(y) ( p(.

Infact, if f (g) (y) ( p( then 
(x({f-1(y)} {g (x)} ( p( which implies there is x ( X 

with g (x) ( p( and f (x) = y.

So ((i(F fi)(y) = ((i(F fi)(f(x)) = ((i(F f-1(fi))(x) ( p

Hence by theorem 1.2.8, f(g) is nearly compact.

Theorem: 1.3.13


Let (X, (X) and (Y, (Y) be L-fts ‘s.  Let f : (X. (x) ( (Y, (Y) be an almost continuous mapping with f-1 (cl (h)) ( cl (f-1(h) for all h ( (y and let g be a nearly compact L-fuzzy set of (X, (x).  Then f(g) is nearly compact in (Y, (Y).

Proof


Using theorem 1.2.8 and theorem 1.1.27 this follows as in theorem 1.3.12

Theorem: 1.3.14


Let (X, (x) and (Y, (Y) be L-fs ‘s.  Let f : (X,(x) ( (Y, (Y) be a weakly continuous mapping with f-1 (cl (h)) ( cl (f-1(h) for every regularly open h in (Y, (Y) and g a nearly compact L-fuzzy set of (X, (x).  Then f(g) is nearly compact in (Y, (Y).

Proof


Using theorem 1.2.8 theorem 2.1.8 this follows as in theorem 1.3.12.

Theorem: 1.3.15


Let (X, (x) and (Y, (Y) be L-fts’s.  Let f : (X, (x) ( (Y, (Y) be an almost continuous map and let g be a compact L-fuzzy set of (X, (x).  Then f(g) is nearly compact in (Y, (Y).

Proof


Let p ( PR (L) and let {fi} i ( J be a family of regularly open L-fuzzy sets in (Y, (Y) with  ((i(J  fi )(y) ( p for all y ( Y with f (g) (y) ( p(.


From the almost continuity of f, f-1(fi)i ( J​ is a family of open L-fuzzy sets in (X, (x).


Also,   ( (i(J f​-1 (fi))(x) ( p for all x ( X with g (x) ( p( because if 

g (x) ( p(  then f (g) (f (x)) (p(, so   ((i(J f​-1 (fi))(x) =   ((i(J  fi )(f(x)) ( p.

By the compactness of g, there is a finite subset F of J with             ((i(F f​-1 (fi))(x) ( p for all x ( X with g (x) (p(.

Then  ((i(F f​i) (y) ( p for all y ( Y with f (g) (y) ( p(.

Hence by theorem 1.2.8 f(g) is nearly compact.

Theorem: 1.3.16


Let (X, () be an L-fts and let g be an L-fuzzy set.  Then 

g compact ( g nearly compact ( g almost compact.

Proof


This follows immediately by the definitions.

Theorem: 1.3.17


Let (X, () be an extremally disconnected L-fts.  Then (X, () is nearly compact if and only if (X, () is almost compact.

Proof

Necessity


Immediate from the definitions.

Sufficiency


Let p ( PR(L) and {fi} i(J be a family of regularly open L-fuzzy sets with   ((i(J  f​i )(x) ( p for all x ( X.


By the almost compactness of (X, () there is finite subset F of J with ((i(F cl(fi))(x) ( p for all x ( X.


Since fi = int (cl (fi)) and because (X, () is extremally disconnected we have cl (fi)( (.  So fi = (cl (fi) 


Then ((i(F fi)(f(x))(p

By theorem 1.2.8 (X, () is nearly compact.

Theorem: 1.3.18


Let (X, () be an L-fts and let g be an L-fuzzy set with finite support.  Then g is nearly and almost compact.

Proof


By theorem 1.1.29 g is compact.  Hence the result follows from theorem 1.3.16.

REVIEW OF LITERATURE

     In 1965, Zadeh[22] introduced the concept of a fuzzy set as a mapping from a non-empty set X to [0,1].  Goguen[4], in 1967, introduced the concept of L-fuzzy sets by taking the codomain set to be a            lattice L. Chang[2] introduced the concept of fuzzy topological spaces in 1968.  Lowen[12], in 1976, modified Chang’s definition of fuzzy topological spaces to overcome certain difficulties.  From then on various notions in topological spaces have been generalized to fuzzy topological spaces as well as to L-fuzzy topological spaces.  In this chapter we have given a review on some of the available articles on various notions of compactness in fuzzy situation.


Compactness is one of the most important notions in topology.  Many articles have been published on this concept and various kinds of fuzzy compactness have been presented [2,3,6,11,12,18,21].


In 1978, Gantner.et.al.[3] introduced the concept of compactness in         L-fuzzy topological spaces. Their (-compactness was defined only for whole space and they have obtained the Tychonoff product theorem in their fuzzy theory with restrictions on ( or L.


Wang [18] introduced the concept of N-compactness in 1983 which was the first to be defined on an arbitrary fuzzy set.  This concept is found to have more advantages.


Peng[15] (in1986) and Zhao[23] (in 1987) have generalized

N-compactness of Wang [18] in L-fuzzy topological spaces.  General                 N-compactness has the same properties as N-compactness in [18].  It has been found that N-compactness is inherited by closed fuzzy sets, continuous images and products; it is a good extension and every Hausdorff N-compact L-fts is regular and normal.


In 1988, Liu and Luo[10] have introduced and studied the concept of  N-compactness in fuzzy unit interval.


In 1993, Warner and McLean[20] suggested the definition of fuzzy compactness which differs from those of [10,16,23] and verified its goodness.  In the case where L is the closed unit interval I, this does not reduce to Lowen’s definition of fuzzy compactness [13] but is slightly stronger corresponding to Lowen’s (-compactness[13] .


In 1994, Kudri [7] extended the notion of compactness due to Warner and McLean[20] to arbitrary L-fuzzy sets and has proved that this concept is weaker than N-compactness and that the distinction between them is that every N-compact L-fuzzy set need not have this property.


Using Kudri[7]’s compactness,Kudri and Warner [8] introduced and studied good definitions of almost, light and near compact L-fuzzy sets.


Nanda [14] introduced the concept of strong compactness in fuzzy topological spaces.  In his work he followed the lines of Chang’s fuzzy compactness.  In 1995, Kudri and Warner [9] introduced the concept of strong compact .L-fuzzy sets adopting the compactness defined in [7] and proved it to be a good extension.


In 1997, Bai Shi-Zhong[1] introduced and studied the concept of           SR-compactness which is defined for an arbitrary L-fuzzy set.


In fuzzy topological spaces, (-compactness has been initiated and studied by Thakur and Saraf[17].  In 2000, Aygun[5] introduced a good definition of  (-compactness on arbitrary L-fuzzy sets along the lines of   L-fuzzy compactness defined by Kudri[7] and obtained different characterizations and studied some of its properties.


In this dissertation we have discussed in detail the contributions of Kudri and Warner [8,9] and Bai Shi-Zhong[1].
                                       CHAPTER 2

STRONG COMPACTNESS IN  L -  FUZZY  

TOPOLOGICAL SPACES

In this chapter we study the concept of strong compactness and              S-closedness in L-fuzzy topological spaces introduced by Kudri and Warner[9].  They have proved that these concepts are good extensions.  It has been shown that in an extremally disconnected L-fuzzy topological space  the concepts of nearly compactness, almost compactness and 

S-closedness coincide.  Behaviour of strong compact L-fuzzy sets and    S-closed L-fuzzy sets under generalizations of continuous mappings are also studied in this chapter.

Section 2.1


Preliminary definitions and results

In this section we have collected the preliminary definitions and results needed for discussion.

Definition: 2.1.1

An L-fuzzy set f in an L-fuzzy topological space (X,() is called,

¡)  Semi open if and only if there exists g ((   such that g ≤ f≤ cl (g)

     and f is semi-closed  if and only if f( is semi-open .

¡¡)  Regularly semiopen  if and only if there exists a regularly open 

L-fuzzy set g such that  g ≤ f ≤ cl(g)  and f is regularly semi-closed if and only if f( is regularly semi-open.

¡¡¡) Pre-open  if and only if   f ≤ int ( cl (f) )  and  pre-closed if and only if          cl(int (f)) ≤ f, (i.e) f( is pre-open.                        

Definition: 2.1.2 
Let  (X,(X ) and  (Y,(Y) be L-fts’s .   A function f : ( X,(X ) →  (Y,(Y) is called,

1) Irresolute if and only if f-1(g)  is semi-open in  (X,(X) for every semi-open g in (Y,(Y).

2)   M-pre-continuous
if and only if 
 f-1(g)  is a pre-open L-fuzzy set in 

      ( X,(x)  for each pre-open L-fuzzy set  g in  (Y,(Y).

Definition: 2.1.3

Let  ( X , T )
and  ( Y , S )
be L-fts’s and  TФ  be the L-fuzzy topology on X which has the set of all pre-open L-fuzzy sets of  ( X , T ) as a subbase.   A mapping  f  : ( X , T )→ ( Y , S ) is called  (-continuous if and only if f  : ( X , TФ)→ ( Y , S ) is continuous and  f  : ( X , T)→ ( Y , S ) is said to be ((-continuous if and only if f:(X,T()((Y,S() is continuous.

Theorem:2.1.4 

Let  (X, ( )  be an L-fts and let  β   be a non-empty family of L- fuzzy sets.  Then an  L-fuzzy set  f  is a union of elements of β   if and only if  for all p ( PR(L)  and for all  x ( X  with f(x) (  p there is  g ( β such that  g ≤f  and g(x) ( p.

Theorem :2.1.5 
Let  (X ,( )  be a topological space .  If   f   is a semi-open  L-fuzzy set in (X,ω(()) then  f is semi-continuous as a function from (X,() to L with the Scott topology.

Proof 

Let f be a semi-open L-fuzzy set in (X,ω(()) , we want to prove that f is semi-continuous  (i.e.) f-1(V) is semi-open in (X,()  for each    Scott-open V in L.Since   ( {t ( L ; t ≤ p})p(PR(L)  is a base for the Scott topology                     f-1  (Ui,Vi  ) = Ui  f-1(Vi)and any union of semi-open sets is a  

semi-open set, it will suffice to prove that f-1({ t ( L ; t ≤ p})

is semi-open in  (X, ()  for every  p ( PR(L).

Since   f   is a semi-open  L-fuzzy set in (X,ω(()),there is g ( ω(() with 


 g ≤  f  ≤ cl(g).  Then   











g-1( { t ( L ; t ≤ p }) ( f-1({ t ( L ; t ≤ p } ) ( cl( g-1  (( { t ( L ; t ≤ p }) )

for all p ( PR(L) where the last inclusion is  due to theorem1.1.14

Since g ( ω(() and  { t ( L ; t ≤ p } is Scott-open,


        g-1  ( { t ( L ; t ≤ p }) (
 ( for all p ( PR(L).

Hence   f -1 ( { t ( L ; t ≤ p } is semi-open in (X, () for all  p ( PR(L).


Theorem: 2.1.6 

Let (X,()  be a topological space. Then every semi-open L-fuzzy set in (X,ω(()) is a union of elements of the collection   





           ei   if  x ( Ui   semi-open in (X,()

β  = {fi }i(J
where
    fi(x) =






 0   other wise.

Theorem:2.1.7 

Let  (X,()  be a topological space and  A ( X. If  A is semi-open in  

(X,()   then (A  is semi-open in  (X,ω(()).

Proof 

A  is  semi-open in (X,() implies that there is an open set U in       (X,() such that   U ( A ( cl(U).

Thus , (U ( (A ( ( cl(U)= cl((u) by  corollary1.1.32

Since  U((,   (U ( ω(() .

Hence   (A
is semi-open in  (X, ω(()).

Section 2.2 

S-Closedness in L-fuzzy topological spaces 



The concept of S-closed L-fuzzy set is defined and it has been proved to be a “good extension“,characterizations of S-Closed        L-fuzzy sets in terms of collection of regularly closed L-fuzzy sets and regularly semi-open L-fuzzy sets are obtained.  Moreover, some interesting properties of S-closed L-fuzzy sets are discussed and behavior under generalizations of continuous mappings is studied.

Definition :2.2.1













Let  (X, () be an L-fts and  let  g (  LX.
The L-fuzzy set g is said to be S-closed   if and only if for every                p ( PR(L) and very collection {fi }i(J   of semi-open L-fuzzy sets with      ((i(J fi)(x)  ( p for all L-fuzzy points  xp such that   xp  ( g( , there exists a finite subset F of J with ((i(Fcl(fi)(x) (  p  for all L-fuzzy points   xp  such that xp  ( g( .
If g is the whole space then we say that the L-fts (X,(  ) is 

S-closed.

Theorem: 2.2.2

Let (X,() be a topological space. The L-fts  (X, ω(())  is S-closed 

if and only if
(X,()
is S-closed.

Proof 

By using theorem 2.1.6 and theorem 2.1.7 this is similar to theorem1.2.4.

Characterizations of S-closedness

Theorem: 2.2.3

Let  (X, () be an L-fts and 
 let g(LX. The L-fuzzy set g is S-closed if and only if for all p ( PR(L) and every collection {fi }i(J of regularly closed

 L-fuzzy sets with ((i(J fi)(x)(p for all x(X with g(x) ( p(,there is a finite subset Fof J with ((i(F fi)(x) ( p for all x(X with g(x)(p(.

Proof 

Necessity 

Let   p ( PR(L) and let  {fi }i(J be a collection of regularly closed 

L-fuzzy sets with  ((i(J fi)(x)  ( p   for all x ( X with  g(x) ≥ p(.       

Since regularly closed set is semi-open, each fi is a semi-open                  L-fuzzy set.  Hence from the S - closedness of g there exists a finite subset F of J with ((i(F cl(fi))(x)  (  p  for all  x(X  with g(x) ≥p(.

 Since every regularly closed L-fuzzy set  is closed, ((i(J  fi )(x)   (  p  
 

  for all  x ( X  with g(x) ≥p(.

Sufficiency 


Let  p ( PR(L) and let   {fi }i(J be a  collection of semi-open L-fuzzy sets with
((i(J fi)(x) ( p    for all  x ( X  with g(x) ≥p(.

Then, for each   i(J 
there exists
hi(( such that hi ≤ fi ≤ cl(hi)



Thus, we have cl(fi) = cl(hi) and by theorem 1.1.25


 cl(hi)  is regularly closed. 

Since  fi≤ cl(hi) for every  i(J  and ((i(J fi )(x) (  p    for all  x ( X  with 

g(x)≥p(. we have  ((i(J cl(hi))(x) (  p  for all  x ( X  with g(x) ≥p(.

(
{ cl(hi)}i(J is a family of regularly closed L-fuzzy sets with 


((i( J clhi )(x) ( p , x(X  with g(x) ≥ p(.

         (    {cl hi}i(J      is a family of regularly closed L-fuzzy sets with

((i(J cl hi)(x)  (  p ,  for every  x(X  with g(x) ≥p(.

Then by hypothesis , there exists a finite subset F of J with

((i(F cl(hi))(x) (  p ,  for every  x ( X  with g(x) ≥p(.

(i.e.)((i(F cl(fi))(x)  (  p ,  for every  x(X  with g(x) ≥p(.

Hence  g  is  S-closed.

Theorem : 2. 2. 4 


Let (X, () be an L-fts and  let g(LX.  The L-fuzzy set   g  is S-closed if and only if for all   p (PR(L) and every collection   {fi}i(J of regularly 

semi-open L-fuzzy sets with ((i(F cl(fi))(x)(p ,for all x(X with g(x)(p( there exists a finite subset Fof J with ((i(J fi)(x)(p for every x(X with g(x)(p(.

Proof 

Necessity 

 Since every regularly  open L-fuzzy set is an open L-fuzzy set, we have every regularly semi-open L-fuzzy set is a semi-open L-fuzzy set.

Hence the result follows immediately.

Sufficiency 


Let   p ( PR(L) and let    {fi }i(J  be a collection of semi-open L-fuzzy sets with ((i(J fi)(x)  (  p for all  x ( X  with   g(x) ≥p(.

Then, ( int(cl(fi)) ( fi )   is a regularly semi-open L-fuzzy set for every   i( J   with ((i(J (int(cl(fi)) ( fi  ))(x) (  p for all x ( X  with  g(x) ≥p(.

So, by hypothesis, there is a finite subset F of J with

((i(F cl( int (cl(fi)) ( fi  ))(x)  (  p for all x(X  such that  g(x) ≥p(.  

Then
((i(F cl(int(cl(fi)) ( cl( fi )) (x)  (  p for all
  x ( X  such that  g(x) ≥p(.

Since cl(int(cl(fi)) ( cl(fi)=cl(fi),we have

((i(F cl(fi)(x)  ≤  p for all  x ( X  with  g(x) ≥p(  and g is  S-closed.

Properties
                                                                                                   




Theorem: 2.2.5 

     Let (X, ( ) be an L-fts and let g and h be S-closed L-fuzzy sets. Then h(g is S-closed.

    Proof 

       Using theorem 2.2.3, this is similar to theorem1.3.1

Theorem: 2.2.6 

Let (X, ( ) be an L-fts. Every L-fuzzy set g with finite support is           S-closed.

Theorem: 2.2.7 


Let (X,
 ( ) be an L-fts  and let  g be an S-closed L-fuzzy set. Then for each regularly open L-fuzzy set h, h ( g  is S – closed.

Proof 

 Using theorem 2.2.3 , this is similar to theorem 1.3.2.

Theorem: 2.2.8


Let (X, () be an S-closed L-fts. Then each regularly open L-fuzzy set  is S-closed in (X,  ().

 Proof 


 This follows immediately from theorem 2 .2.7 

Theorem: 2.2.9 


Let (X, () be an L-fts. If g is an S-closed L-fuzzy set , then for each clopen L-fuzzy set h,  h(g   is S-closed.

Proof 




This follows from theorem 2.2.7 because if h is  clopen,


h= int(h) = cl(h)  then , int (cl(h)) = h   (i.e.),  h  is regularly open.


Theorem: 2.2.10 



Let   ( X , (x ) and 
( Y, (Y)  be L-fts’s   . Let f : ( X , (X ) → ( Y, (Y)


be an almost continuous, 
almost open mapping and let g be an S-closed

           L-fuzzy set of  ( X , (x ) . Then f(g) is an S-closed L-fuzzy set of   ( Y, (Y).

           Proof   


Let   p ( PR(L)  and   {fi }i(J  be a family of regularly closed L-fuzzy sets in ( Y, (Y) with
((i(J fi)(y) (  p for all  y ( Y with   f(g)(y) ≥ p(             (¡)

Then from theorem  1.1.27 , (f-1(fi)) i(J  is a family of regularly

closed L-fuzzy sets in  ( X , (X ).


Also,
 ((i(J f-1(fi))(x) (  p for all  x(X  with  g(x) ≥p(  because


if   g(x) ≥p(   then f(g)( f(x))  ≥ p(.

   
So 
 ((i(J f-1(fi))(x)  =  ((i(Jfi)(f(x)) (  p  by  ( ¡ )

From the S-closed of g in (X, (X ) ,by theorem 2.2.3   there exists a finite subset F of J with ((i(Ff-1(fi))(x)  ≤  p  for all  x ( X  with  g(x) ≥p(
  
Take   y ( Y with f(g)(y) ≥p(   then by definition of image of a fuzzy set




((x(f-1(y)){g(x)} ≥ p(  which implies there is  x ( X  with  g(x) ≥ p(  and        f(x) = y.

So, ((i(F fi)(y) = ((i(F fi)(f(x)) = ((i(F f -1(fi))(x) ( p .

Hence ((i(F fi )(y) (  p  for all  y ( Y with  f(g)(y) ≥ p(.


Hence by theorem 2.2.3  f(g)  is S-closed in (Y, (Y)
.

Theorem: 2.2.11 

          

 For an extremally disconnected L-fts (X, () the following are equivalent ,
1. (X, ()  is  nearly  compact

2.  (X, ()  is  almost  compact

3.  (X, ()  is  S-closed.

Proof



In theorem 
1.3.17
, it has been proved that



 (1) is equivalent to (2)

(3) implies  (2) is immediate from the definitions.

We are going to show that 
  (2) implies (3).

Let  p ( PR(L)  and let    {fi
} i (J be a family of semi-open L-fuzzy sets with 




   ((i(J fi)(x)   (  p    for all  x ( X  with g(x) ≥ p(                  (1).

Then for each i ( J
there is gi (( such that gi ≤ fi   ≤ cl (gi)  



Since 
(X,( ) 
is extremally  disconnected , cl (gi)((.

Since 
fi  ≤ cl gi  from (1) we get 

((i(J cl(gi))(x) ( p for all  x ( X  with g(x) ≥p(.

Since ( X , () is almost compact there is a finite subset  F of J with 



((i(F cl(gi))(x) ( p for all  x ( X.

But   cl (gi)  = cl(fi)( ∙   ∙ gi ≤ fi  ≤ cl gi  ( cl gi  ≤ cl fi  ≤ cl gi )

((i(Fcl(fi))(x) ( p  for all   x ( X.
Hence (X,( )  is S-closed.

Theorem: 2.2.12



Let ( X ,(X)   and (Y,(Y) be L-ft’s with (Y, (Y) extremally 

disconnected .Let  f:
( X,(X ) → (Y,(Y) be an almost continuous mapping and g 

an      S-closed L –fuzzy set of  ( X ,(X ).Then f(g) is an S-Closed L-fuzzy set of 

(Y, (Y).

Proof 


Since g is an S-closed L-fuzzy set of ( X , (X ), g is almost compact in  

( X , (X ).

Then by theorem 1.3.4,f(g) is almost compact in (Y, (Y).

 Since (Y, (Y) is extremally disconnected by theorem 2.2.11

 f(g) is S-Closed in (Y,(Y).

Theorem: 2.2.13 

Let   (X,(X) and (Y,(Y) be L-ft’s with (Y, (Y) extremally disconnected.  Let  f: ( X,(X ) → (Y,(Y) be a weakly cotinuous mapping and let  g be an 

S-closed L-fuzzy set of ( X ,(X ).  Then f(g) is an S-closed  L-fuzzy set of (Y, (Y).


Proof



Given f is weakly continuous and (Y,(Y) is extremally diaconnected.


Let h  be a 
regularly open L-fuzzy set of (Y, (Y) 


 Then    h = int (cl(h)), since  (Y, (Y) is 
extremally disconnected . 


We have cl(h) (  (Y. Thus h = cl(h) .Since f is weakly 
continuous.



f‑1(h)  ≤   int (f-1(cl(h)) =  int(f -1(h)).


Hence f-1  (h) ( (x and therefore f is almost continuous .


Hence the result follows from theorem 2.2.12.

Theorem: 2.2.14 

Let  ( X , (X)  and (Y, (Y ) be L-ft’s .  Let f:(X,(x)((Y,(Y) be a weakly continous mapping with f-1(cl(h)) for every regularly open L-fuzzy set h in (Y,(Y) and let g be an S-closed L-fuzzy set of (X,(X).Then f(g) is S-closed in (X,(X).

Proof 

        By theorem1.1.28 , we have that the inverse image of every  regularly closed L-fuzzy set in   (Y, (Y)  is a regularly closed  L-fuzzy set in (Y, (X).


Then the result follows in the same way as in theorem 2.2.10.

Theorem: 2.2.15

 
Let  ( X , (X) and (Y, (Y) be L-fts’s .Let f: ( X , (X )  → (Y, (Y)  be an irresolute  map with f-1(cl(h)) ≥ cl(f-1(h)) for every semi-open L-fuzzy set  h of (Y, (Y) and let g be an S-closed  L-fuzzy set of (X, (X) .  Then f(g) is 

S-closed in (Y, (Y).

Proof 

        Let p ( PR(L)  and let {fi} i(J be a family of semi-open  L-fuzzy sets  in 

(Y, (Y) with ((i(J fi)(y)( p for all y ( Y with f(g) (y) ≥ p(.  Since f is irresolute, (f-1(fi)) i(J   is a family of semi-open L-fuzzy sets in ( X , (X ).

We also have   ((i(J f-1(fi ))(x) (  p   for all x (X with g(x) ≥p’ ,because if  

g(x) ≥ p(   then   f(g) (f(x))  ≥  p(. so,

((i(J f-1(fi))(x) = ((i(J fi )f(x) ( p 

From the S-Closedness of g in (X, (X), there exists a finite subset F of J with ((i(F cl( f-1( fi ))(x) ( p   for all  x ( X   with  g(x) ( p(        (1)

If  f(g)(y) ≥ p(   then 
  ((x(f-1(y)) g(x) ≥ p(  which implies that there  is x ( X with g(x) ≥ p( and f(x) = y.

So,((i(F cl( fi ))(y) = ((i(F cl(fi)) (f(x)) = ((i(F f -1(cl ( fi )))(x)  

≥    ((i(Fcl (f-1( fi )))(x)
 

Therefore from(1), we get ((i(F clfi)(y)(p


Hence f(g) is S-closed.

Section:2.3 

Strong compactness in L-fuzzy topological spaces


In this section we have discussed the concept of strong compact   L-fuzzy sets which has been proved to be a  “good extension “. Properties regarding join and meet of strong compact L-fuzzy sets are discussed and it has been proved that image of a strong compact L-fuzzy set under      

((-continuous mapping and  M-pre-continuous mapping is strong compact.

Definition: 2.3.1 


Let  (X, () be an L-fts and g ( LX . The L-fuzzy set g is said to be strong compact if and only if for every   p(PR(L)  and every collection  {fi}i(J   of pre -open L-fuzzy sets in (X, () with ((i(J fi)(x) (  p, for all L-fuzzy points 

 xp such that xp ( g’, there exists  a finite subset F of J with                  ((i(J fi )(x) ( p, for all L-fuzzy  points xp such that xp ( g(  , If g is the whole space X, we say that  the  L-fts (X, ()  is strong compact.
Theorem: 2.3.2 

        Let  (X,() be a topological space. Then (X,( ) is strong compact if and only if (X, ω(( )) is a strong compact  L-fts.

Proof 

Necessity  

Let p ( PR(L)  and let {fi} i(J be a family   of pre-open L-fuzzy sets in       (X, ω (())  with  ((i(Jfi)(x) ( p for all x ( X.

Claim : 1

{fi-1 (t ( L ; t ( p)} is a family of pre-open sets in ( X,( ) covering X.

Take  x  (X.

Since 
((i(J fi )(x) ( p, there exists at least one  i( J  such that  fi (x) ( p.

therefore  fi (x) ( {( t ( L ; t ( p)}   .

(i.e.) there exists i (
J such that 

x (    fi-1 { (t ( L ; t ( p)}
( (i(F(fi-1 {t ( L ; t ( p})


There fore X ( ( i(J ( fi-1{(t ( L ; t ( p)}

Hence the claim.

Claim:2 


For each  i(J , fi-1({t ( L ; t ( p }) is pre-open in (X,()

 Since  fi  is pre-open , 

fi ( int (cl (fi)) (  fi-1 ({t(L ; t ( p }) ( (int (cl(fi)))-1({t(L ; t ( p })            (1)

Since int(g) ( g  and int (g)(ω(()  for every g ( L and 

( { t ( L ; t ( p})  is Scott open , we have ( int (g))-1( { t ( L ; t ( p } ) ( (
So (int(g))-1({t ( L ; p ( t})  ( int (g-1({ t ( L ; t ( p  ))
  (2)   (since by theorem1.1.14)            

Using  (2) in(1) we get ,

 fi-1 ({t ( L ; t ( p})
(   int (cl (fi))-1{ t (L ; t ( p} 
fi-1 ( {t ( L ; t ( p})  (    int (cl (fi-1( {t (L ; t ( p}))) (since by theorem 1.1.14) Hence by definition , fi-1 ({ t ( L ; t ( p}) is pre-open for every i ( J .


Since (X, () is strong compact , there is a finite  subset F of J  

with   (i(F fi-1({t ( L ; t ( p}) ( X.

Then for every x ( X there is  i ( F such that fi (x) ( p


(I.e.) ((i(F fi)(x) (  p for all  x ( X.

Hence (X, ω(()) is  strong compact.

Sufficiency


        Let (A( )((J  be a pre-open cover of (X,().

Then  ((A )((J is a family of pre-open L-fuzzy sets in (X,  ω(()).

Claim : ((((J(A   )(x) ( p for all x ( X and for all  p( PR (L)

Since Aλ is pre-open, Aλ ( int(cl(Aλ ))

Hence (A    ≤ (int (cl (( Aλ)

Hence by corollary  1.1.32  (int (cl (( Aλ)  =   int ( cl((A  ) )

So  (A   ( int ( cl(((A  ))

                                                    

((A    is pre-open in (X, ω(() ) .

Since  { A( }((J covers X    for every x  ( X , there exists   λ (J  such that   


x ( A( . 


( (A  (x) = 1.

Hence ((((F (A() (x) = 1(  p for all x ( X and for all p ( PR(L).

 Since ( X, ω(()) is strong compact, there exists a finite sub-set F of J 

such that ((((F(A  )(x) ( p  for all x ( X  and for every  p ( PR(L)

Thus , 

((((F (A  )(x) = 1 for all x ( X.

Therefore for every x ( X there is λ ( F
with x ( A(, (i.e.) (((F A(  ( X.










                   

Hence  (X,() is strong compact.

Theorem: 2.3.3 

Let  ( X,() be an  L-fts and let  g   and  h  be  strong  compact  L-fuzzy sets.  Then   h ( g  is strong  compact .

Proof 


Using   the definition of strong compactness, this is similar to theorem 1.3.1.

Theorem: 2.3.4

Let  ( X,() be an  L-fts.  Every  L-fuzzy set g with finite  support  is  strong compact.

Theorem: 2.3.5 

Let  (X,() be an L-fts. If f is a strong compact  L-fuzzy  set  then  f   is  compact.

Proof 

            This immediately follows from definitions.

Theorem: 2.3.6 

Let (X,
() be an L-fts. If g is a strong compact L-fuzzy set, then for each pre-closed L-fuzzy set h, h ( g is strong compact.

Proof 

This is similar to theorem 1.3.2.

Theorem: 2.3.7 

Let  (X,T)  be an L-fts and T( as in definition 2.1.3  then f   is strong compact  in  ( X,T) if and only if   f   is compact   in  (X, T(). 
Proof 

Necessity 

Let p
( PR(L) and let {fi }i(J be a collection of sub-basic  T( open  L-fuzzy sets with ((i(J fi) (x) ( p  for all  x ( X such that f(x) ≥ p( .

Thus each fi is a pre-open L-fuzzy set in (X,T)   and by the strong compactness of f, there is a finite subset F of J with ((i(F fi )(x) ( p  for all  x ( X  such that   f(x) ≥  p(.


Hence by theorem  1.1.24     f    is compact  in  ( X,T().

Sufficiency 

               Let   p ( PR(L)   and  {fi }i(Jbe   a collection of pre-open  L-fuzzy sets  in     (X ,T ) with ((i(J fi)(x) ( p for all x ( X with f(x) ≥ p(.

But every pre-open L-fuzzy set in (X,T)  is in  T( and by  the  compactness of  f in   ( X,T() , there exists a finite subset   F  of  J  with   ((i(F fi)(x) ( p  for all   x (  X   such that   f(x)  ≥ p( ,

Hence   f   is strong  compact  in (X,T).

Theorem: 2.3.8 

          Let (X,T) be an L-fts .  If g is a strong compact L-fuzzy set in ( X ,T ), then  for each closed L-fuzzy set  h in (X,T() , h ( g is strong compact in 

( X,T).

 Proof      
By theorem 2.3.7 g is compact in (X, T() and since h is closed in     (X, T() from theorem 1.1.23 h ( g is compact in ( X, T().  Then by theorem 2.3.7 ,  h ( g is strong compact in (X,T).

Corollary: 2.3.9 

             Let ( X,T) be a strong compact L-fts. Then each closed L-fuzzy set in    ( X,T() is strong compact.

Proof 


This follows immediately from theorem 2.3.8

Theorem : 2.3.10 

          Let (X ,T) and (Y,S) be L-fts’s and let f : (X,T)→(Y,S) be a Ф(- continuous mapping. If g is strong compact in (X,T) then f(g) is strong compact   in    ( Y , S).

Proof

       Let p ( PR(L) and let    {fi }i(Jbe a collection of pre-open L-fuzzy sets 

in (Y,S).That is each fi  is a  S( - sub basic  open L-fuzzy set  with 


((i(J fi)(y) ( p for all y ( Y such that f(g)(y) ≥p(                  (¡)



Since f is  ((   -continuous , by definition  f : (X,T() →(Y,S() is continuous,

Hence each  f-1(fi) (T(. Take   x ( X   with  g(x) ≥ p(.

Then f(g)( f(x)) = ( z(f-1(f(x)) {g(z)}    ( p(  


((i(J f-(fi))(x) = ((i(J fi)(f(x)) ( p  by (¡)



Thus ( (i(J f-1 (fi))(x) ≤  p  for all  x ( X  such that  g(x)  ≥  p(.

Since   g  is strong compact in (X,T) by theorem 2.3.7 , g is compact in       ( X,T().

So there  exists a finite sub set F of J with

((i(F f-1( fi ))(x) ( p for all x ( X such that g(x) ≥ p(

  


Then ((i(F fi)(y) ( p for all y ( Y  with f(g)(y) ≥ p(. 

because , ((i(F  f-1(f(fi))(y) (  p  for all y ( Y  such that f(g)(y)  ≥ p( .


    

   


Hence by theorem 1.1.24  f (g) is compact in (Y, S().

Therefore from theorem 2.3.7 f(g) is strong compact in (Y,S().

Theorem: 2.3.11        

 
Let  (X , (x)  and ( Y ,  (Y) be L-fts’s and let  f : (X, (X) → (Y, (Y)


be an M - pre -continuous mapping. If   g   is strong compact 

in   (X, (X)  then   f(g)    is strong compact in (Y, (Y).

Proof 

 
Since f is M-pre- continuous, f is  ((- continuous .

           Hence we have our result by theorem 2.3.10. 

CHAPTER 3

SR-COMPACTNESS IN L-FUZZY TOPOLOGICAL SPACES
In this chapter we discuss the concept of SR-compactness in 

L-fuzzy topological spaces introduced by Bai Shi-zhong[1].  It has been shown that SR-compactness is hereditary for strongly semiclosed subsets and every set with finite support is SR-compact.  Moreover,                   SR-compactness is preserved under an S-irresolute mapping. Characterizations of SR-compactness are obtained in terms of (-nets having SS-cluster points,r-S-covers having finite r+ -S-covers and family of strongly  semi-closed L-fuzzy sets having a finite intersection property.

Section: 3.1

Preliminary definitions and results

In this section we have collected the preliminary definitions and results needed for discussion.

Definition: 3.1.1

Let (X, () be an L- fts . f(LX is called a,

(i) Strongly semiopen set iff there is a g(( such that g ( f ( g-0 and 

(ii) a strongly semiclosed set iff there is a g(( such that 

g0- ( f ( g, where go and g - are the interior and the closure of g, respectively.

SSO (Lx) and SSC (Lx) will always denote the family of strongly semiopen sets and family of strongly semiclosed sets of an L-fts   (X , () respectively.

Remark: 3.1.2


It is obvious that every open set is a strongly semiopen set and every strongly semiopen set is a semiopen set and union of strongly semiopen sets is a strongly semiopen set.

Definition: 3.1.3


Let (X, () be an L-fts, f(LX and define the following sets:


f ( = ( {g: g ( SSO,g ( f }


f ( = ( {g :g ( SSC, f ( g }

We call f ( the strong semi-interior of f and f ( the strong semi-closure of f.


Obviously, f ( SSO (Lx) iff f ( = f and f( SSC (Lx) iff  f ( = f.

Theorem: 3.1.4


Let ( X, () be an L-fts and f(Lx.  Then f ( = f '( and f ( ' = f '(
Definition: 3.1.5


Let (X, (X) and  (Y, (Y) be two L-fts.  Then F: (X,(X)((Y,(Y)  is called S-irresolute mapping if F-1(g) ( SSO (Lx) for each g ( SSO (LY).

Theorem: 3.1.6


For F: (X, (X) ((Y, (Y) the following are equivalent:

(i) F is S-irresolute

(ii) F-1(g) ( SSC (Lx) for each g (SSC (LY)

(iii) F(f () ( (F(f))( for each  f(LX.

(iv) (F-1(g))( ( F-1(g() for each g(LY.

(v) F-1(g () ( ( F‑1(g)) ( for each g ( LY.

Proof

(i)( (ii): straight forward and hence omitted.


(ii) ((iii): Let f(LX.  Then (F (f))(( SSC(LY).  By (ii).


F-1((F(f)() (SSC(Lx), and f (( (F-1F(f))( ( (F-1(F(f))())(





=F-1((F(f))().

Thus 
F(f () ( FF-1((F(f))() ( (F(f))(.


(iii)( (iv): Let g(LY.  By (iii),


F((F-1(g))() ( (FF-1(g))( ( g (.

Thus 
(F-1(g))( ( F-1F((F-1(g))() ( F-1(g().


(iv)((v): Let g(LY.  By (iv) and theorem 3.1.4, we have 


F-1(g '() ( (F-1(g'))~ = (F-1(g))' ~ and 


F-1(g() = F-1(g'~') = (F-1(g'~))' ( (F-1(g))'~' = (F-1(g))(.


(v) ( (i): Let g ( SSO(LY).  Then g = g (.  By(v).


F-1(g) = F-1(g() ( (F-1(g))(.

Hence F-1(g) = (F-1(g))(, (i.e) F-1(g) (SSO(LX).

Thus f is S-irresolute.

Definition: 3.1.7


Let ( X,(X) and (Y, (Y) be two L-fts and F: (X, (X) ( (Y, (Y).  F is called S-irresolute at a point e(M*(LX), if g (SSO (LY) and f(e) ( g there exists a f(SSO(LX) such that e ( f and F(f) ( g.

Theorem:3.1.8  


A mapping F:(X,(X) ( (Y, (Y) is S-irresolute iff F is S-irresolute for each point e(M* (LX).

Proof


Let F be S-irresolute, e( M*(LX) and g (SSO(LY) such that F(e) ( g.  

Then e ( F-1(g) = (F-1(g))( .  Let f =F-1(g).  Then f(SSO(Lx) and so               F(f) = FF-1(g) ( g .

Thus F is S-irresolute for each point  in e(M* (LX).

Conversely, let g(SSO(LY) and e be a point F-1(g).

Then e ( F-1(g). (i.e) F(e) ( g.  By hypothesis there exists a f(SSO(LX) such that e ( f and F(f) ( g.  Hence e ( f ( F-1F(f) ( F-1(g) and 

e ( f = f ( ( (F-1(g))(.

Since e is arbitrary and F-1(g) is the union of all points in F-1(g),                 F-1(g) ( (F-1(g))( 

(i.e) F-1(g) = (F-1(g))(.  Thus F is S-irresolute.

Theorem: 3.1.9

Let F:(X,(X) ( ( Y,(Y) be one-to-one and onto . Then F is

S-irresolute iff (F(f))( ( F(f() for each f(LX.
Section: 3.2

SR-compactness


In this section we study the concept of SR-compactness and its properties.

Definition: 3.2.1


Let (X,() be an L-fts and x( (M*(LX).  f(SSC(LX)is called a strongly semiclosed R-neighbourhood or briefly, SSC-R-neighbourhood of x(, if x( (f. g(LX is called a strongly semi-R-neighbourhood or briefly,    

SS-R- neighbourhood of x( if x( has an SSC-R-neighbourhood f satisfying g(f. The set of all SS-R-neighbourhoods 

(SSC-R-neighbourhoods) of x( is denoted by ((x() ((-1(x()).

Definition: 3.2.2  


Let (X,() be an L-fts and S= {S(n), n(D} a net.  x((M(LX) is called an SS-cluster point of S if for each h(( (x(), S is frequently not in h.

Definition: 3.2.3


Let (X,() be an L-fts, f(LX and ((M(L), ((SSC(LX) is called an 

(-SS-remote neighbourhood family of f (briefly (-SS-RF of f ) if for each x( in f, there is h(( such that h(((x().( is called an (--SS-RF of f if there exists r((*(() such that ( is an r-SS-RF of f.

Definition: 3.2.4 


Let (X,() be an L-fts and f(Lx.  f is called SR-compact if every 

(-SS-RF ( of f has a finite subfamily ( of ( such that ( is an (- -SS-RF of f(((M(L)).  Specifically, when f = 1x is SR-compact, we call (X,() an 

SR-compact space.

Characterizations

Theorem: 3.2.5


Let (X,() be an L-fts and f(LX.  Then f is SR-compact iff the following two conditions hold:

(i) For every ((M(L) and every (-SS-RF ( of f there is a finite subfamily ( of ( such that ( is an (-SS-RF of f .

(ii) For every ((M(L), (-SS-RF ( = {h} of f, made by a strongly semiclosed set, is an (--SS-RF of f .

Proof

Necessity


Let f be an SR-compact set and ( an (-SS-RF of f (((M(L)).


By definition 3.2.4 there is a finite subfamily ( of (  such that ( is an (- -SS-RF of f which inturn implies that ( is an (-SS-RF of f.  Thus (i) is satisfied.


Let ( = {h} be an (-SS-RF of f (((M(L)).


By definition 3.2.4, there is a finite subfamily ( of ( such that ( is an (--SS-RF of f.  The only possibility is that ( = (.


Thus (ii) is satisfied.

Sufficiency


Suppose now that conditions (i) and (ii) are satisfied, and ( is an   (-SS-RF of f (((M(L)).  By (i) there is a finite subfamily ( of ( such that ( is an (-SS-RF of f .


Let h = ((.  Obviously {h} is an (-SS-RF of f.  By (ii), {h} is an 

(--SS-RF of f.


That is, there exists r((*(() such that {h} is an (-SS-RF of f.

( for every xr in f, h( ((xr)


Hence xr(h.


( r ( h(x).


Since h =((, we get h(x) =({k(x): k((}.


By infimum property, there exists k(( such that r ( k(x) (i.e) xr (k.


Hence ( is an (--SS-RF of f. 


( f is SR-compact.

Theorem: 3.2.6


Let (X, () be an L-fts and f(LX.  Then f is SR-compact iff every (-net in f(((M(L)) has an SS-cluster point in f with height (.

Proof

Necessity


Let f be an SR-compact set and S = { S(n), n(D} and (-net in if.


If S has no SS-cluster point in f with height (, then by definition 1.1.17, for each x((f, there is p(x)( ((x ( ) such that S is eventually in p(x), (i.e) there is n(x)(D, such that S(n) ( p(x), whenever n ( n(x).


Put ( ={ p(x): x( ( f }, then ( is an (-SS-RF of f.  Since f is 

SR-compact, there is a finite subfamily ( ={p(xi); i = 1,2,….. k } of ( such that ( is an (--SS-RF of f (i.e) there is r((*((), for each yr in f, i ( k , 

such that yr ( p(xi).


Put p =     p(xi)

Then for each yr in f, yr ( f, r ( p(y)                 (1)

Since D is a directed set, there is an n0(D such that n0 ( n(xi)

 (i = 1,2,…k).  When n ( n0, S(n) ( p(xi) (i = 1,2,…k).

Hence when n ( n0, S(n) ( p                           (2)

By (1), (2) and S(n) ( f, when n ( n0 , h(S(n)) ( r (where h(S(n) is the height of point S(n)).

This is contrary to the fact that S is an (-net in f.  Thus S has at least an SS-cluster point in f with height (. 

Sufficiency


Let each (-net in f (((M(L)) have an SS-cluster point in f with height ( and ( be an (-SS-RF of f.  Suppose none of the finite subfamily ( of ( is ( --SS-RF of f.


Then for each ((2( (where 2( is a set of all the finite subfamily of () and r((*((), there is xr( in f such that for every p((, xr( ( p                 (3)


Put D = (*(()x2( . For (r1,(1) and (r2,(2) in D define (r1,(1) ( (r2,(2) iff  r1 ( r2 and (1( (2.


It can be easily seen that D is a directly set.  Put S ={xr(,(r,()(D}.  Then S is a net in f.  For each r((* and (0(2(, 

when (s,() ( ( r, (0), h(xs() ( r.  Hence S is an (-net in f.

Claim


S has no SS-cluster point in f with height (.

For each point x((f, since ( is an (-SS-RF of f, there is k(( with k(((x().  Now {k}(2(
.

Take an arbitrary s((*(().  If (r,() ( (s*,{k}) then as k(( we get xr( ( k.

  This shows that S is eventually in k, and hence x( is not an SS-cluster 

point of S .


Hence S has no SS-cluster point in f with height (, which contradicts the assumption.  Thus f is SR-compact.


An SR-compact set in a fuzzy topological space (X,() has an interesting property as follows:

Theorem: 3.2.7


Let (X, () be a fuzzy topological space and f an SR-compact set in (X,().  Then there exists a crisp point x(X so that f(x) = sup {f(t); t(X}.

Proof


Let ( = sup { f(t); t(X}, clearly we may assume (((0,1].  Choose xn(X so that f(xn) > ( -       and denote by S(n) the fuzzy point with support xn and value f(xn).  We get an (-net S ={S(n), n(N} contained in f.  Since 

f is SR-compact, S has an SS-cluster point x( in f with height (.


Since x((f, we get f(x) ( ( and from the definition of ( that f(x) ( (, hence f(x)=(.


The following theorem shows that the SR-compactness is hereditary for  strongly semiclosed subsets.

Theorem: 3.2.8


Let f be an SR-compact set in L-fts (X,().  Then for each strongly semiclosed set g in (X, (), f(g is SR-compact.

Proof


Let S be an (-net in f(g .  Then S is also an (-net in f.  Since f is SR-compact by theorem 3.2.6, S has an SS-cluster point x ( in f with height (. Clearly S is also a net in the strongly semiclosed set g.


Since x( in an SS-cluster point of S we have x( ( g.  Hence 

x( ( f(g, (i.e) x( is an SS-cluster point of S in f(g.  Thus  f(g is 

SR-compact.

Theorem: 3.2.9


Let (X,() be an L-fts and f(Lx.  If f is with finite support, 

(i.e) (0(f) = { x(X:f(x)>0} is a finite set then f is SR-compact.

Proof


Let support f ={ x1,x2,……xn},( an (-SS-RF of f(((M(L).  For each

 i ( n , choose pi(( so that ( ( pi(xi).  Since ( = sup (*((), there is ri((*(() such that ri ( pi(xi).


Since (*(() is a directed set, there exists r((*(() such that r ( ri 

(i ( n).  For each i( n we have r ( pi(xi).  


Hence the finite subfamily ( = {h1,h2,…hn} of ( is an (--SS-RF of f.  Thus f is SR-compact.


The following theorem shows that the SR-compactness is preserved under S-irresolute mapping.

Theorem: 3.2.10


Let (X,(X) and (Y,(Y) be L-fts, f be an SR-compact set in (X,(X) and

F:(X,(X) ( (Y,(Y) an S-irresolute mapping, then F(f) is SR-compact in (Y,(Y).

Proof


Let ( (SSC(LY) be an (-SS-RF of F(f)(((M(L)).

Claim


F-1(() = { F-1(p): p(( }is an (-SS-RF of f.


Since F is an S-irresolute mapping, F-1(()(ssc(Lx).


Let x((f,then F(x() = (F(x))((F(f).

Since ( is an (-SS-RF of F(f); there exists p(( with p((((F(x)(), (i.e) (F(x))((p, or equivalently, p(F(x)) ( (.  By the definition of inverse mapping,

F-1(p)(x) = p(F(x)) ( (.

Hence x( ( F-1(p).  It follows that F-1(h)(((x().

Therefore F-1(() is an (-SS-RF of f.

Hence the claim.

Since f is SR-compact,there exists r((*(() and a finite subfamily 

( of ( such that F-1(() is an r-SS-RF of f.

Since f is SR-compact, there exists r1((*(r) and a finite subset (1 of F-1(() such that (1 is an r1-SS-RF of f.  Obviously we can take (1 = F-1(().

We will show that ( is an r-SS-RF of F(f).

Let yr(F(f).  Then

 r = sup{((L: there exists x(F-1(y), f(x) ( ( and ( ( r}.

Since r1((*(r), we have r1(((r) and hence there is ((L and x(F-1(y) with f(x)((, ( ( r and ( ( r1.  Thus xr (f.

Since F-1(() is an r1-SS-RF of f there is p(( with 

F-1(p)(((xr ),(i.e) F-1(p)(x) (r1.

Hence p(y) =p(F(x)) ( r1, h(((yr).

Thus F(f) is SR-compact.

Definition: 3.2.11


Let (X, () be an L-fts, r be a prime element of L and r<1.                   ( ( SSO(LX) is called an r-S-cover of (X, () if for each x ( X, there is u ( ( such that u(x) ( r.  ( is called an r+-S-cover of (X, (X) if there exists 

 t ( (* (r) such that ( is a t-S-cover of (X, ().

Theorem: 3.2.12


An L-fts (X,() is an SR-compact space if and only if every r-S-cover ( has a finite subfamily ( of ( such that ( is an r+-S-cover, where r is a prime element of L and r<1.

Proof


Let (X,() be an SR-compact space, ( be an r-S-cover and r a prime element and r<1.  Put ( =((, then (( SSC(LX) and for each x(X there is 

q = u((( such that u(x) ( r, (i.e) r(q(x).


Since r is a prime element and r < 1, r'(M(L).


Since xr’( q we have q(((xr’).


Hence ( is an r(-SS-RF.  Since (X,() is SR-compact, there is a finite subfamily ( of ( such that ( = ( is an (r')- -SS-RF, (i.e) for some t((*(r') and each x(X, there is V(( such that t ( v'(x) equivalently for some t'((*(r) and each x(X, there is a V(( such that t ( v((x) equivalently,for some  t(((*(r) and each x(X there is a V(( such that V(x)(t(.Thus ( has a finite subfamily  ( which is an r+-S-cover.             
Conversely, suppose every r-S-cover has a finite subfamily which is an 

r+-S-cover.

Let ( be an (-SS-RF of (X,(), ( = (( and r = ((.

Since ((M(L), r is a prime element and r < 1.

With the method of dual above, it is easy to prove that ( is an r-S-cover.

Suppose ( is a finite subfamily of ( such that ( is an r+-S-cover.  Put ( =((, then ( is a finite subfamily of (.We can easily prove that ( is an (--SS-RF of (X,().


Thus (X,() is SR-compact.

Definition: 3.2.13


Let (X,() be an L-fts, r be a prime element of L, r < 1 and ((LX.  If for every finite subfamily ( and for each t((*(r), there is x(X such that ((() (x) ( t', then we say that ( has an r+-finite intersection property.

Theorem: 3.2.14


An L-fts (X,() is an SR-compact space if and only if every ((SSC(LX) having an r+-finite intersection property, there is x(X such that ((()(x) ( r', where r is a prime element of L and r < 1.

Proof


Let (X,() be an SR-compact space.  Suppose there is a prime element e of L, e <1 and some ((SSC (LX) has an e+-finite intersection property, for each x(X such that ((()(x) ( r(.  Then there exists f(( such that f(x) ( e'(i.e) f '(x) ( e.



Hence (' is an e-S-cover.  By theorem 3.2.12 there is finite subfamily (={f1,f2,…fn}of ( such that ( is an e+-S-cover.  Hence for some t((*(e) and each x(X,there is fi(( such that  fi((x)(t. 

Hence ( ( fi( ) (x) ( t


(i.e) ((()(x) =    (     fi )(x) ( t(.  which contradicts that ( has an

 e+-finite intersection property.


Conversely let ( be an r-S-cover, r a prime element and r < 1.  If none of the finite subfamily ( of ( is r+-S-cover, then every t((*(r) there is x(X such that g(x) ( t for each g((.  Hence ((()(x) ( t, equivalently, (((')(x) ( t'.


Hence ('( SSC (LX) has an r+-finite intersection property.


Thus there is an x(X such that (((')(x) ( r'.


(i.e) ((()(x) ( r.  This implies that ( is not an r-S-cover, which is a contradiction.  By theorem 3.2.12, (X,() is SR-compact. 

SUMMARY AND CONCLUSION

In this dissertation we have discussed the concepts of almost, light, near, strong and SR-compactness in L-fuzzy topological spaces.


In chapter 1, we have discussed the concepts of almost, light and near compactness in L-fuzzy topological spaces.  All these concepts are proved to be good extensions.  It is always true that compactness (near compactness( almost compactness.  But in the case of an extremally disconnected L-fuzzy topological space both the concepts, namely, near compactness and almost compactness coincide.  Moreover, every L-fuzzy set with finite support is nearly compact as well as almost compact.  Both almost compactness and near compactness are hereditary for clopen      L-fuzzy sets.  Moreover, almost compactness is preserved under an almost continuous mapping whereas near compactness is preserved under an almost continuous, almost open mapping.


In chapter 2, we have discussed the concepts of strong compactness and S-closedness in L-fuzzy topological spaces.  Every      L-fuzzy set with finite support is both S-closed and strong compact.          S-closedness is hereditary for regularly open L-fuzzy sets.  In an extremally disconnected space, all the three concepts, namely, almost compactness, near compactness and S-closedness coincide.  Every strong compact L-fuzzy set is compact and strong compactness is hereditary for preclosed L-fuzzy sets.  Moreover, strong compactness is preserved under a ('-continuous mapping and an M-pre-continuous mapping.


In chapter 3, we have discussed the concept of SR-compactness in         L-fuzzy topological spaces. SR-compactness is hereditary for strongly           semi-closed L-fuzzy sets and is preserved under S-irresolute mapping.  Every L-fuzzy set with finite support is SR-compact.  Characterizations of                  SR-compactness are obtained in terms of (-nets having SS-cluster points, 

r-S-covers having finite r+-S-covers and family of strongly semi-closed      L-fuzzy sets having a finite intersection property.
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