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INTRODUCTION



INTRODUCTICN

This thesis is anoattempt to discuss the concegt of
basic structures introduced by J.C. MARGON [8] in 1991. It
is interesting to note that every metric structure on a
set induces a basic system and a totally ordered structure

on a set induces a basic system.

The main results proved here are as follows.
l. A metric space is complete iff the associated

basic system is complete.

2. An order system is Dedekind complete 1iff the

associated basic system is complete.

3. Let (X,d) be a metric space and let (X,c,q) be the
associated basic system. Let (X*,c*,q*) be the completion
of (X,e¢,¥). In X*, we can introduce a metric d* such that

(x*,d*) is the completeness of (%x,4).

4. Let (X,<) be a totally ordered set and let (X,c,q)
be the associated basic system Let (X*,c*,m*) be the basic
completion of (X,c&r). In X* we can introduce an order <*

such that (X*,<*) is the completicn of (X,<).



Chapter I deals with the preliminaries on nrmetric

completeness and Dedekind completeness.

In chapter II the methods of associating basic systems
with metric spaces and ordered spaces are studied -n

detail.

In the first section of chapter III, the metric
completion of a metric space 1is constructed via the

associated basic system.

In section 2 of chapter III an order completion of an
ordered space is constructed via the associated bas:c

system.



CHAPTER 1

In the first section of this chapter we deal metric
spaces, complete metric spaces and completion of metri-=
spaces. In the second we collect the preliminarv

definitions and results on ordered spaces.

SECTION:1

To begin with we shall state the preliminary

definitions and constructions leading to completeness.

METRIC SPACES

A metric space is a non-empty set equipped with 4
concept of distance which is suitable for the treatment of
convergent sequences in the set and continuous functions

defined on the set.

DEFINITION : 1:1:1

Let X be a non-empty sct. A metric on X is a real
valued function d of ordered pairs of elements of X which

satisfies the following three conditions.

(i) d(x,y)>0, and d(x,y)=0 iff x=y
(ii) d(x,y)=d(y,x) (symmetry)

(iii) d(x,y)< d(x,z)+d(z,y) (the triangle inequality)

°
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The function d assigns to each pair (x,y) of elements
of X a non-negative real number d(x,y), which by symmetry
does not depend on the order of the elements; d(x,y) is

called the distance between x and y.

EXAMPLE: 1.1.2.

Let X be an arbitraty non-empty set and define d by
d(x,y) = 0 if x=y

1 if x#$y

we can easily verify the above axioms for a metric

space.

EXAMPLE: 1.1.3

Consider the real line R and the real function | x|

defined on R.

We now define a metric on R by d(x,y)=|x-y1.This is
called the usual metric on R, and the real line as a
metric space, is always understood to have this as its

metric.

CAUCHY SEQUENCES

DEFINITION: 1.1.4

Let X be a metric space. A sequence (al,az, ..... ) in

X is a cauchy sequence iff for every € >0 there exists

n, &N such that d(an, am)<e'whenever n,m>n,



EXAMPLE: 1.1.5

Let (an) be a convergent sequence; say an-—-->P. Then
(an) is necessarily acauchy sequence.
REMARK: 1.1.6

Every convergent sequence in a metric space 1is a

cauchy sequence.

The converse of the above remark is not true, as seer.

in the next example.

EXAMPLE: 1.1.7

Let X=(0,1) with the usual metric. Then (1/2, 1/3...)
is a sequence in X which is cauchy but which does not

converge .in X.

COMPLETE METRIC SPACES

DEFINITION: 1.1.8

A metric space (X,d) is complete if every cauchyv

sequence (an) in X converges to a point pe&X.

EXAMPLE: 1.1.9

The real line R withthe usual metric is complete.



EXAMPLE OF NON-COMPLETE METRIC SPACE

EXAMPLE: 1,1,10

An example of a non-complete metric space 1is the
space Q of rational numbers in the usual metric

d(x,y)=|x-y| properties of complete metric spaces.

(i) A closed subset A of a complete metric space is

complete with respect to the restricted metric.

(ii) If X is complete under the metric d then it is

complete under the standard bounded metric d defined by
1

dlx,y)= 1+d(x,y)

(iii) X 'is a complete metric space iff every  cauchy

sequence has a convergent subsedquence.

(iv) Cantor's Intersection Theorem:
Let X be a complete metric space and let {Fn} be
a decreasing sequence of non-empty closed subset of X such

®
>0 Then F= [) F

nzy

Ehae d(Fn) n contains exactly one

point.

(v) Baire's Category Theorem:
Every complete metric space X is of second

category.



The completion of metric spaces

For a metric space X it 1is possible to find a
complete metric space X* such that X is isometric to a

dense subspace of X* (not just uniformely isomorphic).

THEOREM: 1.1.11

Each metric (or pseudo-metric) space can be mapped by
a one-to-one isometry onto a dense subset of a complete

metric (respectively pseudo-metric) space.

PROOF:

It is only. necessary to prove the theorem for a

pseudometric space (X,4)

Let X* be the class of all cauchy sequences in ¥, and

for members S and T of)(*,

Let us define a metric d* such that d* (S,T) be the
limit of d(Sm,Tm) as m becomes large (formally, the limit

of [d(Sm,Tm), mew ])
It is easy to verify that d* is a pseudometric for b
Let F be the map which carries each point x of X into

the sequence which is constantly equal to x; that is,F(xn)

for all n

n

=X



Evidently F is a one-to-ona isometry and it remains

to prove that F[X] is dense in.xf and.x* is complete.

The first of these statements is almost self evident;

if S€x* and n is large, then F(S ) is near s.

To show X* complete, first observe that it is
sufficient to show that each cauchy sequence in F[X]

converges to a point of X* because F[X] is dense in X*.

Finally each cauchy sequence in F[X] is of the form
FoS = {F(Sn), new}, vhere S is a cauchy sequence in X.

and F+S converges in X* to the member S of X*.

SECTION: 2
ORDERED SPACE
DEFINITION: 1.2.1

Let P be a non-empty set. An order relationin P is a
relation which is symbolized by < and assumed to have the

following properties.

(i) x<x for every x(reflexivity)
(ii) x<y and y<x ==> x=y (antisymmetry)
(iii) x<y and Y<z —» x<z (transitivity)

(iv) Any two elements are comparable

ie, For every x and Y is in P for which x¥y, either
i
X<y or y<x

ThenP is called ordered space.

pad



EXAMPLE: 1.2.2

Consider the relation <. the real line consisting of
all pairs (x,y) of real numbers such that x<y. I 1is an
order relation called the "Usual order relation", On the
real line. A less familiar order relation on the real line

is the following:

Define x<y if x2<y2, or if x2<y2 and x<y.,It is

easily checked that this is an order relation.

BOUNDED AND UNBOUNDED SETS: SUPREMUM, INFIMUM
DEFINITION: 1.2.3

A set S of numbers is said to be bounded above if
there exist a number K such that every memeber of S 1is
less than or equal to K. ie, x<k ¥ x €8S.

The number K is called an upper bound of S. If no
such member K exists, the set is said to be unbounded

above or not bounded above.

DEFINITION: 1.2.4

The set S is said to be bounded below if there exists
a number K such that every member of S is greater than or

equal to K. ie, K<x V xg5Ss

~I1



The number K is called a lower bound of S. If no

such number K exists the set is said to be unbounded below

or not bounded below.

DEFINITION: 1.2.5

A set is said to be bounded if it is bounded above as

well as bounded below.

DEFINITION: 1.2.6

A member G of a set S is called the greatest number

of S if every member S is less than or equal to G.

ie, (i) Ge€s

(ii) x<G V x €S

Similarly, a member g of the set is its smallest (or
the least) member if every memeber of the set is greater

than or equal to g.

DEFINITION: 1.2.7

If the set of all upper bounds of a set S has the
smallest member, say M, the M is called the least upper

bound (l.u.b.) or the supremum of §S.

COMPLETE ORDERED SPACE

DEFINITION: 1.2.8

An ordered space P satisfying the following axiom is



called complete ordered space.

(i) Every non-empty subset of P which is bounded

above has the supremum.

EXAMPLE: 1.2.9

The real line R is a complete ordered space.

EXAMPLE: 1.2.10

The rational field Q is not a complete ordered space.



CHAPTER I1I

In this chapter we shall discuss the paper on

"ON COMPLETENESS" by JOHN.C.MORGAN [8Ltheauthorintroduces

the concept of basic structure. It is proved that evsry

metric structure on a set induces a basic system.

Theorem 2.4 gives a characterization for a
metric space to be complete. Theorem 2.7 derives a
characterization for an ordered space to be complete.

Theorem 2.9 states that "A metric space 1is complete iff

the associated basic system is complete." Theorem 2.10
states that "An ordered space is complete 1iff +the
associated basic system is complete." Theorem 2.16 gives a

property of a complete system. Theorem 2.35 and 2.37 l=ad

to the construction of a completion of a basic system.

DEFINITION: 2.1 Regions and subregions

Let X be a set and C be a class of subsets of X

Every subset of G, except empty set,is called a Region.

If A is a region, a subset of A is also a region and

that region is said to be subregion of A.

DEFINITION: 2.2 Basic system

Let § = [wn:nezN] be a sequence of mappings from C to C

°



11°
having the property that, for every region A and every
n €N, Y (A) is a subregion of A. (In the case that ®&C
we take Y (0)=0 for every n) Then the triple X=(X,C,y) :s

called a basic system

EXAMPLE: 2.3

Let (X,d) be a metric space and let C be the family
of all opensets in X. (If A E€C then A is open We know

dia (A)=max {d(a,b) : a,be&A}

For each region A and each neN we define

y (A)= A if dia (A)<l/n

¥, (A)=B if dia (A) > 1/n

where B is the first subregion of A for which dia(B)< 1/n

Here either A or B is a subregion of A satisfies tre

definition of a basic system.

(X,C,y) is a basic system
We note that completeness (in the sense of cauchy) of
a metric (or psuedo-metric) space X has the following

equivalent characrerization [13].

THEOREM: 2.4

X is complete iff every descending sequence of closed
spheres in X whose diameters converge to O has a non-empty

intersection.
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PROOF:
NECESSARY CONDITION:

Let wus suppose that ¥ ig complete and consider
Ay DA, D ..., be a descending sequence of closed spheres
of X such that lim dia (An) tends to zero.

n—500

To prove [) An F ¢

Since each Ai is non-empty, we can choose a sequence

(al,az,....) such that alt-’.:Al,a2 e,Az,.....

We claimthat (an) is a cauchy sequence

Let € >0, since lim d(A )=0 there exists n, € N such
n—o
that d(a )< €

But Al ») A2 D ....i hence n,m>n, ==> An,Am CAn

C

===> the corresponding a8, € Ano

==> d(a_,a_) < d(Ano) =
Thus (an) is cauchy

Since X is complete (an) converges to say P e X
We claim that P & n"An

Suppose not, ie, suppose FJKe&N such that P& AL

Since Ak is a closed set, d(P,Ak)=§>O there exists

an open sphere

S =5, §/2)
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Hence S(WAk= P

Hence n>k =—> a, € A ==> aneﬁ,S(P, §/2) ., <this i:=

impossible since a, > P

Hence P € rL,An and so ﬂnAn is non-empty

SUFFICIENT CONDITION: ‘

If every decending sequence of closed spheres in X
whose diameters converge to O has a nonempty intersectior

then to prove that X is complete.

Let Pl'PZ’ ..... Pk be a infinite series of pocints of X

satisfying cauchy's condition.

there exists for every natural number K, a natural

number n, such that

K
. , ~k
(1) d(Pnk,Pn) < 2 for nznk
.". We have Meyr 2 0 for k=1,2,3,.....
{£4) skzs(PnK,z'k+l) for k=1,2,3,...
. — _k
o Sk1785(Pny 102 7)

. . ; -k
there exists gq in Sk4+1 such that d(q’Pnk+l)52

which is a radius of Sk+l

Using triangle inequality,

d(q,Pp, ) < d(q,P
k

nk+1) t APry g Pyy)
£ 2" 4 2k

< 2—k+l

SO g Efsk for q’esk+1
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The result is that Sk+1 CZSk for k=1,2,... implies
that S Sy D eenn is a family of closed spheres in X
-k

whose diameters converge to zero (lim 2(2 ")=0)

K, —>0
Hence ﬂSi is nonempty by the given condition there
exists P ElﬂSi

According tc (ii)

-k+1
da(p ,P )< 2

According to (i), for n ra n, applying triangleQ 15
equality

d(P ,P ) < d(P, Py ) + d(Ppy . P)
2—k+l 2 2-k

-k+2

< 2 where lim P = P

n—w

Hence P isa limit of the cauchy sequence Pl’ PZ""

Hence the space X is complete.

EXAMPLE: 2,5

Let (Y,<) be an ordered set having no smallest or
largest elements and containing a denumerable everyhere
dense set Q={rn:ne;N} and let {Im;me:N} be an enumeration
of all open intervals of Y with end points in Q [ie, (a,b)=

where a,b€ Q]

Let X be a subset of Y. Let :={cm:m €N} where Cm =

Imf)x From the definition of generalized interval I, is
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generalized interval in Y and since X is a subset of Y.

Imﬂ X is a generalized interval in X.

In particular cm=1mn X are all generalized intervals

in X and hence region of X.

Hence, for every n€N

Cm's are all regions of X.

Define Wn(cm) = Ck where k 1s the smallest index
greater than or equal to m such that

Ck is a subregion of Cm
and I, is a subinterval of Im
Which contains atmost one of the elements SN2 SRR r
and none of these elements is an end point of Ik'

Here (X,C, Y ) is a basic system.

DEFINITION: 2,6 Generalized interval

A subset C of an ordered set Z 1is called a

generalized interval in Z if it satisfies the condition.

For all elements x ,yeC, 2z € Z, if x<z<y thenz €C

Here in the above example 2.5 satisfies =he
conditions for a generalized interval in an ordered set Y
and X is a subset of Y then Inx is a generalized interval

in X.
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In particular the sets Con above are generalized

intervals in X.

P . :
We note that com}eteness ( in the sense of Dedekind )
of the ordered set X above has the equivalent

characterzation.

THEOREM: 2.7

X 1is complete iff every descending sequence of

bounded, closed intervals inX has a noncmpty intersectior.

PROOF':
NECESSARY CONDITION:

Let us suppose that X is complete. Hence every se:

bounded above has a supremum,

Consider Ai=[ai,bi] 7 1 €N such that Al:) A23. 5

Therefore a1>a2>......>b2>bl

The set of points @1s85... 1s bounded above by bl and
hence has a supremum & suéh that
S E[al,bl]
ie, a; £ X < bl
But a < b, for all ndk
K > every a, [since & is supremum of an's]

X [ai’ bi] ’ Vi



1.7

Hence every descending sequence of bounded closed

intervals have non-empty intersection.

SUFFICIENT CONDITION:

Let us suppose that every descending sequence of

bounded closed intervals has a non empty intersection.

To prove X 1is complete. ig, To prove every set
bounded above has a supremum. Y contains a denumerable

everywhere dense setQ={rn . n € N}

Consider a set A={al,a2.....} which bounded above say the

bounded being b. Between a & a

1 there exist a point

2

rn1 e Q If b is not a supremum there exists a point Sni
such that a, < s , V.. Consider a,, a there exists
i ny i 2 3

i < <
a point rn2 such that a, < rnz < aj

If Sn is not a supremum there exists a point Sn such
1 2

that a, < Sn" Vi. Continue this process and collect the
2

descendlngsequenmaofboundedﬁﬂosed1ntervals[rni, Sni]iePJ

S

By the condition there exists a point & € Nilr ny

s

Claim: X is the supA V.€>0
Between «-¢ and « 3 r, ;€ Q such that

X-€ < r , < a < X

nj ¢ Fi+l  Tny,y

*x-€< a,
Hence &*-¢ al+l < X



Hence the calim. |’ Every set bounded above has a
supremum. ), Xis complete.u

The analogous characterzations theorem 2.4 and
theorem 2.7 suggest that a general notion of completeness,
based on descending sequences of sets and non empty
intersections, will effect a unification of the
aforementioned metric and order completion results. It is
of some interest to note that our approach to the
unificationof metrical and order lheoretic analogies and
our approach to the unificaion of topological and measure
theorectic analogies have a game of Mazur as their comﬁon

origin. { [9], [10], [12] }

DEFINITION: 2.8

A basic system is called a complete system if it
satisfies the condition:

Every sequences (An) of regions, for which the

n& N
sequence (gln(l\n))ne:_-_N is descending has a non empty

intersection.

THEOREM: 2.9

A metric space is complete iff the associated basic

system is complete.

PROOF':

Let (X,d) be a nmetric space. let C be a family of

all closed spheres in X and for each region A€ C and each neN

18
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Let Vn (A) be the first sup region B of A with
dia(B) < 1/n. Then (I,Jn(An))néN is a descending sequence

of closed spheres in X whose diameters converge to O.

By the theorem 2.4 X is complete iff every descendingv
sequence of closed spheres in X whose diameters converge
to O has a nonempty intersection if (An)nEN has a
nonempty intersection then X is complete. Hence (x,c,y) is

a complete system.

THEOREM: 2,10

@

An ordered space is complete iff the associated basic

system is complete.
PROOF :

Let (Y,<) be an ordered set with no smallest or
largest elements and containing a denumerable everywhere
dense set. Consider the basic sytem associated with Y
constructed as in example 2.5 and let wn be the identity

mapping for each n € N

Theorem 2.7 states that "every descending sequence of
bounded, closed intervals in X has a nouempty intersection

iff X is complete,"

Here ¥, Pbeing the identity mapping if (Wn(An))n & i

is descending (An)neN is the same as wn(An))neN is also
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descending and hence if (An)n e N has non empty

intersection then X is complete by the theorem 2.7. This

1s equialent to the definition 2.8.

EXAMPLE : 2.11

Let (X,T) be a Topglogy, Let C be the family of all
closed sets, and let wn be the identity mapping for each
n & N. Then the definition 2.8 is equivalent to the

Topology being countably compact.

DEFINITION: 2,12 Singular set

A set is a singular set if every region has a subregion

disjoint from the set.

DEFINITION: 2.13 Meager set

A set 1is a Meager set if it representable as a

countable union of singular . Sefs.

DEFINITION: 2.14 Abundant set

A set which is not a meager is called abundant set.

In the case that (X,C) is a Topology, the singular,
Meager, and Abundant sets concide with the no where dense ,

first category and second category sets.

DEFINITION: 2.15 Baire's family

Generalizing the notionof a Baire topology we define

(X,C) is a Baire family if every region is an abundant set.
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The importance of complete systems stems the
following set theorectical formulation of the Baire

category theorem ([12] pp. 71)

THEOREM: 2.16

If X is a complete system then (X,C) is a Baire

family

PROOF':

een

We krncw in Topology X is a Bair: space iff every o

@

set of X is of second category.

The abundant sets in the basic system coincide with

the second category sets in a topological system.

Hence the Baire family in the basic system coincides

with the Baire space in the topological system.

By Baire category theorem X 3is a complete metric
space then it is a Baire space equivalently if X 1is
complete system then (X,C) is a Baire family in the basic

system.

Note:
This theorem encompasses numerous topological
versions of the classical Baire category theorem which

states that

If X is a compact Housdorff space or a complete

metric space then X is a Baire space."



EXAMPLE: 2.17

(X,d. ) is a complete metric space and ¢ is the
family of all opensets in X. For each region A and each
neN. We take Vn(A) to be the first region B in C whose

closure is contained in A and waith diam (B) < 1/n

EXAMPLE: 2.18

(X,C) is a countably compact, regular topology ([21]).
For each region A and each n €N, we use the assumed
regularity to define qn(A) to be the first region in &
whose closure is contained in A. The satisfaction of the
definition 2.8 results ffom applying the assumed countable

compactness to the sequence of closures of the sets yn(An)

EXAMPLE: 2.19

(X,C) is a locally compact, regular topology ([2]).
For each region A and each neN, we define ¥,(A) to be the

first region in C whose closure is s compact subset of A.

EXAMPLE: 2.20

(X,C) is a smirnov's deleted sequence - topology;
ie, X=R and C consists of all sets A representable in the
form A=G-E, where G is an open set in the usual topology
for R and E c { 1/m: m € N}. For each such region A and
each n € N. We define wn (A) to be the first open interval
B whose closure is contained in A with length 1(B) < 1/n.
We note that this topology is not regular, not countably

compact not locally compact, etc ([147])



EXAMPLE: 2.21

(X,C) is the countable completement topology for an
uncountable set X and all the mappings Wn are the identity

mapping ([8])

we now show how a given basic system X = (X,C,w)
generates a second basic system X* = (X*,C*,W*) by means

of a purely set-theoretical construction.

DEFINITION: 2.22 Regualr sequence

A sequence (E )

m'me N of regions is called a regular

sequence if it satisfies the condition.
Em+l < wm(Em)

for every m € N

LEMMA: 2.23

Every regular sequence is necessarily a descending

sequence.

PROOF:

Let (Em)meN be a regular sequence then Ene1C Vo (E)
for every meN. But we know Vm(Em)cEm
Em+l < Em
==> It is a descending sequence.
. Bvery reqular sequence is necessarily a descending

sequence.

23



LEMMA: 2.24

Every region A contains a regular sequence

EXAMPLE: 2.25

Take E, = A

&}
|

2 = Vo0, (A)
%3 = V3 ¥, ¥, ¥, (A), and

in general E =y ¥ . ¥m-1...Y2%2%1 (a) for w2

To prove EZC:VI(EI)
Ey=¥o¥, (R)=y, (¥ () cy () [ ° Y, (A)c Al
- Wl(El)['ﬁ A=El]
=2 Ezcwl(El)
Next to prove E3c:V2(E2)
E3= §3¥,¥,¥,(R) = P3l¥,0,,(R))
szlﬂzlﬂl(A)
- Wz(wqu(A))
C YP,(Ey)) [ VES=YLY, (A)]

==> E; C ,(E,)

Proceeding like this, finally we get

Em+l = wm(Em)

.".Every region contains a regular sequence.

DEFINITION: 2.26

e

Sequences of sets {‘Em)mesN and (F ) are said to
m ' me N

be interlaced
if (vh) (3m) (E . <F ) and

(Vm) (3k) (chEm)
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The equivalence class containing a given regular sequencs

(E )

n'meN will be denoted by [(EQ]

CI (Em) Jis an equivalence class which contain all (Fm)

which are interlaced with (E ) ]

The set of all such equivalence class is denotedby X*

ie, X* = {[(Em)] / (Em) is a regular sequence }, for
each A€ C we define:

A* = {[(E)]ex* /smeNB-Emc:A}
ie, A* consists of all "equivalence classes x*e€X* having
the property that for any representative element (Em)meN

in x*, 3 apnindex m such that EmCA and C* = {A*/AeC)

For each AeC and each negN we define

Wn*: C* > C* such that
Y *(a*x) = (Un(A))* where
y* = (y,* / neNj

We then have a well-defined system
X*= (X*, Cc*, w*)
To prove It is a basic system
ie, to prove‘wn*(A*)EZA*
From definition Wn*(A*)z(Wn(A))x But we know ¥, (A)<A
Claim: B€A then B* < A*
Let [(Em)]eB* then ampP-E < BcCa
==> Ep)len* [ “A*=([(E )lex* /3 m € N>E _CA}
===> B* ~ A%

Hence the claim



* *
(wm(A)) [\
Hence (X*, C*, A*) is a basic system
Note:
The converse is true only for point reqular set. It is

proved in lemma (2,31) later.

DEFINITION: 2.27 limit

A regular sequence (Em)mEEN of regions in ¢ is said
to converge to a point x€X if its intersection is {x}, in
which case x is called the limit of the given sequence ie,

m

DEFINITION: 2.28 Point regular system

A basic system X is called a point regular system if
the following conditions are satisfied.

(i) Every point is the limit of a regular sequence of
regions.

(ii) If (Em%ne N is any regular sequence of regions
converging to a point x and A is any region containing x

then there exists an index m }Ech

LEMMA: 2.29

Any two regular sequences converging to the same

point are interlaced.

PROOF':

Let (Em) and (Fm) converge to x and say x €A then

3Ech and FnCA

2€



By definition x= nEm = N Fm
erm ==> 3n > Fn < Em

Similarly xaFn => HK > Ek 4 Fn

". Two regular sequences converging to the same point

are interlaced. Hence the lemma.

LEMMA: 2.30

Example 2.3 is point regular with each point x £X

being the limit of the regula¥ sequence (Em,x)meN
spheres

B o x = fvex: dlx,y) < 1/2m}

PROOF':

Let xe X

Consider Em, % = {yvgX/ d(x,y) < 1/2m }

of open

27

Claim: 1 (Em x) is a regular sequence. ie, To prove

2

Emw,x € Wy (Em,x)

Claim: 2 Vm(Em,x) = Em,x ie, dla(Em,x) < 1/m

Yir Y€Ep &
d(yl,yz)g dlyy,x) + d(x,y,)
<1l/2m + 1/2m = 1/m
=> dia (Em,x) < 1/m ===> Wm (E ) = E
Hence the claim:2

E as

m+1l,x c:Em,x
¥y eEm+l,x === d(yl,x) = 1/2(m+1l) < 1/2m

I
— Y1 EEEm,x

Hence the calim:1
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Claim: 3 X is the limit of (Em, x)n\eN
Y e NE
men M

then d(y,x) < 1/2m ¥m

as m—>w, 1/2m —>0 ==> d(y,x)=0
=)y=x
Hence NE = {x}

m, x

’

Hence the claim:3

Similarly

Example 2.5 is point reqular with each point x € X

being the 1limit of the regular sequence (Em’X)rne N of
regions
Em,x - (am,x’ bm,x)n =

defined inductively as follows

a; is the first element rj in the enumeration of Q
’

1
with index J1 > 2 satisfying rji < x and

bl % is the first element r of Q with index k., 3>2

kg 1
satisfying x<rk1, for m>1, am,x 1s the first element rjrn
with index jm>jm;i satisfying

Bnel,x ¢ Tim < x and

bm,x 1s the first element Trm with index Km > Km-1
satisfyijng x<rhn % bm—l,x we then have Wm(Em,x) = Em,x
for all meN and all xeX [*’ L,lm is an identity]
a =r. < a =r. < x <r _ . C

1,x Jg 2a X Ja kg = tﬁ,x < rkl = bl,x
(a r b ) are descending sequence.
m, X m,x,

ie, (al,x’ bv_'gax) ) (a2,x’ b2,x)3""

b
yx! m,x)

X is the limit of (E )
m,x

X € (am
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LEMMA: 2.31

If X is point regular, A* and B* are regions in C*

and A* < B* then AcCB

PROOF:

A* = | [(Em)] / I3meN 3.Ech}
Given A* < B*
ie, Vv [ (Em) ]€A* is also in B*
ie, 3 meN 3-EmCA
In'en >E_ icB
If xeA, To prove xXxe€B
By condition (i) of point regular
e (Em)meN 2 X
By the definition of limit, x enEm If xeA, by condition
(ii) of point regular definition and Im > E cA
But we knéw [ (Em) l€ A* by definition of Ax*

Also we know A* —B*

[ (Em) ] € B*

=2 3Jm'eN 3—El‘n,C_B
But x engm:> ermCB
==> xeB

A CB

DEFINITION:2.32
A basic system X is called idempotent if each mapping
wn is idempotent

ie, if ann = Y, for every neN



LEMMA: 2.33

Example 2.3 is idempotent
Y. (A) = A ( if diamc (A) < 1/n)
= B (if diam (A) > 1/m
where diam (B) < 1/n)

If dian. (A) < 1/n ; § y_(A) = y_(A)

=X Wx = U5
If diam (A) > 1/n ; Vp ( 9,(2)) =y (B) =B
[ dia (B) < 1/n ]
But §_(A) = B
= W; - Wm Q

LEMMA: 2.34

Example 2.5 is idempdtent
¥, is taken to be identity

===)> wnwn = identity. identitiy

Il

identity

¥n

THEOREM: 2.35

If X is a point-regular ; idempotent system then *x*

is a complete system.

PROOF':

* 3 3 ; * -
Suppose (An )ne:N 1S a sequence of regions in C* for

which the sequence (wn*(An*)hleins descending.



To prove (An*) has a non empty intersection. By the

n €N

Lemma 2.31, Whenever A* 5 B* then A DB in a point reqgular

system we have (§ (A ))

is a descending sequence of
m m' ‘meN

regions in C for
¥n* (An*) 2 Wn+l* (An+l*)' th

== wn(An) = qJr1+l(An+l)

According to the idempotence assumption, this
sequence 1is a regualr sequence for [‘]n+l(An+l) c:ljJHCAn)
[By the definition of descending sequence]

2= l}]n+l(An+l)C:lpzn (An) [ V:l = Pn ]

==> Vn+1(B4q) SV, (v, (B )

==> { wn(An)} is a regular sequence

[~ Em+lc (,Jn(Em) for a regular sequence]

If follows that 3 m&N such that
2 . * *
s wl (Y ARZ) ley,* (A *) for every neN
* * * 1 1 1 *
But y (An ) € A * by the definition of ¥,
*
L Oy (A )]en*, vn
This implies the intersection of the sets An* is

non empty. Hence ¥* is a complete system by the definition 2.8

DEFINITION: 2.36

A complete system (Y,D, G ) is called a completion of
a basic system (X, C, ¥) if there exists a one to one
function T : X—>Y having the property that for every

region BED there exists a region AeC such that T(A)cB

THEOREM: 2.37

If X is a point regular idempotent system then ¥* is

a completion of ¥.

31
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PROOF:

For each point x €X

' X
We choose a regular sequence (Em,x)m eN converging to

and define T(x) = [(Em,x)]

The function Tis well defined one to one mapping of X
into X*.
First to show T is well defined

X=y

[y )] = [(Ey )]

Suppose LiBn,x)1 ¢ [(Eg,y)]

Vm Jno k such that Em,x c_‘;. Em,y

ie, E,  is disjoint from Em,y' But X= nEk,x =y = ﬂEm,y

Which is a contrudiction

[(By )] = [(E )]

T is well defined

Next to show T is one to one

x ¥y
[« Em,x)] ¥ [(Em,y)]
N B ¥ NEm,y

Vm 3no k such that Ek,x c_F Em,y
===)> [(Emlx)] ¥ [(Em,y)]
Hence T is one to one
finally we show T(A)cCA*
By condition (ii) in the definitior of a point-regular

system.
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If (Em,x)maN converging to x and if x A then 3 m

such that Em Xc:A But the definition of A* states that

’
“

A* = {[(Em,x)] / me N such that Em,% A}
Hence we get [ (E_ ) ]le€A*
Also we know T(x) = [(Em X)]eA*

==> T (A)cA* for every region AEC
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CHAPTER III

This chapter deals with the applications of the
results studied in the previous chapter. Application 1
gives Hoausdorff's completion of a metric space and
Application 2 gives Dedekind's completion of the rational

numbers.

In the first section of this chapter we shall start
with the metric space (Xx,d) and construct the basic system
associated with this. If X* denotes the completion of this
basic system, we can introduce a metric d* in X* and show

that (X*,d*) is the completion of (Xx,d)

In section 2, we start with the ordered set (X,<) and
consider the associated basic system. If X* denotes the
completion of this basic system then we can introduce an
order relation <* in X* and show that (X*,<*) is the

completion of (X,<)

APPLICATION:1 Hausdorff's completion of a metric space
SECTION: 1

Let (X,d) be a given metric space. From example 2.3
as we have already proved (X,C,q) is a basic system and we

proved the existence of (X*,C*,y*) a second basic system.



For elements x* = | (Em) 1, y* = [(Fm)]
where E_ = { z|d(x,z) < 1/m } B = { z |d(y,z) < 1/m}
we define d* (x*,y*) = lim 4d(E_,F_)
™M —» 00 m

where d(E_,F
m’ " m

) = g.l.b {d(zl,zz)/zleEm,z2eFm}

LEMMA: 3.1.1

(X*,d*) is a pseudometric space.

3

PROOF:

The sequence (d(Em,Fm))m e N is a sequence , of

non-negative. real numbers

[ )
As (Em) and (Fm) are regular sequences, Em+l E_ for

=
every m and Fm+l Fm for every m

Hence d(Em+l, Fm+l) > d(Em,Fm) for every m

ie, (d(Em,F is increasing.

mamgN

The sequence (d(Em,qu“ethmunded above by d(xz,y2)+2

where xzeE2 and yng2

d(Em,Fm) = g.l.b {d(xm,ym)/XmEEm and ymeFm}

meEm ==> d(x,xm) < 1/m

ymeFm =D d(y,ym) < 1/m

d(Xmlym) _S_ d(xml Xz) + d(X2:Y2) + d(yzrym)

d(xm,xz) < d(xm,x)+ d(x,xz)
< 1l/m + 1/2

dly rv,) < dlypy) + dly,y,)
< 1/mtl/2

. ,d(xm,ym) <1/m+ 1/2 + d(xz,yz) + 1/m + 1/2

<2/m+ 1+ d(x,,y,)
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m>1l, 2/m < 1

',d(xm,ym) < l+l+d(x2;y2)
< 2+d(x2,y2)
f.d(xm,ym) < dlx,, y,) +2
f.d(Em,Fm) < d(x2, yz) +2
Hence the sequence {d(Em,Fm)} is bounded above by

d(xz,yz) + 2

We know any set of real numbers which is bounded apove

has a supremum

Thus the limit d*(x¥*,y*) = iiT d(Em,Fm) exists and,
m =2
because of the interlacing, the limit is independent of
the representative sequence (Em)me;N and (Fm)nxeblseleqted
we obviously have
d* (x*,x*) = 1lim d(E_'E_) = 0
M-3R m m
and d* (x*,y*) = lim d(E_, F )
M3 m m
= lim d(F IE )
m—3 0 m H

= d=* (y*, X*)
From the consequence of inequality

d(Em,Fm) < d(Em, Gm) + d(Gm,Fm) + diam (Gm)

we have the triangle inequality
d*(x*,y§§ d(x*,z*) + d(z*,y*)

Hence d* is a pseudo-metric

DEFINITION: 3.1.2 Isometric

If x and y are metric spaces with metrices d, and 4

1 2!

a mapping f on X onto Y is called isometric if

d,(x,x") = d,(£(x), £(x"))
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LEMMA: 3.1.3

The mapping T :X—>X* is an isometry.

PROOF':

Suppose (Em) and (F_) N are regular sequences of

meN m’'me=

regions in G converging to points x,yeX respectively

For each index m > 1 and any points u'eEm, veFm we
have
d(x,y) < d(x,u) + d(u,v) + d(v,y)

1/m + d(u,v) + 1/m

A

In

2/m + d(u,v)

==> d(x,y) - 2/m <_d(u,v)

==> d(x,y) - 2/m < d(Em,Fm) < d(x,y)
Since XEEm and yeFm
Taking limit as m=—> 00

d(x,y) < lim d(E_,F ) < d(x,y)
m-—»00

d(x,y) < d* (x*,y*) < d(x,y)
ax* (X*,y*) = d(X,Y)

a* ( T(x), T(y)) = d(x,y)

LEMMA: 3.1.4

If S is an open sphere in X* then there is a region

A& C such that A* = §

PROOF:

Let S = {y*gX* : d*(x*,y*) < r } be an open sphere

in X* with centre x* = [(Em)] in X*.
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Set A = U { ceQ : T(C)cs)
Since A is open set in X, we have only to show A is

non-empty to establish that A is a region in ¢

Choose mgN such that diam (Em) £ x/2
Suppose u is any point of Em

; . d
Let (Gn% &N be a regular Sequence of regions in 7

converging to u then by the condition (ii) of definition

of point regular system.

I no€eN 3> n, > m and Gnc:Em . since (Gn) is a
descending sequence
==> Gnc:Em Vn > n,
since Enc:Em and Gnc:Em, Vn>n, >m
For SEEEn and tEEGn we have S,tegEm ==> d(s,t)<r/2
==> d(x,u) = d* ( T(x) , T (u))

a* (L(E)T, [(6,)1) = sup A(E_, G_)
n>n,

< r/2 < r
==> T(u) is an element of S by the definition of s.
Hence Vv veE , T(u)gs
=) 'C(Em)c-_s
Hence A is not empty

Hence A is a reginnin C

CLAIM:1 A*cS

Assume Z* = [(Fm)]EEA*' then by the definition of
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A* 3m e N such that Fnc:‘A and consequently by the
definition of A,'[(Fn)czs for all indices n>m. For suclk n,
choose a point wan

Let (G.). be a regular sequence of regions in ¢
J'leN
converging to w then by the condition (ii) of definition

of point~regular system j,>n such that jS:Fn for all jijn

Since T(F ) s, Tw)es

consider lim d( E., G.) = g* (x*, TUw)) <r
J=® J J

[from the definition of S]

For each n > m and every i > jn >n

d(Em,Fn) < d(Eerj) [*.°d is increasing]

from which we get

lim d(Em’Fn) < lim d(Ej,Gj) < r

N=da NI
i <
. %i?wd(En’Fn) r

== 2Z*< S

Hence we have prove A*c= S

CLAIM : 2 ScA*

2* [ (F )]s
==> d*(x*,z*) < r
call d* (x*,z*) = q
.. 9%

o

Choose m,e N so that diam (Fm ) < r-qg Let ueF ~ and let
o

(G.)jEEN be a regular sequence of regions in ¢ converging
J

to u. Then by condition (ii) of point-regular system JFan
index j, > m, such that

5 @
jS;Fm° for all q 2 Je
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Since j > j, >_m,

G.: =F and F.cF
J="m, JEE m,

F.,G. < dia(F.) < r-
d( 3 ]) < dia( 3) 3
3
Hence for these indices j,
d(E., G.) < d(E.,F.) + d(F., G.) + di E
( 3 J) < Al 3 j) ( 3 J) iam( m)
< g + r-q + r-

3 3
< 3q+2r - 29 =  2r+q
— < r
3 3
Hence d*(x*, T (u)) = lim d(E.,G.) < r . Thus, we
J—>w© J

have T(u)&S for every point ‘usFm This mean.s'l:(Fm )<= S

o

[e]

then F C A
mO

S, Z*eAr

Hence from the claim 1 & 2 we conclude A* = §

LEMMA: 3.1.5

(X*, d*) is complete.

PROOF':

Let (B_)

Bp peN be a descending sequence of closed

spheres in X*, ie, B1:>B2 ... closed spheregeX* such that

lim Bn =0
n-=o00

. - * * a* * gy ok
Define Bp ly*eX* / (xp Yo ) < Yp}

Bp (xp*, rp) is the closed spheres
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Choose P1<P2<P3< eeee < Pn <ewo

is an increasing sequence of numbers.

B DB DB oD .... is a descending sequence of
P, P, P3

closed spheres such that
diam (B < 1l/n ie, d(B <1
a p) / (p')
d(B < 1/2
(P;.) /

d(Bp3) 4L 1/3 -

consider S_ = * * a* (x_x* *) < r where
n T WrERT /@ or oy <o
S (x_ *, r ) is an open spheres, by Lemma 3.1.4 3A € G,
n p, Py ’ n
* = . &
Vrl‘a'An Sn where A is a reglon - in X. Then for any

arbitrary wu, v'EAn such that T(u), T(V)Gsn

Here Tis an isometry
Jod(u,v) = a*( T(u), T(v)) < 1/n

[ "' T(u), T(Y)E'SHC’BP,,

2o d*(T(u), T(v)< diam(Bp ) < 1/n]
n
L. diam(An) < 1/n

=2 ¥n (B) = A

"{sn}neN is a descending sequence of regions in @*
with Wn* (Sn) = Sn for each ne N
By virtue of completeness of ¥*, (By theorem

2.9) and by definition 2.8 the intersection of Sn is
non-empty.

,Z,H an element of X* & ) Sn
==> that element is also contained in every set Bp by the

definition of S and B
n P



Since j > j, > m,

and F-c:Fm

G. <F
j=m,

J = mj

F.,G.) < dia(F.) < r-

d( 3 J) < diaf J) I
3

Hence for these indices j,

d E. ’ G . ) <
( j

10

d(Ej,Fj) + d(Fj, Gj) + dlam(Em)

3 3
< 3g+2r - 29 = 2r+q
< r
3 3
Hence d*(x*, T (u)) = 1lim d(E.,G.) < r . Thus, we
N 4
have T(u)&S for every point ‘uEFm This means'[(Fm )<= S
[e]
o

then F C A
mO

. Z*eAx

Hence from the claim 1 & 2 we conclude A¥*

LEMMA: 3.1.5

(X*, d*) is complete.

PROOF:

) be a

Let ( P& N

B
p
spheres in X*. ie, Bl:DB2
lim Bn =0
n—-o00
Defi B, =
efine B,

B (x_*,
P P

descending

= S

sequence of closed

closed spheregeX* such that

= EXt /Aty ) <y )

r ) is the closed spheres



45

Hence, for every ne&N gmeN 3-Em an Similarly’ for every
meN JKEN }FkC‘.Em

We conclude x* = y*

LEMMA: 3.2.2

The mappingT:X—>X* is an isomorphism

PROOF':

Suppose x,y& X and x < y
Let T(x) = [(Em)] and Tl(y) = [(Fn)] where (Em)me;N and
(Fn)neN are regular sequences of regions in C converging
respectively to x and y
Choose r,s,teQ so that r<x<s<y<t
Then I = (r,s)nX and

J (s,t)N X are regions containing x and y

Il

Accordingly, there exists m,n &N such that EmcI and FncJ
I m, I n such that Vu sEm, Yv an, u eEmcI and
Vanc J ==> u<v ['I<J]

By the definition <*, x* <% y* ie, T(x) <* T(y)

LEMMA: 3.2.3

@

The set T(Q) is every where dense in X*

PROOF :

Suppose x* = [(Em)]

y* [(F )] are elements of X * with x* <* y*
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Choose m,," n, < N such that°‘for all>ceEm and all
©

yan + WwWe have x < y
]

The element a = sup Em belongs to Q Hence, there is
[+]

an element rml in the enumeration of Q such that

r sup E = a
P m

ml 5

il

Let m max {mo,ml} and

2
Let C = sug Y2 (Emz)

= sup (Imzﬂ X)
By definition ImZn X, sup (Imzn X)EQ

Em(,:)EmZ [ - mo]

sup Em > sup Em2

(-]
a > c (ie, ¢ < a)
. We have cgQ & ¢ < a

Choose r €Q satisfying ¢ < r < a & let (G bes a

kK'kenN
regular sequence of regions in C converging to r.
Thenthere is an indexk, such that Gy < (c,a)
©
For all u EEmz‘H all ze—:Gko and all v'eFmo we have u<z<y
This means x* <* T(r) <* y*

LEMMA: 3.2.4

If S is a non empty open interval in X* with end

points in T(Q) tken A=T_1 (S) is a region in .C with A*=S
PROOF':
Let S=(r*, s*) where r* = [(Cj)], S*=[(Dk)] are

elements of T(Q) with r* <* g

Let r,seQ ke such that r* = T(r) and S*=P(s)
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It being clear that A is a region in C, we have only
to establish A*=S. Suppose x*=[(FJvn)] is an element of A¥*
then, there exists m &N for which Ech. Due to the
regularity of the sequence (Em)meN and the particular

manner of defining the mapping wn’ We can find points

P,g9&€Q and an index n > m such that r<p<g<s and En cl(p,q)

Let (a,b) € Q satisfy a<r<p<g<s<b since there are
regular sequence of regions in the equivalance classes r*
and s* converging to r and s respectively, there are
indices j,k €N such that CjC: (a,P)and D, =(2,b)

From E <(p,q) we then perceive r* <* x*ls*. So x*S
Conversely

Suppose x*e s then there exist j,k,meN such that

(VUECj) (Vwe_Em) (u < w) and

(VweEm) (VveDk) (W < v)

In conjunction with the facts that r<_=_Cj and Sbetk,
implies Ech

We conclude x*e A*

LEMMA: 3.2.5

(X* <*) is the completion of (X,<)

PROOF': °

In view of cantor's theorem that any two complete
ordered sets having neither smallest nor largest elements

and containing everywhere dense, denumerable subsets are
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isomorphic, we have only to verify (X*, <*) is complete

Suppose (B is a descending sequence of closed

mmeN

intervals B_=[a *, b *] with a _*, b * e X*
o m m m m
We show 'SLBm 9

without losg of generality, we assume all elements am* are
different, all elements bm* are different, and none of the
elements rk* = I(rk) belongs to every setBwhere (rk)

is a fixed enumeration of the set Q.

re N

* * i 1
Choose m, &N so ' that Y 1Ty, q:_ Bm’ continuilng
. . *
inductively, we choose m &N so that me > m _, and rk_lej_P, .

, for each k > 1.

* *
Choose sequences (Pk )ke;N’ qu )kegN of elements of

T(Q) satisfying the relaionships.

= * %* * * * * * * * *x *
3 e < Pk < amk+l < bmk+l < qk < ka

* * x
We note that none of the elements ry*, r, ,...rk+l

belongs to the open interval Sk=(Pk*, qk*) nor is any one

of these elements an endpoint of S then (Sk)kGEN is a

descending sequence of rejions in C* with

V¥ (S = (g (T7(s,0))*
= ("] )
= (T (5,0)* =5,

By completeness of X*, there is an element of X* which

belongs to every set Sk and hence belongs to every set Bm'
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