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INTRODUCTION 

This thesis is an attempt to discuss the concept of 

basic structures introduced by J.C. MARGON [8] in 1991. It 

is interesting to note that every metric structure on a 

set induces a basic system and a totally ordered structure 

on a set induces a basic system. 

The main results proved here are as follows. 

A metric space is complete iff the associated 

basic system is complete. 

An order system is Dedekind complete iff the 

associated basic system is complete. 

Let (X,d) be a metric space and let (X,c,y) be the 

associated basic system. Let (X*,c*..ttj*) be the completion 

of (x,d,). In x, we can introduce a metric d* such that 

(x*,d*) is the completeness of (X). 

Let (X,<) be a totally oróered set and let (X,c,) 

be the associated basic system Let (X*,c*,iJ*) be the basic 

completion of (X,c,rj). In * we can introduce an order <* 

such that (X*,<*) is the completion of (X,<). 

IJJR 



Chapter I deals with the preliminaries on metric 

completeness and Dedekind completeness. 

In chapter ii the methods of asciating basic systems 

with metric spaces and ordered spaces are studied n 

detail. 

In the first section of chapter III, the metric 

completion of a metric space is constructed via the 

associated basic system. 

In section 2 of chapter III an order completion of an 

ordered space is constructed via the associated basc 

system. 
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CHAPTER I 

In the first section of this chapter we deal metric 

spaces, complete metric spaces and completion of metric 

spaces. In the second we collect the preliminary 

definitions and results on ordered spaces. 

SECTION:l 

To begin with we shall state the preliminary 

definitions and constructions leadi.ng  to completeness. 

METRIC SPACES 

A metric space is a non-empty set equipped with a 

concept of distance which is suitable for the treatment of 

convergent sequences in the set and continuous functions 

defir4on the set. 

DEFINITION : 1:1:1 

Let X be a non-empty A metric on X is a real 

valued function d of ordered pairs of elements of X which 
satisfies the following three conditions. 

(I) d(x,y)>O, and d(x,y)=O iff x=y 

d(x,y)=d(y,x) (symmetry) 

d(x,y)< d(x,z)+d(z,y) (the triangle inequality) 



The function d assigns to each pair (x,y) of elements 

of X a non-negative real number d(x,y), which by symmetry 
does not depend on the order of the elements; d(x,y) is 

called the distance between x and y. 

EXAMPLE: 1.1.2. 

Let X be an arbitraty non-empty set and define d by 
d(x,y) = 0 if x=y 

1 if xy 

we can easily verify the above axioms for a netric 

space. 

EXAMPLE: 1.1.3 

Consider the real line R and the real function Ix 

defined on R. 

We now define a metric on R by d(x,y)=x_y.This is 

called the usual metric on R, and the real line as a 

metric space, is always understood to have this as its 

metric. 

CAUCHY SEQUENCES 

DEFINITION: 1.1.4 

Let X be a metric space. A sequence (a11a2  ......) in 
X is a cauchy sequence iff for every >0 there exists 

n0 N such that d(a 
n , m a )<whenever n,m>n0 
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EXAMPLE: 1.1.5 

Let (an)  be a convergent sequence; say a  11 
—>P. Then 

(an) is necessarily acauchy sequence. 

REMARK: 1.1.6 

Every convergent sequence in a metric space is a 

cauchy sequence. 

The converse of the above remark is not true, as seer 

in the next example. 

EXAMPLE: 1.1.7 

Let X(0,1) with the usual metric. Then (1/2, 1/3...) 

is a sequence in X which is cauchy but which does not 

converge inX 

COMPLETE METRIC SPACES 

DEFINITION: 1.1.8 

A metric space (X,d) is complete if every cauchy 

sequence (an)  in  X converges to a point PEX. 

EXAMPLE: 1.1.9 

The real line R wjththe usual metric is complete. 
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EXAMPLE OF NON-COMPLETE METRIC SPACE 

EXAMPLE: 1,1,10 

An example of a non-complete metric space is the 

space Q  of rational numbers in the usual metric 

d(x,y)=x-yI properties of complete metric spaces. 

A closed subset A of a complete metric space is 

complete with respect to the restricted metric. 

If X is complete under the metric d then it is 

complete under the standard bounded metric defined by 
- 1 
d(x,y)= 

l+d(x,y) 

X is a complete metric space iff every cauchy 
sequence has a convergent subsequence. 

Cantor's Intersection Theorem: 

Let X be a complete metric space and let {F} be 
a decreasing sequence of non-empty closed subset of X such 

00 

that d(F ) >0 Then F= fl F n 
n~j ri contains exactly one 

point. 

Baire's Category Theorem: 

Every complete metric space X is of second 
category. 
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The completion of metric spaces 

For a metric space X it is possible to find a 

complete metric space x such that X is isometric to a 

dense subspace of X* (not just uniformely isomorphic). 

THEOREM: 1.1.11 

Each metric (or pseudo-metric) space can be mapped by 

a one-to-one isometry onto a dense subset of a complete 

metric (respectively pseudo-metric) space. 

PROOF: 

It is only necessary to prove the theorem for a 

pseudometric space (X,d) 

Let X* be the class of all cauchy sequences in x and 

for members S and T ofX*, 

Let us define a metric d* such that d* (S,T) be the 

limit of d(S,T) as m becomes large (formally, the limit 

of [d(S,T), mw ] ) 

It is easy to verify that d* is a pseudometric for X* 

Let F be the map which carries each point x of x into 

the sequence which is constantly equal to x; that is,F(x ) =x n fl  
for all n 



Evidently F is a one-to-or2 isom'ry and it remaths 

to prove that F[XJ is dense in x and  x is complete. 

TF2 first of these statements is almost self evident; 

if S€ and n is large, then F(S 
n ) is near S. 

To show x complete, first observe that it is 

sufficient to show that each cauchy sequence in F[X] 
converges to a point of X* because F[X] is dense in 

Finally each cauchy sequence in F[XI is of the form 

FDS = {F(S), n€w}, where S is a cauchy 'equence in X.. 
and F. S converges in X to the member S of 

SECTION: 2 

ORDERED SPACE 

DEFINITION: 1.2.1 

Let P be a non-empty set. An order relationin P is a 

relation which is symbolized by < and assumed to have the 
following properties. 

X<X for every x(reflexivity) 

x<y and y<x > x=y (antisymrnetry) 

x<y and y<z => x<z (trans.Ltivity) 

Any two elements are comparable 

ie, For every x and y is in P for which xty, either 
, 

X<y or Y<x 

ThenP is called ordered space. 
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EXAMpLE: 1.2.2 

Consider the relation the real line consisting of 

all pairs (x,y) of real numbers such that x<y. I is an 

order relation called the "Usual order relation")  On the 

real line. A less familiar order relation on the real line 

is the following: 

Define x<y if x2<y2, or if x2<y2  and x<y.,It is 

easily checked that this is an order relation. 

BOUNDED AND UNBOUNDED SETS: SUPREMUM, INFIMUM 

DEFINITION: 1.2.3 

A set S of numbers is said to be bounded above if 

there exist a number K such that every memeber of S is 

less than or equal to K. ie, x<k V x€S. 

The number K is called an upper bound of S. If no 

such member K exists, the set is said to be unbounded 

above or not bounded above. 

DEFINITION: 1.2.4 

The set S is said to be bounded below if there exists 

a number K such that every member of S is greater than or 

equal to K. ie, K<x V xES 



[ii 
L!J 

The number K is called a lower bound of S. If no 

such number K exists the set is said to be unbounded below 

or not bounded below. 

DEFINITION: 1.2.5 

A set is said to be bounded if it is bounded above as 

well as bounded below. 

DEFINITION: 1.2.6 

A member G of a set S is called the greatest number 

of S if every member S is less than or equal to G. 

ie, (i) GS 

(ii) x<C V x E S 

Similarly, a member g of the set is its smallest (or 

the least) member if every memeber of the set is greater 

than or equal to 9. 

DEFINITION: 1.2.7 

If the set of all upper bounds of a set S has the 

smallestmember, say M, the M is called the least upper 

bound (l.u.b.) or the supremum of S. 

COMPLETE ORDERED SPACE 

DEFINITION: 1.2.8 

An ordered space P satisfying the following axiom is 



called complete ordered space. 

(i) Every non-empty subset of P which is bounded 

above has the supremum. 

EXAMPLE: 1.2.9 

The real line R is a complete ordered space. 

EXAMPLE: 1.2.10 

The rational field Q is not a complete ordered space. 
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CHAPTER II 

In this chapter we shall discuss the paper on 

"ON COMPLETENESS" by JOHN.C.MORGAN [8],theauthor introduces 

the concept of basic structure. It is proved that ev:ry 

metric structure on a set induces a basic system. 

Theorem 2.4 gives a characterization for a 

metric space to be complete. Theorem 2.7 derives a 

characterization for an ordered space to be complete. 

Theorem 2.9 states that "A metric space is complete iff 

the associated basic system is complete." Theorem 2.10 

states that "An ordered space is complete iff the 

associated basic system is complete." Theorem 2.16 give; a 

property of a complete system. Theorem 2.35 and 2.37 lead 

to the construction of a completion of a basic system. 

DEFINITION: 2.1 Regions and subregions 

Let X be a set and C be a class of subsets of K 
Every subset of C, except empty setis called a Region. 

If A is a region, a subset of A is also a region and 

that region is said to be subregion of A. 

DEFINITION: 2.2 Basic system 

Let tJ = [tJ:nN] be a sequence of mappings from C to C 
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having the property that, for every region A and every 

n EN, J(A) is a subregion of A. (In the case that ®C 

we take for every n) Then the triple X=(X,C,TJ) :s 
called a basic system 

EXAMPLE: 2.3 

Let (Xd) be a metric space and let C be the family 

of all opensets in X. (If A EC then A is open We know 

dia(A)max {d(a,b) : a,bEA} 

For each region A and each neN we define 

tJ n (A)= A if dia (A)<1/n 
- 

(A)= Yn  B if dia (A) > 1/n 

where B is the first subregion of A for which dia(B)< 1/n 

Here either A or B is a subregion of A satisfies the 

definition of a basic system. 

(X,c,J) is a basic system 

We note that completeness (in the sense of cauchy) of 

a metric (or psuedo-metric) space X has the fol1owin 
equivalent characrerization [13]. 

THEOREM: 2.4 

X is complete iff every descending sequence of closed 

spheres in X whose diameters converge to 0 has a non-empty 

intersection. 
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PROO F: 

NECESSARY CONDITION: 

Let us suppose that X iq complete and consider 

be a descending sequence of closed spheres 

of X such that lim dia (A n ) tends to zero. 

To prove flA n t P 

Since each Ai is non-empty, we can choose a sequence 

(a1,a2  .....) such that a1EA11a2  E A2  ...... 

We claimthat (an) is a cauchy sequence 

Let >0, since urn d(A)=O there exists no  6 N such 
rl 400  

that d(A )< n o  

But A1  J A2D ....; hence n,m>n0 > AA CAno 

> the corresponding a ,a A n m n0  

> d(a,a) < d(A) < 

Thus (an) is cauchy 

Since X is complete (a  n)converges to say Px 

We claim that p 6 flA 
n 

Suppose not, ie, suppose 3KEN such that P4 Ak 

Since Ak is a closed set, d(P,Ak)= >0 there exists 

an open sphere 

S = S( §/2) 
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Hence S U 

Hence n>k > a n G Ak ===> a S(P, §/2) This i 

impossible since a -> P 

Hence P E 1lA n and so r),A is non-empty 

SUFFICIENT CONDITION: 

If every decending sequence of closed spheres in X 

whose diameters converge to 0 has a nonempty intersection 

then to prove that X is complete. 

Let p11 p2  ......
k  be a infinite series of points of x 

satisfying cauchy's condition. 

there exists for every natural number K, a natural 

number n k such that 

(i) d(P,p) < 2-k for n>nk 

.. We have 'k+l ... nk for k=1,2,3 ...... 

Sk_s(Pfl)-,,2 ) for k=1,2,3,... 

Sk+l=s(P +l,2) 

there exists q in Sk+l such that 

which is a radius of Sk+l 

Using triangle inequality, 

d(q,Pfl) <d(qP,.+1) +d(P+.,Pflk) 
< 2 + 

< 2 1c11 

so q ESk for 
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The result is that Sk+l C Sk for k=l,2.. .. implies 

that S1 D S2  j ..... is a family of closed spheres in X 

whose diameters converge to zero (Jim 2(2k)=0 ) 

k -400  

Hence flS is nonempty by the given condition there 

exists p € flS. 
1 

According to (ii) 

d(P 'flk1- 2-k+1 

According to (i), for n 
> k applying triangle in 

equality 

d(P 'n < d(P) nk  + d(P,.k,  Po) 

< ± 

-k+2 <2 where limP =P 
n 

Hence P isa limit of the cauchy sequence P1, p2.... 

Hence the spacXis complete. 

EXAMPLE: 2.5 

Let (Y,<) be an ordered set having no smallest or 

largest elements and containing a denumerable everyhere 

dense set Q={r:nN} and lc -  {I:tci€N} be an enumeration 

of all open intervals of Y with end points in Q [ie,(ab)= 

where a,bEQ] 

Let X be a subset of Y. Let {c:m EN} where Cm 

I 1) X From the definition of generalized interval I is m m 
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generalized interval in Y and since X is a subset of Y. 

I m 
 0 x is a generalized interval in X. 

In particular Cm=Imfl  X are all generalized intervals 

in X and hence region of C 

Hence, for every nCN 

C m  's are all regions of X. 

Define Tjfn(C ) = C k  where k is the smallest index T m  

greater than or equal to m such that 

C is a subregion of C k rn 

and I k  is a subinterval of I m 

Which contains atmost  one of the elements r1,r2  ......L l  

and none of these elements is an end point of 

Here (x,c, 4J ) is a basic system. 

DEFINITION: 2.6 Generalized interval 

A subset C of an ordered set Z is called a 

generalized interval in Z if it satisfies the condition. 

For all elements x ,y€C,  z Z if x<z<y thez €C 

Here in the above example 2.5 satisfies The 

conditions for a generalized interval in an ordered set Y 

and X is a subset of Y then lflx is a generalized interval 

in X. 
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In particular the sets Cm above are yeneraljed 

intervals in X. 

We note that comleteness ( in the sense of Dedekind 

of the ordered set X above has the equivalent 

characterzatjon 

THEOREM: 2.7 

X is complete iff every descending sequence of 

bounded, closed intervals iriX has a nonmpty intersectjor. 

PROOF: 

NECESSARy CONDITION: 

Let us Suppose that X is complete. Hence every se: 

bounded above has a suprernum. 

Consider A.=[a.,b.j 
V iN such that A1  D A2 .. 

Therefore a1>a2> ...... >b2>b1  

The set of points a11a2... is bounded above by b1  and 

hence has a supremum 0< such that 

E [a1 ,b1 J 

ie, a1  < cx < 

But a < bk for all n4k 

ç. >every a {snce DC is supremum of a'sJ 

cX E [a., b.] , V. 
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Hence every descen ding sequence of bounded closed 

intervals have non-empty intersection. 

SUFFICIENT CONDITION: 

Let us suppose that every descending sequence of 

bounded closed intervals has a non empty intersection. 

To prove X is complete. i, To prove every set 

bounded above has a supremum. I contains a denumerable 

everywhere dense setQ=(r n N) 

Consider a set A={a1,a2  ..... ) which bounded above say the 

bounded being b. Between a1  & a2  there exist a point 

Q If b is not a supremum there exists a point S 

such that a. 
1 nt 

< S , V. 
1 2 
. Consider a , a there exists 

a point r such that a.)  < r < a 
- n - 3 

If S is not a supremum there exists a point S such ni n2.  
that a. 

1 < S ri2 / V 1  . . Continue this process and collet the 

descending sequence of bounded,closed intervals Er , S • n1 n1  

By the condition there exists a point a< e fl [r5.SI 

Claim: Q( is the supA V.>O 

Between -E and c' r.6Q such that 

nj i+l <r  

Hence -6< a.+1 <  CK 
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Hence the calim. , Every set bounded above has a 

supremum.; Xis complete. 

The analogous characterzations theorem 2.4 and 

theorem 2.7 suggest that a general notion of completeness, 

based on descending sequences of sets and non empty 

intersections, will effect a unification of the 

aforementioned metric and order completion results. :t is 

of some interest to note that our approach to the 

unification of metrical and order theoretic analogies and 

our approach to the unificaion of topological and measure 

theorectic analogies have a game of Mazur as their common 

origin. { [9], [10], [12] 

DEFINITION: 2.8 

A basic system is called a complete system if it 

satisfies the condition: 

Every sequences (Afl) N  of regions, for which the 

sequence (tJ(A)) N is descending has a non empty 

intersection. 

THEOREM: 2.9 

A metric space is complete iff the associated basic 

system is complete. 

PROOF: 

Let (X,d) be a metric space. let C be a family of 

all closed spheres inX and for each region AEC and each nEN 
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Let Yn(A) be the first sui region B of A with 

dia(B) < 1/n. Then (IIJ (A A n N is a descending sequence 

of closed spheres in X whose diameters converge to 0. 

By the theorem 2.4 X is complete iff every descending 

sequence of closed spheres in X whose diameters converge 

to 0 has a nonempty inteysection if (An')n N has a 

nonempty intersection then X is complete. Hence (x,c,i) is 

a complete system. 

THEOREM: 2.10 

An ordered space is complete iff the associated basic 

system is complete. 

PROOF: 

Let (Y,<) be an ordered set with no smallest or 

largest elements and containing a denumerable everywhere 

dense set. Consider the basic sytem associated with Y 

constructed as in example 2.5 and let tJ be the identity 

mapping for each n N 

Theorem 2.7 states that "every descending sequence of 

bounded, closed intervals in X has a nuempty intersection 

iff X is complete," 

Here y n being the identity mapping if 
nn')n G N 

is descending (Afl)N is the same as ( J fl ( A )) N is  also 
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descending and hence if (A) N has non empty 

intersection then X is complete by the theorem 2.7. This 

is equialent to the definition 2.8. 

EXAMPLE : 2.11 

Let (X,) be a Top9logy, Let C be the family of all 

closed sets, and let 1n be the identity mapping for each 

n e N. Then the definition 2.8 is equivalent to the 

1000icqv being countably compact. 

DEFINITION: 2.12 Singular set 

A set is a singular set if every region has a subregion 

disjoint from the set. 

DEFINITION: 2.13 Meager set 

A set is a Meager set if it representable as a 

countable union of singular .J - 

DEFINITION: 2.14 Abundant set 

A set which is not a meager is called abundant set. 

In the case that (X,c) is a Topology, the singular, 

Meager, and Abundant sets concide with the no where dense 

first category and second category sets. 

DEFINITION: 2.15 Baire's family 

Generalizing the notionoF a Baire topology we define 

(X,c) is a Baire family if every region is an abundant set. 
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The importance of complete systems stems the 

following set theorectical formulation of Lhe Baire 

category theorem ([121 pp. 71) 

THEOREM: 2.16 

If X is a complete system then (X,C) is a Baire 

family 

PROOF: 

We kncw in Topologyx in a Bair.-  3pace iff ev uk-en 

set of X is of second category. 

The abundant sets in the basic system coincide with 

the second category sets in a topoloqical system. 

Hence the Baire family in the basic system coincides 

with the Baire space in the topological system. 

By Baire category theorem X Js a complete meic 

space then it is a Baire space equivalently if X is 

complete system then (X,c) is a Baire family in the basic 

system. 

Note: 

This theorem encompasses numerous topological 

versions of the classical Baire category theorem which 

states that 

if 
If X is a compact Housdorff space or a complete 

metric space then X is a Baire space." 
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EXAMPLE: 2.17 

(X,d ) is a complete metric space and is the 

family of all opensets in X. For each region A and each 

nN. We take tjJn(A) to be the first region B in C whose 

closure is contained in A and waith diam (B) < 1/n 

EXAMPLE: 2.18 

(X,c) is a countably compact, regular topology 
([2]). 

For each region A and each n E N, we use the assumed 

regularity to define Y(A) to be the first region in 
C 

whose closure is contained in A. The satisfaction of the 

definition 2.8 results from applying the assumed countable 

compactness to the sequenceof closures of the Sets Jn(An) 

EXAMPLE: 2.19 

(X,c) is a locally compact, regular topology ([2]). 

For each region A and each n€N, we define y 
n(A) to be the 

first region in C whose closure is s compact subset of A. 

EXAMPLE: 2.20 

(X,c) is a Smirnov's deleted sequence topology; 

ie, X=R and C consists of all sets A representable in the 

form A=G-E, where G is an open set in the usual topology 

for R and E C { l/m: m E N). For each such region A and 

each n e N. We define Y
n (A) to be the first open interval 

B whose closure is contained in A with length 1(B) < 1/n. 

We note that this topology is not regular, not countably 

compact not locally compact, etc ([14]) 



EXAMPLE: 2.21 

(X,c) is the count:abie completement topology for an 

uncountable set X and all the mappings in are the identity 

mapping ([8]) 

we now show how a given basic system X = (x,c,i) 

generates a second basic system * = (x*,c*,J*) by means 

of a purely set-theoretical construction. 

DEFINITION: 2.22 Regualr sequence 

A sequence (E) G N of regions is called a regular 

sequence if it satisfies the conditi'n. 

E1 c J E ( m m 

for every m 6 N 

LEMMA: 2.23 

Every regular sequence is necessarily a descending 

sequence. 

PROOF: 

Let (E 
m m N J  ) be a regular sequence then Em+i (E 'm m 

for every mEN. But we know t1 (E )E m m m 
• E1 Em 

=> It is a descending sequence. 

Every reqular sequence is necEssarily a descending 

sequence. 

23 
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LEMMA: 2.24 

Every region A contains a regular sequence 

EXAMPLE: 2.25 

Take E1  = A 

= JfJ214J1(A) 

E 
= 

4J 3  tJ2 2 1 (A), and 

in general E
m  = m m -1 m-1...221(A) for m>2 

To prove E2c:J1J1(E1) 

E2=2tJi(A)=1J2(JIJ1(A))cjj(A) [ tJ(A)cA] 

> E2 IJ1(E1) 

Next to prove E3ctgJ2(E2) 

E3= 1J3TJ2t1J2J1(A) = J3(4J2t1J2r1J1(A)) 

Y2Y2Y1 (A) 

 

C 2(E2) ';E2 =1J 2 qJ1(A)J 

> E C,tJ2(E2) 

Proceeding like this, finally we get 

E J(E) m+l m m 

Every region contains a regular sequence. 

DEFINITION: 2.26 

Sequences of sets ( E)N and (F) 
meN are said to be interlaced 

if (Yb) (3m) (E 
m n 
cF ) and 

(Vni) (ak) (FkcE) 
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The equivalence class containing a given regular sequence 

tE m )mEN will be denoted by [(E)] 

C [ (Em)  Jis an equivalence class which contain all (Fm) 

which are interlaced with (E 
m) 3 

The set of all such equivalence class isdenotedbyx 

ie, X = ([(Em)] / (Em) is a regular sequence for 

each AEC we define 

A*= {[(Em)]EX* /3m€.N3Emc:A) 

ie, A* consists of all  * equivalence classes x*€X* having 

the property that for any representative element (Em)N 

in x, 3 anindex m such that ECA and C' = {A*/AC} 

For each AEC and each nEN we define 

J n 
*: C - > C such that 

4J n*(A*) = (rJ(A))* where 

= {IJ 
n
* / nEN) 

We then have a well-defined systen 

* (x*, c*, IV *) 

To prove It is a basic system 

ie, to prove J*(A*)CA* 

From definition n*(A*)=(JJ))X But we know tll(A)CA 

Claim: BCA then B* C A* 

Let [(E )]e6* then m-E C BCA 

r> [(E)]A* [ •• A*={[(Em)]€x* /3 m S N3-ECA) 
==> B*CA* 

Hence the claim 
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CA* 

Hence (X*, C, A*) is a basic system 

Note: 

The converse is true only for point regular set. It is 

proved in lemma (2.31) later. 

DEFINITION: 2.27 limit 

A regular sequence (E)mE N  of regions in c is said 

to converge to a point xEX if its intersection is {x}, in 

which case x is called the limit of the given sequence ie, 
flEr =12c:3 

DEFINITION: 2.28 Point regular system 

A basic system X is called a point regular system if 

the following conditions are satisfied. 

Every point is the limit of a regular sequence of 

regions. 

If E) 
ME 

N is any regular sequence of regions 

converging to a point x and A is any region containing x 

then there exists an index m 3-EcA 

LEMMA: 2.29 

Any two regular sequences converging to the same 

point are interlaced. 

PROOF: 

Let (Em) and (Fm) converge to x and say x EA then 

3 Em  c A and Fc A 
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By definition x= flE = fl Fm 

X€E -> 3n 3-  F < Em 

Similarly X6F > 3K 3 Ek < 

Two regular sequences converging to the same point 

are interlaced. Hence the lemma. 

LEMMA: 2.30 

Example 2.3 is point regular with each point x E X 

being the limit of the regular sequence (Emx)mE  N of open 

spheres 

Em = 1YX d(x,y) < 1/2m3 

PROOF: 

Let x6X 

Consider E
m, 

= {yX d(x,y) < 1/2m 

Claim: 1 (Em ) is a regular sequence. ie, To prove 

E ctJ (E —  m m,x 

Claim: 2 J 
m m,x m,x m,x 
(E ) = E ie, dia(E ) < l/m 

y1, Y2EEm)x 

d(Y1 Y2)<d(y11x) +d(x,y2) 

< 1/2m + 1/2m = 1/rn 

> dia (E ) < 1/in > tJ (E ) = E m,x m m,x m,x 
Hence the claim:2 

E CE as m+1,x m,x 

y1  6E 1 
> d(y11x) = 1/2(m+l) < 1/2m 

> yl E Emx  

Hence the calim:1 
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Claim: 3 X is the limit of (E 
in, x mEN 

YeflE m,x 
MEN 

then d(y,x) < 1/2m Ym 

as m'—> oO, 1/2rn —>0 > d(y,x)=0 

> y=x 

Hence liE 
m,x = {x} 

Hence the claim:3 

Similarly 

Example 2.5 is point regular with each point x 6 X 

being the limit of the regular sequence (E ) of m,x m e N 
regions 

E =(a ,b )flX m,x m,x mi x 

defined inductively as follows 

a1 is the first element r. in the enumeration of Q 
1 

with index 
31 > 2 satisfying rj

1 
 < x and 

bi is th first element rjCj  of Q with index k1:>2 

satisfying x<r 
k17 for m>l, a m,x is the first element r. 

with index J 1)> fl .j  satisfying 

a m-1,x <r jm  , <xand 

b 
m,x km 

is the first element r with index km > rn-1 
satisfyijng x<r < b we then have IJ (E ) = E kM m-1,x in m,x m,x 
for all mEN and all xX [.'11 

in is an identity] 

a =r. <a =r. 
 2. 

< x < l,x 2,x rk, 
= < r< 

(a m,x , b m,x, ) are descending sequence. 

ie, (a1, b) (a2 , b2 ).... 

• x(a ,b 
• m,x m,x 

x is the limit of (E 
mix 
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LEMMA: 2.31 

If X is  point regular, A* and B* are regions in C 

and A*CB* then AcB 

PROOF: 

A* 
= { [(E 

m )] / mN .EcA} 

Given A* C B* 

ie, V [ (Em)  ]EA* is also in B* 

le, 3rnEN3-ECA 

3 rll'€N3..EICB 

If xEA, To prove X€B 

By condition (i) of point regular 

3 (E m mtN ) -> x 

By the definition of limit, x €flE 
If XEA, by Condition 

(ii) of point regular definition and 3 m 3 EcA 
m  

But we know { (Em) JEA* by definition of A* 

Also we know A*CB* 

I (Em)  }CB* 

> 3rn'ri 3-E,B 

But x EflEm=> XEECB 

> XGB 

:. A C B 

DEFINITION: 2.32 

A basic system x is called idempotent if each mappinc 

tJ is idempotent 

ie, if 11JtjJ 
= 
tJ for every nEN 
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LEMMA: 2.33 

Example 2.3 is idernootent 

= A ( if diam (A) < 1/n) 

= B (if diam (A) > 1/rn 

where diam (B) < 1/n) 

If diarn. (A) < 1/n ; tJJ(A) = tll(A) 
2 

===>J =4J m rn 
If diam (A) >1/n k rn m (B) = B 

{;dia (B) < 1/n 1 

But t m = B 

> 
rn = m 

LEMMA: 2.34 

Example 2.5 is idempotent 

tJ is taken to be identity 

===> JtJ = identity, identitiy 

identity 

= tJ
n 

 

THEOREM: 2.35 

If is a point-regular ; idempotent system then 

is a complete system. 

PROOF: 

Suppose (A *) N  is a sequence of regions in C for 

which the sequence (t1J n *(An 
n N )) is descending. 
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To prove (A*) N has a non empty intersection. By the 

Lemma 2.31, Whenever A* 
, B* then A B in a point regular 

system we have (Eq(A )) N is a descending sequence of 

regions in C for 

j* (*) n+1*  (A 1*), Vr 

===> J 
n (A  n ) 

According to the idempotence assumption, this 

sequence is a regualr sequence for +1(A +i) cJ(A) 

[By the definition of descending sequence] 

ie, 
1n+1n+l (An) [ J2  = 

> n+1'n+1 E nn(An)) 

> { W.(A)} is a regular sequence 

. E111c IJn(Em) for a regular sequence] 

If follows that 3 m€N such that 

- mm Jt1J (An*) for every n€N 

But n* n*) C A by the definition of tJn*  

mm)j n*1 V.fl 

This implies the intersection of the sets A *  i n  

non empty. HenceX* is a comp1ee system by the definition 2.8 

DEFINITION: 2.36 

A complete system (Y,D, ) is called a completion of 

a basic system (X, C, tJ) if there exists a one to one 

function t : X—>Y having the property that for every 

region B€D there exists a region AEC such that t(A)cB 

THEOREM: 2.37 

If X is a point regular idempotent system then is 

a completion of . 



PROOF: 

For each point x €X 

We choose a regular sequence (E 
m,x mEN ) converging to X 

and define t(x) = [(E )] m, x 

The function tis well defined one to one mapping of X 
into X. 

First to show 1-is well defined 

x=y 

[(E )J = [(E H m,x m,y 

Suppose [(E 
4 

Ym ano k such that E ±. E m,x 1-  m,y 
ie, E is disjoint from E k,x m,y 

Which is a contrudictjon 

[(E )] = [CE )] k,x m,y 

t is well defined 

But X= flE = y flE k,x m,y 

Next to show Tis one to one 

xy 

[ C E  
m, x m, y )] f [(E )] 

m,x flEm,y 

Vm3no k such that E th E k,x 1.-  m,y 

===> [(Emx)I t [(EmyH 

Hence 7 is one to one 

finally we show t(A)CA* 

By condition (ii) in the def initior of a point-regular 

system. 

32 
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If (Emx)m  ra N converging to x and if x €A then m 

It 

such that E m,x cA But the definition of A*  states that 

= {[(Emx)] / m€N such that EmA) 

Hence we get [ (Emx) I6A* 

Also we know t(x) = [(E)] 67\* 

===> T(A)CA* for every region AC 
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CHAPTER III 

This chapter deals with the applications of the 

results studied in the previous chapter . Application 1 

gives Hoausdorff's completion of a metric space and 

Application 2 gives Dedekind's completion of the rational 

numbers. 

In the first section of this chapter we shall start 

with the metric space (x,d) and construct the basic system 

associated with this. If X* denotes the completion of th:s 

basic system, we can introduce a metric d* in X and shoi 

that (x*,d*) is the completion of (x,d) 

In section 2, we start with the ordered set (X,<) and 

consider the associated basic system. If X denotes the 

completion of this basic system then we can introduce a 

order relation <* in X* and show tHat (X*,<*) is the 

completion of (X,<) 

APPLICATION:l Hausdorff's completion of a metric space 

SECTION: 1 

Let (x,d) be a given metric space. From example 2.3 

as we have already proved (X,c,t11) is a basic system and we 

proved the existence of (X*,C*,J*) a second basic system. 



For elements x [ (F ) ] y* [(F )1 m in 

where Fm  = ( zld(x,z) < 1/rn } Fm  = { z Id(y,z) < 1/n) 

we define d* (x*,y*) = urn d(E , 
rn 

F
m rn-*oo 

where d(E , rn Frn) = g.1.b (d(z11z2)/z1 E ,z F m 2 m 

LEMMA: 3.1.1 

(X*,d*) is a pseudometric space. 

PROOF: 

The sequence 
(d(E rn m ,F ))rn is a sequence of 

non-negative real numbers 

As (E rn m m+1 ) and (F ) are regular sequences, E m E for 

every in and Frn+l rn 
F for every in 

Hence d(E 
M+11 Fm+i) 

> d(E rn ,F  in ) for every in  
-  

ie, (d(E,F)N  is increasing. 

The sequence (d(E ,F 
m
4ne N bounded above by d(x21 y2)+2 

where x2 E2  and y2 F2  

d(EmFm) = g.1.b {d(x,y)/x 
 in 

E and y 
 in 
F} 

XE => d(x,x 
 in 
) < 1/rn 

> d(yiy  in  ) < 1/rn 

d(xy) < d(x, x  2  ) + d(x21 y2) + d(y2 y) 

d(x 
 in 
,x2)<d(x 

 in 
,x)+d(x,x2) 

< 1/rn + 1/2 

d(y i y2) < d(yy) + d(y,y2) 

< 1/rntl/2 

•. d(XrnYrn) < 1/rn + 1/2 + d(x21 y2) + 1/rn + 1/2 

< 2/rn + 1 + d(x2,y2) 
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rn > 1, 2/rn < 1 

d(x 
m ,y  m 2 ) < l+l+d(x ;y2) —  

< 2+d(x2,y2) 

m,y m ) < d(x 
2 , 

y2) +2 
-  

d(E m m 2 
,F ) < d(x , y2) +2 

-  
Hence the sequence {d(E 

m  ,F m )} is bounded above by 

d(x  21 y2) + 2 

We know any set of real numbers which is bounded Q)--ove 

has a supremum 

Thus the limit d*(x*,y*) = ]im d(E ,F ) exists and, m m 
because of the interlacing, the limit is independent of 

the representative sequence (E ) and (F ) selected mm€N mmEN 
we obviously have 

d* (x*,x*) = lirn d(E 'E ) 0 m m 
and d* (x*,y*) = urn d(E, Fm) 

') - 

= lim d(FmiE) 
rn—)oo 

= d* (y*,  x*) 

From the consequence of inequality 

d(E ,F ) K d(E m , G ) + d(G ,F ) + dian (G m m - m m m m m 
we have the triangle inequality 

d*(x*,y<d(x*,z*) +d(z*,y*) 

Hence d* is a pseudo-metric 

DEFINITION: 3.1.2 Isometric 

If x and y are metric spaces with metrices d1  and 

a mapping f on X onto Y is called isometric if 

d1(x,x' ) = d2(f(x) , f(x' ) 
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LEMMA: 3.1.3 

The mapping t is an isometry. 

PROOF: 

Suppose (E) and (Fm)N are regular sequences of 

regions in converging to points x,yX respectively 

For each index m > 1 and any points UEE, VFm we 

have 

d(x,y) < d(x,u) + d(u,v) + d(v,y) 

< 1/rn + d(u,v) + 1/rn 

< 2/rn + d(u,v) 

> d(x,y) - 2/rn <d(u,v) 

=> d(x,y) - 2/rn < d(E,F) < d(x,y) 

Since XE and 

Taking limit as m—> oc 

d(x,y) <limd(E,F) <d(x,y) 

d(x,y) <d* (x*,y*) <d(x,y) 

d (X*,y*) = d(x,y) 

d* ( t(x), t(y)) = d(x,y) 

LEMMA: 3.1.4 

If S is an open sphere in X then there is a region 

AC such that A* = S 

PROOF: 

Let S = {y* ç* d*(x*,y*) < r } be an open sphere 

in X with centre x [(E)] in X. 



Set A = U { CG t(C)cs} 

Since A is open set: in X, we have only to show A is 

non-empty to establish that A is a region in 

Choose mN such that diam (E ) < r/2 m 
Suppose u is any point of Em 

Let (Gnn ) N be a regular sequence of regions in 

converging to u then by the condition (ii) of definition 

of point regular system. 

3 no N 3- no  > m and GE Since (G) is a 
descending sequence 

>G n 
m E Vn>rj 

- 

since ECE and GE, V n > no  >m 

For SEEn  and tG we have S,tEE > d(S,t)<r/2 

> d(x,u) = d* ( t(x) , T(u)) 

d* ([(E)], [(Ga)]) = sup d(E, G) 
n_a_n 

< r/2 < r 

> t(u) is an element of S by the definition of S. 

Hence V UEm  TJ(u)S 

> t(E)S 

Hence A is not empty 

Hence A is a regiønin C 

CLAIM:1 A*S 

Assume Z* = [(Fm)) EA*, then by the definition of 
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A* 3mN such that Fn A and consequently by the 

definition of A, 1(F)s for all indices n>m. For suct n, 

choose a point wF 

Let (Ca). N be a regular sequence of regions in C 

converging to w then by the Condition (ii) of definition 

of Po±nt-regular system j>n such that Gjc F n for all j?j 

Since t(F)cs t(w)s 

consider lim d( E., G.) d* (x*, t(w)) <r J J 
[from the definition of S] 

For each n > m and every i > in > n 

.. d(E,F) < d(Ei,Gj) [.d is increasing] 

from which we get 

urn d(E ,F ) < urn d(E.,G.) < r m n J J 
urn d(E ,F ) < r n n r —> 

Z*€S 

Hence we have prove A*cS 

CLAIM 2 S C A* 

z* 6= [(F)].S 

> d(x*,z*) < r 

call d* (x*,z*) = q 

Choose m0EN so that diam (Fm) < Let uF 
mo 

and let 

(Gj)jN be a regular sequence of regions in C converging 

to . Then by condition (ii) of point-regular system 3an 

index i0 >m0  such that 

G
j

F
m0 for all j >  j. 
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Since j >j0  >m0  

G.F and F..F j — m 
0 -, 

i—rn 
0 

d(FG
3
) 

- 
dia(F) < 

3 

Hence for these indices J, 

d(E., G. 
j 

) < d(E,F.) + d(F.
' j  G.) + diam(E j j 

- j j m 

< q + r-q + 

3 3 

< 3g+2r - 2q 
= 

3 3 

Hence d*(x*, t (u)) = urn d(E.
J 
 ,G. 

J 
 ) < r Thus, we 

have t(u)s for every point uE.F 
Mo 

This rnearut(F m  )S 
0 

then F A rn 0  

:. Z*EA* 

Hence from the claim 1 & 2 we conclude A* = S 

LEMMA: 3.1.5 

()ç*, d*) is complete. 

PROOF: 

Let (B 
P p E N 
) be a descending sequence of closed 

spheres in X. ie, B1 B2  ... closed sphereSX* such that 

lirn B = 0 
r-3oo 

n 

Define B = {y*X* / d*(x  *y 
461, 
*) y} 

B 
p p p 
(x , r ) is the closed spheres 
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Choose P1<P2<P3< .... < P <... 

is an increasing sequence of numbers. 

B p
1 p1. 

B . 
p3  

B .... is a descending sequence of 

closed spheres such that 

diam (B 
p 

) < 1/n ie, d(B ) < 1 
p1  

d(B ) < 1/2  
p. 

d(B 
p.3 ) 4 1/3 

} 
consider s n y*) < r where 

{y** 
/ d* (x*1  

S 
n (x P, 

, r 
pm 

) is an open spheres, by Lemma 3.1.4 

- 

Sn where 4, is a region in X. Then for any 
arbitrary u, rc=A 

such that (u), t()Gs 
Here Tis an isometry 

, d(u,v) = d*( t(u), t(v)) < 1/n 

.1(u), T(v)s 
nc.B 

 Pn
d*( t(u), t(v))< diam(B ) < 1/n] 

p,.t 
... diam(A) < 1/n 

> J (A ) = A n n n 

(S 
n I
nEN is a descending sequence of regions in 

with J* (S) = S for each nN 

By virtue of completeness of *, (By theorem 

2.9) and by definition 2.8 the intersection of S is 
n 

 
non-empty. 

. 3 an element of X fl Sn  

> that element is also contained in every set B by the 

definition of S and B 
n p 
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Since j > jo in, 

G.F and F..F j — m j rn 
0 0 

d(F 1 G) < dia(F) < 

3 

Hence for these indices  

d(E j, G. j j j 
) < d(E,F. 

j j 
) + d(F., G.) + diarn(E m ) -  

< q + + 

3 3 

< 3g+2r - 2g 
= <r 

3 3 

Hence d*(x*, C (u)) = urn d(E.J,G. 
J 
 ) < r Thus, we 

have t(u)e:S for every point uEF 
Mo 

This rneari3l(F in  )S 
0 

then F A 
m 0  

:. Z*A* 

Hence from the claim 1 & 2 we conclude A* = S 

LEMMA: 3.1.5 

(15ç*, d*) is complete. 

PROOF: 

Let (B 
p p  N ) be a descending sequence of closed 

spheres in X. ie, B1 B2  ... closed sphereX* such that 

lim B = 0 n n -)oo 

Define B = {y*EX* / d*(x *,y*) < y p p 
B 

p p p 
(x , r ) is the closed spheres 
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Hence, for every n N 3m e N aE 
ITI 

cF Similarly, for every 

m E N 3K EN 3FkE 

We conclude x = 

LEMMA: 3.2.2 

The mappingX___>x* is an isomorphism 

PROOF: 

Suppose x,y4S X and x < y 

Let t(x) = [(Em)] and (y) = [(F)] where (Em)N and 

(F) N  are regular sequences of regions in C converging 

respectively to x and y 

Choose r,s,teQ so that r<x<s<y<t 

Then I = (r,$)flX and 

= (s,t)flX are regions containing x and y 

Accordingly, there exists m,nEN such that EmCI and FJ 

3m, 3n such that VuEE, VvF, u€E ci and 

VEFcJ ==> u<v [yI<J] 

By the definition <*, x < y* ie, C(x) <' t(y) 

LEMMA: 3.2.3 

The set 2(Q) is every where dense in X 

Suppose x [(E)] 

= [(F)] are elements of X * with x <* y* 
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Choose rn0, nc  < N such thatfor all XE and all 
M V  

yEF , we have x < y no  

The element a = sup E 
mo 

belongs to Q Hence, there is 

an element r 
ml  in the enumeration of Q such that 

r supE a ml m0  

Let m 2  = max {m01m1} and 

Let C = suF rn2 (E2) 

sup (I 2fl x) 

By definition Irn fl x, sup (Im2fl x)EQ 

E E [m > ]  m b m2 2 - 

supE > supE m0 rn 

a > c (ie, c < a) 

We have ccQ & c < a 

Choose rEQ satisfying c < r < a & let (Gk)k N  be a 

regular sequence of regions in C converging to r. 

Then there iE an indexk0  such that Gk C (c, a) 

For all u EE 
rn  2. -i all zE k0  G and all V- EF we have u<z<V m0  

This means x* <* t(r) <* 

LEMMA: 3.2.4 

If S is a non empty open interval in X with end 

points in l(Q) then (S) is a region inC with A*=S 

PROOF: 

Let S(r*, *) where r* = [(C.)], S*={(Dk)] are 

elements of 'E(Q) with r* <* S 

Let r,sQ te such that r* = (r) and S*=V(s) 
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It being clear that A is a region in C, we have only 

to establish A*=S. Suppose x*=[(E 
 in 
)] is an element of A* 

then)  there exists in eN for which Em  c: A. Due to the 

regularity of the sequence (Em)mN and the particular 

manner of defin.ng  the mapping yn , We can find points 

p,qEQ and an index n > m such that r<p<q<s and E  

Let (ab) EQ satisfy a<r<p<q<s<b since there are 

regular sequence of regions in the equivalance classes r* 

and s converging to r and s rspecttvelv, there are 

indices j,kN such that Cc (a,p)afld Dk=(,b) 

From Ec(p,q) we then perceive r* <* x*s*. So x*6S 

Conversely 

Suppose x* s then there exist j,k,mN such that 

(VuEC.) (VwE) (u < w) and 

(vweE) (Vv€Dk) (.W < v) 

In conjunction with the facts that r €C and S 

implies E cA 
m 

We conclude x*A* 

LEMMA: 3.2.5 

(x* (*) is the completion of (x,<) 

PROOF: 

In view of cantor's theorem that any two complete 

ordered sets having neither smallest nor largest elements 

and containing everywhere dense, denumerable subsets are 
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isomorphic, we have only to verify (X*, <*) is complete 

Suppose (Bm.m iE N is a descending sequence of closed 

intervals B [a 
, b * ]  with a *b * m m m m m 

We show B 
m 

without losSof generality, we assume all elements a* are 

different, all elements b 
m 
* are different, and none of the 

elements rk (rk) belongs to every setwhere (rk)N 

is a fixed enumeration of the set. Q. 

Choose m,E N so that. r1*, r2* B, continuing 

inductively, we choose mkN so that mk > mkl and rklEB,fl 

for each k > 1. 

Choose sequence5 (Pk*)kN, (q *) 
of elements of 

(Q) satisfying the relalonships. 

<*p* <* b+i* <* q* <* 

We note that flone of the elements r1*, r2*, ... rklr 

belongs to the open interval Sk=(P *, cik) nor is any one 

of these elements an endpoint of S 
k ic 

then (S. )kEN is a 

descending sequence of rejions in C* with 

k (Sk) k' (T(sk)))* 

(T 1  (sk))*  = Sk 

By completeness of X*, there is an element of X* which 

belongs to every set Sk and hence belongs to every set B. 
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