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INTRODUCTION



INTRODUCTION

An equation means nothing to me unless it expresses a thought of God.

-Srinivasa Ramanujan.

Topology is a major area of mathematics concerned with spatial properties that
are preserved under continuous deformation of objects, such as deformations that involve
stretching, but no tearing or gluing. Topology developed as a field of study out of
geometry and set theory, through analysis of such concepts as space, dimension and
transformation. It is the study of continuity and connectivity. The topological structures
are modeled suitably in the fields of computer graphics, pattern recognition, artificial

intelligence, data mining, rough set theory, information systems, quantum physics etc.

Closed sets are fundamental objects in topological spaces. In the study of
topological spaces many concepts of topology have been generalized by introducing the
concept of semi open sets due to Levine (1963) instead of open sets. Levine (1970)
introduced the concept of generalized closed (briefly, g - closed) sets in topological
spaces. Using this concept and Levine’s idea many researchers have introduced and

studied various types of generalized closed sets.

The notion of continuity is one of the most important concepts in mathematics.
Many stronger and weaker forms of continuity have been introduced and investigated by
several authors. Levine (1963) introduced semi continuous functions using semi-open
sets. A weaker form of continuous functions called g — continuous function was
introduced by Balachandran et.al (1991).

The deliberations in the research work include the following topics:
1) g*v - closed sets in topological spaces

2) g"y - continuous functions in topological spaces

Chapter 1 deals with preliminary definitions that are needed for our study.



In Chapter 2, a new class of closed sets called g*y - closed sets (briefly, g*y - closed
sets) which contains the class of y- closed sets and contained in the class wg - closed
sets is introduced in topological spaces. Properties and characterizations of g*y - closed
sets are discussed and comparative study between gy - closed sets and already existing

various closed sets is carried out. As an application of g*y -closed sets seven new spaces

namely g*y Trc- space, g’y Te- space, g#\yTa - space, g’y Tsc- space, g#\yT\y - space,

gy T\y*g* - space and ngg#\y - space are introduced and some of their properties are

studied. Interrelations between these spaces and already existing spaces are analyzed.

A subset A of a topological space (X, 1) is called gy — closed if ycl(A) € U
whenever A € U and U is y - open in (X, 1).

The class of all g*y - closed sets in (X, 1) is denoted by g*wC(X, 1)

The following diagrams exhibit the relations between g*y - closed sets with other

existing closed sets.

Regular closed

— \
\ / v’ g™- Closed

g"y — Closed

Closed

a - Closed - > ———>{ g - Closed

e N

Semi-Closed y - Closed




g- Closed g™y - Closed

9"y — Closed %’% ag - Closed

N

where  A—> B represents A implies B and A «—— B represents A and B are

g*- Closed

Nt/

g - Closed

*d - Closed

independent.

Some of the interesting results obtained in this chapter are as follows:

e If Alis a g®y- closed subset of (X, 1) and A € B C ycl(A). Then B is also a gy -
closed set in (X, 1).

e Let A be g*y - closed set in (X, 1), then ycl(A) — A contains no non - empty
closed set.

e AsetAisghy - closed in (X, 1) if and only if wcl(A) — A contains no non - empty
v - closed set.

e Let A be g*y- closed set in (X, 7). Then A is y - closed if and only if ycl(A) — A
is closed.

e Let A beany g"y - closed set of (X, t). Then A is y - closed if and only if
ycl(A) — A is y - closed.

A space (X, 1) is said to be a

1. d'v Tre- space if every g"y - closed subset of (X, 1) is regular - closed in (X, 7).
2. d'y T.- space if every g™y - closed subset of (X, 1) is closed in (X, 7).
3. g#\yTa - space if every g*y - closed subset of (X, 1) is o - closed in (X, 7).

4. gy | sc - space if every ghy - closed subset of (X, 1) is semi - closed in (X, 7).



5. g#wT\y - space if every g*y - closed subset of (X, 1) is y - closed in (X, 7).
6. g'y | y*g™ space if every g*y - closed subset of (X, 1) is y*g*- closed in (X, 7).

7. wyg T gy - space if every yg - closed subset of (X, 1) is gy - closed in (X, 7).

The following diagrams show the relationship between the newly defined spaces
and already existing spaces:

g#\yTa - Space

\
/

gy T sc- space gy Tre- space

g#\VTC - Space

g#\vT\v - Space gy Tw*g*- space

12 T o - space

independent.

A

™ /N

S

W

Td- space Vg T g"y - space
Te- space old- space
g#\vTa - space
olb- space Tusz- space

o | c - space

where  A—> B represents A implies B and A «—\— B represents A and B are



Chapter 3 is devoted to the study of g*y - continuous functions and the relationship
between g*y - continuous functions with the existing continuous functions. Properties

and characterization are obtained.

A function f: (X, 1) — (Y,o)is said to be g*y -continuous if the inverse image of

every closed set in (Y,o) is g*y - closed in (X,1).

The following diagrams depict the relations of g*y - continuous function with already

existing continuous functions:

| Completely continuous

— ~

Continuous v*g™- Continuous
# -
o - Continuous | ———> | gy -continuous | yg - Contiuous

RN

Semi-Continuous y-Continuous

Where A — B represents A implies B.



g- Continuous g™y - Continuous

og -Continuous

*0 - Continuous

g - Continuous p :
g vy — Continuous
/ \ yg - Continuous

where A << B represents A and B are independent.

A function f: (X, 1) — (Y, o) is g"y - continuous if and only if the inverse
image of every open set in (Y, o) is g"y - open in (X, 7).

If f: (X, 1) — (Y, o) is g’y - continuous then f (g*ycl(V)) c cl(f(V)) for every
subset V of (X, 7).

The composition of two g*y - continuous function need not be g*y - continuous
function as seen from the following example.

Let f: (X, 1) — (Y, o) and g: (Y, 5) — (Zn) be g’y - continuous functions.
Then gof : (X, 1) — (Z, n) is also a g*y - continuous function, if (Y, ) is a
gty T c -Space .

Iff: (X, 1) — (Y, o) is g"y - continuous and g : (Y, 5) — (Z,n) is continuous
then gof : (X, 1) — (Z,n) is g"y - continuous.

Let f: (X, 1) — (Y, o) be yg - continuous and g : (Y, o) — (Z,n) be
continuous.

Then gof : (X, 1) — (Z, n) is a g"y - continuous function, if (X, 1) is a vo T gty —
space.

Iff: (X, 1) — (Y,o) is a-irresolute and g : (Y, o) — (Z,n) is continuous
then gof: (X, 1) — (Z, m) is gy - continuous.
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REVIEW OF LITERATURE

Topology has experienced rapid growth during the past fifty years and nowadays
its language and concepts pervade much of modern day mathematics. Topological
structures on the collection of data’s are suitable mathematical models for mathematizing

not only quantitative data but also qualitative ones.

Initially the topological spaces were characterized by open sets Stone (1937)
introduced regular openness which is stronger than openness. In (1963) Levine
introduced the notion of semi openness which is weaker than the notion of openness.
Levine (1970) introduced the notion of generalized closed (briefly g-closed) sets in
topological spaces. The concept of a-closed sets was introduced by Njastad (1965) and
using this concept Maki et.al (1993, 1994) introduced the concepts of generalized -

closed sets and a-generalized closed sets and investigated the properties of these two sets.

Veerakumar (2000) introduced w-closed sets in topological spaces. Further
Veerakumar (2000, 2002) introduced g -closed sets and g-closed sets in topological
spaces and studied their properties. Veerakumar (2005, 2006), g y-closed sets and “g-
closed sets in topological spaces. Ramya and Parvathi (2011) introduced yg-closed and
yg-closed sets in topological spaces and studied their properties. Balamani and Parvathi

(2015) introduced v g -closed sets in topological spaces.

Continuous functions are an important notion in the study of mathematical sciences.
Levine (1970) introduced continuous functions. Arya and Gupta (1974) introduced
completely continuous, Balachandran et.al (1991) introduced g-continuous functions,
Devi et.al, (1997) introduced a **- generalized continuous and generalized a-continuous,
Ramya and Parvathi (2012) introduced wyg-continuous and yg-continuous fuctions in

topological spaces.
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CHAPTER 1

PRELIMINARIES

Definition 1.1[9]

A subset A of a topological space (X,t) is called semi - open if A< cl(int(A)) and
semi - closed if int(cl(A)) SA.

Definition 1.2[19]

A subset A of a topological space (X,t) is called regular open if A=int(cl(A)) and
regular - closed if cl(int(A))=A.

Definition 1.3[16]

A subset A of a topological space (X,t) is called a - open if A< int(cl(int(A)))
and a - closed if cl(int(cl(A)))<SA.

Definition 1.4[10]

A subset A of a topological space (X,t) is called generalized closed (briefly g -
closed) if cl(A) €U whenever ACU and U is open in (X, 1).

Definition 1.5[14]

A subset A of a topological space (X,t) is called a - generalized closed (briefly

ag - closed) if acl(A) €U whenever ACU and U is open set in (X, 1).



Definition 1.6[2]

A subset A of a topological space (X,t) is called generalized semi - closed

(briefly gs - closed) if scl(A) €U whenever AcU and U is open set in (X, 7).

Definition 1.7[5]

A subset A of a topological space (X,t) is called semi - generalized closed

(briefly sg - closed) if scl(A)=U whenever ACU and U is semi-open in (X, T ).

Definition 1.8[23]

A subset A of a topological space (X,t) is called § -closed if cl(A) SU whenever

AcU and U is semi-open in (X, 1).

Definition 1.9[21]

A subset A of a topological space (X,t) is called g” - closed if cl(A) SU whenever

AcU and U is g-open in (X, 1).
Definition 1.10[25]

A subset A of a topological space (X,t) is called ‘g - closed if cl(A) SU whenever

AcUand U is §-openin (X, 1).

Definition 1.11[22]

A subset A of a topological space (X,t) is called y - closed if scl(A)SU whenever

AcU and U is sg-open in (X, 7).



Definition 1.12[24]

A subset A of a topological space (X,t) is called g“y - closed if ycl(A)cU

whenever AcU and U is g-openin (X, 7).
Definition 1.13[17]

A subset A of a topological space (X,t) is called yg - closed if ycl(A)cU

whenever ACU and U is open in (X, 7).
Definition 1.14[17]

A subset A of a topological space (X,t) is called y@ - closed if ycl(A)cU

whenever AcU and U is § -open in (X, 7).
Definition 1.15[4]

A subset A of a topological space (X,t) is called w'g" - closed if ycl(A)SU
whenever AcU and U is yg - open in (X, 1).

Definition 1.16[6]

A subset A of a topological space (X,t) is called Ta- space if every gs - closed

subset of (X, 1) is g - closed in (X, 7).

Definition 1.17[21]

A subset A of a topological space (X,t) is called Tc- space if every gs - closed

subset of (X, 1) is g*- closed in (X, 1).



Definition 1.18[8]

A subset A of a topological space (X,t) is called alb- space if every ag - closed

subset of (X, 1) is closed in (X, 7).

Definition 1.19[13]

A subset A of a topological space (X,t) is called 12T - space if every ag -

closed subset of (X, 1) is a - closed in (X, 7).

Definition 1.20[8]

A subset A of a topological space (X,) is called ald- space if every ag - closed

subset of (X, 7) is g- closed in (X, 7).

Definition 1.21[21]

A subset A of a topological space (X,t) is called alc- space if every ag - closed

subset of (X, 1) is g - closed in (X, 7).

Definition 1.22[21]

A subset A of a topological space (X,t) is called Tuwe- space if every g - closed

subset of (X, 1) is g - closed in (X, 7).
Definition 1.23[16]

A subset A of a topological space (X,t) is called a — space if every o — closed
subset of (X, 1) is closed in (X, 7).



Definition 1.24[10]

A function f: (X, 1) —(Y, o) is said to be continuous if f (V) is closed in
(X, 1) for every closed set V of (Y, o).

Definition 1.25[9]

A function f: (X, 1) —(Y, o) is said to be semi - continuous if f (V) is semi-

closed in (X, 1) for every closed set V of (Y, o).

Definition 1.26[1]

A function f: (X, 1) —(Y, o) is said to be completely continuous if f (V) is

regular - closed in (X, t) for every closed set V of (Y, o).

Definition 1.27[15]

A function f: (X, 1) —(Y, o) is said to be a - continuous if f (V) is a - closed in
(X, 1) for every closed set V of (Y, o).

Definition 1.28[3]

A function f: (X, 1) —(Y, o) is said to be generalized continuous (briefly g -

continuous) if f (V) is g-closed in (X, 1) for every closed set V of (Y, o).

Definition 1.29[7]

A function f: (X, 1) —(Y, o) is said to be a - generalized continuous (briefly ag

- closed) if (V) is ag-closed in (X, 1) for every closed set V of (Y, o).



Definition 1.30[20]

A function f: (X, 1) —(Y, o) is said to be semi - generalized continuous (briefly

sg - continuous) if f (V) is sg-closed in (X, 1) for every closed set V of (Y, o).

Definition 1.31[21]

A function f: (X, t) —(Y, o) is said to be g" - continuous if f (V) is g"-closed in
(X, 1) for every closed set V of (Y, o).

Definition 1.32[25]

A function f: (X, 1) —(Y, o) is said to be 'g - continuous if f (V) is “g-closed in
(X, 1) for every closed set V of (Y, o).

Definition 1.33[22]

A function f: (X, 1) —(Y, o) is said to be y - continuous if f (V) is y-closed in
(X, 1) for every closed set V of (Y, o).

Definition 1.34[24]

A function f: (X, 1) —(Y, o) is said to be g*\v - continuous if f (V) is
gy -closed in (X, 1) for every closed set V of (Y, o).

Definition 1.35[18]

A function f: (X, 1) —(Y, o) is said to be yg - continuous if f (V) is yg -closed in
(X, 1) for every closed set V of (Y, o).



Definition 1.36[18]

A function f: (X, 1) —(Y, o) is said to be y§ - continuous if f (V) is yg-closed
in (X, 1) for every closed set V of (Y, o).

Definition 1.37[12]

A function f: (X, 1) —(Y, o) is said to be a - irresolute if f *(V) is a- closed in

(X, 1) for every a - closed set V of (Y, o).
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CHAPTER 2

9"y — CLOSED SETS IN TOPOLOGICAL SPACES

2.1 Introduction

Levine (1970) introduced generalized closed sets in topological space. Levine
(1963) defined the concepts semi-open sets in topological space. Veerakumar (2000)

defined y-closed sets in topological spaces.

In this chapter we introduce and study a new class of sets called g*y -closed sets
which contains the class of y-closed sets and contained in the class of yg — closed sets in

topological spaces. As an application of g*y -closed sets seven new spaces namely

gy Tre -space , g*y Tc-space, g#\yTa-space, gy Tsc-space, g#wT\v —space, g’y T\,/*g*

space and \ung#\u -space are introduced and some of their properties are studied.

2.2 gy - closed sets

In this section, a new class of generalized closed sets called g*y -closed sets is
defined and some relations between g"y — closed sets and other existing closed sets are
analyzed.

Definition 2.2.1

A subset A of a topological space (X, 1) is called g*y — closed, if ycl(A) € U

whenever A € U and U is y - open in (X, 1).

The class of all g*y - closed sets in (X, 1) is denoted by g*wC(X, 1)



Example 2.2.2

Let X = {a, b, ¢} with topology t ={X, ¢, {a}}. Then the subsets X,¢, {b}, {c}
and {b, c} are g" y - closed.

Proposition 2.2.3

Every closed set in (X, 1) is g y - closed in (X, 7).
Proof:

Let A be a closed set in (X, 1) and U be any y - open set containing A in (X, 1) .
Since A is closed, cl(A) = A. For every subset A of X wycl(A) € cl(A) = A € U and so

we have ycl(A) € U. Hence A is g'y - closed.

The converse of the above proposition need not be true as seen from the following

example.
Example 2.2.4

Let X = {a, b, ¢} with topology T ={X, ¢, {a}}. Then the subset {b} is g*y -

closed but not closed.
Proposition 2.2.5

Every regular - closed set in (X, 1) is g#\y - closed in (X, 7).
Proof:

The proof follows from the result that every regular - closed set is closed and by

Proposition 2.2.3.



Example 2.2.6

Let X = {a, b, c} with topology © ={X, ¢, {a}}. Then the subset {b} is g"y -

closed but not regular - closed set.
Proposition 2.2.7
Every a- closed set in (X, 1) is g"y - closed in (X, 7).
Proof:
Let A be an a - closed set and U be any y - open set containing A. Since A is o -
closed acl(A) = A. For every subset A of X ycl(A) € acl(A) = A € U and so we have

wcl(A) € U. Hence A is g” v - closed.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.2.8

Let X = {a, b, ¢} with topology t = {X, ¢, {a}, {b}, {a, b}}. Then the subset {b}

is gy - closed but not o - closed.
Proposition 2.2.9
Every semi - closed set in (X, 1) is g#\y - closed in (X, 7).
Proof:
Let A be a semi - closed set and U be any v - open set containing A. Since A

is semi - closed scl(A) = A For every subset A of X ycl(A) € scl(A) = A € U and so we
have ycl(A) € U. Hence A is gy - closed.



The converse of the above proposition need not be true as seen from the

following example.
Example 2.2.10

Let X = {a, b, c} with topology T = {X, ¢, {a, b}}. Then the subset {a, c} is gy -

closed but not semi - closed.
Proposition 2.2.11
Every y - closed set in (X, 1) is gy - closed in (X, 7).
Proof:
Let A be a y - closed set and U be any y - open set containing A. Since A is y -

closed, yel(A) = A € U. Hence A is gy - closed.

The converse of the above proposition need not be true as seen from the following

example.
Example 2.2.12

Let X = {a, b, ¢} with topology t = {X, ¢, {a}, {b, c}}. Then the subset {b} is

g*y- closed but not y - closed.
Proposition 2.2.13

Every \p*g* - closed set in (X, 1) is g#\u - closed in (X, 7).
Proof:

Let A be ay g - closed set and U be any y - open set containing A. Since every

v - open set is yg — open and A is y'g - closed, wel(A) € U. Hence A is g*y — closed.



The converse of the above proposition need not be true as seen from the following

example.
Example 2.2.14

Let X = {a, b, ¢} with topology t = {X, ¢, {a}, {b, c}}. Then the subset {a, b} is
gy - closed but not y g - closed.

Proposition 2.2.15
Every g*y - closed set in (X, 1) is yg - closed in (X, 1).
Proof:
Let A be a g*y - closed set and U be any open set containing A. Since every open

set is y — open and A is g*y — closed, ycl(A) € U. Hence A is yg — closed.

The converse of the above proposition need not be true as seen from the following

example.
Example 2.2.16

Let X = {a, b, ¢} with topology Tt = {X, ¢, {a}}. Then the subset {a, b} is yg -

closed but not g*y- closed.
Remark 2.2.17

The following examples show that g*y - closedness is independent from

g - closedness.



Example 2.2.18

Let X = {a, b, ¢} with t = {X, ¢, {a}}. In this topology the subset {c} is g"y -

closed but not g* - closed.
Example 2.2.19

Let X ={a, b, c} with t = {X, ¢, {a}, {a, b}}. In this topology the subset {a,c} is

g - closed but not g*y - closed.
Remark 2.2.20

The following examples show that g*y - closedness is independent from ag -

closedness.
Example 2.2.21

Let X = {a, b, ¢} with T = {X, ¢, {a},{b}, {a, b}}. In this topology the subset {a}

is gy - closed but not ag - closed.
Example 2.2.22

Let X = {a, b, ¢} with t= {X, ¢, {a},{a, b}}. In this topology the subset {a,c} is

og - closed but not g"y - closed.

Remark 2.2.23

The following examples show that g*y - closedness is independent from g™y -

closedness.



Example 2.2.24

Let X = {a, b, ¢} with T = {X, ¢, {a}, {a, b}}.In this topology the subset {a,c} is
g v - closed, but not g*y - closed.

Example 2.2.25

Let X = {a, b, ¢} with 1= {X, ¢, {a}, {b,c}}.In this topology the subset {b}is
"y - closed but not g“y - closed.

Remark 2.2.26

The following examples show that gy - closedness is independent from v g -

closedness and “g - closedness.

Example 2.2.27

Let X = {a, b, ¢} with T = {X, ¢, {a}}.In this topology the subset {a, b} is vy -

closed and “g - closed but not g*y - closed.

Example 2.2.28

Let X = {a, b, ¢} with T = {X, ¢, {a}, {b, c}}.In this topology the subset {a, b} is

9"y - closed but not y § — closed and not g - closed.

Remark 2.2.29

The following examples show that gy - closedness is independent from g -

closedness.



Example 2.2.30

Let X = {a, b, ¢} with t= {X, ¢, {a}, {b}, {a, b}}. In this topology the subset {b}
is g*y - closed but not g - closed.
Example 2.2.31

In X = {a,b,c} with t= {X, ¢, {a}}. In this topology the subset {a, c} is g - closed
but not g™y - closed.

Remark 2.2.32

Union of two g"y - closed sets need not be g*y - closed sets as seen from the

following example.
Example 2.2.33

Let X = {a, b, ¢} with © = {X, ¢, {a}, {b}, {a, b}}.Then the subsets X, ¢,
{a},{b}.{c} {a, c} and {b, c} are g"y - closed but {a} U {b}={a, b} is not g"y - closed.

Remark 2.2.34

The following diagrams show the relationship between g*y — closed sets with

already existing closed sets.



Regular closed

/
I

T~

Closed * %
/ y g - Closed
- Closed gy — Closed ;
« e — | yg - Closed
Semi-Closed N y - Closed
it \‘\_\ / Gy - Closed
4"~ Closed ; > | g’y - Closed < s> | ag-Closed
*g - Closed / yg - Closed

where  A— B represents A implies B and A <—— B represents A and B are
independent.

Theorem 2.2.35

If A is a g"y- closed subset of (X, ) and A € B < ycl(A). Then B is also a g*y -

closed set in (X, 1).

Proof:

Let U be any - open set in (X, t) such that BEU. Then A € U, Since A is gy -



closed, ycl(A) < U. Also since B < ycl(A), ycl(B) < wycl(ycl(A)) = ycl(A). Hence
ycl(B) € U. Therefore B is also a g*y- closed set in (X, 7).

Theorem 2.2.36

Let A be g*y - closed set in (X, 1), then wcl(A) — A contains no non - empty

closed set.

Proof:
Suppose that A is g*y - closed in (X, 7). Let F be a closed subset of ycl(A) — A,

Then F° is open and hence y — open such that A € F°. Since A is g*y- closed,
ycl(A) € F°. Thus F € (ycl(A))C. Since every closed set is y - closed, F is y - closed.
Hence F € ycl(A) —A. Therefore F < ycl(A) N (ycl(A))© = ¢. Hence F = ¢.

Theorem 2.2.37

A set A is g"y - closed in (X, 1) if and only if wcl(A) — A contains no non - empty

v - closed set.

Proof: (Necessity)
Let A be g"y - closed subset of X. Let F be a y - closed set contained in ycl(A) —

A. Since F’ is y - open with A € FCand A is g"y — closed set in X, ycl(A) € F°, Then
F < (ycl(A))°. Also F € ycl(A) — A .Therefore F € (ycl(A))° N v cl(A) = ¢. Hence
F=.

Sufficiency:

Let wcl(A) — A contains no non - empty v - closed set. Let A € G and G be
v -open. If yel(A) is not a subset of G the ycl(A) N G is a non - empty y - closed subset
of ycl(A) — A, which is a contradiction. Therefore wcl(A) € G and hence A is gy -

closed.



Proposition 2.2.38

If a set A is v - open and g*y - closed in (X, t). Then A is a - closed set of
X, 7).

Proof:

Since A is y - open, g*y - closed, ycl(A) € A. Hence A is y- closed.
Theorem 2.2.39

If a set A is "y - closed and y - open and F is y- closed in (X, 1), then ANF is

y- closed.
Proof:
Since A is g*y - closed and y - open, A is y - closed (by Proposition 2.2.38).
Since F is y - closed in X, A N Fis y - closed in (X, 7).
Theorem 2.2.40

For each x e X either {x} is y - closed or X - {x} is a g"y - closed set in (X, 7).

Proof:

Let X € X and suppose that {x} is not y - closed in X. Then X - {x} is not y -
open in X. Hence X is the only y - open set containing X-{x}. That is (X-{x}) < X.
Therefore yel(X - {x}) = X which implies that X -{x} is g"y - closed set in (X, ).

Theorem 2.2.41

Let A be g*y- closed set in (X, 7). Then A is y - closed if and only if ycl(A) — A

is closed.



Proof: (Necessity)
Let A be an any y - closed subset of X. Then y cl(A) = A and so ycl(A) — A = ¢,
Which is closed.

Sufficiency:

Let wcl(A) — A be a closed set. Since A is g*y - closed by theorem 2.2.36.
ycl(A) — A contains no non — empty closed set which implies ycl(A) — A = ¢. That is
ycl(A) = A. Hence A is y - closed.

Theorem 2.2.42

Let A be any g"y - closed set of (X, t). Then A is y - closed if and only if
ycl(A) — A is y - closed.

Proof: (Necessity)
Let A be any vy - closed subset of X. Then y cl(A) = A and so ycl(A) — A =¢,
Which is y - closed in (X, 7).

Sufficiency:

Let ycl(A) — A be a y- closed sets, Since A is g*y- closed by theorem 2.2.37
ycl(A) — A contains no non - empty v - closed set which implies ycl(A) — A = ¢. That is
v cl(A) = A. Hence A is vy - closed.

Theorem 2.2.43

Let AcBc X and suppose that A is y - closed set in X then A is g*y - closed set

relativeto Y.

Proof:
Let A be a g"y- closed set in X, Let A € Y N U, where U is y- open set in X.
Since A is g"y- closed, y cl(A) €U. Thatis Y N y cl(A) € YNU, where Y N y cl(A)



is y closure of A in Y. Hence ycly (A) € Y N U. Thus A is g*y - closed set relative
toY.

2.3 g"y — open sets

In this section we defined a new class of generalized open sets called g*y — open

sets in topological spaces and studied some of their properties.
Definition 2.3.1

A subset A of a topological space (X, 1) is called g*y — open if its complement
A° is g*y — closed in (X, 7).
The class of all gy - open sets in (X, 1) is denoted by g"yO(X, 1)

Example 2.3.2

Let X = {a, b, ¢} with topology t ={X, ¢, {a}}. Then the subsets X, ¢, {a}, {a, b}

and {a, c} are g* v - open.
Proposition 2.3.3

Every open set in (X, 7) is g*y — open in (X, 1).
Proof:

The converse of the above proposition need not be true as seen from the following

example.
Example 2.3.4

Let X = {a, b, ¢} with topology © ={X, ¢, {a}}. Then the subset {a, c} is gy -

open but not open.



Proposition 2.3.5

1) Every regular - open set in (X, 1) is g"y - open in (X, 7).
2) Every a- open set in (X, 1) is g"y - open in (X, 7).

3) Every semi - open set in (X, 1) is g"y -openin (X, 7).

4) Every vy - open set in (X, 1) is g"y - open in (X, 1).

5) Everyy g - open setin (X, 1) is g*y - closed in (X, 7).
6) Every g*y - open set in (X, 1) is yg - open in (X, 7).

The converses of the above statements in the above proposition are not true in
general as can be seen from the examples 2.2.6, 2.2.8, 2.2.10, 2.2.12, 2.2.14, 2.2.16

Theorem 2.3.6

A subset A of a topological space (X, t) is said to be gy -open if and only if
Uc vint(A) whenever UCA and U is y -closed.

Proof:

Assume that A is gy - open set in (X, 7). Then A® is g*y -closed. Let U be a
v - closed set in (X, 1) contained in A. Then U®is a y - open set in (X, 1) containing A°.
Since A% is g*y - closed, ycl(A®) = U® equivalently Uc vy int(A).

Conversely assume that U is contained in yint(A) whenever U is contained in A and
Uis y - closed in (X, 1). Let A® be contained in U, where U is y - open. Then U°is
contained in A. By criteria, U° < yint(A). This implies (yint(A))° cU that is
ycl(A% < U. Therefore A®is g"y - closed. Hence A is g™y - open in (X, 7).

Proposition 2.3.7

If yint(A) « B < A and A is gy — open, then B is g*y — open.



Proof:
yint(A) € B € A implies A° € B® € (yint(A))" i.e.A° € B® € (yint(A°)) and A® is
gy - closed. By theorem 2.2.35 B® is g"y - closed. Hence B is g"y - open.

Theorem 2.3.8

If A is g"y — open in (X, 1) if and only if G = X whenever G is y - open and
yint(A) U A°cG.

Proof :( Necessity)

Let A be g’y - open and G is v - open and vint(A) U A° = G. This gives
G’ < (yint(A) U A9 = (yint(A))° N A = (yint(A))° - A® = ycl(A°)- A°. Since A°
g*w — closed and G° is y - closed by theorem 2.2.37, it follows that G® = ¢. Therefore
G=X.

(Sufficiency)

Suppose that F is y - closed and FcA. Then yint(A) U A°c yint(A) U F°. As open
implies y - open,we get yint(A) is y - open and F° is y - open. Hence yint(A) U FCis
v - open .It follows by the hypothesis that yint(A) U F° = X and hence F < wint(A).
Therefore by theorem 2.3.6, A is g*y - open in X.

Definition 2.3.9

The intersection of all y-open subsets of (X,t) containing A is called y- kernal of
A and is denoted by y-ker(A).
i.e y-ker(A)=n{U /U is y-openin (X,t)and A cU}



Theorem 2.3.10
Asubset A of (X,1) is g"y -closed in (X,t) if and only if y cl(A) Sy-ker(A).

Proof:(Necessity)

Suppose that A is g*y -closed set in (X,1). Let xe y cl(A). If xgy-ker(A), then
there exists a - open set U in (X,t) such that AU and xgU. Since U is y - open set
containing A and A is g"y —closed, we have ycl(A) CU, which is a contradiction to xe

ycl(A) and xgU.

Sufficiency:
Suppose that y cl(A) € y-ker(A). If U is any w -open set containing A, then
yel(A) € y-ker(A) so we have wel(A) SU. Hence A is g*y - closed.

2.4 Applications of g"y — closed sets

As an application of g*y -closed sets seven new spaces namely gy Tre -space ,

gy Tc-space, g’*\pTa-space, o'y Tsc-space, g#\uTw —space, g’y T\u*g* space and \yng#\y

-space are introduced and some of their properties are studied.

Definition 2.4.1
A space (X, 1) is said to be a

1) d'y Tre- space if every g"y - closed subset of (X, 1) is regular - closed in
(X, 7).
2) d'y T.- space if every g”y - closed subset of (X, 1) is closed in (X, 7).

3) g#\yTa - space if every g*y - closed subset of (X, 1) is a - closed in (X, 7).

4) gy Tsc- space if every g™y - closed subset of (X, 1) is semi - closed in

(X, 7).



5) g#\yT\u - space if every g"y - closed subset of (X, 1) is y - closed in (X, 7).

6) g’y | y'g™-space if every gy - closed subset of (X, 7) is y'g"- closed in
(X, 7).
7) g T gy - space if every yg - closed subset of (X, 1) is gy - closed in

(X, 1).

Proposition 2.4.2
Every g#\yTrc - space is a g#\ch — space.

Proof:
Assume that (X, 1) is g#\yTrc - space. Let A be a g"y - closed set in (X, 7). Then A
is regular closed in (X, 1). Since every regular closed set is closed, A is closed in(X, 7).

Therefore (X, 1) is a gy e space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.3

Let X= {a, b, ¢} with =={X, ¢, {a}, {b}, {a,b}, {a,c}}. Then (X, 1) is a gy Te-

space but not g#\pTrc — space, since the subset {c} is g"y - closed but not regular closed in

(X, 7).



Proposition 2.4.4

Every g#\yTrc - space is a g#\VT(x — space.

Proof:
Assume that (X, 1) is g#\yTrc - space. Let A be a g"y - closed set in (X, 7). Then A
is regular closed in (X, 1). Since every regular closed set is a - closed, A is o - closed in

(X, 1) .Therefore (X, 1) is @ gy | o —space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.5

Let X= {a, b, ¢} with =={X, ¢, {a}, {b}, {a,b}, {a,c}}. Then (X, 1) is a g#wT o -

space but not g#\uTrc — space, since the subset {c} is g"y - closed but not regular closed in

(X, 7).

Proposition 2.4.6

Every g#ch - space is a g#\vT(x - space.

Proof:
Assume that (X, 1) is g#\ch —space. Let Abe a g#\y - closed set in (X, t). Then A
is closed in (X, 7). Since every closed set is a - closed, A is a - closed in (X, t). Therefore

X,1) isa gy la- space.



The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.7

Let X= {a, b, ¢} with =={X, ¢, {a}}. Then (X, 1) is a g’y Ta -space but not g#\uTc

—space, since the subset {b} is g"y - closed but not closed in (X, 7).
Proposition 2.4.8
Every g#\uTc - space is a g#\|/T\|/ - space.

Proof:
Assume that (X, 1) is g#\ch —space. Let A be a g*y - closed set in (X, 7). Then A
is closed in (X, 7). Since every closed set is y - closed, A is y - closed in (X, 1). Therefore

X,t)isa gy Ty - space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.9

Let X= {a, b, c} with 1={X, ¢, {a}, {b}, {a, b}}. Then (X, 1) is a g#wT\y - Space

but not g#ch — space, since the subset {a} is g"y - closed but not closed in (X, 7).

Proposition 2.4.10

Every g#\ch - space is a g#\VTSC - space.



Proof:
Assume that (X, 1) is g#\ch — space. Let A be a g*y - closed set in (X, 7). Then A
is closed in (X, 7). Since every closed set is semi - closed, A is semi - closed in

(X, t).Therefore (X, 1) is a g#\yTsc - space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.11

Let X= {a, b, ¢} with 1={X, ¢, {a}}. Then (X, 1) is a g#\yTsc -space but not g#\ch

— space, since the subset {b} is g*y - closed but not closed in (X, 7).

Proposition 2.4.12

Every g'v I c- space is a g | y*g*- space.
Proof:

Assume that (X, 1) is g#\ch - space. Let A be a g*y - closed set in (X, 7). Then A
is closed in (X, 1). Since every closed set is y*g” - closed, A is y*g™- closed in (X, 1).

Therefore (X, 1) is a g | y*g" - space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.13

Let X= {a, b, ¢} with =={X, ¢,{a}}. Then (X, 1) is a g*v | w*g*- space but not



gy Te- space, since the subset {b} is gy - closed but not closed in (X, 7).

Proposition 2.4.14

Every g#\uTa - space is a g#\yTsc - Space.

Proof:
Assume that (X, 1) is g#\uTu —space. Let A be a g*y - closed set in (X, 7). Then A
is a-closed in (X, 7). Since every o - closed set is semi-closed, A is semi-closed in

(X, t).Therefore (X, 1) is a g#\yTsc - space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.15

Let X= {a, b, c} with =={X, ¢, {a}, {b}, {a,b}}. Then (X, 1) is a g#\uTsc - Space

but not g#\yT(x — space, since the subset {b} is g*y - closed but not a - closed in (X, 7).

Proposition 2.4.16

Every g#\pTa - space is a g#wTw — space.

Proof:
Assume that (X, 1) is g#\yTa — space. Let A be a g#\y - closed set in (X, t). Then A
is a-closed in (X, 7). Since every a - closed set is y - closed, A is y - closed in

(X, t).Therefore (X, 1) is a g#\vT\V - space.



The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.17

Let X= {a, b, c} with =={X, ¢, {a, b}}. Then (X, 1) is a g#\yT\y - space but not

g#\uTa — space, since the subset {a, c} is g"y - closed but not a - closed in (X, 7).

Proposition 2.4.18

Every g#\yTsc -space is a g#\yT\y — space.

Proof:
Assume that (X, 1) is g#\yTsc - space. Let A be a g*y - closed set in (X, 7). Then A
is semi - closed in (X, 7). Since every semi - closed set is y - closed, A is v - closed in

(X, 1). .Therefore (X, 1) is a g#\yT v — space.

The converse of the above proposition need not be true as seen from the following

example.

Example 2.4.19

Let X= {a, b, c} with 1={X, ¢, {a,b}}. Then (X, 1) 1s a g#wTw - space but not

g#\uTsc — space, since the subset {a,c} is gy - closed but not semi - closed in (X, 7).



Remark 2.4.20

The following examples show that g#\yTa - space is independent from ygTg*y -

space.

Example 2.4.21

Let X={a,b,c} with topology ={X, ¢, {a},{b},{a,b}} then (X, 1) is a ve | gy -

space but not g#\yTa— space, since the subset {a} is g™y - closed but not « - closed.

Example 2.4.22

Let X={a,b,c} with topology 7={X, ¢,{a}} then (X, 1) is a g#\yTa - space but not

vg Tg#w - space, since the subset {a,b} is yg - closed but not gy - closed.

Remark 2.4.23

The following examples show that g#\uTa - space is independent from Td- space

and Tc- space .

Example 2.4.24

Let X={a,b,c} with topology 7={X, ¢,{a},{a,b}} then (X, 1) is a g#\yTa - Space but

not Td - space and not Te- space, since the subset {b} is gs closed but not g - closed

and not g - closed.



Example 2.4.25

Let X={a,b,c} with topology =={X, ¢,{a,b}} then (X, 1) is a Td-spaceanda Tec

- space but not g#\yTa - space, since the subset {a,c} is g"y - closed but not o - closed.

Remark 2.4.26

The following examples show that g#\uTa - space is independent from olb- space.

Example 2.4.27

Let X={a,b,c} with topology =={X, ¢,{a}} then (X, 1) is a g#\yTu space but not

olb- space, since the subset {b} is ag - closed but not closed.

Example 2.4.28

Let X={a,b,c} with topology t=={X, ¢, {a}, {b}, {a,b}} then (X, 1) is a alb-

space but not g#\yTa — space, since the subset {a} is g*y closed but not o - closed.

Remark 2.4.29

The following examples show that g#\uTa - space is independent from alc - space.

Example 2.4.30

Let X={a,b,c} with topology 7={X, ¢, {a},{a,b}} then (X, 1) is a gy | o



space but not aTc—space, since the subset {b} is ag - closed but not g" - closed.
Example 2.4.31

Let X={a,b,c} with topology 7={X, ¢,{a,b}} then (X, 1) is a olc- space

but not g#\yTa _ space, since the subset {b,c} is gy - closed but not o - closed.
Remark 2.4.32

The following examples show that g#\vTa space is independent from*Tllz space.
Example 2.4.33

Let X={a,b,c} with topology 7={X, ¢,{a}} then (X, 1) is a g#\vTa space but not

Tu2- space, since the subset {b} is g - closed but not g* - closed.
Example 2.4.34

Let X={a,b,c} with topology =={X, ¢,{a,b}} then (X, 1) is a T2 -space

but not g#\yTa - space, since the subset {a,c} is g"y - closed but not o - closed.
Remark 2.4.35

The following examples show that g#\uTa - space is independent from 12T -

space.



Example 2.4.36

Let X={a,b,c} with topology 1={X, ¢,{a}} then (X, 1) is a g#\yTa - space but not

2 Ta- space, since the subset {a,b} is ag - closed but not o - closed.

Example 2.4.37

Let X={a,b,c} with topology t={X, ¢, {a}, {b}, {a,b}} then (X, 1) is a 112 [ o -

space but not g#\uT(x - space, since the subset {a} is g*y - closed but not o — closed.

Remark 2.4.38

The following examples show that g#\vTa - space is independent from old- space.

Example 2.4.39

Let X={a,b,c} with topology 7={X, ¢, {a}, {a,b}} then (X, 1) is gy - space but

not ol d- space, since the subset {b} is ag - closed but not g - closed.

Example 2.4.40

Let X={a,b,c} with topology 1={X, ¢,{a,b}} then (X, 1) is a o | d-space but

not g#\yTa — space, since the subset {a,c} is g"y - closed but not a - closed.



Remark 2.4.41

The following diagrams show the relationship between the newly defined spaces
and already existing spaces.

/ g#\yTa - Space \

gy Trc- space

gy Tsc- space

gy Te- space

\ /
/ N\

g#\uT\u - space gy Tw*g*- space

where  A——B represents A implies B

Td- space \ / ve T oty - space
T - space \'\ M/ o | d - space
g#\vTa - space
o I b - space % \N\‘\ Tun- space
12 T o - space o | c - space

where A «—\—>B represents A and B are independent.



Theorem 2.4.42
If(X,1)isa g#wT o - space and an o - space then it is a g#\ch - space.

Proof:

Let A be a gy - closed set in (X, ). Since (X, 1) is a g#\yTa - space, A is a - closed

in (X, 7). Since (X, 1) is an a - space, A is closed in (X, t). Therefore (X, 1) is a g#\ch -

space.

Theorem 2.4.43
If(X,1)isa g#\uTc - space, then for each XeX either {x} is v - closed or open.

Proof:
Let Xe X and suppose {x} is not y - closed in (X, t).Then X — {x} is not y - open.

Hence X is the only y - open set containing X — {x}. So X — {x} is a g"y - closed set in
(X, 7). Since (X, 1) is a g#\ch —space, X — {x} is closed in (X, t) or equivalently {x} is

open in (X, 1).

Theorem 2.4.44
If(X,t)isa gy I c- space (resp gy L a- space) then g*ycl(B) = cl(B) (resp.

acl(B)) for each subset B of (X, 1).

Proof:
Since (X, 1) is a gyl c- space (resp. gy la- space). Since every closed (resp o —

closed) set is g*y - closed in (X, 1), g°yC((X, 1) = C(X, 1) ( resp aC(X, 1)).
Hence g#\ycl(B) = cl(B) (resp. acl(B)) for each subset B of (X, 7).



Theorem 2.4.45

For a space (X, 1) the following conditions are equivalent

i. (X,tisa g#\yTa - Space.

Ii.  Foreach xeX, {x} is either a - open or y - closed.

Proof:

(i) =(ii)

Let X € X and suppose {x} is not y - closed in (X, t). Then X-{x} is not y - open.
Hence X is the only \ - open set containing X-{x}. So X-{x} is a g"y — closed set in

(X, 7). Since (X, 1) ia a g#\yTa — space, X-{x} ia an a — closed set in (X, ) or equivalently

{x} is an o —open set in (X, 1).
(i) =)
Let A be a gy — closed set in (X, 1) and x e ycl(A). We show that xeA for the

following two cases.

Case 1:
Assume that {x} is o — open. Then X-{x} is o —closed. If xgA, then A c X-{x}.

Since xewycl(A), we have xe X-{x}, which is the contradiction. Hence xeA.

Case 2:
Assume that {x} is y—closed and xgA. Then ycl(A)-A contains a y — closed set

{x}.This contradicts above theorem 2.2.37. Therefore x € A.
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CHAPTER 3

g"y - CONTINUOUS FUNCTIONS IN
TOPOLOGICAL SPACES

3.1 Introduction

Continuity is a most important concept in mathematics and over the years many
types of continuous functions have been analyzed. In this chapter we introduce g*y-
continuous functions in topological spaces and study their properties.

3.2 g"y — continuous function

In this section g"y — continuous functions in topological spaces are introduced and
discussed some of their basic properties. The composition of two gy — continuous
function need not be g*y — continuous is proved by by counter example.

Definition 3.2.1

A function f: (X, 1) — (Y,o)is called g*y - continuous if f (V) is g"y - closed

in (X, t) for each closed set V in (Y, o).
Example 3.2.2

Let X ={a, b, c}=Y with © = {X, ¢, {a}} and o = {Y, ¢, {a}, {a, b}}.Let
f:(X,1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis g#\y - continuous.

Proposition 3.2.3

Every continuous function is a gy - continuous function.



Proof:

Let f:(X,1) — (Y, o) be a continuous function. Let V be any closed set in (Y,o).

Since f is continuous, f (V) is closed in (X, t). Since every closed set is gy - closed,

f (V) is g*y - closed in (X, 1). Hence f is g"y - continuous.

The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.4

Let X = {a, b, ¢} = Y with t = {X, ¢, {a}} and o = {Y, ¢, {a, b}}. Let
f:(X,1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then f is g"y - continuous but

not continuous, since for the closed set {c} in (Y,o), f “({c}) = {c} is not closed in (X, 7).
Proposition 3.2.5
Every completely - continuous function is a g*y - continuous function.

Proof:
Let f:(X,t) — (Y, o) be a completely - continuous function. Let V be any closed

set in (Y,o). Since f is completely - continuous, f (V) is regular - closed in (X, 1). Since
every regular - closed set is g*y - closed, f (V) is g*y - closed in (X, t). Hence f is gy -

continuous.

The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.6

Let X ={a, b, c} = Y with t={X, ¢, {a}} and o={Y, ¢, {a}, {a, b}}. Let



f:(X,1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then f is g"y - continuous but
not completely continuous, since for the closed set {b, c} in (Y,c), f *({b, c}) = {b, c} is

not regular closed in (X, 7).
Proposition 3.2.7
Every a - continuous function is a g"y - continuous function.

Proof:

Let f:(X,7) — (Y,oc)be a a - continuous function. Let V be any closed set in
(Y,o). Since f is o - continuous, f (V) is a - closed in (X, t). Since every a - closed set is

gy - closed, f (V) is gy - closed in (X, ). Hence f is gy - continuous.

The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.8

Let X ={a, b, c} = Y with t = {X, ¢, {a, b}} and & ={Y, ¢, {a}, {b}, {a, b}}. Let
f: (X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis g"w - continuous but

not o - continuous, since for the closed set {a, c} in (Y,o), f *({a, ¢}) = {a, ¢} is not « -
closed in (X, 7).

Proposition 3.2.9
Every v - continuous function is a gy - continuous function.
Proof:

Let f:(X, 1) — (Y,o)be a y - continuous function. Let V be any closed set in



(Y,o). Since fis y - continuous, f (V) is y - closed (X, t). Since every v - closed set is

9"y - closed, f (V) is g*y - closed in (X, t). Hence f is g™y - continuous.

The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.10

Let X = {a, b, c} = Y with t = {X, ¢, {a}, {b, c}} and o ={Y, ¢, {a}}. Let
f:(X,7) — (Y, o) be defined by f(a) = b, f(b) = ¢, f(c) = a. Then f is g"y - continuous but
not y - continuous, since for the closed set {b, c} in (Y,o), f *({b, c}) = {a, b} is not y -

closed in (X, 7).
Proposition 3.2.11
Every semi - continuous function is a g*y - continuous function.

Proof:

Let f:(X,1) — (Y, o) be a semi - continuous function. Let V be any closed set in
(Y,o). Since f is semi - continuous, f (V) is semi - closed in (X, t). Since every semi -

closed set is g*y - closed, f (V) is g*y - closed in (X, t). Hence f is g*y - continuous.

The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.12

Let X = {a, b, c} = Y with = = {X, ¢, {a, b}} and o ={Y, ¢, {a}}. Let
f:(X,1) — (Y,c) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis g#\y - continuous but



not semi - continuous, since for the closed set {b, c} in (Y,o), f *({b, c}) = {b, c} is not

semi - closed in (X, 7).
Proposition 3.2.13
Every y'g - continuous function is a g*y - continuous function.

Proof:

Let f:(X,t) — (Y,c)beay'g - continuous function. Let V be any closed set in
(Y,o). Since fis y'g - continuous, f (V) is y'g - closed in (X, t). Since every y'g’ -

closed set is g™y - closed, f (V) is g*y - closed in (X, t). Hence f is g"y - continuous.

The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.14

Let X = {a, b, c} = Y with = = {X, ¢, {a}, {b, c}} and o ={Y, ¢, {a}}. Let
f:(X, 1) — (Y, o) be defined by f(a) = b, f(b) = c, f(c) = a. Then f is g"y - continuous but
not y'g" - continuous, since for the closed set {b, c} in (Y,o), f *({b, c}) ={a, b} is not
v'g -closed in (X, ).

Proposition 3.2.15
Every g"y - continuous function is a yg - continuous function.

Proof:

Let f:(X,t) — (Y,o)be a gy - continuous function. Let V be any closed set in
(Y,o). Since f is g*y - continuous, f (V) is g*y - closed in (X, t). Since every g'y —

closed set is yg — closed, f (V) is yg - closed in (X, t). Hence f is yg - continuous.



The converse of the above proposition need not be true as seen from the following

example.
Example 3.2.16

Let X = {a, b, ¢} = Y with © = {X, ¢, {a}} and o ={Y, ¢, {a}.{a, b}}. Let
f:(X,1) — (Y,c) be defined by f(a) = b, f(b) = c, f(c) = a. Then fis yg - continuous but
not g"y - continuous, since for the closed set {b, c} in (Y,o), f *({b, c}) = {a, b} is not
yg - closed in (X, 1).

Remark 3.2.17

The following examples show that g*y - continuity is independent of ag —

continuity.
Example 3.2.18

Let X ={a, b, c} =Y with t = {X, ¢, {a}, {b}, {a, b}} and & ={Y, ¢, {a}, {b},
{a, b},{a, c}}. Let f:(X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then f is
g* — continuous but not ag - continuous, since for the closed set {b} in (Y,o), f *({b}) =

{b} is g"y - closed but not ag - closed in (X, 7).
Example 3.2.19

Let X = {a, b, ¢} = Y with t = {X, ¢, {a}} and ¢ ={Y, ¢, {a}, {b}.{a, b}}. Let
f:(X,1) — (Y,0c) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis ag - continuous but
not g*y - continuous, since for the closed set {a, ¢} in (Y,0), f *({a, ¢}) = {a, c} is ag —

closed but not g*y - closed in (X, 7).



Remark 3.2.20

The following examples show that g*y -continuity is independent of g -

continuity.
Example 3.2.21

Let X = {a, b, c} = Y with t = {X, ¢, {a}} and o ={Y, ¢, {a, b}}. Let
f: (X, 1) — (Y,c) be defined by f(a) = a, f(b) = b, f(c) = c. Then f is g*w - continuous but
not g - continuous, since for the closed set {c} in (Y,0), f *({c}) = {c} is ¢"y - closed

but not g - closed in (X, ).

Example 3.2.22

Let X = {a, b, c} = Y with = = {X, ¢, {a}, {a, b}} and o ={Y, ¢, {b}}. Let
f:(X,1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis g - continuous but
not g*y - continuous, since for the closed set {a, ¢} in (Y,o), f *({a, c}) ={a, c}isg -

closed but not g*y - closed in (X, 7).

Remark 3.2.23

The following examples show that g"y -continuity is independent of gy —

continuity.
Example 3.2.24

Let X ={a, b, c} = Y with t = {X, ¢, {a}, {b, c}} and o ={Y, ¢, {a, b}}. Let
f:(X,7) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) =c. Then fis g#\|1 - continuous but
not gy - continuous, since for the closed set {c} in (Y,o), f *({c}) = {c} is g"y - closed

but not gy - closed in (X, 1).



Example 3.2.25

Let X = {a, b, c} = Y with t = {X, ¢, {a}, {a, b}} and o ={Y, ¢, {a}, {b}, {a, b}, {a,
c}}. Let f:(X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) =c. Then fis gvy-
continuous but not g*y - continuous, since for the closed set {a, ¢} in (Y,o), f *({a, c}) =

{a, c} is g"y — closed but not g*y - closed in (X, 1).
Remark 3.2.26

The following examples show that g*y -continuity is independent of g —

continuity.
Example 3.2.27

Let X ={a, b, c} = Y with t = {X, ¢, {a}, {b}, {a, b}} and ¢ ={Y, ¢, {b, c}}. Let
f: (X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis g"y — continuous but
not g - continuous, since for the closed set {a} in (Y,o), f *({a}) = {a} is g"y - closed but

not g - closed in (X, ).
Example 3.2.28

Let X ={a, b, c} = Y with T = {X, ¢, {a}}and o ={Y, ¢, {a}, {b}, {a, b}}. Let
f: (X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then f is g - continuous but not
g*w - continuous, since for the closed set {a, c} in (Y,o), f *({a, c}) = {a, c} is g — closed

but not g*y - closed in (X, 1).
Remark 3.2.29

The following examples show that g*y -continuity is independent of w§ -

continuity.



Example 3.2.30

Let X ={a, b, c} = Y with t = {X, ¢, {a},{b, c}} and o ={Y, ¢, {a}, {b}, {a, b}}.
Let f:(X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) =c. Then fis g*y — continuous

but not w§ - continuous, since for the closed set {c} in (Y,o), f *({c}) = {c} is gy -

closed but not y@ - closed in (X, 7).
Example 3.2.31

Let X = {a, b, ¢} = Y with = = {X, ¢, {a}}and o ={Y, ¢, {b}}. Let
f:(X,1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then f is y§ continuous but not
g*w - continuous, since for the closed set {a, c} in (Y,o0), f ({a, ¢}) = {a, ¢} is y@ -

closed but not g*y - closed in (X, 7).
Remark 3.2.32

The following examples show that gy - continuity is independent of g -

continuity.
Example 3.2.33

Let X ={a, b, c} = Y with t = {X, ¢, {a},{a, b}} and o ={Y, ¢, {a, c}}.Let
f: (X, 1) — (Y, o) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis gy — continuous but
not and not g - continuous, since for the closed set {b} in (Y,s), f ({b}) = {b} is g’y -

closed but not ‘g - closed in (X, 7).
Example 3.2.34

Let X = {a, b, ¢} = Y with t = {X, ¢, {a}}and o ={Y, ¢, {c}}. Let
f:(X,1) — (Y,c) be defined by f(a) = a, f(b) = b, f(c) = c. Then fis g- continuity but not



g*w - continuous, since {a, b} is closed in (Y,o) but f *({a, b}) = {a, b} is "9 - closed but
not gy - closed in (X, 7).

Remark 3.2.35

The following diagrams show the relationship between g*y — continuous functions
with various continuous functions

/ Completely continuous \
Continuous

g"y — Continuous
—

Where A — B represents A implies B.

v”g™- Continuous

N
yg - Contiuous

o - Continuous

Em—
Semi-Continuous
7

y-Continuous

g- Continuous g™y - Continuous

ag -Continuous

g - Continuous %H p : %’%
g"y — Continuous
/ \ g - Continuous

where A <<= B represents A and B are independent.

*g - Continuous




Theorem 3.2.36

A function f : (X, 1) — (Y, o) is gy - continuous if and only if the inverse

image of every open set in (Y, o) is gy - open in (X, 7).

Proof: (Necessity)

Let F be an open set in (Y, o). Then Y-F is closed in (Y, o). Since f is g*y -
continuous, f!(Y-F)= X- f*(F) is g’y - closed in (X, 7). Hence f* (F)is g*y - open in
(X, 7).

(Sufficiency)

Assume that (V) is g*y - open in (X, ) for each open set V in (Y, o). Let V be
any closed set in (Y, o). Then Y-V is open in (Y, ). By assumption, f*(Y-V)= X- f*(V)
is g"y - open in (X, 1) which implies that £*(V) is gy — closed in (X, 1). Hence f is g*y -

continuous.
Theorem 3.2.37

If f: (X, 1) — (Y, o) is gy - continuous then f (g"ycl(V)) < cl(f(V)) for every
subset V of (X, 7).

Proof:

Let V be any subset of (X, t).Then cl(f(V)) is closed in (Y, o).Since f is g’y -
continuous, f*(cl(f(V))) is g%y - closed in (X, 1).Since (V) < cl(f(V)), V = F1(f(V)) =
f1(cl(f(V))) and hence f*(cl(f(V))) is a gy - closed set containing V. By definition of
g"y - closure, we have g'ycl(V) < f1(cI(f(V))) which implies that f(g*ycl(V)) <
cl(f(V)).



Remark 3.2.38

Let f: (X, 1) — (Y, o) be a continuous function. Then for every subset V of (X, 1),

f(g*ycl(V)) c cl(f(V)).

Proof:
Since every continuous function is g*y -continuous and by Theorem 3.2.37, the

result follows.
Remark 3.2.39

The composition of two g"y - continuous function need not be g*y - continuous

function as seen from the following example.
Example 3.2.40

Let X ={a, b, c} =Y =Z with ©={X, ¢, {a}, {a, b}}, o ={Y, ¢, {a, b}} and
n=1{Z, ¢, {a}}. Let f:(X,1) — (Y, o) be a function defined by f(a) = a, f(b) = b, f(c) = ¢
and g :(Y,c) —(Z,n) be a function defined by g(a) = b, g(b) = a, g(c) = c. Then the
functions f and g are gy — continuous but their composition gof :(X,t) — (Z,1) is not
a g"y -continuous function, since for the closed set {b, c} in (Z, n), (goH)*({b, c) = {a, c}
is not g*y - closed in (X, 1).

Theorem 3.2.41

Letf: (X, 1) — (Y,0) and g: (Y, 6) — (Z,n) be g*y - continuous functions. Then

gof 1 (X, 1) — (Z, ) is also a g*y - continuous function, if (Y, o) isa gty T c -Space .



Proof:

Let \V be any closed set in (Z,n). Since g is g*y - continuous, g™*(V) is g"y —
closed in (Y, o). Since (Y, c) is ag#,Tc -Space, g*(V) is closed in (Y, o). Since fis g'y -
continuous, (gof)*(V) = f{(g*(V)) is g’y - closed in (X, 7). Hence gof is a gy -

continuous function.

Theorem 3.2.42

Iff: (X, 1) — (Y, 6) is g"y - continuous and g : (Y, ) — (Z,n) is continuous then
gof 1 (X, 1) — (Z,1) is g"y - continuous.

Proof:
Let V be any closed set in (Z,n). Since g is continuous, g*(V) is closed in (Y, o).
Since f is g"y - continuous, (gof)™ (V) = F1(g*(V)) is g*y - closed in (X, 7). Therefore gef

is g*y - continuous.
Theorem 3.2.43

Iff: (X, 1) — (Y, o) iscontinuous (resp. a-continuous) and g : (Y, ) — (Z,m) is

continuous then gof: (X, t) — (Z, 1) is gy - continuous.

Proof:

Let V be any closed set in (Z,1)). Since g is continuous, g*(V) is closed in (Y,o).
Since f is continuous (resp. a-continuous), (gef)™ (V) = f(g*(V)) is closed (resp. a-
closed) in (X, 7). Since every closed (resp. a-closed) set is g*y — closed set, (gof)*(V) is

"y - closed. Therefore gof is gy - continuous.



Theorem 3.2.44

Iff: (X, 1) — (Y, o) is y - continuous and ¢: (Y, o) — (Z,n) is continuous then
gof : (X, 1) — (Z, ) is g"y - continuous.

Proof:
Let V be any closed set in (Z,1). Since g is continuous, g*(V) is closed in (Y,o).
Since f is y - continuous, (gof) (V) = (g™ (V)) is v - closed in (X, 1). Since every y -

closed set is g*y - closed, (gof) (V) is g*y - closed. Therefore gof is gy - continuous.
Theorem 3.2.45

Iff: (X, 1) — (Y, 0) isy'g - continuous and g : (Y, o) — (Z,n) is continuous
then gof : (X, 1) — (Z, m) is g"y - continuous.
Proof:

Let V be any closed set in (Z,n). Since g is continuous, g™*(V) is closed in (Y,o).
Since fis y'g - continuous, (gof)*(V) = (g™ (V)) is y g - closed in (X, 7). Since every
v'g - closed set is gy - closed, (gef)*(V) is g*y - closed. Therefore gof is g’y -

continuous.
Theorem 3.2.46

Let f: (X, 1) — (Y, o) be yg - continuous and g : (Y, o) — (Z,n) be continuous.

Then gof : (X, 1) — (Z, 1) is a g"y - continuous function, if (X, 1) is a vg I g#ty — SPace.

Proof:

Let V be a closed set in (Z,n). Since g is continuous, g*(V) is closed in (Y, o).
Since f is yg-continuous, (gof) (V) = (g™ (V)) is we- closed in (X, 7). Since (X, 1) is a
vg I gy - space, (geH)}(V) is g"y - closed in (X, 7). Hence gof is a g"y - continuous

function.



Theorem 3.2.47

Iff: (X, 1) — (Y,o) is a-irresolute and g: (Y, o) — (Z,n) is continuous then

gof : (X, 1) — (Z, ) is g"y - continuous.

Proof:

Let V be any closed set in (Z,n). Since g is continuous, g™*(V) is closed in (Y,o).
Since every closed set is a. - closed, g™ (V) is a - closed. Since f is a- irresolute, (gof) (V)
=fY(g?(V))is o - closed in (X, 7). Since every o - closed set is g*y - closed, (gef)™ (V) is

g*w — closed. Hence gof is gy - continuous.
Theorem 3.2.48

Let f: (X, 1) — (Y, 6) be a - irresolute and g : (Y, 6) — (Zn) be gy -

continuous. If (Y, ) is a gs,Ta —space, then gof : (X, T) — (Z, ) is a - continuous.

Proof:
Let U be any closed set in (Z,n). Since g is g*y - continuous, g™*(U) is g"y - closed
in (Y, ). Since (Y, o) isa g Te-space, g7 (U)is o - closed in (Y, o). Since fis o -

irresolute, (gof)*(U) = (g (U)) is o - closed in (X, t). Hence gefis o - continuous.
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SUMMARY AND CONCLUSION

The dissertation is devoted to the study on g*y - closed sets and g*y - continuous

functions in topological spaces.

Preliminary definition are given in Chapter 1.

In Chapter 2, g"y - closed sets, g*y - open sets in topological spaces are introduced and
g"w - closed sets are compared with various existing closed sets. As applications seven

new spaces are introduced and their interrelations with various spaces are analyzed.

In Chapter 3, g*y - continuous functions in topological spaces are introduced and its
properties and characterizations are analyzed.
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