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17MMAC22  FUNCTIONAL ANALYSIS 
   
                                                      
                                                             Part-A                                                10 x 1/2=5
Choose the correct answer


1. A Banach space is a _______ normed linear space.	
          a. complex                b. closed                      c. complete                 d. real 
2. If I:NN is the identity operator, then  = _____	
a. 0                          b. 1                            c.-1                         d. 
3. A one-to-one, onto, continuous and an open mapping is called _____
a. a homomorphism   b. an isomorphism          c. a homeomorphism   d. a projection      


4. If , then the normed  linear space is called ______	
a. regular                 b.reflexive                   c. dense                     d. closed



5. The inner product of two vectors in the space  is defined as  




	a.                    b.                        c.                   d.  
6. If M is a closed linear subspace of a Hilbert space H, then 




	a.            b.                c.            d.  



7. If and  is any scalar, then   _____




          a.                      b.                           c.                      d. 


8. If and , then T is called _____
          a. self adjoint            b. normal	                      c. compact               d. unitary	
9. A closed linear subspace M of H reduces an operator T if        

          a. M is invariant under T                                         b. is invariant under T
          c. both (a) and (b) are true                               d. neither (a) nor (b) is true        
10. Two projections P and Q on a Hilbert space H are called orthogonal if _____ 	
          a. PQ = 0	             b. PQ = I	                      c. P = Q                   d. PQ  0 












	
Part B                                  	                 5 X 4=20
                                         Answer the following

11.a.  Prove that every normed linear space is a metric space. 
       (or)





11.b. If N is a normed linear space and  is a non-zero vector in N, then prove that there exists a functional in such that and .  


12.a. Write briefly about the natural imbedding of  in . 
         (or)
12.b. If P is a projection on a Banach space B, then prove that the range M and the null space N are closed in B. 	

13.a. Define a Hilbert space and give an example for it.   
          (or)

13.b. If is a finite orthonormal set in a Hilbert space H and if x is any vector in H, 

then prove that  .  	




14.a. If and are self-adjoint operators on a Hilbert space H, then prove thatis self-adjoint if and only if.             (or)
14.b. Prove that an operator T on H is self-adjoint if and only if (Tx, x) is real for all x in H. 
	
15.a. If P is a projection on a closed linear subspace M of H, then prove that M is invariant under an operator T if and only if TP = PTP.     (or)





15.b. If T is normal, prove that is an eigenvector of T with eigenvalue if and only if  is an eigenvector of with eigenvalue. 
	

					         Part C                                                    5 x 7=35
Answer the following

16.a. Prove that the following conditions on a linear transformation T:N N’ are equivalent: 
                (i) T is continuous 
                (ii) T is continuous at the origin 
                (iii) T is bounded                              (or)
    b. State and prove Hahn-Banach theorem. 
17.a. State and prove uniform boundedness theorem. 
               (or)
    b. State and prove closed graph theorem.
18.a. Prove that a closed convex subset of a Hilbert space contains a unique vector 
        of smallest  norm.                                    (or)


     b. If M is a closed subspace of a Hilbert space H, then prove that there exists a non-zero vector in H such that .  
19.a. Let H be a Hilbert space and f be an arbitrary functional in H*. Then, prove that 

        there exists a unique vector y H in such that  f(x) = (x,y)  for every xH.                                                
               (or)
b. Prove that the set of all normal operators on a Hilbert space H is a closed subspace of B(H) which contains the set of all self-adjoint operators and is closed under scalar multiplication.
 

20.a. If P is a projection on H with range M and null space N, then prove that    

        is self-adjoint. In this case, show that 
              (or)
     b. State and prove the spectral theorem. 
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