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introduction
“god used beautiful mathematics in creating the world”

-Paul dirac

Continuous functions and irresolute functions stand among the most important and most researched points in the whole of Mathematical science.  In 1972, crossley, S.G and Hildebrand, S.K [16] introduced the notion of irresoluteness.  Many different forms of irresolute functions have been introduced over the years.  Various interesting problems arise when one considers irresoluteness.  Its importance is significant in various areas of mathematics and related sciences.

This thesis is an attempt to study some interesting generalizations of the notions of irresolute functions in topological spaces and in Ideal topological spaces.

Several authors have contributed to the study of generalizations of irresolute functions.  Some of them are

1) Irresolute functions, Crossley, S.G and Hildebrand, S.K., 1972, [16].

2) Quasi-irresolute functions, Di Maio, G. and Noiri, T., 1987 [18].

3) Almost irresolute functions, Cammaroto, F. and Noiri, T., 1989 [15].

4) -irresolute functions, Khedar, F.H. and Noiri, T., 1986 [30].

5) Weakly -irresolute functions, Ganster, M. et al, 1988 [19].

6) Strongly -irresolute functions, Ganster, M. et al, 1988 [19].

7) -R-irresolute functions, Baker, C.W., 2006 [5]

8) LC-irresolute functions, Ganster, M. and Reilly, I.L., 1989 [20].

9) gc-irresolute functions, Balachandran, K. et al, 1991 [9].

10) GLC, GLC and GLC-irresolute functions, Balachandran, K. et al, 1996 [8].

11) RGL, RGL and RGL-irresolute functions, Arockiarani, I. et al, 1997 [3].

12) SGLC, SGLC and SGLC-irresolute functions, Jin Han Park and Jin Keun  Park, 2000 [26].

13) GLC, GLC and GLC-irresolute functions, Veera Kumar, M.K.R.S., 2001 [40].

14) Lset, Lset and Lset-irresolute functions, Caldas, M., 2001 [10].

15) Generalized s-irresolute functions, Caldas, M. et al, 2000 [11].

16) -irresolute functions, Noiri, T., 2003 [32].

17) Weakly -irresolute functions, Noiri, T., 2003 [32].

18) Strongly -irresolute functions, Noiri, T., 2003 [32].

19) Contra--irresolute functions, Caldas, M. and Jafari, S., 2006 [13].

20) Approximately -irresolute functions, Caldas, M. and Jafari, S., 2006 [13].

21) -quasi-irresolute functions, Jafari, S. and Noiri, T., 2000 [23].

22) I-irresolute functions, Julian Dontchev, 1995 [29].

23) m-quasi irresolute functions, Noiri, T. and Valeriu Popa, 2005 [34].

24) -quasi-irresolute functions, Noiri, T. and Jafari, S., 2001 [22].

25) Semi pre irresolute functions, Jafari, S., 1998 [21].

26) Pre-semi-irresolute functions, Veera Kumar, M.K.R.S., 2002 [43].

27) R-irresolute functions, Baker, C.W., 2004 [6].

28) wg#-irresolute functions, Rajesh, N., 2006 [36].

29) 
[image: image1.wmf]g

~

-irresolute functions, Jafari, S. and Rajesh, N., 2007 [24].

30) g-irresolute functions, Veera Kumar, M.K.R.S., 2000 [39].

31) Approximately irresolute functions, Caldas, M., 2000 [12].

32) Contra-irresolute functions, Caldas, M., 2000 [12].

33) gp-irresolute functions, Jin Han Park and Jin Keun Park, 2004 [25].

34) gr-irresolute functions, Athisaya Ponmani, S. and Lellis Thivagar, M., 2006 [4].

35) gr-irresolute functions, Veera Kumar, M.K.R.S., 2002 [41].

36) Strongly pre-I-irresolute functions, Acikgoz, A., Yuksel, S. and 
Gursel, E., 2006 [2].

37) pre-I-irresolute functions, Acikgoz, A., Yuksel, S. and Gursel, E., 2006 [2].

38) -pre-I-irresolute functions, Acikgoz, A., Yuksel, S. and Gursel, E., 2006 [2].

39) Quasi pre-I-irresolute functions, Acikgoz, A., Yuksel, S. and 
Gursel, E., 2006 [2].

This thesis is devoted to the study of

1) Irresolute functions

2) Approximately irresolute functions

3) Contra-irresolute functions.

4) Approximately -irresolute functions

5) Contra--irresolute functions

6) 
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-irresolute functions

7) wg#-irresolute functions

8) g-irresolute functions

9) -R-irresolute functions

in topological spaces and

1) Strongly pre-I-irresolute functions

2) pre-I-irresolute functions

3) -pre-I-irresolute functions and

4) Quasi pre-I-irresolute functions

in Ideal topological spaces.


The first chapter deals with preliminary definitions and notations.

The second chapter is devoted to the study of some interesting generalizations of irresolute functions in topological spaces.

Given two topological spaces (X, ) and (Y, ), a function 
f :  (X, )  (Y, ) is said to be

i) an irresolute function if for any semi-open subset S of Y, f-1(S) is semi-open in X. (Definition 2.1.1)

ii) an approximately irresolute function if scl(F)  f-1(O) whenever O is 
a semi-open subset of (Y, ), F is a sg-closed subset of (X, ), and 
F  f-1(O).  (Definition 2.2.1).

iii) a contra-irresolute function if f-1(O) is semi-closed in (X, ) for each OSO(Y, ).  (Definition 2.2.7)

iv) an approximately -irresolute if cl(F)  f-1(O) whenever O is a -open subset of (y, ), F is a g-closed subset of (X, ) and Ff-1(O).  (Definition 2.3.2)

v) a contra--irresolute if f-1(O) is -closed in (X, ) for each OO(Y, ).  (Definition 2.3.10)

vi) a 
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-irresolute function if f-1(V) is 
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-closed (resp., 
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-open) in X for every 
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-open) subset V of Y.  (Definition 2.4.7)

vii) a wg#-irresolute function if the inverse image of every wg#-open set of Y is wg#-open in (X, ).  (Definition 2.4.26)

viii) a g-irresolute function if f-1(v) is a g-closed set of (X, ) for every 
g-closed set of (Y, ).  (Definition 2.4.44)

ix) a -R-irresolute function (D&N) provided that for every xX and every VSO(Y, f(x)), there exists USO(X, x) such that scl(f(U))  V.  (Definition 2.5.9)

x) a -R-irresolute function (J&K) provided that for every xX and every VSO(Y, f(x)), there exists USO(X, x) such that -scl(f(U))  V.  (Definition 2.5.23)

Section 2.1 deals with irresolute functions.
The following interesting results are proved:

1) If f : X  Y is continuous and open then f is an irresolute.

2) A function f: S  T, where S and T are topological spaces, is an irresolute iff for every subset A of S, f(scl(A))  scl(f(A)), where scl(A) denotes the semi-closure of A.

3) A function f : X  Y is irresolute iff for all BY, scl(f-1(B))  f-1(scl(B)).

4) If f : X  Y and g : Y  Z are both irresolute then g o f : X  Z is an irresolute.

Approximately irresolute and contra-irresolute functions are studied in section 2.2.  Approximately irresolute functions are introduced using semi-generalized closed (sg-closed) sets.

Approximately irresolute images and inverse images of sg-closed sets are studied and the results obtained are given in Theorems 2.2.13 and 2.2.14. contra-irresoluteness is a stronger form of approximately irresoluteness.

Regarding contra-irresolute functions the following results are proved:

1)
contra-irresoluteness and irresoluteness are independent notions.
2)
The composition of two contra-irresolute functions need not be a contra-irresolute function.

3)
Let f : (X, )  (Y, ) and g : (Y, )  (z, ).  Then

i)
g o f : (Y, )  (z, ) is contra-irresolute, if g is irresolute and f is contra-irresolute.

ii)
g o f is contra-irresolute, if g is contra-irresolute and f is irresolute.

Section 2.3 deals with approximately--irresolute functions and 
contra--irresolute functions.  Approximately -irresolute functions are introduced using generalized--closed (g-closed) sets.  Using this definition, some conditions under which maps and inverse maps preserve g-closed sets is obtained.  contra--irresolute functions is a stronger form of 
-irresoluteness.  Regarding contra--irresolute functions the following results are proved.

1)
contra--irresoluteness and -irresoluteness are independent notions.
2)
The composition of two contra--irresolute functions need not be 
contra--irresolute.

3)
Let f : (X, )  (Y, ) and g : (Y, )  (z, ).  Then

i)
g o f : (X, )  (z, ) is contra--irresolute, if g is -irresolute and f is contra--irresolute.

ii)
g o f is contra--irresolute, if g is contra--irresolute and f is 
-irresolute.

Perfectly contra-irresolute functions and perfectly contra--irresolute functions are also defined and some interesting examples are given.

The following diagram holds.


Section 2.4 deals with 
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-irresolute functions, wg#-irresolute functions and g-irresolute functions.  In the first part of this section two new types of irresolute functions called, completely 
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-irresolute functions and weakly 
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-irresolute functions are introduced using the notion of 
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-closed sets and interesting properties of these functions are obtained.  Following characterizations are proved:

1. For a function f : X  Y, the following statements are equivalent:

i) f is completely 
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-irresolute;

ii) f : (X, )  (Y, 
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O(X)) is completely continuous;

iii) f-1(F) is regular closed in X for every 
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-closed set F of Y.

2. For a function f : X  Y, the following statements are equivalent:

i) f is weakly 
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-irresolute;

ii) f-1(V)  
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-Int(f-1(
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-cl(V))) for every V
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O(Y);

iii) 
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-cl(f-1(V))  f-1(
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~

-cl(V)) for every V
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~

O(Y).


The class of wg#-open sets is a weaker form g#-open.  By using such sets, in 2006, Rajesh, N., [36] introduced a new form of functions called 
wg#-irresolute functions.In the second part of this section properties of wg#-irresolute functions are studied.  In the final part of this section g-irresolute functions introduced by Veera Kumar, M.K.R.S., [39] are studied.


Section 2.5 is devoted to the study of -R-irresolute functions introduced by Baker, C.W., [5].  The concept of -R-irresolute functions is introduced using the semi--closure operator.  There are two different notions of semi--closure of a set, one developed by Di Maio and Noiri [17] and the other by Joseph  and Kwarck [28].  Therefore Baker, C.W., introduced two different notions of -R-irresolute (D&N) and -R-irresolute (J&K).  Both types of -R-irresoluteness are strictly stronger than R-irresoluteness.  If the domains satisfy certain (different) generalized regularity conditions, then each type of -R-irresoluteness is equivalent to R-irresoluteness.

The following implications are proved:

-R-irresolute (J&K)  -R-irresolute (D&N)  R-irresolute  strongly irresolute  irresolute, none of these are reversible.  Additionally two generalizations of an R0-space are defined and it is proved that each type of space is preserved by one form of surjective -R-irresolute function.


The third chapter is devoted to the study of some interesting generalizations of irresolute functions in Ideal topological spaces.  
“An Ideal topological space is a topological space (x, ) with an ideal I on X and is denoted by (x, , I)”.


pre-I-irresolute, strongly pre-I-irresolute, quasi pre-I-irresolute and 
-pre-I-irresolute functions in Ideal topological spaces are studied with interesting examples.  From these definitions the following diagram is obtained.


strongly pre-I-irresolute pre-I-irresolute θ-pre-I-irresolute quasi pre-I-irresolute.

Two interesting characterizations of θ-pre-I-irresolute functions are given in Theorems 3.18 and 3.19.


Finally, the following theorem regarding the relationship between these functions is proved:  Let (Y, , I2) be a pre–I–regular space.  Then, for a function f : (X, , I1)   (Y, , I2) the following properties are equivalent:

1) f is strongly pre-I-irresolute,
2) f is pre-I-irresolute,
3) f is θ-pre-I-irresolute,

4) f is quasi pre-I-irresolute.

review of literature

Continuous functions and irresolute functions play an important role in topology.  The study of irresolute functions has attracted the attention of many famous researchers – Noiri, T., Crossley, S.G., Hildebrand, S.K., Ganster, M., Reilly, I.L., Mukherjee, M.N., Sinha, S.P., Malakar, s., Bhaumik, S.K., Abbas, S.E. and many others.

In 1972, Crossley, S.G. and Hildebrand, S.K. [16] introduced the concept of irresolute functions.  Since then various generalizations of irresolute functions have been introduced and studied by many researchers.

In this Review of Literature, a brief survey of some of the articles published on the generalizations of continuous functions and irresolute functions are given.

1) “On generalized continuous maps in topological spaces”.

Balachandran, K., Sundaram, P. and Maki, H., (1991) [9]
The class of gc-irresolute maps which is included in the class of 
g-continuous maps is introduced.  The set of gc-irresolute maps is closed under the composition of maps.  Basic properties of gc-irresolute maps are discussed.

2) “Regular generalized locally closed sets and RGL-continuous functions”.

Arockiarani, I., Balachandran, K. and Ganster, M. (1997) [3]
The aim of this paper is to continue the study of generalizations of locally closed sets and investigate the classes of RGL-continuous functions and RGL-irresolute maps in a topological space.

3) “On generalized locally semi-closed sets and GLSC-continuous functions”.

Balachandran, K., Gnanambal, Y. and Sundaram, P. (1997) [7]
In this paper, the authors define SLC-continuous, SGLC-continuous, LSC-continuous and GLSC-continuous functions which are weaker than LC-continuous functions and study of relationship between them.  They also define the respective irresolute functions.

4) “Semi-normal spaces and some functions”.

Noiri, T. (1994) [33]
In this paper, the author obtained characterizations of semi-normal spaces by using semi-generalized open sets.  Moreover in order to obtain preservation theorems of semi-normal spaces, he introduced the concept of pre sg-continuous functions and pre sg-closed functions.

5) “Weaker forms of irresolute functions”.

Jin Han Park and Yong Beom Park (1995) [27]
In this paper, the authors introduce and investigate -irresolute functions which lie strictly between irresolute functions and quasi-irresolute functions.

6) “gr-mappings associated with -generalized regular closed sets”.

Athisaya Ponmani, S. and Lellis Thivagar, M. (2006) [4]
The aim of this paper is to introduce a new class of sets called 
-generalized regular closed sets and -generalized regular T½-spaces and to introduce gr-continuous and gr-irresolute maps.

7) “On gp-continuous functions in topological spaces”.

Jin Han Park and Jin Keun Park (2004) [25]
The aim of this paper is to consider and characterize gp-irresolute and gp-continuous functions via the concept of gp-closed sets.

8) “g#-semi-closed sets in topological spaces”.

Veera Kumar, M.K.R.S. (2002) [42]
In this paper, the author introduced and studied a new class of sets, namely g#-semi-closed sets for topological spaces.  He also introduced and studied g#-continuous and g#-irresolute maps.

9) “On m-quasi-irrsolute functions”.

Noiri, T. and Valeriu Popa (2005) [34]
In this paper, the authors introduce a new notion of m-quasi-irresolute functions as functions from a set satisfying some minimal conditions into a topological space and obtain some characterizations and several properties of such functions.

10) “On S-irresolute functions”.

Rajesh, N. (2008) [35]
In this paper a new type of irresolute function which is called 
S-irresolute is introduced and studied.  Its characterizations and basic properties are obtained.

11) “Applications of b-open sets and (b, s)-continuous functions”.

Caldas, M., Jafari, S and Raja M. Latif (2008) [14]
In this paper the concept of (b, s)-continuous functions in topological spaces is introduced and studied.  Some of their characteristic properties are considered.  The relationships between these classes of functions and other classes of functions are investigated.

12) “On Almost b-continuous functions”.

Ugur Sengul. (2008) [38]
In this paper a new class of functions called almost b-continuous functions are introduced.  Some characterizations and several properties concerning almost b-continuity are obtained.

13) “-open and -continuous mappings”.

Abd El-Monsef, M.E., El-Deeb, S.N and Mahmoud, R.A., (1983) [1]
In this paper, the notion of -open sets and -continuity in topological spaces are introduced and studied.

14) “-irresolute and -topological invariant”.

Mahmoud, R.A., and Abd El-Monsef, M.E. (1990) [31]
In this paper, a new map called -irresolute which is contained in the class of -continuous maps are introduced and studied.

15) “Applications of irresolute maps to groups and vector spaces”.

Thangavelu, P. and Chandrasekhara Rao, K. (2002) [37]
In this paper, irresolute topological group has been defined and the irresolute maps have been investigated.  Further irresolute maps are characterized using linearity.

chapter - i

preliminary definitions and notations

Definition:  1.1

Let (x, ) be  topological space.  Let A be a subset of X.  The closure of A is defined as the intersection of all closed sets of (x, ) containing A and is denoted as cl(A).


The interior of A is defined as the union of all open sets of (x, ) contained in A and is denoted as Int(A).
Definition:  1.2

A subset A of a space (x, ) is said to be semi-open if there exists O such that O  A  cl(O).
The collection of all semi-open sets in (x, ) is denoted as SO(x, ) or SO(X).

The semi-interior of A denoted by sInt(A), is defined by the union of all semi-open sets of (x, ) contained in A.

Remark:  1.3
i)
A subset A is semi-open if and only if sInt(A) = A.

ii)
sInt(A) = A  cl(Int(A)).

Definition:  1.4

A subset B of (x, ) is said to be semi-closed if its complement Bc is semi-open in (x, ).


The semi-closure of a set B of (x, ) denoted by sclx(B), briefly scl(B), is defined to be the intersection of all semi-closed sets of (x, ) containing B.

Remark:  1.5
i)
A subset B is semi-closed if and only if scl(B) = B.

ii)
scl(B) = B  Int(cl(B)).

Definition:  1.6
Let X and Y be  topological spaces.  A function f : X  Y is said to be continuous if for each open subset V of Y, the set f-1(V) is an open subset of X.
Definition:  1.7

A function from one space to another is open if the image of every open set is open.

Definition:  1.8

A function is said to be semi-continuous if and only if the inverses of open sets are semi-open.

Definition: 1.9
A subset A of a topological space (x, ) is called a pre open set if 
A int(cl(A)) and a pre closed set if cl(int(A))A.   

Definition:  1.10
A map f :   (Y, ) is called pre-semi-closed (resp., pre-semi-open) if for every semi-closed (resp., semi-open) set B of (x, ), f(B) is semi-closed (resp., semi-open) in (Y, ).
Definition:  1.11
A subset S of a topological space (x, ) is said to be 'regular open' (resp., 'regular closed') if int(cl(S)) = S (resp., cl(int(S)) = S).  The family of all regular open (resp., regular closed) subsets of (x, ) is denoted by RO(X) (resp., RC(X))

Definition:  1.12
Let A be a subset of X.  The subset A of a topological space (x, ) is called -open or semi pre open if A  cl(Int(cl(A))).

The complement of a -open set is called -closed.  The intersection of all -closed sets containing A is called the -closure of A and is denoted by cl(A).

The -interior of A is the union of all -open sets contained in A and is denoted by Int(A).

The family of all -open sets in X is denoted by O(x, ).

Definition:  1.13
Let A be a subset of X.  The subset A of a topological space (x, ) is called -open if A  Int(cl(Int(A))).  The complement of an -open set is called -closed.  The intersection of all -closed sets containing A is called the -closure of A and is denoted by cl(A).  The family of all -open sets in X is denoted by O(x, ).
Definition:  1.14
A subset F of (x, ) is said to be generalised closed (briefly g-closed) in (x, ) if, cl(F)  O whenever F  O and O is open in (x, ).

Definition:  1.15
A subset F of (x, ) is said to be generalised -closed (briefly 
g-closed) in (x, ) if, cl(F)  O whenever F  O and O is -open in (x, ).

Definition:  1.16
A subset A of a space (x, ) is called g-closed if, cl(A)  U whenever A  U and U is open in (x, ).  The complement of g-closed set is called g-open set.

Definition:  1.17
A subset F of (x, ) is said to be generalised semi-closed (briefly 
gs-closed) in (x, ) if, scl(F)  O whenever F  O and O is open in (x, ).  

A subset B is said to be generalised semi-open (briefly gs-open) if its complement Bc is gs-closed.

Definition:  1.18
A subset F of (x, ) is said to be semi-generalised closed (briefly 
sg-closed) if, scl(F)  O whenever F  O and O is semi-open in (x, ).  

A subset B is said to be semi-generalised open (briefly sg-open) if its complement Bc is sg-closed.

Definition:  1.19
A subset F of (x, ) is said to be generalised -closed (briefly 
g-closed) in (x, ) if, cl(F)  O whenever F  O and O is -open in (x, ).  

A subset B is said to be generalised -open (briefly g-open) in (x, ) if its complement Bc = X – B is g-closed in (x, ).

chapter – ii
irresolute functions in topological spaces

section - 2.1

irresolute functions

Definition:  2.1.1


Let (x, 1), (Y, 2) be topological spaces.  A function f : X  Y is said to be irresolute if and only if, for any semi-open subset S of Y, f-1(S) is 
semi-open in X.

Theorem:  2.1.2

Let f : X  Y be continuous and open where X and Y are topological spaces, then f is irresolute.

Proof:


If ASO(Y), then there is an open set B Y such that B A cl(B).

Since f : X  Y is continuous and open then

f-1(cl(A))
=
cl(f-1(A))


f-1(cl(B))
=
cl(f-1(B))

Also, f-1(B)  f-1(A)  f-1(cl(B))



=
cl(f-1(B))

and since f is continuous, f-1(B) open.

Thus f-1(A) is semi-open.

Example:  2.1.3

A continuous, irresolute function need not be open.  Let X = {a, b, c} and consider the topologies


* = {, {a}, {a, b}, X} and = {, {a}, {a, b}, {a, c}, X}

Here SO(X, )  = SO(X, *)

Let f : (X, )  (X, *) be defined by f(x) = x for all xX.

Then clearly f is continuous and irresolute, but not open.

Theorem:  2.1.4
Let C(X, Y), SC(X, Y) and I(X, Y) denote, respectively, the classes of continuous, semi-continuous and irresolute functions from X to Y, where X and Y are topological spaces. Then C(X, Y)  SC(X, Y) and I(X, Y)  SC(X, Y).

Proof:


C(X, Y)  SC(X, Y), because if the inverses of open sets are open, it follows that the inverses of open sets are semi-open.


I(X, Y)  SC(X, Y) because if the inverses of semi-open sets are 
semi-open it follows that the inverses of open sets are semi-open.

Theorem:  2.1.5
A function f : S  T is irresolute if and only if, for every semi-closed subset H of T, f-1(H) is semi-closed in S.

Proof:

Necessity:

If f : S  T is irresolute then, for every semi-open subset Q of T, f-1(Q) is semi-open in S.


If H is any semi-closed subset of T, then (T–H) is semi-open.

Thus f-1(T–H) is semi-open, but 

f-1(T–H) = (S – f-1(H)).

So that f-1(H) is semi-closed.

Sufficiency:


If, for all semi-closed subsets H of T, f-1(H) is semi-closed in S, and if Q is any semi-open subset of T, then (T–Q) is semi-closed.


Also, f-1(T–Q) = (S – f-1(Q)) is semi-closed.

Thus f-1(Q) is semi-open.

Theorem:  2.1.6
A function f : S  T, where S and T are topological spaces, is irresolute if and only if, for every subset A of S, f(scl(A))  scl(f(A)).

Proof:

Necessity:

If A  S, then consider scl(f(A)) which is semi-closed in T.  Thus by theorem 2.1.5, f-1(scl(f(A))) is semi-closed in S.

Further more, A  f-1(f(A))  f-1(scl(f(A))).


By the definition of semi-closure,

scl(A)

f-1(scl(f(A))) and consequently, 

f(scl(A))

f(f-1(scl(f(A)))) 


=
(scl(f(A))  f(s))



scl(f(A))

Sufficiency:


If, H is semi-closed in T, consider f-1(H).

Note that, f(scl(f-1(H))

scl(f(f-1((H))


=
scl(H  f(s))



scl(H)


=
H.

Hence scl(f-1(H))  f-1(H).

So that f-1(H) = scl(f-1(H)) and therefore f-1(H) is semi-closed.

Thus f is irresolute by theorem 2.1.5.

Theorem:  2.1.7
A function f : X  Y is irresolute if and only if, for all B  Y, 

scl(f-1(B))  f-1(scl(B)).

Proof:

Necessity:

scl(B) is semi-closed in Y, so that f-1 (scl(B)) is semi-closed in X.

since f-1(B)  f-1(scl(B)), it follows by the definition of semi-closure that scl(f-1(B))  f-1(scl(B)).

Sufficiency:


If B is semi-closed in Y, then B = scl(B).

By hypothesis,

f-1(B)  scl(f-1(B))  f-1(scl(B)) = f-1(B)

i.e., f-1(B) = scl(f-1(B))

Therefore, f-1(B) is semi-closed and by theorem 2.1.5 f is irresolute.

Theorem:  2.1.8
If f : X  Y and g : Y  z are both irresolute then g o f : X  Z is irresolute.

Proof: 

If A  Z is semi-open, then g-1(A) is semi-open and f-1(g-1(A)) is 
semi-open since f and g are irresolute.

Thus (g o f )-1(A) = f-1(g-1(A)) is semi-open and g o f is irresolute.

section -  2.2
approximately irresolute and 
contra-irresolute functions
Definition:  2.2.1


Let f : (X, )  (Y, ) be a function from a topological space (X, ) into a topological space (Y, ).  Then f is said to be approximately irresolute (or ap-irresolute) if scl(F)  f-1(O) whenever O is a semi-open subset of (Y, ), F is a sg-closed subset of (X, ), and F  f-1(O).

Remark:  2.2.2

Clearly irresolute functions are approximately irresolute but not conversely.

Example:  2.2.3

Approximately irresolute but not irresolute

Let X = {a, b} be the sierpinski space with the topology,  = {, {a}, X}.

Let f : X  X be defined by f(a) = b and f(b) = a.

Since the inverse image of every semi-open set is semi-closed, then f is ap-irresolute.  However {a} is semi-open but f-1({a}) is not semi-open in (X, )

Therefore f is not irresolute.

Theorem:  2.2.4
 f : (X, )  (Y, ) is ap-irresolute if f-1(O) is semi-closed in (X, ) for every OSO(Y, ).

Proof:

Let ff-1(O), where OSO(Y, ) and F is a sg-closed subset of (X, ).

· scl(F)  scl (f-1(O)) = f-1(O)

Thus f is ap-irresolute.

Theorem:  2.2.5
Let f : (X, )  (Y, ) be a map from a topological space (X, ) to a topological space (Y, ).  If the semi-open and semi-closed sets of (X, ) coincide, then f is ap-irresolute if and only if f-1(O) is semi-closed in (X, )   for every OSO(Y, ).

Proof:


Assume f is ap- irresolute .

Let A be an arbitrary subset of (X, ) such that A Q, where Q SO (X, ).
Then by hypothesis scl(A) scl(Q) = Q. 

Therefore all subsets of (X, ) are sg-closed (and hence all are sg-open)

So, for any OSO(Y, ), f-1(O) is sg-closed in (X, ).

Since f is ap-irresolute scl(f-1(O)) f-1(O). 

scl(f-1(O))f-1(O)

i.e.,  f-1(O) is semi-closed in (X, ).

The converse follows from theorem 2.2.4.

Corollary:  2.2.6

Let f : (X, )  (Y, ) be a map from a topological space (X, ) to a topological space ( Y, ). If the semi-open and semi-closed sets of (X, ) coincide, then f is ap-irresolute if and only if f is irresolute.

Definition:  2.2.7
A function f : (X, )  (Y, ) is called contra-irresolute if f-1(O) is 
semi-closed in (X, ) for each OSO(Y, ).

Remark:  2.2.8
Infact, contra-irresoluteness and irresoluteness are independent notions.  Example 2.2.3 shows that contra-irresoluteness does not imply irresoluteness while the reverse is shown in the following example.

Example:  2.2.9
An irresolute map need not be a contra-irresolute map.  The identity map on the topological space (X, ) where  = {, {a}, X} is an irresolute map which is not contra-irresolute.

Theorem:  2.2.10

Let f : (X, )  (Y, ) be a map.  Then the following conditions are equivalent:

i) f is contra-irresolute.

ii) The inverse image of each semi-closed set in Y is semi-open in X.

Definition:  2.2.11
A function f : (X, )  (Y, ) is called perfectly contra-irresolute if the inverse of every semi-open set in Y is semi-clopen in X.  Hence, every perfectly contra-irresolute map is contra-irresolute and irresolute.

The following diagram holds.

contra-irresolute

Perfectly contra-irresolute
ap-irresolute

irresolute

Definition:  2.2.12
A map f : (X, )  (Y, ) is said to be approximately semi-closed (or ap-semi-closed) if f(B)  sint(A) whenever A is a sg-open subset of (Y, ), B is a semi-closed subset of (X, ), and f(B)  A.

Theorem:  2.2.13
If a map f : (X, )  (Y, ) is irresolute and ap-semi-closed, then f-1(A) is sg-closed (resp., sg-open) whenever A is sg-closed (resp., sg-open) subset of (Y, ).

Proof:


Let A be a sg-closed subset of (Y, ).

Suppose that f-1(A)  O where OSO(X, ).

Taking complements we obtain OC f-1(Ac) 

(or) f(Oc)  Ac.

Since f is an ap-semi-closed and

sInt(A) = A  cl(Int(A)) and 

scl(A) = A  Int(cl(A)), then

f(Oc)  sInt(Ac) = (scl(A))c.

it follows that Oc  (f-1(scl(A)))c
f-1(scl(A)) O.

since f is irresolute, f-1(scl(A)) is semi-closed. 

scl(f-1(A))

scl(f-1(scl(A)))



=
f-1(scl(A))  O


f-1(A) is sg-closed in (X, ).

Similarly, inverse images of sg-open are sg-open.

Theorem:  2.2.14
If a map f : (X, )  (Y, ) is ap-irresolute and pre-semi-closed, then for every sg-closed set F of (X, ), f(F) is sg-closed set of (Y, ).

Proof:


Let F be a sg-closed subset of (X, ).

Let f(F)  O where OSO(Y, ).

Then F f-1(O) holds.

Since f is ap-irresolute  scl(F)  f-1(O) and hence f(scl(F))  O.


we have scl(f(F))

scl(f(scl(F)))



=
f(scl(F))  O

Hence f(F) is sg-closed in (Y, ).

Theorem:  2.2.15
Let f : (X, )  (Y, ) and g : (Y, )  (z, ) be two maps such that
 g o f: (X, )  (z, ) .  Then,

i) g o f is contra-irresolute, if g is irresolute and f is contra-irresolute.

ii) g o f is contra-irresolute, if g is contra-irresolute and f is irresolute.

Remark:  2.2.16
The composition of two contra-irresolute maps need not be 
contra-irresolute which is shown in the following example 2.2.17.

Example:  2.2.17
Let X = {a, b} be the sierpinski space and let = {, {a}, X} and 
= {, {b}, X}.  The identity maps f : (X, )  (X, ) and g : (X, )  (X, ) are both contra-irresolute but their composition  g o f : (X, )  (X, ) is not contra-irresolute.

Theorem:  2.2.18
Let f : (X, )  (Y, ) and g : (Y, )  (z, ) be two maps such that 
g o f : (X, )  (z, ).  Then,

i) 
g o f is ap-semi-closed, if f is pre-semi-closed and g is ap-semi-closed.

ii) g o f is ap-semi-closed, if f is pre-semi-closed and g is pre-semi-open and g-1 preserves sg-open sets.

iii) g o f is ap-irresolute, if f is ap-irresolute and g is irresolute.

Proof:


To prove statement (i), suppose B is an arbitrary semi-closed subset in (X, ) and A is a sg-open subset of (z, ) for which g o f(B)  A.  Then f(B) is semi-closed in (Y, ) because f is pre-semi-closed.


Since g is ap-semi-closed, g(f(B))  sInt(A).  This implies that g o f is ap-semi-closed.

To prove statement (ii), suppose B is an arbitrary semi-closed subset of (X, ) and A is a sg-open subset of (z, ) for which g o f(B)  A.

Hence f(B)  g-1(A).

Then f(B)  sInt(g-1(A)) because g-1(A) is sg-open and f is ap-semi-closed.

Thus, (g o f)  (B) = g(f(B))

g(sInt(g-1(A)))



sInt(gg-1(A))



sInt(A)

This implies that g o f is ap-semi-closed.


To prove statement (iii), suppose F is an arbitrary sg-closed subset of (X, ) and O SO(Z, ) for which F  (g o f)-1(O).


Then g-1(O) SO(Y, ) because g is irresolute.

Since f is ap-irresolute, scl(F)  f-1(g-1(O)) = (g o f)-1(O).


This proves that g o f is ap-irresolute.

Corollary:  2.2.19
Let f : X  Y be a map for each  and f : X  Y the product map given by f(x) = (f(x)).  If f is ap-irresolute, then f is ap-irresolute for each .

Proof:


For each  let P : Y  Y be the projection map.

Then f =  p  o f, where P is irresolute.

By theorem 2.2.18 (iii), f is ap-irresolute.

Theorem:  2.2.20
i) If f : (X, )  (Y, ) is ap-semi-closed and A is a semi-closed set of 
(X, ), then its restriction fA : (A, A)  (Y, ) is ap-semi-closed.

ii) If f : (X, )  (Y, ) is ap-irresolute and A is an open, sg-closed subset of (X, ), then fA : (A, A)  (Y, ) is ap-irresolute.

Proof:

i)
Suppose B is an arbitrary semi-closed subset of (A, A) and O a 
sg-open subset of (Y, ) for which fA(B)  O.


B is semi-closed set of (X, ) because A is semi-closed set of (X, ).

Then fA(B) = f(B)  O.

Using definition 2.2.12, we have fA(B)  sInt(O).


Thus fA is an ap-semi-closed map.

ii)
Assume that F is a sg-closed subset relative to A.

i.e., sg-closed in (A, A), and G is a semi-open subset of (Y, ) for which 
F (fA)-1(G).

then F f-1(G)  A.


F is sg-closed in X.

Since f is ap-irresolute, scl(F) f-1(G).

Then scl(F)A f-1(G)A.


Using the fact that scl(F)A = sclA(F) for every pre-open subset, we have sclA(F) (fA)-1(G).


Thus fA : (A, A)  (Y, ) is ap-irresolute.

section - 2.3
approximately -irresolute and 
contra--irresolute functions
Definition:  2.3.1

A function f : (X, )  (Y, ) is called:

i)
-irresolute if for each VO(Y, ), f-1(V)O(X, );
ii)
pre -closed (resp. pre -open) if for every -closed (resp. -open) set B of (X, ), f(B) is -closed (resp. -open) in (Y, ).

iii)
contra -closed if f(U) is -open in Y for each closed set U of X.

iv)
contra--continuous if f-1(O) is -closed in (X, ) for each open set O of (Y, ).

Definition:  2.3.2
a function  f : (X, )  (Y, ) is said to be approximately -irresolute (briefly ap--irresolute) if cl(F)  f-1(O) whenever O is a -open subset of 
(Y, ), F is a g-closed subset of (X, ), and F  f-1(O).

Definition:  2.3.3
A function f : (X, )  (Y, ) is said to be approximately -closed (briefly ap--closed) if, f(B)  Int(A) whenever A is a g-open subset of 
(Y, ), B is a -closed subset of (X, ), and f(B)  A.

Theorem:  2.3.4
i)
f : (X, )  (Y, ) is ap--irresolute if f-1(O) is -closed in (X, ) for every  OO(Y, ).

ii)
f : (X, )  (Y, ) is ap--closed if f(B)O(Y, ) for every -closed subset B of (X, ).

Proof:

Let F  f-1(O), where OO(Y, ) and F is g-closed subset of (X, ).


cl(F)  cl(f-1(O)) = f-1(O).

Thus f is ap--irresolute.

ii)
Let f(B)  A, where B is a -closed subset of (X, ) and A is a gB-open subset (Y, ).


Int(f(B))  Int(A).

Then f(B)  Int(A).

Thus f is ap--closed.

Remark:  2.3.5
Clearly -irresolute maps are ap--irresolute.  Also pre--closed maps are ap--closed.  The converse implications do not hold as it is shown in the following example.

Example:  2.3.6
Let X = {a, b} be sierpinski space with the topology  = {, {a}, X}.

Let f : (X, )  (X, ) be defined by f(a) = b and f(b) = a.  Since the image of every -closed set is -open, then f is ap--closed (similarly, since the inverse image of every -open set is -closed, then f is ap--irresolute).  However {b} is -closed in (X, ) (resp. {a} is -open) but f({b}) is not -closed (resp. f-1({a}) is not -open) in (X, ).


f is not pre--closed (resp. f is not -irresolute).

Remark:  2.3.7
Let (X, ) be a space as defined in example 2.3.6.  Then the identity map on (X, ) is both ap--irresolute and ap--closed.  it is clear that the converses of (i) and (ii) in theorem 2.3.4 do not hold.

in the following result, it is proved that the converses of (i) and (ii) in Theorem 2.3.4 are true under certain conditions.

Theorem:  2.3.8
Let f : (X, )  (Y, ) be a map from a space (X, ) to a space(Y, ).

i)
Let all subsets of (X, ) be clopen, then f is ap--irresolute if and only if 
f-1(O) is -closed in (X, ) for every O O(Y, ).

ii)
Let all subsets of (Y, ) be clopen, then f is ap--closed if and only if 
f(B)O(Y, ) for every -closed subset B of (X, ).

Proof:


The sufficiency is stated in Theorem 2.3.4

Necessity:


Assume that f is ap--irresolute.

Let A be an arbitrary subset of (X, ) such that A Q, where QO(X, ).


Then by hypothesis cl(A)  cl(Q) = Q.

Therefore all subsets of (X, ) are g-closed (and hence all are g-open).


So for any O O(Y, ), f-1(O) is g-closed in (X, ).

Since f is ap--irresolute, cl(f-1(O))  f-1(O).


cl(f-1(O)) = f-1(O).

i.e.
f-1(O) is -closed in (X, ).

ii)
The sufficiency is clear by Theorem 2.3.4.

necessity:

Assume that f is ap--closed.

As in (i), we obtain that all subsets of (Y, ) are g-open.

Therefore for any -closed subset B of (X, ), f(B) is g-open in Y.


Since f is ap--closed f(B) Int(f(B)).

Hence f(B) = Int(f(B)).

i.e.,  f(B) is -open.

As an immediate consequence of theorem 2.3.8 we have the following.

Corollary:  2.3.9
Let f : (X, )  (Y, ) be a map from a topological space (X, ) to a topological space (Y, ).

i)
Let all subsets of (X, ) be clopen, then f is ap--irresolute if and only if 
f is -irresolute.

ii)
Let all subsets of (Y, ) be clopen, then f is ap--closed if and only if f is pre--closed.

Definition:  2.3.10
A function f : (X, )  (Y, ) is called

i)
Contra--irresolute if f-1(O) is -closed in (X, ) for each OO(Y, );

ii)
Contra-pre--closed if f(B)  O(Y, ) for each -closed set B of (X, ).

Remark:  2.3.11
In fact, contra--irresoluteness and -irresoluteness are independent notions.  Example 2.3.6 shows that contra--irresoluteness does not imply 
-irresoluteness while the converse is shown in the following example.

Example:  2.3.12
A -irresolute map need not be contra--irresolute.  The identity map on the topological space (X, ), where  = {, {a}, {a, b}, X} is an example of a -irresolute map which is not contra--irresolute.

Remark:  2.3.13
Every contra--irresolute map is contra--continuous, but the converse is not true.

Example:  2.3.14

Let X = {a, b, c},  = {, {a}, {b}, {a, b}, X} and Y = {p, q},  = {, {p}, Y}.

Let f : (X, )  (X, ) be defined by f(a) = p and f(b) = f(c) = q.

then f is contra--continuous, but f is not contra--irresolute.

Theorem:  2.3.15
Let f : (X, )  (Y, ) be a map.  

Then the following conditions are equivalent:

i)
f is contra--irresolute,

ii)
The inverse image of each -closed set in Y is -open in X.

Definition:  2.3.16
A function f : (X, )  (Y, ) is called perfectly contra--irresolute if the inverse of every -open set in Y is -clopen in X.
Lemma:  2.3.17
Every perfectly contra--irresolute map is contra--irresolute and 
-irresolute.  But the converse need not true.

Example:  2.3.18
Example 2.3.6 is an example of a contra--irresolute map which is not perfectly contra--irresolute and Example 2.3.14 is an example of a 
-irresolute map which is not perfectly contra--irresolute.

clearly, the following diagram holds and none of its implications are reversible: 

Theorem:  2.3.19
For a function f : (X, )  (Y, ) the following conditions are equivalent.

i)
f is perfectly contra--irresolute;

ii)
f is contra--irresolute and -irresolute.

Theorem:  2.3.20
If a map f : (X, )  (Y, ) is -irresolute and ap--closed, then f-1(A) is g-closed (resp. g-open) whenever A is a g-closed (resp. g-open) subset of (Y, ).

Proof:


Let A be a g-closed subset of (Y, ).

Suppose that f-1(A)  O  where O O(X, ).

Taking complements, we obtain Oc  f-1(Ac) or f(Oc)  Ac.

Since f is ap--closed, then f(Oc) Int(Ac) = (cl(A))c.

It follows that Oc  (f-1(cl(A)))c and hence f-1(cl(A))  O.

Since f is -irresolute f-1(cl(A)) is -closed.

Thus we have cl(f-1(A))

cl(f-1(cl(A)))


=
f-1(cl(A))  O

This implies that f-1(A) is g-closed in (X, ).

A similar argument shows that inverse images of g-open sets are 
g-open.

Theorem:  2.3.21
If a map f : (X, )  (Y, ) is ap--irresolute and pre--closed, then for every g-closed subset F of (X, ), f(F) is a g-closed set of (Y, ).

Proof:


Let F be a g-closed subset of (X, ).

Let f(F)  O where O O(Y, ).


Then F  f-1(O) holds.

Since f is ap--irresolute cl(F)  f-1(O) and hence f(cl(F))  O.


Therefore, we have cl(f(F))

cl(f(cl(F)))



=
f(cl(F))




O.

Hence f(F) is g-closed in (Y, ).

Remark:  2.3.22
The composition of two contra--irresolute maps need not be 
contra--irresolute.

Example: 2.3.23
Let X = {a, b} be the sierpinski space and 

Let = {, {a}, X} and  = {, {b}, X}.

The identity maps f : (X, )  (X, ) and g : (X, )  (X, )  are both 
contra--irresolute but their composition g o f : (X, )  (X, ) is not 
contra--irresolute.

Theorem:  2.3.24
Let f : (X, )  (Y, ) and g : (Y, )  (z, ) be two maps such that 
g o f : (X, )  (z, )  Then:

i)
g o f  is contra--irresolute, if g is -irresolute and f is contra--irresolute;

ii)
g o f  is contra--irresolute, if g is contra--irresolute and f is -irresolute.

Theorem:  2.3.25
Let f : (X, )  (Y, ) and g : (Y, )  (z, ) be two maps such that  
g o f : (X, )  (z, )  Then,

i)
g o f  is ap--closed, if f is pre--closed and g is ap--closed.

ii)
g o f  is ap--closed, if f is ap--closed, g is pre--open, and g-1 preserves g-open sets.

iii)
g o f  is ap--irresolute, if f is ap--irresolute and g is -irresolute.

proof:

i)
Suppose B is an arbitrary -closed subset in (X, ) and A a g-open subset of (Z, ) for which (g o f)(B)  A.  Then f(B) is -closed in (Y, ) because f is pre--closed.  

Since g is ap--closed, g(f(B))  Int(A).

This implies that g o f is ap--closed.

ii)
Suppose B is an arbitrary -closed subset of (X, ) and A a g-open subset of (Z, ) for which (g o f)(B)  A.

hence f(B)  g-1(A).

Then f(B)  Int(g-1(A)) because g-1(A) is g-open and f is ap--closed.

Thus, (g o f)(B)
=
g(f(B))



g(Int(g-1(A)))



Int(gg-1(A))



Int(A)

This implies that g o f is ap--closed.

iii)
Suppose F is an arbitrary g-closed subset of (X, ) and OO(Z, ) for which F  (g o f)-1(O).  Then g-1(O)O(Y, ) because g is -irresolute.

Since f is ap--irresolute, cl(A)

f-1(g-1(O))


=
(g o f)-1(O)

This proves that g o f is ap--irresolute.  

As a consequence of Theorem 2.3.25 we have the following corollary.

Corollary:  2.3.26
Let f : X  Y be a map for each  and let f : X  Y be the product map given by f(x) = (f(x)).  If f is ap--irresolute, then f is 
ap--irresolute for each .

Proof:


For each , let P :Y Y be the projection map.  

Then f = P o f, where P is -irresolute.


By Theorem 2.3.25 (iii) f is ap--irresolute.

section - 2.4
g-irresolute functions, wg#- irresolute functions 
and g-irresolute functions
Definition:  2.4.1

A subset A of a space  (X, ) is called:

i)
g-closed if cl(A)  U whenever AU and U is open in (X, );

the complement of g-closed set is called g-open.
ii)
g-closed if cl(A)  U whenever AU and U is g-open in (x, ).


The complement of g-closed set is called g-open.

iii)
g-closed if cl(A)  U whenever AU and U is semi-open in x.


The complement of g-closed set is called g-open.

iv)
g-closed if cl(A)  U whenever AU and U is g-open in x.


The complement of g-closed set is called g-open.

v)
#g- semi-closed if scl(A)  U whenever AU and U is g-open in x.


The complement of g-semi-closed set is called g-semi-open.

vi)
g-closed if scl(A)  U whenever AU and U is g-semi-open in x.


The complement of g-closed set is called g-open.

vii)
wg#-closed if cl(int(A))  U whenever AU and U is g-open in (x, ).


The complement of wg#-closed set is called wg#-open.

Notation:  2.4.2
The family of all g-open subsets of (x, ) is denoted by Go(X).

We set GO(X, x) = {V  GO(X)/xV} for xX.

Definition:  2.4.3
The union of all g-open sets, each contained in a set A in a space X is called the g-interior of A and is denoted by g-Int(A).

The intersection of all g-closed sets, each containing a set A in a space X is called g-closure of A and is denoted by g-cl(A).

Definition:  2.4.4
A function f : (x, )  (y, ) is called strongly continuous if f-1(V) is both open and closed in X for each subset V of Y.

Definition:  2.4.5
A function f : (x, )  (y, ) is called strongly g-continuous if f-1(V) is both g-open and g-closed in X for each subset V of Y.

Definition:  2.4.6
A function f : (x, )  (y, ) is called completely continuous if f-1(V) is regular open in X for every open set V of X.

Definition:  2.4.7
A function f : (x, )  (y, ) is called g-irresolute if f-1(V) is g-closed (resp. g-open) in X for every g-closed (resp. g-open) subset V of Y.

Definition:  2.4.8
A function f : x  y is called completely g-irresolute if the inverse image of each g-open subset of Y is regular open in X.

Remark:  2.4.9

Every strongly continuous function is completely g-irresolute and every completely g-irresolute function is g-irresolute.


The converses of the above implications are not true in general as seen from the following examples.

Example:  2.4.10

Let X = {a, b, c} = Y,  = {, {a}, {b, c}, X} and  = {, {a}, Y}.  clearly, the identity function f : (x, )  (y, ) is completely g-irresolute but not strongly continuous.

Example:  2.4.11

Let X = {a, b, c} = Y,  = {, {a, b}, X} and  = {, {a}, {a, b}, Y}.  Then the identity function f : (x, )  (y, ) is g-irresolute but not completely 
g-irresolute.

Theorem:  2.4.12
The following statements are equivalent for a function f : X  Y

i)
f is completely g-irresolute;

ii)
f : (x, )  (y, GO(X)) is completely continuous;

iii)
f-1(F) is regular closed in X for every g-closed set F of Y.

proof:

(i)  (ii) :  Follows from the definitions.

(i)  (iii) :

Let F be any g-closed set of Y.

Then Y \ FGO(Y).

By (i), f-1(Y\F) = X \ f-1(F)  RO(X).

We have f-1(F)  RC(X).

Converse is similar.

Lemma:  2.4.13
Let S be an open subset of a space (x, ).  Then the following hold:

i) If U is regular open in X, then so is US in the subspace (S, s).

ii) If B  S is regular open in (S, s), then there exists a regular open set U in (x, ) such that B = US.

Theorem:  2.4.14
If f : (x, )  (y, ) is a completely g-irresolute function and A is any open subset of X, then the restriction flA : A  Y is completely g-irresolute.

Proof:


Let F be a g-open subset of Y.

By hypothesis f-1(F) is regular open in X.  Since A is open in X, it follows from the previous lemma that (f|A)-1(F) = A  f-1(F), which is regular open in A.

Therefore, f|A is completely g-irresolute.

Theorem:  2.4.15
The following hold for functions f : (x, )  (y, ) and g : (Y, )  (Z, ):

i) If f is completely g-irresolute and g is strongly g-continuous, then g o f is completely continuous;

ii) If f is completely g-irresolute and g is g-irresolute, then g o f is completely g-irresolute;

iii) If f is completely continuous and g is completely g-irresolute functions, then g o f is completely g-irresolute function.

Definition:  2.4.16
A space X is said to be almost connected if there does not exist disjoint regular open sets A and B such that AB = X.

Definition:  2.4.17
A space X is said to be g-connected if there does not exist disjoint 
g-open sets A and B such that AB = X.

Theorem:  2.4.18
If f : (x, )  (y, ) is completely g-irresolute surjective function and X is almost connected, the Y is g-connected.

Proof:


Suppose that Y is not g-connected.

Then there exist disjoint g-open sets A and B of Y such that AB = X.


Since f is completely g-irresolute surjective, f-1(A) and f-1(B) are regular open sets in X.


Moreover, f-1(A) f-1(b) = x, f-1(a)  and f-1(b) .

This shows that X is not almost connected, which is a contradiction to the assumption that X is almost connected.


By contradiction, Y is g-connected.

Definition:  2.4.19
A function f : x  y is said to be weakly g-irresolute if for each point xX and each VGO(Y, f(x)), there exists a UGO(X, x) such that f(U)  
g-cl(V).

Remark:  2.4.20

It is evident that every g-irresolute function is weakly g-irresolute but the converse is not true.

Example:  2.4.21

Let X = Y = {a, b, c} with topologies  = {, {a}, {b, c}, X} and  = {, {a}, Y}.  Define a function f : (x, )  (y, ) by f(a) = b, f(b) = a and f(c) = c.

Clearly, f is weakly g-irresolute but not g-irresolute.

Theorem:  2.4.22
For a  function f : x  y, the following statements are equivalent:

i)
f is weakly g-irresolute;

ii)
f-1(V)  g-Int(f-1(g-cl(V))) for every VGO(Y); 

iii)
g-cl(f-1(V))  f-1(g-cl(V)) for every VGO(Y).

proof:

(i)  (ii) :

Suppose that VGO(Y) and let xf-1(V).


It follows from (i) that f(U) g-cl(V) for some UGO(X, x).

Therefore, we have U  f-1(g-cl(V)) and x  U  g-Int(f-1(g-cl(V))).


This shows that f-1(V)  g-Int(f-1(g-cl(V))).

(ii)  (iii) :

Suppose that VGO(Y) and let xf-1(g-cl(V)).


Then f(x)  g-cl(V).

There exists GGO(Y, f(x)) such that G V = .

Since VGO(Y), we have g-cl(G)  V =  and 

hence g-Int(f-1(g-cl(G)))f-1(V) = .


By (ii), we have xf-1(G)  g-Int(f-1(g-cl(G)))  GO(X).

Therefore, we obtain x  g-cl(f-1(V)).


This shows that g-cl(f-1(V))  f-1(g-cl(V)).

(iii)   (i) :

Let xX and VGO(Y, f(x)).


Then, xf-1(g-cl(Y–g-cl(V))).

Since Y–g-cl(V)  gO(Y), by (iii), we have x  g-cl(f-1(Y–g-cl(V))).

Hence there exists UGO(X, x) such that U  f-1(Y–g-cl(V)) = .

Therefore, we obtain f(U)  (Y–g-cl(V)) =  and hence f(U)  g-cl(V).

This shows that f is weakly g-irresolute.

Theorem:  2.4.23

A function f : X  Y is weakly g-irresolute if the graph function, defined by g(x) = (x, f(x)) the each xX, is weakly g-irresolute.

Proof:


Let xX and VGO(Y, f(x)).

Then X V is a g-open set of X  Y containing g(x).

Since g is weakly g-irresolute, there exists UGO(X, x) such that 
g(U)  g-cl(XV)  X g-cl(V).

Therefore, we have f(U)  g-cl(V).

Theorem:  2.4.24


A space X is g-T2 if and only if for any pair of distinct points, x, y of 
X there exists g-open sets U and V such that xU, and yV and 
g-cl(U)  g-cl(V) = .

Definition:  2.4.25

A function f : (x, )  (Y, ) is said to be wg#-continuous if the inverse image of every open set in (Y, ) is wg#-open in (X, ).

Definition:  2.4.26

A function f : (x, )  (Y, ) is said to be wg#-irresolute function if the inverse image of every wg#-open set of Y is wg#-open in (X, ).

Example:  2.4.27


Let X = {a, b, c} = Y,  = {, {a}, {b, c}, X} and  = {, {a}, X}.  Define a function f : (x, )  (Y, ) by f(a) = b, f(b) = c and f(c) = a.  Then f is 
wg#-irresolute.

Remark:  2.4.28


The following two examples shows that irresoluteness is independent from wg#-irresoluteness.

Example:  2.4.29


Let X = Y = {a, b, c},  = {, {a}, {a, b}, X} and  = {, {a, b}, Y}.  Let 
f : (x, )  (Y, ) be the identity function.  Then f is irresolute but not 
wg#-irresolute.

Example:  2.4.30


Let X = Y = {a, b, c},  = {, {a, b}, X} and  = {, {a, b}, Y}.  Let 
f : (x, )  (Y, ) be the identity function.  Then f is irresolute but not 
wg#-irresolute.

Theorem:  2.4.31


The composition of two wg#-irresolute functions is also wg#-irresolute.

Definition: 2.4.32

a function f : (x, )  (Y, ) is said to be wg#-closed function if the image of every closed set in (x, ) is wg#-closed in (Y, ).
Theorem:  2.4.33


Let f : (x, )  (Y, ) and g : (Y, ) (Z, ) be such that 
g o f : (X, ) (Z, ) is wg#-closed function.  

i) If f is continuous and injective, then g is wg#-closed.

ii) If g is wg#-irresolute and injective, then f is wg#-closed.

Proof:

i) Let F be a closed set of (Y, ).

ii) Since f-1(F) is closed in X, (g o f) (f-1(F)) is wg#-closed in (Z, , hence g(F) is wg#-closed in (Z, ).  Thus, g is a wg#-closed function.

iii) Similar to (i).

Theorem:  2.4.34

If a function f : (x, )  (Y, ) is wg#-irresolute, then it is wg#-continuous.

Remark:  2.4.35


The converse of theorem 2.4.34 is not true.

Example:  2.4.36


A function f : (x, )  (Y, ) in Example 2.4.30 is wg#-continuous but not wg#-irresolute. 

Theorem:  2.4.37


Let f : (x, )  (Y, ) be a bijection function such that the image of every g-open set in (X, ) is g-open in (Y, ) and wg#-continuous, then f is wg#-irresolute.

Proof:


Let F be a wg#-closed set in (Y, ).

Let f-1(F)  U, where U is g-open set in (X, ).


Therefore F  f(U) and hence cl(int(F))  f(U).

We have f-1(cl(int(F)))  U.


Since f is wg#-continuous and cl(int(F)) is closed in (Y, ), f-1(cl(int(F))) is wg#-closed in (X, ).


Since f-1(cl(int(F)))  U and f-1(cl(int(F))) is wg#-closed, we have 
cl(int(f-1(cl(int(F))))  U and so cl(int(f-1(F)))  U.


f-1(F) is wg#-closed and hence f is wg#-irresolute.

Definition:  2.4.38


A topological space (x, ) is wg#-compact if every wg#-open cover of X has a finite subcover.

Definition:  2.4.39


A topological space (x, ) is wg#-connected if X cannot be written as the disjoint union of two non-empty wg#-open sets.

Theorem:  2.4.40


Let f : (x, )  (Y, ) is a surjective, wg#-irresolute function.  If X is wg#-compact, then Y is wg#-compact.

Theorem:  2.4.41


Let f : (x, )  (Y, ) is wg#-irresolute and onto and X is 
wg#-connected, then Y is wg#-connected.

definition:  2.4.42


A function f : (x, )  (Y, ) is called g-continuous if f-1(V) is a 
g-closed set of (x, ) for every closed set V of (Y, ).

Theorem:  2.4.43


Every continuous map is g-continuous.

The following example supports that the converse of the above theorem is not true in general.

Example:  2.4.44


Let X = Y = {a, b, c},  = {, X, {a}, {a, c}} and  = {, X, {a}, {b}, {a, b}}.  Define f : (x, )  (Y, ) by f(a) = a, f(b) = c and f(c) = b.

f is not continuous since {a, c} is a closed set of (Y, ) but f-1({a, c}) = {a, b} is not a closed set of (X, ).  However f is g-continuous.

Definition:  2.4.45


A function f : (x, )  (Y, ) is called g-irresolute if f-1(V) is a 
g-closed set of (x, ) for every g-closed set of (Y, ).

Theorem:  2.4.46


Every g-irresolute function is g-continuous.  

The following example supports that the converse of the above theorem is not true.

Example:  2.4.47


Let X = Y = {a, b, c},  = {, X, {a}, {b} {a, b}, {a, c}} and  = {, Y, 
{a, b}}.  Define h : (x, )  (Y, ) by h(a) = b, h(b) = c and h(c) = a.  h is not g-irresolute map since {b, c} is a g-closed set of (Y, ) but h-1({b, c}) = {a, b} is not a g-closed set of (X, ).  However h is g-continuous.

Theorem:  2.4.48


Let f : (x, )  (Y, ) and g : (Y, ) (Z, ) be any two functions.  then 

i) g o f is g-irresolute if both f and g are g-irresolute.

ii) g o f is g-continuous if g is g-continuous and f is g-irresolute.

Definition:  2.4.49


A function f : (x, )  (Y, ) is called gc-irresolute if f-1(V) is a g-closed set of (X, ) for every g-closed set V of (Y, ). 

Theorem:  2.4.50


Let f : (x, )  (Y, ) be a gc-irresolute and closed map.  Then f(A) is a g-closed set of (Y, ) for every g-closed set A of (x, ). 

Proof:


Let A be a g-closed set of (x, ).

Let U be a g-open set of (Y, ) such that f(A)  U.

Since f is gc-irresolute, then f-1(U) is a g-open set of (x, ).


Since A  f-1(U) and A is a g-closed set of (x, ), then cl(A)  f-1(U).

Then f(cl(A))  f(f-1(U))  U.


Since f is closed, then f(cl(A)) = cl(f(cl(A))).

This implies cl(f(A))  cl(f(cl(A)))  f(cl(A))  U.


f(A) is a g-closed set of (Y, ).

section - 2.5
-R-irresolute functions
Definition:  2.5.1

A point x in a space X is said to be a semi--adherent point (Di Maio and Noiri [17]) of a subset A of X if scl(U)  A  for every USO(X, x).  The set of all semi--adherent points of A is called the semi--closure (Di Maio and Noriri [17]) of A and is denoted scl(A).  

A subset A is said to be semi--closed if A = scl(A) and a set is 
semi--open provided its complement is semi--closed.
Definition:  2.5.2

A point x is called a -semi-cluster point (Joseph and Kwack [28]) of a subset A of a space X provided that cl(U)  A  for every USO(X, x).  The set of all semi--cluster points of A is called the -semi-closure of A and denoted by -scl(A).  A subset A is -semi-closed if A = -scl(A) and a set is -semi-open if its complement is -semi-closed.
Definition:  2.5.3
A function f : x  Y is said to be R-continuous provided that for every xX and every open subset V of Y containing f(x), there is an open subset U of X containing x for which cl(f(U))  V.

Definition:  2.5.4
A function f : x  Y is said to be strongly irresolute if for every xX and every VSO(Y, f(x)), there exists USO(X, x) such that f(scl(U))  V.

Definition:  2.5.5
A function f : x  Y is said to be R-irresolute provided that 
for every xX and every VSO(Y, f(x)), there exists USO(X, x) such that scl(f(U))  V.
Definition:  2.5.6
A function f : x  Y is said to be pre-semi-closed (pre semi-open) provided that for every semi-closed (semi-open) subset A of X, f(A) is 
semi-closed (semi-open).
Definition:  2.5.7
A space X is said to be semi-regular if for every semi-closed set A and every xX-A there exist disjoint sets U, VSO(X) with xU and A  V.
Remark:  2.5.8
A space X is semi-regular if and only if for every xX and every USO(X, x) there exists VSO(X, x) such that xV  scl(V)  U.
-R- irresolute (D&N) functions:

Definition:  2.5.9
A function f : x  Y is  to be -R- irresolute (D&N) provided that for every xX and every VSO(Y, f(x)), there exists USO(X, x) such that scl(f(u))  V.

Remark:  2.5.10
Since scl(A) scl(A) for every set A, -R-irresolute (D&N) implies 
R-irresolute.  

The following example shows that the converse implication does 
not hold.

Example:  2.5.11

Let X = {a, b, c, d} have the topology  = {X, , {c}, {c, d}}.  The function 
f : x  X given by f(x) = d for every x X is R-irresolute but not -R-irresolute (D&N).  Note that scl({d}) = {d}, but scl({d}) = X.

Remark:  2.5.12

Since in a semi-regular space the semi-closure operator and 
semi--closure operator agree, obviously for a semi-regular space Y a function f : x  Y is -R-irresolute (D&N) if and only if it is R-irresolute.

Lemma:  2.5.13

For every set A, scl(A) is semi--closed.

Theorem:  2.5.14
For a function f : x  Y the following statements are equivalent:

a) f is -R-irresolute (D&N).

b) for every xX and every VSO(Y, f(x)) there exists USO(X, x) such that scl(f(scl(U)))V.

c) for every x X and every semi-closed subset F of Y with f(scl(f(x)))F, there exists x SO(X, x) and a semi--open set VY such that FV and f(scl(U))V =.

d) for every x X and every semi-closed subset F of Y with f(x)F, there exists USO(X, x) and a semi--open set VY such that FV and f(U)V =.

(a)(b):

Let xX and let VSO(Y, f(x)).  Then there exists U SO(X, x) such that scl(f(U))V.

Since f is also irresolute, f(scl(U)) scl(f(U)) scl(f(U))


scl(f(scl(U))) scl( scl(f(U))).
Since by lemma 2.5.13 scl(A) is semi--closed for every A, we have scl(scl(f(U))) = scl(f(U))V and hence scl(f(scl(U))) V.

(b)(c):

Let x X and let F be a semi-closed subset of Y with f(x)F.  Then 
f(x) Y–F which is semi-open.  Hence there exists USO(X, x) such that scl(f(scl(U))) Y–F.

Then for V = Y – scl(f(scl(U))), we have that FV and, since scl(f(scl(U))) is semi--closed, V is semi--open.

Also f(scl(U))V =.

(c)(d): clear.

(d)(a):
Let x X and let VSO(Y, f(x)).

Then Y-V is semi-closed and f(x)Y–V.  Therefore there exists 
U SO(X, x) and a semi--open set W with Y–VW for which 
f(U)W = .

Since f(U)Y–W which is semi--closed, it follows that scl(f(U))scl(Y–W) = Y–W V, which proves that f is -R- irresolute (D&N).

Remark:  2.5.15

Since R-irresolute implies strongly irresolute, it follows that 
-R- irresolute (D&N) implies strongly irresolute.  Conversely, if a function 
is strongly irresolute and satisfies the additional property that images of 
semi-closed sets are semi--closed, then the function is -R- irresolute (D&N).

Definition:  2.5.16
A function f: x  Y is said to be weakly pre semi--closed (D&N) provided that for every USO(X), scl(f(U)) f(scl(U)).

Example:  2.5.17

If X = {a, b} is the Sierpinski space with the topology  = {X, , {a}, 
then the identity mapping on X is weakly pre semi--closed (D&N) but not pre semi--closed (D&N).

Theorem:  2.5.18
If f: x  Y is strongly irresolute and weakly pre semi--closed (D&N), then f is -R- irresolute (D&N).

Proof:


Let xX and VSO(Y, f(x)).  Since f is strongly irresolute, there exists USO(X, x) such that f(scl(U))  V.  Because f is weakly pre semi--closed (D & N), scl(f(U))  f(scl(U))  V which proves that f is -R-irresolute (D & N).

Definition:  2.5.19
A function f: x  Y is said to be contra pre semi--open provided that for every USO(X), f(U) is semi--closed in Y.

Theorem:  2.5.20
If f: x  Y is irresolute and contra pre semi--open, then f is 
-R-irresolute (D&N).

Proof:


Let xX and VSO(Y, f(x)).  

Then, since f is irresolute, f-1(V)SO(X, x).

Thus f(f-1(V)) is semi--closed and hence scl(f(f-1(V))) = f(f-1(V))  V.

Definition:  2.5.21
A space X is said to be semi--Ro (D&N) if for every xX and every USO(X, x), scl({x})  U.

Theorem:  2.5.22
If f: x  Y is -R-irresolute (D&N) surjection, then Y is semi--Ro (D&N).

Proof:


Let yY, VSO(Y, y), and xX such that y = f(x).

Then there exists USO(X, x) for which scl(f(U))  V.  

Then scl({y})  scl(f(U))  V which proves that Y is semi--Ro (D&N).

-R- irresolute (J&K) functions:

Definition:  2.5.23
A function f : x  Y to be -R-irresolute (J&K) provided that for every xX and every VSO(Y, f(x)) there exists USO(X, x) such that -scl(f(u))  V.

Remark:  2.5.24

Since scl(A)  -scl(A) for every A, -R-irresolute (J&K) implies 
-R-irresolute (D&N).  The following example shows that the converse implication does not hold.

Example:  2.5.25

Let X = {a, b, c} have the topology  = {X, , {a}, {b}, {a, b}}.  Define 
f : x  y by f(x) = c for every xX.  Since for every nonempty subset U of X.  -scl(f(u)) = -scl({c}) = X, f is not -R-irresolute (J&K).  However, since for every nonempty subset U of X, scl(f(U)) = scl({c}) = {c}, it follows that f is 
-R-irresolute (D&N).

Remark:  2.5.26

Combining the above implication with previous results we get the following implications.

-R-irresolute (J&K)  -R-irresolute (D&N)  R-irresolute  strongly irresolute  irresolute, none of which are reversible.

Theorem:  2.5.27
For a function f: x  Y the following statements are equivalent:

a) f is -R-irresolute (J&K).

b) For every xX and every VSO(Y, f(x)) there exists USO(X, x) such that -scl(f(scl(u)))  V.

c) For every xX and every semi-closed subset F of Y with f(x)  F, there exist USO(X, x) and a -semi-open set V  Y such that F  V and f(scl(U))  V = .

d) For every xX and every semi-closed subset F of Y with f(x)  F, there exist USO(X, x) and a -semi-open set V  Y such that F  V and 
f(U)  V = .


The proof of Theorem 2.5.27 is analogous to that of Theorem 2.5.14.

Remark:  2.5.28

Since R-irresolute implies strongly irresolute, obviously -R-irresolute (J&K) implies strongly irresolute.  conversely, if a strongly irresolute function satisfies the additional property that images of semi-closed sets are -semi-closed, then the function is clearly -R-irresolute (J&K).

Definition:  2.5.29
A function f : x  Y is said to be weakly pre -semi-closed (J&K) provided that for every USO(x), -scl(f(u))  f(scl(U)).


The function in example 2.5.17 is weakly pre -semi-closed (J&K) but not pre -semi-closed (J&K).
Theorem:  2.5.30
If f: x  Y is strongly irresolute and weakly pre -semi-closed (J&K), then f is -R-irresolute (J&K).

Proof:


The proof is analogous to that of Theorem 2.5.18.

Definition:  2.5.31
A function f : x  Y is said to be contra pre -semi-open provided that for every USO(x), f(u) is -semi-closed.

Theorem:  2.5.32
If a function f: x  Y is irresolute and contra pre -semi-open, then f is -R-irresolute (J&K).

Proof:


The proof is similar to that of Theorem 2.5.20.

Definition:  2.5.33
A space X is said to be s-regular provided that for every xX and every USO(x, x) there exists VSO(x, x) such that xV  cl(V)  U.

Lemma:  2.5.34
If X is s-regular, then -scl(A) = scl(A) for every AX.

The next theorem is an immediate consequence of Lemma 2.5.34.

Theorem:  2.5.35
If f : x  Y is R-irresolute and Y is s-regular, then f is -R-irresolute (J&K).

Lemma:  2.5.36
If u is an open set, then scl(U) = -scl(U). 

Proof:


For every set A we have scl(A)-scl(A).  To see that the reverse inclusion holds for open sets, assume U is open and that x-scl(U).  Let VSO(x, x).  Then, since cl(V) U , there exists y cl(V) U.  Then we see that UV  and hence that xscl(U).  Thus scl(U)-scl(U).

Definition:  2.5.37
A function f : x  Y is said to be strongly open provided that for every USO(x), f(U) is open in Y.

The following result is an immediate consequence of lemma 2.5.36

Theorem:  2.5.38
If f : x  Y is R-irresolute and strongly open, then f is -R-irresolute (J&K).

Definition:  2.5.39
A space is said to be semi--R0 (J&K) if for every xX and every USO(x,x),-scl({y}) U.

Theorem:  2.5.40
If f : x  Y is -R-irresolute (J&K) surjection, then Y is semi--R0 (J&K).

Proof:
The proof of the theorem is analogous to that of theorem 2.5.22.      

chapter - iiI

irresolute functions 
in ideal topological spaces
Definition:  3.1


Let (x, ) be a topological space and I be an ideal of subsets of X.  An ideal is defined as a non-empty collection of subsets of X satisfying the following two condition:

1) If AI and BA, then BI;

2) If AI and BI, then ABI.

Definition:  3.2

An ideal topological space is a topological space (x, ) with an ideal I on X and is denoted by (x, , I).
Definition:  3.3

For a subset AX, A(I) = {xX /UAI for each neighbourhood U of x} is called the local function of A with respect to I and .  We simply write A instead of A(I) since there is no chance for confusion.

Note:  3.4

X is often a proper subset of X.

Definition:  3.5

For every ideal topological space (x, , I), there exists a topology (I), finer than , generated by,

(I, ) = {U/I :Uand I I } 

Additionally, cl(A) =AA defines a kuratowski closure operator for   I,.
Definition:  3.6

A subset of S, an ideal topological space (x, , I) is said to be 
pre-I-open if S Int(cl(s)).  The complement of a pre-I-open set is called pre-I-closed.


The intersection of all pre-I-closed sets containing S is called the 
pre-I-closure of S and is denoted by PIcl(s).

The pre-I-interior of S is defined by the union of all pre-I-open sets contained in S and is denoted by PIint(s).


The family of all pre-I-open sets of X is denoted by PIo(X).


The family of all pre-I-closed sets of X is denoted by PIc(X). 


The family of all pre-I-open sets of X containing a point xX is denoted by PIo(X, x).


The family of all pre-I-closed sets of X containing a point xX is denoted by PIc(X, x).

Definition: 3.7


A point xX is called a pre-I-θ-cluster point of S if PIcl(U)∩S  for every pre-I –open set U of X containing x.

The set of all pre-I-θ-cluster points of S is called the pre-I-θ-closure of S and is denoted by pIclθ(S).

Definition: 3.8

A subset S is said to be pre-I-θ-closed if S= pIclθ(S).

The complement of a pre-I-θ-closed set is said to be pre-I-θ-open.

Definition: 3.9

A point xX is called a pre-I-θ-interior point of S if there exists a 
pre-I-open set U of X containing x such that xPIcl(U) S.

The set of all pre-I-θ-interior point of S is said to be pre-I-θ-interior of  S and is denoted by pIIntθ(S).

Definition: 3.10

A function f:(X,, I1)(Y,, I2) is said to be pre-I-irresolute if 
f-1(V) PIo(X) for every V PIo(Y).
Definition: 3.11

A function f : (X,, I1)(Y, , I2) is said to be strongly 
pre-I-irresolute if for each xX  and each V PIo(Y, f(x)), there exists 
U PIo(X, x) such that  f(PIcl(U))V.

Definition: 3.12
A function f:(X,, I1)(Y,, I2) is said to be quasi- pre-I-irresolute if for each xX  and each V PIo(Y, f(x)), there exists U PIo(X, x) such that  f(U) PIcl(V).
Definition: 3.13

A function f:(X,, I1)(Y,, I2) is said to be θ- pre-I-irresolute if for each xX  and each V PIo(Y, f(x)), there exists U PIo(X, x) such that  f(PIcl(U) PIcl(V).

From the above definitions we obtain the following implications 
strongly pre-I-irresolute pre-I-irresolute  θ-pre-I-irresolute  
quasi-pre-I-irresolute.
Remark: 3.14
The following examples show that none of these implications is reversible.

Example: 3.15

 pre-I-irresolute but not strongly pre-I-irresolute 

Let X= {a, b, c},   = {, x, {a}, {a, b}, {a, c}}, 

I1 = {{b}}, Y = {1, 2, 3}, = {,Y, {1,}, {1, 2}, {1, 3}} 
and I2 = { ,{2}}.
Let f:(X,, I1)(Y,, I2) be a function defined as follows: f(a)= 1, f(b)= 2 and f(c)= 3.  Then f is pre-I-irresolute, but it is not strongly pre-I-irresolute.

Proof:
We have
PIO(X)
=
{X, {a}, {a, b}, {a, c}}


PIO(Y)
=
{Y, {1}, {1, 2}, {1, 3}}


PIC(X)
=
{X, {b}, {c}, {b, c}} and


PIC(Y)
=
{Y, {2}, {3}, {2, 3}}

Since 
f-1({1})
=
{a}  PIO(X),


f-1({1, 2})
=
{a, b}  PIO(X),


f-1({1, 3})
=
{a, c}  PIO(X), and

f-1(Y) = X  PIO(X), f is pre-I-irresolute.

For cX, we have PIO(Y, f(c)) = {Y, {1, 3}} and PIO(X, c) = {X, {a, c}}.

(i)
For A= {a, c } PIo(X), we have PIcl(A)= X.
(ii)
For B= X PIo(X), we have PIcl(B)= X.
For cX and V= {1, 3} PIo(Y, f(c)), by (i) and (ii) there exists a pre-I-open UPIo(X, c) such that f(PIcl(U) V,  f is not  strongly pre-I-irresolute.
Example: 3.16
θ- pre-I-irresolute but not pre-I-irresolute 
Let X = {a, b, c},  = { , x, {a}, {a, c}}, I1= {,{a}}, Y= {1, 2, 3},  = {,Y, {1}, {1, 2}} and I2 = {,{1}}.  

Let f:(X,, I1)(Y,, I2) be a function defined as follows: f(a)= 1, 
f(b)= 2 and f(c)= 3.  Then f is θ- pre-I-irresolute, but it is not pre-I-irresolute.

Proof:

We have PIo(X) = {X, {a}, {a, c}}, PIo(Y) = {Y, {1}, {1, 2}}, 

PIC(X) = {X, {b}, {b, c}} and PIC(Y) = {Y, {3}, {2, 3}}.

(i)
For aX, we have PIo(Y, f(a)) ={Y, {1}, {1, 2}} and 

PIo(X, a) = {x, {a}, {a, c}}.

For {1} PIo(Y, f(a)), there exists {a}PIo(X, a) such that 
f(PIcl({a = f(X)= YY= PIcl({.
For Y
PIo(Y, f(a)), there exists U PIo(X, a) such that 
f(PIcl(U) PIcl(Y 

(ii)
For bX, we have PIo(Y, f(b)) ={Y, {1, 2}} and PIo(X, b) = {x}.

For {1, 2} PIo(Y, f(b)), there exists XPIo(X, b) such that 
f(PIcl(X = YY= PIcl({).
For Y
PIo(Y, f(b)), there exists U PIo(X, b) such that 
f(PIcl(U) PIcl(Y.

(iii)
For cX, we have  PIo(Y, f(c)) ={Y} and PIo(X, c) = {x, {a, c}}.

For Y PIo(Y, f(c)), there exists UPIo(X, c) such that 
f(PIcl(U  PIcl(Y).
By (i), (ii) and (iii), f is θpre-I-irresolute.
For V = {1, 2} PIo(Y), since f-1(V) = {a, b} PIo(X), f is not pre-I-irresolute.

Example: 3.17

Quasi pre-I-irresolute but not θ-pre-I-irresolute

Let X be the set of real numbers, = {}  {VX : 0V}, I1 = P(R), 
Y = {a, b, c}, = {, Y, {a}, {b}, {a, b}} and I2 = {, {c}}.


 Let f:(X,, I1)(Y,, I2) be a function defined as follows: f(x) = a if x<0; f(x) = c if x = 0; f(x) = b if x>0.


Then f is quasi pre-I-irresolute, but it is not θ-pre-I-irresolute.

Theorem: 3.18


For a function f:(X,, I1)(Y,, I2), the following properties are equivalent:

1) f is θ-pre-I-irresolute,

2) pIclθ(f-1(B))  f-1 (pIclθ(B)) for every subset B of Y,
3) f(pIclθ(A))  pIclθ(f(A))  for every subset A of X.
Proof:

(1)  (2):

Let B be any subset of Y.  Suppose that xf-1(PIclθ(B)).  then f(x)pIclθ(B) and there exists vPIO(Y, f(x)) such that PIcl(V)  B = .  Since f is θ–pre-I-irresolute, there exists UPIO(X, x) such that f(PIcl(U))  PIcl(V). 

therefore, we have f(PIcl(U))  B =  and PIcl(U)  f-1(B) = .  This shows that xpIclθ(f-1(B)).  Thus, we obtain pIclθ(f-1(B))  f-1(pIclθ(B)) 

(2)  (3):


Let A be any subset of X.  Then we have 

pIclθ(A)  PIclθ(f-1(f(A)))  f-1(PIclθ(f(A))) and hence f(PIclθ(A))  PIclθ(f(A)).

(3)  (2) :

Let B be a subset of Y.  

We have f(PIclθ(f-1(B)))  PIclθ(f(f-1(B)))  PIclθ(B) and hence 

PIclθ(f-1(B))f-1(PIclθ(B)).

(2)  (1) :

Let xX and V PIO(Y, f(x)).  Then we have PIcl(V)  (Y – PIcl(V)) =   and f(x)  PIclθ(Y – PIcl(V)).

Hence xf-1(PIclθ(Y– PIcl(V)) and xPIclθ(f-1(Y– PIcl(V))).

There exists UPIO(X, x) such that PIcl(U)  f-1(Y– PIcl(V)) = . Hence f(PIcl(U))  PIcl(V).

Therefore, f is θ–pre–I–irresolute. 

Theorem: 3.19

For a function f : (X, , I1)  (Y, , I2), the following properties are equivalent:

1)
f is θ-pre-I-irresolute,

2)
f-1(V)  pIIntθ(f-1(pIcl(V))) for every VpIO(Y),
3)
pIclθ(f-1(V))  f-1(pIcl(V))  for every VpIO(Y).
Proof:

(1)  (2):

Let V PIO(Y) and xf-1(V).  Then f(x)V and there exists UPIO(X, x) such that f(PIcl(U))  PIcl(V).

Therefore xU  PIcl(U)  f-1(PIcl(V)).

This shows that x  PIIntθ(f-1(PIcl(V))).  

Therefore, we obtain f-1(V)  PIIntθ(f-1(PIcl(V))).

(2)  (3):


Suppose that VPIO(Y) and xf-1(PIcl(V)).

Then f(x)  PIcl(V) and there exists wPIO(Y, f(x)) such that WV = ; Hence PIcl(W)V = .

Therefore, we have f-1(PIcl(W)) f-1(V) = .

Since x f-1(W), by (2), x  PIIntθ(f-1(PIcl(W)).

There exists UPIO(X, x) such that PIcl(U)  f-1(PIcl(W)).

Thus we have PIcl(U)  f-1(V) =  and hence xpIclθ(f-1(V)).

This shows that PIclθ(f-1(V))  f-1(PIcl(V)).

(3)  (1):

Let xX and VPIO(Y, f(x)).

Then V  (Y – PIcl(V)) = and f(x)  PIcl(Y – PIcl(V)).  

Therefore, xf-1(PIcl(Y – PIcl(V))) and by (3), x PIclθ(f-1(Y – PIcl(V))).

There exists UPIO(X, x) such that PIcl(U) f-1(Y– PIcl(V)) = .

Therefore, we obtain f(PIcl(U))  PIcl(V).

This shows that f is θ-pre-I-irresolute. 

Definition: 3.20

An ideal topological space (X, , I) is said to be pre-I-regular if for each pre-I-closed set F and each point x(X–F), there exists disjoint 
pre-I-open sets U and V such that xU and FV.

Lemma: 3.21

An ideal topological space (X, , I) is said to be pre-I-regular if and only if for each U PIO(X) and each point xU, there exists VPIO(X, x) such that xV PIcl(V)  U.

Proof:

Necessity:

Let U PIO(X) and xU.

Then, (X – U) is pre–I–closed and x(X – U).

Since (X, , I) is pre–I–regular space, there exists disjoint pre–I–open sets W and V such that xW and (X–U)V.

It is true that PIInt(X–W) = X – PIcl(W).

Since V  (X–W), we have V = PIInt(V) = PIInt(X–W) = X– PIcl(W).

Therefore, we obtain xW PIcl(W)U.

Sufficiency:

Let xX and F be a pre-I-closed set of X such that xF.  Then X– F is pre-I-open and x(X-F).

By the hypothesis, there exists VPIO(X, x) such that xV PIcl(V) (X– F).

Therefore, we obtain F(X –  PIcl(V)) and V  (X –  PIcl(V)) = .  This shows that (X, , I) is a pre-I-regular space.

Theorem: 3.22

Let (Y, , I2) be a pre-I-regular space.  Then, for a function 
f : (X, , I1)   (Y, , I2) the following properties are equivalent:

5) f is strongly pre-I-irresolute,
6) f is pre-I-irresolute,
7) f is θ-pre-I-irresolute,

8) f is quasi pre-I-irresolute.

proof:

The implications (1)  (2)  (3) (4) are obvious.  

(2)  (3):

Let xX and VPIO(Y, f(x)).

Since f is pre-I-irresolute, f-1(V) is pre-I-open and f-1(PIcl(V)) is 
pre-I-closed in (X, , I1).

Now, set U = f-1(V).  Then we have UPIO(X, x) 
and PIcl(U)  f-1(Picl(V)).

Therefore, we obtain f(PIcl(U))  PIcl(V).

This shows that f is θ-pre-I-irresolute.

The proof is done without using the pre-I-regularity of Y.

(3)  (1):

Let xX and VPIO(Y, f(x)).

Since (Y, , I2) is pre-I-regular, there exists WPIO(Y) such that 
f(x) W  PIcl(W) V.  since f is θ-pre-I-irresolute, there exists UPIO(X, x) such that f(PIcl(U)) PIcl(W)  V.

This shows that f is strongly pre-I-irresolute.

(4)  (2):

Let VPIO(Y) and xf-1(V).

Since (Y, , I2) is pre-I-regular, there exists WPIO(Y) such that f(x)W  PIcl(W) V.  since f is quasi pre-I-irresolute, there exists  UPIO(X,x) such that f(U) PIcl(W).  

From here, we obtain xU f-1(PIcl(W))  f-1(V) and hence xPIInt(f-1(V)).

This shows that f-1(V) is pre-I-open.

Corollary: 3.23

Let (Y, , I1) be a pre-I-regular space.  Then a function 
f : (X, , I1)   (Y, , I2) is quasi pre-I-irresolute if and only if it is 
pre-I-irresolute.

Theorem: 3.24

Let (Y, , I1) be a pre-I-regular space.  Then a function 
f : (X, , I1)   (Y, , I2) is θ-pre-I-irresolute if and only if it is 
quasi pre-I-irresolute.

Proof:

Necessity:  The proof is obvious.

Sufficiency:

Let xX and VPIO(Y, f(x)).

Since f is quasi pre-I-irresolute, there exists UPIO(X, x) such that 
f(U)  PIcl(V).


Since (X, , I1) is pre-I-regular, there exists WPIO(X, x) such that xW PIcl(W)  U.

Therefore, we obtain f(PIcl(W))  PIcl(V).

This shows that f is θ-pre-I-irresolute.

summary and conclusion

Various types of functions play a significant role in topology.  Continuous functions and irresolute functions play a vital role in the study of topological spaces and ideal topological spaces.  The main aim of this thesis is to study some interesting generalizations of the notions of irresolute functions in topological spaces and in Ideal topological spaces.


The first chapter deals with preliminary definitions and notations.


In the second chapter, the following generalizations of irresolute functions are studied:

1)
Approximately irresolute functions and contra-irresolute functions

2)
Approximately -irresolute functions and contra--irresolute functions

3)

[image: image22.wmf]g
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-irresolute functions, wg#-irresolute functions and g-irresolute functions


-R-irresolute functions.

For all these functions, characterizations, examples, compositions and their relationships with other functions are studied.

The inter relations are summarized in the following diagram.


The third chapter is devoted to the study of some interesting generalizations of irresolute functions in Ideal topological spaces namely strongly pre-I-irresolute, pre-I-irresolute, θ-pre-I-irresolute and quasi pre-I-irresolute.


interesting characterizations of θ-pre-I-irresolute functions are given in Theorems 3.18, 3.19 and 3.24.


Irresolute functions stand among the most important and most researched points in the whole of Mathematical science.  Hence the study of irresolute functions have a wide scope for further research and interdisciplinary research.
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