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INTRODUCTION



INTRODUCTION

In 1966, Imai and Iseki [13] introduced the notion of BCK-algebras. In the same year
Iseki [14] introduced the notion of a BCl-algebra which is a generalization of BCK-algebra.
A BCC-algebra is an important class of logical algebras introduced by Y.Komari [22] in 1984
and was extensively investigated by many researchers. In 1998 Dudek and Zhang [10]
introduced a new notion of ideals in BCC-algebras and described connections between such

ideals and congruences.

In 2009, Prabpayak and Leerawat [25] introduced a new algebraic structure which is
called KU-algebra and they gave the concept of homomorphism of KU-algebras and
investigated some properties. In 2012, S.Asawasamrit and A.Sudprasert [4] introduced a new
algebraic structure called KK-algebras, and described the relation between ideals and

congruences.

This thesis is devoted to a study of ideals in KK-algebras, Quotient KK-algebras,

KK-isomorphisms of KK-algebras and P-Semisimple KK-algebras.
The following articles are chosen for our discussion:

1) “A Structure of KK-Algebras and its properties”, (2012), by S.Asawasamrit and
A.Sudprasert [4]

2) “KK-I1somorphism and its properties”, (2012), by S.Asawasamrit [2]

3) “On the special ideals in KK-Algebras”, (2013), by S.Asawasamrit and A.Sudprasert [5]
4) “On P-Semisimple in KK-Algebras”, (2015), by S.Asawasamrit and A.Sudprasert [6]
This thesis is divided into four chapters.

In the first section of first chapter, preliminaries on KK-algebras and its properties are
collected from the article [4] due to S.Asawasamrit and A.Sudprasert. In the second section

of this chapter, properties of ideals in KK-algebras are discussed.
In this chapter the following interesting results are discussed.

1) Letx,y, z be any element in a KK-algebra X. Then
) xx(yxz)=y*(xxz)
i) (x*y)*y)=xx*y



i) (xxy) x0=(x*0)* (y=*0)
2) Letx,y be any element in a KK-algebra X. Then

() ((YEx)Ex)"X=Y"*X g anyn e v
iy X" *#0)*0=(x*0)"*0 gor any n e i
Where JV is the set of all nonnegative integers.

3) Let A be a closed of KK-algebra X. Then A is an ideal of X if and only if x € A and
zxy gAimplyz+x (x*xy)gAforallx,y,z € X.
4) If A'is an ideal of KK-algebra X and B is an ideal of A, then B is an ideal of X.

5) Let {Ji: 1€ IV } be a family of ideals of a KK-algebra X whereJ, < J, , foralln € V.

n+1

Then  JJ, isan ideal of X.

n=1
Second chapter deals with the study of Quotient KK-algebras and KK-homomorphisms
of KK-algebras. In the first section of second chapter, the ideals and congruences in KK-
algebras are studied and some of its properties are investigated. The second section of this
chapter deals with the study of isomorphisms of KK-algebras. In this section, some
consequences of the relation between Quotient KK-algebras and isomorphisms are discussed.

The interesting results studied in this chapter are given as follows.

1) If 1 is an ideal of KK-algebra X, then ()I(—;o,[O],j is a KK-algebra which is called the
quotient KK-algebra.
2) Let | be a closed ideal of KK-algebra X and a, b € X. Then

() [a], =1iffacl
(ii) [a]l :[b]| or [a]l ﬁ[b]| =¢

3) Let f be a KK-homomorphism of a KK-algebra (X, *,0, ) onto a KK-algebra (Y, -, 0,)

and | be an ideal of X contain in ker f. Let g be the natural KK-homomorphism of X onto %



then there exists a unique KK-homomorphism h of % onto Y such that f = h o g.

Furthermore, h is an injective if and only if | = ker f.

4) (First Isomorphism Theorem) : If f be a KK-homomorphism of a KK-algebra (X,*,0, )

into a KK-algebra (Y,-, 0, ), then the quotient KK-algebra X ) is isomorphic to ¢(X).

5) (Second Isomorphism Theorem) : Let X be a KK-algebra and A, B be ideals of X. If

(AuB)

AUB is a KK-algebra, then the quotient KK-algebras
(AN B) B

are
isomorphic.

6) (Third Isomorphism Theorem ) : Let X be a KK-algebra and A, B be ideals of X, with
AcBc X.Then:

() the quotient %is an ideal of the quotient % , and

)

(i) the quotient KU-algebra Tis isomorphic to %
o
Third chapter deals with the study of g-ideals, a-ideals and p-ideals in KK-algebras.

Several characterizations and the extensive theorems for the g-ideal, a-ideal and p-ideal are

investigated.

In the first section of this chapter, properties of g-ideals are discussed. In the second
section, properties of a-ideals are discussed. Also the relations between a-ideal, g-ideal and

p-ideal of KK-algebras are discussed.
In this chapter the following interesting results are discussed.

1) Iflisan ideal of KK-algebras X, then the following are equivalent:
() lisan g-ideal of X;
(ii) forany x, y € X, (x * 0) xy € I impliesx * y € I.
(iiforany x,y,z€ X, (x *y) *z€ l implies X * (y * z) € I.
2) Any a-ideal of KK-algebra is a p-ideal.



3) A non-empty subset | of KK-algebra X is an a-ideal if and only if it is both a g-ideal
and a p-ideal.

4) Let A and I be two ideals of KK-algebra X with I < A. If | is an a-ideal of X, then so
is A.

Fourth chapter deals with the study of p-semisimple in KK-algebras. In the first section of
this chapter the notion of p-semisimple in KK-algebras and some related properties are
investigated. In the second section, properties of a branchwise commutative KK-algebra are

discussed.
The interesting results studied in this chapter are given as follows:

1) Given a KK-algebra X, then the following conditions are equivalent :
() Xisap-semisimple ;
(i) foranyx,y € X, (xx0) *y=(y*0) * x;
(iii) forany x € X, x* 0 =0 implies x = 0;
(iv) foranya, x € X, (X xa) xa=x;

(V) X={xxa:xe€ X}foranya€e X.

2) Assume that X is a KK-algebra. Then B and P are closed of X, where B is the set of

all positive of X, and P is the set of all minimal.

3) If X is a p-semisimple KK-algebras, then every closed A of X is an ideal of X.

4) Assume that P = {x « 0/ x € X} is a p-semisimple part of KK-algebra X. Then
(i) X=UV(a)and V(a) n V(b) = @ whenever a # band a, b € P;

aeP
(i) ifxeV(a)andy e V(b),thenx *y € V (a * b);
(iii) ifaeP,thenx *ae€ P, forany x € X;
(iv) ifaePandxeV(b),thenx*a=b=xa

where V(a) = {x € X/ x * a = 0} is the branch of X generated by a.

5) If X is a branchwise commutative KK-algebra then X is a commutative.
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REVIEW OF LITERATURE

BCK and BCl-algebras are two classes of logical algebras. They were introduced by
Imai and Iseki [13, 14] in 1966 and have been extensively investigated by many researchers.
Since then a great deal of literature has been produced on the theory of BCK/BCl-algebras, in
particular, emphasis seems to have been put on the ideal theory of BCK/BCl-algebras. The
class of all BCK-algebras is a quasi variety. Iseki posted an interesting problem whether the
classof BCK-algebras is a variety. In 1983, that problem was solved by Wronski [28],
who proved that BCK-algebras do not form a variety. In connection with this problem in
1984, Komari [22] introduced the notion of BCC-algebras, and in 1992, Dudek [8, 9]
redefined the notion of BCC-algebras by using a dual form of the ordinary definition in the
sense of Komari.

In 1992, S.M.Hong et al. [12] studied the p-semisimple in BCl-algebras and obtained
some related properties. In 1998, Dudek and Zhang [10] introduced a new notion of ideals in
BCC-algebras and described connections between such ideals and congruences. In 2000,
Y.L.Lin and M.Jie [23] introduced the notion of g-ideals and a-ideals in BCl-algebras. The
concept of homomorphism of BCl-algebras was studied by H.Yisheng [29] in 2006. In 20009,
Prabpayak and Leerawat [25] introduced a new algebraic structure which is called
KU-algebra and they gave the concept of homomorphism of KU-algebras and investigated
some properties. In 2010, the concepts of isomorphism in binary algebras are discussed by
Asawasamrit and Leerawat [3]. In 2012, S.Asawasamrit and A.Sudprasert [4] introduced a
new algebraic structure called KK-algebras, and described the relation between ideals and

congruences.

Several other authors have also contributed to the study of the concepts mentioned above.

We give here a brief survey of some of the articles published on various algebras.

1. An introduction to the theory of BCK-algebras
Iseki.K and Tanaka.S (1978) [16]

In this paper, the definition of BCK-algebra and its fundamental properties are studied.
Various ideals in BCK-algebras are discussed in a detailed manner. Also, the homomorphism

properties on BCK-algebras are discussed.



2. BCK-algebras with condition(s)
Iseki.K (1979) [15]

In this paper, definition and some properties of BCK-algebras with condition(s) are
studied. Also the relationship between this algebra and a positive implicative BCK-algebra
are discussed.

3. The class of BCC-algebras is not a variety
Yuichi Komari., (1984) [22]

Kiyoshi Iseki posted an interesting problem whether the class of BCK-algebras is a
variety. In connection with the problem, the author introduced a notion of BCC-algebras. In
this article, the author showed that the class of BCC-algebras is not a variety.

4. On ideals in BCK-algebras
Jie Meng (1994) [18]

In this note, various ideals in BCK-algebras are discussed in detail. The notion of
implicative ideals and commutative ideals are introduced. Their relationships with other
ideals are studied. Also the ideal characterizations of several important classes of
BCK-algebras are given. In particular, distributive theorems of commutative, implicative and

positive implicative ideals are obtained.

5. ldeal theory of BCC-algebras
Jiang Hao., (1998) [17]

The author introduced the concept of ideal in a BCC-algebra and proved some related
properties. The author also gave a method for constructing a proper BCC-algebra by the

extension of a BCK-algebra with a small atom.

6. On ideals and congruences in BCC-algebras
Wieslaw A.Dudek., and Xiaohong Zhang., (1998) [10]

In this article, the authors introduced a new concept of ideals in BCC-algebras and

described connections between such ideals and congruences.



7. On atoms of BCK-algebras
Dajun Sun., (2001) [7]

Atoms in BCK- algebras are considered. The notions of the star BCK-algebras and the star
part of BCK-algebras are introduced. The properties of some substructures which consist of

atoms are investigated.

8. Congruences on hyper BCK-algebras
Michiro Kondo., (2001) [24]

In this article, the author introduced the concept of congruences on hyper BCK-algebras
and investigated the relationship between hyper BCK-ideals and those congruences.

9. Generalizations of BCK-algebras
Sung Min Hong, Young Bae Jun and Mehmet Ali Ozturk (2003) [27]

As a generalization of positive implicative BCK-algebra, the notion of generalized
BCK-algebras is introduced. A method to make BCK-algebra from a quasi-ordered set is
provided. The notion of generalized BCK-ideals of generalized BCK-algebras is introduced,
and then the connections between such ideals and congruences are considered.
Characterizations of generalized BCK-ideals are given. A generalized BCK-ideals

generalized by a set is established.

10. On derivations of BCl-algebras
Jun.Y.B. and Xin.X.L. (2004) [20]

The notion of left-right (resp. Right-left) derivation of a BCl-algebra is introduced, and
some related properties are investigated. Using the idea of regular derivation, the authors
gave characterizations of a p-semisimple BCl-algebra. They also gave a condition for a

derivation to be regular.

11. The role of atoms in BCl-algebras
Jun.Y .B., Xin.X.L. and Roh.E.H. (2004) [21]

In this article, the authors characterized different types of atoms in BCl-algebras. They

showed that finite BCl-algebras are generated by I-atoms. They find conditions in order that a



BCl-algebra would be a proper I-branch BCl-algebra. Finally, they gave some properties, of

I-atoms and K-atoms in proper I-branch BCl-algebras.

12. A note on BCl-algebras of order six
Farhat Nisar and Bhatti.S.A (2006) [11]

In this article, it is worked out and show that the number of proper BCl-algebras of order
six upto isomorphism is 197.

13. On k-algebras and BCl-algebras
Akram.M and Kim.H.S (2007) [1]

In this paper, the author showed that the k-algebra (G, -, O, €) is equivalent to the
p-semisimple BCl-algebra (G, O, e) whenever the group (G,) is an abelian but not an

elementary abelian 2-group.

14. A method to make BCK-algebras
Jun.Y.B., Lee.K.J and Park.C.H (2007) [19]

Using the notion of posets, a method to make BCK-algebras is considered. They showed

that if a poset has the least element, then the induced BCK-algebra is bounded.

15. Congruences and quotient algebras of BCl-algebras
Yuzhong Ding and Zhiyong Pang (2007) [30]

In this article, the definition and properties of congruences and quotient algebras are

given. Quotient algebras are the basic tools for explaining the structures of BCI-algebras.

16. On ideals and congruences in KU-algebras
Chanwit Prabpayak and Utsanee Leerawat (2009) [25]

In this paper, the authors introduced some kind of algebras which is called KU-algebras.
They defined ideals and studied congruences on KU-algebras, and also investigated some

related properties.



17. On isomorphisms of KU-algebras
Chanwit Prabpayak and Utsanee Leerawat (2009) [26]

In this paper, the authors studied homomorphisms of KU-algebras and investigated its
properties. Moreover, some consequences of the relations between quotient KU-algebras and

isomorphisms are shown.
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CHAPTER-1

A STRUCTURE OF KK-ALGEBRAS AND ITS PROPERTIES
Section 1.1
Preliminary definitions and results in KK-Algebras
Definition 1.1.1

A non-empty set X with a constant 0 and a binary operation * denoted by (X ; %, 0) is called

a BCl-algebra if for all x, y, z € X the following condition holds :

(BCI1) ((x*y)* (x*z))*(zxy)=0

(BCI12) (x*(x*y))*y= 0

(BCI3) x*xx=0

(BCI4) x*xy=0,y*xx=0=x=1y.

Definition 1.1.2

A BCl-algebra X satisfying the following conditions 0 * x = 0 is called a BCK-algebra.
Definition 1.1.3

A non-empty set X with a constant 0 and a binary operation * denoted by (X; *,0) is called a

BCC-algebra if it satisfies the following axioms :
(BCC1) ((x*y)*(z*y))*(xx2)=0
(BCC2) x*xx=0

(BCC3) 0xx=0

(BCC4) x*x0=0

(BCC5) x*xy=0,y*x=0=x=yforallxyzeX

10



Definition 1.1.4

A non-empty set X with a constant 0 and a binary operation = denoted by (X ; *,0) is

called a KK-algebra if it satisfies the following axioms : For any x,y,z € X
(KK1) (x*y)* ((y*2) * (x*2)) =0

(KK2) 0xx=x

(KK3) x*y=0=y#*xX =>x=y

For brevity, we also call X a KK-algebra.

Example 1.1.5

Let * be defined on an abelian group G by letting x * y =xy, where X, y in G, with e

is unity element of G. Then (G -, e) is a KK-algebra.
Example 1.1.6

Let X = {0, 1} and let = be defined by

* 0 1
0 0 1
1 1 0

Then (G; *,0) is a KK-algebra.
Theorem 1.1.7

Let (X; *,0) be a KK-algebra if and only if it satisfies the following conditions for all
XY, Z€X

(i) Gy (G*rD*xx+2))=0;
(i)  xx(x*y)*y)=0;
(i) x*xx=0;

(iv) x*y=0andy=x*x=0Iifandonlyifx=y.

11



Proof
Assume that (X ; *,0) is a KK-algebra.
From definition of KK-algebra, (i) and (iv) holds.
Then, x* ((x*y) *y) = (0#x) * ((x*y) x(0*y)) =0
x*Xx=0x*(x*x) = (O*O)*((O*X)*(O*X))= 0
Hence (ii) and (iii) holds.
Conversely, to prove (X; *,0) is a KK-algebra,
It is enough to prove KK 2.
By (i), (ii), iii) ((0%x) *x)* 0 = ((0*x)*x) * (0 * ((0*x) *x))
= ((0%x) *x) (%) * ((0%x) xx)) =0
andsince 0 * ((0*x)*x =10
from(iv) (0 *xx)*x =0
x* (0*x) =x*((x*x)*x) =0
Therefore, 0 * x = x
Hence the theorem.
Definition 1.1.8

Define a binary relation < on KK-algebra X by letting x <y ifand only if y * x = 0.

Note:

If (X; %,0) is a KK-algebra, then (X ; <) is a partially order set.

12



Theorem 1.1.9

If (X; *,0) be a KK-algebra and x < 0, then x = 0, for any x € X . Moreover, 0 is

called a minimal element in X.
Proof
Letx<0,then0*x=0
By KK 2, 0 * x = x and thus x =0.
In general, it is easy to show that the following properties are true for a KK-algebra.
Theorem 1.1.10
Let (X; *,0) be a KK -algebra if and only if it satisfies the following conditions:

Forall x,y,z € X,

(i) (y*2)* (x*2)) < (x*y);
(i) (x*y) xy) <x;
(i) x<yifand only ify * x = 0.

Proposition 1.1.11
Let X, y, z be any element in a KK-algebra X.
Then (i) x<yimpliesy *z < x*z
(i) x<yimpliesz*x <z *y.
Proposition 1.1.12
Let X, y, z be any element in a KK-algebra. Then x * (y * z) = y * (x * ).
Proof

By theorem 1.1.10 (ii), (x*z)*z<x and by proposition 1.1.11 (i),
x*(y*z) < ((x*z)*z)* (v *2)

Puttingx =yandy = x*z in ((y*z) * (x xz)) < (x *y)

It follows that, ((x *z) xz) * (y * z) < y * (X *y)

13



By the transitivity of < givesx x (y x z) <y * (x * z) - (1)
Replacing x by y and y by x, we obtain y* (x *z) < x* (y*xz) — (2)
By the anti-symmetry of <, (1) and (2) gives x * (y *z) =y * (X * 2)
Hence the proof.
Corollary 1.1.13

Let X, y, z be any element in a KK-algebra X. Then

Q) yxz<xifandonlyifx*z <y
(i) (@Exx)x(zxy) <xx*y
(ii) x<yimpliesx*xz <y=*z.

Proposition 1.1.14

Let X, y, z be any element in a KK-algebra X. Then

(i) (x*y)xy)=xxy
(i) (xxy)*0=(xx0)= (y=*0).

Proof
Let X, y, z be any element in a KK-algebra X.
To prove (i)
From theorem 1.1.7(ii) and theorem 1.1.10 (i), we have
(x*xy)*y)*y) * (x*y) < (x* (x*y) *y) =0
(((x*xy) *y) *y) * (x*y) =0
since, (x +y) * (((xxy) +y) +y)= ((x* y) ¥y) * (x*y) *y) = 0

ByKK3, ((x*xy)*y)*y=xx*y.

14



To prove: (ii)

(x*0) * (y*0) = (x*0) * (y * ((x xy) * (x*y)))
= (x*0) x (x*y) * (y * (x*¥)))
= (x* 0) x (x*y) * (x* (y *¥)))
= (x*y) * ((x* 0) * (x * 0))

(x0) % (y*0) = (x*y)+0

Hence the proof.
Notation:

We will denote v for the set of all nonnegative integers (ie.,) 0,1,2,.... and V™ for
the set of all natural numbers (ie.,) 1,2,3,... and we will also use the following notation in

brevity:

yO ® X =X

yh X =y (L (y * (Y *X)))

ntimes

Where x, y are any elements in a KK-algebraand ne ™
Proposition 1.1.15

Let X, y be any element in a KK-algebra X. Then

(i) (y*x)*x)"*x=y"*x foranyne N
(i) (x"*0)*0=(x*0)"*0 forany n € V.

Proof

Let X be a KK-algebraand x, y € Xandn,me N

15



To prove: (i)

Proof follows by induction on n.

Define the statement P(n) as, ((y*X) *x)" = y" * X

We see that P(0) is true, since ((y*x)*x)°*x=x=y°’*x
Assume that P(k) is true for some arbitrary k > 0

Thatis, ((y*x)*x)“*x=y" *x—> (1)

k+1

Since ((y*x)* ) xx= ((y *x) #X) * (((y * ) #*X)* *X)
= ((y*x)* ) *(y* *x) by (1)
=y * ((y *X) *x) * x)

=y % (y*x)

This shows that P(k+1) is true and by the principle of mathematical induction, P(n) is true for

eachne N~
To prove: (ii)
Since (x"*0)*0=(x*(x""*0)) *0
= (x*0) #((x" " %0)*0)
= (x*0) *((x* (x"* %0)) *0)
= (x*0) # ((x*0) * ((x"* %0) *0))
= (x*0)* ((x"* *0) *0)

= (x*0)" %0,

16



Definition 1.1.16

Given x € X if it is satisfies x * 0 = 0, that is 0 < X, the element x is called a positive

element of X. By definition, the zero element 0 of X is positive.
Proposition 1.1.17

Let x be any element in a KK-algebra X. Then ((x * 0) * 0) * x is a positive element

of X for every x € X.

Proof

Since ((x*0)*0)*x)*0 = (((x*0)*0)*0) * (x+0) by 1.1.14(ii)
= (x*0)* (x*0) by 1.1.14(i)
=0

Therefore ((x * 0) * 0) * x is a positive element of X.

17



Section 1.2
Ideals in KK-Algebras

Definition 1.2.1

A non-empty subset A of a KK-algebra X is called a closed of X on condition that

X *y € Awhenever X,y € A.

Definition 1.2.2

A non-empty subset A of a KK-algebra X is called an ideal of X if it satisfies the

following conditions

(11 0eA

(12) foranyx,y € X,x*y€eAandx e Aimplyy€A.

Example 1.2.3

Let x={0, 1, 2, 3} and let * be defined by the table

« |0 1 2 3
0 0 1 2 3
1 0 0 3 3
2 3 3 0 0
3 3 2 1 0

Then X is a KK-algebra. And | = {0, 1} and j = {0, 3} are closed ideals of X.

Lemmal.2.4

Let A be a closed of KK-algebra X. Then A is an ideal of X if and only if x € A and

zxy eAimplyz x(x*xy)gAforallx,y,z € X.

18



Proof

Let A be an ideal of X and let x € Awhereasz xy ¢ A
Suppose that z * (xxy) € A
By proposition 1.1.12, we see that X * (z * y) € A.
Since Ais an ideal of X and x € A, z * y € A a contradiction. So z * (X x y) ¢ A.
Conversely, assume thatif x e Aandz xy ¢ Aimplyz « (x xy) g Aforall x,y,z € X
Since A is a closed of X, then there is x € Awhich0=x*x € A. Thatis, 0 € A.
Now, let x * y € Aand x € A.
Assume thaty ¢ A. We have that 0 x y =y ¢ A. It follows that 0 * (X * y) & A.
Hence, x * y ¢ A, contradiction.
Therefore, A is an ideal of X.
Hence the proof.
Corollary 1.2.5

Let A be a closed of KK-algebra X. Then A is an ideal of X if and only if x € A and
y ¢Aimplyx *y g Aforall x, y € X.

Proof
Let X be a KK-algebra
By lemma 1.2.4, we have A is an ideal of X
iffxeA zxygA = zx(X*xy)gA forallx,y,ze X
Therefore, A is an ideal of X.
iffxeA, Oxy gA =0+« (X*xy)gA

Thatis, Aisanideal of X iff xe Ay ¢ A = xxy € Aforallx,y € X.
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Lemma 1.2.6

Let A be a closed of KK-algebra X. Then A is an ideal of X if and only if
xx(yxz)e Aand x*z ¢ Aimplyy ¢Aforall x,y,z€ X.

Proof
Let Abeanideal of Xand let x * (y*z) € A, x*z g A
Suppose thaty € A
By proposition 1.1.12, we have y * (X * z) € A
Since A is an ideal of X, thus x * z €A, contradiction. This shows thaty ¢ A.
Conversely, assume that x * (y *z) e Aand x * z g Aimplyy ¢ Aforallx,y,ze X - (1)
Since A is a closed of X, then thereisy € AwhichO=y+xy e A. Then0 € A - (2)
Letyxz€ A,y € Aand suppose that z ¢ A
ByKK2,0%(y+xz)eAand0*z ¢A
By assumption (1), y ¢ A, which is a contradiction
Henceyxze AyEA=2z€A - (3)
By (2) and (3), A'is an ideal of X.
Corollary 1.2.7

Let A be a closed of KK-algebra X. Then A is an ideal of X ifand only if xxy € A
andy ¢ A imply xg A for all x, y, z € X.

Proof :

Proof follows from previous lemma.
The following lemma gives some properties of ideal of KK-algebra.
Lemma 1.2.8

If Ais an ideal of KK-algebra X and B is an ideal of A, then B is an ideal of X.
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Proof
Let A be an ideal of KK-algebra X.
Since B is an ideal of A, then0 € B. Let X,y € Xsuchthatx*y € Band x € B.
It follows that x x y € Aand x € A.
By assumption, A is an ideal of X,soy € Aandx € B
FromB isan ideal of A,soy €B
Therefore, B is an ideal of X.
Theorem 1.2.9

Let {Ji : i € NV'}be a family of ideals of a KK-algebra X whereJ, < J,., for all n € V. Then

n+1

0 J, isan ideal of X.
n=1

Proof

Let {Ji : i € '} be a family of ideals of X

Then, clearly GJn c X
n=1

Since Ji is a ideal of X for all i, 0 e OJn

n=1
LetX*yEC)Jn andxeC)Jn forany x,y € X.
n=1 n=1
It follows that x * y €J; for some j € V" and x € Jk for some k € V.

Furthermore, let J; < J,

Hence x xy € Jxand X € J«

By assumption, Jx is an ideal of X, it follows that y € J«.
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Therefore, y € 0 J,
n=1

Hence D J, is an ideal of X.
=1

Theorem 1.2.10

Let {Ji : i € IV } be a family of closed ideals of a KK-algebra X where J, < J, ,for all

n+1

ne V. Then | JJ, isaclosed ideal of X.

n=1
Proof

Let {Ji:i€ N} beafamily of closed ideals of X

By theorem 1.2.9, OJn is an ideal of X
n=1
We will show that 0 J,, isaclosed of X.
=1

Letx,yeDJn
n=1

It follows that x € J; for some j € V" and y € Jk for some k €

Without loss of generality, we can assume that j < k, we obtain J; < J,

That is, X € Jxand y € Jsss

Since, Jk is a closed of X, we getx xye J, < OJn

n=1

This proves that 0 J,, isaclosed ideal of X.
n=1
Theorem 1.2.11

Let {l;: j € IV} be a family of ideals of a KK-algebra X. Then ﬂ I; is an ideal of X.

jel
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Proof

Let {l;: j € '} be a family of ideals of X.

It is obvious that |I; < X. Since 0 € Ijforall j € V" it follows that Oeﬂlj

jel jel

LetX*yeﬁlj andXEﬁlj

jel jel

We get that x * y € Ij and x € ljfor all j € J, then ye I;for all j € N. Because ljis an ideal of X

Soy e |I;. Hence the theorem.
jel

Theorem 1.2.12

Let {l; : j € W'} be a family of closed ideals of a KK-algebra X. Then TI ; lisaclosed
jel
ideal of X.

Proof

Let {l;: j € '} be a family of closed ideals of X

By theorem 1.2.11, (]I is an ideal of X. We will show that (]I, is a closed of X

jel jel

Letx,yeﬁlj

jel

It follows that x, y € ljfor all j €

Since ljis aclosed of X and x * y € ljforall j € IV then x * y eﬂlj
jel

This shows that ﬂ I is a closed ideal of X.

jel
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CHAPTER 2



CHAPTER -2

QUOTIENT KK-ALGEBRAS AND KK-HOMOMORPHISMS OF
KK-ALGEBRAS

Section 2.1
Quotient KK-Algebras

In this section, we describe congruence on KK-algebras.
Definition 2.1.1

Let I be an ideal of a KK-algebra X. Define a relation ~ on X by
X~yiffx*xy€elandy*xe€l.
Theorem 2.1.2

If I is an ideal of a KK-algebra X, then the relation ~ is an equivalence relation on X.
Proof

Let | be an ideal of X and X, y, z € X.
By theorem 1.1.7, X * x = 0 and assumption X = X € I.
That is x ~ X. Hence ~ is reflective.
Next, suppose that x ~ y.
It followsthatx *xy e land y * X € |
Theny ~ X, so ~ is symmetric.
Finally, let x ~yandy ~ z
Then, x*y,y* X, y*z,z*y€land (y=x) = (z*xy) *(z*Xx))=0€ I
It follows that (z*y) * (z*x) €l,andsincez+xy€l,soz*x€l.
Similarly, x * z € I. Thus, ~ is transitive.

Therefore ~ is an equivalence relation.
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Lemma 2.1.3

Let | be an ideal of KK-algebra X. For any x, y, u, v € X, if u ~ vand x ~ y, then

U*X~Vx*Y.
Proof
Assume that u ~vand x ~y, forany x, y, u, v € X.

Thenu*v,v*u,Xx*xy, y*X€land by KK 1
We see that (u * v) * ((v * X) * (u*x)) =0and

(v * u) * ((ux x) *(v * X)) = 0.
From assumption and | is an ideal of X, these imply that

(v*Xx)*(uxx)€el and

(usx)*(vxx) €l
This shows that v * X ~ U * X - (1)
On the other hand, by corollary 1.1.13, we have that

(y *x) * ((v*y) * (v*x))=0and

O y) % (V) = (v ) =0
From assumption and 1 is an ideal of X, these imply that

(v*y)*(v+x) €l and
(Vx)*(vxy) €l

Thus (V * X) ~ (V *Y) - (2)
Since ~ is symmetric
From(l) wegetuxx~v+x - (3)
since ~ s transitive
From (2) and (3) we get, u*x X ~ Vv * Y.
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Corollary 2.1.4

If 1 is an ideal of KK -algebra X, then the relation ~ is a congruence relation on X.
Proof

Proof follows by theorem 2.1.2 and lemma 2.1.3.
Definition 2.1.5

Let I be an ideal of a KK-algebra X.

Given x € X, the equivalence class [x], of x is defined as the set of all element of X that are

equivalent to x, that is

[X], ={ye X:x~y}={ye X |x*xyel &y*xel}

We define the set %z {{x], : xe X} and a binary operation o on % by

[X], o[y], =[x*V],

Note:
[0], = {x e X : x ~ 0}is an ideal of X.

Theorem 2.1.6
If I is an ideal of KK-algebra X with % ={[x], : xe X} where a binary operation o

on a set % is defined by [x], o[y], =[x *y], . then the binary operation o is a mapping

from %x? to %

Proof

Let [X1]| J [X2]| ’[y1]| ’[y2]| E% such that [X1]| :[X2]| and [y1]| :[y2]|

It follows that x, ~ x, and y, ~ vy,

By lemma 2.1.3, x, * Y, ~ X, * y,. This implies [x *y.], =[%, *V,],-
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Theorem 2.1.7

If I is an ideal of KK-algebra X, then (%;o,[O], j is a KK-algebra. Moreover, the set
X . .
T is called the quotient KK-algebra.

Proof
Let [, [y], [2], <

Then (2], o[x],)o (X1, < [y1 )= ([2], = [y1,)) =[z*x], o([x*y], o[z*V],)
=[z*x], o[(x*y)*(z*y)],
=[(z %) = ((xxy) = (2= )], =[0],
It is clear that [0], o[X], =[0*X], =[x],
Now, let [x], = [y], =[0], and [y], <[x], =[0],
It follows that x * y ~ 0 and y * x ~ 0, that is 0 * (x* y), 0 % (y * X) € |
Since | is an ideal of X and 0 € I, we get that x = y, y * X € I.

Consequently, x ~y, proving that [x], =[y],
Therefore, (T—;o,[O],j is a KK-algebra.

Example 2.1.8
Consider the KK-algebra X and the ideal I as in example 1.2.3. Then

2 =101, [2],3, where [0], =[], =0 and [2], =[3], ~{23}

Let o be defined on? by

27



- [0], [2],

[0], [0], [2],

[2], [2], [0],

Then (%;o,[O], j is a KK-algebra.

Lemma 2.1.9
Let X be a KK-algebra and I, J be any sets such that | < J < X . Suppose that I is an

ideal of X, then J is an ideal of X if and only if % is an ideal of %

Proof

Let I be an ideal of X with | cJ = X .

Suppose firstly that J is an ideal of X, then
%:{[x]I :xeJ}, where [x], ={yeJ:x~y}and
X
|

={{x], :xe X}, where [x], ={ye X :x~ y}

Obviously, %g% and [0], e‘IJ—

Now, let [x], o[y], e‘:— and [y], e‘l]—

Then [x*y], =[x], [y], € % it follows that x*yeJ and xeJ
By assumption, y e J
. J . J . . X
Accordingly, [y], € T , this shows that n is an ideal of T
On the other hand, suppose that % is an ideal of % and lisan ideal of Xwith  cJ < X .
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Thus 0eJ

Let xxyeJandxeJ

It follows that [x = y],,[x], EJI_

. J
Since [x*y], =[x], o[y], » SO [x], o[y], ET
By hypothesis, [y], e % implies y € J, proving our lemma.

Lemma 2.1.10
Let X be a KK-algebra and I, J be any sets such that | < J < X . Suppose that | is a

closed ideal of X. Then J is a closed ideal of X if and only if % is a closed ideal of ? :

Proof
Similar to that of lemma 2.1.9.
Next, the basic properties of equivalence classes are considered are as the following theorem.
Theorem 2.1.11
Let | be a closed ideal of KK-algebra X and a, b € X. Then

() [a], =1iff acl
(ii) [a]| :[b]| or [a]| ﬂ[b]| =¢

Proof
Let | be a closed ideal of X and a, b € X.
To prove: (i)
It is clear, due to the fact thata ~aforallae Xanda+a=0€ I, sowe getthat ac[a], =1

Conversely, let x e[a],

Then x ~ a, it follows that x x a, a * X € I.
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By hypothesis, x e 1. Hence, [a], < I .
To show that | —[a],, choose xe .
Since | is a closed of X, we have x xa,a* X €|
Thus, X ~ a, this means that x €[a], and shows that | —[a], .
Consequently, [a], < |
To prove: (ii)
Assume that [a], I[b], # ¢
Then there is x e[a], N[b], such that x e[a], and y €[a],
It follows that x ~a and x ~ b, =a ~ x and x ~ b by symmetric property
= a ~ b by transitive property.
Thus [a], =[b],.
Theorem 2.1.12
If I'is a closed ideal of a KK-algebra X and y € I, then [y], is closed ideal of X.

Proof

Let | be a closed ideal of X and y € |
Itis clear that0 e[y],
Now, suppose that a*b e[y], and ae[y], .
We will show that b e[y],

Thenaxb~yanda~y,itfollowsthaty = (axb) e landy xa € I.
By assumption, a € I.

From proposition 1.1.12, a* (y*b) =y * (a*Db) € I and | is a closed ideal of X and a € I,
thereforey = b € I.
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By properties of X, we get that
(@x0)*((@*b)+y) (b y))=(a* (b b)) *((@a*b) xy)= (b*y))
=(b*(@*b) *((a*b)+y)*(b+y))=0
By hypothesis, (a*0)*(((a*b)*y)=*(b*y))el, where l'isclosed anda € I. Thena =0 € I.
Thus ((@*b)*y)*(b*y)el.
Froma * b ~yand I is closed, then b *y € I. Hence, b ~y, this means a e[y],
Hence [y], is an ideal of X.
Finally, let a,b e[y],
Thena~yandb~y, Bylemma21.3,axb~yx*y.
By theorem 1.1.7, it follows thata x b ~ 0
Thus a=*b e[0],
Now, we have 0,y e | and lisclosed. So Oxyel and y*0el. Thatis, 0~.
Hence, [0], =[y],
By transitive, a*be[y], .

Hence the theorem.
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Section 2.2
KK-homomorphisms of KK-Algebras
Definition 2.2.1

Let (X,x0,) and (Y,,0,) be KK-algebras. A KK-homomorphism is a map
f: X - Y satisfying f(x*y)=f(x)o f(y)forallx,ye X

Definition 2.2.2
Let f:(X,x0,)—(Y,0,0,) be a KK-homomorphism of KK-algebras

i) f is called injective KK-homomorphism (KK-monomorphism) if f is one-to-one.
i) f is called surjective KK-homomorphism (KK-epimorphism) if f is onto.
iii) f is called bijective KK-homomorphism (KK-isomorphism) if f is one-to-one onto.

Moreover we say that X is isomorphic to Y symbolically X =Y

iv) The kernel of the KK-homomorphism f, denoted by ker f, is the set of elements of

X that map to 0, in Y.
That is, ker f ={x e X | f(x) =0, }

Definition 2.2.3

Let f be a mapping of a KK-algebra X into a KK-algebra Y. Let IS X and AS Y .The

image of I in X under f is

f=f)/xel}

and the inverse image of Ain Y is
f (A ={xe X/ f(x)e A}

Next, the basic properties of KK-homomorphism are considered as the following theorem.
Theorem 2.2.4

Let f be a KK-homomorphism of a KK-algebra (X,*,0,) into a KK-algebra (Y,e,0,).
Then:
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i) F(0x) =0y
i) If 0, isthe identity in X, then f(0,) is the identity in Y.

i) f is injective KK-homomorphism if and only if ker f = {OX }

iv) x <,y implies f(x) <, f(y)
Proof
Assume that f: X = Y is a KK-homomorphism.

To prove: (i)
since 0, *0, =0, ,then f(0,)=f(0, *0,)=f(0,)o f(0,)=0,
To prove: (ii)
Assume that 0, is the identity in X and 0, is the identity in Y. From KK 2, 0, - f(0,) =0,
f(04)°0, = f(0y)e[f(0x)o f(0y)]

= F(0y)° f(0x *0y)

= £(0,)° f(0,) =0,
By KK 3, we get that f (0, ) =0,. This shows that f (0, )is the identity in Y.
To prove: (iii)
Suppose that f is injective KK-homomorphism and x € ker f
It follows that f(x) =0,
Since f(0,)=0, ,s0 f(x)=f(0,)
By assumption, x=0,
Thus ker f= {0, }
Conversely, suppose that ker f = {OX }

Let X, y € X be such that f(x) = f(y). Then we get that
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f(x*y)=f(x)o f(y)=0, and

f(y=x)=f(y)e f(X)=0,. Thusx *y, y * X € ker f

This means that x x y = 0, = y * X.

From KK 3, x = y. Hence f is injective KK-homomorphism.
To prove: (iv)

Let x <, y. It followsthaty * x = 0,

So (i) implies f(y)o f(x)= f(y=*x)= f(0,)=0,

Hence f(x) <, f(y).

Theorem 2.2.5

Let f: X - Y be a KK-homomorphism. Then:

Q) If I is an ideal of X, then f(l) is an ideal of Y
(i) If I is a closed of X, then f(I) is a closed of Y

(iii)  If Aisanideal inY, then f *(A) is an ideal in X
(iv) If Aisaclosed of Y, then f*(A) is a closed of X

(v) Ker fis a closed ideal of X

(vi)  Imfisaclosedof Y.
Proof
Assume that f: X — Y is a KK-homomorphism.
To prove: (i)
Let | be an ideal of X
We see that O, € I, and by theorem 2.2.4(i),
0, =f(@0,)ef(l),s0 0, e f(l)

Now, assume that f(x)o f(y)e f(l)and f(x)e f(l).
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It follows that f (x*y)e f(l),s0 x*y,xel

Since | is an ideal of x, y € |, it follows that f(y) e f(I).
Hence f(l) is an ideal of Y.

To prove: (ii)

Let I be a closed of X and x, y € f(I)

Then there exist a, b €l such that x = f(a) and y = f(b)
Since xoy=f(a)o f(b)= f(axb)e f(I)

Thus f (1) is a closed of Y

To prove: (iii)

Let A be an ideal inY

Then O, € A, we getthat 0, = f *(0,) € f *(A)
Forany x,y € X, let x*xye f (A) and xe f *(A)

It follows that f(x)o f(y)=f(x*y)e Aand f(x)e A
Since A is an ideal of Y, we obtain that f(y) € A
Consequently y € f *(A). Hence f *(A)is an ideal of X.
To prove: (iv)

Let A be aclosed of Y and x, y € f *(A)

Then f(x) = a and f(y) =b for some a, b €A

Thus f(x*y)= f(x)o f(y)=a*be A, as A is closed.
Hence x*ye f *(A).

To prove (v)

It is clear that ker f< X.
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Since f(0,)=0,,s0 0, € ker f
It follows that ker f= ¢

Let x xy € ker fand x € ker f

We get that f(y) =0, = f(y) = f ()= f(y)=f(x*y) =0,

Thusy € ker f

Now, we will show ker f is closed of X

Let X,y € ker f

Then f (x*y)=f(x)o f(y)=0, o0, =0, . These imply that x * y € ker f
Therefore ker f is a closed ideal of X.

To prove (vi)

Let a, b € Im(f). Then there exist x,y €X such that a = f(x) and b = f(y), so
ach="f(X)o f(y)=f(x*xy)elm(f)

This proves that Im(f) is a closed of Y

Note :

In general, Im(f) may not be an ideal which can be seen in the following example.
Example 2.2.6

Let X ={0,1,2}. Define an operation * on X by

* 0 1 2
0 0 1 2
1 0 0 2
2 0 0 0
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Then (X, ,0) is a KK-algebra.

Now, let f be the mapping from X to itself such that f(0) = 0, f(1) = 0 and f(2) = 2, then we
see that Im(f) = {0,2}. So Im(f) is not an ideal of X, since 2 € Im(f) and 2 * 1 = 0 € Im(f), but
1 ¢ Im(f).

Proposition 2.2.7
Let f be a KK-homomorphism from a KK-algebra X to a KK-algebra Y. Then:

(N fis an KK-epimorphism if and only if Im(f) = Y.
(i) f is an KK-isomorphism if and only if the inverse mapping f* is an

KK-isomorphism.
Proof:
Obvious.

Theorem 2.2.8

Let | be a closed ideal of KK-algebra X. Define the map f : X —>$ by f(x)=[x], , for

all x € X. Then f is KK-epimorphism, we call f is the natural KK-homomorphism of X onto

%. Furthermore, ker f= 1

Proof
Let | be a closed ideal of KK-algebra X and x, y € X
Since f (x=*y)=[x*Vy], =[x], o[y], = f(X) f(y), Proving that f is a KK-homomorphism.

Next we will show f is surjective
X
Let [x], eT and x € X

Then f (x) =[x], , so fis surjective KK-homomorphism

Hence f is KK-epimorphism.
Finally, to show that ker f= |
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Let x € ker f

We get that [x], = f(x)=[0],, thenx ~0

It follows that x x 0 € | and O * x € I. By hypothesis, 0 € |
Hence, x € 1, this mean ker f < |

To show that | < ker f

Letx € |

Since | is a closed ideal of X, we have 0 € I. Thusx x 0 € land 0 * x € |
It follows that x ~ 0, so [x], =[0],,

Since f(x)=[x], =[0],,then x € ker f

Hence, ker f= 1.

Theorem 2.2.9

Let f be a KK-homomorphism of a KK-algebra (X, *,0,) onto a KK-algebra

(Y, -, 0y)and I be an ideal of X contain in ker f. Let g be the natural KK-homomorphism of
X onto % then there exists a unique KK-homomorphism h of ? onto Y such that

f=h o g. Furthermore, h is an injective KK-homomorphism if and only if I = ker f.

Proof
. X X
Define the map h:T—>Y by h([a], )= f (a)for all [a], €T
We first show that, h is well defined
X
Let [a],,[b], T be such that [a], =[b],
We getthata~b,soasxbelandbxa€l. Sincel — kerf,a*b e Kerfandb = a € ker f

Thus f(a)- f(b) = f(axb)=0, and f(b)- f(a)=f(b*a)=0,
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From KK 3, f(a) = f(b).
Hence h is well defined.

We will show that h is Kk-homomorphism

Let [a], [0], €2

Then h([a], o[b], )=h([a*b], )= f(a*b)= f(a)- f(b) =h([a], )- h([b], )
Hence h is a KK-homomorphism.

Next to show that f=h o g

For any a € X, then (hog)(a) =h(g(a)) =h([al, )= f (a)

Henceh o g=f

Finally, if h’:? —Y is another function suchthat f =h'og

Let [a], )I(—

Then h([a], )= f(a)=(""~g)=h"(g(a)) =h'(a],)
Thus h([a], )=h'(fa],) for all [a], E)I(—

Hence h is a unique KK-homomorphism.

Now, we will show that h is injective KK-homomorphism iff | = ker f.
Suppose firstly that h is injective KK-homomorphism and a € ker f
Thenh([0,],)=0, = f(a) =h([a], ).

But h is an injective KK-homomorphism. Therefore [0, ], =[a], .

It follows that 0, ~ a, then O, xa€landax0, €|

By hypothesis, 0, € |
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Hence, a € I, this means that ker f < 1. This shows that ker f =1
On the other hand, suppose that ker f =1 and [a], ,[b], e% such that h([a], )=h([b], )

Then f(a) = f(b), it follows that f(a = b) = f(a) - f(b) = 0,

Thusa = b € ker f. Sincekerf=1,so0a* b€l

Similarly, b xa €l

Hence, a ~ b proving that [a], =[b],

This shows that h is injective KK-homomorphism.

Hence the proof.

Next, we state the first isomorphism of KK-algebras as the following theorem.
Theorem 2.2.10 (First Isomorphism Theorem)

If f be a KK-homomorphism of a KK-algebra (X,*,0, ) into a KK-algebra (Y,-, 0, ),

then the quotient KK-algebra is isomorphic to ¢(X).

ker(¢)

Proof

Let ¢:(X,%0, )—(Y,,0, ) be a KK-homomorphism and let
K =ker(¢) ={ae X :¢(a) =0, }
We get that %z{[a]K rae X}, where [a,]={oe X :a~b}

From theorem 2.2.5(v), we have ker (¢) is an ideal of X

Thus (%,o,[o]Kj is a KK-algebra and ¢(X) ={¢(a):ae X}

Assume that f :%—)gb(X) defined by f ([a], )= ¢(a) , where [a], e%
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Let [a], -[b], e% be such that [a], =[b], -

Thena ~ b. It follows thata * b € Kand b * a € K
Thus ¢(a)-#(b) =0, =¢(b)- #(a)

By KK 3, we get that ¢(a) = ¢(b)

Hence f is well defined.

Let [a].,[b]l« € %

We get that f([a]K O[b]K): f([a*b]K):¢(a*b)

=¢(a)-¢(b)
= f ([a]K ) f ([b]K )

This shows that f is a KK-homomorphism.
Let [a], -[b], e% be such that f([a], )= f (b], )

Then ¢(a) = ¢(b). It follows that g(a*b) =g¢(a)-#(b) =0,
Thus a*b e ker(¢) = K
Similarly, b * a € K. We see that a ~ b, this means that [a], =[b],

Hence f is an injective KK-homomorphism.

Let ae@(X)
Then there exists b € X such that a=g¢(b) and [b], e%

Thus f([b], )=¢(b) =a
Therefore f is a surjective KK-homomorphism.

Hence the proof.
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Note:

If A is an ideal of KK-algebra X and B is an ideal of A, then B is an ideal of X.

So, it follows that B is an ideal of AUB and AN B is an ideal of A.

Theorem 2.2.11 (Second Isomorphism Theorem)

Let X be a KK-algebra and A, B be ideals of X. If AUB is a KK-algebra, then the

(AuB)

quotient KK-algebras and 5 are isomorphic.

(AnB)
Proof

(AU B)

Let p: A—> be a map by ¢(x)=[x]; forallx € A

It is obvious that ¢ is well defined

Let [x], < AVB)

If X € A, then [x]; =¢(X) . If x € B, then [x]; =[0]; =¢(a)

Thus ¢ isonto (AUB)

Consider the equation g(x*y)=[x*y]ls =[X]g o[Ylg =d(X)°&(Y)
Shows that ¢ is a KK-homomorphism.

Now, let x € ker (¢ )

Then we get ¢(x) =[0];, so [x]z =[0]s

It follows that x € B. Since ker(¢) = A,s0 xe AnB

Hence ker(¢) c AnB

On the other hand, let xc A~ B

Thenx € B
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Thus ¢(x) =[x]z =[0]; , so x € ker (¢ )
Hence AN B < ker(g)
Therefore, ker(¢) = AN B

A _(AUB)

From theorem 2.2.10, immediately gives us that =
(AN B) B

Next, we state the third isomorphism theorem of KK-algebra.
Theorem 2.2.12 (Third Isomorphism Theorem)

Let X be a KK-algebra and A, B be ideals of X, with Ac B< X. Then:

() the quotient %is an ideal of the quotient % , and

)
(i) the quotient KU-algebra %is isomorphic to %
o
Proof
To prove (i)

To show that B is an ideal of X
A A

It is clear that B c Land [0], € B
A A A

B B

Let [X], o[y]s € A and [x], € A

Then x *y € B and x € B. Since B is an ideal of X, y € B, so [y]Ae%

Therefore, Eis an ideal of X
A A
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To prove (ii)
Let 4 % N %be defined by ¢([x], ) =[xl

Assume that [x], =[y].

Then x ~ y determined by A, thatis x * y, y * X € A
Since AcB,x*xy,y*X€EB

Thus x ~ y determined by B, and hence [x]; =[V]s

Then ¢([x1,)=#(yl,)

Therefore, ¢ is well defined.
. X X
Next, to show that ¢ is onto B let [x]; € B

If x € X and x & B, then [x]; = #([x],,)

If x € B, then [x], = [0], = #([0],)

Hence ¢ is onto.

Consider ¢([x], o [y],)=#lx*yls) =[x*yly =[xz o[yls =#([x]4)° #[¥],)
which shows that ¢ is KK-homomorphism.

Finally, to show that ker(¢) = B

A

Let [x], € ker(g)

Then ¢([x],)=[0l5, so [x]s =[0],

It follows that x € B. Now, we have [x], e%
B
Hence ker(¢) < A
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Going the other hand, let [x], %
We get that ¢([x],,)=[x], =[O, , Since x € B.

Thus [x], € ker(¢) and hence Sg ker(¢)

Consequently, ker(g) :%
(X j
A , X
By theorem 2.2.10, ~—< is isomorphic to o

B
A
Note:

An analogous result of the third isomorphism theorem for groups is also true for

KK-algebras.
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CHAPTER 3



CHAPTER-3
SPECIAL IDEALS IN KK-ALGEBRAS
Section 3.1
g-ideals in KK-Algebras
Definition 3.1.1

A non-empty subset | of KK-algebras X is said to be a g-ideal of X if it satisfies the

following conditions:

(11) O€el

(13)foranyx,y,ze X, (x*y)*z€landyelimplyx xz €l
Example 3.1.2

Let X ={0,1,2}. Define an operation * on X with the cayley table given by

* 0 1 2
0 0 1 2
1 0 0 2
2 2 2 0

Then (X, *, 0) is a KK-algebra and |1 = {0,1} is a g-ideal.

Next, we give the relation between g-ideal and ideal in the following theorem.
Theorem 3.1.3

A g-ideal is a closed ideal.
Proof

Suppose that | is an g-ideal of KK-algebraand let x « y € l and x € 1.
It follows that (0« xX) xy € I imply 0 xy € |
Thus, y € |, proving (I 2) holds

Combining (I 1), we conclude that I is an ideal of X.
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Note
The converse of theorem 3.1.3 is not true can be seen in the following example.
Example 3.1.4

Let X ={0,1,2,3}. Define an operation * on X with the cayley table given by

* 0 1 2 3
0 0 1 2 3
1 3 0 1 2
2 2 3 1
3 1 2 3

Then (X, *,0) is a KK-algebra and | = {0} is a closed ideal of X, but not a g-ideal of X.
Since(3x0)*1=1+1=0€{0}and0€ {0} but3*1=2 ¢ {0}.

The characterization of g-ideal is given in the following theorem.
Theorem 3.1.5
If I is an ideal of KK-algebras X, then the following are equivalent:

Q) | is an g-ideal of X;
(i) foranyx,ye X, (x*0)+xyelimpliesx xy€ l.
(iii) foranyx,y,ze X, (x *y) *xz€ limpliesx = (y * 2) € I.

Proof

Assume that | is an ideal of KK-algebra X and x, y, z € X.
To prove: (i) = (ii)
Let | be an g-ideal of X and ((x = 0) xy) €1
Since0€el,by(13),x*xy€l
To prove: (ii) = (iii)

Suppose that (ii) holds and (x * y) * z €l
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By proposition 1.1.12 and theorem 1.1.10(i), we have
((xxy) = 2) = ((x * 0) * (y * 7)) < (x*0) * ((x * y) * 2) * (y * 7))

< (x*0)* (y *(x*Y))
= (X*0) * (x*(y *y))
= (x*0)*(x*0)
=0el

Since | is an ideal of X, ((x * 0) x (y * 2)) € |
By (ii), x * (y* 2) € I.
To prove: (iii) = (i)
Let(xxy)*z€landy€l
From (iii), we obtain that x * (y * z) € . Thus y * (X * z) € | by proposition 1.1.12
Sincey € land l isan ideal, x xz € I,
Hence | is a g-ideal of X.
Theorem 3.1.6
Let A and | be ideals of a KK-algebra X with Ic A. If | is a g-ideal of X, then so is A.
Proof
Let | is a g-ideal of a KK-algebra X and sets=(x *0) x y € A
Since(x*0)*(s*xy)=s*((x*0)*xy)=0€l.
By 3.1.5 (ii), we get that X = (s x y) € |
And since | is a g-ideal, thens * (x x y) € |
Thuss* (x*y) € Aand Ais an ideal, so x xy € A.

Therefore A is a g-ideal.
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Corollary 3.1.7

If zero ideal {0} of KK-algebra X is a g-ideal, then every ideal of X is a g-ideal.
Proof

Proof follows from above theorem.
Theorem 3.1.8

Let I be an ideal of KK-algebra X. If forany x € l and y € X imply x * y € I, then I is
a g-ideal of X.

Proof
Assume that (x xy)*z€landy € |
By hypothesis, we obtain x * (x * z) *z) e land X x y € |
Then (x *y) * (x * z) € I. But | is an ideal of X.
Thereforex xz € I.
Hence | is g-ideal of X.
Lemma 3.1.9
If I is a g-ideal of KK-algebra X, then x = (x x 0) € | for all x € X.
Proof
Assume that | is a g-ideal of KK-algebra X.

Since (x * 0) * (x * 0) = 0 € I, then it follows that x * (X * 0) € I by theorem 3.1.5(ii).
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Section 3.2
a-ideals in KK-algebras
Definition 3.2.1

A non-empty subset | of KK-algebra X is called an a-ideal of X if it satisfies the

following conditions:

(11) oelr

(14 forallx,y,ze X,(x*0)*(z+xy)elandze limplyy *xx €.
Example 3.2.2

Let X ={0,1,2,3}. Define an operation * on X with the cayley table given by

w| N | O

wW| N k| O O
N| W O | -
| O W N DN
O | N Wl w

Then (X, *,0) is a KK-algebra. Also | = {0,1} is an a-ideal of X.
The following theorem gives the relation between a-ideal and ideals in KK-algebras.
Theorem 3.2.3

If I is an a-ideal of KK-algebra X, then | is a closed ideal.
Proof

Let | be an a-ideal of X. First, we will show that | is an ideal of X.
Assume that x xy € land x € |
It follows that (0 « 0) = (x * y) € l and x € I. By (I 4) we obtainy « 0 € |
Substitutingx=0=2zin (1 4), we getthat (0 x0) x (0*y) E1 & 0€ |l =y *0 €l

Thatis,0x(y) el &0€l =>y*0€l. Thatisyel &0€l =y*0€l
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So, it follows that (y * 0) x 0 € I. Puttingy =z =0 in (I 4), it follows that
if(x*x0)x(0*x0)eland0€l,then0*x € l. Thatis, x € |
Now (x *0) = 0 € I, implies that x € I. Since (y *x0) x 0 € I, soy € I.
Hence | is an ideal of X.
Finally, to show that I is a closed
Now, assume that x e landy € I. We seethat x * 0 € landy * 0 € |
Sincexx(y*x) = Yx(xxx)=y*0€landx € l,theny * x € |. Similarly, x *y € I.
Therefore | is closed.
Hence the theorem.
The following theorem gives us some equivalences of a-ideals.
Theorem 3.2.4
Let | be an ideal of KK-algebra X. The following conditions are equivalent:

Q) | is an a-ideal of X;
(i) (x*0)x(z*y) €limplies(zxy)*x€l, foranyx,y, z€l
(iii)  (x*0)xy € limpliesy * x € | for any X,y € X.

Proof
Let | be an ideal of KK-algebra X

To prove (i) = (ii)

Assume that | is an a-ideal of X and set s = (x * 0) * (z * y) € .
We can write (X * Q) * (s* (z*y)) =s* (x*0) *(z*xy))=0€ |
By(14)ands€l, thus(zxy)*x €l
Proving that (ii) holds.
To prove (ii) = (iii)

Putting z = 0 in (ii), we obtain (iii)
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To prove: (iii) = (i)
Let(x*0)*(zxy)elandz€ I.
Then ((x+ 0) x (z*y)) * (x*0)xy) < (z*xy)xy<z €l
Since | is an ideal of X, thus ((x * 0) * (z * y)) * ((x * 0) xy) € I, and imply that (x * 0) xy € |
By (iii), y * X € I, and so | is an a-ideal of X.
Definition 3.2.5

An ideal I of KK-algebra X is called an p-ideal of X if it satisfies (x * 0)x 0 € |

implies x € I.
Next, we give the relation between a-ideal and p-ideal in the following theorem.
Theorem 3.2.6
Any a-ideal of KK-algebra is a p-ideal.
Proof
Suppose that | is an a-ideal of KK-algebras.
By theorem 3.2.3, it follows that I is an ideal.
Putting y =z = 0 in theorem 3.2.4(ii), we getthat (x * 0) * (0 *0) €l = (0 *0) * X € |
That is (x * 0) * 0 € | implies x € 1.
Therefore | is an p-ideal.
Note:
The converse of theorem 3.2.6 is not true can be seen in the following example.
Example 3.2.7

Let X ={0,1,2,3}. Define an operation * on X with the cayley table given by

*

0
0 0
2
1

O | N DN

1
1
0
2
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Then (X,*,0) is a KK-algebras and | = {0} is a p-ideal of X, but it is not an a-ideal of

X.Since (2+0)*(0*1)=1x1=0€{0}and 0 € {0} butl*2=1¢{0}

The proof is complete.

Theorem 3.2.8

Proof

Now,

Since

Any a-ideal of KK-algebra is a g-ideal.

Suppose that | is an a-ideal of KK-algebras. It follows that I is an ideal.

let (x = 0) * y € I. We obtain that ((x *0) *y)* ((((y *0) * x) *0) *0)

= ((x*0)* y) = ((((y *0) * 0) * (x = 0)) * 0)

= ((x*0) *y) *((((y *0) = 0) * 0) * ((x * 0) * 0))
= ((x*0)* y) = (y *0) = ((x* 0) * 0))

< ((x*0) *y) *((x*0)*y)

=0el

I is an ideal, so (((y * 0) = x) * 0) = 0) € I. By theorem 3.2.6, | is a p-ideal.

Therefore (y * 0) *x X € I.

By theorem 3.2.4(iii), we get X * y € I. Hence | is a g-ideal.

Note:

The converse of theorem 3.2.8 is not true. From example 3.1.2 it is clear that | = {0}

is not a-ideal of X but 1 = {0} is a g-ideal.

For the converse part of the above theorem we need the condition that I is also a

p-ideal given as follows.

Theorem 3.2.9

and p-

Proof

A non-empty subset | of KK-algebra X is an a-ideal if and only if it is both a g-ideal

ideal.

Let | be an a-ideal of X.
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It is clear that | is both a g-ideal and a p-ideal by theorem 3.2.6 and theorem 3.2.8
On the other hand, suppose that I is both a g-ideal and a p-ideal. It follows that I is a closed.
Now, assume that (x x 0) * y € |
By theorem 3.1.5(ii), we have that x * (0 * y) € I implies x = y € I. Consider the equation
(xxy) * ((y * 0) * (xx 0)) = (y * 0) * (x * y) * (x x 0))
=(y * 0) * (x * ((x x y) * 0))
= (y * 0) * (x * ((x * 0) * (y+0)))
=x*((y*0) * ((x* 0) * (y* 0))
=x* ((x*0) * ((y * 0) * (y* 0))
=x* ((x * 0) * 0)

=0€l

From |l isan ideal and x x y € I, implies (y * xX) * 0 € |
It follows that ((y * X) * 0) * 0 € | because | is a closed.
And since | is a p-ideal, we have y = x € I, and so | is an a-ideal.
The extensive theorem of a-ideal was given as follows:
Theorem 3.2.10
Let A and | be two ideals of KK-algebra X with I c A. If | is an a-ideal of X, then so is A.
Proof
Let | be an a-ideal of X, then I is both a g-ideal and a p-ideal
Now, we need to show A is a g-ideal and a p-ideal of X.
Assume that s = (X * 0) * y € A, thenwe have (X * 0) * (s*xy) =s* (X *x0) xy) =0 € |
By theorem 3.1.5(ii), X * (s x y) € I, and it follows s * (x x y) € I.

Thuss = (X *y) € Aand since A is an ideal, so x xy € A
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Therefore A is a g-ideal of X

Finally, to show that A is a p-ideal of X and lett=(x *0) * 0 € A

Then (x * 0) = (t * 0) =t = ((x * 0) * 0) = 0 € I, and we can write

((x * 0) % (t * 0)) * (((t % %) %0) x0) = ((x * 0) * (t x 0)) * (((t * 0) 0) * ((x  0) * 0))
S((x*0) *(tx0) * (x+0) +(tx0)=0€l

Since | is an ideal, we get that ((t * x) *0) * 0 € |

And since | isa p-ideal, t * x € ICA.

This implies x € A, since A is an ideal.

Hence A is a p-ideal of X.
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CHAPTER -4
P-SEMISIMPLE IN KK-ALGEBRAS
Section 4.1
Properties of p-semisimple KK-algebras

In this section, we define a p-semisimple in a KK-algebra and prove some of its basic
properties.

Definition 4.1.1

(1 A KK-algebra X is called p-semisimple if (x * 0) * 0 = x for all x € X.
(i) In general in a KK-algebra X is said to be a minimal element if a * x = 0

(ie. x < a) implied x =afor all x € X.
Proposition 4.1.2
The following conditions are equivalent for a KK-algebra X :

Q) a is a minimal element of X;

(i) (@x0)x0=a;

(iii)  thereisx € X suchthata=x* 0;
(iv) forallx € X, x+a=(ax*0)=x(x=x0);

(v) forallx € X, x*a=(a=*Xx) = 0.
proof
Proof follows by the definition and properties of KK-algebra.
In the next theorem equivalent conditions of p-semisimple is given.
Theorem 4.1.3
Given a KK-algebra X, then the following conditions are equivalent :

Q) X is a p-semisimple;
(i) Every element x in X is minimal;
(i)  X={x*0:x€ X}.

Proof : Obvious.
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Theorem 4.1.4
Given a KK-algebra X, then the following conditions are equivalent :

(N Xis a p-semisimple ;

(i) foranyx,y € X, (x*0)*y=(y=*0)=*Xx;
(iii)  forany x € X, x* 0 =0 implies x = 0;
(iv) foranya, x€ X, (x*a)*a=x;

(v) X={xxa:x€e X} foranyae€ X.

Proof
Let X be a KK-algebra and a, x, y € X.
To prove (i) = (ii)

Let X be a p-semisimple, by theorem 4.1.3, it follows that for any element in X is

minimal.
Since (y * 0) * x = (y * 0) * ((x * 0) * 0) = (x * 0) * ((y * 0) ¥ 0) = (x * 0) »y.
To prove (ii) = (iii)

Assume that x * 0 = 0, by (ii) it follows that x =0 Xx=(0*0) * x =(x *0) * 0 =0,
proving that x = 0.

To prove (iii) = (i)

Suppose that (iii) holds, by proposition 1.1.16
(((x = 0) = 0) * X) * 0 = 0 and by hypothesis, we get that ((x * 0) * 0) * x =0
Since (X * 0) * 0 is a minimal element of X, it follows that x = (x * 0) x 0
Therefore X is a p-semisimple.
To prove (i) = (iv)

Suppose that X be a p-semisimple
It follows that a and x are minimal elements of X

Since (X xa) xa< X, then (x x a) * a = X.
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To prove (iv) = (v)

Suppose that (iv) holds in X, then x = (x * a) x a =y * a whenever y = X * a.
To prove (v) = (i)

Obvious.
Example 4.1.5

Suppose that (G ; -, e) is an abelian group with e is a unity element in G. Define a
binary operation * on X by putting x * y = x- y. Then we get that (G, *, 0) is a
KK-algebras. And since (x*e)*e=(x"-e)"-e=(x")"=x, for any x € X. Hence

(G; -, e)isap-semisimple.
Example 4.1.6

Let (X; *, 0) be a p-semisimple algebra. Define another binary operation on X as
follows : x -y =(x * 0) *y. Then (X ; -, e)is an abelian group with 0 as the unity element. In
fact, by theorem 4.1.4 x - y=(x * 0) * y = (y * 0) * X =y - X, then the operation -’ satisfies

the commutative law. Also since

X-(y-2)=(x*0)*((y*0)*z) = (y*0) *(x*0) *2) = y - (x- 2)

then the commutative law gives (x-y)-z=z-(X-y)=X-(z-y)=x-(y-2) ~So, the operation

‘. meets the associative law.

Moreover, since X - 0 = (x * 0) * 0 = X, as X is a p-semisimple, so 0 is the unit element

of X. Finally, the inverse element of any element x in X is x * 0. That is because
X*0)-x=((Xx*0)*x0)*x=x*x=0and x-(X*0)=(x*0)*(x*0)=0.

We call the group (X ; -, 0) the adjoint abelian group of (X; *, 0).
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Theorem 4.1.7
Given a KK-algebra X, then the following conditions are equivalent :

(N (x*0)*x0=xforany x € X;
(i) (x*0)xy=(y+0)*xforany x, y € X;

(i)  x*0=0impliesx =0.
Proof
Let X be a KK-algebraand x, y € X
To prove (i) = (ii)
Suppose that X has the property (i). It follows that
(x % 0) * y = (x % 0) * ((y * 0) * 0) = (y * 0) * ((x * 0) * 0) = (y * 0) * .
To prove (ii) = (iii)
Suppose that (x * 0) * y = (y * 0) * x such that x * 0 = 0
Thenx=(0*0)*x=(x*0)*0=0.
To prove (iii) = (i)
Suppose that (iii) holds in X, then (x * 0) * (x * 0) =0
By proposition 1.1.12, x * ((X * 0) * 0) = 0, which means (x * 0) * 0 < X.
And since 0 =X * X < ((x * 0) * 0) * X
Therefore (((x = 0) = 0) * x) * 0 =0, and by hypothesis, it follows that ((x * 0) *0) * x =0
From KK 3, we conclude that (x * 0) = 0.
Theorem 4.1.8
Given a KK-algebra X, then the following conditions are equivalent, for all x, y, z, u € X,

(1 X is a p-semisimple;
(i) (xxy)*x(@Z*u)=(u*2z)*(y*x);
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(i) (xxy)x0=y=*Xx
(iv)  (xxy)x(@Z*y)=z*X
(v) X*z=yxzimpliesx=Yy;

(Vi)  x*y=0impliesx=y;
Proof
Let X be a KK-algebra and X, y, z, u € X
To prove (i) = (ii)
Suppose that X is a p-semisimple
From proposition 4.1.2(v) and proposition 1.1.14(ii), we get
(xxy) * (Z*u)=((z*u)x(x*y))*0
=((z*u) x0) * ((x xy)  0)
= (U *2) * (Y * X).
To prove (i) = (i)
Suppose that (ii) holds, it follows that
(x*y)*0=(x*Yy)*(0%0)=(0%0)*(y*x)=y*X
To prove (jii) = (iv)
From (KK 1), proposition 1.1.14(ii) and corollary 1.1.13(ii), we can write
(z*x)* ((x*y)*(z*y))=0and
(xxy) * (zxy)) *(z*x)=(((y *Xx) * 0) * ((y * 2) * 0)) * (z * X)
=(((y*x) *(y*2)*0)*((x*2)*0)
=(((y*x) *(y*2)) *(x*2))*0
=(xx2)x ((y*xx) *(y*2)

=0.
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To prove (iv) = (v)

Assume that X * z=y x z
Substituting y for x and z for y and x for z in (iv). We obtain X * y = (y * ) * (X *2) =0
And replacing z by y and y by z in (iv), we have (y * X) = (x * ) * (y* 2) = 0
Therefore, by (KK 3), x = .
To prove (v) = (vi)

Assume that x * y =0, it follows that X * y =y * y. By (v), we have X = .
To prove (vi) = (i)

For x € X by proposition 1.1.14(ii), we get X * (x * 0) * 0) = (x * 0) x (x * 0) =0
Using (vi), it yields x = (x * 0) = 0, proving that X is a p-semisimple.
Theorem 4.1.9

Let X be a KK-algebra. Then X is the p-semisimple if and only if one of the following

conditions holds; for all x, y, z € X

(M zxXx=zx*yimpliesx=y
(i)  (xxy)x(x*x2)=y*z

(i) (y*x)*x(z*x)=(y*2)*0
(iv)  (xxy)xz=(zxy) *x

Proof

Let X be a KK-algebra and x, y, z € X
To prove (i)

From corollary 1.1.13 (ii), (z * X) x (z*y) < X x Y
Then we have 0 < x =y, it follows that (x xy) * 0 =0
By theorem 4.1.8, we obtainy * x=0,s0X =y
Conversely, since X * x =0 =x* ((x * 0) * 0)
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From (i), then x = (x * 0) = 0, proving that X is the p-semisimple.
To prove (ii)
Now, we will show (x xy) * (X *2) =y * z
We see that (y * z) * (x*y) * (x*x2)) =0
and ((x +y) * (x+ 2)) * (y ) = (@ * X) * (Y 2)) * (y*2) = (y % 2) * (y +2) = 0
These imply that (X *y) * (X *z) =y *x Z
On the other hand, by (ii), we get (X * 0) * 0 = (X * 0) * (X * X) =0 x X = X.
To prove (iii)
By theorem4.1.8, (y *xX) * (z*X)=zxy=(y *2) * 0
Conversely, by (iii) we obtain (x * 0) * 0 = (x * X) * (0 *X) =0 * (0 * X) =X
To prove (iv)
By proposition 4.1.2 and proposition 1.1.14 (ii), we obtain
(xxy)xz =(Zz+0) *((x*xy)*0)=(z+(x*y) *x0=(x*(z*y)) =0
Then theorem 4.1.8 implies, (X xy) xz= (2 *y) * X
On the other hand, we see that (x * 0) *x 0 = ((0 * X) * 0) = (0 % 0) * (0 * X) = X.
Hence the proof.
Proposition 4.1.10

Assume that X is a KK-algebra. Then B and P are closed of X, where B is the set of

all positive of X, and P is the set of all minimal.
Proof

Since 0 is a positive, then B is non-empty set.
Let x,y € B, it follows that x *0=0andy*0=0

By proposition 1.1.14 (ii), (x *y) * 0=(X*0) *x (y* 0) =0+ 0 =0, it means that x * y € B
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And similarly, y = x € B, proving that B is a closed of X.

Next we will show that P is closed of X. Since 0 is a minimal, then P is non-empty set.
Leta,bePandx<a=xb

Thenbxx<bx*(a*xb)=ax(bxb)=ax0

Thusb *x <ax*0implies0=(a*0)* (b*Xx)=b=x (ax0)x*Xx)

It follows that (a * 0) * x < b and since b is minimal, so (a * 0) *x x=b

Wegetthat x*b=x*((@*0)*x)=(a*x0)*(x*x)=(ax0)*x0<a

By corollary 1.1.13(i), a* b < xand x < a=* b, so x =a * b (ie.,) a * b is a minimal
Therefore a * b € P, proving that P is a closed.

Definition 4.1.11

The set P of all minimal element of a KK-algebra X is called the p-semisimple part
of X.

Proposition 4.1.12

Assume that X is a KK-algebra. Then the p-semisimple part P of X is a p-semisimple
closed of X,and P ={x * 0: x € X}.

Proof
Proof follows by theorem 4.1.3 and proposition 4.1.10.
Proposition 4.1.13
If X is a p-semisimple KK-algebras, then every closed A of X is an ideal of X
Proof
Let X be a p-semisimple KK-algebras and A be a closed of X.
Since Ais a closed of X, then 0 € A

Now, to show that A satisfies (I 2), which assume that x, y € X suchthat x * y € Aand x € A
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By closeness of A, it follows that x x 0 € A and (X * 0) * (X *x y) € A.
Theny * ((x * 0) * (x x y)) = (x * 0) * (y * (X * Y))

= (x*0) * (x* (y x¥)) =0
So, (x * 0) * (x * y) < yand since y is a minimal of X, (x * 0) * (X *y) =y

Hence y € A, this shows that A is an ideal of X.
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Section 4.2
Branchwise Commutative KK-algebra
Definition 4.2.1

Let X be a KK-algebra and ‘a’ be a minimal element of X. Then the set V(a) defined
by V(a) = {x € X : x * a = 0}is called the branch of X generated by a.

Proposition 4.2.2

Let P be the set of all minimal elements of a KK-algebra X. For any a € P and x € X,
if xeV(),thenx*0=axD0.

Proof
Since x € V(a), it follows that x x a=0
Then (x * 0) x (a* 0) = (x*a) * 0 =0. Since a isa minimal, so (a*0) * (x*0)=x*a=0
From (KK 3) proving that x x 0 = a * 0.
Theorem 4.2.3

Let P be the set of all minimal elements of a KK-algebra X. Assume that P is a p-semisimple
part of KK-algebra X. Then

Q) X =JV(a)and V(a) n V(b) = @ whenever a # band a, b € P;

aeP
(i) if xe V() andy € V(b), thenx * y € V(a * b);
(iii) ifaeP,thenx=*a€P, foranyx € X;
(iv) ifaePandxeV(b),thenxxa=b=*a.

Proof
Let P be a p-semisimple part of KK-algebra X.
To prove (i)
Forany x € X, put a = (x * 0) x 0, then a’ is a minimal element of X, and so a' € P

Since x * a'=x * ((x * 0) *0) = 0, it follows that X eV (a") = | J(a)

aeP
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Hence X = J(a)

aeP
Suppose that a, b are minimals of X such that a # b.

Now, assume that V(a) n V(b) # @, then there exists x € V(a) n V(b) , it means that,

X*a=0andx * b=0.

By proposition 4.2.2, we obtainthata* 0 =x+*0=b* 0. Thenb*xa=(a*0) x (b +x0)=0
Likewise, a * b =0

Therefore a = b, contradiction with a # b

This shows that V(a) N V(b) = @ whenever a + b.

To prove (ii)

Assume that x € V(a), y € V(b) and a, b are minimals of X
Thenx*xa=0=y=*D, it followsthat x* 0=a*0andy «*0=Db = 0.
Sinceaxb=(bx0)*(@a*x0)=(y*0)*(x*x0)<xxy,soa*xbh< xx*y
Andsinceaxb e P, x*ye€ V(axDh).

To prove (iii)

Assume that a € P and x € X.

By proposition 4.1.2, it follows that x * a = (a * Q) * (x * 0)
Since a * 0, x * 0 € P and P has closeness property, X * a € P.
To prove (iv)

Assume that a € P and x € V(b)

From proposition 4.2.2, we get that b * 0 = x « 0 and
xxa=(@a*x0)*x(x*x0)=(@=x0)+x(bx0)=b=xa

We conclude that ifa € P and x € V(b), then x * a =b * a.
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Definition 4.2.4

For a KK-algebra X, define a binary operation ‘A’ by X Ay = (X * y) * y, for each

X, y € X. In particular a, =(x*0)+0and
Ly(X)={aeX:axx=0=>a=xVx€X}
The elements of Lp(X) are called the p-atoms of X.
Note :
Foranya € X, a, € Lp(X) (ie)., (a, *0) *x 0 = a,.
Definition 4.2.5

A KK-algebras X is said to be commutative if X = X Ay whenever x <y for all

X, y€X
Note :

Every p-semisimple KK-algebra is commutative.
Definition 4.2.6

A KK-algebra X is said to be branchwise commutative if x Ay =y A x for all
X,y € V(a) and all a € Lp(X).

Proposition 4.2.6
If X is a branchwise commutative KK-algebra, then X is a commutative.
Proof
Assume that a KK-algebra X is a branchwise commutative
We have that x Ay =y A x, forany x, y € V(a) and a € Lp(X)
Now, let X, y € X suchthat x <y. Since (x * 0) * 0 € Lp(X) and (x * 0) * 0 <0 *xx <y
Hence X, y € V((x * 0) = 0), impliesthat XAy =y AX=(y *X) * X=0* X = X.

Consequently, X is a commutative KK-algebra.
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SUMMARY AND CONCLUSION

In 1966, Y.Imai and K.Iseki [13, 14] introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras. It is known that the class of BCK-algebras is a proper
subclass of the class of BCl-algebras. In 1984, Y.Komari [22] introduced the notion of
BCC-algebra. In 2009, C.Prabpayak and U.Leerawat [25] introduced the new algebraic
structure called KU-algebra. For the general development of BCK / BCI / BCC-algebras, the

ideal theory plays an important role.

In 2012, S.Asawasamrit and A.Sudprasert [4] introduced a new algebraic structure
called KK-algebras, and described the relation between ideals and congruences. In this thesis
some interesting results on Quotient KK-algebras, KK-isomorphisms, p-semisimple

KK-algebras and on various ideals in KK-algebras are discussed.

In the first chapter, we have studied the notion of KK-algebras and their properties.
Also ideals in KK-algebras and their properties are discussed due to S.Asawasamrit and
A.Sudprasert [4].

In chapter 2, Quotient KK-algebras and its properties are discussed. The relation
between ideals and congruences are described. Also, we have made a detailed study of the

concepts of isomorphism of KK-algebras due to Asawasamrit [2].

In chapter 3, the notion of g-ideal, a-ideal and p-ideal in KK-algebras and their
properties are studied. Also the relations between them are discussed due to Asawasamrit and
Sudprasert [5].

In chapter 4, the notions of p-semisimple KK-algebras, branchwise commutative

KK-algebras and their properties are discussed due to Asawasamrit and Sudprasert [6].

We hope that a deep study of KK ideals and KK-isomorphism in KK-algebras can be

extended to various algebras. So, it provides a lot of scope for further research.
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