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SYNOPSIS

In chapter I, notations, definitions and some preliminary
results which are used in this dissertations are given. The earlier

work done by many researchers in connection. witth heterogeneous

and homogeneous servers is also pointed out.

In Chapter II, we analyse a bulk service Markovian queueing
system with balking and two-heterogeneous servers. Each service
facility takes s customers or the whole gueue (whichever is less)
for service. The service times for batches for the two channels
are exponentially distributed with means ul-l and uz-l respectively.

Our main interest in this chapter is to determine the capacity
of the slower server and obtain the optimal service rates that
minimize the average characteristics of tﬁe heterogeneous system.
The heterogeneous system is compared with a corresponding
homogeneous system and a condition showing the efficiency of
the heterogeneous system is obtained. This condition involves

only the traffic intensity and the service rates.

The model we consider in this chapter is a generalisation
of V.P.Singh's model [14]. He has compared the heterogeneous
model M/Mi/Z/B with the homogenous model M/M/2/8. We here

ificall are M/M B odel with M/M B to
specifically compare / 1(1,s)/2/ model w / (1,s)/2/

obtain a corresponding condition.



The Tables representing the average queue length of both the

systems are given in details.

A two server heterogeneous Markovian queueing system under

general bulk service rule with a different queue discipline is

discussed in Chapter III.

Arora [2] considers a bulk service queueing model with
Poisson arrivals at a mean rate A and two service facilities with
capacities S, and S, () = S;). The first (second) facility takes

Sl(SZ) customers or the whole queue. The queue discipline he

has considered for the above model is

When both channels are free the service always starts at

the first.

We extend this -problem by assigning customers to the two
servers with probabilities ﬂl and To respectively such that
nl + 112 = 1. Laplace transform of the transient state probabilities

and the steady state probability distributions are derived for

this above model.

In Chapter IV, an extension is made, in the sense that,

we assume that the interarrival times have Erlang distribution



with mean for each phase of k—lx such that overall mean inter-

arrival rate is % This system also has two heterogeneous servers

whose service times are exponentially distributed with means

1

r. i =1, 2. The steady state queue size probabilities, the
i

expected queue length and the expected waiting, time for this

model are derived. The Little's formula is also verified on that.
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CHAPTER - 1

INTRODUCTION

A queueing system can be described by the flow of units
for service, forming or joining the queue, if service is not
immediately available and leaving the system after being served.
By units we mean those demanding service. In practice, customers
at a bank counter (orA) at a reservation counter, incoming calls
at a telephone exchange, vehicular traffic at a traffic intersection,
machines under repair by a mechanic etc..‘e are considered as
units. The basic characteristic features are the input, the service

mechanism, the queue discipline and the number of channels.

THE INPUT : describes the manner in which units arrive (either
singly or in a group) and join the system. The interval between

two consecutive arrivals is called the interarrival time,.

1% Exponential (Markovian) distribution with density function

f(x) = re” X,

2. Erlang distribution with density function

(A k)k k-1 -k Ax
f(x) = 3 2 are some of the interarrival
Ik

time distributions we have considered in our dissertation.



SERVICE MECHANISM

The service mechanism describes the manner in which service
is rendered. A unit may be served either singly or in a batch.
The time required for servicing a unit (or a group, in case of

batch service) is called the servicetime.

In the case of batch service the usual rule followed by

many authors is the General Bulk service rule introduced by Neuts

(121].

GENERAL BULK SERVICE RULE

If, immediately after the completion of a service, the server
finds less than a units present, he waits until there are a units,’
where upon he takes the batch of 'a' units for service ; if he
finds 'a' or more but atmost b, he takes them all in the batch
and if he finds more than b, he takes in the batch for service
b units, while others wait. The batch takes a minimum of ‘a‘
units and a maximum of 'b' units. In Chapter II and III we

consider the above rule with a = 1.

THE QUEUE DISCIPLINE : indicates the way in which the units

form a queue and are served.



a) First come first served (FCFS)
b) Last come first served (LCFS)
C) Random ordering before service

are some of the usual queue disciplines

SYSTEM CAPACITY

The number of customers, both in the queue and service

put together, is called the system capacity. It may be finite

or infinite.

NUMBER OF CHANNELS

The system may have a single channel or s-parallel channels
for service. In parallel channels some times all the servers may
be considered to have the identical mean service rate. In this
case the system is said to be the homogeneous system. In the
case of heterogeneous system the mean service rates of different

servers are assumed to be distinct.

Most of the multiserver waiting line problems tackled in
the literature assumes the servers to be identical. However this
situation is not very realistic and can prevail only when the
service process is highly mechanically controlled. In the case

of human servers, they cannot be expected to work at the same



rate. Such situations are faced in every day life, e.g., at check
out counters in a grocery stores in banks etc. So our main interest

here is to discuss the heterogeneous gueueing system.
EARLIER WORK IN HETEROGENEOUS QUEUEING SYSTEM

Morse [11] seems to be the first to introduce the concept
of heterogeneity in service. He considers a service facility
consisting of two independent branches, one of rate 20 u and the
other of rate 2(1 - 0), where o € (0, 21-) ; and obtained the

steady state results for the following two cases.

1. no queue is allowed before the service facility and

2. an infinite queue is allowed before the service facility.

This problem has been generalized to n-independent branches
by Gupta and Goyal [8]. These authors have obtained the system-

size distribution in the case of an upper limit on the queuve size.

Saaty [13] further discusses Morse's problem by designing
the service rates Hq and ué to the two branches and he replaces
0 by My / (ul + uz). The new feature in his dviscussion is
that both branches act as two servers and an arrival, on finding
one of the servers free, immediately enters service. He has given

explicit expressions for the steady state probabilities and the

mean number in the system,



Krishnamoorthy [9] further extends this problem by assigning

Ccustomers to the two servers with probabilities Ty and 1 such

2'
that ”1 + TTZ = 1. He obtains both the steady state and the
transient solutions and also studies the problem under a modified

queue discipline by allowing a certain fixed number infront of

the first server.

For an arbitrary number of servers Gumbel [7] studies
the M/Mi/S system in which arrivals, on finding all the servers
busy, join a common waiting line and get sereved on a FIFO (first-
in-first-out) basis. He compares the average number of customers
in the system to the average numbeer of customers in a similar
system in which the service rate for each server is replaced

by the arithmetic mean of the service rates of the original system.

Ancker and Gafarian [1] have further investigated the problem
posed by Gumbel. They have put an upper limit N on the queue
size and thus studied the M/Mi/C/N system. They have obtained
various steady state results and some of its special cases. Finally

they have compared a heterogeneous system with an equivalent

homogeneous system.

Godini [6] has obtaihed the steady state probabilities for
the M/Mi/C system under a modified queue discipline. If a service

station with a smaller rate is available, the customer may prefer



to wait until a service station with a more rapid service is
available, if the total time spent in the system is in this way

shorter.

V.P.Singh [14] analyses a Markovian queueing system with
balking and two heterogeneous servers. He has compared the two
systems by replacing the service rate for each server in the
homogeneous system M/M/2/8 by the average service rate of
the corresponding heterogeneous system M/Mi/Z/ B. A condition is
obtained under which the M/Mi /2/ 8B system is more efficient
than the corresponding homogeneous system. An exact formula that
gives the best allocation of the service rates to the servers
and that also minimizes the operational parameters of the

heterogeneous system is also derived.
HETEROGENEOUS SERVERS WITH GENERAL BULK SERVICE RULE

Arora [2] and Ghare [5] have discussed the M/M(1, bl).

M(1, bz)/Z and M/M(1, b)/C gueueing systems respectively.

M.L.Chaudhry and others [4] have considered a more general

two-heterogeneous system [M/M(al, bl), M(az, bz)/2] and obtained

the steady state probability distribution of the number of customers.
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NOTATION

KENDALL'S NOTATION

A very convenient notation designed by Kendall (1951) to

denote queueing systems has been universally accepted and used.

It consists of a three part descriptor A/B/C, where the first

and the second symbols denote the interarrival and service time

distributions respectively and the third denotes the number of

channels or servers.

For Example

(1)

(ii)

(iii)

M/Mi/Z/B In this case we have a two-server queue under
the assumption of Poisson arrivals with rate A and negative
exponentially distributed service times with different service
rates Ui(i = 1, .2) for each of the two servers. B denotes
the probability with which the customer joins the system

when both servers are busy.

Ek/Mi/z Here the inter-arrival times have an Erlang

distribution and the service is as in (i).

M/Mi(l 5 )/2 represents a bulk service queueing system
! i
with Poisson arrivals at a mean rate A and two service

facilities with capacities S1 and 87 ; the service times



for batches for the two channels are exponentially distributed

with mean —1—, i=1, 2.
By

DEFINITIONS AND PRELIMINARY RESULTS

TRANSIENT STATE

A system is said to be in transient state if its operating

characteristics are depending on time.

STEADY STATE

A system is said to be in steady state when its operating
charactersitics are independent of time. That is, the number of

arrivals during a certain interval becomes independent of time.

LAPLACE TRANSFORM

Let f(t) be a function of a positive real variable t. Then
the Laplace transform (L.T.) of f(t) is defined by

@

F(s) = J exp (-st) f(t) dt for the range of value of

s for which the integral exists. We shall write F(s) = L f(t)

to denote the Laplace transform of f(t).



ROUCHE'S THEOREM

It f(z) and g(z) are functions analytic inside and on a closed
contour ¢ and if |g(z)| < |f(z)| on ¢ then f(z) and f(z) + g(z)

have the same number of zeros inside c.

For example the equation u z5*! - (AB + 1) z +A8 = 0
real root AB
has only one/in (0, 1) with T <1,
LITTLE'S FORMULA
If A = the arrival rate
W = the expected waiting time in the system
i = the number of customers in the system

then 6 = AW
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CHAPTER - 1II

A COMPARISON

We consider "A two-heterogeneous-server-Markovian
queueing system" such that each server will serve customers in
batches of size atleast one and atmost s with service rates 1/111 and
1/L12 (u1 = uz) respectively. We denote this model by M/Mi(l's)/Z/b
where B is the probability that the arriving customer finding

both servers busy joins the system. A corresponding homogeneous

model is also discussed.

Steady-state results are obtained for both the models
and conditions under which the heterogeneous system is 'better'
than the corresponding homogeneous system is derived. The two
systems are compared by replacing the service rate for each
server in the homogeneous system M/M/2/8 by the average service

rate of the corresponding heterogeneous system M/Mi(1 S)/2/8.

Statement of the Problem

M/Mi(l S)/Z/B : This is a bulk seri}ice queueing system
with Poisson arrivals at a mean rate A and two service facilities
each with capacity s. When both channels are free the service

starts at the first. The service times for batches for the two

10



& |

channels are exponentially distributed with means El_ and u—l_

1 2
respectively. When both channels are busy the customer either
join the queue with probability RB(O < B < 1) or balk with

probability 1 - B8,

Notations and Equations

Py olt) = Prob { the system empty at time t }
P1 0(t) = Prob { the first channel busy, second empty (and
no unit in queue) at time t }
PO 1(t) = Prob { the second channel busy, first empty (and
no unit in queue) at time t }
P, nlt) = Prob { both channels busy and n(> 0) units waiting
in queue at time t }
For n = 1, Pl(t) = PO 1(t) + P1 0(t)
The difference - differential equations for the system
are
d PO O(t)
L @ = - A Byt + o P olt) +uy Py 4 (1)
d P1 O(t)
o TTa = = (s ) Pyt +a Po olt) + 1y Py (1)
d P t)

3. —_—— = - (A +u2) PO 1(t) + Hq PZ O(t]
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d Pz 0(t)
S
+ U X PZ n(t)
n=1
d Pz n(t)
5. —5— = - (AB + ) P2 n(t) + AB P, n-1{t)
+ pPz n+s(t) Vnil
Where H = u1+u2

Assume the steady state distribution exists and 1let

1t _
t > Pi n(t) - Pin

Then the steady-state equations are s

6. 0 = -)\P00+1J1P10+UZP01

7. 0 = -(X+U1)P10+)\POO+HZP20

8. 9 = -(A+uz)P01+u1P20
s

9. 0 = -(xs+u)on+A[P10+P01]+uLP2n
n=1

10. 0 = - (AB +AL1) Pzn+>\B P2 n_1+LlP2 |

The characteristic equation from (10) is

qu+1—(>\B+u)z+)\B = 0

AB

Let us assume that m <1
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Using Rouche's theorem, the above equation has only one

zero inside |z| = 1. It is real. Let r be the root in (0, 1).
Then
10a. P2 = A with 0 < r < 1
n
= P2 0T (n > 0)

Solving equations (6), (7), (8) and simplifying we get

o A(A +uz)
P = P
2 0 U, (1 +2p) 00
A
Where p =
TP
B A(1 + p)
Fio = I 2z Poo
- oA
Po 1 = n, (T+2p Foo
Then P1 = P1 0 + P0 1
_ A (“1‘““2*“20)13
(1 + 2p) Hq My 00
A (A+u2) o
(1 + 2p) My Hy 00
10b. and F’2 e pP1



14

The probabilities P1 0* PO 1 P2 n are given in terms

of POO Thus PO o can be calculated using the normalising condition,

Poo*Pro*Ppq*+ 2 B =1
n=0
A(A+u,) °°
A(1 + p) oA P 2 ! n
p00[1+u1(1+207+u2(1+29)+u1u2(1+ZOTL rl
n=0
= 1
b - 1. ALA % g 1-rs+ p)-1
00 Hy Hy (1 + 2p) (1 - r)
1
10c. = —
1 + C
where
o* ol LI TR T

Ulllz (1"'20) (1 -r)

Next we shall calculate the following resultings for the above

model :

(i) Expected queue length E(Q)

(ii) Expected waiting time E(W)

@

(iii) Probability that both the servers are busy 2 Py 4

n=0
(iv) Probability that atleast one server is idle

POO+P + P = 1 - X P

10 01



(1) Expected Queue Length

E(Q)

10d.

pr
(1 - r)z

(ii) Expected Waiting Time

E(W) =

(o)

St w(t) dt
0

where w(t)

of an arriving customer in the queue.

15

is the waiting time

The arriving customer has to wait only when he finds both

the servers are
with k >0 ;0

Hence

W(t) dt

busy and the queue contains n = ks + q members

< g < s-1. This occurs with probability P

k
_ ; -ut (ut)
= P ) Pz ks+q H e -—E dt
g=0 k=0
s-1 o K
= I I pe MtWH) P, £KS*a gy
q:O k:o li

2 ks+q°
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s S
= o P LTy o HE g M)
s S
- op lor gutat)
[ee]
E(W) = J t w(t) at
0
[e )
S S
= o B 11' T IRt
0
- pp1 : S
M(1 - r) (1 - r°)
Since r satisfies the equation, urs+1 - (AB + p)r + AB = 0 we get
PP, T
E(W) = 1 3 = EX%Q—) (Littles formula)
(1 - r)“iR

o

(iii) Probability that both the servers are busy ¥ P

2 n
n=0
_ n
= I Pyr
n=0
= PP 1
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Next we shall consider a corresponding two-servey homogeneous

queueing system, M/M(1 S)/2/8.
’
Let P2 n(t) denote the probability that both servers are

busy and n customers are in the queue for all n > 0 at time

t.

Let Pl(t) denote the probability that only one server is

busy and no unit in queue at time t.

Let P0 0(t) denote the probability that both servers are

free and no unit in queue at time t.

The steady-state equations for the homogeneous system

M/M (1'8)/2/8 are given by

(15 0 = -)\POO+UP1
(12) 0 = -()\+U)Pl+)\POO+2UF’ZO
| s
(13) 0 = -()\B+2U)P20+2LIZP2n+ XPl
n=1
(14) 0 = -(>\8+ZU)PZH+>\B P, n_1+21JPZ nes (n>1)
from (14)
Py hn = Py o r' where r is the root which lies in (0, 1)

of the equation

2UZEE B i)z A = 0



Solving equations (11) and (12) we get

P = ZOPOO

N"U
o
I
e
©
U

20 =
00 = [1+ZD+YT_T—F]

U
I

For the homogeneous system,

10e. E(Q) = gL P
(1 -r)2 1
E(w) = EQ)

AB

Where p

as

A
7p < 1

18
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COMPARISON BETWEEN M/M(l’s)/Z/B AND M/Mi(l's)/Z/B

We compare the two systems by replacing the service rate
Ul + Uz
2
of the corresponding heterogeneous system. This substitution leaves

u of the homogeneous system by the average service rate

P unaffected for both systems and simplifies some of the
computations. The difference between the two systems lies in
the probabilities PO 0 and P‘1 Otherwise the probabilities P2
in both have the geometric distribution for n > 0,

We say that a heterogeneous system is 'better' than the
corresponding homogeneous system if (i)PO 0 > P0 0* (i)Pl < P1 and
(i)Pz - < Pz n for n > 0. The superscript (i) on the top left

side of the symbols corresponds to the heterogeneous system.

The following theorem gives a condition in terms of p and
the service parameters guaranteeing that a two-server heterogeneous

system is better than the corresponding homogeneous system

THEOREM : 1

Given o and A, a necessary and sufficient condition for

a two-server heterogeneous system to be better than the

u
corresponding homogeneous system is that p < LT—ZTT then
1 2

SE(.) = E(.) - Dg(y > o,
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Proof

Since for both systems P2 n - AT P1 n > 1, it suffices

to compare the probabilities P, and P

1 0 0° We have

1 00
_ 20 _
2
1+ 2p +12‘ir
1p A AE 1
1 1 + 2 VAT A(A +Uu,) (1T -1 pp)
121 2

*uluz 1T +27%2) (1-0)

Ko H (1 + 2p)

1 2 - -1
_ [ +11_rr+p]
AA o+ UZ)
Now
(1)
P1 < Pl
-1 (i), -1
< > <
Py Py
2 Mo W, (1 + 2p)
<">1+20+1O <2p[12 +p41-1—r‘]
A(X o+ u,) =
2
Ho W, (1 + 2p)
o> 1 1 "2
2p A (A +u2)
Substituting for p = A

Hy F o
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We can prove that the above condition also guarantees that

1p > p

0 0

0 00

Cme> 1 + 2p + 202 > 1 + }"0“"“2) il
1 -r Hy My (1 +20) (1 -1)
Simplifying
2 ‘ 2 2
- M”1‘”2) # g (™ = 3" > @
M

< e > R — A > - 2

LT By

M

15  <=—> o < 2__
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Next we show that SE(.) > 0. From equations (10d) and
(10e)

SE(Q) = E(Q) - (Mg(q
pir (i)
= —LL__ (p, - Bp
T e 1
SE(W) = E(w) - g
pr (1)
= [P, - P25
1 -2 55 1 1

Since for given A and p the quantities infront of the final
paranthesis in the above two expressions are positive and also

P, - (i)Pl > 0 from (14) and (15) we have
S§E(.)> 0

REMA RK

Suppose we changé the queue discipline in this two-server
heterogeneous system to the following : "An a.g'rival finding both
servers free chooses the first server with probability T, and
second server with probability My such that m, + 1 = 1

1 2
then the condition given in theorem 1 takes the form
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The steady-state results and transient solutions with the

above discipline for a more general case are discussed in the

next chapter.

Now the best allocation of the service rates My and Mo
to the two servers is determined in such a way that the average
charactereistics of the heterogeneous system are minimized and
thereis an improvement over the corresponding homogeneous system.

In this context the following lemma and theorem are proved.

Lemma 1

A +u2
For a fixed X and o , f(u,) = - is a
2 My (A P U,y

strictly convex function of My and achieves a unique minimum

o _ 1.%
at W, = >\[(1+p =1
Proof
)\+u2
Given f(u,) =
Aty =P Mol = (A +u,) (A =201,)
, 2 2 Ha PUa
f(u2)=

2
(Xuz-ouz )2
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. } — o _ 1%
P) = 0 == u,® =+ A1 43 1]
positive value
The /gives the minimum condition for the function f(uz)

as P%uzo) > 0 '
THEOREM : 2

For a given A and o, Uzo = A[(1 + %)% - 1] is the best
allocation to the second server. This uzo minimizes the average
characteristics (i)E(Q) and (i)E(W) of the two-server heterogeneous
system and gives the following reductions over the corresponding

average characteristics of the homogeneous system

%
16. S E(Q) = P rk
2 %
17. S E(W) = (Qr) K
% _ ZO
18. where k (T =) [ 5

5; + (1 +2p) (1 - r)

1

P+ (1-1) [1 ¢ (1429) x ((1 + 1)%-)?

and

S E(.) E(.) - (i)E(.) is positive.

Note that Uzo is independent of B.

]
]
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PROOF

In order to show that the choice of uzo stated in the theorem
is the best for the second server it will be sufficient to show

(1) ’ i (i) . i )
that P2 n § are minimized and Pools maximized by Mo

From (10a) and (10b)

(i)PZ = o o} (i)Pl
(i)po 0= 1 : (from 10c)
1 +C

(i) (1 -r) 1

and P = )
1 (1 +p = 1) (1 + %
C

where

C* - A()\ +]~12) (1 -1 + p)

%
C can be written as

O
1

k f(u,)

with

K - A(lL + p - r)
(1 -r) (1 + 2p)

>0
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0

*
Lemma 1 shows that f(uz] is minimized by Moo Hence C is

minimized by UZO. Therefore (I)PO = —1,5 is maximized by
1 +C

6]
“2 and

(1) _ (1 - r) 1 : il
P1 = (1 + 7 =1) 1 1s minimized by H
(1 + =)
C

0
2 .
Next we shall consider S E(Q) and &§ E(W) at uzo

§ E(Q) E(Q) - Wr(q)

pr
(1 - r)

7 (P, - (i)Pl) from (10d) and (10e)

Substituting for P1 and (i)Pl and simplifying we get

§E(Q) = L — 1 26 5

(1 -r) (1+zo+1zfr)

- Vo is) 5]

(T + 0 =r) + (1 +20) (1-1) ((1+ 5 - 1)
- or k* (from 18)

Similarly,
SE{(W) = 0L (p, - p_y

(1 - r)® ag L 1

= I k (from 18)
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REMARK

With this allocation of uzo we can show that & E(.) is
positive. For this it is enough if we prove that the condition

of theorem 1 is satisfied by ulo and uzo. Recall that

o _ 1.% _ o _ A 0
Hooo = K[(1+5 1] and u," = (p_“z)
UZO
We now show that p <
THR P TH
1 2
u,°
Assume on the contrary that 5 = e
]Jl - UZ
then
o
Eo
A o _,.0 SNt
0 52 2
1% _ A
— AP -1 2 sy
= [(1 + p)% - (o)%]zi 0 which is impossible.

Hence ulo and uzo satisfy the required condition.

1
We next proceed to establish that uzo = A[(1 =+ %—)é - 1]

also reduces the variance of queue size, waiting time distributions

etc. Our next theorem demonstrates this fact and gives reductions
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in the variance of these quentities of the heterogeneous system,
over the corresponding homogeneous system. We shall denote the
variance of these quantities by var(.). We shall also denote by
6 var(.) the differencee in the variance of the two-server

homogeneous and heterogeneous system.
THEOREM : 3

1
For fixed 8, X and p, 1,° = X [(1 + %)f = 1] minimizes

the variances of the queue length and the waiting-time distributions

respectively. Then,

We have
19 Svar(@ = ok’ (ZL 41 ﬁ? [(1-r)%k™ - 2 R
20§ var(w) = K (2o’ 5 - pi r’ > x
(1-r) (2 B) (1-r)® (AB)
(2P, - k" (1-r)*]]
Where
21 k= L, 2p

1-r 2

20" + (1 +2p) (1 - 1)

1
o+ (1-r) [1+(1+2o)((1+%)‘f-1)2]

]
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p 20 (1 - r)

202+ (1-1) (1+20)

and
§ var(.) =  var(.) - Bvar(y > 0o
Proof
WDyar(q) - ol (”Pn - (MEg(q))?
n=1
= 0 (i)Pl % n(n-1)r" + (1)E(Q) - ((i)E(Q))2
n=1
) (1), 2 d (2 P
= (0] 1 r d—z- ) of
E n=0
b—BT_ Wp g L pr ()
(1 - 1:‘)2 1 (1 - r‘)2 1
pr 2r por (1) (i)
= [ + 1 - P ] P
(1—1")2 1-r (1-1‘)2 1 1
Similarly
Var(Q) = Br [2E 4. _°fr by p
(1-r)2 1-r (1_”2 1 1

22 § Var(Q) = Var(Q) - (i)Var(Q)



(1 - r) 1 -r 1
or 2 (i), 2
(P P.7)]
(1 - 1) 1 1
_ pr (=21, 1) (p, - 1p
(1 l:_)2 1 -r 1

pr (i) (i)
- ___._2_(1 - (Pl - Pl) (P1 + Pl)]
(i) o]
Pl -~ Pl at My o 1s
(1) TR
Dl P1 k (1 -r)
(i) o
P1 + P1 at ”2 is
P, o+ mpl = - k(1 =12 4o P,
Substituting these in (22) we get
§ Var(Q) = Dr‘k"< [ 2r B 5

To show that & var(Q) > 0
Assume § Var(Q) < 0 then it follows that
* [ 2r pr

TeE o e -z e s

pr k
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—>

2p(1 -r)

20% + (1 =) (1 + 20)

Ork*j— 20T 1+ 2pr‘z - 2p(1 - r)
(1 - r) 2p + (1 -1r) (1 +2p)

2
2r 2c 20
1 + -
1 - r (1 - r) (202 + (1 - [‘) (1 + 20 ))

| A
I

F Y
But since k is positive, ¢ Var(Q) is also positive

We shall calculate & var(w)

Wvar(wy = Wgy?) - (Wgy))2
(i), .2 T 20 r? (i)
E(W*) = Jt7 W(t) dt = 4 5 By
0 (1 - r)" (AB)
Therefore
(1) 2 o r? (“Pl or (i)Pl .
var(w) = 3 7 -~ 2 )
(1 - r)° (AB) (1 - r)® X8
- or 2r Pr




Similarly

Var(w)

S Var(w)

1}

pr [ 2r _ pr
(1 -r)? (ag)r T =11 T 2
Var(w) - (i)Var(W)
or 2r (i)
[ (P, - B
(1 - r‘)2 (A 8)2 (1 - r) 1 il
pr 2 (i), 2
- (P = P,")]
(1 -r)2 1 z
K 2 p r? _ o? r?

(1 - r) (r g)2

2 P, - kK (1 - r)?])

(1 - r)? (AB)2
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APPENDIX

In the APPENDIX we present the table that gives the average
number of customers waiting in the queue in both the homogeneous

and heterogeneous system. In the first three tables we calculate

the average queue length for different p such that % = E)\TJ < 1.
when s = 1, 2 and 12. The percentage reductions in the mean

of the indicated quantities are also given. In Table 4 we give
the average queue length for fixed o and different s. From the
first table it is noted that the ex pressions coincide with the

corresponding expressions of V.P.Singh [14] when s = 1.

33



TABLE 1

34

AVERAGE NUMBER OF CUSTOMERS WAITING IN THE QUEUE when s=1

0 r E(Q) We@ 100 § E(Q)/EQ)
0.10 0.100000 0.002020 0.001635 19.059406
| 0.15 0.150000 0.006905 0.005938 14.004345
0.20 0.200000 0.016667 0.014911 10.535789
0.25 0.2 50000 0.033333 0.030650 8.049081
0.30 0.300000 0.059341 0.055649 6.221668
0.35 0.350000 0.097721 0.092985 4,846451
0.40 0.400000 0.152381 0.146600 3. 793780
0.45 0.450000 0.228527 0.221722 2.977763
0.'50 0.500000 0.333333 0.325542 2.337302
0.55 0. 550000 0.477061 0.468332 1.829745
0.60 0.600000 0.675000 0.665386 1.424296
0.65 0.650000 0.951082 0.940640 1.097907
0.70 0. 700000 1.345098 1.333885 0.833619
0.75 0. 750000 1.928571 1.916644 0.618437
0.80 0.80000 2.844444 2.831858 0.442476
0.85 0.850000 4,426126 4.,412934 0.298048
0.90 0.900000 7.673684 7.659937 0.179145




TABLE 2

35

AVERAGE NUMBER OF CUSTOMERS WAITING IN THE QUEUE when s

0 r E(Q) Mg (q) 100 § E(Q)/E(Q)
0.20 0.170820 0.013282 0.011880 10.555639
0.30 0.2416 0.041151 0.038565 5.947459
0.40 0.306225 0.090034 0.086515 4,070864
0.50 0.366020 0.1632 78 0.159179 2.510442
0.60 0.421950 0.263877 0.259524 1.649632
0.70 0.474670 0.395170 0.390806 1.104334
0.80 0.524695 0.561655 0.557442 0.750104

TABLE 3
When s = 12

o r E(Q) (g (q) 100 § E(Q)/E(Q)
0.6 0.3750 0.2062073 0.202 7121 1.6949933
1.2 0.5456 0.7814825 0.7796718 0.2317006
2.4 0. 7093 2.128453 2.1281014 0.0165143
3.6 0.7933 3.602369 3.6022692 0.002 7815
4,8 0.8477 5.377954 5.3775592 0.0007865
6.0 0.8874 7.724864 7.724343 0.002679

2



TABLE 4

s =2 s =4 s = 12
P
. ; i
r e We) 1006 E@EWQ r e Ve 1006 E(QE(@ v e e 100 6 E(Q)/EQ)
0.6 0.421950 0.2638771 0.2595239 1.64971 0.3799489 0.211694 0.2081157 1.69031 0.3750019 0.2062073 0.2027121 1.695
1.2 0.7041594 1.7640822 1.761051 0.171828 0.5737046 0.895245 0.893256 0.22173 0.5456 0.7814825 0.7796718 0.2317

9¢
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CHAPTER - 1III

M/Mi(l’si)/z i=1, 2 SYSTEM

In this chapter, we consider a bulk service queueing system
with Poisson arrivals at a mean rate A\ and two service facilities

with capacities S; and 'S, with S, < S;- The first facility takes

S1 customers or the whole queue whichever is less and the second
takes S2 or the whole queue whichever is less. The service times
for the batches for the two channels are exponentially distributed
with mean 111—1 and % The queue discipline namely when both
channels are free, the arriving customer joins the first service.
facility (whose maximum capacity is Sl) with probability Ty
and the other service facility with probability T, such that

Tfl +TT2 = 1, is followed. When TT1 = 1, the model under discussion

coincides with Arora's [ 2 ] model.

The steady-state probabilities and the Laplace transform
of the transient state probability distribution of queue length

for the above model are derived.

Let
Py o(t) = Prob { the system empty at time t }
P1 O(t) = Prob { the first channel busy, second empty

(and no unit in queue) at time t }

37



The

d PO 0(t)

dt

d P1 0(t)

dt

d PO 1(t)
dt

d P2 0(t)

dt

above

38

Prob { the second channel busy, first empty
(and no unit in queue) at time t }
Prob { both channels busy and n( > 0) units
waiting in queue at time t }
Pl + PO'1
probabilities satisfy the following difference-

differential equations

"

A PO O(t) * Uy Pl O(t) * U, P t)

0 1!

(A + pl) P1 0(t) + AT 1 PO 0(t)
Ky By glt)
(A +u2) PO 1(t) + AT 2 PO O(t)

Py O(t)

I
5P

m=1

1
A
I
-

tHy P H) By (1) + AP, (1)

PZ n+sl(t) AL

2 B2 ones (D (N2 1)
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TRANSIENT SOLUTION

First we discuss the Laplace transform of the transient

solution for the above model.

o}

: n
Define F(x, t) = 7 P2 n(t) X
n=0
From equations (5) and (4) we see
IF(x, t) _ it )
6 —7— = —[>\+u1+u2—)\x—u1x —uzx JE ()
§4-1 m-s,
* Uy 2 (1 - x )P2 m(t)
m=0
81 k-s,
+ Mo P (1 - x ) PZ k(t)
k=0

:(“1 + ”z) pé O(t) + A[Pl O(t) . PO 1(t)]

Let Po O(s), Py O(S). pO 1(5). ) 0(s) and f(x, s) denote
the Laplace transform of P0 O(t). P1 O(t), PO l(t). P2 O(t) and
F(x, t) respectively. Then from (1), (2), (3) and (6),

7 - (s + 1)) Pg ol8) + 1 + H1 Pp o(8) + u, Pg 1(8) = 0
8 = (S A Ul) pl O(S) + A nl po O(S) + Uz pz O(S) = 0

9 =R (S +U2) po 1(3)"')\“2 po O(S) +U1 pz O(S) = 0
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S §4-1 m-s,
b [“1 3 (1 - x )p2 m i8]
m=0
§,-1 k-s,
* Uy DX ”_‘X ) Py (8)
k=0

=g+ uy) Py ol8) + Alpg ols) + Py 1(8)1]

sl+1 s
[ -Ax +(s+>~+u1+u2)x

81=%
x -

10 f(xv s) =

i}

We assume that the system starts with empty state, so

that PO O(0) = 1 and

Pl 0(O) = PO 1(0) = P2 n(0) = 0 (n > 0)

The zeros of the denominator of (10) can be obtained from

the solution of the equation

S, +1 S S, -
Axl -(s+>\+u1+uz)x1+ulesz+

Applying Rouche's theorem we find that above equation
has s, roots inside and one root outside x| = 1. Let the roots
inside |x| = 1 be denoted by x;(8), i =1, 2, ..., s, and one

outside by xO(s).
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We note that the numerator of equation (10) has 4 roots.

Since f(x, s) exists for |x| < 1, the zeros of numerator and

denominator must cancel leaving

A(s)
xO(s) - X

f(x, s)

A(s)
xo(s) [1 -

XO(S)

2} Py (s) x

- A(s) -
pz n(S) = ————FT n = (s Il 2, oXels
Xg(s)

A(s)

e ) S

_ A(s)
s - xois) -1
ie.,
(xo(s) = 1)
A(s) = S (=g + Hy) Py ols) + X(pl ols) + Pg 1(8))]

The expressions p1 0(s), Py 0(s) and p0 1(s) can be obtained
from (7), (8) and (9).



P

1 o8

Fo 1(8) >

[([(s + X) (s + X * Hy) —X(uzﬂz - Mg Tyl

Py ofS) = (s + X + 1))

My (ZS+2>\+ul+u2)

([(s + X) (s + A + ul) -A(ulﬂl = Hy Tyl

PO 0(s) - (s + XA + “1)]

Ho (25+2>\+U1+U2)

PO 0(s) can be calculated from the normalising condition.

Next we

for the above

, 1t
Pi n(O)= tr »
12 0 =
13 0 =
14 0 =
15 0 =

shall calculate the steady state probabilities
model. Assuming the steady state probabilities

Pl n('c] exist the steady state equations become

S APy gty Prgru, Py
U S
TA ) By g A, By gty By



16 0 = _(A+u1+uz)P2n+>\P2n_1
ERLESNE, + U, P
1 "2 n+s1 2 "2 n+s2
Let
E(P2 n) = P2 el be the shifting operator.

Then from (16),

sz+1 sl+1
E +

(M, Hy E -(X+u1+uz)E+X]

The characteristic equation is,

s, +1 +1
1 &9
ulz +uzz -()\+u1+p2)z+)\_

By the usual arguments

17 B, = Aa™ (n > 0) such that |a| < 1

Solving equations (12), (13) and (14) we have

. = )\()\+u1+u2 TTZ) .
01 Ho (2>\+u1+u2) 00

A+ g oy 1) .
10 00
Ul (2 +U1 + Uz]

U
1

S YUy Ty * My Ty)
P

2 0 uluZ(Z}\+u1+u2) 00

U
n

)

0

n

(n >

= 0

43

i)
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PO o can be derived using the normalising condition that
(o]
POO+P10+P01+ZP2n=1
n=0
ie.,
. ) 1+)\()\+u1n2+u2n1)(1—a+p)
00 ~ Hy Uy (1 +20) (1 - )
where o = i‘ _
H1 * My

From the relation between steady-state and transient

probabilities we have

lim _ lim
PZn Tt o PZ n(t) T s+ an(s)

Hence we find that the steady-state probabilities obtained

from this relation coincide with the previous solution.

. B
lim _ lim
s >0 S Ppols) = s>0 | S8+ A) (s + X +uy) -A, m,

- by nl)] PO O(S) - s(s + A + uz)]_

My (2s + 2 A +U1+U2)

AN +uy) + X (pqm, =y, m,) P
2 1 1 2 2° 00

M2 A+ Hy + Hj)

i A(A+u1+u2ﬂ1)P .
u1(2)\+u1+u2) 00 10
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Similarly we can prove

lim

s >0 % Pp(s) = Py,
lim _

s >0 S Py ol8) = B

Next we derive the following mesasures for the above model.

a. The expected queue length E(Q)

oo}

E(Q) = L nBy o+ (P g+ Py
n=1
n
= I na P20+(P10+P01)
n=1
= P d + P + P
2 0 (1 - 0[)2 10 01
Substituting and simplifying we get,
2 (A +u, T +u_m,_)
_ a 0y 2 1 1 2 p
- 2 00
(FAR=R ) Hi My (2A+u1+u2)

N Hy +u_£7r1)

P
P 00
My (22X + My o+ M)

A (A +u1 +uz nz)
+ P
Mo (21 + Hy *+ Hy)

00
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Simplifying we get,

AQ

)

1
E(Q) = - [ + M+ W, ] P
My Mg (2>\+u1+u2) (1 -:0)2 1 2 0

>\(>\+‘u1nz +uzn

0

(o)

b. Probability that both the servers are busy 2 P

n=0

@

n
h P2 0 a
n=0

2
1 A (X+u2n1+u1nz) .
(1 - «a) My Mo (2>\+u1+u2) 00

(e o)
Cc

Probability that atleast one server is busy & P2 SRRl + P

n=0

1}
(52}
N’U
=
3
+
U
+
o

: 1 A (_)\+u2ﬂ1+u1n2)
(1 - ) Hy My (2X+u1+u2)

)\(A+u1+u2n1)+ )\()\+u1+u2n_2—llp
Hq (2)\+u1 +u2) Ho (2A +L11 +U2L

00

)\()\"'Lll'nz "'Uz nl)
L B2 e

A
(1_(! +u1+u2)

H 1+112)
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CHAPTER - 1V

Bk/Mi/z HETEROGENEQUS SERVERS

This chapter analyses the model with two heterogeneous

servers in which the inter-arrival times have ah Erlang distribution
with a mean for each phase of FI'X such that the over all mean
inter arrival time is % The service times for server 1 are
independently distributed random variables with an exponential
Elistr‘ibution having mean fi}: (i =1, 2).

An arriving customer finding both servers free, chooses
for his service, the faster one. If he finds both servers busy,

then he waits in the queue and is served according to the first

in first out rule. This model is denoted by Ek/Mi/Z‘

Steady state queue size probabilities, the mean queue length
and the expected waiting time of an arriving customers are derived.

Little's formula is also verified.

Let Qm(t). n >0, 1< r < k denote at time t, the
probability that the arriving customer is in the rth phase and
there are n customers waiting in the queue and both the servers

are busy.

47
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Pr 1 O( t) = Prob. that the faster server is busy and the
arriving customer is in the r‘th phase at time t. 1 <r <k
Pr 01 (t) = Prob that the slower server is busy and the

arriving customer is in the r‘th phase at time t.

Pr 0 0(t] = Prob. that both servers are idle and the arriving

customer is at the rth phase at time t.

With this definition the probabilities Qr n(t), Pr‘ 1 0(t),

Pr 0 1(t) and Pr 0 0(t) satisfy the following difference differential

equation.

For 2 < r <k, n>0

an(t+At) = Q. (1) [1 - kA At - 1, + W

1 g Ot

+ kXAt + Qr_1 n('c) + (ul + uz)At Q (t)

r n+l

Atlt* O Q. plt + AtA)t- O xt (kA + gy +H,) Q. (1)
+ kA 40
+ (Mg + Hy)) QL (1)
Q. ,'(t) = =(kA o+ uy o+ uy) QL (1)

+ kA Qr‘—l n(t)

+ (Mg o+ ) Qo4 (1)

2 <

v IAa

r
n
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By similar arguments

Q ') == (KA ey euy) O (0 g e ,)Q) ()
F kA Q) (n > 1)
O o'(1) = = (kA o+ +up) Qp o) + (Mg + y) Q) (D)
f kA (B g o) + P g 4(8)
Pr1o'(t) = - (kKX +uy) Praglth+ kK APy g o)
i, QL g (1) 2<r<k
Plao ) = - (kX +up) By () +u, 0 o(0)
¢ Ak P o o)
ro1(t = - (kh +p) Ppog g() + kAP o (1)
+u1PrOO 2 < r <k
Fro01'(8) = - (kA +uy) Py g 4(t) + uy Py o (1)
roo W = -kAPLggt) +k AP, o 0(1)
* iy PLg g0 g P (1) 2 <r<k
Fro0 (M = = KAPyo(t) +uy Py o(t) +H) P (1)

Assuming steady-state probabilities exist at t >

A
! (k)‘+”1+“2)orn k Qr—1n+(ul+u2) an+1



(kA * U o+ Hy) Qo

(kX + Hqy +u2) Q 0

(k>\+u1) Pr‘10

(kX + w) P

1) P11 ¢

(AR S50

(KA +uy) Py gy

kA Pr 00

100

Let Q.(z)

0(x,

From (1) we get

10

(kA + W) Q.(z)

z)

50

kA Qg+ (M + 1) Q g
(n > 1)
kA (P 4 0* P giq)
+(u1+u2)011
K Prc110 "2 &g
’ 2 <r <k
kA Pegog*Hy Qg
kA P.io01*% Qg
2 < r <Kk
H1 Qo
k AP 100*H™ Prio
+u2Pr01 2< r <k
M1 Pi10* % Py g
n
p) anz
n=0
K
zor(z)x‘”
r=1

kA Q.q(z) + £ [0.(2) - Q. (]

Where = Hy + My
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From (2) we get

11 (kA + u) Q(z) = kX zQiz) + Loz - g

+ kKA [P +

k10%* Pk oq!

Multiplying equation (10) by x" and equation (11) by x and

adding we get

(kX +w) 6 (x, 2) = kA x [6(x, 2) - Q(2) x] + k A zx Q(2)
K
TR r
* = 0 (x, z)—; z Qr‘OX
r=1
+ Kk AX [P 4 o+ P g4

[(KA+ u) - k A x-%] 6(x, z)

k
_ _ k _u je
= Q(z) k XA x (z x) z & Qn g X
r=1
*RAX(P g g+ Peogyg)
Setting x = 1 + RHX = k—xy_z the left hand side becomes zero.
Cancelling x we get,
k
_ u : r-1
kKaz 2 QoX "+ (P g+ P ()
r=1

Qk(Z) =




Kk
U . r-1 U U
“kxz Y Qg x MR o @ O P
r=1
= K
Z - X
k
H H S !
Tk Xz Z:L)lz‘0(1+l<x—sz)

u U
PR Y ot Y,

12 Q. (z) =

Z—(1+U - U)k
kX K Xz

The zeros of the denominator of (12) can be obtained from

the solution of equation

‘ A
Applying Rouche's theorem we find if p = - < 1 the
U

above equation has k-1 roots inside and one on and one root outside

|z| = 1. Let z, be the root which lies outside the circle lz| = 1.

In can be written as

k
r-1 r
- &5 L Q. y(Az + B)'TT 2 + (1 + ) 9
r=0
U k
- k)\l 01] V4
Q (z) =
k zk+1 - (Az + B)k

Where A, B are constants.
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The numerator is of degree k and the denominator is
of degree k+1. Hence the numerator has k zeros. Since Qk(z)

exists, the zeros of the numerator and denominator must cancel

leaving
_ A
Qclz) = z -z,
- _ n
= H y g
n=0 0
[e o] [e'e) n
. n _ A z
pX Qk n Z = - EB Z ———-Z n
n=0 n=0 “0
Q
_ k 0
=—> Qe p = , D (n82 80D
0
From equation (1)
A =
(k +U)an k)\Qr‘-ln uan+1 n>0,2<nc<k
when r = k,
Q = 1+ o -2
k-1 n k k n kK A Tk n+1
. a2y ko w %o
kK X 2 D k A - n+1
0 0
Q
_ k 0
= oo (8 )



Where =
8 z
o]

Similarly,

Qe D

Proceeding so on we get

From (7)

101

Substituting in (6)

301

H H
L e " Khzg
Qk .
zon Z0
Q
_k 0 ( )k-r n >
z D oy -
0
Hq
Q
kX+u2 10
we get
1

54
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-r_el"
Hq ' gz0 <
= l1<r<k
13 PPOl—kaozo[l_eg ] X rg
2 °z
0

Substituting (5) in (4) when r = 2 we get

P = 2P + 1 Q +____U2
2107 8 Pt o g3 i 1o ki wu; %o
p - 9.3p + 08,2 ! Q + 6 h2 Q

310 1 'k 0" "1 Kxvn; Aot 1 rneaT Qo
Ho
T RR My QBO
3
’ 1- (5, g, )
T 2_ -3 0,
1 "k 0 %0 kX7 8 1-61820
-r r
r Ho gZO -61
Yoo Prio0® 81 Pggt s i 0 T e g %o
20

Taking summation over r = 2 to n in (8) we get

n n
k)\Pno =k)\P10+u1 ZP810+112 L P
s=2 s=

s 01

Substituting (9) in the above equation




Substituting PS 10 Ps 01 from (13) and (14),
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n+1
. e - % -9 . Mg % % o
n0O kKX “"ko0o0 1-61 (k>\+u1] (1—61g20)
-1 - n+1
g = g _ n+1
20 20 % -8 ]
-1
l—gzO 1-61
-1 -(n+1)
g -~ g
Ho My U o0 2 (zo 25
kK X (kx+u7_)(1-9zgo) 1-¢g "1
Z
0
5 _en+1
_Z_L_)]
18,
when n = k,
k+1
¥l 6, - o THZ, Q
p - 1[P 1 1 . 2 “0 kK 0
k 00 kK x k 00 1 -9 (KA + 0w ) T -8, g7
1 1 1 0
g -1 - g -k+1 lewd
20, 0 6 = 64
x ( = - )]
1-gzo =6
-1 -k+1
L2 % o0 % (gzo %z
X - =
k kX + Ho (1 62 820) e 1
Z
0
k+1
_ez-ez .
1_G

X



g
g k e e
1 k00 T KX(KX+ ;) (1 =0, 5, 1 1

20

k+1
1~ 9% - My g Zp Qg
1-61 kx(kx+u2)(1-62 gZT

0

-1 _ -k+1

Using the recursion relations one can show that

(o]

15 Zan+P

1
Kk 01 * Pk 10 % Pk oD = ¥ for Ek/M/l
n=0 ’

model, so that

X Z Q o 2 (P
n=0 r=1 r=1

Substituting the

corresponding values in equation (15) we

can calculate Qk 0

Expected Queue Length and Expected Waiting Time

Next we shall calculate the expected queue length and the
2

expected waiting time of an arriving customer.

Let Lq denote the expected queue length. Then
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© k
Lq = z ) n Qr' -
n=0 r=1
S k
n Q
- £z <0 (g, kT
z 0
n=0 r=1 0
k ©
_ 1 .r n
= Qo 2 (gz') 2 ~n-1
r=1 0 n=0 0
Simplifying
% 2
Lq - ku)\ Qk . 0 .
(ZO = 1)

Waiting Time

Now we consider the virtual waiting time distribution of

an arriving customer.

IMBEDDED MARKOV CHAIN RESULTS

It is impossible at this point to consider the relationship

of the random-point probabilities to those of the arrival epoch.

Defining

Qn = Probability of n in queue at arrival epoch and

server busy we can see, using the standard procedure.



59

q >
n n,k'n—o

Using the above relations one may derive the virtual waiting

time distribution in the following way

An arriving unit which must necessarily be in phase 'k'
of the arrival channel has to wait only if he finds the system
is busy with two servers, and n, (n > 0) customers are waiting

in the queue. In this case he has to wait for n + 1 service

n
completions which has probability density function pe” B L-“n—t')—

Hence if Wq(t) denote the probability density function of the

waiting time of the customer in the kth phase, we have

oo

n
_ = Ut (ut)
Wq(t) N Zanue ol
n=0
-ut (1 - 2
0
= kaOue

Expected Waiting Time

@

E(W,) - é t W (t) at



ie,

2
U o 20
T 2
(Zo—l)
L = AE(W
q (q)

Thus Little's formula is justified.
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