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I NTRODUCT ION 

The aim of this thesis is to discuss in detail 

the following four papers. 

THE FUZZY TOPOLOGICAL COMPLEMENTATION THEOREM [5] 

STRONGLY COMPACT FUZZY TOPOLOGICAL SPACES [17] 

SEMI-OPEN SETS, SEMI-CONTINUITY AND SEMI-OPEN MAPPINGS 

IN FUZZY BITOPOLOGICAL SPACES [18] 

ON FUZZY PAIRWISE a-CONTINUITY AND FUZZY PAIRWISE 

PRE-CONTINUITY [19]. 

In his article published in 1965, 

A.K.STEINER [23] has obtained a topological 

complementation theorem. The fuzzy analogue of this result 

is obtained by S.DANG, A.BEHERA AND S.NANDA [5]. This 

paper is discussed in detail in the first chapter. 

Given a nonempty set X, the lattice of all fuzzy 

topologies on X is denoted by (X). A fuzzy topology is said 

to be principal if each fuzzy point Xr  has a smallest fuzzy 

neighbourhood. Let n(X) denote the collection of all 

principal fuzzy topologies. The main theorem proved here 

is as follows. 

"Every t in X(X) has a complement t' in u(X)". 

The second chapter deals with strongly compact fuzzy 

topological spaces. Strong compactness is defined in terms 

of pre-open and semi-open sets. A fuzzy topological space 

is said to be strongly compact if every pre-open cover has a 

finite subcover. 



With every fuzzy topology t, the author associates a 

topology 10. Denoting by FPrO(X)#  the collection of all 

fuzzy pre-open sets, the fuzzy topology 10  is generated 

by FPrO(X). The author generalizes important properties 

of compact spaces to strong fuzzy compact spaces. In fact, 

he has obtained parallel results to the following theorems 

on compactness. 

Continuous image of a compact space is compact. 

Every closed subset of a compact space is compact. 

A topological space X is compact iff every collection of 

closed subsets of X with the finite intersection 

property has a nonempty intersection. 

The third chapter is devoted to the study of fuzzy 

bitopological spaces. Here the concepts of fuzzy semi-open 

sets, fuzzy a-open sets, fuzzy pre-open sets have 

been generalized to fuzzy bitopological spaces. Using 

these concepts the author introduces and studies fuzzy 

pairwise semi-continuous mappings, fuzzy pairwise semi-open 

mappings, fuzzy pairwise a-continuous and fuzzy pairwise 

pre-continuous mappings etc. The author has 

obtained interesting characterizations of these mappings. 



Reüieu of  3Lithrahtrr 



R:EVIEW ay LITERATURE 

The lattice of all topologies is studied by many 

topologists. In 1958, J.HARTMANIS [6] has raised the 

question whether the lattice of all topologies in a given 

set is complemented. He proved that this result is true 

in the case of a finite set. In 1965, A.K.STEINER [23] has 

proved that the lattice is always complemented. The same 

result is proved in a different way by A.C.M VAN ROOIJ 

[25] in 1966. In 1968, P.S.SCHNARE [20] proved that 

every proper topology on a finite set with n 2 2 elements 
has atleast (n-i) complements in the lattice of all topol- 

ogies on X. In 1969, the same author improved this 

result and proved the following theorem [21]. 

"Every proper topology on an infinite set X has 

atleast JxJ complements (resp., principal complements) and 

atmost 22x( complements (resp., 2II principal 

complements)". Moreover, these bounds are the best 

possible. 

In 1966, A.K.STEINER [24] proved that every topology 

has a complement which is a principal topology. In his 

proof of this theorem, A.C.M.VAN ROOIJ uses Zorn's 

Lemma and two applications of transfinite induction. In 

1972, P.S.SCHNARE [22] improved this proof by using a 

simple trick by suitably adjoining a new point to X. 

This proof is generalized i) fuzzy situation by S.DANG, 



Fuzzy bitopological spaces were first introduced and 
studied by A.KANDIL (7) in 1989. In 1981, K.K.AZAD [2] 
published a paper on fuzzy semi-continuity, fuzzy almost 
continuity and fuzzy weakly continuity. The concept 
of fuzzy semi-continuous, fuzzy semi-open,fuzzy semi- 
closed mappings are defined exactly as in the case of 
topological spaces. S.SAI4PATH KU14AR [18], [19] has 
generalized the results on bitopological spaces and the 
fuzzy topological spaces and developed a study of fuzzy 
bitopological spaces. In this thesis two papers of 
S.SANPATH KUMAR dealing with semi-open sets, semi- 
continuity and semi-open mappings, a-continuity and 
pre-continuity in fuzzy bitopological spaces are discussed 
in detail in the third chapter. 
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KAL'TR - I 

THE FUZZY TOPOLOGICAL COMPLEMENTATION THEOREM 

DEFINITION: 1.1 fiiJ .  

Let X be a nonempty set. A function "A" from X to 

[0,1] is called a fuzzy set in X. 

If A takes only the values 0,1, A is called a crisp 

set in X. The crisp set which always takes the value 1 on 

X is denoted by l and the crisp set which always takes 

the value 0 on X is denoted by O. 

The set {xeXIA(x)>0}  is called the support of A. 

DEFINITION: 1.2 

Let J be an indexed set and let = {A(aEJ} be a 

family of fuzzy sets in X. Then the union u4 and the 

intersection fl* are defined by 

(U4)(x)=sup{A0(x)taEJ}, XEX, and 

(fl4)(X)=iflf{Aa(X)IQEJ}, xEX. 

DEFINITION: 1.3 

Let A be a fuzzy set. The complement of A, denoted by 

A'  is defined by A'(x)=l-A(x) for all x in X. 

DEFINITION: 1.4 

Let f:X—>Y be a mapping. If Ais a fuzzy set of a 

nonempty set X, then f(A) is a fuzzy set of Y defined by 



f(A)(y)=up(x) if f-1  (Y)t 0, 
JXEf (y) 

(yeY) 

L 0 otherwise, 

If B is a fuzzy set of Y, then f(B) is a fuzzy set of X 

defined by f(B)(x)=B(f(x)), for each xeX. 

DEFINITION: 1.5  Elt 

Let X be a nonempty set and I' be the set of all 

fuzzy subsets of X. A family ic-IX  is called a fuzzy 

topology of X if 

(1) O,Iet. 

(ii) A,Bet => AflB€t.(iii) {A:EJ}cx => U 
j EJ. 

The pair (X,t) is called a fuzzy topological space 

(briefly,fts). A fuzzy set U is called fuzzy open if U€t. 

The fuzzy complement U'=1-U is called a fuzzy closed set. 

DEFINITION: 1.6 

Let A be a fuzzy set of a fuzzy topological space 

(X,t). The closure of A (Cl(A)) and the interior of A 

(Int(A)) are defined respectively as 

Cl(A) = inf{BJB?A, B'€r} 

and Int(A) = SUP{BIB A, BEt}. 

I 



RESULT: 

For a fuzzy set A of a fuzzy space X 

l-Int(A) = Cl(1-A), and 

1-C1(A) = Int(l-A). 

DEFINITION: 1.7 

Let (X,t) be a fuzzy topological space. A suhfamily, 

of t is called a base for t if each member of t is a 

union of some members oftf.. 

A subfamily ,§ of t is called a subbase for t if 

the collection of all finite intersection of members of 

forms a base for t. 

DEFINITION: 1.8 

Let (X,t) be a fuzzy topological space. A fuzzy point 

Xr is a fuzzy set such that Xr(Y) 4 r if y = x 

L 0 otherwise. (O<r 1) 

x and r are respectively called the support and the value of 

the fuzzy point Xr. 

NOTE: 

If r = 1, the fuzzy point reduces to a crisp point, say x. 
A fuzzy point Xr  belongs to a fuzzy set A in X if r A(x). 

DEFINITION: 1.9 

A fuzzy set A in a fuzzy topological space (X,t) is 

called a fuzzy neighbourhood of a fuzzy point Xr  if there 

exists a fuzzy open set U such that XrEUcA. 



NOTE: 

A fuzzy open set U is a fuzzy neighbourhood of all of 
its fuzzy points. 

NOTATION: 

J-1C (x) 
denotes the neighbourhood system of x in the 

fuzzy topology T. 

DEFINITION: 1.10 

Let X be a nonempty set and let Fc1IX. Define a 
relation on F by A15 A2  if A1CA2 (fuzzy inclusion). 
Then (F, ) is called a fuzzy partially ordered set (f-poset) 
if it satisfies 

A A for all AeF (Reflexive) 

A B and B A implies A=B (Antisyminetric) 

A B and B5 C implies A5 C (Transitivity). 

DEFINITION: 1.11 

An fuzzy partially ordered set (F, ) is called a 
fuzzy lattice if any pair of elements A, B in F has an 
infimum and a supremum in F, written as A.AB and AVB 
respectively. 

DEFINITION: 1.12 

A fuzzy lattice F is said to be complete if every 
nonempty subset of F has an infimum and supremum. A subset 
ECF is called a sublattice if (E, ) itself forms a lattice. 



DEFINITION: 1.13 

Let (F, ) be a fuzzy partially ordered set. Let ACF 
and A t Ø,then (A,A) is a chain in (F, ) iff IA is a total ordering on A. 

DEFINITION: 1.14 

A fuzzy topological space (X,t) is said to be 
principal if every fuzzy point Xr  has a smallest fuzzy 
neighbourhood Nr(Xr). 

NOTATIONS: 

Smallest fuzzy neighbourhood of a crisp point x is denoted by N(x). 

Set of all principal fuzzy topologies in a nonernpty set X is denoted by n(X). 

Set of all fuzzy topologies in a nonempty set X is denoted by Z(X). 

DEFINITION: 1.15 

We define a relation on Z(X) by saying t1  -11  is weaker than 12, where r11t2€X(X). 

THEOREM: 1.16 

((X), ) is a complete fuzzy lattice with the greatest and the least element. 



PROOF: 

Claim 1: (E(X), ) is a fuzzy partially ordered set. 

Reflexivity: Obvious. 

Antisymmetric: 

If i t and 12 'i for t1,12eZ(X), then T,  .is weaker 

than 12  and  12  is weaker than t.  Therefore, 11=12. 

Transitivity: 

If 115  12 and 12 13  for t1i121t3€X(X), then il  is weaker 

than 12  and  12  is weaker than t.  This implies that T,  is 

weaker than 13  => 1 13. 

Therefore, (E(X), ) is a fuzzy partially ordered set. 

Claim 2: (E(X), ) is a fuzzy lattice. 

Let 11112E(X). 

Define 11/\12 = {UIU is both - open and 12 - open in X} 

and T1V 12= {fl tk : 'k' 12 'k• 

To prove that 11Al2  is a fuzzy topology on X. 

Since 0 1 belongs to both il  and '2' 

°x''x €t1At2. 

Let U,Ve,1i\i2. 

Since U and V are both ,1-open and t2-open in X, Ut1V is 

also both t1-open and 12-open in X. 

Let {U:jeJ} C 11At2  Since {U3:jeJ} is a sequence of 

both r  -open and 12  open sets in X.0 U is also both 
j EJ 

open and 12 - open set in X. 

1 



> U UE t1At2. 
j eJ 

Therefore, 11f112  E 

Next to prove that 11Vr2  is a fuzzy topology on X. 

Since Ox and ixE  tj  for all k, 

t1 jr 2 . 

Let U1,U2E t1\Jt2. 

Then U1,U2e tk  for all k. 

So tJ1fl U2e tk  for all k. 

=> U1fl Ue fl tj . 
Ic 

=> U1fl UE t1\1t2. 

Let {U :jeJ} be a family of fuzzy open sets in 

Then {U:EJ}tk  for all Ic and since each tIc  being a 
fuzzy topology, we have U UjEtIc  for all Ic. 

j EJ 

=> U U. E fl tIc 
JEJ Ic 

> U UEt1\/t2  
jeJ 

Therefore, 11V12  e 

Claim 3: (X) is complete. 

For that we have to prove that every nonempty subset of (X) 
has an infimum and supremum. 

Let F be a nonempty subset of Z(X). We define infimurn F 
and supremum F as, 



inf F = {fl t:tEF} and 
j 

sup F = {fl tk:tk€E(X)  and t for all tEF}. 
k 

Then inf F and sup F are in 1(X). So 1(X) is a 

complete fuzzy lattice. 

Furthermore,{O,l} = ID (the indiscrete fuzzy topology 

on X) and IX=D  (the discrete fuzzy topology on X) are 

respectively the least and the greatest elements of 1(X). 

REMARK: 

it(X) is a fuzzy sublattice of 1(X). 

DEFINITION: 1.17 

Let rel(X). Then a fuzzy topology t' is called 

the complement of t if 

= D (the discrete fuzzy topology on X) and 

rAt' = ID (the indiscrete fuzzy topology on X). 

NOTE: 

When X = {p} and r = (O{}l{}) we have t = t'; Here 

both are indiscrete fuzzy topologies. 

THEOREM: 1.18 

THE FUZZY COMPLEMENTATION THEOREM 

"Every rel(X) has a complement t'ETr(X)" 

We expand the set X by adding a point (crisp) p as 

Y = XLJ{p}. Define a fuzzy topology on Y as follows. 

3 



= TU{UU1{p}IUEt} 

where r is the fuzzy topology on X. 

The method of proof of this theorem is to construct a 

fuzzy topology on Y, whose restriction to X is the required 

complement. The construction of fuzzy topology on Y uses 

Zorn's lemma. 

Proof of the theorem: 

By our definition of a fuzzy topology on Y, every 

object on is either a fuzzy open set in (X,t) or is 

of the form UUl{p}i  where U is fuzzy open in (X,t). 

Let4= {(A,$): 

(i) PEAC.Y (ii) s€rr(A) 

(iii) s is a complement forA, that is s = 

If A = p}, then )jA={O{p},l{p}} and its complement is itself. 

Therefore ({P} F {O{p} F l{ p}}) E*>*+ 0. 

Define a relation inkby saying (A1,s1) (A2,s2) <=> 

A1cA2  

N51(x) = N52(x) for xeA1-{p} 

N51(p)CN52(p)N51(p)U(A2-A1). 

To prove (.4 ) is a fuzzy partially ordered set. 

(i) Reflexive: 

Since (1) A1C..A1  

(2)N 1(x) = N51(x) for x€A1-{p} 

I 4 



and (3) N51(P)CN51(P)N51(P)U(A1_A1) 

we have (A1,s1) (A11s1) for every (A1,s1)e*. 

(ii) Antisymmetric: 

Let (A1,s1) (A2,s2) and (A2,s2) (A1,s1). 

Then (1) A1CA2,A2C-.A1  => 

N 1(X) = N 2(X) for XE A1-{p}, 

N52(x) = N51(X) for xeA2-{p}. 

> N 1(x) = N52(x) for xEA1UA2-{p}. 

 

Ns2(p)Ns1(P)C.Ns2(P)U(Ai-A2). 

> N51(p)cN52(p)N51(p)U Ø( Since A1=A2). 

=> N51(p) = N52(p). 

Therefore, (A1,s1) = (A2,s2). 

(iii) Transitivity: 

Let (A11s1),(A2,s2),(A31s3) E 4(. 

such that (A1,s1) (A2,s2) and (A21s2) (A3,s3). 

Then (1) A1CA2,AfA3  => AfA3. 

(2) Ns1(X) = N52(X) for XE 

N52(x) = N53(X) for XE A2-{p}. 

=> N(x) = N53(x) for XE A1-{p}(since A1CA2). 

5 



=> N51(x) = N53(x) for xe A1-{p}. 

(3) N51(P)CN52(P)c.N 1(P)U(A2-Ai), 

N52 (P)  C.N53  (P ) N52  (p ) U( A3-A2  ) 

> Ns1(P).Ns2(P)Ns3(P)C.Ns2(p)U(A3-A2). 

CN5 (P)U(A2-Ai)tJ(A3-A2) 

= Ns1(P)U(A3A1). 

> N51(p)N53(p)N51(p)U(A3 A1). 

Therefore, (A1,s1) < (A3,s3). 

If = {(Aj,sj):jeJ},.4is totally ordered, then define 

(A,$) as follows, 

A = UAj. 
j EJ 

N(x) = N (x) if x E Aj-{p}. 
j  

N5(p) =UN5 (p). 
JEJ J 

Then (A,$) e.4'. For, 

Since p E Aeifor every j 

we have p e Ae U ACY. 
jEJ 

=> p E AC.Y. 

For any x € A, x € A for some j E J. 

=> x has a smallest neighbourhood. 

N5 (x) = N5(x) if x E A - {x} and N5 (p) N5(p) if x=p. 
J 3 

I 



Therefore, SE rt(A). 

(iii) Since s = (IA)' for j e J 

we have S = 

Hence (A,S) 

Here (A,S) is an upper bound for For, 

ACA.  for each jeJ 

Ns  (x) N5(x) if X E A-{P} by (b) 
j  

N (p)N5(p) by (c) 
J 

N5  P) 
j 

= N (p') U N (p) 
j kj k 

= N s (p)U(A-Aj) 
j 

Thus (As) (A,S) for each jeJ. 

Hence by Zorn's lemma khas a maximal element, say,(M,m). 

To prove M = Y. 

if M t Y, let q E Y-M. Take = M U{q}. 

Define a fuzzy topology m*  on  M*  (By extending m to m*  on 

M*) as follows: 

Nm*(p) 'm is not fuzzy open i N* 
Nm(P) U if 1 is fuzzy open in M 

N*(q)= is not fuzzy open in M* 

Nm(q)Ul{q} is fuzzy open in N 

Then we have, 

PE MY, since p E N 

for each x E M*, if x t q, x has a smallest fuzzy 

neighbourhood of the formNm(x)  or  Nm(X)U1{q)  and if x = q then x has a 

17 



smallest neighbourhood of the form '{q}  or N()Ul{q}. 

Hence m* E  it(M*). 

3) Since m=(kyJM)' and since the complement of {O{q}l{q}} 

is itself, we obtain m* = ('tyIM)' 

Therefore (N ,m ) e4 

Also since 

M 

Nm(X) = Nm* (x) for x E N - {q}. 

N(q) C Nm()Ul{q}. 

= N *(q). 

= N *(q) U (N* - N). 

We obtain (M,m) < (M*..rn*). Which is a contradiction to 

the maximality of (M.m). Therefore we have M = Y. 

This implies that m E u(M) = n(Y) and m = (M)' = 

Thus m is a fuzzy principal complement for the topology 1) of 

Y. 

So mV = D (the discrete fuzzy topology on Y), and 

m4 = ID (the indiscrete fuzzy topology on Y). 

Since m is a fuzzy principal complement for and since 

both and are fuzzy )_oen, mjx is a fuzzy principal 

complement of t, that is, 

mJXvt = D (the discrete fuzzy topology on X). 

mJXkt = ID (the indiscrete fuzzy topology on X). 

Hence t' = mfx which is a fuzzy principal topology on X. 

Hence the proof. 
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CHAPTER - II 

STRONGLY COMPACT FUZZY TOPOLOGICAL SPACES 

DEFINITION: 2.1 

A fuzzy subset A of a fuzzy topological space (x,t) is 

said to be pre-open if ACInt(C1A). 

DIFINITION: 2.2 

A fuzzy subset A of a fuzzy topological space (X,t) is 

said to be semi-open if ACC1(Int(A)). 

NOTATION: 

The set of all fuzzy pre-open subsets of X is denoted 

by FPrO(X),  and the set of all fuzzy semi-open sets in X is 

denoted by FSO(X). 

DEFINITION: 2.3 
A fuzzy topological space (X,t) is said to be strongly 

compact if every pre-open cover of X has a finite subcover. 

DEFINITION: 2.4 

Let (X,t) and (Y)) be fuzzy topological spaces. A 

mapping f:X—>Y is called fuzzy continuous if f'(U)E r for 

each U E). 

DIFINITION: 2.5 

Let (X,r) and (Y7)  be fuzzy, topological spaces. A 

mapping f:X—>Y is called pre-continuous if the inverse image 

of each fuzzy open set in Y is pre-open in X. 



DIFINITION: 2.6 

Let (X,T) and (Y,') be fuzzy topological spaces. A 

mapping f:X->Y is called M-pre-continuous if the inverse 

image of every fuzzy pre-open set in Y is pre-open in X. 

DEFINITION: 2.7 

Let (X,t) and (Y,) be fuzzy topological spaces. A 

mapping f:X->Y is called M-preclosed if the image of each 

fuzzy pre-closed set in X is pre-closed in Y. 

DEFINITION: 2.8 

Let (X,t) and be fuzzy topological spaces and let 

be a fuzzy topology on X which has FPrO(X)  as a subbase. 

A mapping f:X->Y is called 0-continuous if f:(X,t0)->(Y,) 

is continuous. f is said to be 0' - continuous if 

is continuous. 

THEOREM: 2.9 

A fuzzy topological space X is strongly compact if and 

only if every family of fuzzy pre-closed subsets of X with 

finite intersection property has nonempty intersection. 

THEOREM: 2.10 

Let (X,t) and (Y1't)) be fuzzy topological spaces and let 

be a fuzzy topology on X which has FPrO(X)  as a subbase. 

if f:(X,r)->(Y,'i
,
2) is pre-continuous then f is 0-continuous. 

PROOF: 

Assume that f: (Xit)->(Y) is pre-continuous. 

Then for each fuzzy open set U in Y, 

f(U) is fuzzy pre-open set in X, 

2 C) 



f'(U) is fuzzy pre-open set in X, 

> f(U) E FPrO(X) 

But has FPrO(X) as a subbase. 

Therefore, f(U) e  TO  

=> f is 0-continuous. 

THEOREM: 2.11 

Let (X,t) and (Y,') be fuzzy topological spaces. Let To 

and be respectively the fuzzy topologies on X 

and Y which has FPrO(X) and FPrO(Y) as subbases. If 

is M-pre-contiflUOUS, then f is 0 1 - 

continuous. 

PROOF: 

Assume that f:(X,t)—>(Y,) is M-pre-COfltifluOUS. 

Let Ue 

Then UUfl7]Where  '!)j e FPrO(Y). 

Consider f(U) f 11U fl

jj 

 
. n
j 

 

['(jin. 
)] 

= UI fl (f()• )) 

But Jn )e FPrO(Xt) 

Hence f -(U) e  To  

f is 0' continuouS. 

2.1 



THEOREM: 2.12 

Let (X,t) be a fuzzy topological space and let 1 be a 

fuzzy topology on X which has FPrO(X)  as a subbase. Then 

(X,t) is strongly compact if any only if (X,t0) is compact. 

NOTE: 

The converse is a consequence of Alexander's subbase 

theorem for fuzzy topological spaces, which can be obtained 

in a manner similar to the corresponding result for the non- 

fuzzy case. 

THEOREM: 2.13 

Let (X,t) be a fuzzy topo±oqical space which is 

strongly compact. Then each t0-fuzzy closed set in X is 

strongly compact. 

PROOF: 

Let V be any t0-fuzzy closed set in X. And let {U0  } be 

a open cover of V. 

Since X-V is 10-open, {Ua :a E J} U(X-V) is a t0-open 

cover of X. Since (X,t0) is compact, there exists a finite 

subset JQCJ such that X=U{U0  :ae Jo}U(X-V) 

> VczU{U0 
j 
:aE Jo) 

That is, there exists a finite subcollection which 

covers V. 

Hence V is strongly compact relative to X. 



THEOREM: 2.14 

Let the fuzzy topological space (X,t) be strongly 

compact. Then every family of t0-fuzzy closed subsets of X 

with finite intersection property has nonempty intersection. 

PROOF: 

Let X be strongly compact and let V={B:a.E J} be any 

family of t0-fuzzy closed subsets of X with finite 

intersection property. Suppose 

fl{B0  : aE J}=Ø 

Then{XBaj   :ae J} is a t0-open cover of X 

Hence it has a finite subcover 

{X_Ba . :k=1,2 .........n) for X. 

=> fl{B 1 . : K=1,2 .....n} = 0. 

Which contradicts the assumption that V has finite 

intersection property. Hence 

fl{B.I ae }+ø• 

THEOREM: 2.15 

Let (X,t) and (Y 1 rj) be fuzzy topological spaces and let 

f:X—>Y be Ø'-continuous. If a fuzzy subset G of X is strongly 

compact relative to X, then f(G) is strongly compact relative to 

Y. 

PROOF: 

Let {Uaj  : a jE J} be a cover of f(G) by p0-open fuzzy sets 



in Y. Since f is Ø'-continuous, {f'(Uaj   ) : QE J} is a 

cover of G by t0-fuzzy open sets in X. 

Since G is strongly compact relative to X, by theorem 

2.12, G is r0-compact. So there exists a finite subset J0CJ 

such that GcU{f'(Uaj  :ae Jo}. 

> f(G)C.{U. :aE J0}. 

=> f(G) is t0-compact relative to Y. 

Thus f(G) is strongly compact relative to X. 

THEOREM: 2.16 

Let A and B be fuzzy subsets of a fuzzy topologial space 

(X,t) such that A is strongly compact relative to X and B is 

closed in X. Then AflB is strongly compact relative to X. 

PROOF: 

Let {U. :aE J} be a cover of AflB by to-fuzzy open 

subsets of X.Since X-B is a t0-fuzzy open set, 

{U0. : aJ} U(X-B) is a cover of A. 

A is strongly compact relative to X and thus A is 

r0-compact relative to X. Hence there exists a finite subset 

JJ such that Ac.(U{U. : Q1E Jo})U(X-B) 

Therefore, 

AflBcLU{UQj  : Q JE Jo} 

This is the required subcover for Afl.Hence AflB is t0-compact. 

Thus AflB is strongly compact relative to X. 
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CHAPTER - I I I 

FUZZY BITOPOLOGICAL SPACES 

SECTION: 1 

SEMI-OPEN SETS, SEMI-CONTINUITY AND SEMI-OPEN MAPPINGS IN 

FUZZY BITOPOLOGICAL SPACES. 

DEFINITION: 3.1.1 

A system (X1 t1,t2) consisting of a set X with two 

fuzzy topologies t1 and 12 on X is called a fuzzy 

bitopological space (briefly, fbts). 

NOTATION: In this chapter,) ,p,,  etc denote fuzzy sets. 

r1-Int( A )and t -Cl(A) mean the interior and closure of a 

fuzzy set A with respect to the fuzzy topologies Ti  

and ij  in a fuzzy bitopological space. Throughout this 

chapter, the indices i and j take values in {1,2} and i t j. 

Also i=j gives the known results in fuzzy topological 

spaces. 

DIFINITION: 3.1.2 

LetA be a fuzzy set of a fbts X. ) is called 

a (t,r)-fuzzy semi-open (briefly, (tt)-fso)  set of 

X if there exists aEr such thatkA t-Cl(). and 

a (i 1 u3)- fuzzy semi-closed set 

of X if there exists a T et1  such that t-Int() 



NOTE: 

The set of all (t,t)-fso(resP.(ti,rj)-- fsc) sets of a 

fbts X will be denoted by (tt)-FSO(X) (resp. (tt)-

FSC(X)). 

THEOREM: 3.1.3 

LetA be a fuzzy set of a fbts X. Then the following 

are equivalent: 

,A is a (T1tj)-fsc  set, 

,> is a (tt)_fso set, 

t -Int(t -C1(A)) A 

t -Cl('c-Int(A))? 

PROOF: 

To prove (i)=>(ii). 

Assume thatAis a (t1ic)-fsc set. 

Then there exists a ' E Ti  such that t-Int () 

=> there exists a ' E Ti  such that 

i- i-A : 

=> there exists a ' e 'c such that ' < ,>' < t,j -C1(.'). 

A' is a (t1ir)-fso set. 

To prove (ii)=>(i) 

Assume that A' is a (rt)-fso  set. 

Then there exists a Eli, such that A15 'ci_C1(). 

=> there exists a (')'€'c such that 

1- A' i-i. 

=> there exists a ( ' )'Eti such that 

ti_Tnt (i-i) )\ .,. 

=> there exists a (' such that T_Int(') ' 



a (tt)-fsc set. 

To prove (i) =>(iii). 

Assume thatAis  a (tir)-fsc  set. 

Then there exists a such that r_Int() (, 

=> t- Int() ,'\ t-C1(,) 

=> r-Int(t-C1(A)) i_Int(). 

=> t -  Int(t -Cl(A)) A 

To prove (iii)=>(i). 

Assume that t-Int(t1-C1(A)) A. 

If= t1-Cl(A) then 

Hence there exists a such that t-Int()) 

=> ?is a (t1,T)_fsc set. 

To prove (ii)=>(iv). 

Assume that is a (rt)-fso set. 

Then there exists a e ii  such that t_Cl(). 

Since t1-Int(A) we have A' t-Cl(t1-Int(A)). 

THEOREM: 3.1.4 

(1) Any union of (tt)-fso  sets is a (t,t)-fso  set, and 

(ii) Any intersection of (tt)-fsc sets is a 

set. 

PROOF: 

(i) Let X be a fbts and let { A:a€4} be a collection of 

sets of X. 

Each,\ is a (t1 t)-fso sets of X. 

=> there exists a V E ii  such that V tj-Cl(Va)for 

each a. 

Then UVa UAa Utj_C1(Va) < tj_Cl(UVa). 
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=> U) is a (t1ic)-fso set of X. 

(ii) If {Aa:a 4} is a collection of (t1it)-fso sets of X. 

Then { A:aE4} is a collection of (tt)-fsc sets of X. 

=> U is a (t,t)-fso sets of X. 

> (U,# a) is a (t,T)-fsc  sets of X. 

=> is a (tt)-fsc set of X. 

REMARK: 

Every Ti-fuzzy  open, briefly, t-fo(resP. t -fuzzy 

closed, brief1y,t-fc)set  is a (t1,T)_fso 

(resp.(rir)-fsc)set. 

Every (t1 r)-fso (res.(r1 t)-fsc) set need not be a 

i1-fo(resp. t1-fc)set. 

The intersection (resp.Union) of any two 

sets need not be a 

set. 

The intersection (resp. Union) of a 

(resp.(r,t)-fsc)set with a (t1 t)-fso(res.(t1.t)- 

fsc) set. 

The following counter example proves the above statements. 

EXAMPLE: 3.1.5 

Let X = {a,b,c} and let A1,A2 1A3,A4,A5  andA6  be fuzzy 

sets of X defined by, 



A1(a) = 0, ,> 1(b) = 0.3, ,\1(c) = 0.2, 

A2 (a) = 0.2, /12(b) = 0.4, A2 c = 0.3, 

0.3, A3(b) = 0.5, A3(c) = 0.3, 

A4 (a) = 0, A4(b) = 0.2, = 0.4, 

= 0.3, A5 (b) = 0.4, A5(c) = 0.4, 

= 0.2, ?(b) = 0.3, A6(c) = 0.6. 

Let ti={0,A1,A5,l}and t2c01A21)3,1} be fuzzy topologies 

on X. Then A21\3 and A6  are (11,t2)-fso sets which are not 

11-fo sets and by theorem 3.1.3,A2,A3  and A6  are (11,12)-

fsc sets which are not t1-fc sets in (X,11,12). 

Further, A5  is a t1-fo set and A3  is a (11,12)-fso set 

but A3 nA 5  need not be a (11,12)-fso set. Also, A 2  and  A6  are 

- fso sets but A2n A6  is not a (11,12 )-fso set 

and 2 U , is not a (11,12 )-fsc set in (X,t1,12 ). 

Moreover, A5  is a (t 2 ,11)-fso set but not a t2  - to 

set. Further,A3flA5  need not be a (t2,t1)-fso set and ,A3u1\ 5  

is not a (12111)-fsc set. 

THEOREM: 3.1.6 

Letand p be two fuzzy sets of a fbts X. 

IfAis (t1 t)-fso and t-Int() p t -Cl(A), then 

is (rT)_fso. 

IfAis (tt)-fsc and T -Int(/>) p t -Cl(A), then 



p is (t1 t)-fsc. 

PROOF: 

(1) Letbe a (T1t)-fso  set, and t -Int (A) p 

=> there exists a:~ Eli  such that ,) 

=> there exists a  ~ Eii  such that tj-Int (,\) 

r -C1(A) 

=> there exists a-~E-li  such that!S r -Int) p < 

=> there exists aet such that p 

> p is a (t1t)_fso set. 

(ii) Let A be a (Ir) - fsc, and t -Int(A) 

t -C1(A). 

=> there exists a such that t-Int() 

=> there exists a such that -Int()) t-Int(A) 

=> there exists a such that t_Int() t-Int(A) 

51> Ti-Cl(A) 

=> there exists a E ii  such that T-Int() p 

=> there exists a such that t-Int() p 

=> p is a (ti,t)-fsc set. 

C-) 



THEOREM: 3.1.7 

Let ? be a fuzzy set of a fbts x.A is a (tt)-fso set 

if and only if for every fuzzy point Xa  EA there exists a 

(t1 t)_fso set such that xa E x A. 

PROOF: 

Assume that ? is a (t1 t)-fso set. 

Then there exists a such that t-Cl(). 

Take A =X.  for every x CA. 

> 
xa 

is a (rir)-fso  set such that xa Ex 

Conversely, assume that for every fuzzy point x a  E A. there 

exists a (t1t)-fso set such that xa e 

Then A = CUxa:xa  CA) U{ : Xa CA) A. 

A = U{ 
xa a E  ?\ }. 

=> A is the union of (tt)-fso  sets of X. 

=> )\ is a (T 1 t)_fso set of X. 

DEFINITION: 3.1.8 

Let ? be a fuzzy set of a fbts X. 

The (t1 r)-semi-interior of, (t1 t)-sInt(A ), is 

defined by (t,t)-sInt(A)=Sup{ : A, is (tT)_fso}1  

and 

The (tr)-semi-c1osure  of A, (rir)-sCl(A ), is 

defined by (Tj,rj)-sCl()=Inf{:?A,is  (Tt)-fsc}. 



We have obtained the following results by using the 

above definitions directly. 

RESULT (1): 

LetAbe a fuzzy set of a fbts (Xtr). Then t -Int(A) 

(tt)-sInt(A) A:5 (tt)-sCl(A) !~ 

RESULT (2): 

LetAand p be two fuzzy sets of a fbts X. 

Then(i) IfA p, (t,t)-sInt(A) s (t,t)_sInt() 

If,) p, (r1t)-sCl(A) 15 (t,-c)-sCl(p), 

(t11t)_sInt(\)  is a (t1 1)_fs0 set, 

(tr)-sCl(A)  isa (tt)_fsc set. 

RESULT (3): 

LetAbe a fuzzy set of a fbts X. Then 

(i)A is (t,t)_fso if and only if A=(t,t)-sInt(A)  and 

(ii)A is (t1,t)_fsc if and only ifA =(t,t)-sCl(A). 

Next, the author introduces the concepts of fuzzy 

pairwise semi-continuous, fuzzy pairwise semi-open (semi-

closed) briefly, fpsc, fps open .(fps closed), mappings by 

using (t1 t)-fso and (t11t)_fsc sets and studies some 

of their basic properties. Several characterisations of 

these mappings are also obatined. 

DEFINITION: 3.1.9 

Let f:X—>Y be a mapping from a fbts X to another fbts 

Y. f is called 

(i) a fpsc mapping, if f() is a (T,T)-fso  set of X for 



set of X for each setA of Y. 

(ii) a fps open (fps closed) mapping, if f( A ) is 

-fso(resp. (')1 )_fsc) set of Y for each 

(resp, r1-fc) set,>of X. 

DEFINITION: 3.1.10 

Let f:X—>Y be a mapping from a.fbts X to another fbts 

Y. f is calThd a fuzzy pairwise continuous(resp. fuzzy 

pairwise o;en and fuzzy pairwise closed), briefly, fpc (fp 
open and fp closed) mapping if and only if the induced 

mappings f:(Xitk)_> (Y'k) (k=1,2) are fuzzy continuous 
(resp, fuzzy open and fuzzy closed). 

REMARK: 

Every fpc(resp. fp open and fp closed) mapping is 

fpsc(resp. fps open and fps closed). The following examples 

show that the converse need not be true. 

EXAMPLE: 3.1.11 

Let X=Y=I and let A1 A 2  andA3  be fuzzy sets of 
defined as follows: 

A1(x) 1, 0 5 x 
[2x-1. x 

= 11, 0 5 x 
* ~ x < 4, [o. x < 1, 

A3 (x) = lo, 0 5 x 
1/3(4x-1), * S x S 1. 

Consider the fuzzy topologies 

11={O,A11A21 A1u
211}, r2={0,A211}1{0,311} 



and 2=0 A1. ,1} and the mapping f: (X,t11t2)—>(Y,,1 '2 

defined by f(x)=x. Then f is a fpsc mapping but f is not 

fpc. 

EXAMPLE: 3.1.12 

Let X, A1  '\2' A3  /4i /)5  and Nbe described as in 
example 3.1.5. Consider the fuzzy topologi 

'1={0,A2,A61A2 UA6, A2nA6,11,  

12={ 01A3,  A5  A3  uA5, A3nA5,1}, i={O, A1 A3  11 and 

2={0,  Al,  ,2,1} and the mapping 

defined by f(x)=x for each xeX. Then f is a fps open 

mapping but not fp open mapping. The characteristic 

properties of fpsc, fps open, fps closed mappings in 

fuzzy bitopological spaces are discussed in the following 

theorems. 

THEOREM: 3.1.13 

A mapping f:X—>Y is fpsc iff for any fuzzy point Xa  of 

X and any 9ifo  set p in Y with f(x0)e p, there exists a 

\ e(t1t)-Fso(x) such that Xa A 
and f(1> ) < 

THEOREM: 3.1.14 

A mapping f:X-)Y is fpsc if f for every fuzzy set is X, 

f((t1t)-sCl(A)) -Cl(f(A)). 

PROOF: 

Assume that f is fpsc. 

Let?\ be any fuzzy set in X. 

Then f'C-Cl(f(?)))  is a (tt)-fsc set in X. 

Further more, f(f(A)) f(!)1-Cl(f(j))). 



Therefore, (t,r)-sCl(A)  

=> f((t±,Ij)-sCl(A)) f(f'Cr)i-Cl(f(A)))). 

> f((rt)*-sCl(,\)) 1-Cl(f(A)). 

Conversely, assume that for every fuzzy set A in x, 

f((tr)-sCl(A)) -Cl(f(A)). Let p be any -fc  set in 

Y. Then f((T,T)-sCl(f(P))) 

=> f((t11t)-sC1(f(P))) 1-Cl(p). 

=> (t11t)_sCl(f 1(P)) 5 f( -Cl(p))=f(p). 

Hence f(p) is (t1r)-fsc  set in X. 

Therefore, f is fpsc. 

The following characterizations of fpsc mappings are 

easily verified for an ordered pair i 1= i and i,j = 1,2. 

THEOREM: 3.1.15 

A mapping f:X->Y is fpsc iff for every fuzzy set p 

in Y, (t1,t)-sC1(f(p)) f(1-Cl(p)). 

THEOREM: 3.1.16 

A mapping f:X->Y is fpsc iff for each fuzzy set p in 

Y, f(r,-Int()) (t,t)-s1nt(f(p)). 

THEOREM: 3.1.17 

Let f:X->Y be a one-one and onto mapping. f is fpsc iff 

for every fuzzy set A of X, 

THEOREM:3.1.18 

For a mapping f:X->Y the following statements are equivalent: 

(1) f is fps closed, 

(ii) f(T -Cl(A)) 'r)j-IntCt
,
-cl(f())))for any fuzzy setA 



of X, 

(iii)( ry'r))-sCl(f(A)) < f(t -Cl(A)), for any fuzzy set 

of X. 

PROOF: 

To prove (i) =>(ii) 

Assume that f is fps closed. 

Iet Abe any fuzzy set of X. 

Then f(t-Cl(A)) is a ()i')j)-fsc  set of Y. 

=> f(t1-Cl(A)) 2 -Intc-Cl(f(T1-Cl(A)))).(bY theorem 

3.1.3) 

=> f(t-Cl(A)) 2 

To prove (ii) =>(i) 

Assume that statement (ii) is true. 

Let A be any t-fc set of X. 

Then '1-Int('i-Cl(f(A ) ) ) < f(t1-Cl()) = f(A) 

> f(A) is (ljjj)_fsc set of Y.(by theorem 3.1.3
) 

=> f is a fps closed mapping. 

To prove (i)=>(iii) 

Assume that f is fps closed. 

Let A be any fuzzy set of x. 

Then f(t-Cl(A))  is a () 17)_fsc set of Y. 

Since f(A ) f(t-Cl(,)), we have 

(j1))-sCl(f(A)) < f(T±-Cl(A)). 

To prove (iii) =>(i) 

Assume that statement (iii) is true. 

Let 7 be any ii-fc set of X. Then 

(A) ()i1)) - sCl(f(A)) < f(t-Cl(A)) = f(,)). 

3 , 



=> f) = 

=> f(A) is a (i#'1)j)- fsc set of Y . 

=> f is fps closed mapping. 

COROLLARY: 

For a mapping f:X—>Y the following statements 

are equivalent. 

f is fps open, 

f(t -Int(A)) ( 1 )-sInt(f(A)) for each fuzzy setA 

of X, 

t-Int(f 1(p)) f i  (( 11 )-sInt()) for each fuzzy 

set p of Y. 

THEOREM: 3.1.19 

For a mapping f:X—>Y the following statements 

are equivalent: 

f is fpsc, 

for every fuzzy point x in X and for every 

(f(x0)), there exists a A E (Tt)-FSO (X) 
such that Xa  eAandAs f 1-(p), 

for every x0  in X and for every p eJ4.(f(xa )). there 

exists aAE(t1t)-FSO (X) such that x0  eAand f(A)  

for every '-fo set p of Y, 

f -(p) 

for every 111-fc set of Y, f 1  () e (t1t)-FSC(X). 

for every 1-fc set of Y, 
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To prove (i)==>(ii) 

Assume that f is fpsc. 

Let x be any fuzzy point in X and let p EJç.(f(xa)). 

Then there exists a:4ni  such that f(x) E ,~ 5 P. 

> f() E(t 1 t)-FSO(X) 

=> X E f 1  () =A f 1(p). 

To prove(ii)=>(iii) 

Assume that statement (ii) is true. 

Let x e X and let i.i eJ1,.(f(x)). Then there exists a 

such that x eAanci)s  f 1(p). 

> Xa EAand f(A) 5 f(f1(p))  5 P. 

To prove(iii)=>(i) 

Assume that statement (iii) is true. 

Let p be any "7-fo set of Y. 

Consider f 1(p) and let Xa Ef- 

Then f(Xa)  e f(f 1(ii) < P. 

Since p 
C/ 

E (f(Xa )), there exists a A 
h 

such that x eAand f(A) < p. 

> x eAts f 1(f(1A)) f(p). 

> f(p) is a (t1 t)-fsc set (by theorem 3.1.7). 

To prove(i)=>(iv) 

Assume that f is fpsc. 

Let p be any r)i-fo  set of  Y. 

Then f' (p) is a (tt)-fso  set of X. 
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r_C1(t-Int(f 1(p))) (by theorem 3.1.3) 

To prove (iv)=>(i) 

Assume that statement (iv) is true. 

Let i be any 'i,1-fo set of Y. 

Then f 1(p) t-C1(t-Int(f 1())). 

=> f 1(p) is a ('r11t)_fso set of X. (by theorem 3.1.3) 

To prove (i) =>(v) 

Assume that f is fpsc. 

Let be any r,1-fc set of Y. 

Then is I,_fo set of Y. 

is a (t1ir)-fso set of X and 

1 

=> (f())'  is a (t1 r)-fso set of X. 

> f 1()) is a (t1 t)-fsc set of X. 

The converse is obvious. 

To prove (v)=>(vi) 

Assume that statement (v) is true. 

Let be any 'i,1-fc set of Y. 

Then f 1() )is a (t1 t)-fsc set of X. 

The converse can be easily proved. 
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SECTION: 2 

ON FUZZY PAIRWISE a-CONTINUITY AND FUZZY PAIRWISE 

PRE-CONTINUITY 

DEFINITION: 3.2.1 

Let,\ be a fuzzy set of a fbts (X,t1,t2). A is called 

a (t1T) - fuzzy a- open (briefly, (t,r) - fao) set of X 

if ,X (ii -  Int(t-Cl(t1-IntA)). 

a (t. 1 t) - fuzzy a- closed (briefly, (tt)-fac) set 

of X if t -Cl(t -Int(r-ClA)) A. 

a (t11I)_fuzzY pre-open set of X ifA t -Int(t -Cl)..J. 

a (T1t)-  fuzzy pre-closed set of X if T -Cl(t -IntA) A. 
THEOREM: 3.2.2 

Let A be a fuzzy set in a fbts(x,t1,r2). 

1) A is (t1ir)-fac if and only if A' is (ii) - fao. 

ii) ,\ is (r1 1)-fuzzY pre-closed if and only if ,\' is (r1 r)_ 

fuzzy pre-open. 

PROOF: 

I) A is  (tt)-fac. 

<=> t-Cl(t-Int(t-C1A )) A 
<=> i-A < i-(t -Cl(-r -Int(t-clA))). 

<=> )' < t -Int(T -Cl(t -IntA' )). 

<=> A' is (t11 t)-fao 

ii) A is (r1T)-fuzzy pre-closed. 

<=> I -C1(t -Int A ) A 

<=> i-As i-r Ti-Cl (t - mt A 
Al t-Int(t-Cl A' )• 



<=> A' is (tiitj) - fuzzy pre-open. 

REMARK: 

The following implications can be obtained directly from the 

definitions. 

(ti 1 ) - f40 ((t11tj)- fsc). 

t_fo(r -fc). > (t,t) 
- fao((ti,t)-fac). 

(t,t)_fuzzY pre-open. 

((t 1 T)-fuzzy pre-closed). 

From the following examples we can see that the converse of 

the implications are not true. 

EXAMPLE: 3.2.3. 

Let p1  p and p3  be fuzzy sets on I defined as 

follows: 

0, 0 x 1/2, 
2x-1, 1/2 < x 1, 

1, 
-4x +2, 
0, 

1 o, 
p3(x)= I 

L 

o x S 1/4, 
1/4 x 1/2, 
1/2 S x S 1, 

0 < x S 1/4, 

1/4 x 5 1. 

Consider fuzzy topologies i = {0,p311} and 12  ={0,p1,1}. 

The fuzzy set p21 (resp. p) is (11it2) - fao(resp.(11, '2 
- 

fac) which is not r1-fo (resp.t1-fc) in (I,11,12). 
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The fuzzy set p3(resp.ii3t)  is (12,t1) - fao(resp. (12,11)- 

fuc) which is not 12-fo (resp. 12-fc) in (I,11,12). 

Consider fuzzy topologies 13={0,p2,1} and t2={0,i111}. The 

fuzzy set p31  (resp. p3)  is (t31 12) - fso(resp.(13,t2) - 

fsc) which is not (t3,12)-fao(resp. (13,t2)-fac) and the 

fuzzy set p2' (resp.p2) is(12113) - fso(resp.(12,13) - fsc) 

which is not (12,13) - fao(resp.(12,13)-fac) in (I,r31t2). 

Consider fuzzy topologies t1 = O,p3111 and 13 = {O,p211}. 

The fuzzy set p1(resp.p1 1 ) is both (11,13) - fuzzy pre-open 

(resp.(11,13)-fuzzy pre-closed) and (131r1)-fuzzy pre-open 

(resp.(13,11)-fuzzy pre-closed) which is neither (11,r3)-fao 

(resp.(t11r3) - fuc) nor (r3, r1) - fao (resp.(r3,11)-fac) 

THEOREM: 3.2.4 

Any union of 
pre-open) 

sets is a (tt) - fao (resP.(r11t)-fuzzy  pre-open) set, 

and 

any intersection of (t1it)-fac (resP.(r11t)- fuzzy 
pre-closed) sets is a (t1ir)-fac (resP.(r1r)-fuzzY  pre-
closed) set 

1) Let {A k} be a collection of (r,t)-fao  sets in a 

fbts(X,t1ir2). 

Then Ak Ti-Int(r -C1(r -Int Ak )) for each k. 

=> UAk S U [Ti-Int(t-Cl(t1--Int Ak ))• 

t±-1nt[rj-C1(ti-Int(UAk))]. 

=> UA1 is a (Ti)_fao set. 
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ii) Let {Ak} be a collection of (rir)-fac sets in a 

fbts(xrT). 

Then Ti-Cl(Tj-Int(tj-ClAk)) < Ak 
for each k. 

=>tj-Cl{tj-Int(ti-Cl(flAk))} fltj-C1{rj-Int(tj-Cl,\k)} nAg. 

=> n Ak is a (rt)-fac set. 

Similar proof follows for fuzzy pre-open set and fuzzy pre- 

closed set. The following theorem gives a characterization 

of (t 1 t) - fao sets. 

THEOREM: 3.2.5 

A fuzzy setA in a fbts (X,11,t2) is a (tT)-fao  set if 

and only if it is (tT)-fso  and (r1 t)-fuzzY pre-open. 

PROOF: 

It is obvious that a (t1t)-fao  set is both (t11t)-fso set 

and (t11T)-fuzzy pre-open set. 

Conversely, let ,> be both(t1 r)_fso set and (T11 t)-fuzzy 

pre-open set. Then there exists a -intA e 

such that t-intA:5A r-Cl(t-Int(A )). 

=> t-C1(), ) t-Cl(t1Int(A )). 

=> -r-Int(-r-Cl(A)) s -r1-Int(-r-C1(-r1--Int(A))). 

But ,>. < t-Int(i-Cl (A )). 

Therefore A 5 t±-Int(t -Cl(t -Int(A ))). 

,)\ is a (r1 t)_fao set of X. 

THEOREM: 3.2.6: 

If p is a fuzzy set in a fbts(X,t1,12) and ,\ is a 

(tT)_fso set such that A p t1-Int(t-Cl(A )), then ' 

is a (rir)-fco set. 
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PROOF: 

LetAbe a (t1t)-fso set such that 

A p < T-Int(t_Cl (A)). 

ThenA tj-Cl(t --Int)). 

i s Ti_Int(t_C1(t -cl(-r -Int  

=> pS ti-Int(t --Cl(ti-Int(A))). 

t -Int(r -Cl(t -Int(P))). 

=> p is a (t1 t)_fao set. 

DEFINITION: 3.2.7 

Let f: (X,11 12)—>(Y, 142) be a mapping from a fbts X 

to another fbts Y. f is called 

a fuzzy pairwise a-continuous (fpac, in short) mapping 

if f -( )\ ) is a (T1t)-fao  set in X for each A E 

a fuzzy pairwise pre-continuous (fppc, in short) mapping 

if f(A) is a (t11t)_fuzzy pre-open set in X for eachAe 

REMARK: 

The following implications can be obtained directly from the 

definitions 

fpc 

From the following 

fpsc. 

> fpac. 
"I. 

fppc. 

examples we can see that the 

converse of the implications are not true. 



EXAMPLE: 3.2.8: 

Let P1,p2  and p3  be fuzzy sets of I as described in 

Example 3.2.3. Consider fuzzy topologies t = {0,p1, p2111, 

t2 ={O,p3,l}, 1={O,p1Up211} and '32={O,p2,1} and the 

identity mapping  

Then f is a fpac mapping but not a fpc mapping. 

Consider fuzzy topologies t3= {O,p,1}, t4={O,p,1}, 

3={O,p,1} and 2  ={0,p211} and the identity mapping 

f:(I,t3,t4)—>(I, 312). Then f is a fpsc mapping which is 

not fppc and thus also not fpac mapping. 

Consider fuzzy topologies 12={0,p3,1}1  t3={0,p211}, 

)3={OP3 1} and ?2={0,p2,1}. Consider the identity mapping 

f:(I 1 t2 t3)—>(I1)3)2). Then f is a fppc mapping which is 

not fpsc and thus also not fpac mapping. 

The following theorem provides several characterizations of 

fpac mappings. 

THEOREM: 3.2.9 

Let f:(Xic1,t2)—>(Y,'7112) be a mapping. The following 

statements are equivalent: 

f is fpac. 

For each fuzzy point x of X and each \
,
3-fo set ii of Y 

containing f(x), there exists a (t1it)-fao setA of x 

containing x13  such that f(A) 

The inverse image of each 1-fc set of Y is a 

fac set in X. 
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t±-C1(I -Int(t -C1(f'(P)))) f'(-C1(p)) for each 

fuzzy set p of Y. 

f(I -C1(t -Int(T±-C1()))) 7 -C1(f(A)) for each fuzzy 

setAof X. 

PROOF: 

To prove (i)=>(ii). 

Assume that f is fpac. 

Let p be a -fo set of Y containing f(xB)  where  xB E X. 

Then f'(p) is a (tt)-fao  set of X containing xB. 

Let A = f 1(p). 

Then A is a (tt)-fao  set of X containing x13  such that f(\) 

:S P. 

To prove(ii) => (1). 

Assume that statement (ii) is true. 

Let p be an -fo set of Y. 

Then f 1(p) is a fuzzy set of X. 

Let xB E f 1(p). Then f(x13) e  p. 

Hence by our assumption, there exists a (t1T)-fao  set  Ax  
B 

of X such that x13  E AX B and f( AXB ) 

Thus x € f(p). Therefore, we have 
B B 

U{xB :XB E f (p)} S U{ AxB: xB E f(p)} < f 1(p). 

Hence f -(p)=U{ AxB : xB E f -(p)} which is a (tT)_fac 

set of X. 

To prove (1) =>  

Assume that f is fpac. 
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Let i be a-fc set of Y.Then i-p is a-fo  set of Y. 

=> f(i-p) is (t1 t)-fao set of X. 

=> 1-f(p) is (t 1 t)-fao set of X. 

=> f(p) is (t1t)-fac  set of X. 

To prove (iii) = > (iv). 

Assume that the inverse image of each _fc set of Y is a 

(t1 I)-fac set in X. 

Let p be any fuzzy set of Y. 

Then f(91-Cl(p)) is a (t1 t)-fac set of X. 

=> f
1(9 -Cl(p)) 2 

2 r-C1(r--Int(t-Cl(f(p)))). 

To prove (iv)=>(v). 

Assume that t-Cl(t-Int(t1-Cl(f 1()))) 

for each fuzzy set p of Y. 

We get the result (v) by replacing p = f(A ) in our 

assumption where A is a fuzzy set of X. 

To prove(v)=>(i) 

Assume that f(t-Cl(t-Int(-r1-cl(A)))) -Cl(f(A )) for 

each fuzzy setA of X. 

Let p be a set of Y. 

Then 1-p is a 1-fc set of Y. 

= 

= 1-p. 

Therefore, t -Cl(rj-Int(T_Cl(f'(i_p)))) f 1  (1-p). 

=> f(1-p) is a (t11t)-fac set of X. 

=> 1-f 1(p) is a (T1 t)-fac set of X. 
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=> f(p) is a (t11t1)-fao set of X. 

=> f is fpac mapping. 

THEOREM: 3.2.10 

A mapping f:(X1 t1 t2)—>(Yy12) is fpac if and only if 

it is fpsc and fppc. 

PROOF: 

It is obvious that a fpac mapping is both fpsc mapping 
and fppc mapping. 

Conversely, let f be both fpsc mapping and fppc mapping and 
let,\ be a91-fo set of Y. 

Then f(A) is both (r..t)_fso  and (tit)-fuzzy  pre-open 
set of X. 

=> f 1(A) is (t1 t)-fao set of X. 

=> f is fpac mapping. 

DEFINITION: 3.2.11 

Let f:(X,t1,t2)—>(Y, 112) be a mapping from a fbts X 
to another fbts Y. f is called 

(i) a fuzzy pairwise a-open (resp.fuzzy pairwise a_closed), 
briefly, fpa open (fpa closed), mapping, if f(A ) is a 

(resP.(1)-fac) set of Y for each r1-fo 
(resp. t1-fc) set of X. 

ii) a fuzzy pairwise pre-open (resp. fuzzy pairwise pre-
closed) briefly, fpp open (fpp closed) mapping, if f(A ) is 

a (91 )-fuzzypre-open (resp. (911)-fuzz pre-closed set 
of Y for each r1-fo(resp.t-fc) set ?\ of X. 
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REMARK: 

The following implications can be obtained directly from the 
definitions 

fpp open (resp.fpp closed) 

fp open (resp.fp closed) —> fpa open (resp.Ipu closed) 

fps open (resp.ps closed) 

From the following example we see that the converse of the 

implications are not true. 

EXAMPLE: 3.2.12 

Let X = {a,b,c} and Y = {x,y,z}. The fuzzy sets of X and 

the fuzzy sets p, p2  of Y are defined as follows: 

A1(a)=0.3, A1(b)=0.4,A1(c)=0.5, 

A2(a)=0.3, 2(b)=0.5, 2(c)=0.6, 

ji1(x)=0.2, p1(y)=0.3, p1(z)=0.4, 

p2(y)=0.2, i.i2(z)=0.3. 

Consider fuzzy topologies t1{O,11,1}, t2={O,A211}, 1{0, 

'2'-' '92={0,P1,P2,1} and the mapping f:(X,t1,t2)—>(Y771,92) 
defined by f(a)=x, f(b)=y and f(c)=z. Then f is a fps open 

mapping but not fpa open mapping. 

Consider fuzzy topologies 13={O,A2,  1},  t2={O,A2, l}, 

and the mapping f=(Y,' 3,'r11)—>(X,t3,t2) defined 
by f(x)=a, f(y)=b and f(z)=c. Then f is a fpp open mapping but 
not fpa open mapping. 

Consider fuzzy topologies 2=10,A2, Ti={0)i, 1}, 
p2,1}, 5={0P111} and the mapping f=(Y, 41 >(X,t2,t1) defined 



by f(x)=a, f(y)=b and f(z)=c. Then f is a fpa open mapping but 

not a fp open mapping. 

THEOREM: 3.2.13 

Let f:(X,t1,12)—> (Yr,
3112) be a fpa open (resp. fpa closed) 

mapping. If p is a fuzzy set of Y and \ is a t-fc (resp.t1-fo) 

set of X containing f_i.(p),  then there exists a 

resp. )-fao) set of Y containing p such that f1() <,,\ 

PROOF: 

Assume that f:(X,t1,t2)—>(Y7i11,2)  is a fpa open mapping. Let p 

be a fuzzy set of Y and be a t1-fc set of X containing f(p). 

Let =1-f(1-A). Then f(p) 

=> f(?) 

=> 1-f(A) < 1-p. 

Since i-A is a Ti-fo set of X, we have f(1-A) is a 

set of Y. 

=> 1-f(1-) =is a set of Y. 

And f()  

)-fao 

Hence there exists a ( 1 )-fac set of Y containing p such that 

f1() A. 
The proof for the class of fpa closed mapping is similar. 

THEOREM: 3.2.14 

If f:(X,t1,i2)—> (Y'112) is a fpa open mapping, then 

f(). Cl().-Int(). Cl(P)))) 5 t-Cl(f(p)) for each fuzzy set p 

of Y. 
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PROOF: 

Assume that f:(X.t1,12)—> (Yryl 'r)2 ) is a fpa open mapping 

and p is a fuzzy set of Y. Since Ti-Clf(p) is a fuzzy closed 

set of X containing f 1(p) for each fuzzy set p of Y, 

there exists a (, 7)_fac set)' of Y containing p such that 

(A ) 

Since p 

f 1(11_Clc_Int(1-Cl  

t-Cl(f(p)). 

for each fuzzy set p of Y. 

The following theorem gives a characterization of fpa open 
mappings. 

THEOREM: 3.2.15 

A mapping f:(X,t1,t2) —> is fpa open (fpa closed) if 
and only if it is fps open (fps closed) and fpp open (fpp 

closed). 

PROOF: 

It is obvious that a fpa open mapping is both fps open 
mapping and fpp open mapping. 

Conversely, let f be both fps open mapping, and fpp open mapping 
and let )\ be a Ti-fo set of X. 

Then f(?)  is both ( 1,'j)-fso set and ( I1')j)_fuzzY pre-open set 
of Y. 

(A) is (jij)-fao set of Y. 

> f is fpa open mapping. 

The proof for the class of fpa closed mapping is similar. 



$Ummaru.  an?i cro"Clusion 



SUMMARY AND CONCLUSION 

The concept of fuzzy bitopological spaces was first 

introduced by K.K.Azad in 1981. Since then, many results on 

topological spaces are generalized to fuzzy bitopological 

spaces. In this thesis, we have discussed in detail the 

following three important concepts. 

Fuzzy complementation 

Fuzzy strongly compactness 

Semi-open sets, semi-continuity, a-open sets, a-

continuity in fuzzy bitopological spaces. 
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