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INTRODUCTION

The aim of this thesis is to discuss in detail

the following four papers.

1. 'THE FUZZY TOPOLOGICAL COMPLEMENTATION THEOREM [5]

2. STRONGLY COMPACT FUZZY TOPOLOGICAL SPACES [17]

3. SEMI-OPEN SETS, SEMI-CONTINUITY AND SEMI-OPEN MAPPINGS
IN FUZZY BITOPOLOGICAL SPACES [18]

4. ON FUZZY PAIRWISE a-CONTINUITY AND FUZZY PAIRWISE
PRE-CONTINUITY [19].

In his article published in 1965,
A.K.STEINER [23] has obtained a topological
complementation theorem. The fuzzy analogue of this result
is obtained by S.DANG, A.BEHERA AND S.NANDA [5]. This
paper is discussed in detail in the first chapter.

Given a nonempty set X, the lattice of all fuzzy
topologies on X is denoted by X(X). A fuzzy topology is said

to be principal if each fuzzy point X. has a smallest fuzzy

neighbourhood. Let n(X) denote the collection of all
principal fuzzy topologies. The main theorem proved here
is as follows.
"Every T in X(X) has a complement t' in m(X)".

The second chapter deals with strongly compact fuzzy
topological spaces. Strong compactness is defined in terms
of pre-open and semi-open sets. A fuzzy topological space

is said to be strongly compact if every pre-open cover has a

finite subcover.



With every fuzzy topology t, the author associates a
topology Ty Denoting by FPrO(x), the collection of all
fuzzy pre-open sets, the fuzzy topology Ty is generated
by FP,O(x). The author generalizes important properties
of qompact spaces to strong fuzzy compact spaces. In fact,
he has obtained parallel results to the following theorems

on compactness.

1. Continuous image of a compact space is compact.

2. Every clozed subset of a compact space is compact.

3. A topolongical space X is compact iff every collection of
closed subsets of X with the finite intersection

property has a nonempty intersection.

The third chapter is devoted to the study of fuzzy

bitopological spaces. Here the concepts of fuzzy semi-open

sets, fuzzy a-open sets, fuzzy pre-open sets have
been generalized to fuzzy bitopological spaces. Using
these concepts the author introduces and studies fuzzy

pairwise semi-continuous mappings, fuzzy pairwise semi-open
mappings, fuzzy pairwise a-continuous and fuzzy pairwise
pre-continuous mappings etc. The author has

obtained interesting characterizations of these mappings.



Revien of WLiterature



REVIEW OF LITERATURE

The lattice of all topologies is studied by many
topologists.  In 1958, J.HARTMANIS [6] has raised the
question whether the lattice of all topologies in a given
set 1is complementéd. He proved that this result is true
in the case of a finite set. In 1965, A.K.STEINER [23] has
proved that the 1lattice is always complemented. The same
result 1is proved in a different way by A.C.M VAN ROOIJ
[25] in 1966. In 1968, P.S.SCHNARE [20] proved that
every proper topology on a finite set with n > 2 elements
has atleast (n-1) complements in the lattice of all topol-
ogies on X. 1In 1969, the same author improved this

result and proved the following theorem [21].

"Every proper topology on an infinite set X has

atleast |X| complements (resp., principal complements) and

atmost 22]x] complements (resp., Z'XI principal
complements)". Moreover, these bounds are the best
possible.

In 1966, A.K.SIEINER [24] proved that every topology

has a complement which is a principal topology. In his
proof of this theorem, A.C.M.VAN ROOIJ uses Zorn's
Lemma and two applications of transfinite induction. In

1972, P.S.SCHNARE [22] improved this proof by wusing a
simple trick by suitably adjoining a new point to X.

This proof is generalized in fuzzy situation by S .DANG,

O



Fuzzy bitopological Spaces were first introduced and
studied by A.KANDIL [7] in 1989. In 1981, K.K.AZAD [2]
published a paper on fuzzy semi-continuity, fuzzy almost
continuity and fuzzy weakly continuity. The concept
of fuzzy semi-continuous, fuzzy semi-open,fuzzy semi-
closed mappings are defined exactly ‘as in the case of
topological spaces. S.SAMPATH KUMAR [18], [19] has
generalized the results on bitopological spaces and the
fuzzy topological spaces and developed a study of fuzzy
bitopological spaces. In this thesis two papers of
S.SAMPATH KUMAR dealing with semi-open sets, semi-
continuity and semi-open mappings, a-continuity and
pre-continuity in fuzzy bitopological spaces are discussed

in detail in the third chapter.
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CHAPTER — I
THE FUZZY TOPOLOGICAL COMPLEMENTATION THEOREM
DEFINITION: 1.1 [T&] .
Let X be a nonempty set. A function "A" from X to

[0,1] is called a fuzzy set in X.

If A takes only the values 0,1, A is called a crisp
set 1in X. The crisp set which always takes the value 1 on
X is denoted by 1X and the crisp set which always takes

the value 0 on X 1is denoted by OX.

The set {xeXlA(x))O} is called the support of A.
DEFINITION: 1.2

Let J be an indexed set and let J4'= {Aa|aeJ} be a
family of fuzzy sets in X. Then the union UJQ- and the

intersection nJ% are defined by

(UAQ(X)=sup{AQ(x)|aeJ}, xeX, and

(NA) (x)=inf{A, (x)|aeJ}, xeX.

DEFINITION: 1.3

Let A be a fuzzy set. The complement of A, denoted by

A 1is defined by A'(x)=1-A(x) for all x in X.

DEFINITION: 1.4
Let f:X->Y be a mapping. If A . is a fuzzy set of a

nonempty set X, then f(A) is a fuzzy set of Y defined by



f(A)(y)=|Sup %(X) if f'l(y)+ @,
xef ~(y)

(veY)
0 otherwise,

If B is a fuzzy set of Y, then f_l(B) is a fuzzy set of X

defined by f 1(B)(x)=B(f(x)), for each xeX.

DEFINITION: 1.5 [4]-

Let X be a nonempty set and I* be the set of all
fuzzy subsets of X. A family tei¥X s called a fuzzy

topology of X if

(i) 0,,I €eT.

X'™X

€T

(ii) A,Bet => ANBet.(iii) {Aj:jeJ}qx => U AJ

jed.
The pair (X,t) 1is <called a fuzzy topological space
(briefly,fts). A fuzzy set U is called fuzzy open if Uet.

The fuzzy complement U'=1X-U is called a fuzzy closed set.

DEFINITION: 1.6

Let A be a fuzzy set of a fuzzy topological space
(X,1). The closure of A (Cl(A)) and the interior of A

(Int(A)) are defined respectively as

Cl1(A) = inf{B|B2A, B'er}

and Int(A) = sup{B|B< A, Bet}.



RESULT:

For a fuzzy set A of a fuzzy space X

(i) 1-Int(A)

n

Cl1(1-A), and

(11) 1-Cl(A) Int(1-a).

DEFINITION: 1.7
Let (X,t) be a fuzzy topological space. A subfamily e
of T 1is called a base for T if each member of T is a

union of some members of Z&.

A subfamily § of t is called a subbase for <t if
the collection of all finite intersection of members ofyg
forms a base for t.

DEFINITION: 1.8

Let (X,t) be a fuzzy topological space. A fuzzy point

> is a fuzzy set such that xr(y) =l r if vy = x
0 otherwise. (0<r< 1)

X and r are respectively called the support and the value of

the fuzzy point Xy o

NOTE:

1) If r = 1, the fuzzy point reduces to a crisp point, say x.
2) A fuzzy point X, belongs to a fuzzy set A in X if r< A(x).
DEFINITION: 1.9

A  fuzzy set A in a fuzzy topological space (X,t) is
called a fuzzy neighbourhood of a fuzzy point X, 1f there

exists a fuzzy open set U such that X €UCA.



NOTE:

A fuzzy open set U is a fuzzy neighbourhood of all of

its fuzzy points.

NOTATION:
C)\Q(x) denotes the neighbourhood system of x in the

fuzzy topology .

DEFINITION: 1.10

Let X be a nonempty set and let FciX, Define a
relation < on F by A< A, if A1CA (fuzzy inclusion).
Then (F,< ) is called a fuzzy partially ordered set (f-poset)

if it satisfies

1) A< A for all AeF (Reflexive)
2) A< B and B< A implies A=R (Antisymmetric)

3) A< B and B< C implies A< C (Transitivity).

DEFINITION:1.11
An fuzzy partially ordered set (F,< ) is called a
fuzzy 1lattice if any pair of elements A, B in F has an

infimum and a supremum in F, written as AAB and A\B

respectively.

DEFINITION: 1.12
A fuzzy lattice F is said to be complete if every
nonempty subset of F has an infimum and supremum. A subset

ECF is called a sublattice if (E,< ) itself forms a lattice.



DEFINITION: 1.13
Let (F,< ) be a fuzzy partially ordered set. Let AcF
and A # g,then (A,<|A) 1is a chain in (F,< ) iff <|A is

a total ordering on A.

DEFINITION: 1.14
A fuzzy topological space (X,t) is said to be
Principal if every fuzzy point X, has a smallest fuzzy

neighbourhood Nt(xr).

NOTATIONS:
1) Smallest fuzzy neighbourhood of a Crisp point x is
denoted by N .(x).
2) set of all principal fuzzy topologies in a nonempty set
X 1s denoted by n(Xx).
3) Set of all fuzzy topologies in a nonempty set X isg
denoted by Z(X).
DEFINITION: 1.15

We define a relation < on Z(X) by saying T1 £ T, iff

Ty 1is weaker than T,, where T1,T7€2(X).

THEOREM: 1.16

(Z(X),< ) is a complete fuzzy lattice with the greatest

and the least element.



PROOF :
Claim 1: (Z(X),< ) is a fuzzy partially ordered set.
1) Reflexivity: Obvious.
ii) Antisymmetric:
If 112 Ty and T2 T for Tl,IZEE(X), then Tq ‘is weaker

than T, and T, is weaker than T Therefore, T1=Ty.

iii) Transitivity:
It 1< T, and T9% T3 for tl,tz,IBEZ(X), then T4 is weaker
than T, and T, is weaker than T3. This implies that T4 is

weaker than T3 => tls T3.

Therefore, (Z(X),< ) is a fuzzy partially ordered set.
Claim 2: (Z(X),< ) is a fuzzy lattice.

Let tq,T5€Z(X).
Define T4NTy = {U|U is both Tq - open and T, - open in X}

and tl'\/tz = {2 tk : tls tk, t2_<_ tk}.

To prove that T1AT, is a fuzzy topology on X.
i) Since Oy, 1, belongs to both T4 and T,,
Ox.14x €T{AN\T,.

ii) Let U,Vet A Ty.

Since U and V are both Tq-open and T,-open in X, UNV is
also both tq-open and Top-open in X.
iii) Let {Uj:jeJ}c: tl/\tzbsince {Uj:jeJ} is a sequence of
both T4 -open and T,- open sets iﬁ X.U U. 1is also both Tq -

‘ jed J
open and T, - open set in X.

L1



=> U U:e T1A TH.
jed 4 L -

Therefore, TN Ty € Z(X).
Next to prove that T1V 15 is a fuzzy topology on X.
1) Since OX and 1xe T for all k, |
Ox 1ge T1\V/ Ty
ll) Let Ul,Uze tl\/ tz.
Then Ul,Uze T for all k.
So Uln Uze T for all k.

=> Ulﬂ UzE Q tk'

=> Uln U2€ tl\/tz.

iii) Let {Uj :jeJ} be a family of fuzzy open sets in TV 15

Then {Uj:jeJ}c:,tk for all k and since each Ty being a

fuzzy topology, we have U Ujetk for all k.
JjeJ

=> U U. eNnN-T
jeg ) x K

=> U U.:et AVAR®
Jjed =71 2

Therefore, T1V Ty € Z(X).

Claim 3: I(X) is complete.

For that we have to prove that every nonempty subset of 2(X)
has an infimum and supremum.

Let F be a nonempty subset of Z(X). We define infimum F

and supremum F as,



inf F = {N t::1:€F} and

j J°73
sup F = {n tk:tkeE(X) and T < T) for all teF}.
k
Then inf F and sup F are in %(X). So IX(X) is a

complete fuzzy lattice.

Furthermore,{ox,lx} = ID (the indiscrete fuzzy topology
on X) and IX=D (the discrete fuzzy topology on X) are

respectively the least and the greatest elements of 2(X).

REMARK :
n(X) is a fuzzy sublattice of 2(X).

DEFINITION: 1.17

Let teX(X). Then a fuzzy topology Tt' is called

the complement of t if

t™vTt' = D (the discrete fuzzy topology on X) and
TAT' = ID (the indiscrete fuzzy topology on X).
NOTE:

When X = {p} and t = (0{p},1{p}) we have Tt = t©'. Here

both are indiscrete fuzzy topologies.

THEOREM: 1.18
THE FUZZY COMPLEMENTATION THEOREM
"Every teZ(X) has a complement t'em(X)"
We expand the set X by adding a point (crisp) p as

Y = XU{p}. Define a fuzzy topology 7 on Y as follows.



Y = tU{UUl{p}ert}
where t is the fuzzy topology on X.
The method of proof of this theorem is to construct a
fuzzy topology on Y, whose restriction to X is the required
complement. The construction of fuzzy topology on Y uses

Zorn's lemma.

Proof of the theorem:
By our definition of a fuzzy topologyjp on Y, every
object on ? is either a fuzzy open set in (X,t) or is

of the form UUl{p}, where U is fuzzy open in (X,t).

LetA= {(A,s):
(1) peAcY (1i) sem(A)
(iii) s is a complement for‘?|A, fhat is s = (9|A)'}.
If A = {p}, then'?[A:{O{pi,l{p}} and its complement is itself.
Therefore ({p},{0(p}.,1(p31}) eJ*=>J?+ @ .

Define a relation < inl*by saying (Al'sl) < (Az,sz) <=
(1) A{C A,

(2) Nsl(x) = st(x) for xeAl—{p}
(3) Ng, (p)eNg, (P)Ng, (P)U(Ap-Aq).

To prove &A: < ) is a fuzzy partially ordered set.

(1) Reflexive:
Since (1) ACAq

(x) = N._(x) for xeAl—{p}

L4



and (3) Nsl(p)CNsl(p)chl(p)U(Al—Al)
we have (Aq,sq)< (BAq,sq) for every (Ay,s1)eA.

(ii) Antisymmetric:
Let (Al,sl)f (Az,Sz) and (Az,Sz)f (Al,sl).

Then (1) Ar:Az,A2C;A1 => A1=A2.

(2) Nsl(x) = st(x) for xe Al—{p},
st(x) = Nsl(x) for xeAZ—{p}.
=D N51(x) = st(x) for xeA1UA2-{p}.

(3) Nsl(p)c:st(p)CLNsl(p)U(Az—Al),

=> N.. (p)<N

s1 (p)cNg, (P)U #( Since Aq=Aj).

S2
=> Ng, (p) = Ng,(P).

Therefore, (Al'sl) = (Az,sz).

(iii) Transitivity:

Let (A;,81),(RA;,8,),(Ag,83) e

such that (A,,sq)< (Ay,s,) and (A,,s;)< (A3,s3).

Then (1) Af:Az,Aj:Aa => Af:AB.

(2) Nsl(x) = st(x) for xe Al—{p},
st(x) = NS3(X) for xe Az—{p}.
=5 st(x) — NS3(X) for xe Al—{p}(since AICAZ)'



=> N. (x) = NS3(x) for xe Al—{p}.

(3) Ns, (P)CNg, (P)aNg, (P)U(Ay-Aq),

Ng,(p)CNg

S2

B(P)C:NSZ(P)U(A3‘A2)-

=> Nsl(p)c.st(p)c.NSB(p)CIfISZ(p)U(AyAz)-
CNg; (P)U(Ay-A;1)U(A3-R;).
= Ng, (P)U(A3-Ay).
=> Ng, (P) CNS3(p)c_Nsl(p)U(A3-A1).

Therefore, (Al,sl) < (A3,53).
Iféé = {(Aj,sj):jeJ}cjvﬁ}is tqtally ordered, then define
(A,s) as follows,

(a) A = UAj].
jed

=
=2
X
]

Ns.(x) if x € Aj-{p}.

J
UNs (p).
jed j

Then (A,s) 5141 For,

Q
=
2}
i
n

(i) Since p € Achfor every j

we have p € Aje U Ajc;Y.
jed

=> p € ACY.
(ii) For any X € A, X € Aj for some j € J.

=> X has a smallest neighbourhood.

Ng (x) = Ng(x) if x € Aj - {x} and st(p) . Ng(p) if x=p.

L&



Therefore, se m(A).

(iii) Since S§ = (9|Aj)' for j € J

we have S = (9|A)'

Hence (A,s) e 4.

Here (A,S) 1is an upper bound for d}. For,
1) Ajc:A, for each jeJ

2) Ns.(x) = Ns(x) if x € Aj—{P} by (b)
]

3) Ng (pP)Ng(p) by (c)

j
Ng (p)
j

N. (p) U N, (p)
°j k3 Sk

N (p)U(A-Aj)

Thus (Aj,sjg < (A,S) for each jeJ.
Hence by Zorn's lemma\/Phas a maximal element, say,(M,m)..
To prove M = Y.
If M+ Y, let ¢ € Y-M. Take M* = M U{q}.
Define a fuzzy topology m* on M* (By extending m to m* on

M*) as follows:

Npx(P)=| Np(p) if 1 is not fuzzy open in M*
Nm(p) U 1{q} if 1m is fuzzy open in M
Nm*(q)= l{q} if 1{q} is not fuzzy open in M*
. 9 . *
] Nm(q)Ul{q} if 1{q} is fugzy open in M

Then we have,
1) Pe M*C;Y, since p € M
2) for each x € M*, if x + g, x has a smallest fuzzy

neighbourhood of the formNm(x) or Nm(x)Ul{q} and if X = q then x has

1.7



smallest neighbourhood of the form 1{q} or Nm(q)Ul{q}.
Hence m" e n(M*).
3) Since m=(v|M)' and since the complement of {O{q},l{q}}
is itself, we obtain m* = (VlM)'
Therefore (M*,m") ek
Also since
1) M M
2) Np(x) = Npy (x) for x e M - {q}.

3) Ny(Q) C Nm(Q)Ul{q}-

Nps () -

Np«(Q) U (M° - M).

We obtain (M,m) < (M*,m*). Which is a contradiction to

the maximality of (M.m). Therefore we have M = Y.

This implies that m € n(M) = n(Y) and m = |M)' = (?[Y)'
Thus m is a fuzzy principal complement for the topology ? of
Y.

So mvp = D (the discrete fuzzy topology on Y), and

mdp = ID (the indiscrete fuzzy topology on Y).

Since m is a fuzzy principal complement for y and since

both and 1 are fuzzy -open, m|x is a fuzzy principal
{q}

complement of t, that is,

m|XVt = D (the discrete fuzzy topology on X).
m]XAt = ID (the indiscrete fuzzy topology on X).
Hence t' = m|x which is a fuzzy principal topology on X.

Hence the proof.
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CHAPTER — ITXT

STRONGLY COMPACT FUZZY TOPOLOGICAL SPACES

DEFINITION: 2.1

A fuzzy subset A of a fuzzy topological space (x,t) 1is
said to be pre-open if ACInt(ClA).
DIFINITION: 2.2

A fuzzy subset A of a fuzzy topological space (X,t) 1is
said to be semi-open if ACCl(Int(A)).
NOTATION:

The set of all fuzzy pre-open subsets of X is denoted
by FPrO(X), and the set of all fuzzy semi-open sets in X 1is
denoted by FSO(X).

DEFINITION: 2.3
A fuzzy topological space (X,T) is said to be strongly

compact if every pre-open cover of X has a finite subcover.
DEFINITION: 2.4

Let (X,t) and (Y;D) be fuzzy topological spaces. A
mapping f:X—>Y is called fuzzy continuous if f‘l(U)e Tt for
each U 6'7. |
DIFINITION: 2.5

Let (X,t) and (Y;?) be fuzzy topological spaces. A
mapping f:X—>Y is called pre-continuous if the inverse image

of each fuzzy open set in Y is pre-open in X.



DIFINITION: 2.6

Let (X,t) and (Y;?) be fuzzy topological spaces. A
mapping f:X—>Y is called M-pre-continuous 1if the inverse
image of every fuzzy pre-open set in Y is pre-open in X.
DEFINITION: 2.7

Let (X,t) and (Y:?) be fuzzy topological spaces. A
mapping f:X->Y is called M-preclosed if the 1image of each
fuzzy pre-closed set in X 1is pre—closed in Y.
DEFINITION: 2.8

Let (X,t) and (Y;9) be fuzzy fopological spaces and let
Ty be a fuzzy topology on X which has FP_O(X) as a subbase.
A mapping f:X—->Y is called g-continuous if f:(X,t¢)—>(Y,v)
is continuous. f 1is said to be @' — continuous if
f:(X,t¢)—>(Y;9¢) is continuous.
THEOREM: 2.9

A fuzzy topological space X is strongly compact if and
only if every family of fuzzy pre—ciosed subsets of X with
finite intersection property has nonempty intersection.
THEOREM: 2.10

Let (X,t) and (Y,p) be fuzzy topological spaces and let
Ty be a fuzzy topology on X which has FP,.O(X) as a subbase.
If f:(X,t)—)(Y}?) is pre-continuous then f is g-continuous.
PROOF :

Assume that f: (X,t)—)(Y)?) is pre-continuous.

Then for each fuzzy open set U in Y,

f"l(U) is fuzzy pre-open set in X,



£-1(y) is fuzzy pre-open set 1in X,
=> £71(U) e FPLO(X).
But Ty has FP,.0(X) as a subbase.
Therefore, £ l(u) e Ty
=> f is g-continuous.
THEOREM: 2.11
Let (X,Tt) and (Y,?) be fuzzy topolqgical spaces. Let Ty

and be respectively the fuzzy topologies on X
@

and Y which has FPrO(X) and FPrO(Y) as subbases. . If
f:(X,t)—>(Y,9) is M-pre-continuous, then f is @' -
continuous.

PROOF:

Assume that f:(X,t)—)(Y,?) is M-pre-continuous.

Let Ue ?¢.

n
Then u=¥| N »:_ |where ?- e FPLO(Y, ).
J{J=1 In } Jnj ?

3

- N

Consider f_l(U)= f_l un i .
TR n
jj=1 j

— 1 n »
= U £ n?j )
J j= nj

noa
= Ul n (£ ~( : )) ;
j Lj=1 anj }

—

But f‘lvvjn )e FPLO(X,T)
Hence f_l(U) € Ty

f is ¢' continuous.



THEOREM: 2.12
Let (X,t) be a fuzzy topological space and let Ty be a
fuzzy topology on X which has FPrO(X) as a subbase. Then

(X,t) is strongly compact if any only if (X,r¢) is compact.

NOTE:

The converse is a consequénce of Alexander's subbase
theorem for fuzzy topological spaces, which can be obtained
in a manner similar to the corresponding result for the non-
fuzzy case.

THEOREM: 2.13

Let (X,t) be a fuzzy topoiogical space which 1is
strongly compact. Then each t¢—fuzzy closed set in X is
strongly compact.

PROOF :

Let V be any t¢—fuzzy closed set in X. And let {Ua } be
i XjeT
a T4~ open cover of V.
Since X-V is Tg-open, {Uaj ray € J} U(X-V) is a T4-Open
cover of X. Since (X,t¢) is compact, there exists a finite

subset JoC.J such that X=U{Ua‘:aje Jo}U(X-V)
J

=> VCU{UG' :ase Jo)

i J
That 1is, there exists a finite subcollection which

covers V.

Hence V is strongly compact relative to X.



THEOREM: 2.14
Let the fuzzy topological space (X,t) be strongly
compact. Then every family of t¢—fuzzy closed subsets of X

with finite intersection property has nonempty intersection.

PROOF:

5€ J} be any

~family of t¢—fuzzy closed subsets of X with finite

Let X be strongly compact and let V={Baga
J

intersection property. Suppose
n{Baj:aje J}=¢

Then{X—Baj raye J} is a Tg-Open cover of X

Hence it has a finite subcover

{X_Baj :k=1,2,........ n) for X.
k

=D ﬂ{Baj : K=1,2..... n} = @.
k

Which contradicts the assumption that V has finite

intersection property. Hence

N{By; | aje THo.

THEOREM: 2.15
Let (X,t) and (Y,y) be fuzzy topological spaces and let
f:X—>Y be g'-continuous. If a fuzzy subset G of X is strongly

compact relative to X, then f(G) is strongly compact relative to

X.

PROOF:

Let {Uaj oaye J} be a cover of f(G) by‘9¢—open fuzzy sets

N



in Y. Since f is @'-continuous, {f’l(Uuj ) : ase J} 1is a

cover of G by r¢—fuzzy open sets in X.
Since G 1is strongly compact relative to X, by theorem
2.12, G is t¢—compact. So there exists a finite subset JOCLJ

such that GCU{f_l(Uaj :as€ Jo}t.

J

=> f(G)C:{qu raye JO}.

=> f(G) 1is t¢—compact relative to Y.
Thus f(G) is strongly compact relative to X.
THEOREM: 2.16
Let A and B be fuzzy subsets of a fuzzy topologial space
(X,t) such that A is strongly compact relative to X and B is Ty
closed in X. Then ANB is strongly compéct relative to X.
PROOF :

Let {Uaj :a;€ J} be a cover of ANB by t¢—fuzzy open

J

subsets of X.Since X-B is a t¢—fuzzy open set,

{Uaj : ajGEJ} U(X-B) is a cover of A.

A 1s strongly compact relative to X and thus A is
t¢—compact relative to X. Hence thefe exists a finite subset

€ Jo})U(X-B)

ngJ such that AC'.(U{UGj Poay

Therefore,

ANBC. U{Uq 0 aj

€ Jo}

This is the required subcover for ANB.Hence ANB is t¢—compact.

Thus ANB is strongly compact relative to X.

T4
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CHAPTER — IIX
FUZZY BITOPOLOGICAL SPACES
SECTION: 1
SEMI-OPEN SETS, SEMI-CONTINUITY AND SEMI-OPEN MAPPINGS IN

FUZZY BITOPOLOGICAL SPACES.
DEFINITION: 3.1.1

A system (X,tl,tz) consisting of a set X with two
fuzzy topologies Tq and T, on X 1is called a fuzzy

bitopological space (briefly, fbts).

NOTATION: In this chapter,k ,B, Y, 'etc denote fuzzy sets.
ti—Int(,K)and tj—Cl(A) mean the interior and closure of a
fuzzy set A with respect to the fuzzy topologies T

and Ty in a fuzzy bitopological space. Throughout this
chapter, the indices i and j take values in {1,2} and i + J.
Also 1=3 gives the known results in fuzzy topological

spaces.

DIFINITION: 3.1.2

Let ) be a fuzzy set of a fbts X. . is called
(1) a (ti,tj)—fuzzy semi-open (briefly, (ti,tj)—fso) set of
X 1if there exists a-o BT 5 such that ¥< A< tj—Cl(Q), and

(11) a (ti,tj)— fuzzy semi-closed (briefly,(ti,tj)—fsc) set

of X if there exists a Q'EIi such that tj*Int(D) S.KS?.

{n



NOTE:
The set of all (ti,tj)—fso(resp.(ti,tj)— fsc) sets of a
fbts X will be denoted by (ti,tj)-FSO(X) (resp. (ti,tj)-

FSC(X)).

THEOREM: 3.1.3
Let A\ be a fuzzy set of a fbts X. Then the following
are equivalent:
(1) A\ is a (tj,ty)-fsc set,
(1i) )' is a (ti,rj)—fso set,
(1i11) tj—Int(ti—Cl(A))S‘A,
A

(iv) T-

5 —Cl(t;-Int(A))2

PROOF:
To prove (1i)=>(ii).
Assume that \is a (tj,tj)-fsc set.
Then there exists a J' € T3 such that tj—Int (Q) SVXSQ.

=> there exists a ' € T; such that

1

1—35 1—)\ < 1—(tj-Int(3)).

=> there exists a ' € T;

i such that ' < )' < t3-CL(J').

=> )' is a (ti,tj)—fso set.
To prove (1i)=>(1)
Assume that 2' is a (ti,tj)—fso set.

Then there exists a :) €T

i such that V< )< tj—Cl(Q).

=> there exists a (Q')'eti such that
1-(15-CL()s 1= A" < 1-y.

=> there exists a ( ‘Q‘)'Eti such that
T;-Int (1) < ) < V.

=> there exists a (Q')'eri such that tj—Int(Q') S)\S'Q'.



=>A1is a (tj,t45)-fsc set.
To prove (i) =>(iii).
Assume that ) is a (ti,tj)—fsc set.
Then there exists a'Q'eti such that tj—Int(Q) <A< Y.
=> T5-Int(V) A< 1;-C1A) = V.
=> tj—Int(ti—Cl(A)) < tj—Int(D).'
=> t5-Int(ty -CLA)) <A .

To prove (iii)=>(1).

Assume that tj—Int(ti—Cl(A)) S,A.

If:)= ti—Cl(A) then D'eti.
Hence there exists a Q'eti such that tj—Int(Q) 5)&5§ .

— )\is a (ti,t -fsc set.

To prove (ii)=>(iv).
Assume that‘A' is a (ti,tj)—fso set.
Then there exists a = € T; such that;)S,A's tj—Cl(D).
Since Y < ti—Int(A) we have A\'< tj—Cl(ti-IntbK)).
THEOREM: 3.1.4
(i) Any union of (ti,tj)—fso sets 1is a (ti,tj)—fso set, and
(ii) Any intersection of (ti,tj)—fsc sets is a (ti,tj)—fSC
set.

PROOF :

(i) Let X be a fbts and let { /\a:aaA} be a collection of

(ti,tj)—fso sets of X.

Each,&a is a (ti,tj)—fSO sets of X.

=> there exists a V, € T; such that Vg < A\, < tj—Cl(ya)for

each a.

Then UV, < UAQ < Utj—Cl(Va) < Ts:-Cl(UV



=> U\, 18 a (ti,tj)—fso set of X.
(11) If Q\a:a e¢4} is a collection of (ti,tj)—fso sets of X.

Then { A :ae} is a collection of (t;,Tj)-fsc sets of X.

J
=> U)g is a (ti,tj)—fso sets of X.
=> (UAG)‘ is a (ti,tj)—fsc sets of X.
=> n,&a is a (tj,ty)-fsc set of X.
REMARK :
1. Every ti—fuzzy open, briefly, ti—fo(resp. ti—fuzzy

closed, briefly,ti—fc)set is a (ti,Tj)—fSO
(resp.(ti,tj)—fsc)set.

2. Every (ti,tj)—fso (resp.(ti,tj)—fsc) set need not be a
ti—fo(resp. ti-fc)set.

3. The intersection (resp.Union) of any two
(Ii,tj)—fSO(reSp.(Ti,Tj)ffSC) sets need not be a
(ti,tj)—fso(resp.(ti,tj)—fsc) set.

4. The intersection (resp. Union) of a (ti,tj)—fso
(resp.(ti,tj)—fsc)set with a (ti,tj)—fso(resp.(ti,tj)—
fsc) set.

The following counter example proves the above statements.

EXAMPLE: 3.1.5
Let X = {a,b,c} and let,Al,Az,A3,)q,A5 and/\ﬁ be fuzzy

sets of X defined by,



Ai(a) = 0, Ag(b) =0.3, Ay(c) =0.2,

>
)
)
"

0.2, Ap(b) = 0.4, A,(c) = 0.3,

&
o))
i

0.3, \3(b) = 0.5, A3(c) = 0.3,

Agla) = 0, Jg(b) = 0.2, Ng(c) = 0.4,

>

53
[}
"

0.3, Ag(b) = 0.4, As(c) = 0.4,

&
81}
1]

0.2, A(b) = 0.3, Aglc) = 0.6.

Let t1={O,A1,A5,1}and tz{O,AZ,A3,1} be fuzzy topologies

on X. Then A,,A3 and )\g are (t1,t5)-fso sets which are not

T,1-fo sets and by theorem 3.1.3,A2,A3 and ,Ks are (tl,tz)-
fsc sets which are not tl—fc sets in (X,tl,tz).

Further, AS is a t4-fo set and )@ is a (tq,Ty)-fso set
but A3nA5 need not be a (tl,tz)—fso set. Also, Az and,hs are

(t1.T3) - fso sets but \,N AG is not a (1q,Ty)-fso set

1 ]
andfﬁzu A6 is not a (tl,tz)—fsc set in (X,tl,tz).

Moreover, AS is a (tz,tl)—fso set but not a Ty - fo

set. Further,A3n,K5 need not be a (tz,tl)—fso set and .A;UAS'
is not a (tz,tl)—fsc set.
THEOREM:3.1.6

Let Aand p be two fuzzy sets of a fbts X.
(1) IfAis (tj,T4)-fso and t3-Int(\) < p < T5-C1()), then
is (ri,tj)—fso.

(ii) IfAis (ti,tj)—fsc and tj—Int()\) < p < ti—Cl()\), then



B 1is (ti,t-)-fsc.

J

PROOF:

(i) LetAbe a (ti,tj)—fso set, and t;-Int (A)

<

H

< TJ—Cl()\).

=> there exists a:)Eti such that QS A < tj—Cl(Q).

=2

=2

there exists aQeri such thath

T5-CL(\) < Ty-C1(Y).
there exists aﬁQeti such thattbs T;-Int(A\)
tJ—Cl()\) s Tj—ClN).

there exists a§eri such that QS B < T

B 1is a (ti,
Let /\be a

there exists

there exists

s%sQ

there exists

<A <t4-CL())

there exists

CMA)SQ.

there exists

B 1s a (ti,

tJ)

(ti/t

2 e
23 e

a J'E

tj)—fSC

i)

-fso set.

- fsc,

T

such

such

such

such

such

set.

and

that

that

that

that

that

T4-Int(\)

tj—Int(Q)

tj—Int(O)

T5-Int(J)

rj—Int(q)

tj—Int(Q)

t-Int () </

J

IA

IA

IA

1A

A
=
1A

.-C1(Y).

IA
=
IA

)\5'3.

tj—Int()\)

T:-Int(\)



THEOREM: 3.1.7
Let A be a fuzzy set of a fbts X./\ is a (ti,tj)—fso set
if and only if for every fuzzy point Xq e)\ there exists a

(ti,tj)—fso set Qxa such that Xq € Dxa S/\.

PROOF :
Assume that A is a (tj,Ttj)-fso set.
Then there exists a Qe T; such that Qs)\s tj—Cl(\\)).

Take A = Dxa for every Xq e/\ .

=> bxa is a (tj,T5)-fso set such that x, E-QXG =A.

Conversely, assume that for every fuzzy point x a € )\, there
exists a (tj,T4)-fso set Qx such that x, € 3)( <A.
’ a

Then /\

=>>\

{Uxa:x0 E/\} < U{Dxa P Xg e}\} 5/\.

u{ Qxa:x qd EN Y.

=> /\ is the union of (ti,tj)—fso sets of X.

=> )\ is a (ti,tj)—fso set of X.
DEFINITION:3.1.8
Let ?\ be a fuzzy set of a fbté X.
(1) The (ti,tj)—semi—interior of)\, ‘(ti,tj)—sInt(/\), is
defined by (ti,tj)—sInt(/\)=Sup{ Q: DS )\,V is (ti,Tj)‘_‘fSO},
and

(1ii) The (ti,tj)—semi—closure of)\, (ti,tj)—sCl(/\), is

defined by (tj,t4)-sCL(A)=Inf(D: V2 ), is (ty,7)-fsc}.

3X



We have obtained the following results by using the
above definitions directly.
RESULT (1):

Let A\ be a fuzzy set of a fbts (X,ti,tj). Then ti—Int(A)

< (tq,t3)-sInt(A) A= (15,T4)-sCL(A) = T3-CL(A).

RESULT (2):
Let Aand p be two fuzzy sets of a fbts X.
Then(i) IfA< B, (ti,tj)—sIntQX) < (14,7

(ii) T A< B, (T4,T4)-8CL(A)

j)—sInt(u),

(ti/tj)—SCl(p)f

1A

(iii) (ti,tj)—slnt(h) is a (ty,ty)-fso set,
(iv) (ti,tj)—sCl(A) is a (ti'tﬁ)_fsc set.
RESULT (3):
Let Abe a fuzzy set of a fbts X. Then
(1) is (ty,ty)-fso if and only if,K:(ti,tj)—sIntQA), and
(ii) A is (tj,ty)-fsc if and only ifA =(T;,T4)-sCL(A).
Next, the author introduces the concepts of fuzzy
pairwise semi-continuous, fuzzy pairwise semi-open (semi-
closed) briefly, fpsc, fps open (fps closed), mappings by
using (ti,tj)—fSO and (ti,tj)—fSC sets and studies some
of their basic properties. Several characterisations of

these mappings are also obatined.

DEFINITION: 3.1.9

Let f:X—>Y be a mapping from a fbts X to another fbts
Y. f is called

(i) a fpsc mapping, if f"l()) is a.(ti,Tj)—fSO set of X for



set of X for each'?i—fo set.& of Y.

(11) a fps open (fps closed) mapping, if fCA) is

m

'91 ?J -fso(resp. (?1.?3 -fsc) set of Y for each ti—fu
(resp. t;-fc) set Aof X.
DEFINITION: 3.1.10

Let f:X->Y be a mapping from a. fbts X to another fbts
Y. f is called a fuzzy pairwise continuous(resp. fuzzy
pairwise oren and fuzzy pairwise closed), briefly, fpc (fp
open and fp closed) mapping if and only if the induced
mappings f:(X,tk)—> (Y'?k) (k=1,2) are fuzzy continuous
(resp. fuzzy open and fuzzy closed).

REMARK :

Every fpc(resp. fp open and fp closed) mapping is
fpsc(resp. fps open and fps closed). The following examples
show that the converse need not be true.

EXAMPLE: 3.1.11

Let  X=Y=I and let A\, A, and A; be fuzzy sets of I

defined as follows:

M(x) = o, 0< x < 3,
2x-1, ¥ < x < 1,
L (

)\2(X) = |1, 0= x =< 4,
-4x+2 t < x < %,
0, ¥ < x < 1.
L

/\B(X) = 0, 0 < X < i’,
1/3(4x-1), + < x < 1.

Consider the fuzzy topologies

tl'—‘{orAll /\2/ )\1U AZ/l}/ tzz{ol AZII} ?l={01A311}



' _
and'92={0,)q,1} and the mapping f:(x,tl,tz)—>(Y;91,p2)
defined by f(x)=x. Then f is a fpsc mapping but f is not

fpc.

EXAMPLE: 3.1.12

Let X, A1, A2: A3 A4, Ag and Ag be described as in
example 3.1.5. Consider the fuzzy topologite4 |
t1=10, A2, Asr Az UAg, Agndg 13,
1250 0, A3. As. A3 UAs, Aspds 1}, )y={0, Ay, A, 1} and
yzz{o,,kl, Az,l} and the mapping f:(X,tl,tz)—>(X,>1,v2)
defined by f(x)=x for each xeX. Then f is a fps open
mapping but not fp open mapping. The characteristic
properties of fpsc, fps open, fps closed mappings. in
fuzzy Dbitopological spaces are discussed in the following
theorems.
THEOREM: 3.1.13

A mapping f:X->Y is fpsc iff for any fuzzy point x of

a
X and any ?i—fo set u§ in Y with f(xa)e B, there exists a

A €(t;,T4)-FSO(x) such that x; e X\ and f(A) < p.
THEOREM: 3.1.14
A mapping f:X3>Y is fpsc iff for every fuzzy set is X,

£((t3,T5)-5C1(A)) S p;-CL(£(A)).
PROOF :

Assume that f is fpsc.
Let A be any fuzzy set in X.
Then f‘ltyi—Cl(f(h))) is a (tj,ty)-fsc set in X.
Further more,A < £ 1(£(A)) < £ lm;-Cl(£(A))).

4



Therefore, (t;,t;)-sCl(A) < f’l(?i—Cl(f(h))).

J
=> £((13,15)-5CLA)) = £(£71(y;-CL(£(A)))).
N;-CL£(A)).

=> f((ti,tj)*SCl(A))
Conversely, assume that for every fuzzy set /\ in X,

1A

IA

f((Ti,tj)—SCl(A)) < 91'Cl(f(A))' Let p be any Di_fc set in
Y. Then f£((ty,ty)-sCl(f 1(n))) < i-CLE(E7H ).
=> £((t3,75)-sCL(£71(n))) s Wy-Cl(n).
> (t3,75)-sCL(£7Hm)) = £y -c1(m))=t " w).
Hence f'l(p) is (ti,tj)—fsc set in X.
Therefore, f is fpsc.
The following characterizations of fpsc mappings are

easily verified for an ordered pair i + jand i,j = 1,2.

THEOREM: 3.1.15

A mapping f:X->Y is fpsc iff for every fuzzy set n
in Y, (ty,t4)-sCl(£1(n)) < f'icyi—Cl(p)).
THEOREM: 3.1.16

A mapping f:X->Y is fpsc iff for each fuzzy set p in
Y, f‘lc9i—1nt(p)) < (t3,t4)-sInt(£71(p)).
THEOREM: 3.1.17

Let f:X—>Y be a one-one and onto mapping. f is fpsc iff
for every fuzzy set A of X,
-?i~1nt(f(h)) < £((tj,t4)-sInt(N)).
THEOREM:3.1.18

Fo; a mapping f:X—>Y the following statéments
are equivalent:

(i) £ is fps closed,

(ii) f(t;-C1(A)) & ‘?j—Int(yi—Cl(f(%))),for any fuzzy setA



of X,

(iii)(vi,vj)—sCl(f(,\)) < f(ty-Cl(A)), for any fuzzy set

of X.

PROOF :
To prove (i) =>(1ii)
Assume that f is fps closed.
Let Abe any fuzzy set of X.
Then f(ti—Cl(A)) is a (vi,vj)—fsc set of Y.
=> £(t;-CL(A)) 2 yj—Int(?i—Cl(f(ti—Cl())))).(by theorem
3.1.3)
=> f(ti—Cl(A)) > 9j—1nt(9i—Cl(f(A))).
To prove (ii) =>(1i)
Assume that statement (ii) is true.
Let A be any t;-fc set of X.
Then?j—Int(X}i—Cl(f()\))) < £(T3-CL(N)) = £(A)
=> £()) is (?i'?j)'fsc set of Y.(by theorem 3.1.3)
=> f is a fps closed mapping.
To prove (i)=>(iii)
Assume that f is fps closed.
Let )\ be any fuzzy set of X.
Then f(ti—Cl(A)) is a (yi;?j)—fsc set of Y.
Since f(A) < f(ti—Cl(A)), we have
(\’}i,vj)‘SCI(f()\)) < f(t;-CL(A)).
To prove (iii) =>(1)
Assume that statement (iii) is true.

Let }\ be any Tt;-fc set of X. Then

£ £ (3p5) - sCLIE(A)) < f(t;-CL(A)) = £(A).

36&



=> £(A) = (93,95)-sCL(£(N)).

=> f()\) is a (?i,?j)—fsc set of Y.

=> f is fps closed mapping.
COROLLARY:

For a mapping f:X->Y the following statements

are equivalent.
(1) £ is fps open,
(i1) f(Ty-Int(})) < (i /hj)-sInt(£(A)) for each fuzzy setA
of X,

(1ii) t;-Int(£1(n))

IA

£l ((yi,?j)—slht(p)) for each fuzzy
set p of Y.
THEOREM: 3.1.19

For a mapping f:X->Y the following statements
are equivalent:
(1) £ is fpsc,
(ii) for every fuzzy point Xy in X and for every

pebﬂgi (f(x4)), there exists a ;A € (t3,T4)-FSO (X)

such that xg e and A< £ 1y,

(ii1) for every Xq in X and for every p EJN;;( (xa)), there

exists a)\e(ti,tj)—FSO (X) such that xg eAand £(A\) < u,
(iv) for every'bi~fo set n of Y,

£71(n) < ty-cl(vy-Int(£71(n))),

(v) for every‘bi—fc set-§ of Y, f_1 (Q) € (ti,tj)—FSC(X),
(vi) for every'yi—fc sett) of Y,

£71(Y) 2 ty-Int(ry-c1(£71(V))).



To prove (i)==>(1i1i)
Assume that f is fpsc.

Let x, be any fuzzy point in X and let n ecﬁgi(f(xq)).

Then there exists a:beni such that f(xa) etbs M.
=> £71(3) e(rj,t4)-Fs0(x)
= xg e £1 (3) =A< £ 1(p).

To prove(ii)=>(1ii)

Assume that statement (ii) is true.

Let X € X and let n ecﬁ;i(f(xa)). Then there exists a

Ae(T T;,T4)-FSO(X) such that x; €\ and A< £ 1n).

=> X, € Aand f(A) < f£(£ Y(p)) < n.

To prove(iii)=>(1)
Assume that statement (iii) is true.

Let p be any‘?i—fo set of Y.

Consider f‘l(p) and let Xq ef"l(p).
Then f(xy) € £(f 1(p) < p.
Since cﬁg (£(x4 » there exists a ) €(1;,T4)-FSO(X)

such that x, eAand £()) < p.

=> xg eds £1EN)) = £ 1(p).

=> f“l(p) is a (ti,rj)—fsc set (by theorem 3.1.7).
To prove(i)=>(iv)
Assume that f is fpsc.

Let p be any‘?i—fo set of Y.

Then f"l(p) is a (ti,tj)—fso set of X.



=>f1(n) < tj—Cl(ri—Int(f"l(ﬁ))) (by theorem 3.1.3)
To prove (iv)=>(1) '
Assume that statement (iv) is true.
Let p be any‘?i—fo set of Y.
Then £ 1(m) < Ty-Cl(t;-Int(£ 1(n))).
=> f"l(p) is a (ti,tj)—fso set of X. (by theorem 3.1.3)
To prove (i) =>(v)
Assume that f is fpsc.
Let'b be any ?i-fc set of Y.

Then '0' is ?i—fo set of Y.

=> f”l(‘§') is a (ti,tj)—fso set of X and

= (£71(¥)) is a (rj,t4)-fso set of X.
=) f_l(Q) is a (ti,tj)~fsc set of X.
The converse is obvious.
To prove (v)=>(vi)
Assume that statement (v) is true.
Let be any'?i—fc set of Y.
Then £ 1(9 )is a (ti,tj)—fsc set of X.
= £1(9) 2 ty-Int(ry-c1(£71))).

The converse can be easily proved.
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SECTION: 2

ON FUZZY PAIRWISE a-CONTINUITY AND FUZZY PAIRWISE
PRE-CONTINUITY

DEFINITION: 3.2.1
Let \ be a fuzzy set of a fbts (X,Tl,tz). )\ is called

i) a (ti,tj) - fuzzy a- open (briefly, (ti,t - fao) set of X

i)
if N\ < {Eg = Int(tj—Cl(ti—Int.A)).

i1) a (ti,tj) - fuzzy a- closed (briefly, (ti,tj)—fac) set
of X if t;-Cl(t4-Int(t;-C1lA)) <.

iii) a (ti,tj)—fuzzy pre-open set of X if A < ti—Int(tj—Cl)\).
iv) a (tj,14)- fuzzy pre-closed set of X if ti—Cl(tj-Int)\) <A.
THEOREM: 3.2.2

Let \ be a fuzzy set in a fbts(x,tq,T5).

i) )\ is (ti,tj)—fac if and only if )\' is (ti,tj) - fao.
ii) A\ is (ti,tj)—fuzzy pre-closed if and only if )' 1is (ti,tj)—
fuzzy pre-open.

PROOF :

i) N\ is (tj,ty)-fac.

<=>  T;-Cl{t4-Int(t;-CL A )) = A

<=>  1-A S 1-(T3-Cl(T4-Int(Ti-C1A))).
<=> X' 2 1-Int(ty-Cl(t;-IntX )).

<=> A is (ti,tj)-fao

ii) A is (tj,tj)-fuzzy pre-closed.

<=>  T13-Cl(tj-Int A ) = A

<=>  1-A= 1-[t;-Cl(ty - Int A ).

{=)> /\' < ti—Int(Tj"Cl )\').
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<=> A' is (ti,tj) - fuzzy pre-open.
REMARK :

The following implications can be obtained directly from the

definitions.
(ti, - €79 (ri,r- - fsc).
ti—fo(ti—fc). > (T i T - fao( 1,tJ) fac).

(tl,t -fuzzy pre-open.
((ti,tj)—fuzzy pre-closed).
From the following examples we can see that the converse of

the implications are not true.

EXAMPLE: 3.2.3.

Let By My and ng3 be fuzzy sets on I defined as

follows:
0, 0 < x <1/2,
pl(x)= i 2x-1, 1/2 < x £ 1,
1, 0 < x <1/4,
pz(x) -4 +2, 1/4 < x £ 1/2,
0, 1/2 < x £ 1
0, 0 <x <1/4,
P3(X)=
1/3(4x-1), 1/4 < x < 1.
Consider fuzzy topologies Ty = {0,p3,1} and Ty = {O,pl,l}.

The fuzzy set pz'(resp. pz) is (tl,Tz) - fao(resp.(tl, tz) -

fac) which is not tl—fo (resp.tl—fc) in (I,tl,tz).
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The fuzzy set p3(resp.u3') is (tz,tl) - fao(resp. (tz,tl)—
fac) which is not To-fo (resp. tz—fcd in (I,tl,tz).

Consider fuzzy topologies t3={0,p2,1} and t2={0,p1,1}. The
fuzzy set n3' (resp. H3) is (t3,15) - fso(resp.(t3,t2) =
fsc) which 1is not (t3,t5)-fao(resp. (t3,t9)-fac) and the
fuzzy set pz' (resp.pz) iS(tz,ta) - fso(resp.(tz,tB) - fsc)
which is not (Tz,t3) - fao(resp.(tz,t3)—fac) in (I,t3,t2).
Consider fuzzy topologies T, = { O,p3,1} and T3 = {O,pz,l}.
The fuzzy set Hi(resp.py') is both (fl,ta) - fuzzy pre-open
(resp.(tl,t3)—fuzzy pre-closed) and (t3,t1)—fuzzy pre-open
(resp.(t3,t1)—fuzzy pre-closed) which is neither (tq,t3)-fao
(resp.(tl,t3) - fac) nor (t3, tl) - fao (resp.(ta,tl)—fac).
THEOREM: 3.2.4

i) Any wunion of (ti,tj)—fao(resp.(ti,tj)—fuzzy pre-open)
sets 1is a (ti,tj) - fao (resp.(ti,tj)—fuzzy pre-open) set,
and

11) any intersection of (ti,tj)—fac (resp.(ti,tj)— fuzzy
pre-closed) sets is a (ti,tj)—fac (resp.(ti,tj)—fuzzy pre-

closed) set

PROOF:
i) Let {)\k} be a collection of (tj,ty5)-fao sets in a
fth(X,tl,tz). ‘
Then ,Xk < ti—Int(tj—Cl(ti—Int )‘k )) for each k.
=> U\, £ U [ti—Int(tj—Cl(ri—Int )\k ).

IA

ti—Int[tj—Cl(ti—Int(U,\k))].

=> U,\k is a (ti,tj)—fao set.
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ii) Let {)\k} be a collection of (ti,tj)-fac sets 1in a

fbts(x,ti,tj).

Then ri—Cl(rj—Int(ti—Cl,\k)) < /kk for each k.
=>T;-C1{Ty-Int(t;-C1(NA))} < NT3-Cl{Ty-Int(T;-CL A\k)} < DAy,
=> N A\p is a (tj,T4)-fac set.

Similar proof follows for fuzzy pre-open set and fuzzy pre-

closed set. The following theorem gives a characterization

of (ti,tj) - fao sets.

THEOREM: 3.2.5

A fuzzy set A in a fbts (X,11,19) is a (ti,tj)—fao set 1if

and only if it is (ti,tj)—fso and (ti,tj)—fuzzy pre-opén.

PROOF:

It is obvious that a (ti,tj)—fao set is both (ti,tj)—fso set

and (ti,tj)—fuzzy pre-open set.

Conversely, let A be both(ti,tj)—fso set and (ti,tj)—fuzzy

pre-open set. Then there exists a ti—Int/\ € T4

such that t;-IntA<A< 15-Cl(t;-Int(A)).
=> rj—Cl(A) < rj-Cl(tiInt(A )).
=> ti—Int(tj—Cl(/\ )) < ti—Int(tj-—Cl(ti—Int()\))).
But A\ < T;-Int(T-Cl (A)).
Therefore‘A < ti—Int(tj—Cl(ti—Int(/\))).
=> )\ is a (ti,tj)—fﬂo set of X.

THEOREM: 3.2.6:

If p 1is a fuzzy set in a fbts(X,tq,T,) and A is a

(tj,T4)-fso set such that \ < p < ti—Int(tj—ClLA )), then

is a (ti,tj)—fao set.



Let A\ be a (titj)—fso set such that
A< p s ti-Int(ty-Cl (A)).
Then \ < T3-Cl(ti-Int(A)).

IA

=> n ti-Int(tj—Cl(tj—Cl(ti-Inf (AI))).

=> p < ti-Int(tj‘Cl(Ti-Int()\)))-

1A

ti—Int(tj—Cl(ti—Int(p))).

=> n is a (ti,tj)—fao set.
DEFINITION: 3.2.7

Let f: (X,tl,tz)—>(Y,91,92) be a mapping from a fbts X
to another fbts Y. f is called
i) a fuzzy pairwise a-continuous (fpac, in short) mapping
if f'l(,A ) is a (ti,tj)—fao set in X for each A € 91.
ii1) a fuzzy pairwise pre-continuous (fppc, in short) mapping
if f_l(A) is a (ri,tj)—fuzzy pre-open set in X for each Ae 91~
REMARK :
The following implications can be obtained directly from the
definitions
fpsc.-

fpe.

> - fpac.
fppc.
From the following examples we can see that the

converse of the implications are not true.



EXAMPLE: 3.2.8:
Let pq, My and H3 be fuzzy sets of I as described in

Example 3.2.3. Consider fuzzy topologies 14 = {O,pl, pz,l},

Ty ={0,u5,1}, 'p1={0,p10p2,1} and '92={0,pé,1} and the
identity mapping f:(I'tl’IZ)_>(I’vl’»2)‘

Then f is a fpac mapping but not a fpc mapping.

Consider fuzzy tépologies t3= {0,n,,1}, T4={0,n,1},
p3={0,p;,1} and 92 ={0,pé,1} and the identity mapping
f:(I,tB,t4)—>(I,p3,b2). Then f is a fpsc mapping which is
not fppc and thus also not fpac mapping.

Consider fuzzy topologies t2={0,p3,1}, t3={0,p2,1},
y3={0,pé,l} and pz={0,pé,l}. Consider the identity mapping
f:(I,tZ,t3)—>(I,>3,>2). Then f is a fppc mapping which is
not fpsc and thus also not fpac mapping.

The following theorem provides several characterizations of
fpac mappings.

THEOREM: 3.2.9

Let f:(x'tl'tz)“>(Y'vl'»2) be a mapping. The following
statements are equivalent:

(1) £ 1is fpac.

(ii) For each fuzzy point xg of X and each'?i—fo set pof Y
containing f(xB), there exists a (ti,tj)—fao set,& of X
containing xg such that f(\) £ m.

(iii) The inverse image of each ?i—fc set of Y is a (ti,tj)—

fac set in X.



J
fuzzy set p of Y.

(iv) t3-Cl(ty-Int(t;-CL(£71(m)))) = £71(y;-cl(n)) for each

(v) f(ti—Cl(tj—Int(ti—Cl(A)))) < 9i—Cl(f(A)) for each fuzzy
set A of X.

PROOF :

To prove (i)=>(1ii).

Assume that f is fpac.

Let p be a 9i—fo set of Y containing f(xB) where Xg € X
Then f"l(p) is a (ti,tj)—fao set of X containing Xg.

Let A = f'l(p).

Then A\ is a (ti,tj)—fao set of X containing Xg such that f(A)
< M.

To prove(ii) => (1).

Assume that statement (ii) is true.

Let p be any‘yi—fo set of Y.

Then f"l(p) is a fuzzy set of X.

Let x5 € £ 1(n). Then f(xg) € u.

Hence by our assumption, there exists a (ti,tj)—fao set)\x
8

IA
=

of X such that xg e,\xB and f()\xB )

Thus x € ,AX < f'l(p). Therefore, we have
B

U{xB :xB € f"1 (n)} = U{ AxB: Xg € f'l(p)} < f_l(p).

Hence f"l(p)=U{ AXB ! Xpg € f-l(p)} which is a (ti,tj)—fac
set of X.
To prove (i) => (1iii).

Assume that f is fpac.
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Let u be a‘pi—fc set of Y.Then 1-p 1is a'yi—fo set of Y.
=> £ 1(1-p) is (ti,tj)—fao set of X.
=> 1-f 1(p) is (ti,tj)—fao set of X.
= £ 1(n) is (ti,tj)—fac set of X.’
To prove (iii) = > (iv).
Assume that the inverse image of each'?i—fc set of Y is a
(ti,tj)—fac set in X.
Let p be any fuzzy set of Y.
Then f”ltpi—Cl(p)) is a (ti,tj)—fac set of X.
= £ 1(y;-c1(n)) 2 ti—Cl(tj—Int(ti—Cl(f_l(vi—Cl(p))))).
> T3-Cl(t4-Int({t;-CL{(£ 1(n)))).
To prove (iv)=>(v).

Assume that ti—Cl(tj—Int(ti-Cl(f'l(u))))

IA

£ y;-Cl(n))

for each fuzzy set p of Y.

We get the result (v) by replacing H f(A) in our
assumption where A is a fuzzy set of X.
To prove(v)=>(1i)
Assume that f(ti—Cl(tj—Int(ti—Cl(A)))) < :Pi—Cl(f()\)) for
each fuzzy set A of X.
Let p be a 9i—fo set of Y.
Then 1-p is a Pi—fc set of Y.
=>£(t3-Cl(ty-Int(T3-Cl(£71(1-p))))) s'?i—Cl(f(f"l(l—p))).
='yi—Cl(1—p).
= 1-p.
Therefore, tT;-Cl(tj-Int(ty-Cl(£ 1(1-p)))) = £71 (1-p).
=> f'l(l—p) is a (ti,tj)ﬁfac set of X.

=> l—f‘l(p) is a (ti,tj)—fac set of X.
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=> f"l(p) is a (ti,tj)-fao set of X.
=> f is fpac mapping.
THEOREM: 3.2.10
A mapping f:(X,tl,tz)—>(Y771{p2) is fpac if and only if
it is fpsc and fppc.
PROOF : _
It is obvious that a fpac mapping is both fpsc mapping
and fppc mapping.
Conversely, let f be both fpsc mapping and fppc mapping and
let A be api—fo set of Y.
Then f"l(A) is both (ti,tj)—fso and‘(ti,tj)—fuzzy pPre-open
set of X.
=> f“le) is (ti,tj)—fao set of X.
=> f is fpac mapping.
DEFINITION: 3.2.11
Let f:(X,rl,tz)—>(Y;91{y2) be a mapping from a fbts X

to another fbts Y. f is called

(1) a fuzzy pairwise a-open (resp.fuzzy pairwise a—closeq)
briefly, fpa open (fpa closed), mapping, if fLA ) is a
(9i,?j)—fao (resp.(vi,bj)—fac) set of Y for each ti—fo

(resp. ri—fc) set of X.

ii) a fuzzy pairwise pre-open (resp. fuzzy pairwise pre-
closed) briefly, fpp open (fpp closed) mapping, if f(A ) is
a Cyi;yj)—fuzzy pre-open (resp. (pi,yj)—fuzzy pre-closed set

of Y for each ti—fo(resp.ti—fc) set A of X.
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REMARK :
The following implications can be obtained directly from the
definitions
fpp open (resp.fpp closed)
fp open (resp.fp closed)—> fpa open (resp.ftpa closed)
fps open (respf%bs closed)
From the following example we see that the converse of tﬁe
implications are not true.
EXAMPLE: 3.2.12
Let X = {a,b,c} and Y = {X,v,z}. The fuzzy sets )\1,;\2 of X ani
the fuzzy sets Hy, By of Y are defined as follows:
A1(a)=0.3, A;(b)=0.4, A (c)=0.5,
Az(a)=0.3, A,(b)=0.5, A, (c)=0.6,
H1(x)=0.2, 1py(y)=0.3, ny(z)=0.4,
By (x)=0, Mp(Y)=0.2, ny(2)=0.3.
Consider fuzzy topologies tl{O,Al,l}, t2={0,)\2,1}, ’91={0,
n,,1}%, ‘y2={0,p1,p2,1} and the mapping f:(X,tl,tz)—>(Yf?l;?2)
defined by f(a)=x, f(b)=y and f(c)=z. Then f 1is a fps open

mapping but not fpa open mapping.

Consider fuzzy topologies t3={0,Aé, 1}, 13={0,A,, 1}, 93={0,
pl,l},‘?1={0,p2,1} and the mapping f=(Y;?3;v1)—>(X,t3,t2) defined
by f(x)=a, f(y)=b and f(z)=c. Then f is a fpp open mapping but
not fpa open mapping.

Consider fuzzy topologies t5={0,A,, 1}, t1={0,h1,_1},'?4={0,

My,1}, vsz{o,pl,l} and the mapping f:(Y,y4,9%r>(X,t2,r1) defined
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by f(x)=a, f(y)=b and f(z)=c. Then f is a fpa open mapping but
not a fp open mapping.
THEOREM: 3.2.13
Let f:(X,tl,tz)—> (Yf?1'?2) be q fpa open (resp. fpa closed)

mapping. If p is a fuzzy set of Y and ) is a ti—fc (resp.ti—fo)
set of X containing f‘l(p), then there exists a (»ij?j)—fac(
resp. (m; h4)-fao) set Y of Y containing p such that £ 1(3) ).
PROOF:
Assume that f:(X,tl,tz)—>(Y;?1;92) is a fpa open mapping. Let
be a fuzzy set of Y and A be a T;-fc set of X containing f‘l(u).
Let ¥ =1-f(1- A ). Then £ 1(n) <.

=> £()) 2 n.

=> 1-f(A) € 1-p.

=> f(1-)) < 1-p. _
Since 1-A is a t;-fo set of X, we have f(1-\) is a (?i,?j)—fao
set of Y.

=> 1-f(1-)) =V is a (yi,?j)—fac set of Y.

and £71Q) = £71(1-£(1-)\)).

1-f71(f(1-M)).

1-1-).
M.

Hence there exists a C?i,yj)—fac set of Y containing p such that
£71(3) < ).

The proof for the class of fpa closed mapping is similar.

i IA

THEOREM: 3.2.14
If f:(X,tl,tz)—> (Y;Vl’?z) is a fpa open mapping, then

f_l(?iCl(?j—Int(vi—Cl(p)))) < 1;-C1(£ 1(n)) for each fuzzy set n
of X.
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PROOF :
Assume that f:(X,tl,tz)—> (Yf?ljyz) is a fpa open mapping
and p is a fuzzy set of Y. Since ti—le_l(p) is a fuzzy closed
set of X containing f'l(p) for each fuzzy set p of Y,
there exists a C?i,‘?j)—fac set A of ¥ containing p such that
£ 1A ) = ry-cre L),
Since p S/\,
£71(y;-CL(y-Int(y;-C1(n))))

IA

f‘l(yi—c1(yj-1nt(?i—c1 (A)))).
£\

t;-CL(£71(n)).

IA

IA

for each fuzzy set p of Y.

The following theorem gives a characterization of fpa open
mappings.

THEOREM: 3.2.15

A mapping f:(X,tl,tz) —-> (Y}?l,»z) is fpa open (fpa closed) if
and only if it is fps open (fps closed) and fpp open (fpp
closed).

PROOF :

It 1s obvious that a fpa open mapping is both fps open
mapping and fpp open mapping. '
Conversely, let f be both fps open mapping, and fpp open mapping
and let A\ be a t;-fo set of X.

Then f(A) is both (»i,?j)—fso set and (?i,?j)—fuzzy pre-open set
of Y.

=> f(\) is (vi,yj)—fao set of Y.

=> f is fpa open mapping.

The proof for the class of fpa closed mapping is similar.
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Summary and Conclusion



SUMMARY AND CONCLUSTION

The concept of fuzzy bitopological spaces was first
introduced by K.K.Azad in 1981. Since then, many results on
topological spaces are generalized to fuzzy bitopological
spaces. In this thesis, we have discussed in detail the
following three important concepts.

1. Fuzzy complementation
2. Fuzzy strongly compactness
3. Semi-open sets, semi-continuity, a-open sets, a-

continuity in fuzzy bitopological spaces.
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