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INTRODUCTION 



INTRODUCTION 

 

In 1966, Imai and Iseki [14] introduced the notion of a BCK-algebra. In the 

same year, Iseki introduced the notion of a BCI-algebra which is a generalization of 

a BCK-algebra. In 1983, Hu and Li [12] introduced a wide class of abstract algebras: 

BCH-algebras. 

In 2001, Neggers et al. [18] introduced Q-algebras, which is a generalization 

of BCH/BCI/BCK-algebras. In 2010, Megalai and Tamilarasi [23] introduced the 

notion of TM-algebras, which is a generalization of BCH/BCI/BCK/Q-algebras. 

The main aim of this thesis is to discuss a few interesting articles on  

TM-algebras. The following articles are chosen for our discussion. 

   TM-algebra- An introduction by Megalai, K. and Tamilarasi, A. [23] 

 Classification of TM-algebra by  Megalai, K. and A. Tamilarasi, A. [24] 

   Quotient TM-algebras by  Handam, A.H. [11] 

 Derivations on TM-algebras by  Ganeshkumar, T. and   

     Chandramouleeswaran, M. [6] 

 Generalized Derivation on TM-algebras by Ganeshkumar, T. and 

      Chandramouleeswaran, M. [7] 

   t-Derivations on TM-algebra by Ganeshkumar, T. and 

  Chandramouleeswaran, M. [8] 

   Symmetric Bi-derivation on TM-algebra by Ganeshkumar, T. and  

  Chandramouleeswaran, M. [9] 

This thesis is split into four chapters. 

In chapter I, the notion of TM-algebra and its properties are presented. Also 

ideal of a TM-algebra, p-radical, p-semisimple of a TM-algebra are discussed due to 

Megalai and Tamilarasi [23].  

 

 

 



The interesting results discussed in this chapter are given as follows. 

(1)     Let )0,,( X  be a TM-algebra. Then  xXxXB  0/)(  is an ideal of X . 

(2)     If  )0,,( X  is a TM-algebra of order 3, then  

(i)    XxxXxXG  0/)(  and 

(ii) )(XG  is an ideal of X  if 1)( XG  

(3)      Let )0,,(),0,,(  YX  be TM-algebras and let B  be an ideal ofY .  

     Let YXf :  be a homomorphism. Then )(1 Bf   is an ideal of X . 

Chapter II deals with the study of Classification of TM-algebras [24] and 

Quotient TM-algebras due to Handam, A.H. [11]. In this chapter, the concepts of 

positive implicative, implicative, 1-weakly positive implicative, 2-weakly positive 

implicative TM-algebras, right translation, left translation, weak right translation, 

weak left translation of TM-algebras and their related properties are characterized. 

 Also, the following interesting results are discussed. 

(1)  Let I  be an ideal of a TM-algebra. If we define a binary operation on the 

      quotient set  XxIIX x  //  by xI ⊛ yxy II   Xyx  , , then  

        ,/( IX ⊛, )0I  is a TM-algebra, called the quotient algebra of X  relative to I . 

(2)   Let I  be a closed proper ideal of a TM-algebra X . Then IX /  is simple if  

   and only if I  is a maximal ideal of X . 

(3)   Fundamental homomorphism theorem on TM-algebras. 

Chapter III deals with the study of derivations on TM-algebras. In this 

chapter, derivations and generalized derivations on TM-algebras and their properties 

are discussed. Also generalized derivations on a torsion free TM-algebra are studied 

due to Ganeshkumar, T. and Chandramouleeswaran, M. [3,7].  

In this chapter, the following important results are discussed. 

(1)      Let  )0,,( X  be a TM-algebra and 21,dd be two derivations of X , then  

     1221 dddd   

(2)      Let )0,,( X  be a 0-commutative TM-algebra and d  be a derivation on X .   

     Then yxydxd  )()(  



(3)  Let D be a generalized ),( lr derivation of a TM-algebra X . Then  

(i) D )()( XGa   )(XGa  

(ii) D  aa)(  D  a)0(  D )0(  Xa  

(iii) D  )( ba  D )(a  D )(b  D )0(  Xba  ,  

(iv) D is the identity map on X  iff  D(0)=0. 

(4)  Let X  be a Torsion free TM-algebra and let D1 and D2 be two generalized  

     derivations. If D1D2 =0 on X, then D2=0 on X . 

In Chapter IV, the concepts of t derivations and Symmetric bi-derivations  

on TM-algebras due to Ganeshkumar, T. and Chandramouleeswaran, M. [8,9]  

and their properties are studied.  

In this chapter, the following interesting results are discussed. 

(1)  Let X  be a TM-algebra. Let td  be a  tlr ),( derivations of X  and 


td  be a  

       trl ),( derivation of X   . Then tttt dddd  



 . 

(2)  )(XDerLt , the set of all  trl ),( derivation of X  is a semi-group under the 

      binary operation   defined by )()())(( xdxdxdd tttt





  ,Xx  and  

       )(, XDerLdd ttt 


. 

(3)  Let X  be an associative TM-algebra. Then the symmetric map  

XXXD :  defined by yxyxD ),(  Xyx  ,  is a symmetric  

 bi-derivation. 

(4)  The binary composition   defined on D L , the set of all ),( rl symmetric  

  bi-derivation on a TM-algebra X  is associative. 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

REVIEW OF LITERATURE 



 

REVIEW OF LITERATURE 

 

Imai and Iseki [14] in 1966 introduced the notion of a BCK-algebra. In the 

same year, Iseki introduced the notion of a BCI-algebra [17]. It is known that the 

class of BCK-algebra is a proper subclass of the class of BCI-algebras. In 1983, Hu 

and Li [12] introduced a wide class of abstract algebras: BCH-algebras. They have 

shown that the class of BCI-algebras is a proper subclass of the class of  

BCH-algebras. In 1998, Jun et al. [20] introduced a new notion, called a BH-algebra, 

which is a generalization of BCH/BCI/BCK-algebras, and they showed that there is 

a maximal ideal in bounded BH-algebra. In 1999, Neggers, J. and Kim, H.S. [29] 

introduced the notion of d-algebras which is a generalization of BCK-algebras. 

In 2001, Neggers et al. [18] introduced Q-algebras, which is a generalization 

of BCH/BCI/BCK-algebras, and generalized some theorems from the theory of  

BCI-algebras. Motivated by the notion of derivations on rings and near-rings, in 

2004, Jun and Xin [19]  studied the notion of derivation of BCI-algebras. In 2011, 

Chandramouleeswaran et al. [5] introduced the notion of derivation of  

d-algebras. In 2011, Sabahattin et al. [31] have discussed the notion of symmetric  

bi-derivation on BCI-algebras. In 2010, Megalai and Tamilarasi [23] introduced the 

notion of TM-algebras, which is a generalization of BCH/BCK/Q-algebras. 

Several other authors’ have also contributed to the study of the concepts 

mention above. We give here a brief survey of some of the articles published on 

TM-algebras. 

(1)  An introduction to the theory of BCK-algebra 

Iseki, K. and Tanaka, S. (1978) [16] 

 In this articles the definition of BCK-algebra and its fundamental properties 

are studied, various ideals in BCK-algebras are discussed in a detailed manner. Also, 

the homomorphism properties on BCK-algebra are discussed. 

 

 

 



(2) On BH-algebras 

Jun, Y.B., Roh, E.H. and Kim, H.S. (1998) [20] 

 In this article, the authors introduced a new notion called a BH-algebra, which 

is a generalized of BCH/BCI/BCK-algebras. The authors defined the notions of 

ideals and boundedness in BH-algebras, and showed that there is a maximal ideal in 

bounded BH-algebras. Furthermore, the authors establish construct the quotient BH-

algebras via translation ideals and obtained the fundamental theorem of 

homomorphism for BH-algebras as a consequence. 

(3) On d-algebra 

Neggers, J., Ahn, S.S. and Kim, H.S. (1999) [29] 

 In this article, the authors introduced the notion of d-algebras which is an other 

generalization of BCK-algebras and investigated several relations between  

d-algebras and BCK-algebras. Furthermore, the authors showed that the class of 

oriented di-graphs corresponds in a simple way to the class of edge d-algebras and 

that arbitrary d-algebra. 

(4) On QS-algebra 

Ahn, S.S. and Kim, H.S. (1999) [2] 

In this article, the authors introduced a new notion called an QS-algebra, 

which is related to the areas of BCI/BCK-algebras and discussed the G-part of QS-

algebras. 

(5) On Q-algebras 

Joseph Neggers, Sun Shin Ahn and Hee Sik Kim (2001) [18] 

 In this article, the authors introduced a new notion, called a Q-algebras , which 

is a generalization of idea of BCH/BCI/ BCK-algebras and they generalized some 

theorems, discussed in BCI-algebras. Moreover, they introduced the notion of 

“quadratic” Q-algebra, and showed that every quadratic Q-algebra Xe),e,,X(  , 

has a product of the form eyxyx   where Xy,x   when X is a field with 

3x  . 

 



(6) On Positive and Weakly Positive Implicative of BCI-algebras 

Yisheng Huang (2002) [35] 

 In this article, the authors showed that the notion of positive implicative BCI-

algebras coincides with that of weakly positive implicative BCI-algebras. From this 

reasons the entire conclusions in weakly positive implicative BCI-algebras will be 

valid in positive implicative BCI-algebras. In particular, using the quasi-

commutativity, they obtained a definite answer to the first half of Meng’s open 

problem: All of positive implicative BCI-algebras form a variety. As to the second 

half of the same problem, a number of further properties will be got. 

(7) Generalizations of BCK-algebras 

Sung Min Hong, Young Bae Jun and Mehmet Ali Ozturk (2003) [34] 

 As a generalization of positive implicative BCK-algebra, the notion of 

generalized BCK-algebras is introduced. A method to make BCK-algebra from a 

quasi-ordered set is provided. The notion of generalized BCK-ideals of generalized 

BCK-algebras is introduced, and then the connections between such ideals and 

congruences are considered. Characterizations of generalized BCK-ideals are given. 

A generalized, BCK-ideals generated by a set is established. 

(8) On derivations of BCI-algebras 

Young Bae Jun and Xiao Long Xin (2004) [19] 

 The notion of left-right (respectively right-left) derivation of a BCI-algebra is 

introduced, and some related properties are investigated. Using the idea of regular 

derivation the authors has given the characterizations of a p-semisimple BCI-

algebra. The authors has also given a condition for a derivation to be regular. 

(9) Congruences and Quotient Algebras of BCI-algebras 

Yuzhong Ding and Zhiyong Pang (2007) [36] 

The authors have formalized the BCI-algebras closely following the book 

[7] pp.16-19 and pp.58-65. Firstly, the article focuses on the properties of the 

element and then the definition and properties of congruences and quotient 

algebras are given. Quotient algebras are the basic tools for exploring the 

structures of BCI-algebras. 



(10) Generalized derivations of BCI-algebras 

 Mehmet Ali Ozturk, Yilmaz cevev and Young Bae Jun (2009) [26] 

 The notion of generalized derivations of BCI-algebras are introduced and 

some related properties are investigated. Also, the concept of Torsion free BCI-

algebra is introduced is introduced and some properties are discussed. 

(11) On F-derivation of BCI-algebras 

Farhat Nisar (2009) [5] 

 In this article the authors introduced the notions of right F-derivation and left 

F-derivation of a BCI-algebra and some related properties are explored. 

(12) Quotient BCI-algebras induced by pseudo-valuation 

Shokoofeh Ghorbani (2010) [33] 

In this article, the author studied pseudo-valuation on a BCI-algebra and  

obtained some related results. The relation between pseudo-valuations and ideals is 

investigated. The authors used a pseudo-metric induced by a pseudo-valuation to 

introduce a congruence relation on a BCI-algebra. They defined the quotient algebra 

induced by this relation and proved that it is also a BCI-algebra and studied its 

properties. 

(13) On L-Fuzzy Subalgebras of TM-Algebras 

Chandramouleeswaran, M., Anusuya, R. and Muralikrishna, P. (2011) [3] 

In 2010, Tamilarasi and Megalai introduced a class of abstract algebra - 

TM- algebra and claimed that their algebra is a generalization of 

BCH/BCI/BCK and Q-algebras. In this paper, they first given some counter 

examples to disprove their claim. Also the authors introduced the notion of  

L-fuzzy subalgebras and L-fuzzy ideals in TM-algebras and prove some simple 

but interesting results. 

 

 

 

 

 



(14) Derivations On d− algebras 

Chandramouleeswaran, M.  and  Kandaraj, N. (2011) [4] 

Motivated by some results on derivations in rings, and the generalizations of 

BCK and BCI algebras, in this article, the authors defined derivations on d− algebras 

and investigated some important results. 

(15) On Symmetric Bi-Derivations of BCI-Algebras 

Sabahattin Ilbira, Alev Firat, Young Bae Jun (2011) [31] 

The notion of left-right (resp. right-left) symmetric bi-derivationof   

BCI-algebras is introduced and some related properties are investigated. 

(16) Fuzzy Subalgebras and Fuzzy T-ideals in TM-Algebras 

Kandasamy Megalai and Angamuthu Tamilarasi (2011) [21] 

In this study, the introduced the concepts of fuzzy subalgebras and fuzzy ideals 

in TM-algebras and investigated some of its properties. 

(17) Fuzzy TM-ideals of TM-algebras 

        Samy M. Mostafa, Mokhtar A. Abdel Naby and Osama R. Elgendy (2011) [32] 

The fuzzification of TM- ideals in TM-algebras is considered, and several 

properties are investigated. Characterizations of a fuzzy ideal are provided. 

(18) On Intutionistic Fuzzy T-ideals in TM-algebra 

Megalai Kandasamy and Tamilarasi Angamuthu (2011) [25] 

In this article, first the authors defined the notions of TM-algebra, T-ideals,  

fuzzy sets, intuitionistic fuzzy T-ideals and intuitionistic fuzzy closed T-ideals. 

Using the concept of level subsets, they proved some theorems which shows that 

there are some relationships between these notions. Finally the authors  defined the 

homomorphism of TM-algebras and then the authors has given related theorem 

about the relationship between their images and intuitionistic fuzzy T-ideals. 

 

 

 

 



(19) Anti Fuzzy T - Ideals Of TM- Algebras And Its Lower Level Cuts 

Ramachandran, T., Priya, T.  and Parimala, M. (2012) [30] 

In this paper, the authors introduced the concept of Anti fuzzy T-ideals of TM-

algebras, lower level cuts of a fuzzy set, lower level T-ideal and prove some results . 

The authors showed that a fuzzy subset of a TM-algebra is a T-ideal if and only if 

the complement of this fuzzy subset is an anti fuzzy T-ideal. Also they discussed 

few results of T-ideal of TM-algebra under homomorphism as well as anti 

homomorphism. Cartesian product of Anti fuzzy T-ideal also discussed. 

(20) On t-Derivations of BCI-Algebras 

Muhiuddin, G. and Abdullah M. Al-Roqi (2012) [27] 

The authors introduced the notion of t-derivation of a BCI-algebra and 

investigated related properties. Moreover, they studied t-derivations in a p-

semisimple BCI-algebra and established some results on t-derivations in a p-

semisimple BCI-algebra. 

(21) On ( , )-Derivations in BCI-Algebras 

Muhiuddin, G. (2012) [28] 

The notion of (regular) ( , )-derivations of a BCI-algebra X is introduced,  

some useful examples are discussed, and related properties are investigated. The 

condition for ( , )-derivation to be a regular is provided. The concepts of a  

d( , )-invariant ( , )-derivation and- -ideal are introduced, and their relations 

are discussed. Finally, some results on regular ( , )-derivations are obtained. 

(22) A New Kind of Derivations in BCI-algebras 

Kyoung Ja Lee (2013) [22] 

 A new kind of derivation in BCI-algebras is introduced, and related properties 

are investigated. For a self map f
qd of a BCI-algebra X, conditions for the kernel of 

f
qd to be both a subalgebra and an ideal of X are provided. 

 

 

 



(23) ( , ) Derivation On TM-algebras 

Ganeshkumar, T. and Chandramouleeswaran, M., (2013) [10] 

 In this paper , the authors introduced the notion of derivation on TM-algebras. 

Also, they introduced the notion of ( , )-derivation on a TM-algebra and studied 

its properties. 

(24) On generalized ( , )-derivations in BCI-algebras 

Abdullah M. Al-Roqi (2014) [1] 

The notion of generalized (regular) ( , )- derivations of a BCI-algebra are 

introduced, some useful examples are discussed, and related properties are 

investigated. The condition for a generalized ( , )- derivation to be regular is 

provided. The concepts of a generalized F-invariant ( , )- derivation and  -ideal 

are introduced, and their relations are discussed. Moreover, some results on regular 

generalized ( , )- derivations are proved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER I 



CHAPTER-I 

IDEALS ON TM-ALGEBRAS 

SECTION: 1.1 PRELIMINARIES ON TM-ALGEBRAS   

Definition: 1.1.1[15] 

 A BCI- algebra )0,,( X is a non-empty set X  with a constant 0 and a binary  

operation   satisfying the following axioms for all Xzyx ,,  

(BCI-1) 0)())()((  yzzxyx  

(BCI-2) 0))((  yyxx  

(BCI-3) 0 xx       

(BCI-4) 0 yx  and yxxy  0  

Definition: 1.1.2[16] 

A BCI- algebra )0,,( X  is called a BCK-algebra if (BCK-1)  00  x Xx  

Definition: 1.1.3[12] 

  A BCH-algebra )0,,( X  is a non-empty set X  with a constant 0 and a binary 

operation   satisfying the following axioms: 

(BCH-1)      0 xx  

(BCH-2)      yzxzyx  )()(     

(BCH-3)      If  0 yx  and yxxy  0  Xzyx  ,,  

Definition: 1.1.4 [18]  

A Q-algebra )0,,( X is a non-empty set X with a constant 0 and a binary  

 operation   satisfying the following axioms: 

(Q-1) 0 xx  

(Q-2) xx 0  

(Q-3) yzxzyx  )()(   Xzyx  ,,  

Note: Every Q-algebra x  satisfies following conditions:  

(Q-4) 0))((  yyxx  Xzyx  ,,  

 



Definition: 1.1.5[2] 

A  Q-algebra )0,,( X  is called QS-algebra if  

(QS-1)    yzzxyx  )()(  Xzyx  ,,  

Definition: 1.1.6[29] 

A d-algebra )0,,( X  is a non-empty set X  with a constant 0 and a binary  

 operation   satisfying the following axioms: 

(d-1) 0 xx  

(d-2) 00  x  

(d-3) 0 yx  and yxxy  0  Xyx  , . 

Note: (i) 

In BCI/BCK/BCH/Q/QS/d-algebra )0,,( X , or simply denoted by X , define 

 a binary relation “ ”  by yx   iff 0 yx . 

Note: (ii)                                                            

(i) Every BCK-algebra is a BCI-algebra but conversely. 

(ii) Every BCI-algebra is a BCH-algebra but conversely. 

(iii) Every BCH-algebra is a Q-algebra but conversely. 

(iv) Every Q-algebra satisfying the condition yzzxyx  )()(  and 

yxxyyx  0,0  is a BCI-algebra. 

Definition: 1.1.7[23] 

A BCK- algebra )0,,( X is called  

(i) positive implicative if )()()( zyzxzyx   Xzyx  ,,  

(ii) implicative if xxyx  )(  

(iii) commutative if )()( xyyyxx   

Definition: 1.1.8[23] 

A BCI- algebra )0,,( X  is called  

(i) weakly positives implicative if  

)())(()( zyzzxzyx   Xzyx  ,,  

(ii) weakly implicative if xxyxyx  ))(0())((   Xyx  ,  

(iii) weakly commutative if )())(0())(( xyyyxyxx   Xyx  ,  



Theorem: 1.1.9 

A BCI-algebra )0,,( X  is called weakly positive implicative iff  

))0()(( yyyxyx  . 

Proof: Obvious  

Definition: 1.1.10 [23] 

A BCH-algebra )0,,( X   is called  

(i) weakly positive implicative if  )0())(( yyyxyx   Xyx  ,  

(ii) weakly implicative if xxyxyx  ))(0())((  Xyx  ,  

(iii) weakly commutative if )())(0())(( xyyyxyxx   Xyx  ,  

Note:  

(1) Every weakly implicative BCI-algebra X  is a weakly positive implicative   

BCI-algebra. 

(2) Every implicative BCK-algebra X  is a positive implicative BCK-algebra. 

Definition: 1.1.11 

A TM-algebra )0,,( X  is a non-empty set X  with a constant  0 and a binary 

operation “   ” satisfying  

 the following axioms: 

(TM-1)     xx 0  for Xx  

(TM-2)      yzzxyx  )()(  for Xzyx ,,  

Note: 

If X  is a TM-algebra, a partial ordering “  ” is defined as yx   iff 0 yx  

Example: 1.1.12 

 Let Z  be the set of all integers, and let  ZxnxnZ  : , Zn . Then 

 0,,Z  is a TM-algebras “” is the usual subtraction, since  

xx 0  Zx  and yzzxyx  )()(  Zzyx  ,,  

Similarly  0,,nZ  is a TM-algebra. 

 

 



 

Example: 1.1.13 

 Let  3,2,1,0X  be a set with cayley table. 

 

 

 

 

 

 

 

 

Then )0,,( X  is a TM-algebra. 

Proposition: 1.1.14 

If )0,,( X  is a TM-algebra, then 

(P1) 0 xx  

(P2) yxyx  0)(  

(P3) yyxx  )(  for any Xyx ,  

Proof:  

Let )0,,( X  be a TM-algebra. 

(P1)       )0()0(  xxxx                          (by TM-1) 

   00         (by TM-2) 

   0  

(P2)       )0()()(  xyxxyx    (by TM-1) 

           y 0         (by TM-2) 

(P3)       )()0()( yxxyxx   (by TM-1) 

           0 y                                  (by TM-1) 

                          y                                       (by TM-1) 

 

 

  0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 



 

Proposition: 1.1.15 

 Let )0,,( X  be a TM-algebra. Then  

(P4)      yzxzyx  )()(   for any Xzyx ,,  

Proof: 

Given )0,,( X  is a TM-algebra. Then  

yzzxyx  )()(                                                   (1) 

Put yxz  and  zy   in (1). Then  

))(()()( yxxzxzyx   

        yzx  )(                            (by P3) 

Proposition: 1.1.16 

  Let )0,,( X   be a TM-algebra. Then for any Xzyx ,,  

(P5)       000  xx  

(P6)         yxzyzx  )()(  

(P7) zyzxyx   and xzyz   

(P8) yxyxxx  ))((  

(P9) )0()0()(0 yxxyyx   

(P10) 0))((  yyxx  

(P11)      If 0,0  xyyx  then  yx   

Proof: 

Let )0,,( X   be a TM-algebra. 

(P5)  xx 0                            (by TM-1) 

  If 00 x , then 0x , proves the result. 

(P6)         )())()(()())()(( zyyxzxyxzyzx               (by P4) 

           )()( zyzy      (by TM-2) 

  0       (by P1) 

Hence yxzyzx  )()( . 

 

 



(P7)       To prove zyzx   

That is to prove 0)()(  zyzx  

0 yxyx                          

By P6, yxzyzx  )()(  

Since 0 yx , 0)()(  zyzx  

Similarly, 0)()(  xzyz  

Hence if yx   then )()( zyzx   and  )()( xzyz   

(P8) ))(()0())(( yxxxyxxx                      (by TM-1) 

                   0)(  yx           (by TM-2) 

       yx           (by TM-1) 

(P9) )()()(0 yxxxyx             (by P1) 

           xy               (by TM-2) 

           )0()0( yx             (by TM-2) 

(P10)  0)()())((  yxyxyyxx           (by P1) 

(P11)      yyxxxx  )(0    (or) 

      xxyyyy  )(0  

Note: 

  A QS-algebra is obviously a TM-algebra, But a TM-algebra is said to be a  

QS-algebra if it satisfies the additional relations, 

yzxzyx  )()(  and yzzy   Xzyx  ,,  

The relations between TM-algebra and other algebras are presented below. 

Theorem: 1.1.17 

 Every BCK-algebra is a TM-algebra but the converse is not true. 

Note: 

The example in (1.1.13) is a TM-algebra but not BCK-algebra  

Since 00  x  3,2,1x  

 



Theorem: 1.1.18 

  Every TM-algebra is a BH-algebra, but the converse is not true. Similarly,  

every TM-algebra is a Q-algebra, but the converse is not true, as shown in table. 

Let,  3,2,1,0X  

 

 

 

 

 

 

 

Then )0,,( X  is a Q-algebra 

The condition yzzxyx  )()(  is not satisfied as  

233000)31()21(   

Therefore )0,,( X  is not a TM-algebra. 

Theorem: 1.1.19 

Every TM-algebra is a BCH-algebra. Every BCH-algebra satisfying 

 yzzxyx  )()(  is a TM-algebra. 

Proof:  Obvious 

Theorem: 1.1.20 

Every TM-algebra is a BCI-algebra. 

Proof:  Obvious 

Theorem: 1.1.21 

 Every TM-algebra X  satisfying zzx   is a trivial algebra. 

Proof: 

 Put  zx   in  zzx  , then zzz   which implies z0 . 

Hence X  is a trivial algebra. 

 

 

  0 1 2 3 

0 0 0 0 0 

1 1 0 0 0 

2 2 0 0 0 

3 3 3 3 0 



Lemma: 1.1.22 

 Let )0,,( X  be a TM-algebra. Then caba   Xcba  ,,  cb  00 . 

Proof: 

 Let )0,,( X   be a TM-algebra. 

Since yzxzyx  )()(  

bbaaaba  0)()(  and  ccaaaca  0)()(  

Therefore, cbcaba  00 . 

Definition: 1.1.23 

 Define  xxXxXG  0/)(  

For any TM-algebra )0,,( X   the set    00/0/)(  xXxxXxXB  is 

called the p-radial of X . If  0)( XB , then X  is said to be p-semisimple  

TM-algebra. 

Note:  0)()( XBXG   

Proposition: 1.2.24 

  A TM-algebra X  is p-semisimple iff  xx  )0(0  Xx . 

Proof: 

 Let X  be p-semisimple. Then  0)( XB  

That is 000   and  00  x  0x  

Now, xxxx  0)0()00()0(0  

Conversely, let xx  )0(0  

Then 00)0(0  xxx  

If 00  x  for 0x , then 000  xx  

Hence X  is p-semisimple. 

 

 

 

 

 



Proposition: 1.1.25 

  If )0,,( X   be a TM-algebra and Xyx ,  then 0)()(  xyxXBy

Proof: 

 Let )(XBy . Then 00  y  

Now, )0()()(  xyxxyx  

       y 0                                      (by TM-2) 

       0 , since )(XBy  

Conversely, let 0)(  xyx   

Then  xyx  )(0   

 )0()(  xyx  

     y 0  

  )(XBy  

Proposition: 1.1.26 

Let )0,,( X  be a TM-algebra. If XXG )( , then X  is p-semisimple 

Proof: 

Let XXG )( . Also  0)()( XBXG   

So  0)( XBX    

That is  0)( XB  

Hence X  is p-semisimple.  

Note: 

 A TM-algebra in which  XXG )(  is a d-algebra. 

SECTION: 1.2 IDEALS AND SUBALGEBRAS ON  

TM-ALGEBRA 

Definition: 1.2.1 

  Let )0,,( X  be a TM-algebra. A non-empty subset I  of X  is called an ideal 

of X  if it satisfies 

(TM I1)     I0  

(TM I2)      Iyx   and IxIy   Xyx  ,  



Note: 

Any ideal I  has the property that Iy and  Ixyx  . 

Example: 1.2.2 

  0 a b C 

0 0 0 c B 

a a 0 c B 

b b b 0 C 

c c c b 0 

 

Then the set  aI ,0 is an ideal of X . 

Proposition: 1.2.3 

Let )0,,( X be a TM-algebra. Then )(XB  is an ideal of X . 

Proof: 

Let )0,,( X be a TM-algebra. 

Since 0)00(0  ,  xXxXB  0/)(0  

Let )(XByx   and )(XBy , then 0)(0  yx  and 00  y  

Now, by proposition (1.1.24) )(XBy  

0)(  xyx  and )(XByx   

0))((  xyxx  

0)0())((  xyxx  

0)(0  yx  

0)0()0(  yx  

00)0(  x  

0)00(  x  

00  x  

)(XBx  

Therefore, )(XB  is an ideal of X . 

 



Definition: 1.2.4 

A non-empty subset S  of a TM-algebra )0,,( X  is said to be a subalgebra of  

 X  if Syx   whenever Syx , . 

Definition: 1.2.5 

An ideal A  of a TM-algebra )0,,( X  is said to be closed if Ax0  Ax  

Proposition: 1.2.6 

Every closed ideal of a TM-algebra is a TM-sub-algebra. 

Proof: 

 Let A  be a closed ideal of TM-algebra )0,,( X  

Let Ayx ,  then x0 , Ay0  

As )0()0()(0 yxyx  , Ayx  )(0  

Hence Ayx  . So A  is a sub algebra of TM-algebra. 

Note: 

The converse of the above proposition is not true. 

Definition: 1.2.7 

 An ideal A  of a TM-algebra )0,,( X  is said to be translational ideal of X  if  

whenever Ayx  , Axy   then Azyzx  )()(  and Ayzxz  )()(   

Xzyx  ,, . 

Proposition: 1.2.8 

If S  is a sub-algebra of a TM-algebra )0,,( X  then )()( SGSXG   

Proof: 

Obviously )()( SGSXG   

We know  xxXSxSG  *0/)(  

Let )(SGx . Then xx 0 and SXGxXSx )(  

Hence SXGSG )()(   , which proves the result. 

   

 



 Theorem: 1.2.9 

  If )0,,( X   is a TM-algebra of order 3, then 

(i)   XxxXxXG  0/)(  

(ii) )(XG  is an ideal of X if 1)( XG  

Proof: 

(i) Let  baX ,,0 be a TM-algebra. 

Assume XXG )( . 

Then bbaa  0,0,000  

Also we know 0 xx  and xx 0  Xx  

Therefore 0,0  aaaa and 0bb  

Let 0ba . It is argued for baab ,,0  

Now if 0ab , then abba  0 and 

    bbabaaba  0)0()()(  and aaaab  0)(  

Since aababa  )()( , it follows that ba  , a contradiction. so 0ab  

If aab  , then ababa  )0( 0)0(  baba , a contradiction 

If bab  , then ababb  )0( 0)0(  baba , a contradiction 

Next, if aba  , then 00)())((  bbaabbaa , contradicting P6 

Finally, let bba   

It is argued for baab ,,0  

If 0ab , then   bab  0)0()0(  ababba , a contradiction 

If  aab  , then  bab  aababba  )0()0( , a contradiction 

If  bab  , then  aa  0 0)()(  bbbababb , a contradiction 

Thus it is concluded that there exists some other elements in )(XG , which is not in 

X . 

(ii) Let  baX ,,0  be a TM-algebra of order 3. 

If the order of )(XG  is 1, then  0)( XG  is the trivial ideal of X  

Conversely, assume )(XG  is an ideal of X  

By (i) of this proposition 1)( XG  or  2)( XG  

Suppose 2)( XG . Then  aXG ,0)(   or  bXG ,0)(   

If  aXG ,0)(    since )(XG is an ideal of X , )(XGab   so bab   



Now, 0)()(0  bbbababbaa , a contradiction. 

Hence 2)( XG and so 1)( XG  

Definition: 1.2.10 

Let )0,,( X   and  )0,,( Y   be TM-algebras. A mapping YXf :  is called  

 a homomorphism if )()()( yfxfyxf   Xyx  , . 

Note: 

 yxfXxYf  )(/)(1
for some Yy  and  XxxfXf  /)()( is  

 called the image of f . 

Proposition: 1.2.11 

Suppose YXf :  is a homomorphism of TM-algebras. Then  

(i) 0)0( f  

(ii) If  0 yx  Xyx  ,  then 0)()(  yfxf   

Proof: 

(i) 0)0()0()0*0()0(  ffff . 

(ii) Let Xyx , and 0 yx , then 0)0()*()()(  fyxfyfxf  

Theorem: 1.2.12 

Let )0,,( X , )0,,( Y  be TM-algebras and let B  be an ideal of Y .  

Let YXf : be a homomorphism. Then )(1 Bf 
 is an ideal of X . 

Proof: 

We know  yxfXxBf  )(/)(1
 for By  

Since B0 and )(0,0)0( 1 Bff   

Assume yx* )(1 Bf   and ),(1 Bfy  then Byxf )*( and Byf )(  

Since f is a homomorphism, .)()()*( Byfxfyxf   

Since B  is an ideal ofY  Bxf )( , so )(1 Bfx   

Hence )(1 Bf 
is an ideal of X . 

 



Definition: 1.2.13 

 Let )0,,( X , )0,,( Y be TM-algebras. Let YXf : be a homomorphism.  

Then the set  0)(/  xfXx  is called the kernel of f  and is denoted by Kerf . 

Theorem: 1.2.14 

Let YXf : be a homomorphism of TM-algebras. Then Kerf is a closed 

ideal of X . 

Proof: 

Obviously ,ker0 f  since 0)0( f  

Let fyx ker , and fy ker  

So 0)*( yxf and 0)( yf  

That is 0)()(  yfxf  

00)(  xf  

0)(  xf  

Hence fx ker , so fker  is an ideal of  X. 

Let fx ker  then 0)( xf  

000)()0()0(  xffxf  

fx ker0   

Hence fker  is a closed ideal of X . 

Theorem: 1.2.15 

If YXf :  be a homomorphism of a TM-algebras. If f  is a surjective and 

I  is an ideal of X  , then  If  is an ideal of Y . 

Proof: 

Assume that f is a surjective and I  is an ideal of X . Obviously,  If0 . 

Let Yyx ,  be such that  Ifyx   and  Ify . Since f  is a surjective, there  

exist Ia  and Xb  such that   yaf   and   xbf  .  

Hence )()()()( Ifyxafbfabf  , which imply  that Iab  . Since I  is  

an ideal of X , we get Ib , and thus    Ifbfx  .  

Therefore,  If  is an ideal ofY .        

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER II 



CHAPTER-II 

CLASSIFICATION OF TM-ALGEBRAS AND QUOTIENT 

ALGEBRAS 

SECTION: 2.1 CLASSIFICATION OF TM-ALGEBRAS 

Definition: 2.1.1 

  A TM-algebra )0,,( X  is called positive implicative if  

)()()( zyzxzyx   Xzyx  ,, . It is called implicative if xxyx  )( . 

Definition: 2.1.2 

  An ideal I  of a TM-algebra )0,,( X  is said to be implicative if Izyx  )(  

and IzxIzy   for any Xzyx ,, . 

Theorem: 2.1.3 

 Let )0,,( X  be a TM-algebra and let I  be an implicative ideal of X .  

Then IXG )( . 

Proof: 

 Let )(XGx . Then xx 0  

Now, Ixxxx  )0(0  and Ixx  0  

Since I  is an implicative ideal  Ix0  

That is Ix  

Hence IXG )( . 

Definition: 2.1.4 

  A TM-algebra )0,,( X  is said to be 1-weakely positive implicative if  

yxyyyx  )0())((  Xyx  , . 

A TM-algebra )0,,( X  is said to be 2-weakely positive implicative if 

yxyxyxx  ))(0())((  Xyx  , . 

 

 

 



Definition: 2.1.5 

 Let )0,,( X  be a TM-algebra. For a fixed Xx , the map XXRx : given 

 by xyyRx )( , Xy  is called a right translation of X . 

Similarly, the map XXRx  : given by yxyRx 


)( , Xy  is called a left  

translation of X . 

Definition: 2.1.6 

 Let )0,,( X  be a TM-algebra. For a fixed Xx , the map XXTx : given  

by )0()()( xxyyTx  , Xy  is called a weak  right translation of X . 

Similarly, the map XXTx  : given by )0()()( yyxyTx 


, Xy  is 

 called a weak left translation of X . 

The following theorem characterizes the weakly positive implicative TM-algebra. 

Theorem: 2.1.7 

 A TM-algebra )0,,( X  is 1-weakly positive implicative iff zzz RTR    

Xz  and “  ” is the composition of functions. 

Proof: 

 Let X  be a TM-algebra and let zzz RTR  Xz  

Then ))(()(* yRTyRzy zzz   

            ))(( yRT zz   

  )*( zyTz  

           Xzyzzzy  ,),*0(*)*)*((  

Hence X  is 1-weakly positive implicative TM-algebra. 

Conversely, if X  is a weakly positive implicative TM-algebra then 

)*0(*)*)*(()*( zzzyzy   

So zyyRz *)(  )*0(*)*)*(( zzzy  

  )*0(*)*)((( zzyRz ))(( yRT zz  

  ))(( yRT zz   Xzy  ,  

Hence zzz RTR   

 

 



Theorem: 2.1.8 

 A TM-algebra X  is 2-weakly positive implicative iff zzz RTR    Xz  

Proof: 

 Let X be a TM-algebra and let zzz RTR     for Xz  

Then, )(* yRyz z
  

                  ))(( yRT zz
   

                  ))(( yRT zz
  

        )*( yzTz
  

         ))*(*0(*)*(*( yzyzz  Xzy  ,  

Hence X  is 2-weakly positive implicative TM-algebra. 

Conversely, 

If X  is 2-weakly positive implicative TM-algebra 

Then, ))*(*0(*))*(*(* yxyxxyx   

Now, yxyRx *)(   

             ))*(*0(*))*(*( yxyxx  

   ))(*0(*))(*( yRyRx xx
  

               ))(( yRT xx
  

    ))(( yRT xx
   Xyx  ,  

Hence xzx RTR   . 

 

Theorem: 2.1.9 

 Let X  be a 1-weakly positive implicative TM-algebra.  

Then 
2

yyyy TTTT     

Proof: 

 Let X be a 1-weakly positive implicative TM-algebra.  

Then,  )*0(*)*)*((* yyyxyx                       (1) 

Now, )0())0())(()0()( yyyyxyyx   

    )*0(*)*))*0(*)*((( yyyyx         (2) 

                           

 



  )*0(*)*()( yyxxTy   

                        ))*0(*)*(()(
2

yyxTxT yy       

                   )0()))0()((( yyyyx   

     )*0(*)*( yyx  

     )(xTy , Xyx  ,  

Note: 

  The converse of the above theorem is not true, which can be shown by the 

 following example. 

Example: 2.1.10   

 Let  cbaX ,,,0  in which * is defined by the following table. 

 

 

 

 

 

 

 

Then )0,*,(X is a BCI-algebra, which in turn is a TM-algebra. 

As 0*)*0(*)*()*0(*)*)*((*  bbbbabbbcbca , 

X  is not 1-weakly positive implicative. 

But ccbbaa TTTTTTTT 
222

0

2

0 ,,, . 

Theorem: 2.1.11 

 Let X  be a 2-weakly positive implicative TM-algebra. Let )()( XGyTx   and 

).(yTx x
 Then 

22

xx TT    Xyx  , . 

Proof: 

Let X  be a 2-weakly positive implicative TM-algebra.  

Then yxyxyxx *))*(*0(*))*(*(   

 

 

  0 a B c 

0 0 0 B b 

a a 0 B b 

b b b 0 0 

c c b A 0 



Now, ))(()(
2

yTTyT xxx



 

   ))*0(*)*(( yyxTx
  

   )))*0(*)*((*0(*)))*0(*)*((*( yyxyyxx  

   ))*0(*)*((*0 yyx       since )(yTx x
  

   )*0(*)*( yyx              since )()( XGyTx   

   )(yTx
  

Converse need not be true. 

SECTION: 2.2 QUOTIENT TM-ALGEBRAS 

Proposition: 2.2.1 

  Let I  be an ideal of a TM-algebra X  and let yx I~  if and only if 

Iyx   and Ixy  . Then I~  is an equivalence relation on X . 

Proof: 

Let X  be a TM-algebra and I  be an ideals of X . Let Xx , 0 xx  and  

I0   implies   Ixx  0 .Thus xx I~ . This means I~  is reflexive . 

Clearly, I~  is symmetric.  

Let Xzyx ,, . If yx I~  and zy I~ , then Ixyyx  ,  and Iyzzy  , .  

By TM-2, we obtain     zyyxzx   and     xyyzxz  .  

Since I  be an ideal of X , by TM-2. Hence zx I~ .  

Therefore, I~  is an equivalence relation on X . 

Note:  

Denote the equivalence class containing x  by  xyXyI Ix ~/  

Definition: 2.2.2 

Let X  be a TM-algebra. An equivalence relation ~ on X   is called a  

congruence if yx ~  and vu ~  imply vyux  ~ and yvxu  ~ ,  

where  Xvuyx ,,, . 

 

 



Proposition: 2.2.3 

   Let X  be a TM-algebra and I  be an ideal of X . Then the relation  I~  is an  

 congruence  relation on X . 

Proof: 

  If yx I~  and vu I~ , then Ixyyx  ,  and Iuvvu  , .  

By (P6), it follows that     yxuyux   and     xyuxuy  .  

Since Iyx   and Ixy  , we have     Iuyux   and     Iuxuy  .  

Hence uyux I  ~ .  

By P3 and P4, we obtain 

         Iuvuvyyvyuy  , 

and 

              Ivuvuyyuyvy   

Thus vyuy I  ~ . Thus vyux I  ~  since I~ is transitive.  

Similarly, yvxu I  ~ .  

Therefore, I~  is an congruence relation on X . 

Proposition: 2.2.4 

  Let I  be an ideal of a TM-algebra X , then 

(i)  0~/0 IxXxI   is an ideal of X . 

(ii) xIy  if and only if   xIyxx    

  Proof: 

(i) Let I  be an ideal of a TM-algebra X . Let  0~/0 IxXxI  . 

Obviously 00 I . If 0, Iyyx  , then 0~ Iyx  and 0~ Iy .  

Since xx I~  and 0~ Iyx  , we have   0~  xyxx I .  

Thus xy I~ . By the symmetry of  I~ , we obtain yx I~ .  

Since yx I~  and 0~ Iy , 0~ Ix .  

Therefore, Ix . 

(ii) Straightforward. 

 

 



Proposition: 2.2.5 

  Let I  be an ideal of a TM-algebra X . Then I  is closed ideal of X   

if and only if II 0 . 

Proof: 

  Assume that I  is a closed ideal of a TM-algebra X . Let Ix .  

Then Ixx  0  and Ix0 . Hence 0~ Ix , and thus  0Ix .  

Now if  0Ix , then Ixx  0 .  

Therefore, II 0 . Conversely, let I  be an ideal with II 0 .  

For any 0IIx  , we have Ix0 .  

Hence I  is a closed ideal of X . 

Theorem: 2.2.6 

Let I  be an ideal of a TM-algebra X . If we define a binary operation on the  

quotient set  XxIIX x  //  by  xI ⊛
yxy II   Xyx  , , then ,/( IX ⊛, )0I  is a 

 TM-algebra, called the quotient algebra of X  relative to I . 

Proof: 

Let I  be an ideal of a TM-algebra X  . If we define a binary operation on the  

quotient set  XxIIX x  //  by  xI ⊛
yxy II   Xyx  , .  

First we show that “⊛” is well defined. Let Xwzyx ,,,  be such that 
yx II   and  

wz II  , then yx I~  and wz I~ . Hence wyzx I  ~  , since I~  is a congruence  

relation.  

Therefore, xI ⊛ ywyzxz IIII   ⊛ wI . Hence “⊛” is well defined on IX / .  

Claim: 

,/( IX ⊛, )0I  is a TM-algebra. Let IXIII zyx /,,  .  

xI ⊛ xx III  00                                          (1) 

and xI( ⊛ )yI ⊛ xI( ⊛ )zI yxI  ⊛ zyzzxyxzx IIII ()()(   ⊛ )yI                (2) 

By (1) and (2), ,/( IX ⊛, )0I  is a TM-algebra. 

Therefore, ,/( IX ⊛, )0I  is a TM-algebra. 



Example: 2.2.7 

 Let  cbaX ,,,0  be the set with the following cayley table. 

     

 

 

 

 

 

 

Then X  is a TM-algebra and   aI ,0  is an ideal of X . The quotient 

 algebra of X   relative to I  is  cb IIIIX ,,/ 0  where  aI ,00  ,  bIb  , 

 cIc  . 

Theorem: 2.2.8 

  If I  and J  be any two ideals of a TM-algebra X  and JI  , then IJ /  is an  

ideal of the quotient algebra IX / . 

Proof:  

 Let I  and J  be any two ideals of a TM-algebra X  and JI  .  

    IXXxIJxIIJ xx ////  .  

Since J  is an ideal, J0  and so IJI /0  .  

If  IJI y /  and xI ⊛ IJI y / , then  Jy  and Jyx  . 

Since J  is an ideal of X , we get Jx .  

Hence IJI x / . 

Definition: 2.2.9 

   A maximal ideal of a TM-algebra X  is an ideal M  different from X such  

that there is no proper ideal N  of X   properly containing M . 

  A TM-algebra without proper ideals is called a simple TM-algebra. 

 

 

 

* 0 a b c 

0 0 0 c b 

a a 0 c b 

b b b 0 c 

c c c b 0 



Theorem: 2.2.10  

Let I  be a closed proper ideal of a TM-algebra X . Then IX /  is simple if  

and only if I  is a maximal ideal of X . 

Proof: 

 Assume that IX /  is simple.  

To prove: 

 I  is a maximal ideal of X . If I  is not maximal ideal of X , then there exists  

a proper ideal C  such that XCI  . It follows from theorem (2.2.8) that IC / is  

an ideal of IX / .  

If ICx  , then ICIx x / .  Obviously, ICII /0  . Thus IC /  is properly  

contained in IX /  and has atleast two elements. Thus IC /  is a proper ideal of  

IX / , so IX /  is not simple, a contradiction. Therefore I  is maximal ideal of X .  

Conversely, assume that I  is maximal ideal of X . 

To Prove: 

IX /  is simple. 

 Suppose IX /  is not simple, then there exists a proper ideal D  of IX / .  

Let IXXf /:   be the canonical homomorphism from X  onto IX / .  

It follows from theorem (1.2.12) that  Df 1  is an ideal of X .  

Moreover,  DfII 1

0

  and  DfI 1 , a contradiction.  

Therefore, IX /  is simple. 

Theorem: 2.2.11 

If )(XBX  is not a p-semisimple TM-algebra X , then )(/ XBX  is a  

p- semisimple. 

Proof:   

By proposition (1.2.3), )(XB  is an ideal of X .  

We shall show that the p-radical of )(/ XBX  is trivial.  

If )(0 XB ⊛ )()( 0 XBXBx  , then )()( 00 XBXB x  , and so 0~0 )( XBx  .  

It follows that,   )(000 XBxx   and   )(00 XBxx   thus 0x .  

Hence )()( 0 XBXBx  .  

This implies that )(/ XBX   is a p- semisimple. 



Theorem: 2.2.12 

  Let I  and J  be two ideals of a TM-algebra X  and J .Then J  is a closed  

ideal of X  if  and only if IJ /  is a closed ideal of IX / . 

Proof: 

Let I  and J  be two ideals of a TM-algebra X  and JI  .  

Let J  be a closed ideal of X .  

By theorem (2.2.8), IJ /  is an ideal of IX / .  

Let IJI y / , for some Jy . 

      It follows from hypothesis that Jy0 . So that 0I ⊛ IJII yy /0   .  

 Consequently, IJ /  is a closed ideal of IX / . 

Conversely, suppose IJ /  is a closed ideal of IX /  and let Xx  be such that  

Jx . Then IJI x / , and so 0I ⊛ IJII xx /0   . Hence Jx0 . 

 Consequently, J  is a closed ideal of X . 

Theorem: 2.2.13 

  Let I  and J  be two ideals of a TM-algebra X  and JI  .Then J  is an 

  implicative ideal of X  if and only if IJ /  is an implicative ideal of IX / . 

Proof: 

Let I  be an ideal of a TM-algebra X .  

Assume that J  is an implicative ideal of X  and let Xzyx ,,  be such that  

xI( ⊛ )yI ⊛ IJI z /  and yI ⊛ IJI z / .   

 Then   IJI zyx /  and IJI zy /  and so   Jzyx   and Jzy  .  

Since J  is an implicative ideal of X , we have Jzx   and so  

xI( ⊛ IJII zxz /)   . 

 Hence IJ /  is an implicative ideal of IX / .  

Conversely, suppose that IJ /   is an implicative ideal of IX /   and  

 let Xzyx ,,   be such that   Jzyx   and Jzy  .  

Then xI( ⊛ )yI ⊛ IJII zyxz /)(     and yI( ⊛ IJII zyz /)    .  

Since IJ /  is an implicative ideal of IX / , we have xI( ⊛ IJI z /)  .  

Hence Jzx  . Therefore, J  is an implicative ideal of X . 



Notation:   

 Let I  be an ideal of X . Denote by I  IX ,  the set of all ideals on X  

containing I , and I  IX ,  the set of all ideals of IX / . 

Theorem: 2.2.14 

 If I  is an ideal of a TM-algebra X , then there is a bijection from I  IX ,  to 

I  IX , . 

Proof: 

Let I  be an ideal of a TM-algebra X .  

Define a mapping :f I  IX , I  IX ,  by IJJf /)(  .  

By theorem (2.2.8), f  is well defined. Clearly, f  is onto. 

Let CA,  I  IX ,  and CA  . Without loss of generality, we may assume that  

there is an ACx  . If )()( CfAf  , then   ICCfI x /   and  

  IAAfI x / . Thus, yx II   for some Ay , since IAI x / . 

Hence yx I~ , that is , Iyx   and Ixy  . Since AI  , we  

have Ayx  . Since Ayx   and Ay , Ax  by (TM I2).  

This is a contradiction.   

Therefore, f  is one to one. 

Theorem: 2.2.15 (The Fundamental Homomorphism Theorem) 

If YXf :  is a homomorphism from a TM-algebra  0,,X  onto a  

TM-algebra  0,, Y , then YfKerX )(/ . 

Proof: 

Let )0,,()0,,(:  YXf  be a homomorphism of TM-algebras.  

Let )( fKerK  . By proposition (1.2.14), K  is an ideal of X .  

Define a mapping YKXg /:  by    xfKg x    where Xx   

and  xwXwK kx ~/ . 

 

 

 



For any KXKK yx /,  , 

we have    yx KK           Kyx  Kxy ,  

                 0,0  xyfyxf  

                                 
   

    0 yfxf ,
 
    0 xfyf

 

                  yfxf            (by P11) 

                  ygxg   

This means that g  is well defined. Let KXKK yx /,   with yx KK  .  

Then Kyx   or Kxy  . Without loss of generality, assume that Kyx  . 

 It follows that 0)()()(  yxfyfxf , and hence    yfxf  . 

This means that g is one to one.  

Since    xKg( ⊛ )yK  =    yxKg   

             =    yxf    

                       =      yfxf   

             =      yx KgKg   

g  is a homomorphism.  Hence YfKerXKX  )(// . 

 

 

      

 

 

 

 

  

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER III 



CHAPTER-III 

DERIVATIONS AND GENERALIZED ON TM-ALGEBRA 

Section: 3.1 DERIVATIONS ON TM-ALGEBRA 

Definition: 3.1.1 

 Let  0,,X  be a TM-algebra. A self map XXd :  is said to be a  

),( rl  derivation on X  if ))(())(()( ydxyxdyxd   

Example: 3.1.2 

Let  0,,X  be a TM-algebra with the following cayley table. 

  

 

 

 

 

 

A self map XXd :  be defined by  .0)2(,2)1(,1)0(  ddd  Then d  is a  

),( rl  derivation. 

Note: 

If XXd :  is a ),( rl  derivation on X , then  yxdyxd  )()(  

Example: 3.1.3 

 Let  0,,X  be a TM-algebra. A self map XXd :  is said to be a  

),( lr  derivation on X  if yxdydxyxd  )(())(()(  

Note: 

If the self map XXd :  is a ),( lr  derivation on X , then   

)()( ydxyxd   

Definition: 3.1.4 

 Let XXd :  be a self map on TM-algebra  0,,X . The map d  is said to be 

a derivation on X if d  is both a ),( rl  derivation and a ),( lr  derivation on X . 

  0 1 2 

0 0 2 1 

1 1 0 2 

2 2 1 0 



Note: 

If d is a derivation on X  then, )()()( ydxyxdyxd   

Example: 3.1.5 

Let  0,,X  be a TM-algebra with the following cayley table. 

  0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

 

A self map XXd :  be defined by  0)3(,1)2(,2)1(,3)0(  dddd  is a 

derivation. 

Definition: 3.1.6   

Let X  be a TM-algebra. A self map XXd :  is said to be regular if 

 0)0( d  

Proposition: 3.1.7 

Let  0,,X  be a TM-algebra. If XXd : is a regular ),( lr  derivation on 

  X  then )(xdx   Xx . 

Proof: 

Let X   be a TM-algebra and XXd :  be a regular ),( lr  derivation on X  

Then 0)0( d . But 0 xx  

Therefore 0)(  xxd    , (by P1)           

       0)(  xdx                  

      )(xdx       

 

                 



Proposition: 3.1.8 

  Let  0,,X  be a TM-algebra. Let XXd :  is a derivation. 

(1)   If  0)(  xdx Xx , then d  is regular. 

(2) If  0)(  xxd Xx  , then d  is regular. 

Proof: 

Let X  be a TM-algebra, and XXd : be a derivation on X . Then d  is  

both a ),( rl  derivation and ),( lr  derivation. 

(1) Given 0)(  xdx  Xx . 

Now, 0)()()0(  xdxxxdd  

  d  is regular. 

(2) Given 0)(  xxd  

Now, 0)()()0(  xxdxxdd          

 d  is regular. 

Proposition: 3.1.9 

Let d  be a self map of a TM-algebra X . 

(1) If  d is regular ),( rl  derivation on X , then xxdxd  )()(  

(2) If  d is regular ),( lr  derivation on X , then )()( xdxxd   

Proof: 

Let d be a self map of a TM-algebra X .  

(1) Given d  is regular ),( rl  derivation on X . Therefore 0)0( d . 

Now, 0 xx  

)0()(  xdxd  

             ))0(()0)(( dxxd   

      )0()(  xxd xxd  )(  

(2) Given d  is regular ),( lr  derivation on X . 

       )0()(  xdxd  

                )0)(())0((  xddx  

                )()0( xdx     )(xdx  

 

 



Definition: 3.1.10 

 Let 21,dd  be self maps on a TM-algebra X .  

Define 21 dd   as follows, ))(())(( 2121 xddxdd  Xx  

Lemma: 3.1.11  

 Let   0,,X  be a TM-algebra. Let 21,dd  be two ),( rl  derivations on X . 

Then )( 21 dd   is also a ),( rl  derivation on X .  

Proof: 

Let X  be a TM-algebra. Let 21,dd  be two ),( rl derivations on X .  

Then  yxdyxd  )()( 11  and yxdyxd  )()( 22  Xyx  , . 

Now, ))(())(( 2121 yxddyxdd  ))(( 21 yxdd                 

    yxdd  )))((( 21 yxdd  ))(( 21   

Therefore )( 21 dd   is also a ),( rl  derivation on X . 

Lemma: 3.1.12 

 Let   0,,X  be a TM-algebra. Let 21,dd  be two ),( lr  derivation on X , 

then )( 21 dd   is also a ),( lr  derivation on X .  

Proof: 

Let X  be a TM-algebra. Let 21,dd be two ),( lr derivations on X . 

Then )()( 11 ydxyxd   and )()( 22 ydxyxd   Xyx  , . 

Now, ))(())(( 2121 yxddyxdd   ))(( 21 ydxd             

    ))((( 21 yddx  )))((( 21 yddx   

Hence )( 21 dd   is also a ),( lr derivation on X . 

Theorem: 3.1.13 

 Let   0,,X  be a TM-algebra and 21,dd be derivations on X  then )( 21 dd   is 

 also a derivation on X .  

Proof: 

 Proof of the theorem follows by lemma (3.1.11) and lemma (3.1.12). 

 

 



Theorem: 3.1.14 

 Let  0,,X  be a TM-algebra. Let 21,dd  be two derivations on X , then 

)()( 1221 dddd   . 

Proof:  

Let X  be a TM-algebra and 21,dd  be two derivations on X , then 21,dd  are  

 both ),( rl  and ),( lr -derivations on X . 

Now, ))(())(( 2121 yxddyxdd  ))(( 21 yxdd           

     )()( 12 ydxd                            (1) 

Also, ))(())(( 1212 yxddyxdd  ))(( 12 ydxd            

    )()( 12 ydxd                                                   (2) 

From (1) and (2), ))(())(( 1221 yxddyxdd    

This implies )()( 1221 dddd   . 

Definition: 3.1.15 

  Let  0,,X  be a TM-algebra. Let 21,dd  be two self maps on X . 

 Define XXdd  :)( 21  as )()())(( 2121 xdxdxdd   Xx . 

Theorem: 3.1.16 

 Let  0,,X  be a TM-algebra and 21,dd  be two derivations on X , then  

1221 dddd  . 

Proof: 

Let 21,dd be two derivations on a TM-algebra X . 

         ))(())(( 2121 yxddyxdd   

             ))(( 21 yxdd           

               )()( 12 ydxd          (1) 

Again, ))(())(( 2121 yxddyxdd   

                ))(( 21 ydxd            

                )()( 21 ydxd         (2) 

Combining (1) and (2), we get )()()()( 2112 ydxdydxd      (3) 

 



Substituting xy   in (3) we get, 

   )()()()( 2112 xdxdxdxd   

     ))(())(( 2112 xddxdd   

 This is true for all elements Xx . Therefore, 2112 dddd   

Lemma: 3.1.17 

  In a TM-algebra both right and left cancellation holds good. 

Proof: 

 Let  0,,X  be a TM-algebra.  

Assume that zxyx   Xzyx  ,, . 

Now, zzxxyxxy  )()(  

This proves that the left cancellation law holds in X . 

Assume that xzxy   

Consider, )()( xyyyyx            

      )(0 xz  

       )()( xzzz   

Thus zxyx   

Therefore zy              (By left cancellation law) 

Hence the right cancellation law holds in X . 

Theorem: 3.1.18 

  Let d  be a ),( rl -derivation of TM-algebra X , then  

(1) xxdd  )()0(  

(2) d   is 1-1 

(3)  If d  is regular then d is the identity map. 

(4)  If there is an element xxdXx  )( , then d  is the identity map. 

(5)  If there is an element 0)(  xydXx  or 0)(  ydx  Xy ,  

     then xyd )( , (i.e.) d  is a constant map. 

Proof: 

Let d  be a  rl, -derivation of TM-algebra X . 

(1)   0 xx , therefore xxdxxdd  )()()0(  

 



(2)   Let Xyx , and )()( ydxd   

Now xxdxxdd  )()()0(         (1) 

Again yxdyydyydd  )()()()0(                              (2) 

From (1) and (2), yxdxxd  )()(  

yx                (By left cancellation law) 

(3)  Given d  is regular. Therefore, 0)0( d . 

          xxdd  )()0(      (By (1)) 

          xxd  )(0  

          xxdxx  )(  

Applying right cancellation law in a TM-algebra. 

We get )(xdx  . Hence d  is the identity map. 

(4)  Let ,yx   Xyx , . 

Given that there is an element xxdXx  )(  

Now,       )( yxxy   

           )()()( yxxdyd             (Since d  is ),( rl -derivation ) 

           )( yxx   y  

Therefore d  is the identity map. 

(5) Given 0)(  xyd  

xxxyd )(  

xyd  )(         (By right cancellation law) 

 Again if 0)(  ydx  

xxydx  )(  

xyd  )(          (By left cancellation law) 

Hence Xyxyd  ,)( . 

Therefore d  is a constant map. 

Theorem: 3.1.19 

  Let d  be ),( lr -derivation of TM-algebra X , then  

(1)   )()0( xdxd   

(2)   xxdxd  )()(  Xx . 

(3)   d  is 1-1. 



(4)   If d  is regular then d  is the identity map. 

(5)   If there is an element xxdXx  )( , then d  is the identity map. 

(6)   If there is an element 0*)(  xydXx  or 0)(* ydx  Xy  then

xyd )(   (i.e.) d  is a constant map. 

Proof: 

Let d  be the  lr, -derivation of TM-algebra X . 

(1), (3), (4), (5) and (6) are analogous to results (1) to (5) of above theorem (3.1.18) 

Hence we prove only the property (2) 

Since yyxx )*(* , )())(*(*)( xdxdxxxxd   Xx . 

Theorem: 3.1.20 

 Let X  be a TM-algebra and nddd ,....., 21  be derivations on X, then 

xxdddddd nnnn  )))))((........(((( 12321 . 

Proof: 

  )))...)))((...(((()))))((...(((( 1232112321 xddddddxdddddd nnnnnnnn    

                            )))...))(((...(( 1221 xdddd nn   

          . 

          . 

          . 

          )(1 xd  

          x  

Definition: 3.1.21 

       Let )(XLDer  denote the set of all ),( rl -derivations on X. Define the binary  

operation   on )(XLDer  as follows.   For )(, 21 XLDerdd  , define  

)()())(( 2121 xdxdxdd   Xx . 

 

 

 



Lemma: 3.1.22 

  If 1d  and 2d  are ),( rl -derivations on a TM-algebra X, then )( 21 dd   is  

also a ),( rl -derivation. 

Proof: 

Let 1d  and 2d  be ),( rl -derivations on a TM-algebra X . 

To Prove: yxddyxdd  ))(())(( 2121  Xyx  ,  

)()())(( 2121 yxdyxdyxdd                    

   ))(())(( 21 yxdyxd   

                          )))(())((())(( 122 yxdyxdyxd   

       yxd  )(1                                (1) 

yxdxdyxdd  ))()(())(( 2121  

      yxdxdxd  )))()(()(( 122  

       yxd  )(1                  (2) 

From (1) and (2), yxddyxdd  ))(())(( 2121  

Therefore )( 21 dd  is a ),( rl -derivation. 

Lemma: 3.1.23 

 The binary composition   defined on )(XLDer  is associative. 

Proof: 

 Let X  be a TM-algebra. 

Let 3,21, ddd  are ),( rl -derivations. 

Now,  )())(())()(( 321321 yxdyxddyxddd   

 ))(())(( 31 yxdyxd   

  )))(())((())(( 133 yxdyxdyxd   

     yxd  )(1                                    (1) 

Again,  )))((()()))((( 321321 yxddyxdyxddd   

       ))(())(( 21 yxdyxd   

        )))(())((())(( 122 yxdyxdyxd   

        yxd  )(1                                                       (2) 

Combining (1) and (2) we get, )()( 321321 dddddd   



Theorem: 3.1.24 

)(XLDer  is a semi-group under the binary composition   defined by  

 )()())(( 2121 xdxdxdd   Xx  and )(, 21 XLDerdd  . 

Proof: 

Proof follows by above two lemmas (3.1.22) and (3.1.23) 

Theorem: 3.1.25 

  )(XRDer  is a semi-group under the binary operation   defined by 

)()())(( 2121 xdxdxdd   Xx and )(, 21 XRDerdd  .  

Proof: Obvious 

Theorem: 3.1.26 

 If )(XDer  denotes the set of all derivations on X , it is a semi-group under the  

binary operation   defined by )()())(( 2121 xdxdxdd   Xx  and  

)(, 21 XDerdd  . 

Proof: 

 Proof follows by the above two theorems (3.1.24) and (3.1.25) 

Definition: 3.1.27 

 A TM-algebra  0,,X  is said be 0-commutative if 

 )0()0( xyyx  Xyx  , . 

Example: 3.1.28 

  Let   0,,X  be TM-algebra with cayley table. 

  0 1 2 

0 0 2 1 

1 1 0 2 

2 2 1 0 

 

Then  0,,X  form the 0-commutative TM-algebra. 



Lemma: 3.1.29 

  If  0,,X  is a 0-commutative TM-algebra then 

(1)  xyyx  )0()0(  

(2)  yxxzyz  )(*)(  

(3)  yzxzyx  )()(  

(4)  0))((  yyxx  

(5)  )()()()( xzyttyzx   Xtzyx  ,,,  

(6)  yyxx  )(  

Proof: 

Let X  be a 0-commutative TM-algebra. Results 1-4 follows easily. 

To Prove: (5)  ))(0())(0()()( zxtytyzx                           (by TM-2) 

   ))0()0(())0()0(( zxty   

          ))0(0(()))0(0(( xzyt   

          )()( xzyt   

 To Prove: (6)   yyyxxyxx  0)()0()(  

Theorem: 3.1.30 

 Let )0,,( X  is a 0-commutative TM-algebra and d  be a derivation on X .  

Then yxydxd  )()(  

Proof: 

  Let X  be a 0-commutative TM-algebra. 

 Then )0()0( xyyx   Xyx  ,  

))0(())0(( xydyxd   

)0()()0()( xydyxd   

yxydyyxd  ))0()(())0()((  

              )0())(()0())(( xyydyyxd                  (by P4) 

          )0(0 x           

          x              (by P3) 

(i.e.) xyyxd  )0())((                                (1) 

 

 



Interchanging x  and y  in (1) we have  

yxxyd  )0())((                     (2) 

From (1) and (2),      ))0())((())0())((()( xxydyyxdyx   

    ))(()0(())(()0(( ydxxxdyy   

    )))((()))((( ydxxxdyy    

    )()( ydxd                          (by P3)           

SECTION: 3.2 GENERALIZED DERIVATIONS ON A  

TM-ALGEBRA 

Definition: 3.2.1 

 Let )0,,( X  be a TM-algebra. In X , define a binary composition “+” as 

follows: )0( yxyx   Xyx  ,  

Theorem: 3.2.2 

  In any TM-algebra )0,,( X  if “+” defined as )0( yxyx   Xyx  ,  ,  

then the following hold: 

(1)  xxx  00  

(2)   Addition  is associative 

(3)   If 0 yx , then yx  0  

(4)   Addition is commutative. 

(5)   Additive inverse of Xx  is x0  

Proof: 

(1)   xxxxxx  0)0(00)00(0  

(2)   Addition is associative by repeated application of the definition  of “+” 

(3)   Applying left cancellation law on xxyxyx *0)*0(*0  , we get  

     xy *0 . 

(4)   Addition is commutative. For ,  

             ))*0(*()*()(0 yxyyyxyx   

      )))*0(*(*0(*)*( yxyy  

         )))*0(*0(*)*0((*)*( yxyy            (by P9) 

          )*)*0((*)*( yxyy            (by P3) 

          xyxy  )*0(*  



(5)  0*))*0(*0(*)*0(  xxxxxx  

      Therefore the additive inverse of x  is xx  0  

Definition: 3.2.3 

  Let X  be a TM-algebra. If we define an addition + as )*0(* yxyx    

Xyx  , , then ),( X is an abelian group with identity 0 and the additive inverse  

denoted by  xx *0    Xx . 

Note: 

  If we have a TM-algebra  0,*,X it follows from the above definition that 

 ),( X  is an abelian group with yy *0  Xy . Then we have  

yxyx *  Xyx  , . On the other hand if we choose an abelian group ),( X  

with an identity 0 and define yxyx * , we get a TM-algebra  0,*,X  where  

)*0(* yxyx   Xyx  , . 

Example:3.2.4  

  Let  0,*,X  be a TM-algebra with the cayley table. 

 

 

  0 1 2 3 4 

0 0 4 3 2 1 

1 1 0 4 3 2 

2 2 1 0 4 3 

3 3 2 1 0 4 

4 4 3 2 1 0 

 

 

 

 

 

 



 

 

Define )*0(* yxyx   

  0 1 2 3 4 

0 0 1 2 3 4 

1 1 2 3 4 0 

2 2 3 4 0 1 

3 3 4 0 1 2 

4 4 0 1 2 3 

 

Then ),( X  is an abelian group. 

Definition: 3.2.5 

Let X  be a TM – algebra. A mapping D XX :  is called generalized  

 rl, -derivation of X  if there exist an  rl, -derivation XXd : such that  

D )( yx ( D ))(())( ydxyx   Xyx  , . 

Examples: 3.2.6 

  For the TM-algebra defined in example (3.2.4) if we defined a map  

XXd :  by 2)4(,1)3(,0)2(,4)1(,3)0(  ddddd . Then d  is a   

 rl, -derivation of X . 

But d  is not a  lr, -derivation of X. Since ))(())(()( yxdydxyxd   for 

Xyx , . The map D XX : defined as D (0)=1, D (1)=2, D (2)=3,D (3)=4,  

D (4)=0 is a generalized  rl, -derivation of X . 

Remark: 

 In a TM-algebra, xxyyyx  )(   Xyx  ,  if D is a generalized  

 rl, -derivation of  X , then D )( yx  = D yx )( Xyx  ,  . Hence for every  

 rl, -derivation  d  of X  and any self map  D XX : is a generalized  

 rl, -derivation of X . 

Analogously we define a generalized  lr, -derivation on a TM-algebra )0,,( X  as  

follows: 



Definition: 3.2.7 

 Let X  be a TM-algebra. A mapping D XX : is called generalized  

 lr, -derivation of X  if there exist an  lr, -derivation XXd :  such that  

D )( yx  x(  D ))(())( yxdy   Xyx  , . 

Remark: 

In a TM-algebra, it is observed that for every  lr, -derivation d  of X  and 

any map D XX : , is a generalized  lr, -derivation of X . 

Definition: 3.2.8 

 Let X be a TM-algebra. A mapping D XX : is called generalized 

derivation of X  if there exist a derivation XXd :  such that D is both a 

 rl, -generalized derivation and  lr, -generalized derivation. 

Example: 3.2.9  

 Let  0,*,X  be a TM-algebra with the following cayley table. 

  0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

 

XXd :  be defined by 0)3(,1)2(,2)1(,3)0(  dddd  is a derivation on X . 

The map D XX :  defined as D (0)=2, D (1)=3, D (2)=0, D (3)=1, is a  

generalized derivation of X . 

Lemma: 3.2.10 

 Let D be a self map of a TM-algebra X . Then  

(1)   If D is a generalized  rl, -derivation of X , then D )(x  D xx )( Xx . 

(2)   If D is a generalized  lr, -generalized derivation of X, then D(0)=0 iff  

           D )()( xdxx   Xx  and for some  lr, -generalized derivation d of . 

 

X



Proof: 

(1)   If D is a generalized  rl, -derivation of X  , then there exists a  

 rl, -derivation d  of X  such that D ()(  yx D ))(())( ydxyx   Xyx  ,  

        D )(x  D ()0( x D ))0(()0)( dxx   

          D ))0(()( dxx   

         ))0((()0(( dxdx  D ))(x  

                  xdx (())0((  D ))0()( dx     

         xx (  D ))(x  

          D xx )(  Xx  

(2)  Let D be a generalized  lr, -derivation of X  such that D (0) = 0. Then, 

D )( yx  x( D ))(())( yxdy   ),( lr derivation d                                  (1) 

Putting 0y  in (1), we get  

D )0( x  x(  D )0)(())0(  xd  

(i.e.) D )()()0()( xdxxdxx  Xx  

Conversely, if D )()( xdxx  , then   

D )0)0(()0()0(0)0(  ddd  

    )0()0( dd   

        0  

Lemma: 3.2.11 

 Let D be a generalized  rl, -derivation of a TM-algebra X . Then  

(1)   D )(a  D a)0(  Xa  

(2)   D  )( xa  D xa )(  Xxa  ,  

(3)   D  )( ba  D  aba)(  D )(b  Xba  ,  

Proof: 

(1)  D )(a  D ())0(0(  a D ))0(0())0()0( ada   

              D )0()0( a  

(i.e.),   D )(a  D a)0(  Xa  

(2)  D  )( xa  D  ))0(( xa  D )0()( xa  = D xa )(  

(3)  Since ),( X  is an abelian group, the result follows from 

          D ba)(  D  )( ba  D  )( ab  D ab )(  



Theorem: 3.2.12 

 Let D be a generalized  lr, -derivation of a TM-algebra X . Then  

(1)   D )()( XGa   )(XGa  

(2)   D  aa)(  D  a)0(  D )0(  Xa  

(3)   D  )( ba  D )(a  D )(b  D )0(  Xba  ,  

(4)   D is the identity map on X  iff D (0) = 0. 

Proof: 

 Let D be a generalized  lr, -derivation of a TM-algebra X . 

(1)   For )(XGa , D )(a  D  0()0( a  D ))0(())( ada   

       0  D )(a  

                             D )()( XGa   

(2)  Now, D )(a  D  aa ()0(  D )0)(())0(  ad  

               Therefore D  aa)(  D  a)0(  D  0()00( a  D ))0(  

         a D )0(  

(3)  By result (2) above, we have 

     D  )()( baba  D )0(  

  Since ),( X  is an abelian group, on simplifying the right hand side, we get  

    D  )( ba  D )(a D )(b D )0(  

(4)  If  D )0( 0 , then D )(a  D  aa )0(  D aa  0)0(  Xa  

    D is the identity map. 

  Conversely, if D is the identity map on X, then D aa )(  Xa .  

  In particular D )0( 0  

Definition: 3.2.13 

 A TM-algebra X  is said to be torsion free if it satisfies, 

00  xxx  Xx . 

If there exists a non-zero element Xx  such that 0 xx , then X  is not Torsion  

free. 

 

 



Example: 3.2.14 

 The TM-algebra X  given by the cayley table in example (3.2.4) is a  

Torsion-free TM-algebra. For, 

000  , 241)10(111   

432)20(222   

123)30(333   

314)40(444   

The TM-algebra X  given by the cayley table in example (3.2.9) is not a  

Torsion-free TM-algebra. For, 011)10(111    

(i.e.) There exists a non-zero element Xx  such that 011  . 

Theorem: 3.2.15 

 Let X  be a torsion free TM-algebra and let D1 and D2 be two generalized  

derivations. If D1D2 =0 on X , then D2=0 on X . 

Proof: 

 Let Xx , then Xxx   

(0  D1D2  ))( xx  D1 (D2 ))( xx  

      D1 )0(  D2 )( xx   

          D1 )0( D2 )(x D2 )(x D2 )0(  

          D1 )0( D2 )0( D2 )(x D2 )(x  

        ( D1 )0( D2 ))0( D2 )(x D2 )(x  

        ( D1  0()0( D2 ))0( D2 )(x D2 )(x  

      D1 )0( D2 )0( D2 )(x D2 )(x  

    = D1 (D2 ))0(  D2 )(x D2 )(x  

    = (D1D2) )0(  D2 )(x D2 )(x  

     0  D2 )(x D2 )(x  

    = D2 )(x D2 )(x  

Since X  is Torsion-free, D2 0  on X . 

In the above theorem, if we replace both the generalized derivation D1 and D2 by a  

generalized derivation D itself, we get the following theorem 

 



Corollary: 3.2.16 

 Let X  be a Torsion free TM-algebra and D be a generalized derivation. 

If D2
 =0 on X , then D=0 on X . 

Proof: 

 Let D2
 =0 on X . That is D2

0)( x Xx . 

Now for any Xx , by using theorem (3.2.12) 

0  D2
)( xx   

       = D (D )( xx  ) 

       = D )0(  D )( xx   

         = D )0( D )(x D )(x D )0(  

       = D )(x D )(x  

Since X  is torsion free, D 0)( x Xx  proving that D =0 on X . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER IV 



CHAPTER –IV 

t- DERIVATIONS AND SYMMETRIC BI-DERIVATIONS ON 

TM-ALGEBRA 

SECTION: 4.1 t- DERIVATIONS ON TM-ALGEBRAS 

Definition: 4.1.1 

A TM-algebra X  is said to be associative if  

)()( zyxzyx  Xzyx  ,, . 

Example: 4.1.2 

Let  0,,X  be a TM-algebra with the cayley table. 

  

0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

 

Then X  is an associative TM-algebra. 

Definition: 4.1.3 

Let X  be a TM-algebra. Then for any Xt , we define a self  

              XXdt :  by txxdt )( Xx . 

Definition: 4.1.4 

Let X  be a TM-algebra. Then for any Xt , a self map XXdt :  is called  

a  trl ),( derivation of X  if it satisfies the condition  

))((())(()( ydxyxdyxd ttt   Xyx  , . 

 

 

 



Example: 4.1.5 

Let  0,,X  be a TM-algebra with the following cayley table. 

 

 

 

 

 

 

Define, When 0t , xxdt )(  Xx  

When 1t , 1)2(,0)1(,2)0(  ttt ddd  

When 2t , 0)2(,2)1(,1)0(  ttt ddd  

For each Xt , td  is a  trl ),( derivation of X . 

Remark: 

In a TM-algebra xxyyyx  )(  Xyx  , . By using the above  

  property, if td  is a  trl ),( derivation of X   then yxdyxd tt  )()( . 

Definition: 4.1.6 

Let X  be a TM-algebra. Then for any Xt , a self map XXdt :  is called  

a  tlr ),( derivation of X if it satisfies the condition  

Xyxyxdydxyxd ttt  ,))(())(()( . 

Remark: 

If  td  is a  tlr ),( derivation of X , then )()( ydxyxd tt   Xyx  , . 

Definition: 4.1.7 

Let X  be a TM-algebra. Then for any Xt , a self map XXdt :  is called 

 a t derivation on X  if td  is both a  trl ),( derivation and  tlr ),( derivation  

of X . 

 

 

  

0 1 2 

0 0 2 1 

1 1 0     2 

2 2 1 0 



Example: 4.1.8 

Consider the TM-algebra  0,,X  in example (4.1.2) 

Define the mapping td  as follows: 

When 0t , xxdt )(  Xx  

When 1t , 2)3(,3)2(,0)1(,1)0(  tttt dddd  

When 2t , 1)3(,0)2(,3)1(,2)0(  tttt dddd  

When 3t , 0)3(,1)2(,2)1(,3)0(  tttt dddd  

For each Xt , td  is a t derivation of X . 

Remark: 

Any self map td  of a TM-algebra X  is a  trl ),( derivation of X . 

Proposition: 4.1.9 

Let  td  be a self map of an associative TM-algebra X . Then td  is a  

 tlr ),( derivation of X . 

Proof:  

Let  td  be a self map of an associative TM-algebra X .  

Then we have, 

         tyxyxdt  )()(    

        ytx  )(   (by P4) 

        0))((  ytx  

       )))(())((())(( ytxytxytx    (by P1) 

       )))(())((())((( tyxytxytx    (by P4) 

       )))(())((())(( tyxytxytx   

        ))(())(( ytxtyx   

        ))(())(( yxdydx tt   

Therefore td  is a  tlr ),( derivation of X . 

 

 



Theorem: 4.1.10 

Let X  be an associative TM-algebra. For any Xt , a self map td  is a 

t derivation of X . 

Proof:  Obvious. 

Definition: 4.1.11 

A self map td  of a TM-algebra X  is said to be t regular if 0)0( td  

Example: 4.1.12 

In example (4.1.8) td  is a regular t derivation on X  when 0t . However,  

 1t  or 2t  or 3t , td is not a regular t derivation of X . 

Proposition: 4.1.13 

For any self map td of a TM-algebra X , the following holds. 

(1) If td  is a  trl ),( derivation of X , xxdxd tt  )()(  Xx . 

(2)  If td  is a  tlr ),( derivation of X , )()( xdxxd tt   Xx  iff td  is  

t regular. 

Proof:  

Let td  be a self map of a TM-algebra X .  

(1)   Let td be a  trl ),( derivation of X  . Then we have, 

)0()(  xdxd tt  

))0(()0)(( tt dxxd   

))0(()( tt dxxd 
 

    ))(())0((())0(( xddxdx ttt   

)0())((())0(( ttt dxdxdx             (by P4) 

))(( xdxx t          (by TM-2) 

xxdt  )(  

Therefore td is a  trl ),( derivation of X . 

(2)   Let td  be a  tlr ),( derivation of X  and )()( xdxxd tt                   (1) 

 Put 0x  in (1), we have 



)0)0(()0()0(0)0(  tttt dddd  

     0)0()0(  tt dd  

Therefore td  is t regular. 

Conversely, suppose that td  is t regular  tlr ),( derivation of X . Then 

  )0()(  xdxd tt  

            )0)(())0((  xddx tt  

           )()()0( xdxxdx tt   

Hence the proof. 

Theorem: 4.1.14 

Let td be a  trl ),( derivation of a TM-algebra. Then the following hold. 

(1)  xxdd tt  )()0(  Xx  

(2)  td  is one-one 

(3)  td  is t regular then it is the identity map.  

(4)   If there is an element xxdXx t  )( , then td  is the identity map. 

(5)   If yx   then )()( ydxd tt   Xyx  ,  

Proof: 

(1)  Let td  be a  trl ),( derivation of a TM-algebra X . 

 Then we have xxdxxdd ttt  )()()0(  (since td  is a  trl ),( derivation) 

(2) Let )()( ydxd tt   Xyx  ,  

 Then tytx   and by applying the right cancellation law we have, yx   

(3)  Let td  be t regular and Xx .  

 Now, xxdxxddxx ttt  )()()0(0  

 Hence by right cancellation law, xxdt )(  Xx , showing that td   is the  

 identity map. 

(4)  Let xxdt )(  for  some Xx , )0()()(0 ttt dxxdxxdxx   

       showing that td  is t regular. Hence by (3) td   is the identity map. 

(5)  Since yx  , 0)()()()()(  yxtytxydxd tt   

  thus proving  )()( ydxd tt  . 



Theorem: 4.1.15 

Let X be a TM-algebra and td  be a t derivation of X . If yx   and  

 )()()( ydxdyxd ttt   Xyx  , . Then )()( ydxd tt  . 

Proof: 

Let td  be a t derivation of a TM-algebra X . 

  )0()(  xdxd tt  

     ))(( yxxdt   

     )()( yxdxd tt   

     ))()(()( ydxdxd ttt   

     )(ydt
  

(by P3) 

Theorem: 4.1.16 

Let td be a t regular  tlr ),( derivation of a TM-algebra.  

Then the following hold. 

(1)  xxdt )(  

(2)  )()( ydxyxd tt   Xyx  ,  

(3)  )()()()()( ydxydxdyxdyxd ttttt   

(4)   0)(/)ker(  xdXxd tt  is a sub algebra of X . 

Proof: 

(1)  Since td  is t regular  tlr ),( derivation of a TM-algebra X , for any Xx ,  

we have xxdxxdxd ttt  0)0()0()( . 

(2)  If td  is t regular  tlr ),( derivation of X  then by (1), xxdt )(  Xx  

 Thus, )()( ydxyxyxd tt   

(3)  If  td  is t regular  tlr ),( derivation of X  then by (1), xxdt )(  Xx  

For Xyx , , )()()( ydxdyxyxd ttt   

If td  is a  tlr ),( derivation of X  then )()( ydxyxd tt   

yxdyxyxd tt  )()(  

Hence yxydxyxdyxd ttt  )()()( . 

 



(4)  Since td  is t regular, 0)0( td . Then )ker(0 td  showing that  )ker( td  is a  

non-empty set. Let )ker(, tdyx  , then 0)(,0)(  ydxd tt .  

Now 000)()()(  ydxdyxyxd ttt .  

Therefore, )ker()( tdyx  , proving that )ker( td  is a sub-algebra of X . 

Proposition: 4.1.17 

Let X  be a TM-algebra. Then  0)ker( td  iff td  is t regular. 

Proof: 

Let X  be a TM-algebra. Obviously when  0)ker( td  , 0)0( td  showing 

that td  is t regular. 

On the other hand, if )ker( tdx , td  is t regular shows that,  

xxxdxxdd ttt  0)()()0(0 . Thus, 0x  showing that  0)ker( td . 

Definition: 4.1.18 

Let X  be a TM-algebra and let 


tt dd ,  be two self maps of X . Then we 

 define XXdd tt 

:  by  ))(())(( xddxdd tttt




  Xx . 

Example: 4.1.19 

Consider the TM-algebra given in example (4.1.2)  

The self-maps  XXdd tt 

:,  given by,        

   2)3(,3)2(,0)1(,1)0(  tttt dddd   

             1)3(,0)2(,3)1(,2)0( 











tttt dddd  are t derivations on X . 

Now, define a self-map XXdd tt 


:)(   by  

    3)0)(( 


tt dd  , 2)1)(( 


tt dd  , 1)2)(( 


tt dd  , 0)3)(( 


tt dd   

Then ))(())(( xddxdd tttt




  Xx  is also a t derivation on X . 

 

 

 



Proposition: 4.1.20 

  Let X be a TM-algebra and let 


tt dd ,  be a  trl ),( derivation of X . Then  

)(


tt dd   is also a  trl ),( derivation of X .  

Proof: 

Let X  be a TM-algebra and let 


tt dd ,  be a  trl ),( derivation of X .  

Then Xyx  , . We have,         

))(())(())(( yxddyxddyxdd tttttt 






   

  yxddyxdd tttt 





 ))(())(((   

Therefore )(


tt dd   is a  trl ),( derivation of X . 

Proposition: 4.1.21 

  Let X  be a TM-algebra and let 


tt dd ,  be a  tlr ),( derivations of X . Then  

)(


tt dd   is also a  tlr ),( derivations of X . 

Proof: 

Let X  be a TM-algebra and let 


tt dd ,  be a  tlr ),( derivation of X .  

Then Xyx  , . We have,        ))(())(())(( ydxdyxddyxdd tttttt







  

                      ))(())(( yddxyddx tttt





   

Therefore )(


tt dd   is a  tlr ),( derivation of X . 

Theorem: 4.1.22 

Let X be a TM-algebra and let 


tt dd ,  be a t derivation of X . Then  

)(


tt dd   is also a t derivations of X . 

Proof: 

Proof follows by above two propositions (4.1.20) and (4.1.21) 

 

 



Theorem: 4.1.23 

Let X  be a TM-algebra. Let td  be a  tlr ),( derivations of X  and 


td  be a  

 trl ),( derivation of X . Then tttt dddd  



. 

Proof: 

Let 


td  be a  trl ),( derivation of a TM-algebra X . Then we have, 

yxdyxd tt 





)()(  

Now  ))(())(( yxddyxdd tttt 



  

     ))(( yxdd tt 


  

      )()( ydxd tt 


                    (1) 

Again  ))(())(( yxddyxdd tttt 



   

       ))(( ydxd tt 


  

       )()( ydxd tt 


                   (2) 

From (1) and (2), ))(())(( yxddyxdd tttt 



   

This is true Xyx  , . In particular this is true x  and 0y . 

Put 0y , )0)(()0)(( 





xddxdd tttt   

))(())(( xddxdd tttt  



 Xx  

Hence tttt dddd  



 

Theorem: 4.1.24 

Let X  be a TM-algebra and let 


tt dd ,  be two t derivations of X , then  

  tttt dddd  



 

Proof: Obvious. 

Definition: 4.1.25 

Let X  be a TM-algebra and let 


tt dd ,  be two self maps of X . Then define  

    XXdd tt 


 : as )()())(( xdxdxdd tttt





  Xx . 



Example: 4.1.26 

Consider the TM-algebra )0,,( X  given in example (4.1.2) 

Define XXdt :  by  

2)3(,3)2(,0)1(,1)0(  tttt dddd   be a t derivations on X . 

Define XXdt 

:  by  

1)3(,0)2(,3)1(,2)0( 











tttt dddd  be a t derivations on X . 

Now,  )0()0(3)0)((





 tttt dddd  

 )1()1(3)1)((





 tttt dddd  

 )2()2(3)2)((





 tttt dddd  

 )3()3(3)3)((





 tttt dddd  

Theorem: 4.1.27 

Let X be a TM-algebra and let 


tt dd ,  be two t derivations of X , then 

 tttt dddd 





 . 

Proof: 

Let X be a TM-algebra and let 


tt dd ,  be two t derivations of X .   

Then we have,  ))(())(( yxddyxdd tttt 



  

         ))(( yxdd tt 


  

         ))(( yxdd tt 


  

          )()( ydxd tt 


       (1) 

Again,       ))(())(( yxddyxdd tttt 



  

     ))(( ydxd tt


  

           )()( ydxd tt


       (2) 

From (1) and (2), )()( ydxd tt


 )()( ydxd tt 


                  (3) 

 



Put yx   in (3), )()( xdxd tt


 )()( xdxd tt 


  

           ))(())(( xddxdd tttt 





  

Hence  tttt dddd 





  

Definition: 4.1.28 

Let )(XDerLt  denote the set of all  trl ),( derivations of X . Define the 

  binary operation   on )(XDerLt  as follows: For 


tt dd , )(XDerLt ,  

Define, )()())(( xdxdxdd tttt





  Xx . 

Lemma: 4.1.29 

If  td  and  


td  are  trl ),( derivations on a TM-algebra X . Then )(


 tt dd is 

 also a  trl ),( derivation on X . 

Proof: 

Let 


tt dd , be  trl ),( derivation of a TM-algebra X.  

Then we have, )()())(( yxdyxdyxdd tttt 





  

        ))(())(( yxdyxd tt 


  

         )))(())((())(( yxdyxdyxd ttt 





  

         yxdt  )(                  (1) 

Again,        yxdxdyxdd tttt 





 ))()(())((  

          yxdxdxd ttt 





 )))(()(()((  

          yxdt  )(                  (2) 

From (1) and (2), yxddyxdd tttt 





 ))(())((  

Hence )(


 tt dd is also a  trl ),( derivation on X . 

 

 

 



Lemma: 4.1.30 

The binary composition   defined on )(XDerLt  is associative. 

Proof: 

Let X  be a TM-algebra. Let 


ttt ddd ,,  be  trl ),( derivation on X .  

Now by lemma (4.1.29) 

)())(())()(( yxdyxddyxddd tttttt 











  

         ))(())(( yxdyxd tt 


  

         )))(())((())(( yxdyxdyxd ttt 





  

         yxdt  )(                    (1) 

Again, ))(()())((( yxddyxdyxddd tttttt 











  

       ))(()( yxdyxd tt 


  

       ))(())(( yxdyxd tt 


  

       )))(())((())(( yxdyxdyxd ttt 





  

        yxdt  )(        (2) 

From (1) and (2), ))((())()(( yxdddyxddd tttttt 











  

Put 0y , we get )))((()))(((( xdddxddd tttttt











  Xx  

Hence  )()(











 tttttt dddddd  

This proves the binary operation   is associative. 

Theorem: 4.1.31 

)(XDerLt  
the set of all  trl ),( derivations of X  is a semi-group under the 

binary operation   defined by   

)()())(( xdxdxdd tttt





  Xx , and )(, XDerLdd ttt 


  

Proof: 

Proof follows by above two lemmas (4.1.29) and (4.1.30) 

 



 

Definition: 4.1.32 

Let )(XDerRt  denote the set of all  tlr ),( derivation of X . Define the 

  binary operation   on  )(XDerRt   as follows: For 


tt dd , )(XDerRt ,  

Define )()())(( xdxdxdd tttt





   

Analogously we prove the following theorem. 

Theorem: 4.1.33 

)(XDerRt  is a semi-group under the binary operation   defined by   

)()())(( xdxdxdd tttt





  Xx , and )(, XDerRdd ttt 


. 

Proof: Obvious. 

Theorem: 4.1.34 

If  )(XDert  denote the set of all t derivations on X  then it is a semi-group  

under the binary operation   defined by )()())(( xdxdxdd tttt





  Xx ,  

and )(, XDerdd ttt 


. 

Proof: 

Proof follows by above two theorems (4.1.31) and (4.1.33) 

SECTION: 4.2 SYMMETRIC BI-DERIVATIONS ON  

TM-ALGEBRA 

Definition: 4.2.1 

Let YX ,  be TM-algebras. An operation   on the Cartesian product YX   

 of YX ,  is defined as follows. 

(1) ),(),(),( 21212211 yyxxyxyx   

(2) 0)0,0(   

 

 

 



 

Lemma: 4.2.2 

Cartesian product of two TM-algebras is again a TM-algebra. 

Proof: 

Let X  and Y  be two TM-algebras. Consider the Cartesian product YX  . 

),()0,0()0,0(),( yxyxyx   

)),((),()),(),(()),(),(( 3131212133112211 yyxxyyxxyxyxyxyx   

           ))()(),()(( 31213121 yyyyxxxx   

           ))(),(( 2323 yyxx   

           ),(),( 2233 yxyx   

Therefore )0,,( YX  is a TM-algebra. 

Definition: 4.2.3 

Let X  be a TM-algebra. A mapping XXXD :  is a symmetric map if  

),(),( xyDyxD   holds for all pairs of elements Xyx , . 

Example: 4.2.4 

Let )0,,( X  be a TM-algebra with the cayley table. 

 

 

 

 

 

 

 

The map XXXD :  defined by )0(),( yxyxD   is a symmetric map. 

Definition: 4.2.5 

Let X  be a TM-algebra and XXXD : be a symmetric mapping.  

A mapping XXd :  defined by ),()( xxDxd   is called trace of D . 

 

 

 

0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 





 

Example: 4.2.6 

Let )0,,( X  be a TM-algebra with the cayley table. 

  

0 1 2 3 

0 0 2 1 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 1 2 0 

The map XXXD :  defined by yxyxyxD  )0(),(  is a symmetric  

map. 

If 000)0,0(,0  Dx . 311)1,1(,1  Dx . 322)2,2(,2  Dx .  

033)3,3(,3  Dx  

Thus the mapping XXd :  given by  






3

0
),()( xxDxd    

2,1

3,0





xif

xif
  is the trace of the symmetric mapping D . 

Definition: 4.2.7 

Let X  be a TM-algebra and XXXD :  be a symmetric mapping.  If D  

satisfies the identity, )),(()),((),( zyDxyzxDzyxD   Xzyx  ,, , then D  

is called left-right symmetric bi-derivation. ( ),( rl - symmetric bi-derivation) 

If D  satisfied the identity, )),(()),((),( yzxDzyDxzyxD   

Xzyx  ,, , then D  is called right-left symmetric bi-derivation.  

( ),( lr -symmetric bi-derivation) 

If D  is both an ),( rl  symmetric bi-derivation and an ),( lr -symmetric  

bi-derivation then D  is called a symmetric bi-derivation. 

Example: 4.2.8 

Consider in example (4.2.6). Define a mapping XXXD :  by  

)0(),( yxyxD   Xyx  ,  is a symmetric map. Then D  is symmetric  

bi-derivation. 



Example: 4.2.9 

 Consider in example (4.2.4). Define )0(),( yxyxD   Xyx  ,  is a 

 symmetric map. Then D  is a symmetric bi-derivation. 

Example: 4.2.10 

Consider the TM-algebra with the cayley table as in example (4.2.4).  

Define the symmetric map XXXD :  such that 

3),( xxD  if 3,2,1,0x  

0)1,2()2,1()0,3()3,0(  DDDD  

1)1,3()3,1()0,2()2,0(  DDDD  

2)2,3()3,2()0,1()1,0(  DDDD  

Then D  is a symmetric bi-derivation. 

Proposition: 4.2.11 

Let X  be a TM-algebra. Define a symmetric map XXXD :  by  

yxyxD ),(  Xyx  , . Then D  is a ),( rl  symmetric bi-derivation. 

Proof: 

zyxzyxD  )(),(  Xzyx  ,,  

        )0()( zyx   

         yzx  ))0((                                 (by P4) 

          yzx  )(  

           )))(()((())(( yzxzyxzyx             (by P3) 

           ))(())(( zyxyzx   

             )),(()),(( zyDxyzxD   

This proves that D  is a ),( rl  symmetric bi-derivation. 

Theorem: 4.2.12 

Let X  be an associative TM-algebra. Then the symmetric map  

XXXD :  defined by yxyxD ),(  Xyx  ,  is a symmetric bi-derivation. 

Proof: 

Let X  be an associative TM-algebra and XXXD :  be the symmetric 

 map. By the above proposition, D  is a ),( rl  symmetric bi-derivation. 



)0()()(),( zyxzyxzyxD   

        yzx  ))0((  

        yzx  ))0((  

        zyxyzx  )()(                  (1) 

Since xxyyyx  )( , 

),()),(()),(( zyDxyzxDzyDx   

               )( zyx   

               ))0(( zyx   

               ))0(( zyx   

               )( zyx   

               zyx  )(                                         (2) 

From (1) and (2), )),(()),((),( yzxDzyDxzyxD   Xzyx  ,, . 

This proves that D is ),( lr -symmetric bi-derivation and hence a symmetric 

 bi-derivation. 

Proposition: 4.2.13 

Let X  be a TM-algebra and XXXD :  be a symmetric map. Then  

(1)  If D  is a ),( rl  symmetric bi-derivation then xyxDyxD  ),(),(  Xyx  ,  

(2)  If D  is a ),( lr  symmetric bi-derivation then ),(),( yxDxyxD   Xyx  ,  

iff 0),0( yD  Xx  

Proof: 

Let X  be a TM-algebra and XXXD :  be a symmetric map. 

(1)   Let D  be a ),( rl  symmetric bi-derivation. 

),0(),( yxDyxD   Xyx  ,  

         )),0(()0),(( yDxyxD   

         )),0((),( yDxyxD   

     )),()),0((()),0(( yxDyDxyDx   

                        )),0()),((()),0(( yDyxDxyDx           (by P4) 

          )),(( yxDxx              (by TM-2) 

          xyxD  ),(  

 



(2)   Let Dbe a ),( lr  symmetric bi-derivation and 0),0( yD Xy . 

 ),0(),( yxDyxD    

     )0),(()),0((  yxDyDx  

     ),()0( yxDx   

     ),( yxDx  

Conversely, if ),(),( yxDxyxD   Xyx  , . 

Then )0),0((),0(),0(0),0(  yDyDyDyD  

         0),0(),0(  yDyD  

Proposition: 4.2.14 

Let X  be a TM-algebra and XXXD :  be a ),( rl  symmetric map.  

Then  

(1)  ayDayDyaD  ),0()0(),0(),(  Xya  ,  

(2)  ),0(),(),(),( yDybDyaDybaD   Xyba  ,,  

(3)  ayaD ),(  Xya  , iff  0),0( yD  

Proof: 

Let X  be a TM-algebra and XXXD :  be a symmetric map. 

(1)  Let )0(0 aa   

)),0(0(),( yaDyaD   

        ),0(0())0(),0(( yaDayD        

)0(),0( ayD   

ayD  ),0(  

(2)  By (1) bayDybaD  ),0(),(  

        ),0(),0(),0( yDbyDayD   

      ),0(),(),( yDybDyaD   

(3)  ayaD ),(  Xya  ,  

Put 0a , 0),0( yD  Xy  

Conversely, if 0),0( yD , then aaayDyaD  0),0(),( . 

 

 



Proposition: 4.2.15 

Let X  be a TM-algebra and XXXD :  be a ),( lr -symmetric  

bi-derivation. Then  

(1) )(),( XGyaD   )(XGa  

(2) ),0(),0(),( yDayDayaD   Xya  ,  

(3) ),0(),(),(),( yDybDyaDybaD   )(, XGya  Xyba  ,,  

(4) ayaD ),(  Xya  ,  iff  0),0( yD  

Proof: 

Let X be a TM-algebra and XXXD :  be a ),( lr -symmetric  

bi-derivation. 

(1)  Let )(XGa . Then aa 0  

        ),0(),( yaDyaD   Xya  ,  

  )),0(()),(0( ayDyaD   

  )),(0()),0((()),0(( yaDayDayD   

  ),(0 yaD                         (by P3) 

This shows that )(),( XGyaD  . 

(2)  ),0(),( yaDyaD   Xya  ,  

     )0),(()),0((  yaDyDa  

     ),()),0(( yaDyDa   

     ))),0((),((),( yDayaDyaD   

     ),0( yDa  

Again )0(),( yDayaD   

    ),00( yDa   

    ))0),0(()),0(0((  yDyDa  

    )),0(0( yDa   

                 ),0( yDa  

(3)  ),0(),0(),0(),0(),( yDyDbyDayDbaybaD   

       ),0(),(),( yDybDyaD   

(4)  If  0),0( yD , then by(2) 

   ),0(),0(),( yDayaDyaD   

      aa  0  

Conversely, if ayaD ),(  Xa , 0),0( yD . 



Definition: 4.2.16 

Let DL denote the set of all ),( rl  symmetric bi-derivation on X . Define the  

binary operation   on DL as follows: For 21, DD  DL define  

),(),(),)(( 2121 yxDyxDyxDD   Xyx  , . 

Proposition: 4.2.17 

Let 1D  and 2D  are ),( rl  symmetric bi-derivation on X , then )( 21 DD   is 

  also a ),( rl  symmetric bi-derivation on X . 

Proof: 

We will prove the following implication 

))),)(((()),)(((),)(( 212121 zyDDxyzxDDzyxDD   

),(),(),)(( 2121 zyxDzyxDzyxDD   

           )),(),((),( 122 zyxDzyxDzyxD   

                   ),(1 zyxD   

             )),(()),(( 11 zyDxyzxD   

                           ))),(()),((()),(( 111 yzxDzyDxzyDx   

                yzxD  ),(1                             (1) 

  ),)((()),)((()),)((( 212121 zyDDxzyDDxyzxDD  

                                 ))),)((()),)(((( 2121 yzxDDzyDDx   

                  yzxDD  ),)(( 21  

       yzxDzxD  )),(),(( 21  

                  yzxDzxDzxD  ))),(),(),(( 122  

       yzxD  ),(1                                    (2) 

Combining (1) and (2), we get )( 21 DD   is also a ),( rl  symmetric bi-derivation. 

 

 

 

 



Proposition: 4.2.18 

The binary composition   defined on DL, the set of all ),( rl  symmetric  

bi-derivation on a TM-algebra X  is associative. 

Proof: 

Let X  be a TM-algebra. Let 321 ,, DDD  are ),( rl  symmetric bi-derivation. 

)),()),)(((),)()(( 321321 zyxDzyxDDzyxDDD   

            )),(()),(( 31 zyxDyzxD   

            )),(),((),( 133 yzxDzyxDzyxD   

            yzxD  ),(1        (1) 

)),)((()),((),))((( 321321 zyxDDzyxDzyxDDD   

             )),(()),(( 21 yzxDzyxD   

         ))),(()),((()),(( 122 zyxDyzxDyzxD   

             ),(1 zyxD   

             )),(()),(( 11 zyDxyzxD   

             )),()),((()),(( 111 yzxDzyDxzyDx   

             yzxD  ),(1                   (2) 

Combining (1) and (2) we get, )()( 321321 DDDDDD   

This proves that,   is associative. 

Theorem: 4.2.19 

DL is a semi-group under the binary composition   defined by  

),(),(),)(( 2121 yxDyxDyxDD   Xyx  ,  and 21, DD  DL 

Proof: 

The proof of the theorem follows by combining the above two propositions   

(4.2.17) and (4.2.18) 

Theorem: 4.2.20 

DR is a semi-group under the binary composition   defined by  

),(),(),)(( 2121 yxDyxDyxDD   Xyx  ,  and 21, DD  DR  where  

DR  is  the set of all ),( lr -symmetric bi-derivation. 

Proof: Obvious 



Theorem: 4.2.21 

If D denotes the set of all symmetric bi-derivation on X , it is a semi-group  

under the binary operation   defined by ),(),(),)(( 2121 yxDyxDyxDD    

Xyx  ,  and 21, DD  D. 

Proof: Obvious 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SUMMARY AND CONCLUSION 



SUMMARY AND CONCLUSION 

 

In 1966, Imai, Y. and Iseki, K. [14, 17] introduced two classes of abstract 

algebras: BCK-algebras and BCI-algebras. It is known that the class of BCK-algebra 

is a proper subclass of the class of BCI-algebras. 

In this thesis, we have made an attempt to study of TM-algebras, ideal theory 

of TM-algebras, Quotient TM-algebras and different types of derivations on TM-

algebras. 

In chapter I, the notion of TM-algebra and its properties are presented. Also 

ideal of a TM-algebra, p-radical, p-semisimple of a TM-algebra are discussed due to 

Megalai and Tamilarasi [23]. 

In Chapter II, Classification of TM-algebras due to Megalai and Tamilarasi 

[24] are presented and the concept of Quotient TM-algebras and their properties are 

discussed due to Handam, A.H. [11]. 

In Chapter III, we have made an attempt to the detailed study of derivations 

and generalized derivations on TM-algebras due to Ganeshkumar, T. and  

Chandramouleeswaran, M. [3,7]. 

In Chapter IV, the concepts of t derivations and symmetric bi-derivations  

on TM-algebras due to Ganeshkumar, T., and  Chandramouleeswaran, M., [8,9]  

and their properties are studied.  

 A deep study of TM-algebras can be extended to different types of algebras 

and Fuzzy TM-algebras. So it provides a lot of scope for further research. 
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