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C H A P T E R - 3 
ANTI FUZZY IDEALS AND ANTI FUZZY SUBALGEBRAS 

IN CI -ALGEBRAS 

S E C T I O N 3.1 

ANTI F U Z Z Y I D E A L S O F C I - A L G E B R A S AND THEIR L O W E R L E V E L 

S U B S E T S 

Definition : 3.1.1 

A fuzzy set ^ of a Cl -a lgebra X is cal led an anti fuzzy ideal of X , if 

( A P 1 1 ) ^ ( x * y ) < ^ ( y ) , for all x, y e X. 

(API 2) (^((x * (y * z ) ) * z ) < max { ^ ( x ) , ^ (y ) } , for all x, y, z e X. 

Theorem : 3.1.2 

Every anti fuzzy ideal ^ of a Cl -a lgebra X sat isf ies the inequality 

^i(1) < (^(x), for any x e X. 

Proof 

By definition of anti fuzzy ideal of a Cl -a lgebra X, ^ ( 1 ) = ^ ( x * x ) < ^ ( x ) . 

Theorem : 3.1.3 

If is an anti fuzzy ideal of a Cl -a lgebra X, then for all x, y e X , 

M((X * y ) * y ) < ^ ( x ) . 

Proof 

Let be an anti fuzzy ideal of a Cl -a lgebra X. 

Then ^ ( ( x * y) * y ) = M[(X * (1 * y ) ) * y] 

< m a x { ^ ( x ) , ^(1)} = ^ ( x ) 
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Theorem : 3.1.4 

Every anti fuzzy ideal ^ of a Cl -a lgebra X is order reversing. That is, if 

X < y, then ^ ( x ) > ^ ( y ) , for all x, y e X . 

Proof 

Let be an anti fuzzy ideal of a Cl -a lgebra X and let x, y e X be such 

that X < y, then x * y = 1. 

H(y) = ^(1 * y) = ^ ( ( x * y) * y ) < ^ ( x ) 

Hence every anti fuzzy ideal ^ of a Cl -a lgebra X is order reversing. 

Theorem : 3.1.5 

Let ^ be a fuzzy set of a Cl -a lgebra X which sat isf ies ^(1) < ^ ( x ) and 

^ ( x * z ) < max {)a(x * (y * z ) ) , ^ ( y ) } for all x, y, z e X . Then ^ is order reversing. 

Proof 

Let X, y e X be such that x < y ; then x * y = 1. 

Let ^ ( y ) = * y ) 

< max {(^(1 * (x * y ) ) , ^ ( x ) } = max {^(1 * 1), ^ ( x ) } 

= m a x M 1 ) , ^ ( x ) } = ̂ ( x ) 

Therefore ^ ( x ) > ^ ( y ) 

Hence ^ is order reversing. 

Theorem : 3.1.6 

Let X be a transitive Cl-a lgebra. If a fuzzy set in X is an anti fuzzy 

ideal of X then it sat isf ies condition 

^i(1) < ^ ( x ) and (^(x * z ) < max { ^ ( x * (y * z ) ) , ^ ( y ) } V x, y, z e X . 
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Proof 

Let ^ be an anti fuzzy ideal of a transitive Cl -a lgebra X . Then by 
theorem ^(1) < ^ ( x ) . S ince X is transitive, we have 

((y * z ) * z ) * ((x * (y * z ) ) * (x * z ) ) = 1 , V X , y, z e X . 

Then ^ ( x * z ) = ^(1 * (x * z ) ) [by (CI 2)] 

= ^ ( { ( (y * z ) * z ) * ( (x * (y * z ) ) * (x * z ) ) } * (x * z ) ) 

< max {(^((y * z ) * z ) , ^ ( x * (y * z ) ) } 

< m a x { ^ ( y ) , ^ ( x * (y * z ) ) } 

Theorem : 3.1.7 

|i is a fuzzy ideal of a Cl -a lgebra X if and only if is an anti fuzzy ideal 

o f X . 

Proof 

Let be a fuzzy ideal of X . Let x , y, z e X . 

Then (i) ^^ (x * y ) = 1 - ^ ( x * y ) < 1 - ^ ( y ) = 

i.e, M"(X * y ) < M^(y). 

(ii) |A^((x * (y =1= z ) ) * z ) = 1 - ^ ( ( x * (y * z ) ) * z ) 

< 1 - min { ^ ( x ) , ^ ( y ) } 

= 1 - min {1 - M^(x), 1 - M^(y)} 

= max {^^ (x ) , M^(y)} 

i.e, ^^((x * (y * z ) ) * z ) < max {^ ' ' (x ) , ^ ' ' (y)} 

Thus , f̂ "̂  is an anti fuzzy ideal of X . Similarly, the converse can be 

proved. 

Theorem : 3.1.8 

If ^ is an anti fuzzy ideal of Cl -a lgebra X , then L ( ^ ; t) is an ideal of X 

for every t e [0, 1]. 
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Proof 

Let ^ be an anti fuzzy ideal of Cl-a lgebra X . 

(i) Let X e X and y e L ( ^ ; t) ^ ^ ( y ) < t. 

H(x * y ) < ^ ( y ) < t 

^ X =1= y e L ( ^ ; t) 

(ii) Let X e X and a , b e L ( ^ ; t) 

= > ^ ( a ) < t a n d ^ (b ) < t 

^i((a * (b * x ) ) * x ) < max { ^ ( a ) , ^ (b) } < max {t, t} = t 

=> (a * (b * x ) ) * X e L (^ ; t) 

Hence L ( ^ ; t) is an ideal of X . 

Theorem : 3.1.9 

Let be a fuzzy set of Cl -a lgebra X . If for each t e [0, 1], the lower 

level cut L ( ^ ; t) is an ideal of X , then ^ is an anti fuzzy ideal of X . 

Proof 

Let L ( ^ ; t) be an ideal of X . If ^ ( x * y) > ^ ( y ) for some x, y e X . Then 

1 
M(X * y ) > to > ^ ( y ) where to = - { ^ ( x * y ) + ^ (y ) } . 

Hence x * y ^ L (^ ; to) and y e L(n ; to) which is a contradiction. 

Therefore, ^ ( x * y ) < ^ ( y ) . 

Let X , y, z e X be such that ^ ( ( x * (y * z ) ) * z ) > max { ^ ( x ) , ^ (y ) } . Tak ing 

1 

ti = — {(^((x * (y * z ) ) * z ) + max { ^ ( x ) , n(y)}} and ^ ( ( x * (y * z ) ) * z ) > ti > 

max { ^ ( x ) , ^ (y ) } . Then x , y e L ( ^ ; t i) and (x * (y * z ) ) * z ^ L(^ ; t i ) . 

Th is is a contradiction. Hence ^ ( ( x * (y * z ) ) * z ) < max { ^ ( x ) , ^ ( y ) } . 

Therefore, ^ is an anti fuzzy ideal of X . 
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Theorem : 3.1.10 

Let be a fuzzy set in Cl -a lgebra X . Then ^ is an anti fuzzy ideal of X 

iff ^ sat isf ies the following condition. 

(a , b) e L (M ; t) ^ A ( a , b) Q L ( ^ ; t), V a , b e X ; V t e [0, 1] 

Proof 

A s s u m e that ^ is an anti fuzzy ideal of X . Let a , b e L ( ^ ; t). Then 

(^(a) < t and ^ (b ) < t. Let x e A ( a , b). Then a * (b * x ) = 1 . 

^ ( x ) = 1̂ (1 * x ) = |A((a * (b * x ) ) * x ) < max { |A (a) , ^ (b) } < max {t, t} = t 

^ M(X) < t 

^ X e L ( ^ ; t) 

Therefore A ( a , b) Q L ( ^ ; t). 

Converse ly , suppose that A ( a , b) Q L ( ^ ; t). Obviously, 1 e A ( a , b) Q L ( ^ ; t) 

for all a , b e X . Let x , y, z e X be such that x * (y * z ) e L ( ^ ; t) and 

y e L (M ; t). 

S ince (x * (y * z ) ) * (y * (x * z ) ) = (x * (y * z ) ) * (x * (y * z ) ) = 1. W e have 

X =!= z e A (x * (y * z ) , y ) e L ( ^ ; t). T h u s L ( ^ ; t) is an ideal of X . Hence ^ is an 

anti fuzzy ideal of X . 

Theorem : 3.1.11 

Let be a fuzzy set in Cl -a lgebra X . If ^ is an anti fuzzy ideal of X then 

^'^(^^L{^;{) U A ( a , b ) , V t e [0, 1]. 

Proof 

Let t e [0, 1] be such that L ( ^ ; t) ?̂  O. S i nce 1 e L ( ^ ; t) we have 

L ( n ; t) ^ U A ( a , 1 ) Q (J A ( a , b) Let x e [ j A ( a , b) 
aeL(M;t) a ,beL ( f i ; t ) a,beL (^i ; t ) 

Then there ex is ts , u, v e L ( ^ ; t) such that x e A (u , v ) e L ( ^ ; t) 

Thus U A ( a , b) Q L ( ^ ; t). Th i s completes the proof. 
a , b e L ( ^ ; t ) 
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S E C T I O N 3.2 

ANTI F U Z Z Y S U B A L G E B R A S AND HOMOMORPHISM O F C I - A L G E B R A S 

Definition : 3.2.1 

A fuzzy set ^ in a Cl -a lgebra X is called a fuzzy subalgebra of X if 

^i(x * y ) > min { ^ ( x ) , ^ (y ) } , for all x, y e X . 

Definition : 3.2.2 

A fuzzy set ^ in a Cl -a lgebra X is cal led an Anti fuzzy subalgebra of X 

if ^ ( x * y ) < max { ^ ( x ) , ^ ( y ) } , for all x, y e X . 

Note 

Every anti fuzzy ideal of Cl -a lgebra X is an anti fuzzy subalgebra if 

X = y for any x, y e X . 

Theorem : 3.2.3 

If ^ is an anti fuzzy subalgebra of a C l -a lgebra X , then ^ ( 1 ) < ^ ( x ) , for 

any x e X . 

Proof 

Let ^ be an anti fuzzy subalgebra of a Cl -a lgebra X . S ince x * x = 1 for 

any x e X , then ^ ( 1 ) = ^ ( x * x ) < max { ^ ( x ) , ^ ( x ) } = ^ ( x ) . 

M ( 1 ) < M ( X ) . 

Theorem : 3.2.4 

A fuzzy set ^ of a Cl -a lgebra X is an anti fuzzy subalgebra if and only if 

for every t e [0, 1], L ( ^ ; t) is either empty or a subalgebra of X . 
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Proof 

A s s u m e that ^ is an anti fuzzy subalgebra of X and L ( ^ , \) ^ <L>. Then 
for any x, y e L ( ^ ; t) we have ^ ( x * y ) < max { ^ ( x ) , ^ ( y ) } < t. 

Therefore x * y e L ( ^ ; t). Hence L ( ^ ; t) is a subalgebra of X . 

Now let X , y e X . T a k e t = max { ^ ( x ) , ^ (y ) } . 

Then by assumption L ( ^ ; t) is a subalgebra of X implies x * y e L ( ^ ; t). 

Therefore ^ ( x * y ) < t = max { ^ ( x ) , ^ (y ) } . 

Hence is an anti fuzzy subalgebra of X . 

Theorem : 3.2.5 

Any subalgebra of a Cl -a lgebra X can be real ized a s a level subalgebra 

of some anti fuzzy subalgebra of X . 

Proof 

Let A be subalgebra of a given Cl-a lgebra X and let ^ be a fuzzy set in 

X defined by 

ft, i f x e A 
LL(X) = { 

[0 , if x ^ A 

where t e [0, 1] is f ixed. Then L ( ^ ; t) = A. To prove that such defined ^ is an 

anti fuzzy subalgebra of X , let x, y e X . If x, y e A , then x * y e A. Hence 

n(x) = ^ ( y ) = (^(x * y ) = t and ^ ( x * y) < max { ^ ( x ) , ^ ( y ) } . If x, y ^ A , then 

^ ( x ) = (^(y) = 0 and ^ ( x * y ) < max { ^ ( x ) , ^ ( y ) } = 0. 

If atmost one of x, y e A, then at least one of ^ ( x ) and ^ ( y ) is equal to 0. 

Therefore, max { ^ ( x ) , ^ ( y ) } = 0 so that ^ ( x * y) < 0, which completes the proof. 

Theorem : 3.2.6 

Two level subalgebras L()a ; s ) , L().i; t) (s < t) of an anti fuzzy subalgebra 

are equal iff there is no x e X such that s < ^ ( x ) < t. 
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Proof 

Let L ( ^ ; s ) , L ( ^ ; t) for some s < t. 

If there exist x e X such that s < ^i(x) < t, then L ( ^ ; t) is a proper subset 

of L ( ^ ; s ) which is a contradiction. 

Converse ly , a s s u m e that there is no x e X such that s < ^ ( x ) < t. 

If X e L ( ^ ; s ) then ^ ( x ) < s and ^ ( x ) < t, s ince ^ ( x ) does not lie between 

s and t. Thus x e L ( ^ ; t) which gives L ( ^ ; s ) e L ( ^ ; t). A lso L ( ^ ; t) Q L ( ^ ; s ) . 

Therefore L ( ^ ; s ) = L ( ^ ; t). 

Definition : 3.2.7 

Let (X ; * ; 1) and ( Y ; A ; 1') be C l -a lgebras . A mapping f : X ^ Y is 

said to be a homomorphism of C l -a lgebras (or Cl-homomorphism) if 

f (x * y ) = f (x) A f (y) for all x, y e X . 

Definition : 3.2.8 

Let f : X ^ X be an endomorphism of Cl -a lgebra X (or 

Cl-endomorphism) and ^ be a fuzzy set in X . W e define a new fuzzy set in X 

by ^if in X a s |Af(x) = ^ ( f (x ) ) for all x in X . 

Definition : 3.2.9 

For any homomorphism f : (X , *, 1) ^ ( Y , A, 1') of C l -a lgebras the set 

{x e X / f (x) = 1'} is called the kernel of f, denoted by ker(f) and the set 

{ f(x) / X e X } is cal led the image of f, denoted by Im(f). 

Theorem : 3.2.10 

Let f be an endomorphism of a Cl -a lgebra X . If ^ is an anti fuzzy ideal 

of X , then so is ^f. 
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Proof 

Mf(x * y ) = M(f(x * y ) ) = M(f(x) * f (y)) < ^ ( f (y ) ) = ^f(y), for all x, y e X . 
Let X, y, z e X . 

Then ^f((x * (y * z ) ) * z ) = ^( f ( (x * (y * z ) ) * z ) ) 

= ^( f (x * (y * z ) ) * f (z)) 

= M((f(x) * f(y * z ) ) * f (z)) 

= M((f(x) * (f(y) * f (z)) ) * f (z ) ) 

< max {M(f(x)), M(f(y))} 

= m a x { ^ f ( x ) , ^f(y)} 

^f((x * (y * z ) ) * z ) < max {^f (x) , ^f(y)} 

Hence f̂ f is an anti fuzzy ideal of X . 

Theorem : 3.2.11 

Let f : (X , * , 1) ^ (Y , A, 1') be an epimorphism of Cl -a lgebras. If |if is an 

anti fuzzy ideal of X , then ^ is an anti fuzzy ideal of Y . 

Proof 

Let y e Y . Then there exists x e X such that f(x) = y. Let y i , y2, ys e Y . 

M(yi Ay2) = M( f (x i )A f (X2) ) 

= ^ ( f (X i * X2)) 

= Mf(Xi * X2) < Hf(X2) 

= M(f(X2)) = n(y2) 

^ ( y i A y2) < M(y2) 
Then ^ ( ( y i A (y2 A ys)) A ys) = M([f(xi) A (f(X2) A f(X3))] A f(X3)) 

= M ( [ f ( X i ) A f ( X 2 * X 3 ) ] A f ( X 3 ) ) 

= ^( f [Xi * (X2 * X3)] A f (X3 ) ) 

= ^ ( f ( [X i * (X2 * X3)] * X3)) 

= ^f( [Xi * (X2 * X3)] * X3) 

< max {Mf(xi), ^f(X2)} 
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= max {n(f(x i ) ) , ^ ( f (X2)) } 

= max Myi) , ^(ys)} 

••• M((yi A (y2 A ys)) A ys) < max {^(yi), ^(ys)} 

Hence ^ is an anti fuzzy ideal of Y . 

Theorem : 3.2.12 

Let f : (X ; *, 1) ^ (Y ; A, 1') be a homomorphism of C l -a lgebras. If is 

an anti fuzzy ideal of Y then ĵ f is an anti fuzzy ideal of X . 

Proof 

Let X, y, z e X . 

^if(x * y) = ^( f (x * y)) 

= M(f(x) A f(y)) 

^ M(f(y)) 

= Mf(y) 

nf(x * y) < nf(y). 

Then ^f((x * (y * z)) * z) = ^( f ( (x * (y * z)) * z)) 

= M(f(x * (y * z)) A f(z)) 

= M((f(x) A f(y * z)) A f(z)) 

= M((f(x) A (f(y) A f(z))) A f(z)) 

< max {M(f(x)), M(f(y))} 

= max {^f(x) , ^f(y)} 

nf((x * (y * z)) * z) < max {^f (x) , ^f(y)} 

Hence is an anti fuzzy ideal of X . 

Theorem : 3.2.13 

Let (X ; *, 1) and (Y , A, 1') be Cl -a lgebras. A mapping f : X ^ Y is a 

homomorphism of Cl -a lgebra then ker(f) is an ideal. 
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Proof 

Let f : (X ; *, 1) ^ ( Y , A, 1') be a homomorphism of C l -a lgebras. 

Clear ly 1 e ker(f). 

To prove : Ker( f ) is an ideal. 

To prove ker(f) is an ideal, by Lemma (2.2.12) it is enough to prove that 

(x * y ) * z e ker(f) ^ x * z e ker f, for all x, z e X and y e ker f. 

Let (x * y) * z e ker(f) and y e ker(f). 

Then f((x * y) * z ) = 1 'and f(y) = V 

Since 1' = f((x * y ) * z ) 

= f (x) A f(y * z ) 

= f (x) A (f(y) A f (z)) 

= f ( x ) A ( 1 ' A f ( z ) ) 

= f (x) A f (z) 

= f(x * z ) 

=> X * z e ker(f) 

Hence ker(f) is an ideal. 
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S E C T I O N 3.3 

ANTI C A R T E S I A N P R O D U C T O F ANTI F U Z Z Y I D E A L S O F C I - A L G E B R A S 

Definition : 3.3.1 

Let and 6 be the fuzzy s e t s in X . T h e anti Car tes ian product 

X 5 : X X X ^ [0, 1] is defined by x 6) (x, y ) = max { ^ ( x ) , 5(y)} , for all 

X , y e X . 

Theorem : 3.3.2 

If ^ and 5 are anti fuzzy ideals in a Cl -a lgebra X , then ^ x 5 is an anti 

fuzzy ideal in X x X . 

Proof 

Let yi and 6 be anti fuzzy ideals in a Cl -a lgebra X . 

Let ( x i , X2), (yi, y2) , ( z i , Z2) e X x X . 

(fA X 5) ((xi, X2) * (yi, y2)) = (M X 6) (xi * yi, X2 * y2) 

= max {^(xi * yi), 6(X2 * y2)} 

< m a x H y i ) , 5(y2)} 

= ( ^ 1 X 5 ) (y i ,y2) 

X 6) ((xi, X2) * (yi, y2)) < (M X 6) (y i , y2) 

(f^ X 6) { ( ( x i , X2) * ( ( y i , y2)) * ( z i , Z2)) ) * (zi, Z2)} 

= (f^ X 5) {[(xi, X2) * (yi * zi, y2 * Z2)] * (zi, Z2)} 

= (|i X 5) {[(xi * (yi * zi)), X2 * (y2 * Z2)] * (zi, Z2)} 

= (^i X 6) {(xi * (yi * zi)) * zi, (X2 * (y2 * Z2)) * Z2} 

= max { ^ ( ( x i * (yi * zi)) * zi), 5((X2 * (y2 * Z2)) * Z2)} 

< max {max {^(xi), ^ ( y i ) } , max {5(X2), 5(y2)} } 

= max {max { ^ ( x i ) , 6(X2)}, max {^(yi), 5(y2)} } 

= max {(f^ X 5) (x i , X2), (M X 5) (yi, y2)} 

(f^ X 6) {((xi, X2) * ((yi * y2) * (zi, Z2)) ) * (zi, Z2)} 

< max {(f^ X 6) (xi, X2), (M X 6) (yi, y2)} 

Hence ^ x 5 is an anti fuzzy ideal in X x X . 
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Theorem : 3.3.3 

Let yi and 5 be fuzzy se ts in a Cl -a lgebra X such that ^ x 5 is an anti 

fuzzy ideal of X x X . Then 

(i) Either ^ ( 1 ) < ^ ( x ) (or) 5(1) < 5(x) for all x e X . 

(ii) If n(1) < ^ ( x ) for all x e X , then either 6( 1) < ^ ( x ) (or) 5(1) < 5(x) . 

(iii) If 5(1) < 5(x) for all x e X , then either ^ ( 1 ) < ^ ( x ) (or) ^ ( 1 ) < 5(x) . 

(iv) Either ^ or 5 is an anti fuzzy ideal of X . 

Proof 

Let ^ and 5 be fuzzy se ts in a Cl -a lgebra X . Let ^ x 5 be an anti fuzzy 

ideal of X x X . Therefore (^ x 5) ( ( x i , X2) * (y i , y2)) < (^ x 5) (y i , y2) and (^ x 5) 

{ ( ( x i , X2) * ( (y i , y2) * ( z i , Z2)) ) * ( z i , Z2)} < max { ( ^ x 5) ( x i , X2), (M X 5) (y i , y2)} 

for all ( x i , X2), ( y i , y2) and ( z i , Z2) e X x X . 

To Prove (i) 

Suppose that ^ ( 1 ) > ^ ( x ) and 5(1) > 5(x) for some x, y e X . 

Then (^ x 5) (x, y) = max { ^ ( x ) , 5(y)} 

< m a x M l ) , 5(1)} 

= ( ^ X 5) ( 1 , 1) which is a contradiction. 

Therefore ^ ( 1 ) < ^ ( x ) and 5(1) < 5(x) , V x e X . 

To Prove (ii) 

A s s u m e that there ex is ts x, y e X such that 

5 ( 1 ) > ^ ( x ) a n d 5 ( 1 ) > 5 ( x ) . 

Then (^ x 5 ) ( 1 , 1) = m a x { ^ ( 1 ) , 5(1)} = 5(1). 

And hence (^ x 5) (x, y ) = max { ^ ( x ) , 5(y)} < 5(1) = (^ x 5) ( 1 , 1) 

which is a contradiction. 

Hence if ^ ( 1 ) < ^ ( x ) for all x e X , then either 5(1) < ^ ( x ) (or) 5(1) < 5(x) . 
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Similarly, we can prove that if 5(1 ) < 5(x) , for all x e X , then either 
< ^ ( x ) (or) 1 (̂1) < 6(y), which yields (iii). 

To Prove (iv) 

First we prove that 5 is an anti fuzzy ideal of X . S ince by (i) either 

^1(1) < ^ ( x ) (or) 5 ( 1 ) < 5(x) , for all x e X . 

A s s u m e that 5(1) < 6(x) , for all x e X . It follows from (iii) that either 

n ( 1 ) < M ( x ) o r n ( 1 ) < 5 ( x ) . 

If ^1(1) < 5(x) for any x e X , then 

5(x) = max M l ) , 5(x)} = (^ x 5) ( 1 , x ) 

5(x * y ) = max {^(1), 5(x * y)} = (^ x 5) ( 1 , x * y) 

= (^1 X 5) (1 * 1 , X * y ) 

= ( ^ 1 X 5 ) ( ( 1 , x ) * ( 1 , y ) ) 

< ( M x 5 ) ( 1 , y ) 

= 5(y) 

5(x * y ) < 5(y) 

5((x * (y * z ) ) * z ) = max {^(1), 5((x * (y * z ) ) * z ) } 

= ( ^ x 5 ) ( 1 , ( x * ( y * z ) ) * z ) 

= (f^ X 5) {1 * 1, (x * (y * z ) ) * z } 

= ( M X 5 ) { ( 1 , x M y * z ) ) * ( 1 , z ) } 

= ( | i x 5 ) {(1 * 1 , x * ( y * z ) ) * ( 1 , z ) } 

= ( M X 5 ) { [ ( 1 , x ) M 1 . y * z ) ] M 1 , z ) } 

= ( M X 5 ) { [ ( 1 , X ) * ( 1 * 1 , y * z ) ] * ( 1 , z ) } 

= ( M X 5 ) { [ ( 1 , x ) * ( ( 1 , y ) * ( 1 , z ) ) ] M 1 , z ) } 

< m a x { ( M X 5 ) ( 1 , X ) , ( M x 5 ) ( 1 , y ) } 

= max {5(x) , 5(y)} 

5((x * (y * z ) ) * z ) < max {5(x) , 5(y)} . 

Hence 5 is an anti fuzzy ideal of X . 

Next, we prove that ^ is an anti fuzzy ideal of X . 
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Let M ( 1 ) < M ( X ) . 

S ince by (ii), either 5(1) < ^ ( x ) or 5 ( 1 ) < 5(x) . 

A s s u m e that 5(1) < ^ ( x ) , then 

^ ( x ) = max { ^ ( x ) , 5(1)} 

= ( M X 5 ) (X , 1) 

l^(x * y ) = max { ^ ( x * y ) , 5(1)} 

= ( ^ x 5 ) ( x * y , 1) 

= (f^ X 5) (x * y, 1 * 1) 

= ( M X 5 ) ( ( X , 1 ) * ( y , 1)) 

< ( M X 5 ) (y, 1) 

= ^i(y)-

^ ( ( x * (y * z ) ) * z ) = max { ^ ( ( x * (y * z ) ) * z ) , 5(1)} 

= ( ^ x 5 ) { ( x * ( y * z ) ) * z , 1} 

= (^L X 5) { (x * (y * z ) ) * z ) , 1 * 1} 

= ( M x 5 ) { ( x * ( y * z ) , 1)Mz, 1)} 

= ( n x 5 ) { ( x * ( y * z ) , 1 * 1 ) * ( z , 1)} 

= ( ^ x 5 ) { ( x , 1 ) * ( y > ^ z , 1 ) ] * ( z , 1)} 

= ( M X 5 ) { [ ( X , 1 )My*z , 1 * 1)} 

= ( ^ i x 5 ) { [ x , 1)M(y, 1)Mz, 1))]*(z, 1)} 

< m a x { ( n x 5 ) (x, 1), (^ x 5) (y, 1)} 

= max { ^ ( x ) , f i (y ) } 

^ ( ( x * (y * z ) ) * z ) < max { ^ ( x ) , ^ ( y ) } 

Hence ^ is an Anti fuzzy ideal of X . 


