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CHAPTER -3
ANTI FUZZY IDEALS AND ANTI FUZZY SUBALGEBRAS
IN CI-ALGEBRAS

SECTION 3.1
ANTI FUZZY IDEALS OF CI-ALGEBRAS AND THEIR LOWER LEVEL
SUBSETS

Definition : 3.1.1
A fuzzy set p of a Cl-algebra X is called an anti fuzzy ideal of X, if

(AFT 1) p(x *y) < u(y), forallx,y e X.
(AFL 2) p((x * (y *2)) * z) <max {u(x), W(y)}, forall x, y, z € X.

Theorem : 3.1.2

Every anti fuzzy ideal p of a Cl-algebra X satisfies the inequality

pu(1) £ uw(x), for any x € X.
Proof

By definition of anti fuzzy ideal of a Cl-algebra X, u(1) = u(x * x) < u(x).
Theorem : 3.1.3

If u is an anti fuzzy ideal of a Cl-algebra X, then for all x, y € X,

H((X * y) * y) < p(x).
Proof

Let u be an anti fuzzy ideal of a Cl-algebra X.
Then p((x *y) xy) = p[(x* (1 *y))=*y]
< max {u(x), p(1)} = p(x)



58
Theorem : 3.1.4

Every anti fuzzy ideal p of a Cl-algebra X is order reversing. That is, if

x £y, then p(x) = p(y), forall x, y € X.
Proof

Let u be an anti fuzzy ideal of a Cl-algebra X and let x, y € X be such

thatx <y, thenx *y=1.

u(y) = p(1*y) = p((x = y) *#y) < u(x)
Hence every anti fuzzy ideal p of a Cl-algebra X is order reversing.

Theorem : 3.1.5

Let u be a fuzzy set of a Cl-algebra X which satisfies u(1) < u(x) and

pu(x * z) < max {u(x * (y * z)), w(y)} for all x, y, z € X. Then p is order reversing.
Proof

Letx,y e Xbesuchthatx<y;thenx*y=1.
Let u(y) = n(1*y)
< max {u(1 = (x *y)), p(x)} = max {u(1 = 1), p(x)}
max {u(1), p(x)} = p(x)
Therefore u(x) = u(y)

Hence p is order reversing.
Theorem : 3.1.6

Let X be a transitive Cl-algebra. If a fuzzy set pn in X is an anti fuzzy

ideal of X then it satisfies condition

r(1) < p(x) and p(x * 2) <max {u(x = (y * 2)), Wy} vV X, y, 2 € X.
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Proof

Let n be an anti fuzzy ideal of a transitive Cl-algebra X. Then by

theorem pn(1) < p(x). Since X is transitive, we have

((y*2)x2)* ((x*(y*2)) = (x*2))=1,VXy,ze X

Then p(x = z) = p(1 = (x * 2)) [by (CI 2)]

Ry * 2) * 2) = ((X = (y * 2)) * (x * 2))} * (x * 2))
max {u((y * 2) * 2), u(x * (y * 2))}

max {u(y), u(x * (y * 2))}

IA

IA

Theorem : 3.1.7

u is a fuzzy ideal of a Cl-algebra X if and only if u® is an anti fuzzy ideal

of X.
Proof

Let u be afuzzy ideal of X. Let x,y,z € X.
Then (i) p*(x *y) = 1-px*y)<1-p(y)=puy)
e, ué(x * y) < p(y).
(i) pS((x*(y*2)*2) = 1-p((X*(y *2)) * 2)
T —min {u(x), n(y)}
= 1—min {1 - 1°(x), 1 - u“(y)}
= max {u*(x), p*(y)}
e, p*((x * (y * 2)) * 2) < max {p(x), p(y)}
Thus, u€ is an anti fuzzy ideal of X. Similarly, the converse can be

IA

proved.
Theorem : 3.1.8

If 1 is an anti fuzzy ideal of Cl-algebra X, then L(u ; t) is an ideal of X

forevery t € [0, 1].
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Proof

Let n be an anti fuzzy ideal of Cl-algebra X.

(i) Letxe Xandy e L(p;t)= u(y) <t
nx xy)<ply) <t
=>x*yel(p;t)
(i) Letxe Xanda,beL(n;t)
= p(a)<tand p(b) <t
u((@ = (b * x)) *x) < max {u(a), u(b)} < max {t, t} =t
=(@=(b*x))*xel(un;t
Hence L(u ; t) is an ideal of X.

Theorem : 3.1.9

Let u be a fuzzy set of Cl-algebra X. If for each t € [0, 1], the lower

level cut L(u ; t) is an ideal of X, then p is an anti fuzzy ideal of X.
Proof
Let L(u ; t) be an ideal of X. If u(x * y) > p(y) for some x, y € X. Then

KX+ ¥) > o > uy) Where fo =  {u(x ) + u(y)

Hence x *y ¢ L(n; to) and y € L(u ; to) which is a contradiction.
Therefore, p(x = y) < n(y).
Let x, y, z € X be such that u((x * (y * z)) * z) > max {u(x), u(y)}. Taking

= % {u((x = (y * 2)) * 2) + max {u(x), p(y)}t and p((x = (y * 2)) * 2) > {4 >
max {u(x), n(y)}. Thenx,y € L(u; t) and (x * (y *2)) * z & L(p ; t).

This is a contradiction. Hence u((x = (y * z)) * z) < max {u(x), u(y)}.

Therefore, u is an anti fuzzy ideal of X.
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Theorem : 3.1.10

Let u be a fuzzy set in Cl-algebra X. Then p is an anti fuzzy ideal of X
iff 1 satisfies the following condition.

(@b)el(p;t)=A@ b)clp;t),va,beX;Vtel0, 1]
Proof

Assume that p is an anti fuzzy ideal of X. Let a, b € L(u ; t). Then
p@)<tand p(b)<t. Letx € A(a, b). Thena = (b * x) =1.

u(x) = pu(1 * x) = p((@ * (b * x)) * x) < max {u(a), u(b)} < max {t, t} = 1

= u(x) <t

=Xxel(u;t)

Therefore A(a, b) = L(p ; t).
Conversely, suppose that A(a, b) = L(un ; t). Obviously, 1 € A(a, b) = L(un ; t)
for all a, b € X. Let X, y, z € X be such that x=(y * z) € L(n ; t) and
yel(u;t)
Since (X * (y *2)) *(y*(X*2)=(X=*(y=*2)=*(X=*(y=*2z)=1 We have
x*ze AX * (y *2)y)c L(u;t). Thus L(u ; t) is an ideal of X. Hence p is an

anti fuzzy ideal of X.
Theorem : 3.1.11

Let n be a fuzzy set in Cl-algebra X. If u is an anti fuzzy ideal of X then
Wzd=L(u;t) lJ Aa,b), vtel0,1].

a,beut

Proof

Lett e [0, 1] be such that L(u ; t) # ®. Since 1 € L(u ; t) we have
Lp;he JA@1T) < |JA(@@Db) Letxe |JA@@Db)

ael(p;t) a,bel(p;t) a,bel{p;t)
Then there exists, u, v € L(n ; t) suchthatx € A(u, v) c L(p ;t)

Thus [ J A(a,b) = L(p; t). This completes the proof.
a,bel(u;t)
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SECTION 3.2
ANTI FUZZY SUBALGEBRAS AND HOMOMORPHISM OF CI-ALGEBRAS

Definition : 3.2.1

A fuzzy set p in a Cl-algebra X is called a fuzzy subalgebra of X if

pu(x * y) = min {u(x), n(y)}, forall x, y € X.

Definition : 3.2.2

A fuzzy set u in a Cl-algebra X is called an Anti fuzzy subalgebra of X

if w(x *y) < max {u(x), u(y)}, forallx, y e X.
Note

Every anti fuzzy ideal of Cl-algebra X is an anti fuzzy subalgebra if

x=yforanyx,y € X.
Theorem : 3.2.3

If uis an anti fuzzy subalgebra of a Cl-algebra X, then u(1) < u(x), for

any x € X.
Proof

Let u be an anti fuzzy subalgebra of a Cl-algebra X. Since x * x = 1 for
any x € X, then p(1) = p(x * x) = max {u(x), p(x)} = p(x).
r(1) < p(x).

Theorem : 3.24

A fuzzy set p of a Cl-algebra X is an anti fuzzy subalgebra if and only if

forevery t € [0, 1], L(u ; t) is either empty or a subalgebra of X.
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Proof

Assume that p is an anti fuzzy subalgebra of X and L(p ; t) # ®. Then
forany x, y € L(u ; t) we have pu(x * y) < max {u(x), n(y)} £t.

Therefore x * y € L(n ; t). Hence L(u ; t) is a subalgebra of X.

Now let x, y € X. Take t = max {u(x), n(y)}

Then by assumption L(u ; t) is a subalgebra of X implies x *y € L(u ; t).
Therefore p(x * y) <t =max {u(x), u(y)}.

Hence p is an anti fuzzy subalgebra of X.
Theorem : 3.2.5

Any subalgebra of a Cl-algebra X can be realized as a level subalgebra

of some anti fuzzy subalgebra of X.
Proof

Let A be subalgebra of a given Cl-algebra X and let p be a fuzzy set in
X defined by

= [t TxeA
b 0, ifxeA

where t € [0, 1] is fixed. Then L(n ; t) = A. To prove that such defined p is an
anti fuzzy subalgebra of X, let x,y e X. If X, y € A, then x * y € A. Hence

px) = ply) = p(x * y) = tand p(x * y) < max {n(x), u(y)}. If x, y & A, then
u(x) = u(y) = 0 and p(x * y) < max {u(x), u(y); = 0.

If atmost one of x, y € A, then atleast one of u(x) and p(y) is equal to 0.

Therefore, max {u(x), u(y)} = 0 so that u(x * y) <0, which completes the proof.
Theorem : 3.2.6

Two level subalgebras L(u ; s), L(1 ; t) (s <t) of an anti fuzzy subalgebra

are equal iff there is no x € X such that s < p(x) < t.
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Proof

Let L(n;s), L(n;t) forsomes<t.

If there exist x € X such that s < u(x) <t, then L(n ; t) is a proper subset
of L(u ; s) which is a contradiction.

Conversely, assume that there is no x € X such that s < pu(x) <t.

If x € L(u ; s) then u(x) < s and u(x) <t, since u(x) does not lie between
sandt. Thus x € L(u ; t) which gives L(n; s) c L(u; f). AlsoL(n; t) c L(n; s).
Therefore L(p ; s) =L(u; t).

Definition : 3.2.7

Let (X ;=*;1)and (Y ; A; 1) be Cl-algebras. A mappingf: X > Y is
said to be a homomorphism of Cl-algebras (or Cl-homomorphism) if

f(x = y) =f(x) A f(y) forall x,y e X.
Definition : 3.2.8

Let f : X —» X be an endomorphism of Cl-algebra X (or
Cl-endomorphism) and p be a fuzzy set in X. We define a new fuzzy set in X

by usin X as ug(x) = p(f(x)) for all x in X.
Definition : 3.2.9

For any homomorphism f : (X, *, 1) = (Y, A, 1’) of Cl-algebras the set
{x e X/ f(x) = 1} is called the kernel of f, denoted by ker(f) and the set
{f(x) / x € X} is called the image of f, denoted by Im(f).

Theorem : 3.2.10

Let f be an endomorphism of a Cl-algebra X. If u is an anti fuzzy ideal

of X, then so is ;.
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Proof

pi(x * y) = p(f(x # y)) = p(f(x) = £(y)) < p(f(y)) = p(y), for allx, y e X.
Letx,y,z e X.

u(f((x * (y * 2)) * 2))
= u(f(x * (y * 2)) = f(z))
= ((f(x) * f(y * 2)) * f(2))
= u((f(x) = (f(y) * f(2))) * f(z))
< max {u(f(x)), u(f(y))}
= max {u#(x), pud(y)}
sopi((x x (y * 2)) = 2) < max {ud(X), pdy)}

Hence s is an anti fuzzy ideal of X.

Then pd((x = (y * 2)) * 2)

Theorem : 3.2.11

Letf: (X, *, 1) > (Y, A, 1') be an epimorphism of Cl-algebras. If ys is an

anti fuzzy ideal of X, then p is an anti fuzzy ideal of Y.

Proof

Lety € Y. Then there exists x € X such that f(x) =y. Letys, y2, y3 € Y.
u(yr Ayz) = u(f(xq) A f(xz))
= u(f(x1 * x2))
= (X1 * X2) < pe(X2)
= u(f(x2)) = u(y2)
(Y1 Aya) < p(y2)
Then p((y1 A (y2 Ays)) Ays) = p([f(x1) A (f(x2) A f(x3))] A f(x3))
= u([f(x1) A f(x2 * x3)] A f(x3))
= u(fxq = (x2 * x3)] A f(x3))
= u(f([x1 * (X2 * X3)] * X3))
= pe([X1 * (X2 * X3)] * X3)

< max {uX1), pe(X2)}
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= max {n(f(x1)), u(fixz))}
= max {u(y1), u(y2)}
2o ((y1 A (y2 A ys)) A ys) < max {u(y1), u(y2)}

Hence p is an anti fuzzy ideal of Y.
Theorem : 3.2.12

Letf: (X;* 1) > (Y ; A, 1) be a homomorphism of Cl-algebras. If n is

an anti fuzzy ideal of Y then s is an anti fuzzy ideal of X.
Proof

Letx,y,ze X.
pi(x * y) = p(f(x * y))
= p(f(x) A f(y))
< u(f(y))
= pe(y)
Sop(X F Y) < pe(y).
Then pg(X * (y * Z)) * Z) = p(f((x = (y * 2)) * 2))
= u(f(x = (y * 2)) A f(z))
= u((f(x) A f(y * z)) A 1(z))
= u((f(x) A (f(y) A 1(2))) A f(z))
< max {u(f(x)), p(f(y))}
= max {ug(x), pr(y)}
Sop((x* (y * Z)) * Z) < max {pe(x), pdy)}

Hence i is an anti fuzzy ideal of X.
Theorem : 3.2.13

Let (X ; *, 1) and (Y, A, 1’) be Cl-algebras. Amappingf: X > Y is a

homomorphism of Cl-algebra then ker(f) is an ideal.
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Proof

Letf: (X;#* 1) — (Y, A, 1') be a homomorphism of Cl-algebras.
Clearly 1 € ker(f).
To prove : Ker(f) is an ideal.
To prove ker(f) is an ideal, by Lemma (2.2.12) it is enough to prove that
(xxy)xz e ker(f)=x+z e kerf,forallx,ze Xandy e kerf.
Let (x *y) * z € ker(f) and y < ker(f).
Thenf((x xy)*z)=1"and f(y) =1’
Since 1" = f((x * y) * 2)
=f(x) A f(y * 2)
= f(x) A (f(y) A f(z))
=f(x) A (1" A f(2))
= f(x) A f(2)
=f(x * 2)
= X * Z € Ker(f)

Hence ker(f) is an ideal.
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SECTION 3.3
ANTI CARTESIAN PRODUCT OF ANTI FUZZY IDEALS OF CI-ALGEBRAS

Definition : 3.3.1

Let p and & be the fuzzy sets in X. The anti Cartesian product
uxd: XxX — [0, 1] is defined by (n x 8) (X, ¥) = max {u(x), d(y)}, for all
X,y € X.

Theorem : 3.3.2

If u and & are anti fuzzy ideals in a Cl-algebra X, then pu x & is an anti

fuzzy ideal in X x X.
Proof

Let 1 and & be anti fuzzy ideals in a Cl-algebra X.
Let (X1, X2), (Y1, ¥2), (21, 22) € X x X.
(1 X 8) ((X1, X2) * (Y1, Y2)) = (1 X 8) (X1 * Y1, X2 * Y2)
= max {u(x1 * y1), 3(x2 * y2)}
< max {u(y1), &(y2)}
= (nx38) (y1, y2)
S (r X 8) (X1, X2) * (Y1, Y2)) < (1 X 8) (Y1, Y2)
(1 X 8) {((X1, X2) * ((y1, ¥2)) * (21, 22))) * (21, Z2)}
= (ux8) {[(x1, X2) * (y1 * 21, y2 * 22)] * (24, Z2)}
= (U x8) {[(x1 * (y1 * Z1)), X2 * (Y2 * Z2)] * (21, Z2)}
= (L x8) {(x1 * (y1 * Z1)) * 21, (X2 * (y2 * Z2)) * Z2}
= max {u((x1 = (y1 * 21)) * 21), 8((x2 * (y2 * Z2)) * 22)}
< max {max {u(x1), u(y1)}, max {8(x2), 5(y2)}}
= max {max {u(x1), 3(x2)}, max {u(y1), 8(y2)}}
= max {(u X 8) (X1, X2), (1 X 8) (y1, Y2)}
S (X 8) {((x4, X2) * ((y1 * Y2) * (24, 22))) * (21, Z2)}

< max {(n x 3) (X1, X2), (1 X 8) (y1, y2)}
Hence p x 3 is an anti fuzzy ideal in X x X.
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Theorem : 3.3.3

Let n and & be fuzzy sets in a Cl-algebra X such that u x 8 is an anti

fuzzy ideal of X x X. Then

(i) Either n(1) < p(x) (or) 8(1) < 8(x) for all x e X.
(i) If u(1) £ w(x) forall x € X, then either 8(1) < p(x) (or) 8(1) < 3(x).
(iii)  Ifo(1) < d8(x) for all x € X, then either p(1) < p(x) (or) w(1) < 8(x).

(iv)  Either p or 8 is an anti fuzzy ideal of X.
Proof

Let n and & be fuzzy sets in a Cl-algebra X. Let pn x 8 be an anti fuzzy
ideal of X x X. Therefore (u x &) ((X1, X2) * (Y1, ¥2)) < (u X 8) (y1, y2) and (u x d)

{((x1, X2) * ((Y1, Y2) * (21, 22))) * (21, Z2)} < max {(n X &) (X1, X2), (1 X 8) (Y1, ¥2)}
for all (x4, X2), (Y1, y2) and (24, z2) € X x X.

To Prove (i)

Suppose that u(1) > u(x) and 3(1) > 8(x) for some x, y € X.
Then (u x &) (X, y) = max {u(x), &(y)}

< max {u(1), 3(1)}

= (ux9) (1, 1) which is a contradiction.

Therefore p(1) < p(x) and (1) < 8(x), vV x € X.
To Prove (ii)

Assume that there exists x, y € X such that

8(1) > n(x) and 8(1) > 8(x).

Then (n x &) (1, 1) = max {u(1), 8(1)} = 5(1).

And hence (u X 8) (X, y¥) = max {u(x), o(y)} <o(1) = (uxad) (1, 1)
which is a contradiction.

Hence if u(1) < u(x) for all x € X, then either 8(1) < p(x) (or) 8(1) < 8(x).
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Similarly, we can prove that if 6(1) < d(x), for all x € X, then either

(1) £ u(x) (or) u(1) < 8(y), which yields (iii).
To Prove (iv)

First we prove that & is an anti fuzzy ideal of X. Since by (i) either

(1) < w(x) (or) 6(1) < 8(x), forall x € X.

Assume that 5(1) < 5(x), for all x € X. It follows from (iii) that either
u(1) = p(x) or p(1) = 3(x).

If u(1) < 8(x) for any x € X, then

8(x) = max {u(1), 8(x)} = (nx8) (1, x)

o(x * y) = max {u(1), 5(x * y)} = (u x8) (1, x * y)
=(nx3d)(1*1,xx*y)
=(nx38)((1,x)*(1,))
<(ux3d)(1,y)
=3(y)
so0(X xy) < O(y)

3((x * (y * 2)) * 2) = max {u(1), 8((x * (y * 2)) * 2)}
= (ux9) (1, (x*(y*2z)) *2)
= (ux8){1*1, (x*(y*2z) =2z
= (ux3){(1,x=*(y*2)*(1,2)}
=(uxd){(1*1,xx(y=*2z)=(1,2)
= (ux ) {[(1,x) = (1, y*zZ)] * (1, 2)}
= (ux3) {[(1, x) = (1 =1,y =2)] = (1, 2)}
= (ux ) {[(1, x) = ((1,y) * (1, 2))] = (1, 2)}
< max {(u x8) (1,x), (ux3) (1, y)}
= max {5(x), 3(y)}
8((x * (y * Z)) * z) = max {5(x), 5(y)}-
Hence & is an anti fuzzy ideal of X.

Next, we prove that p is an anti fuzzy ideal of X.



Let u(1) < pu(x).
Since by (ii), either (1) < u(x) or 8(1) < 3(x).
Assume that 6(1) < p(x), then
u(x) = max {u(x), 5(1)}
= (ux3)(x, 1)

p(x *y) = max {p(x * y), 5(1)}
= (ux3d)(x*xy, 1)
=(ux8)(x*y, 1%1)
= (uxd)((x, 1) *(y, 1))
<(ux3d)(y, 1)
= u(y).

p((x = (y * 2)) * z) = max {u((x * (y * 2)) * ), 3(1)}
= (uxd){(x*(y*2z)*z 1}
= (ux0){(x*(y=*2z)*2),1=1}
= (ux3) {(x*(y=*2z),1)=(z, 1)}
=(uxd){(x*(y=*2z),1=1)=(z 1)}
= (uxd){(x, 1) = (y =z 1)] = (z, 1)}
= (ux3){l(x, 1) * (y*2z,1=1)]*(z,1)}
= (uxd){[x, 1) = ((y, 1) * (z 1) *(z, 1)}
<max {(n x8) (x, 1), (ux3) (y, 1)}
= max {u(x), u(y)}

u((x = (y * 2)) * Z) < max {u(x), u(y)}

Hence p is an Anti fuzzy ideal of X.



