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Preface to Third Edition

The subject Discrete Structures and Graph Theory is gaining importance in
the curriculum of Engineering especially Computer Science, Information
Technology and Communication Engineering subjects. This book is the
outcome of my teaching experience.

This book contains 6 Chapters. Chapter 1 contains Mathematical logic,
theories of inference and related material. Chapter 2 covers Set, relations, posers,
lattices, functions, recursive functions and their operations. Chapter 3, on
Counting, deals with permutations, combinations and recurrence relations.
Chapter 4 covers Graphs, their properties, basic definitions in an elementary
way. Chapter 5 introduces Trees, minimal spanning trces and related
applications with an elementary touch. Chapter 6 covers Graph theoretic
Algorithms.

More examples and exercises arc added in this book for better
understanding. Suggestions for improvements of the book shall be gratefully
acknowledged.

July 2009 G.S.S. Bhishma Rao
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1. Mathematical Logic

[The Sentence in the Square Bracket is False]

- Liar Paradox

1. Introduction

Mathematical logic or logic is the discipline that deals with the methods of reasoning. It
provides ruies and techniques for determining whether a given argument or mathematical
proof or conclusion in a scientific theory is valid or not.

¢ Logic is concerned with studying arguments and conclusions.

Logic is used in mathematics to prove theorems, and to draw conclusions from
experiments in physical sciences, and in our every day life to solve many types of
problems.

Logic is used in computer science to verify the correctness of programs.

The rules of logic or techniques of logic are called rules of inference, because the main
aim of logic is to draw conclusions, inferences from given set of hypotheses. At this
context, the theory of inference needs a language in which these rules of inference can be
stated. It is necessary to develop a formal language called the object language. A formal
language is one in which the syntax is well defined. Apart from syntax, symbols will be
used in the object languages. Thus, a systematic study of arguments by making extensive
use of symbols is known as Symbolic logic. Our study of the object language requires
the use of another language i.e., a natural language (English) called as metalanguage.

In this chapter, we introduce the building blocks of our object language viz.,
Statements, Truthvalues, Connectives etc., to state and apply rules of valid inference.

2. Statements and Notation

In any theory, assertions are made in the form of sentences. Sentences are usually
classified as declarative, exclamatory, interrogative and imperative. In our study of logic,
we will confine ourselves to declarative sentences only. i.e., we begin by assuming
that the object language contains a set of declarative sentences. A primary statement is
a declarative sentence which cannot be further broken down or analyzed into simpler
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sentences. These primary statements are the basic units of the object language. The
declarative sentences will be admitted in the object language if they have one and only
one of two possible values called “truth values”. The two truth values are “TRUE’ and
‘FALSE’ and are denoted by the symbols T and F' respectively. They are also denoted
by the symbols I and 0. Our logic is called as two-valued logic, since we have only two
possible truth values in our logic.

Declarative sentences in the object language are of two types. The first type includes
those sentences which are considered to be primitive or primary in the object language.
These will be denoted by distinct alphabetical capital letters A, B, C, ..., P, Q, ...... while
declarative sentences of the second type are obtained from the primitive ones by using
certain symbols, called connectives, and certain punctuation marks, such as parentheses
to join primitive sentences.

In any case, all the declarative sentences to which it is possible to assign one and
only one of the two possible truth values are called statements. These statements
which do not contain any of the connectives are called atomic (primary, primitives)
statements.

Consider the following sentences:

I. The integer 5 is a prime number
2. The integer 25 is a prime number
3. The sum of the.angles of a rectangle is 360.
4. MOSCOW is the capital of England
5. This Statement is false.
6. Close the Box
7. Today is Monday
8. Do you speak Telugu?
9. Mathematical logic is a dull subject
10. 1+ 101=110.

The sentences (1), (2), (3), (4), (7), (9), (10) are declarative statements. The statements (1)
and (3) have truth value ‘TRUE’, while the statements (2), (4) have truth value ‘FALSE"’.
Statement (5) is not a statement according to our definition, because we cannot properly
assign to it a definite truth value. If we assign the truth value true, then sentence (5)
says that statement (5) is false. On the other hand if we assign to it the truth value false,
then sentence (5) implies that statement (5) is true. This example illustrates a semantic
paradox. Clearly (6) is-net a statement, it is a command. The truth value of statement (7)
depends upon the day in which the statement is made or said. If the sentence is uttered
by some one on a Monday, the statement is true and if it is uttered on any otherday,
the statement is false. Clearly (8) is not a statement, it is interrogative sentence. The
truth value of the statement (9) depends on the person who utters this statement. Lostly,
the truth value of statement (10) depends upon the context; viz. if we are talking about
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numbers in the decimal system, then it is a false statement. On the other hand, for numbers
in binary, it is a true statement.

Definition 2.1 A statement or proposition is a declarative sentence to which it is
possible to assign a truth value TRUE or FALSE, but not both simultaneously.

3. Connectives

Till now, we considered atomic or primary statements. But in practice, we often combine,
simple (Primary) statements to form compound statements by using certain connecting
words known as sentential connectives or simply connectives. Thus primary statements
are combined by means of connectives: and, or, if...then and if and only if, lostly ‘not’.
These five main types of connectives can be defined in terms of the three: and, or and not.

Note 3.1 To denote sitatements we use the capital letters P, O, ... P1. Pa....
Ex: P: It1s raining today

Here, a statement “ P either denotes a particular statement or serves as a placeholder for
the statement.
We proceed to give the definitions of the connectives.

3.1 Negation

The negation of a statement is generally formed by introducing the word “not’ at a proper
place in the statement or by prefixing the statement with the phrase, “it is not the case
that (or) it is not true that.”

If “P” denotes a statement, then the negation of *P” is written as 7 P” and read as
“not P”. If the truth value of “P” is T, then the truth value of 7P is F. Also if the truth
value of P is F, then the truth value of 7P is 7. This definition of the negation is
summarized as follows by a table:

The truth table of D P:

|~ ~
-

We now illustrate the formation of the negation of a statement.

Example 3.1.1  Consider the statement

P : HYDERABAD is a city
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Then 7P is the statement
TP : It is not that case that HYDERABAD is a city.
Simply 7P can be written as

7P : HYDERABAD is not a city. O

Example 3.1.2  The negation of the statement

P:2+2>1
TP:242%1
or TP:242<1
in words “it is not true that 2 4+ 2 > 1. ]

Example 3.1.3  The negation of the statement
P : I went to a movie yesterday is

P : Idid not go to movie yesterday U

Note 3.1.1  The negation 7P of P is also denoted by '~ P’ or ‘P’ or ‘not P’.

3.2 Conjunction

The conjunction ie., joining of two statements P and Q is the statement P A Q which is
read as " P and Q7. The statement P A Q has the truth value 7 whenever both P and Q
have the truth value T'; otherwise it has the truthvalue F'.

The conjunction is defined as follows:

Truth table for conjunction:

P{Q|PrQ
T T T
T F F
F| T F
F} F F

We illustrate the usage of ‘and’ by the following examples:

ixample 3.2.1  The conjunction of the statements

P : It is raining.



Mathematical Logic 1.5

0:24+2=4.
is P A Q:Itisraining and 2 + 2 = 4. O

Note 3.2.1 To form P A Q, the statements P and Q need not be related to each other
in one way or the other. We can form P A Q even if P and Q are totally unrelated to
each other. The statements P and Q given in above example have no common property
or any relation.

The truthvalue of P A Q is True only when the statements P and Q are both true. Let
us consider the case when it is raining. Then P is true. The statement Q is always true.
So in the case of raining, as both statements P and Q are true, P A Q is also true. When
it is not raining, the statement P is false and by definition P A Q is also false.

Example 3.2.2  Translate the following statement into symbolic form

Ramu and Raghu went to school.

Solution: In order to write it as a conjunction of two statements, it is necessary first to
paraphrase the statement as Ramu went to school and Raghu went to school.

Now write: P: Ramu went to school
Q: Raghu went to school

then the given statement can be written in symbolic form as P A Q. O

Note 3.2.2  From the definition of P A Q, it is clear that the truth value of the con-
junction P A Q of two statements P and Q depends upon the truth values of P and Q.
There are 22 possible combinations of truth values of P and Q that must be considered,
because, each one of the statements P and Q can have any one of the two possible truth
vlaues true and false. For each such possible combinations of truth values of P and (J,
we determine the truth value of P A Q. All possible truth values of P A Q can be shown
by means of a table (discussed already).

3.3 Disjunction \VANA

The disjunction of two statements P and Q is the statement P v O which is read as “P
or Q. The statement P v Q has the truth value F only when both P and Q have the
truth value F otherwise it is true. The disjunction is defined by the following table:

Truth table for disjunction: .
Thus P v @ is true if either P is true or Q is true (or both P and Q are true).

Note 3.3.1  The connective V is not always the same as the word “or” because of the
fact that the word “or”’ in English Language can be used in two different senses:

1} Inclusive OR (one or the other or both) and
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P Q]| PvO
T T T
T F T
F| T T
F| F F

ii) Exclusive OR (one or the other, but not both)

In logic we use Vv (‘or’) as inclusive OR.
For example, Consider the following statements:

1. Ramu will take Mpc or Bi.p.c group in intermediate. The above statement says
that only one of the group will be taken by Ramu as a main group of study in
his intermediate. Here ‘or’ is used in the sense ‘one or the other, but not both’,
(Exclusive OR).

2. “I will buy a computer or a car next year” The above statement indicates that the
speaker may mean that he is trying to make up his mind so as to which one of the
two to buy, but he could also mean that he will buy atleast one of them, possibly
both. Here ‘or’ is used in the sense ‘one or the other or both’ (Inclusive OR).

Example 3.3.1 Consider the following statements

P : 1 will buy a computer
Q : I will buy a car

Then P v Q is the following statement
P v Q:1 will buy a computer or I will buy a car.

3.4 Conditional Statements

.

If P nd Q are any two statements, then the statement P — () read as “If P, then Q”
is called a conditional statement. The Statement P — Q has a truth value F when Q
has the truth value F and P the truth value T; otherwise it has the truth value 7. The
conditional is defined by the following table:

Truth table for conditional: P — Q

Tl =S =|
IR T )
=S| ==
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\4 The Statement P is called the antecedent and Q the consequent in P — Q. The sign
*—" is called the sign of implication we will also write P — Q, for

P only if Q

gif P

Q provided that P

P is sufficient condition for Q
Q is necessary condition for P
P implies O

Q is implied by P

Note 34.1  According to the definition, it is not necessary that there be any kind of
relation between P and Q in order to form P — Q.

Note 3.4.2  Ingeneral, the use of “If ..., then ...” in English has only partial resemblance
to the use of — in logic.

Note 3.4.3  The converse of P — @ is 0 — P and the contrapositive of P — ( is
1Q — P.Theinverse of P — Qis 7P — 7Q. Also P — Q and contrapositive
< 7@ — 7P have the same truth values.

l;?ﬁample 341 Let

P : Amulya works hard
Q : Amulya will pass the exam.

Then P — Q: If Amulya works hard, then she will pass the exam. O

3.5 Biconditional Statements

If P and Q are any two statements, then the statement P & Q which is read as “P if and
only if Q" and abbreviated as” P jff Q" is called a biconditional statement. The statement
P =2 Q has the truth valué T whenver both P and Q have identical truth values. The
biconditional P = Q is the conjunction of the conditionals 7 — @ and @ — P. e,
(P - Q) A (Q — P) is an altemnate notation for P = Q. The following table defines
the biconditional:

Truth table for biconditional P Q

Plo|P=g
v T| T T
T|F F
F|T F
F|F T
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Alsz Truth table for (P — Q) A(Q — P)

PlLQ|P->Q|QO—->P|(P-Or(Q— P
T T T T T
T| F F T F
F|T T F F
F| F T T T

Note that both truth tables are identical.

Thus biconditional P &2 Q may be read by following way:

I. Pifandonlyif Q.
P is equivalent to Q.

P is necessary and sufficient condition for Q.

oW

Q is necessary and sufficient condition for P.
We also write ‘P& Q" for ‘P « Q.

Example 3.5.1 1. 8 > 4if and only if 8 — 4 is positive
2. 242 =4if and only if it is raining
3. Two lines are parallel if and only if they have the same slope.

Example 3.5.2  Write the following statement in symbolic form.

If either Mr. Srinu takes calculus or Mr. Swamy takes Graph theory then Mr. Mahesh
will take computer programming.

Solution: Denoting the statements as

S : Mr. Srinu takes calculus
W : Mr. Swamy takes Graph theory
M : Mr. Mahesh takes computer programming

the above statement can be symbolized as

(SvwW)—->M
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4. Statement Formulas

Statements which do not contain any connectives are called atomic or simple statements.
On the other hand, the statements which contain one or more primary statements and at
least one connective are called molecular or composite or compound statements.

For example, let P and Q be any two simple statements. Some of the compound
statements formed by P and Q are

P PVO (PAQV(EP) PACQ) (PVTIQAP

The above compound statements are called Statement formulas derived from the
Statement variables P and Q. Therefore P and Q are called as Components of the
statement formulas.

A statement formula alone has no truth value. It has truth value only when the statement
variables in the formula are replaced by definite statements and it depends on the truth
values of the statements used in replacing the variables.

5. The Truth Table of a Statement Formula

A table showing all the possible truth values of a statement formula for each possible
combination of the truth values of the component statements is called the truth table of
the formula.

Truth tables have already been introduced in the definitions of the connectives.

In general, if there are ‘n’ distinct components in a statement formula, we need to
consider 2" possible combinations of truth values in order to obtain the truth table.

For example, if any statement formula have two component statements namely P and
Q, " 22 possible combinations of truth values must be considered.

Example 5.1  Construct the truth table for P A 7P

Solution:
P[P PATP
T F F
F T F

Example 5.2  Construct the truth table for P v 7P

Solution:
PP pPvP
T F T
F T T

Example 5.3  Construct the trvth table for P — (Q — R).
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Solution: P, Q and R are the three statement variables that occur in this formula
P — (Q — R). There are 23 = 8 different sets of truth value assignments for the ¥
variables P, Q and R. They are

The following table is the truth table fo P — (Q — R)

PlO|R|Q@Q->R|P-(Q2-R)
TI{TI|T T T
T|T|F F F
T|F|T T T
T|F|F T T
F|T|T T T
F|T]|F F T
F|F|T T T
F|{F|F T T
O
Example 5.4  Construct the truth table for the formula
(PAQDQVOPAQDV(PATQ)V(IPATQ) a»
Solution:
PILO|TP|TQIPAQIIPAQIPATIQ|IPATQ]| (D
T[T F F T F F F T
T | F F T F F T F T
Fi{T T F F T F F T
F| F T T F F F T T
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Exercise 1:°

M

(In

(1D

avj

Write the following statements in symbolic form with statements
P : Pavan is rich
Q : Raghav is happy

(a) Pavan is rich and Raghav is not happy

(b) Pavan is not rich and Raghav is happy

Write the following statements in symbolic form with statements

R : Naveen is rich

H : Naveen is happy

(a) Naveen is poor but happy
(b) Naveen is rich or unhappy
(c) Naveen is neither rich nor happy

(d) Naveen is poor or he is both rich and unhappy

Write the following statements in symbolic form with statements.

P : Naveen is smart

QO : Amal is smart

(a) Naveen is smart and Amal is not smart

(b) Naveen and Amal are both smart

(c) Neither Naveen nor Amal are smart

(d) 1Itis not true that Naveen and Amal are both smart.

Let P, Q, R denote the following statements:

P : Triangle ABC is isosceles
Q : Triangle ABC is Equilateral
R : Triangle ABC is Equiangular

Translate each of the following into a statement of English

(a @Q—~P
(b) P> "Q
() @+R
(d PATQ

(¢ R->P
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(V) If P. Q, R are three statements with truth values ‘true’, ‘true’ and ‘false’ -
respectively, Find the iruth values of the following

() P v Q(ii) P A R (iii) (P v Q) A R (iv) P A (OR)

(V) (P ATQ) A (DR) (vi) P — R (vii) P = Q (viii) R — P

(i) (RAP)—> QX)(PATQ)—> Rx)(PV Q) «— (P~ TR)
(xit) (P «— R) -» R

(VI) If P, Q are statements with truth values ‘true’ and R and S are statements with
truth value ‘false’. Find the truth value of the following

(@) (RAP)—S

(b) (PAQ)AR

() (PEQ)— (S —R)
(d PVI(QAS)

(e) (P —= 10)— (S=R)
H (P>7Q)—> (PVQ)
(8 P—>(Q«— R—>Y)
(hy S—> P

(VII) Construct the truth tables for the following formulas
(@ (OPATQ)
() "PVOACIOVP)
) PAQ)—>(PVQD)

(VIII) Given the truth values of P and Q as T and those of R and S as F, find the truth
values of the following

(a) PVv(QAR)
(d) (PAGAR)YAT((PVI)ARVS))

Answers 1
(9 (@ PATQ
(by PAQ
(I1) (a) RAH
(b) Rv H
(¢) 7'RATH

(d TRV (RA TH)
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{1 (a PATQ

() PAQ
() "PATQ
d (PAQ)

av) (a) Iftriangle ABC is equilateral, then it is isosceles
(b) If the triangle ABC is not isosceles then it is not equilateral
(c) The triangle ABC is equilateral if and only if it is equiangular
(d) If the triangle ABC is equiangular, then it is isosceles.

) 1T G)F (i) F (v) T
(M F (vi) F (vii) T (viii) T
)T (x)T (xi) T (xit) T

(VD @T ®F @©T@T
@TOT @T®T

(VID) (a) The variables that occur in the formula are P and Q so we have to
consider 2% = 4 possible combinations of truthvalues of two statements
P and O ¥
PO | P Q| PAQ | (O PAT Q)
T|T| F F F T
T|F| F T F T
FIT| T F F T
FIF|T|T T F

The entries in the last column are the truth values of the formula 7(7P A
Q).

(b) The variables are P and Q, clearly there are 22 rows in the truth table of
this formula

PlQ| " P|7Q| "Pv@ | QVvP|PVvOIA(TQVP)
T|T| F | F T T T
T{FE| F | T F T F
FIT| T ]| F T F F
FIF| T | T T T T
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PlQ|PAQ|PVQ|(PAQ—-(PVQ)
T| T T T T
(c) |T| F F T T
F|T F T T
F| F F F T
VI @) Pl Q| R| OAR| PV(QAR)
T|T|F F T

(b) Check that

(PAQ AR ATIUP YV Q)A(RVS))istrue

6. Well-formed Formulae

Definition 6.1 A statement formula is an expression which is a string consisting of .
variables (capital letters with or without subscripts), parentheses and connective sym-
bols (A, Vv, — <=, ), which produces a statement when the variables are replaced by
statermnents.

But, every string of these symbols is not a formula. We now give a recursive definition
of a statement formula, called a well-formed formula (wff).

Definition 6.2 A Well-formed formula (wff) can be generated by the following rules:
1. A statement variable standing alone (ie., a string of length one, consisting of a
statement variable) 1s a well-formed formula.
If A is a well-formed formula, then 74 is a well-formed formula

If A and B are well-formed formulas, then (A A B), (AVv B), (A - B) and
(A+=2B) are well-formed formulas.

4. A string of symbols containing the statement variables, connectives and paren-
theses is a well-formed formula, if and only if it can be obtained by finitely many
applications of rules (1), (2) and (3).

Similarly the set of all well-formed formulas can be defined as follows:

Definition 6.3  The set of all well-formed formulas is the smallest set of strings such ~
that

i) Every statement variable is in the set
it} If A and B are in the set, then so are (174), (AAB), (AVv B), (A — B)and
(A& B)



Mathematical Logic 1.15

Note 6.1 Now-onwards, formula means well-formed formula.
Example 6.1  Formulae: 7(P A Q), (P V Q)

(PAQ), C(PAQ)) = RACS))

(MCOPIACDN): (P> (PV D))

(((PV Q)A(PVTS)) > (PER));

(PAQ)—> Q) (P> (Z—R)

Not formulae :

1.

TP v Q, obviously P and Q are wffs, ‘A wff would be either (OPv Q)or
(P v Q).

((P = Q) = (AQ)) is not a formula, as (A ) is not a wif.

- -

(P — Qisnota wffas ‘)’ is omitted. Note that (P — Q) is a formula.

(P A Q — Q). The cause for this not being a wff is that one of the parentheses
in the beginping is missing. ((P A Q) — Q) is a wif, while (P A Q) — Q is
still not a wff. .

It is possible to introduce some conventions so that the number of parentheses used
can be reduced.

L.

2.

For the sake of convenience, we shall omit the outer parentheses. Thus we write
Pv Qfor(Pv Q) (PvQ)— Qinplaceof (PV Q) — Q),

(P = O)A(Q — R)S(P — R) instead of (P — Q) AN (Q —
R)E(P - R).).

Also ("(P A @) = ((7P) A (TR))) can be abbreviated to (P A Q) —>
(P A TR).

Note 6.2 It should be remembered that the above are just conventions, and the precise
definitions must include the parentheses.

| o)

7. Tautology

Definition 7.1 A statement formula which is true regardless of the truth values of the
statements which replace the variables in it is called a universally valid formula or a
tautology or a logical truth.

i.e., If each entry in the final columr of the truthtable of a statement formula is T
alone, then it is called as tautology.

Similarly,
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Definition 7.2 A statement formula which is false regardless of the truth values of the
statements which replaces the variables in it is called a contradiction.

i.e., If each entry in the final column of the truth table of a statement formula is F
alone, then it is called as contradiction.

Clearly, the negation of a contradiction is a tautology and vice-versa.

We can call a statement formula which is a tautology as identically true and a formula
which 1s a contradiction as identically false.

Determining whether a given formula is a Tautology:

I) BY TRUTH TABLE
The first, straight forward method to determine whether a given formula is a
tautology is to construct its fruth table.

Example 7.1 1) Verify whether P v 7P is a tautology.
Solution:

PP PVvP

T| F T

F T T

Since, the entries in the last column of the truth table are T, thereore the given is a
tautology.

i) Verify whether PAT P is a tautology

Solution: Check that the last column of the truth table of P A 7P contains
false,

"~ The formula is not a tautology in particular, it is a contradiction

iii) Verify whether (P v Q) — P is a tautology

Solution:

PO/ PvQ|(PVvQ)—P
T| T T T

T| F T T
FI|T T F

F| F F T

Since the entries in the last column of the truth table (P v Q) — P, contain one
false, the formula is not a tautology. O
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Example 7.2  Verify whether (P A (P& Q)>) — Q is a tautology
Solution:

PLQI(PE Q)| PAP= Q) | (PA(PE Q) > Q
T|T T T T
T|F F F T
F|T F F T
F|F T F T

As the entries in the last column are 7', the given formula is a tautology.

1V 4
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Exercise 2:

1. Prove the following are tautologies (using truth tables):

@ "PvQv(OIPAQ VP
® (P> DAR->HA(PVR)—>(QVS)
© (P>RA@—->R)—->({(PVO)—>R)
d (P>(Q@VRYACTQ)—> (P >R
(&) ((PUQ)— R)A(P)) > (Q— R)
® (P> =PV
(8 Q@VPAIV(PATQ)
II.  Show that the truth values of the following formula is independent of its com-
ponents.
(P—> 2PV Q)

Answers 2:
I. Construct truth tables for all the given formulae.

II. Since the given formulae has truth value T for any truth values of its statement
variables (or) components. It is independent of its components.

(II) Ailternative Method:

Recall that the numbers of rows in a truth table is 2, where n is the number of distinct
variables in the formula. Therefore, this process of determining whether a given formula
is a tautology is tedious, particularly when the number of distinct variables is large (or)
when the formula is complicated.

Keeping the above point in view, we now consider alternative methods to determine
whether a statement formula is a tautology without constructing its truth table.

(i) Itis very clear, that the conjunction of two tautologies is also a tautology. Let us
denote by A and B two statement formulas which are tautologies. If we assign
any truth values to the variables of A and B, then the truth values of both A and B
willbe T'. Thus the truth value of AA B willbe T, so that A A B will be a tautology.

(it) A formula A is called a substitution instance of another formula B if A can
be obtained from B by substituting formulas for some variables of B, with the
condition that the same formula is substituted for the same variable each time it
Qccurs.



Mathematical Logic 1.19

It should be noted that in constructing substitution instances of a formula, sub-
stitutions are made for the atomic formula and never for the molecular formula.
Thus P — QO is not a substitution instance of P — 7R because it is R which
must be replaced and not 7R.

Example 7.3  Substitution instances of P — 1Q are:

I. (RAS)—-> W(JVvM
2. Q- (PATQ)

3. (RATS)—> 1P

4. (Pv Q)+ R

It should also be noted that in constructing substitution instances of a formula, substitu-
tions should be made simultaneously, not one after the other.

Examnle 7.4  Consider the following formulas from P —» Q0
(i) Substitute P v Q for P and R for Q to get the substitution instance (P v Q) —
TR.

(i1) First substitute P v Q for P to obtain the substitution instance (P v Q) — Q.
Next, substitute R for Q in (P v Q) — 7@, and we get (P v R) — 7R. This
formula is a substitution instance of (P v Q) — 7 Q, but it is not a substitution
instance of P — 71Q under the substitution (P v Q) for P and R for Q, because
we did not substitute simultaneously as we did in (1).

The importance of substitution instance lies in the fact that any substitution of a
tautology is a tautology. For example, consider the tautology P v 7 P. Regardless of
what is substituted for P, the truth value of P v 7P is always 7. Therefore, if we
substitute any statement formula for P, the resulting formula will be a tautology. Hence
The following substitution instances of P v 7 P are tautologies

(PVO)YARYVTI(PV Q)AR)
(P v 1S) = R)Y = 8) v T (((P v 1S) — R) =)

Thus, if it is possible to detect whether a given formula is a substitution instance of a
tautology, then it is immediately known that the given formula is also a tautology.
8. Equivalence of Formulae

Definition 8.1 Two formulas A and B are said to be equivalent to each other if and
only if A== B is a tautology.

If A=2B is a tautology, we write A & B.

Note 8.1 A ¢ B if and only if the truth tables of A and B are the same.
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3.1 Truth table method

Jne method to determine whether any two statement formulas are equivalent is to con-
truct their truth tables.

ixample 8.1.1  Prove
Pv QO+ (O"PATQ)

Solution:

PlQ|PvQ| P70 | 7PAYQ | 1OPATQ) [PV Qa2 (TPATY Q)
TI{T| T F | F F T T

T|F| T F| T F T T

F|T| T T | F F T T

F|F| F T | T T F T

SPVvOET(TP ATQ)is atautology, then P v Q@ < (7P A TQ).
xample 8.1.2  Prove (P = Q) &= (7P Vv Q).

Solution:
Pl lOQ(P->Q|P|{PvQ | (P> Q)2(TPV Q)
T| T T F T T
T|F F F F T
FI|T T T T T
F|F T T T T
s (P — Q)= (7P v Q) is a tautosugy.
en(P - Q) <= (P Vv Q)
juivalent formulas:
VPP PAP &P Idempotent laws
PVQO) VR <<= PV(QVR) (PAQ)AR & PA(QAR) Associative laws
°vQ@Q<4<=>QVvP PANQ&SQOAP Commutative laws

V(OAR) & (PVQO)A PA(QVR)& (PAQ)Vv Distributive laws
PV R) (PAR)

>vF P PAT< P

WTF<T PAT F<F

vIIP T PAP & F

PV(PAQ)&= P PA(PVvQ)&eP Absorption laws
WPV Qe PArTQ WP AQ) & PV Q Demorgan’s laws

“heck the above formulas as an exercise by truth table technique
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8.2 Replacement process

Consider the formula A : P — (Q — R). The formula ¢ — R is a part of the formula
A.If wereplace @ — R by an equivalent formula 7Q v R in A, we get another formula
B: P — (7Q Vv R). One can easily verify that the formulas A and B are equivalent to
each other. This process of obtaining B from A is known as the replacement process.

Example 8.2.1 ProvethatP - (Q — R) &= P - (7QVR) & (PAQ) - R

Solution: We know that 0 — R <= 7Q Vv R
Replacing Q — R by 7Q V R, we get P — (7Q Vv R), which is equivalent to
AP v (NQ Vv R) by the same rule,
Now

MTPV(OQVRY<=>(CPVIQ)VR MMPAQ)VR) &= (PANQ)— R

by associativity of v, Demorgan’s law and the previously used rule.
Example822 (P> Q)A(R—-> Q)<= (PVR)—> 0
Solution: (P - O)A(R— Q) & (TP Vv @)A (TR vV Q) replacing P — ¢
and R - @by 7P v Q and 7R Vv Q. respectively
= PATRIVE[ GV AV ) & (S1AS)V S
<=> (P Vv R)V Q[ replacing 7P A TR by 1(P v R))
¢=>PVR—> Q[ 7AVB & (A— B)]

Example 8.2.3  Prove that
OPAQCOAR)V(IOAR)YV(PAR)+<= R.
Solution:

CPACQRARYV(EAR V(P AR)

= (OPATQ)AR)V((QV P)AR) (Associative Law & Distributive Law)
<= (W(PV O ARYV{QV P)AR) (Demorgan’s Laws)

&= ((PVv Q)V(PVO)AR (Distributive Law)

< TAR since 7 SvS=T

< R as TAReoR

Example824 P > (Q—» P)< P = (P - Q)
Solution: P - (Q - P)< PVv(Q—> P)
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= PV (QV P)
< (OPVvP)VvQ
<=»Tv (1Q)
T
andP — (P - Q) <= 1("P)V(P —» Q)
&=> PV(P¥ Q)
e (PVIP)VvQ
&= TvQ
T
SOP>(Q—-> P)e=T P> (P> Q)
Example 825 (P> QOA(R-> Q)&= (PVR)—> Q
-le Solution: (P — Q) A (R = Q) ¢=5 ("P Vv Q) A ("R V Q)
' > (PATR)V Q
& W(PVR)VQ Y
& (PVR)> Q
Example 8.2.6
) WPEQ = (PVOANPAQ)
(ii) WPE2Q) ¢=> (PATQ)YV (P A Q)
Solution:
WPZQ) &= (P - Q) A(Q > P))
= W((OPVOACQVP)
= OPVOAIQVOPVQO)A P
> WOPATQ V@AY V(OPAPYV(QAPY)
& (Y(Pv@)yv Fv FVv(QAP)
=>» W(W(PVQ)V(QAP)
&= (PVOATNPAQ) (i) v
S (PVOOIACOPVIQ)
== (PACPVIQ)V(QAC(PYVIQ))
¢=3 [(PAP)V(PAIQ]V(@ATIP)V(Q A Q)]
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&&= FV(PATQ)V((QATP)V F (By associative law)

S (PATQVGATP)
< (PAYQVOPAQ

Thus (i) and (ii) are proved.

1.23

(i)

Example 8.2.7 Showthat (PVQIAT(OOPACQOVIR))V(OPATIQ)V(TPATR)

is a tautology
Solution: By Demorgan’s Laws, we have
IPAQ & (PVQ)
TPATR ¢=> (PVR)
WPATQYV(IPATRY &> (PVQ)V(PVR)
<= I((PVQ)A(PVR))
Also
TFOPACQOVIR)) < (TP AT(QAR))
<<= PV(QAR)"
<> (PVO)A(PVR)
(PVvOA(PYAA(PVR) = (PVOA(PVR)
Consequently, the given formula is equivalent to
(PVOIA(PVR)YVI(PVQ)A(PVR))

which is a substitution instance of P v 1 P.

Py LY “7P\/Q
—fP VAR ~ P_\\) Q
ONF

P20 v
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Exercises (3)

(I) Show the following equivalences (without using truth table).

(@ P> (QVR < (P> QV(P->R
by (P> Q)= PArTQ
© PE = P->DA Q> P)
d) "PAQ > (CPV(OPVQ) e ("PVQ)
& (PVOAOACPACPAQ) <=>(PATQ)
H P—= Q= "Q0->"P

(I) Show that P is equivalent to the following formulas

TAP,PAP,PVP,PV(PAQ,PAPVOL(PAQVIPATO)L(PYV
APV Q)

9. Law of Duality

Definition 9.1  Two formulas A and A* are said to be duals of each other if either one
can be obtained from the other by replacing A by Vv and Vv by A. The connectives A and
Vv are also called duals of eath other. If the formula A contains the special variables T
or F, the A*, its dual is obtained by replacing T by F and F by T in addition to the
above-mentioned-interchanges

Example 9.1  If the formula A is given by
A: W (PVvOIA(PVT(QATR)
The its dual A* is givenby A* : (P A Q) V(P A Q@ V R))

Result 9.1 Let A and A* be dual formulas and let Py, P,, ..., P, be all the atomic
variables that are in A and A*.

ie;, A:A(P, Py ..., P and
A* : A¥(P1, Py, ..., Pn)

Then using the Demorgan’s Laws P A Q <= (7P v 7Q)
PvQe"("PATQ)
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We can prove
TA(Py, Py, ..., Py) & AY(OOPy, TPy, .., Py (1)

Thus the negation of a formula is equivalent to its dual in which every variable is replaced
by its negation.

Similarly
AP, Py, ... Py) & TAY(Py, Py, ... Pr). (2)
Example 9.2  Show that Y (7P A Y(QVR)) & PV(QVR)

Solution: Let A(P, Q, R)be 7P A (Q VR)

[}

Then A*(P, Q,R)is 7P Vv Y (Q AR) and
A*(OP,NQ,R): TPV I(OQ ATR) <> PV (Q VR)

On the other hand

4

TAP,Q RIS (PATNWQGVR)) & PV(QVR)

Result 9.2  If any two formulas are equivalent, then their duals are also equivalent to
each ather.

ie.,.If A <= Bthen A &= B"

(OR) Let Py, Py, ..., P, be all the atomic variables appearing in the formulas A and
B. Given that A < B means “ A2 B is a tautology”, then the following are also
tautologies.

A(PlvPZv"' »PH)ZB(PI, P2, ,Pn)
AP, Py, ..., TP)EB(OP), Py, ..., + Py)

Using (2) we get TA*(Py, Py, ..., P))Z2B*(P, Py, ..., Py)
Hence A* &= B*.

Example 9.3  Prove that
@@ WPAQ)— (PV(IPV Q) e (TPVQ)
) (PVO)A(IPA(IPAQ)) ¢=5 (TP AQ)
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Solution:

(@ (PAQ)—>(CPV(PVQ))

&S (PAQVOPV(OPY Q)
= PAQV(OPVQ)

S (PAQVIPVQ

S (PVIPYAQVIIP)VQ
&= (QVIP)VvQ

=> QvVvIpP

& TPVvQ

) From(M(PAQDV(PV(OPV Q) &= PVQ
Writing dual,

(PVOHOANCOPACOPAQ) & "PAQ.

10. Tautological Implications

Jefinition 10.1 A statement A is said to rautologically imply a statement B if and
only if A — B is a tautology. In this case, we write A = B, read as “A implies B”

Yote 10.1 — is not a connective, A == B is not a statement formula.

i) Thus A = B states that A — B is a tautology or A tautologically implies B.

ii) Clearly A = B guarantees that B has the truthvalue 7 whenever A has the
truth value 7.

ili) By constructing the truth tables of A and B, we can determine whether A => B.

-

ixample 10.1  Prove that (P —» Q) = (1Q — P)
Solution: We prove this by Using the truth table for (P — Q) —» (7Q — 7P)

PlolP|QlP>0Q|70>P|(P>0)> (0= P)|
TI|T F F T T T
T | F F T F F T
F| T T F T T T
Fl F T T T T T

'ince all the entries in the last column are true, (P — Q) —» (7Q — 7P) i.s a taatology
fence (P - Q) = ("Q — 7P).

(tv) In order to show any of the given implications, it is sufficient to show that an
assignment of the truth value T to the antecedent of the corresponding conditional
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leads to the truth value T for thg consequent. This procedure ensurgs that the
conditional becomes a tautology, thereby proving the implication.

Example 10.2  Prove that 7Q A (P — Q) = P

Solution: Assume that the antecedent 7Q A (P — Q) has the true value T, then
both "Q and P — Q have the truth value T, which means that Q has the value F.
P — Q has the truth value T, and hence P must have the value F.

Therefore the consequent 7' P must have the value T.

(v) Another method to show A = B is to assume that the consequent B has the
value F and then show that this assumption leads to A’s having the value F.
Then A — B must have the value T.

Example 10.3  Show that /(P - Q) = P

Solution: Assume that P is false (F), when P is false P — Q has T, then (P —

Q) has F.
Then (P — Q) —» P hasT.
(P ->Q)=P. v

Note 10.2 A <= Bifandonlyif A = Band B = A i.e., If each of two formulas
A and B implies the other, then A and B are equivalent.-

Obgervations 10.1  Ifaformulais equivalent to a tautology then it must be a tautology

Observations 10.2  If a formula is implied by a tautology then it is a tautology
Observations 10.3  Both Implication and equivalence are transitive.

ie,if A< Band B <= C,then A & C.
It follows from the definition of equivalence.

To show that the implication is transitive:
Assume that A => B and B — C.

The A — B and B — C are tautologies.

Hence (A — B) A (B — C) is also a tautology.
But from (P - Q) A (Q - R) = P —- R

(A—> BYA(B—>C)= (A—> C)

Hence A — C is a tautology.
Hence Implication is transitive. O
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(vi) In order to show that A => C, it is convenient to introduce a series of formulas
By, By,..., By such that A = B}, By = Bj,...,Bn_1 => B, and
B, = C.

(vii) Important property of implication:
IfA—=— Band A == C,then A = (B A C).
Proof: Assume if A is true, then B and C are both true. Thus B A C is true

and hence A — (B A C) is true. 0

Result 10.1 If H,H;,... ,Hy, and P imply Q, then Hy, Hz,..., H, imply
P— Q.

Proof: Wehave (HiAHyA...AHy AP)=Q

This means (H; A Hy A ... A Hy A P) — Q is a tautology.
Now from the equivalence P} — (P; = P3) < (P} A P3) > P3
We can conclude that

(HHAHA...AHp) > (P —- Q)

is a tautology.
Hence the theorem. 0

Implications

PAQ=—P

PAQ=0Q

P—= PV Q

"WP= P—Q

Q=P —Q

P ->Q)=FP

WP - Q)= "0

PA(P— Q)= 0
TOAN(P—> Q)= TP
APA(PV Q)= 0
(P->Q)A(Q—> R)y=—>P >R
(PVvIA(P—-RA(Q— R)=— R

Check the above implications.
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Exercise 4
(I) Show the following implications

(@ (P->(Q—R)==(P—>Q)—(P—>R)
(b)y Q=P —>R
© (PAQ)=>P—>Q

(II) show the following implications without Constructing the truth tables

(@ T@A(P > Q)=>"P

b (PVOAQOP)=30Q

() P>Q0=P—>(PAQ)

(d (P>Q)>Q=PVvQ

() (PVIP)> O)—> ((PVvP)— R)y= (0 —> R)
O (@2 (PAPY > (R>(PATP)=>(R—> Q)

7 Answers (4)

(I) (a) we prove this by Using the truth table for

(P> (Q@—>R)->((P— Q) (P R))

=

P

=

P> @—>R|(P—>Q)>(P=>R)
T T

(&)

Q

ikiRIEIEIEIEIS
aiRIREIKEERE

MMM N NN N Y

N N e R RN B B e B BN

S|INNNm | S S)
NN SNNN (N

N N NNNNy
S NSNS =8 .

F
as the columns of P - (@ — R) and (P — Q) — (P — R) are identical
(P — (Q — R)) » ((P =) = (P - R))is atautology
Therefore (P ~» (Q —» R)) = ((P - Q) — (P — R)).

(I) (a). To prove that "Q A (P — Q) =» 7P, it is enough to show that the
assumption that 7Q A (P — Q) bas the truth value T guarentees the truth value

~ T for 7 P.

-
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Now assume that 7Q A (P — Q) has the truth value T. Then both 7Q and &
P — Q have the truth value 7. Since 7Q has truth value 7, Q has the truth
value F. As Q has the truth value F and P — Q has the truth value T, it follows
that the truth value of P is F and the truth value of 7P is T. Thus we have
proved that TQ A (P — Q) = P.

11. Formulas containing n Variables

A statement formula containing n variables must have as its truth table one of the 22"
possible truth tables each of them having 2" rows. This fact suggests that there are many
formulas which may look very different from one another but are equivalent.

For the case n = 1, any formula involving only one variable will have one of these
four truth tables:

1 2 3 4
Py PP | PVvIP | PATP
T | T | F T F
FlF| T T F

Every other formula depending upon P alone would then be equivalent to one of these
four formulas.

In case of n = 2, the number of distinct truth tables for formulas involving two
variables is 22 = 24 — 16, Clearly there are 22 rows in the truth table and since each
row will have any of the two entries T or F, we have 16 possible tables.

Ploll1l 1213456718 |9 1011121314} 15]16
Tyt4{T|T7{T|T|{T|T|T|T{F|F |F |F |F [F |{F |F
T|IF|T|T|T|T|F|F|F|F|T{T |T T |F |F (F |F
F{T|T|T|F|F|T!/T|F|F|T|T |F |F |T|T/|F |F
FIFIT)F | T F YT FyTyF) T F T |F T }|F T F

Distinct Formulae with two variables

12. Functionally Complete Sets of Connectives

1. We have already defined the connectives A, v, 7, » . Now we introduce
some other connectives namely NAND and NOR which have useful applications
in the design of computers. The word "'NAND’ 1s a combination of ‘NOT" and
‘AND’, while the word ‘NOR" is a combination of ‘NOT’ and ‘OR’, where
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‘NOT’ stands for negation, ‘AND’ stands for conjunction and ‘OR’ stands for
the disjunction. The connective ‘NAND’ is denoted by the symbol 1.
For any two formulas P and Q

PO (PAQD
The connective ‘NOR’ is denoted by the symbol |. For any two formulae
PlQ&"(PVQ)

The connectives 1 and } have been defined interms of the connectives A, V and
7. Therefore, for any formula containing the connectives 4 or |, one can obtain
an equivalent formula containing the connectives A, v and 7 only. Note that 1
and | are duals of each other. Therefore in order to obtain the dual of a formula
which includes 1 or |, we should interchange 1 and | in addition to the other
interchanges mentioned earlier.

Definition 12.1 A set of connectives is said to be functionally complete set of con-
nectives if every formula can be expressed interms of an equivalent formula containing
the connectives only from this set.
Note 12.1  Functionally complete set should not contain any redundant connectives
i.e., a connective which can be expressed interms of the other connectives.

Already, we have

(1) PV Qe (P ATQ)
) PAQ < PV Q)

(3) P> Qe PVvQ

4 P22Q e PV A(PVIQ)

Hence by first replacing all bi conditionals, then the conditionals and finally all the-
conjuctions or all the disjunctions in any formula, we can obtajn an equivalent formute
which contains either the negation and disjunction only or the negation and conjunctior
only. In other words, for every formula, we can find an equivalent formula containing the
connectives Vv and 7 only or A and 7 only. From the definition of functionally complete
set of connectives, the sets of connectives {A, 1} and {Vv, 7} are functionally complete
sets. :

Note 12.2  The set (A, V} is not functionally complete, as for the formula 7P, itis no
possible to find an equivalent formula containing connectives only from the set (A, V}.

Result 12.1 {1}, {1} are functionally complete.

Proof: In order to prove, it is sufficient to show that the sets of connectives {A, 7} an
v, 7} can be expressed either interms of 4 alone or interms of | alone.

To show that {V, 7} is functionally complete, it is enough to show that 7 and v cai
be expressed interms of | alone. e
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We have

TP e "PA P (PVP)Y¢c=>P|P and
PVvQe= TOPATIQ) &= Pl Q0= (Pl P)](Q| Q)

Then {]} is a functionally complete set.
To show that {7, A} is functionally complete, we have to express ™ and A in terms of
1 alone. The following valid equalities help us in this direction.

TP & TPV IP &= (PAP)4<=y Pt Pand
PAQ& " PTAD<=>PrT DT (PTO)

Then {1) is a functionally complete set.

Thus we proved that each of the sets {1} and {{} are functionally compiete. O
Note 12.3
@ P IPVIP e APAP) = PP

PAQ<= WP1Q) = (P1Q)1(P1Q)
Pv Q= 1(TPAIQ) &= TPt 1Q0 &= (P+P)1(Q10Q) v
®) TP e= WPVP) &= PP
PvQe= WPLQ) &> (PLQL(PLQ)
PAQ &P L0 (PLP)L(QL Q).

We call each of the sets {1} and {]} a minimal functionally complete set or inshort a
minimal set.

Note (¢):

i) PYQ«&=Q1P, P}|Q&=> Q| P (Commutative)

(i1) The connectives 1 and | are not associative
P1(Q1TR) &= PT QAR (PATQAR))

<> P(QAR)
(PTOYTR<=(PAQ)ATR

since

Similarly
PLQIR) < "PA(QVR)
(PILO IR (PVQATR
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m) P+Q+R&< (PAQAR
However P 1+ Q 1 R is not equivalent to any of

Pr(Q@1tR), (PYQOTR 01(P1R)

P1Q<¢= (PAQ)e=PVIQée= (OPAQV(PAIQ)V(IPATQ)
Pl W(PVQ) = TPAQ &> (OPVRAAPVIQDACPYVTIQ)

13.” Normal Forms

By constructing and comparing truth tables, we can determine whether two state-
ment formulas A and B are equivalent. But this is very tedious and difficult to
follow even on a computer because the number of entries increases very rapidly as n
increases.

A better method is to transform the statement formulas A and B to some standards
forms A’ and B’ such that a simple comparison of A’ and B’ shov's whether A <=5 B.
The standard forms are called canonical forms or normal forms.

' Let A(Py, P;,... P,) be a statement formula where P|, Py, ... P, are the primitive
variables.

If A has the truthvalue T for atleast one combination of truth values assigned to
Py, P2, ..., P, then A is said to be satisfiable.

The problem of determining, in a finite number of steps, whether a given statement
formula is a tautology or a contradiction or at least satisfiable is known as a decision
problem. - '

However, the solution of the decision problem may not be simple as we mentioned
earlier, the construction of truth tables may not be practical, even with the help of a
computer. Therefore we are in need of other procedures known as reduction to normal
forms.

Note 13.1 It will be convenient to use the word “product” in place of “conjunction”
and “sum” inplace of “‘disjunction’ in our discussion throughout.

Definition 13.1 A product of (statement) variables and their negations is called an
elementary product. -

Similarly, a sum of the variables and their negations is called an elementary sum.
Example 13.1  The formulae P, 7P, "PAQ, 7QAPATP, PATP, QAPIPA
7Q are some examples for elementary products. The formulae P, 7P, 7P v Q,7Q v

“Pv 7P, Pv P, Qv 1P are examples for elementary sums.

Definition 13.2  Any part of an elementary sum or product which is itself an
elementary sum or product is called a factor of the original elementary sum or product.

Example 13.2 7Q, P A 7P and 7Q A P are some of the factors of 7Q A P A TP.
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Observations 13.1 A necessary and sufficient condition for an elementary product
to be identically false is that it contain atleast one pair of factors in which one is the
negation of the other.

Explanation 1  For any variable P, P A 7P is identically false. Hence if P A 7P
appears in the elementary product, then the product is identically false.

Assume that if an elementary product is identically false and does not contain at
least one factor of this type then we can assign truth values T and F to variables and
negated variables respectively that appear in the product. But this assignment says that
the elementary product has the truth value T. This is contrary to our assumption. Hence
the observation follows.

Similarly,

Observations 13.2 A necessary and sufficient condition for an elementary sum to be
identically true is that it contain at least one pair of factors in which one is the negation
of the other.

The explanation of the observation 2 will follow along the similar lines of
observation 1.

13.1 Disjunctive Normal Forms (d.n.f)

Definition 13.1.1 A formula whichis equivalent to a given formula and which consists
of a sum of elementary products is called a disjunctive normal form of the given formula.

Procedure to obtain a disjunctive normal form of a given formula

Step 1: If the connectives *—’ and & appearin the given formula, obtain an equivalent
formula in which ‘—’ and ‘22" do not appear. i.e., an equivalent formula can be obtained
in which ‘—’ and ‘2’ donot appear. i.e., an equivalent formula can be obtained in which
‘—’and ‘<2’ are replaced by A, v and 7.

Example 13.1.1 P — Qisreplacedby 7P Vv Q and P=Q is replaced (P A Q) V
(OPATQ)or(PVOYACQVP).

Therefore, there is no loss of generality in assuming that the given formula contains
the connectives A, Vv and 7 only.

Step 2: If the negation is applied to the formula or to a part of the formula and not to
the variables appearing in it, (i.e., formula which is not a statement variable). Then by
using DeMorgan’s laws an equivalent formula can be obtained in which the negation is
applied to the statement variables only.

Step 3: Now apply the distributive law until a sum of elementary products is obtained.
This will be a disjunctive normal form, after application of the Idempotent Law and
suitable reordering. In this normal form, the elementary products which are equivalent
to ‘' F’ (false), if any, can be omitted.

Note 13.1.1  Extended Distributive Law
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(PVOARVS) = (PARYVPASIV((QARIV(QAS)
This is as follows:
(PVOARVS) = [(PVYOARIVIIPVO)AS]
< (PARYV QAR V((PASIV(QAS
Example 13.1.2  obtain a disjuctive normal formof P - ((P —- Q)AY (T QVv 7P))
Solution: ﬂ::_g(P - D ATCIgVPY
= "PV{P->ATN(TQVP)
< TPV(PVOAT(TIQVP))
& "PV((OPVOA(QAP)
= TPVI(PAQAP)V(QA(QAP)]
& TPVH(PATIPAQIV(QAP)
< "PVFV((PAQ
< PV(PAQ)
which is the required d.n.f A

Exampie 13.1.3 obtainad.nfof PA (P - Q)
Solution:
PAP = Q)= PACOPV Q)&= (PATP)V(PAQ)
Example 13.1.4 obtainad.n.fof (P V Q)2(P A Q)
Solution:
WPV AHS(PAQ)
S (PVYAAPADVIPVANUPAQ)
(Elimination of biconditional)
S OPATQAPAQDVIPVYHACPVIQ)
&= (TIPATQAPAQ)V(PATIPYV(QATP)
V(IPATIQYV(QOATD) [by Extended distributive law]
Then the required d.n.f.: (P A 7Q) v (7P v Q), by ingnoring ' F’
Example 13.1.5 Findadnfof (PA WGV R)V((PAQ)V TIR)AP).
Solution:
(PAUQGVRNOVI(PAQ)ATR)AP)
e (PACQOATIRV(PAQYVIRYAP)
e (PATOARVPAQGAPYV(ITRAP)
= (PATQATR)V(PAQ)V(TIRAP).
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Example 13.1.6 obtainad.nfof (QV(PARNDATI(PVRYAQ)
Solution: (QV(PAR)ATI((PVRYAQ)

S (QV((PARDA((PVRYV Q)
= (@VPARYA(PATIR)VQ)

S (QACOPARYVOATDVIIPARIA(TPATIRIVHUPARYATQ)
(By Extended distributive law)

=S ("PAQATRVFEV(FAF)V(PATIQAR)

&S (OPAQATR)YV(PATIQAR)

ixample 13.1.7 Findadnfof (PAQ)V(PATIAPATIQIV(IPATQ)]
Solution:

S PADAPATDIVIIPADACPATQ]
VIPATDOAPATDIVIIPATOACPATQ)]
[By Extended distributive Law}

< FVFV(PATQ)VF

< P ATQ.

ixample 13.1.8 obtainad.n.fof (P — (Q A R))
Solution:

WP - (QAR) & T("PV(QAR)
< PA(TQV R)
S (PATQ)YV (P ATR).
fote 13.1.2  The d.n.f of a given formula is not unique. For example consider the
ormula P v (Q A R). This is already in the d.n.f. However, we may write
PV((QAR)<= (PVQO)A(PVR)
S (PAP)V(PAQV(PAR)V(QAR)

ie last equivalent formula is another equivalent d.n.f. Infact, different d.n.fs can be

btained for a given formula, of course, these different d.n.fs of the same formula are
Juivalent.
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4

Exercise 5:
(I) obtain a d.n.f of the following:
@ (PAT(QAR)V(P— Q)
) PV(P—=(QV(Q— R))
) ("PVv7Q)—> ("PAR)
@ PV(OPAIQVR)
€ P> (P> DA(QVP)

Y
Miscellneous Example (Truth table method to find d.n.f) 13.1.9

We know how to construct the truth table for a given formula. The truth table can also
be used in opposite mode. That is given a table with truth values only we can determine
from the table a formula for which the given table is the truth table.

We remark about d.n.f, that a given formula is identically false if every elementary
product appearing in its d.n.f is identically false.

Q : Determine a formula having the truth values as shown in the table:

P]O|R]fPQR)
T[T}|T T
T|T|F F
T{F|T T
T|F|F T
F|[T|T F
F[T|F F
F{F|T T
F|F|F F |

Solution:

Let f(P, Q, R) be a formula whose truth table is the above table. The formula *f’
has the truth value T in first, third, fourth and seventh rows of the table and has the
value F in all other rows. The assigned truth values for the variables P, Q, R in
theserowsare T, T, T, T, F, T; T, F, F and F, F, T respectively. The for-
mulae PA QA R, PATQAR, PATIQ AR and "P A 7Q A R have their
truth values T only in the first, third, fourth and seventhrows respectively in their truth
tables.
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Thus the formula f(P, @, R) and
(PAQAR)V(PATQARV(PAIQATRV (TP ATIQAR)

have the same truth table
Hence

f(P,Q,RY<= (PAQARYV(PATQAR)
VIPATQATR)V(OPATQAR)

Clearly, the formula obtained is a disjunction of terms, each of which is a conjunction
of statement variables and their negation. This particular form is known as a “disjunc-
tive normal form” of the formula. Since the procedure used in the above problem is
completely general, we conclude that every satisfiable formula can be expressed in
ad.n.f

Example 13.1.10  Find the d.n.f of the form ("P — R) A (PE2Q)
Solution: The truthof (7P = R)A (PEQ) is

OP > RIA(PEQ)

el ek ies e IR IRl M TR R i
Tim| S ST m 330
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The statement formula has the truthvalue T in first, second and seventh rows, and has
the value F in all other rows. The assigned truth values for the variables P, Q, R in
theserowsare T, 7, T; 7T, T, F; F, F, T, resphy.

Then the required d.n.f is

(PAOQAR)YV(PAQATIR)YV(TPATQAR).

13.2 Cenjuctive Nermal Forms (c.n.f)

Definition 13.2.1 A formula whichis equivalent to a given formula and which consists
of a product of elementary sums is called a conjunctive normal form of the given formula.

The procedure of obtaining a c.n.f of a given formula is similar to the one given for
d.n.f. Now, it will be illustrated by following examples.
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Example 13.2.1  Obtain a c.n.f of each of the formulas
(@) PA(P-> Q)
Solution:
PA(P—-> Q)< PA(PVQ)
Hence P A ("P v Q) is a required c.n.f.
® PVOAFE(PAQ)
Solution:
WPV Q)R(P AQ)
= ((PVQ) > (PAONAWUPAQ)— HPVQD))
(.AFRB & (4L > B)A(B - A))
S (PVAOVEPANACPAQDVOPATQ)
= [(PVYOVPIANPVOIOVOIAICOPYTIQ)V (TP ATQ)]
= (PvOVPIINP VOV O A CPvIQVIPYA(CPV Qv Q).

which is the required c.n.f
(¢) Findacanfof [QV(PARIAIPVR)AQ]

Solution:

[QV(PARIAT(PVR)AQ] _
& [OV(PARIA[{(PVR)V Q]
= [QV(PARIAICPATIR)V Q]
== (QVPIAQVRACOPVIOOAC(CRATQ).

Note 13.2.1  The c.n.f is also not unique. Furthermore, a given formula is tautology i
every elementary sum in its c.n.f is tautology

Example 13.2.2  Show that the formula
QV(PATQ)V (P A Q) is atautology
Solution: First we obtain a c.n.f of the given formula
4

QV(PATIQIV('PATQ) &&= OV PV IIPYATD)
&= [@V(PVIIPIA(QV Q)
= (QVPVIPIA(QV Q)

Since each of the elementary sums is a tautology, the given formula is a tautology.
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Example 13.2.3  The truthtable for a formula A is given in the following table. *
Determine its ¢.n.f.

i3 e
il Ty 330

i3 lmi3imi3)
e R R Nl s R N e o N e sl S

13
s}
—

The formula A has the wuthvaiue F in first, second, fourth and seventh rows of the
table and has the value T in all other rows. The assigned truthvalues for the P, Q, R
intheserowsare T, T, T, T, T, F; T, F, F; F, F, T respectively. The formulas
APVIIQV IR, APVIIQVR, "Pv @V R,and P Vv Qv R have their truthvalues
F only in first, second, fourth and seventh rows respectively in their truth tables.

Therefore

A (PVYIQVIRVAQPVYVIOVRIA(OPVEVRIA(PVY OV TR

Note 13.2.2  The d.n.f or c.n.f of a statement formula is not ynique.

In order to arrive at a unique normal form of a given formula, we introduce the principal
disjunctive (conjunctive) normal form.
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* Exercise 6
Obtain a c.n.f of the following formula:
@ P—->[(P—>OAT(QV P
d) [PANGVRIVIKPAQ)VYTIR)AP]

13.3 Principal Disjunctive Normal Forms (PDNF)

Definition 13.3.1 A minterm consists of conjunctions in which each statement
variable or its negation, but not both, appears only once.

For example, for two variables P and Q, there are 22 minterms given by
PAQ, PATQ, "PAQ and P ATQ
For example, Minterms for the three variables P, Q and R are

PAQAR, PAQATR PATQAR PATQATR
APAQAR TPAQGATR PATQAR TPATQATR

From the truth tables of these minterms of P and Q;

P QO PAQ PATQ TPAQ TPATQ
T T T F F F
T F F T F F
F T F F T F
F F F F F T

(i) It is clear that no two minterms are equivalent.

(i) Each minterm has the truth value T for exactly one combination of the truth
values of the variables P and Q.

The minterms of P, Q and R satisfy properties similar to those for two variables P
and Q.

We conclude that if the truth table of any formula is known, then one can easily obtain
an equivalent formula which consists of a disjunction of some of the minterms.

Note 13.3.1  For any formula containing n varables, an equivalent d.n.f can be
. obtained by selecting appropriate minterms out of its 2" possible minterms.

Definition 13.3.2  An equivalent formula consisting of disjunctions of minterms only
is known as its principal disjunctive normal form (sum-of-products canonical form).
simply p.d.n.f.
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Methods to obtain p.d.n.f of a given formula

(I) By Truth table: For every truth value T of the given formula, select the minterm
which also has the value T for the same combination of the truth values of the
statement variables.

Example 13.3.1  obtain the PDNFof P —» Q
Solution:  From the truth table of P — Q:

Pl Q] P— Q| Minterm
T|T| T PAQ
T|F F PATQ
F|T| T PAQ
F|F T | PAQ

and from the previous truthtable of the minterms of P and Q:
The pd.nfof P - Qis

(PAQVOPAQV(PATQ)
AP 0 (PAQVOPAQV((TIPATQ)

Example 13.3.2  obtain the PDNF for (P A Q) V(PP AR)V(Q AR)
Solution: Constructing the truth table:

P|{QI|R Minterm PAQ|PAR|QARI|PAQ)V(TPAR)
v(Q A R)
T|T|T| PAQAR T F T T
T|T|F| PAQATR T F F T
T{F|T| PATQAR F F F F
T|F|[F| PAIQA R | F F F F
F{T|T| "PAQAR F T T T
FI|T|F| "PAQATR F F F F
FI|F|T|] "PAQAR F T F T
F|F|F| "YATQATR F F F F

The pdnfof (PAQYV(OPAR)V(QAR)Is
(PAQARYVIPAQATRYVOPAQARYV(OPATQ AR).

Note 13.3.2  The no. of minterms appearing in the normal form is the same as the
number of entries with the truth value 7 in the truth table of the given formula. Thus
every formula (which is not a contradiction) has an equivalent p.d.n.f.

Further, such a normal form is unique.
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Example 13.3.3 By not using the truth table, find PDNF for
(@P=Q (bB)TPVQ
Solution:

(a)

(b)
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without constructing truth table:
In order to obtain the p.d.n.f of a given formula without constructing its truthtable:

First replace the conditionals and biconditionals by their equivalent formulas
containing only A, v and ™.
Next, the negations are applied to the variables by using De Morgan’s laws
followed by the application of distributive laws (as that in obtaining d.n.f or
c.n.f).
Any elementary product which is a contradiction is dropped. Minterms are
obtained in the disjunctions by introducing the missing factors. Identical
minterms appearing in the disjunctions are deleted.

P20 (OPVOA(PVI])
ES (PAPYVOPATQIVIPAGYV(IQIAQ)

ES(PAQVOPATQ)
Hence (P A Q) v (7P A Q) is the PDNF of P2 Q.

TPV (PAT)V(TAQ)
= [P AQVIDIVIP V_WP)/\ Q]

= (PAQVOPATQDVIPAQIV(IPAQ)
= (PAQVOPAQV(IPATQ)

ispdnfof TPV Q.

Observation 13.3.1  As we know that p.d.n.f is unique for a given stagement formula.
In that case, if two given formulas are equivalent, then both of them must have identical
p.d.n.f. Therefore, by the second method, it can be determined whether two given
formulas are equivalent.

Example 13.3.4  Show the following

(@) PV(PAQ)&=P (b) PV(OPAQ)<>PVQ

Solution: We can show by comparing the p.d.n.fs of two formulas.

(a)

PV(PAQ)¢<=>[PAQV DIV(IPAQ)= (PAQ)VI(PATQ)

Peé= PA(QV Q)<= (PAQ)V(PATQ)
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®) PVOPAQ)=[PAQVIQIVITPAQ]

= PAQDVIPATQVTPAQ)
Pv@Qes[PAQVTIAIVEA(PVTP))
= (PAQVIPATOV(IPAQ)
Observation 13.3.2  If a formula is a tautology, then clearly all the minterms in its

p.d.n.f. Therefore it is also possible to determine whether a givenformula is a tautology
by determining its p.d.n.f.

Example 13.3.5 Find the pdnfof P — (P = Q) A (7Q V 7P))
Solution:

= PVI(P->ATQVTP)
& IPV(OPVO)A(QAP)

& TPV((TPAQAP)YV(@AQAP)
&< TPVFV(PAQ)

= "PV(PAQ)

= [PVQVIQIV(PAQ)

=> (PAQDQVOPATIQ V(P AQ)

Hence (PA Q)V (OP A Q) V (TP A TQ) is the required p.d.n.f

Example 13.3.6  Find the minterm normal form of [((P Vv Q) A R)] A [(P A R)]

Solution:
[ (PV @)V TIRIA(PAR)

S ((PATQ)VIR)A(PAR)
EES(PATQGAP)VOIPATIQAR)YVOOIRAPYV(ORAR)
&=HSFV(OPAQARYVOORAP)VF
E=H(TPATQARYV(OIRAP)
ESOPATQOARVIPAQATIRIVIPATQATR)

¢ TV RAPS (PRAPAQ)V(OCRAPATQY

lence (PP ATYQAR)VPAQATR)V (P ATQATR) is the minterm normal form
of the given formula.
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Exercise 7: |
(I) obtain the p.d.n.f of the following formulas

(a PV(TPATIQAR)

b)) (OATRATIEIVIRAS) |

Answers 7 *

(@) (PAQARYV(PAQATIRYV(PATIQAR)V(PADIQATR)V

VIPATIQATR).
b)) (OATRATSYIV(Q@ARASIVOIGARAS). \'

|

13.4 Principal Conjunctive Normal Forms |

Definition 13.4.1 A maxterm consists of disjunctions in which each variable or its
negation, but not both, appears only once.

Fo: example, For two variables P and Q, there are 2% maxterms give'{n by
PvQ, Pv1Q, "PvQand "Pvi1Q |
Maxterms for the three variables P, Q and R are ‘

PVvQOVR PvQ@vTR PvIQVR PviQv R
TIPVQVR TPV QOVIR TPvIQVR 1Plele"R

clearly the maxterms are the duals of minterms.

Either from the duality principle or directly from the truth tables it can be concluded
that each of the maxterms has the truth value F for exactly one combination of the
truth values of the variables. Different maxterms have the truth value F for different
combinations of the truth values of the variables.

Definition 13.4.2  Anequivalent formula consisting of conjunctions of maxterms only
is known as principal conjunctive normal form (product-of-sums cronical/form), simply
p.c.n.f.

e Every formula (which is not a tautology) has an equivalent p.c.n.f which is unique
except for the rearrangement of the factors in the maxterms and conjunctions.

e By duality principle, All the assertions made for the pdnfs can also bd made for the
penfs.
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Methods to obtain p.c.n.f of a given formula

(I) The method for obtaining the p.c.n.f for a given formula is similar to the one
studied previously for the principal disjunctive normal form (p.d.n.f)

(ID  If the PD(C)NF of a given formula A containing n variables is known, then the
PD(C)NF of 74 will consist of the disjunction (conjunction) of the remaining
minterms (maxterms) which do not appear in the PD(C)NF of A.

From A <= 774 one can obtain the PC(D)NF of A by repeated applications
of Demorgan’s laws to the PD(C)NF of T A.

Example 13.4.1  obtain the PCNF of the formula ("P — R) A (Q=P)
Solution:
<= [POP)VRIANG — P)A(P — Q)]
S (PVRAOQVPIACPYV Q)
S PVRIVOQATOIAPY I VIRATIRIIAICP Y Q)A(RATR)

S (PVRVOAPVIOVRIA(PVIQVRIA(PY IOV TIR)A
("PVOVRYA(CPV OV TR)
<< (PVOVRIAPVIOVRIA(PVIQV IIR)A(TPV QVR)
A(TPV @V IR)
which is the p.c.n.f. of (VP — R) A (QEP).

Example 13.4.2  Giventhe PDNFof A: (P A Q) V(7P A R) Vv (Q A R). Find PCNF
Solution: PDNFof A: (PAQAR)V(PAQATRYV(IPAQARYV(TPATQAR)

Now PDNF of 74 is the disjunction of the remaining minterms

1.6, PDNFof TA . (PATQOAR)V(PATQATIRYV(TPAQATIR)V(TPATIQATR).

Therefore

TAES (PATOARVIPATOATRYVOPAQA TR V(TPATIQATR)
Now .
TIA < [(PATQAR)V(PATQATR)V (TPAQA TR)V (TPATQATR)]
= OPVQOVIR)A(CVPVQVRA(PVIQVR)A(PVQVR)

1s the p.c.n.f of A.

Fxample 13.4.3 Find PDNF and PCNFfor A : (PA Q) V(7P A Q)V (Q AR)
Solution:  From the problems of PDNF
PDNFof A:(PAQARV(PAQATR)V(TPAQARV(PAQATR)
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Now PDNFof 74 : (FPATIQATR)V(PATIQARIV(IPATIQAR)V(PATQATR).
Now
TMA S W(W(PATOGATRYV(PATQARYVOOPATIQ ARV (PATQATRY)
4= (PVOVRAQOPVOVIRIA(PVOV IRV APV QVR)

is the p.c.n.f of the formula A.

Example 13.4.4  Find PDNF from PCNFof S : PV (7P - (@ v ('@ — R)))

Solution:

S¢e<=PVv(OP-> (V0= R))
= PVv(O("P)V(@V(O(Q) VR
<= Pv(PVv(QV(QVR))
<<= PVv((PVQVR)

&< PvQVR isthepcnfofS

Now PCNF of 1S is the conjunction of the remaining maxterms so

PCNFof ' S ((PV OV IR)A(PVIOQVRYA(PVTQVTR)
ACOPVOVRA(CPYVQVTIR)
APV IQVR)

Hence the PDNF of § is 7(PCNF of 1.5):

(TPATQARNV(TPAQATRIV(IPAQAR)V(PATQAR)
VIPATIQARV(PAQAIR)V(PAQAR) )

7
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Exercise 8  Show that the PCNF of (7P — R)A(Q=P)is(PVQOVRYA(PV
TOVRYA(PVIQVIR)A(OPVOVRIA(PYV @V IR).

Observation 13.4.2  Any of the principal normal forms can be used to determine
whether two given formulas A and B are equivalent. It is not necessary to assume that
both formulas have the same variables. In fact, each formula can be assumed to depend
upon all the variables that appear in both formulas, by introducing the missing variables
and then reducing them to their principal normal forms.

14. Normal Forms: Order, Uniqueness

Normal forms: PCNF, PDNF are unique except for the rearrangements of the factors in
the disjunctions / conjunctions as well as in each of the minterms / maxterms.

Now, we can get a unique normal form by imposing a certain order in which the
variables appear in the minterms (maxterms) as well as a definite order in which minterms
(maxterms) appear in the disjunction (conjunction).

(I) Let us assume that n variables are given and are arranged in a particular
order. The 2" minterms corresponding to the n variables can be designated by
mo,m],...m(zn)_l. :

Thus each of mqg, my, ... ,mn,_y corresponds to a unique minterm, which
can be determined from the binary representation of its subscript (the number
of digits in the subscript is exactly »). We can obtain minterm is the following
manner:

If 1 appears in the ;" Jocation from the left, then the (/"

conjunction.

variable appears in the

If 0 appears in the i’/ location trom the left, then the negation of the i’ variable
appears in the conjunction forming the minierm.

Conversely, given any minterm, one can find which of mg, my, ..., mny_;
designates it.

ixample 141  Let P. Q and R be three variables arranged in that order. The
rorresponding minterms are denoted by mg, my, ..., m7(23 -1="7).

Consider ms, the subscripi 5 in binary as 101 and the minterm ms is P A 7Q A R.
similarly mg corresponds to 7P A 7Q A TR. To obtain the minterm m3, we write the
ubscript 3 in binary as 11 and append a zero on the lefttogetOll andmyis P A Q AR.

With the above notation for the representation of the minterms we designate the
isjunction (Sum) of minterms by the compact notation .

Using such a notation, the sum-of-products canonical form representing the disjunc-
on of m,, m; and my can be written down as Xi. j, k.
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.Example142 The pdnfof (PAQYV(IPAR)V(QAR)IS(OPATQAR)V
("P AQAR)V(PAQATR)V(PA QA R),From the previous notation: we denote
the pdnfas} 1,3,6,7.

(I1) The 2" maxterms corresponding to the n statement variables can be designated by
Mo, My ..., M@any;. Here also the maxterm corresponding to M is obtained
by wntmg J in binary and appending the requnred number of zeros to the left in
order to get n digits.

If O appears in the i location from the left of this binary number, then the
i*" variable appears in the disjunction. If 1 appears in the i’* location, then the
negalion of the i'# variable appears.

Thus the binary representation of the subscript uniquely determines the maxterm.
Conversely every binary represemanon of numbers between 0 and 2" — |

determines a maxterm.

Note that the convention regarding 1 and O here is the opposite of what was used
for minterms.

Example 14.3 The maxterms Mg, M}, ... , M7 corresponding to three variables
P, O and R are

PvQVvR Pv Qv R PvIQVR Pv Qv R
TPVQVR TPVQEVIR TPv1IQVR TPV TIQVIR

with the above notation for the representation of the maxterms we designate the
conjunction (product) of maxterms by the compact notation IT.

Thus 14, j, k represents the conjunction of maxterms M;, M ;, M;.
Example 144 The PCNFof (PAQ)V(TPAR):(OPAQVRYA(TPVQV
IRYA(PV OV R)YA(PVTIQVR)itcan be represented as []0, 2, 4, 5.

15. Statement Calculus: Theory of Inference

Definition 15.1  The main aim of logic is to provide rules of inference to infer a
conclusion from certain premises. The theory associated with rules of inference is known
as inference theory.

Definition 15.2  If a conclusion is derived from a set of premises by using the accepted
rules of reasoning, then such a process of derivation is called a deduction or a formal
proof, and the arguement or conclusion is called a valid arguement or valid conclusion.

. Note 15.1 Premises = assumptions, axioms, hypotheses.

(I) The method to determine whether the conclusion logically follows from the
given premises by constructing the relevant truth table is called “truth table
technique”
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Definition 15.3 Let A and B be two statement formulas we say that “B logically
follows from A” or *‘B is a valid conclusion (consequence) of the premise A” iff A - B
tautology i.e., A = B!

By extending the above definition, we say that from a set of premises
{Hy, Ha, ..., Hyu} a conclusion C follows logically iff

HiAnHyA---ANHy = C. (N
(I) By Truthtable

(1) Let Py, Py,..., P, be all the atomic variables appearing in the premises
Hy, Hy, ..., Hy and the conclusion C. If all possible combinations of truth
values are assigned to Py, Py, ..., P, and if the truth values of Hy, H,, ... , Hp
and C are entered in a table, then it is easy to see from such a table whether (1)

is true.
(i1) Look for the rows in which all Hy, H,, ..., Hy have the value T. If for every

such row, C also has the value T, then (1) holds.

(iii)  Atternatively, look for the rows in which C has the value F. If in every such row,
atleast one of the values of Hy, Hy, ..., H,, isF, then (1) also holds.

Example 15.1  Determine whether the conclusion C follows logically from the
hypotheses Hy and H».

iy Hi:P—>Q Hy:P C:Q

(i) H:P—>Q Hy:Q C:P

(i) H): P Hy: P&EQ C:(Pr Q)

P Q0 P->Q P TQ WPAQY PEQ
T T T F F F T
T F F F T T F
F T T T F T F
F F T T T T T

For

(i) we observe that the first row is the only row in which both the premises have the
value T. The conclusion also has the value T in that row. Hence it is valid.
(i1) The conclusion does not follow logically from the premises P — Q and Q.
(ii)  Similarly, we can show that the conclusions are valid in (d).
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— Exercise 9  Determine whether the conclusion C is valid in the following the premises
(By Truth table technique).
(a) H:P—- Q Hy:P C:(Q
b)) H:"Q Hy: P> Q C:7P
(¢) H:R Hy:PVIP C:R

Answers 9  (a) not valid (b) valid (c) valid

(II) Without Using Truth Table

The truth table technique becomes tedious when the number of atomic variables present
in all the formulae representing the premises and the conclusion is large. To overcomc
this disadvantage, we need to investigate other possible methads, without using the truth
table.

Now, we discuss the process of derivation by which one demonstrate that a particular
formula is a valid consequence of a given set of premises. Before we go to actual process
of derivation, we give three rules of inference, which are called Rule P, Rule T and Rule
CP respectively. For the moment we consider only two of these rules. One permits us
to introduce premises when needed and the other permits piecemeal use of tautological

r implications.

Before we proceed with the actual process of derivation, we list some important

implications and equivalences that will be referred to frequently.

Implications

Iy, PAQ=P
L PAQ=Q
I3 P=PvQ

Simplification

ls 0=PVvQ addition

Is "P=P—Q

le O=>P->0

Ih YW(P—->Q)=P

Iy (P — Q)= "¢

lg P,OQ=PArQ

Iy "P,PvVvQO=Q (disjunctive syllogism)
i P,P->Q0=¢Q (modus ponens)

Iy QP> Q0="7P (modus tollens)

Is P> Q. 0—->R=>P->R hypothetical syllogism
hs PVvVQ,P—> R, Q—> R=R dilemma
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Equivalences

Ey MP&=P double negation

E; PAQ& QAP l
Ey PvQ&QVP l
Eqs (PAOQ AR PA(QAR)
Es (PVQ)VR+<= PV (QVR)
E¢ PA(QVR)Y= (PAQ)V(PAR)

Communtative laws

} Associative laws

distributive laws

E7 PV(OAR)¢<== (PVOA(PVR)
Eg W(PAQ)<= "PVvTQ |

Ey WPvQ) e PAIQ |

Demorgan’s laws

Eg PVP&P

Eyty PAP&<UP

Ei2 RV(PATP)<R

Ey3 RA(PVIP)<R

Eig RV(PVIP)&—T

Es RA(PA?P} > F

Ej¢ P> Q4= PV

Ey7 (P—> Q)= PATQ

Eyg P—> Q& 10— P

Ei9 P> (Q->R)¢<=(PAQ)—> R
Exp W(PEQ)¢=y PE=1Q

Eyy PERQ & (P—> QA Q> P)
Epp (PEQ) = (PAQV(OPATQ)

We now give the first two rules

" Rule P:
Rule T:

We may introduce a premise at any point in the derivation.
We may introduce a formula S in a derivation if S is tautologi-

cally implied by any one or more of the preceding formulae in the
derivation.

K
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~  Wenow consider an example to show how these rules of inference are used. It is better
to indicate the reason for each step of the derivation.

Example 15.2 Demonstrate that S is a valid inference from the premises: P —>
10, VR, S — Pand "R.

Solution:
(1] (1) OVR Rule P
(2] 2) R Rule P
[1,2] 3) Q Rule T, (1), (2) and g
{4] 4 P->"Q Rule P
[1,2,4] (5 ap Rule, (3), (4) and Iy,
[6] 6 §-»>P Rule P
[1,2,4,6] (7) S Rule T, (5), (6) and I}

Hence S is a valid inference.
There are seven lines in this derivation. The second column of numbers designate the
v formula and the line of derivation in which it occurs. The introduction of each line is
justified by one of two rules Rule P and Rule T. The lines (1), (2), (4) and (6) are just
premises of the argument. The other three lines are obtained by showing that they are
tautological implications of preceding lines.

For example, in the case of line (5), it is easy to see that the formula in that line ie., 7P
is tautologically implied by the conjunction of the formula in lines (3) and (4). That is
(P - Q) A @ = 7 P.Incase of line (7), the conjunction of (5) and (6) tautologically
implies S.

All these reasons for each step are indicated in the last column of the derivation. The
set of numbers in braces (the first column) in each line shows the premises on which
the formula in that depends on the other hand, the numerals in the last column simply
indicate the lines from which the statement in the 3rd column is inferred.

The argument is usually given in a condensed form. The letter ‘P’ and ‘T’ are
used for Rule P (premise) and Rule T (tautology) respectively. Some important impli-
cations and equivalences are listed, which will be referred frequently. The tautology
(@ V R)A(TR) = Q can be indicated by either /1o or disjunctive syllogism.

Example 15.3  Show thatRv S follows logically from the premises Cv D, (Cv D) —
9H, "H > (AA"B)and (A AB) = (RVS).

Solution:
{1} () (CvD)y—- "H Rule P
{2} (@) "H—-> (AATB) Rule P

(1,2} (3) (Cv D)= (AATB) RuleT,(1),(2)and /|3
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{4} 4 (AATB) > (RVYS)
{1,2,4) (5) (CvD)-»(RvYS)
{6} 6) CvD
{1,2,4,6) (7) Rv S
Note 15.2  I3: hypothetical syllogism. /}; : modus ponens.

Example 15.4  Show that R A (P Vv Q) is a valid conclusion from the premises P Vv Q,

O - R, P —> Mand M.

Solution:
{1} (1)
{2) (2)
{1,2) (3)
{4} 4)
(1,2,4} (5
{6} (6)
{1,2,4,6} (7)
{1,2,4,6) (8)

P> M Rule P

Example 15.5  Show that

(P> QAR>S (Q->TIAS—>U), (TAU),P—> R} =P

Solution:

(1] (1)
(1] (2)
(1] (3)
{4] 4)
(4] &)
(4] (6)
(1,4] N
[1,4] (8)
(1, 4] (9)
[10] (10)
(1, 10] (11)
{1, 10] (12)
(1,4, 10] (13)
[14, 10] (14)
[15] (15)

(1,4, 10, 15] (16)

(P—-> O)A(R-—> )

P—-Q
R— S

(Q—=>THAS - U)

0—-T
S—-U

P—->T

T — P
R—-U
P— R
P—->U
Yy — P
(T v U) —» P
T AU)y—> P
T AU)

P

Rule P
Rule T, (3), (4) and I3
Rule P
Rule T, (5), (6) and [y

M Rule P
P Rule T, {1), (2) and I3
PvQ Rule P
Q Rule T, (3), (4) and /g
Q- R Rule P
R Rule T, (5), (6) and 7/
RA(PVv Q@) RuleT, (4),(7)and Iy

Rule P
Rule T, (1)
Rule T, (1)
Rule P
Rule T, (4)
Rule T, (4)

Rule T, (2), (5), hypothetical syliogism

Rule T, (7) and E ¢

Rule T, (3), (6), hypothetical syllogism

Rule P

Rule T, (10), (3) hypothetical syllogism

Rule T, (11) and Eg

Rule T, (8), (12) and /4
Rule T, (13) Demorgan'’s law

Rule P

Rule T (14), (15), modus ponens.

R 4
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We shall now introduce the third and last rule of inference is the rule of conditional
proof, which we call Rule CP.

The general idea of this rule is that we may introduce a new premise R conditionally
and use it in conjunction with the original premises to derive a conclusion S, and then
assert that the implication R — S follows from the original premises alone. If S is a
valid inference from premises Py, P;,..., P, and R, then R — S is a valid inference
from premises Py, Py, ..., P,

Rule CP: If we can derive S from R and a set of premises then we can derive
R — § from the set of premises alone.

Simply, (PAR) > S & P —> (R—> S)

where P denote the conjunction of the set of premises say Py, Pa, ..., Pn.

The above equivalence states that if R is included as an additional premise and S is
derived from P A R, then R — S can be derived from the premises P alone.

Rule CP is also called the deduction theorem.

Example 15.6 Show that R — S can be derived from the premises P — (Q —
S), 7Rv Pand Q

Solution: It is enough to include R as an additional premise and derive S.

(1] (1) TRV P Rule P

(2] (2) R Rule P (additional premise)
(1, 2] 3) P Rule T, (1), (2) and /1o
[4) 4 P-—>(Q—>S) RuleP
(12,41 (O Q- S Rule T, (3), (4) and I3}
(6] (6) Q Rule P
[1,2,4,6] (7) S Rule T, (5), (6) and I}
[1.4,6] (8) R—S Rule CP

Example 15.7  Show that P —> S can be derived from the premises 7P v Q, Q]
R, R —> S.

Solution: we include P as an additional premise and derive S.
(1 1) "Pvg RuleP
21 @ P Rule P (additional premise)
1.2y 3 Q Rule T, (1), (2) and 1o
[4] @4 Qv R RuleP
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(1,2,4] (5 R Rule T, (3), (4) and /g
[6] (6) R—> S RuleP
[1,2,4,6) () S Rule T, (5), (6) and 11
[1,4,6) (8) P— S RuleCP

Example 15.8 Derive P — (Q — §) using the rule CP if necessary from P —
(@—>R), Q> (R->S)

Solution:
[1] e8] P> (Q— R Rule P
2] 2) P Rule P (additional premise)
[1,2] 3) Q—>R Rule T, (1), (2) and 11
[4] 4) Q—=(R->Y9) Rule P
(1,2] (S) TQVR Rule T, (3), E1¢
(4] (6) 179 V(R -5 Rule T, (4), E¢
(1,2,4] (7)) 7QV(RV(R-S8)) RuleT,(5), (6)distributive law
[1,2,4] (8) QgvSs Rule T, (7), I1;
(1,2,4] (9 QS Rule T, (8), E¢

(1,4] (10 P—(Q—Y9) Rule CP

Definition 15.4 A set o_f formulas Hy, H,, ..., Hp is said to be consistent if their
conjunction has the truth Vilue T for some assignment of the truth values to the atomic
variables appearing in Hy, Hy, ... , Hp.

If for every assignment of the truth values to the atomic variables, atleast one of the

formulas Hy, Hy, ..., Hm is false, so that their conjunction is identically false, then the
formulas Hy, Hy, ..., Hy are called inconsistent.
In other words, a set of formulas Hy, H,, ... , Hp, is inconsistent if their conjunction

implies a contradiction, that is
HiAHyA...AHy = RATR

where R is any formula.

Note 15.3 R A 7R is a contradiction, and it is necessary and sufficient for the
implication that Hy A Hy A ... A Hy be a contradiction.

16. Indirect Method of Proof

The method of using the rule of conditional proof and the notion of an inconsistent set
>f premises is called the indirect method of proof or proof by contradiction or reduction
1d absurdum.
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The technique of indirect method of proof is as follows:

i) Introduce the negation of the desired conclusion as a new premise.

That is, assume the conclusion C is false and consider 7C as an additional
premise (Or new prenmise)

il) From the additional or new premise, together with the given premises, derive a
contradiction.
That is, if the new set of premises is inconsistent, then they imply a contradiction.
Therefore C is true whenever, Hy A Hy A ... A Hy, is true.

i) Assert the desired conclusion as a logical inference from the premises.
Thus C follows logically from the premises Hy, Ha, ... , Hp.

Example 16.1  Using indirect method of proof, derive P — 7§ frem P — Q Vv
R, Q— 7P, S— TR, P.

Solution: The desired result is P — 7. Its negation is P A S. Since P A
SE2(IPVIS)E (P — 1S)isatautology, from the law of negation for implication.
We include P A S as an additional premise

(1} (1) P—->(QVR) RuleP
(2] (2) P Rule P
[1,2] 3 QOVR Rule T, (1), (2), modus ponens (/1))
(4] @) S— 7R Rule P
[5] 5 PAS Rule P (new premise)
[5] (6) S Rule T, (5)
[4, 5] ) R Rule T, (4), (6) modus ponens (/1))
(1,2,4,5] (8 Q Rule T, (3), (7). Tho '
[9] 9) Q- P Rule P
(1,2,4,5,9] (10) ap Rule T, (8), (9), modus ponens

[1,2,4,5,9] (11) PAP Rule T, (2), (1_0). contradiction

Thus additional premise P A S and the given premises together lead to a contradiction.
S0, (P A S) is derivable from P - Q, VR, Q — P, S — TR, P.

Example 16.2  Prove by indirect method that

@), P> Q, PVR=>R

Solution: The desired result is R. Include its negation as a new premise.
[1] (I) PVR RuleP

2] IR Rule P (additional premise)
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{1,2] 3 P Rule T, (1), (2)
(4} 49 P— Q RuleP
[1,2,4] (5 Q Rule T, (3), (4), modus ponens
[6] (6) aQ Rule P
[1,2,4,6]) (7) @A 7Q RuleT.(5),(6), Contradiction

The new premmise, together with the given premises, leads to a contradiction. Thus
Q),P—> Q, PYR= R
Example 16.3 By indirect proof, show that
P—>Q Q— R, (PAR), PYR=R
Solution: The desired result is R. Include 7R as a new premise.

(1] (1) Q— R RuleP
(21 2) R Rule P (additional premise)
[1,2] 3 Qo Rule T, (1), (2)
(4] 4 P— Q0 RuleP
(1,2, 4] (5 P Rule T, (3), (4), modus ponens
(6] (6) PVR RuleP
(1,2,4,6] (7) R Rule T, (5), (6)
{1,2,4,6) (8) R ATR RuleT,(2),(7), Contradiction

Thus we get a contradiction. Therefore we get

P—> 0, Q->R, PVR, R.

But, the other premise 7(P A R) will not yield a contradiction with R.

We shall now give some examples of derivation involving statements in English. In
everyday life, we come across arguement expressed in (English) sentences. We can
represent the premises in symbols and verity the validity as in earlier examples.

Example 164  Determine the validity of the following arguement: If 7 is a prime
number. then 7 does not divide 35, 7 divides 35, implies 7 is not a prime number.
Solution: Let us indicate the statements as follows:

P : 7isaprnme number
Q :  7divides 35
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The given argument is of the form: {P — 7Q, 9} == 7 P. Construct the truth table

POl QI P>T1Q1Q (P
T T F F T| F
T|F T T F| F
F([T F T T| T
F|F T T F| T

P — 7Q and Q are both true only in the third row and in that row 7 P is also true.
Hence P — 7Q, Q —= 7 P. Hence the arguement is true.

Note 16.1  The above arguement is valid by /15 i.e., modustollens.

Example 16.5 Determine the validity of the following arguement. If two sides of a
triangle are equal, then two opposite angles are equal.

Two sides of a triangle are not equal

Therefore, the opposite angles are not equal.

Solution: Let us indicate the statements as follows:
P : Two sides of a triangle are equal

Q : The two opposite angle are equal
The given argument is of the form
P — Q, ap = a Q

Let us now construct the truth table for (P — Q) A (T P)] — Q.

PlOQ|PoQ 1P| (Po>QACP) | Q| (P> DACTP) —» 10
T|T T F F F T
T|F F F F T T
FIT T T T F F
F|F T T T T T

This shows that (P — Q) A (7P) — 7Q is not a tautology. Hence the conclusion 7¢
is not valid.

Example 16.6  Determine the validity of the following arguement. My father praises
me only if I can be proud of myself Either I do well insports or I can’t be pround of
myself. If I study hard, then I can’t do well in sports. Therefore, if father praises me,
then I do not study well.

Solution: Let us indicate the statements as follows:
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My father praises me
I can be purd of myself

O

1 do well in sports

S: Istudy hard
The given argument is of the form
P—-> Q,RvQ,§— 'R=>P— 1§
As the desired result is P —» 7., assume that P is true.
It is enough to verify the validity of

P,P—> Q,Rv1Q,§— R =S,

From P and P — Q, we have Q.
From Q and R v 1Q, we have R.
From R and § — 7R, we have 1S§.
Thus the arguement is valid.
Example 16.7  Show that the following set of premises is in consistent.
If the contract is valid, then john is liable for penalty. If john is liable for penalty, he

will go bankrupt. If the bank will loan him money, he will not go bankrupt. As a matter

of fact, the contract is valid and :he bank will loan him money. h

Solution: We indicate the given statements as follows:
V: The contract is valid

L: Johnis liable for penalty.
M: Bank will loan him money
B: He will go bankrupt.

Then the given premises are

VoL L—->BM-—>1BVAM

(u () V- L RuleP
2] (2) L—> B RuleP
(1,2}  (3) V - B RuleT, (1), (2)law of hypo. syllogism
4] 4 VAM RuleP
[4] (5) A% Rule T, (4)
(4] (6) M Rule T, (4)
[1.2,4] (7) B Rule T, (3), (5), modus ponens
(8] (8 M — 7B RuleP
(4. 8] 9 7B Rule T, (6), (8)
[1,2,4,8] (10) B A?B RuleT,(7),(9), contradiction
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= Thus the given set of premises leads to a contradiction and hence it is inconsistent.

Note 16.2

on Notation: Let A, B and C be three statement formulas.

The form

A
B
- C

is equivalentto A A B — C is a tautology.

The statement formulas above the horizontal line are called premises (or hypotheses).
The statement formula below the line is called the conclusion.

The most common rules of inference

Example 16.8

Solution:

Show that the following argument is valid

Clearly

P
1. Modus ponens: P—Q
Q
P—>Q
¥ 2. Modus tollens: 10
7P
PvQ
3. Disjunctive syllogism: 7P
Q
4. Chainrule: P - Q
g—R
P—>R
5. Resolution: P v R
QV(7R)
PvQ

(PVv Q)= (SAT)

[70((785) v 7T)H] = [(TR) v Q]

(PVvQ)—> (R—> Q)

7((18) v (IT)) <= (S A T)
(TRYVQ &= R—(
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Thus the given argument can be rewritten as

(PVv Q)= (SAT)
(SAT) = (R— Q)
(PVQ)—(R— Q)

by The chain rule, the argument is valid.
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Exercise 10:
(I) Show by direct proof
i) R»>(S—>Q),"PVRandS= P — Q
(i) PP (Q—->(RAS))=0->S
(i) If P —- Q,R — 1Q, Rthen 1Q.
(II) Show by indirect proof
i) P-»>Q R-»>SPVR=QVS
i) E-—+8,S> H A— "H= W(EAA)
(i) fP—- (QAR),(QVS)—> Tand(PvVv S)thenT.

(Il) Determine whether each of the following inference patterns is valid or invalid

(i) IfI like Applicd mathematics, then I will study Either I study or I fail.
If I fail, then I do not like applied mathematics

(1) If today is Sunday, then yesterday was saturday yesterday was saturday
Today is Sunday

Answers 10
III (i) Valid (i1) not valid.

17. Automatic Theorem Proving

The method of derivation just discussed provides only a partial solution to the decisior
problem, because if an arguement is valid, then it is possible to show by this methoc
that the arguement is valid. On the other hand, if an arguement is not valid, then it i
very difficult to decide, after a finite number of steps, that this is the case. Also the
formulation or process of derivation given earlier could not be used for this purpose
because the construction of derivation depends upon the skill, experience and ingenuity
of the person to make the right decision at every step. Let us first examine the limitation:
of the earlier procedure of derivation:

Rule P permits the introduction of a premise at any point in the derivation, but doe.
not suggest either the premise or the step at which it should be introduced.

Rule 7 allows us to introduce any formula which follows from the previous steps
However, there is no definite choice of such a formula nor is there any guidance for the
use of any particular equivalence.

Similarly, Rule CP does not tell anything about the stages at which an antecedent is t
be introduced as an assumed premise, nor does it indicate the stage at which it is agau
incorporated into the conditional.

At every step, such decisions are taken from a large number of alternatives, with th
ultimate aim of reaching the conclusion. Such a procedure is far from mechanical.
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Now we describe a set of rules and a procedure which allow one to construct each
step of derivation in a specified manner without recourse to any ingenuity and finally to
arrive at a last step which clearly indicates whether a given conclusion follows from the
premises. Our procedure is mechanical, also it is a full decision process for validity.

Our system of derivation consisting of 10 rules an axiom schema, and rules of well
‘ormed sequents and formulas:

l.

2.

Variables: The capital letters A, B,C... P, @, R... are used as statement
variables and statement formulas.

Connectives: The connectives 7, A, V, — and &= appear in the formulas with
the order of precedence as given.

String of formulas: A string of formula is defined as follows:

(a) Any formula is a string of formulas

(b) If @ and B are strings of formulas, then «, 8 and B, a are strings of
formulas

(c) Only those strings which are obtained by steps (a) and (b) are strings of
formulas, with the exception of the empty string which is also a string
of formulas
Note: The order in which the formulas appear in any string is not
important and so the strings A, B,C; B,C, A; A, C, B, etc,, are the
same.

Sequents: If @ and B are strings of formulas, then o 5 B is called a sequent in
which a is denoted the antecedent and B the consequent of the sequent.

Thus A, B,C-> D, E,Fistrue iff ANBAC — DV EV Fistrue. ie., A
sequent o 5 B is true iff either at least one of the formulas of the antecedent is
false or at least one of the formulas of the consequent is true.

. R . . .
In this sense, the symbol “—" is a generalization of the connection — to strings
of formulas.

Similarly, we use the symbol =y applied to strings of formulas as a general-
ization of the symbol “==". Thus A => B means “A implies B or A — B is

a tautology while o =25 8 means that « — B is true. Ex: P, Q, R== P, N

The empty antecedent is interpreted as the logical constant “true” (T) and the
empty consequent is interpreted as the logical constant “false” (F).

Axiom Schema: 1f a and 8 are strings of formulas such that every formula in
both @ and 8 is a variable only, then the sequent o 5 B is an axiom iff a and B
have at least one variable in common.

Ex: A, B,C S P. B, R is an axiom. where A, B, C, P&R are variables

Note that if @ = 8 is an axiom, then o == B
Theorem: The following sequents are theorems of our system

¥
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(a) Every axiom is a theorem.

(b) If a sequent « is a theorem and a sequent 8 results from « through the
use of one of the 10 rules of the system which are given below, then 8
1s a theorem

(c) Sequents obtained by (a) and (b) are the only theorems.

7. Rules: The following rules are used to combine formulas within strings by
introducing connectives. Corresponding to each of the connectives there are
two rules, one for the introduction of the connective in the antecedent and the
other for its introduction in the consequent. In the description of these rulzs,
a, B,y, ... are strings of formulas while X and Y are formulas to which the
connectives are applied.

Antecedent Rules

Rule 7 =3 Ifa, ==X, y, thena,ﬁ\’,ﬂ:";y.
Rule A = :IfX,Y,a,ﬂéy,thena,X/\Y,ﬁ——'%y.
Rulev = IfX,a,f==y,andY,a, f==y, thena, X VY. B=y.
Rule - —= df Y, a, 8 = v,and «, B=> X,y thena, X — Y, B =5 V.
= Rule == IfX Y.a f=ypanda, f==X,Y,y, thena, X2V, f=oy.
Consequent Rules
Rule=> 7 IfX a, = 8.y, thena== 8, X, y.
Rule=3 A Ifa,==X,8,y,anda ==Y, 8.y, thena==8, X A Y, y.
Rule= v Ifa,==X.7. 8,y thena==>8XV7, y.
Rule=— If X,a, ==Y, B, y. thena,==>8,X — Y, y.
Rule = == IfX,a,==7Y,8,y,and ¥, a, == X, 8, y, then a, = B, X =7,
The system described here is equivalent to the one described earlier except that the
procedures and techniques of derivation are different. This difference does not affect the
validity of an arguement.
The description of our system is complete.

Now, we describe the procedure used in practice:
In order to show that the conclusion C follows from Hy, H, - - - H,,. we establish that

5 H| — (Hy— (Hy -~ (Hp = C)---)) (I
. isatheorem. We must show that
= H, - (Hy = (Hy- (Hy — C)--)) a1

Our procedure involves showing (1) to be a theorem.
For this, we first assume (II) and then show that this assumption is or is not justified.
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This is accomplished by working backward from (II), using the rules and showing
that (IT) holds if some simpler sequent is a theorem (By a simpler sequent we mean
a sequent in which some connective is eliminated in one of the formulas appearing in
the antecedent or the consequent). We continue working backward until we arrive at
the simplest possible sequents i.e., those which do not have any connectives. If these
sequente are axioms, then we have justified our assumption of (II). If at least one of the
simplest sequents is not an axiom, then the assumption of (II) is not justified and C does
not follow from H;, Hy, -+ . Hy. In case when C follows from H;. H,--- , Hy the
derivation of (II) is easily constructed by simply working through the same steps, starting
from the axioms obtained.

Example 17.1  Prove that P v Q follows from P.

Solution: We need to show that
) =P—>(PVQ
(1) ifLQP=>PVvQ (=>—)
Q) LAP=P. Q0 (=V)
We first eliminate the connective — in (1).

Using the rule =>— we have “if P =5 Pv O then == P — (P v Q)" Here we have

named P == P v Q by (2). Each line of derivation thus introduces the name as well as
gives a rule. Note also that (1) if (2)" means “if (2) then (1)”. The chain of arguements
is then given by (1) holds if (2) and (2) holds if (3). Finally (3) is a theorem because it
is an axiom. The actual derivation is simply a reversal of those steps in which (3) is an

axiom that leads to =25 P — (P v Q) as shown
a) P==P,Q axiom
by P=PvVvQ Rule (= V), (a)
) =P > (PVQ) Rule(=>-),(b)

Example 17.2  Show that ==(7Q A (P — Q)) — 7P.

Solution:

() =CQA P - Q) TP

() ifQTIQAP - Q=P (=—)
() if(3)71Q.P—> Q=P (A =3)
3) if@P—Q="PQ (1 =)
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(@) if(5)Q== 1P, Qand (6)== P, P,Q (—>=>)
(5) if(HP,0==0Q (= 1)
6) if(8)P == P, Q (= )

Now (7) and (8) are axioms, hence the theorem (1) follows. Derivation, easily obtained
by starting with the axioms (7) and (8) and retracing the steps.

Example 17.3  Does P follow from P v Q?
Solution: We investigate whether S(Pv Q) — P is a theorem, Assume
(1) =PVvQ) > P
() if(QPVvQ=P (=>—)
2) fGP==Pand(@)Q==P (V=)

here (2) is an axiom, but (4) is not. Hence P does not follow from P v Q.

Note 17.1  In some cases the derivation is longer if this procedure is used.
The reason is that for every connective appearing there is at least one step introduced. In
some steps a bracnching appears and then we have to pursue two steps.

Example 17.4  Show that S VR is tautologically implied by
(PVO)A(P —> R)A(Q — S).
Solution: To Show
) s (PVAOAPLP > R)AQ—>8)) > SVR
) @) (PVAHAP > RIAQ—>S) s VR (=)
2) TR PVAHAP>RAQ—>S) s SR (=> V)
3) f@H PV (P—>R)(Q— S)=S)S,R (A = twice)

4) f(S)P,P - R Q0 — S__f_)S.R‘and(v:H
GO, P—>R. QO—S s SR
=
(V =)

(5) if(MHP.R.Q— S=S’S,Rand(8) P,.Q— S=s'° P, S R (—=>)
(7)y if(9) P, R,S=S>S,Rand(10) P,Rrs_gS.R,Q (=)

(8) if(1l)P,§ s P,S,Rand(12) P 5 P,S. R, (¢ (— =)
= =
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©) fUHQ R Q>S5 S.Rand(14)0, Q0 — S s SR P (>=)
(13) if(15) Q,R,S s S,Rand(16)Q,R s S, R, Q  (—>==)
- =4

(14) if (17) Q, S,__:v: S, R, P and (18) Qé S,R,P,Q (—>==3)

Now, (9) to (12) and (15) to (18) are all axioms; therefore the result follows. The nesting
of steps shows how the branching occurs.
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Exercise 11  Show the following
(@ P=0CP-0Q)

(b) R= PVvIIPvQ
() (PAQ)==""PVvQ

18. The Predicate Calculus

18.1 Basic Terminology and Notation

We now turn our attention to the part of logic which deals with the content of statements.
Mainly, we introduce the concept of a predicate in an atomic statement. The logic based
upon the analysis of predicates in any statement is called predicate logic.

The statement “x is a student” has two parts. The first part, the variable x is the subject
of the statement. The second part the predicate “is a student”-refers to a property that
the subject of the statement can have. We can denote the statement ‘x is a student” by
S(x) where § denotes the predicate “ is a student” and x is the variable. Once a value
- has been assigned to the variable x the statement S(x) has a truth value.

In general, any statement of the type “p is Q" where Q is a predicate and p is the
subject can be denoted by Q(p).

Further, the connectives described earlier can now be used to form compound state-
ments such as “Amulya is a student and this painting is Blue” which can be written as
S(a) A B(p) other connectives can also be used to form statements such as

S(a) - B(p) "B(p)  S(a)Vv B(p) e,

A predicate requiring m(m > 0) names or objects is called an m-place predicate.
Consider the examples:

(1) Amulya is a student
The predicate S: is a student is a 1-place predicate because it is related to one
object: Amulya

(i) Naveen is tallen than Amal
The predicate “is taller than” is a 2-place predicate

The above statement can be represented as T (n, a). Note that the order in which the
names or objects appear in the statement as well as in the predicate is important.

In general, an n-place predicate requires n names of objects to be inserted in fixed
positions in order to obtain a statement. The position of these names is important. If S is
an n-place letter and ay, ag, ... , a, are the names of objects, then S(a),az,...a,) isa
statement.

If we write S(x) for “x is a student”. then S(a), S(b), S(¢) and others having the same
form can be obtained from S(x), by replacing x by an appropriate name. Note that S(x)
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is not a statement, but it results in a statement when x is replaced by the name of an
object. The letter x used here is a place holder. We use small letters as individual or
object variables as well as names of objects.

A simple statement function of one variable is defined to be an expression consisting
of a predicate symbol and an individual variable. Such a stitement function becomes a
statement when the variable is replaced by the name of any object. We can form compound
statement functions by combining one or more simple statement functions and the logical
connectives.

Example 18.1.1 DM(xYANMX, M) — R(x), M (x), etc.,

it) G(x. y): x is greater than y, if both x and y are replaced by the names of objects,
we get a statement.

Ifx =3,y=2,then, G(3,2):3 is sreaterthan 2.

Some.restriction can be introduced by limiting the class of objects under considera-
tion. This limitation means that the variables which are mentioned stand for only those
objects which are members of a particular set or class. Such a restricted class is called
the Universe of discourse or the domain of individuals or simply the universe. If the
discussion refers to human beings only, then the universe of discourse is the class of
human beings. In elementary algebra or number theory, the universe of discourse could
be numbers.

Example 18.1.2  Consider the statement “Given any positive integer, there is a
greater positive integer’. In this case the universe of discourse is the set of positive
integers.

The universe of discourse, if any, must be explicitly stated, because the truth value of
a statement depends upon it.

18.2 Quantifiers

Certain statements involve words that indicate quantity such as ‘all’, ‘some’, ‘none’
or ‘one’. They answer the question ‘How many?’. Since such words indicate quantity
they are called Quantifiers. An analysis of mathematical sentences involving quantifiers
indicates that the main two quantifiers are “all” and “some”, where ‘some’ is interpreted
to mean “atleast one’

Consider the following examples:

1. some men are tall

2. All birds have wings

3. No air balloon is perfectly round

4. There is a real number less than 1].
Example (1) Uses ‘some’, it can be restated as

‘there 1s atleast one tall man’

-
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Example (3) means that

‘all air balloons fait to be perfectly round’
Example (4) can be restated as

‘atleast one real number is less than [’

The quantifier ‘all’ is the Universal quantifier. We denote it by the symbol ‘(Vx)’. The
symbol (V.x) represents each of the following phrases, since all have essentially the same
meaning:

For all x

For every x

For each x

Every thing x is such that
Each thing x is such that

The quantifier ‘some’ is existential quantifier. We denote it by the symbo} (3x), The
symbol (3x) represents each of the following phrases, since all have essentially the same
meaning:

For some x,

Some x such that

There exists an x such that
There is an x such that

There is atleast one x such that

We now write the following statements in symbolic form:

(5) Something is good

(6) Everything is good
(7) Nothing is good

(8) Something is not good

Statement (5) means “there is atleast one x such that x is good”.
Statement (6) means “for all x, x is good™.

Statement (7) means *“for all x, x is not good™.

Statement (8) means *“‘there is atleast one x such that x is not good™.
Thus if G(x) : x is good, then

Statement (5) can be denoted by (3x)(G(x))

Statement (6) can be denoted by (Vx)(G(x))

Statement (7) can be denoted by (Vx)(7G(x))
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Statement (8) can be denoted by (3x)(7G(x))
We observe that G(x) : x  is good

Now, we have two ways of obtaining statements with truth values from a statement
function like G (x).

1. by replacing each symbol by an object which it represents or
2. by prefixing either the existential quantifier or the universal quantifier.

The truth of a Quantified statement depends upon the universe of that statement.

Example 18.2.1  Let Q(x) : x is greater than 10
Consider the following universes for this statement:

a. {11,15,20,25,30)
b. {5, 15,20, 25,30
c. {5,7,8,9)

With universe (a), we can produce the statement

Q1) : 11 s greater than 10
Q(15): 15 1s greater than 10

Similarly we can produce Q(20), Q(25) and Q(30).

All these statements are true. Therefore (Vx)(Q(x)) is a true statement in this Uni-
verse. There does not exist a number in this universe which is not greater than 10. So
(Fx)(MQ(x)) is false. The negation of this statement is 7{(Ix) (7 Q(x)). We observe that
(Vx)(Q(x)) and 7(Ix){ 7 Q(x)) make the same assertion.

With universe (b), C(5) is a false statement, while Q(15), Q(20), Q(25) and Q(30)
are true statements. So with Universe (b) (3x)(¢/(x)) is a true statement, while
(Vx)(Q(x)) i1s a false statement. (Vx)(Q(x)) is false means (Ix)(7Q(x)) is a true
statement.

With universe (c), all the statements Q(5), Q(7), Q(8) and Q(9) are false and hence
(Vx)(T7Q(x)) is true. It fellows that 7(3x)(Q(x)) is true.

The above example also 1llustrates that

‘all true’ means the same as ‘none false’
‘all false’ means the same as ‘none true’
‘not all true’ means the same as ‘atleast one false’
‘not all false’ means the same as ‘atleast one true’

Infact, the following quantified statements are equivalences:
(Vx)(P(x) S @Ex) (TP (x))
(Yx)(TP(x)) &2 (3x)(P(x)
WV, e 2 (3x) (TP (x))
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V) (O P(x) @A) (P(x))

Now we have the rule for negating a statement covered by one quantifier.

To negate a statement covered by one quantifier, change the quantifier from uni-
versal to existential or from existential to universal and negate the statement which it
quantifies.

Statement Its Negation
(V)(P(x)) | Bx)(TP(x))
@x)(P(x)) | (Yx)(TP(x))

Now consider the following four statements:

(9) All monkeys have tails
(10) No monkey has a tail
(11) Some monkeys have tails
(12) Some monkeys have no tails.

If the universe for the statement All monkeys have tails consists only of monkeys—ther
this statement is merely

(Vx)(P(x)), where P(x) : x has a tail.

However, if the universe Consists of objects some of which are not monkeys, a furthe
refinement is necessary.

Let M(x) : xisamonkey
and P(x) : xhasatail

All monkeys have tails makes no statement about objects in the universe which univers
which are monkeys. If the object is a monkey then it has, or does not have, a tail. If ther
is one monkey which does not have a tail, the statement is false, otherwise 1t 1s true. Th
statement (9) can be rephrased as follows:

“For all x, if x is a monkey, then x has a tail” and it can be written as (Vx)[M(x) —

P(x)] ,
The statement (10) means “for all x if x is a monkey, then x has no tail” and itcan b

written as

(Vx)(M(x) — TP(x))

The statement (1 1) means *“‘there is an x such that x is a monkey and x has a tail” an
can be written as

(Fx)(M(x) A P(x))
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The statement (12) “there is an x such that x is 2 monkey and x has no tail” and can
be written as

(3x)(M(x) A T p(x))

Thus we have the following table:

Statement Symbolic form
All monkeys have tails (VXY (M(x) - P(x))
No monkey has a tail (Vx)(M(x) — TP(x))

Some monkeys have tails (Ax)(M(x) A P(x))
Some monkeys have no tails | (Ix)(M(x) A TP(x))

Where M(x): xis a monkey and
P(x):  x has a tail.

xample 18.2.2  (I) Write each of the following in symbolic form.

(a) All men are good

(b) No men are good

(c) Some men are good

(d) Some men are not good

Solution: We assume that the universe consists of objects some of which are not

nen.
Let M(x): xisa man and

G(x): xisgood
Statement (a) means ‘for all x, if x is a man, then x is good’. So (a) is
VYx)[M(x) = G(x)]
Statement (b) means *'For all x, if x is a man, then x is not good” and it is represented by

(Vx)}[M(x) - G (x)]
Statement (c) means “‘there is an x, such that x is a man and x is good”. It is written as
(Fx)(M(x) A g()f))

Statement (d) means, “there is an x, such that x is a man and x is not good™. So it is
I)(M(x) A G(x))
Ixample 18.2.2  Write the following sentences in the closed form or symbolic form.
(a) Some people who trust others one rewarded.

(b) 1If any one is good then john is good.

(c) He is ambitious or no one is ambitious.
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(d) Some one is teasing

(e) Itis not true that all roads lead to Rome.

Solution: Let
P(x):x isaperson
T(x):x trusts others
R(x) : x is rewarded
G(x):x isgood
A(x):x is ambitious
Q(x) : x s teasing
S(x):x isaroad
L(x):x leadto Rome

Then

(a) “Some people who trust others one rewarded” can be rephrased as
“There is one x such that x is a person, x trusts others and x is rewarded”.
Symbolic form: (Ax)[P(x) A T(x) A R(x)]

(b) If any one is good, then John is good® can be worded as
“If there is one .. such that x is a person and x is good, then john is good”
Symbolic form: (Fx)[P(x) A G(x)] — G(John).

(c) ‘He’ represents a particular person. Let that person be y. So the statement is
‘y 1s ambitious or for all x, if x is a person then x is not ambitious’.
So AG) VA(YX)[P(x) - TA(X))

(d) ‘Some one is teasing’ can be written as
‘There is one x such that x is a person and x is teasing’ and it is

(AP (x) A Q(x))
(e) The statement can be written as
TVX)[S(x) = L(x)]
or (Ax)[Sx) A L))

«18.3 Statement Formulas in Predicate Calculus.

P(xy,x2,...,x,) denotes an n-place predicate formula in which the letter P is an
n-place predicate an x|, x,...,x, are object or individual variables. In general
P(xy.x3.....x,) will be called an atomic formula of predicate calculus.
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The following are some examples of atomic formulas
R Q(x) P(x,y) A(x,y,z) P(a,y)and A(x,a,2)

A well-tormed formula of predicate calculus is obtained by using the following rules

—

An atomic formula is a well-formed formula

2. If A is a well-formed formula, then 7 A 1s a well-formed formula

3. 1f A and B are well formed formulas, then (4 A B), (A v B), (A — B), and
A2 B) are also well-formed formulas.

4. 1If A is a well-formed formula x is any vanable, then (x)A and (Ix)A are well
formed formulas

5. Only those formulas obtained by using ruies (1) to (4) are well- formed formulas.

18.4 Bound and Free Variables

Generally predicate formulas contain a part of the form (Vx) P(x) or (3x)P(x). Such a

part is called x-bound part of the formula. Any variable appearing in an x bound part of

the formula is called bound variable. Otherwise it is called free variable. The smallest

formula immediately following (Vx) or (3x) is called the scope of the quantifier.
Consider the following formulae:

1. (¥YX)P(x,y)

2. (VO)[P(x) - Q(x)]

3. (V)P (x) — (3y)Q(x, ¥)]
4. Bx)px) A Qx)

In (1). P(x, y) is the scope of the quantifier, and occurrence of x is bound occurrence,
while the occurrence of y is free occurrence. In (2), the scope of the (Vx) is P(x) — Q(x),
and all occurrences of x are bound. In (3), the scope of (Yx) is P(x) — (3y)Q(x,y),
while the scope of (3y) is Q(x, y), all occurrences of both x and y are bound occur-
rences. However, in (4) the scope of (dx) is P(x) and the last occurrence of x in Q(x)
1s free.

18.5 Valid Formulae and Equivalence

Let A and B be any two predicate formulae defined over a common universe E. If, for*
ever assignment of object names from the universe E to each of the variables appearing in
A and B, the resulting statements have the same truth values, then the predicate formulae
A and B are said to be equivalent to each other over E. This idea is symbolized by writing
A <= B over E.If E is arbitrary, we say A and B are equivalent and write A <= B.
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. Similarly, a formula A is said to be valid in E if, for every assignment of object names
from E to the corresponding variables in A and for every assignment of statements to
statement variables, the resulling statements have the truth value T.

We write = A in E. If A is valid for an arbitrary E, then we write = A.

In this discussion we derive several valid formulae, which will be useful in the inference
theory of predicate logic.

Formulae of predicate calculus that involve quantifiers and no free variables are also
formulae of the statement calculus. Therefore substitution instances of all the tautologies
by these formulae yield any number of special tautologies.

For example, if in the tautology P — Q <=3 7P v Q, we substitute the formulae
(Vx)R(x) and (Ix)S(x) for F and Q respectively, the following tautology is obtained.

(VX)R(x)) — (Ax)S(x)) &= ((Vx)R(x)) V ((Ix)S(x)).

Now we consider the substitution R(x) and S(x) for Pand Q in P —» (0 <=
TP v Q. Let E be any arbitrary universe. Let b be an object in the Unjverse.
When b replaces x in the statement (R(x) — S(x))=2(TR{x) v S(x)), the state-
ment (R(B) — SB))F(TR(b) v S(b)) is obtained. Clearly, it is a true statement,
Since P —» Q +=» 7P v Q is a tautology. This general argument shows that
Y UPx) - Q)= (P(x) v Q(x)) is always a true statement regardless of what
open statements P(x) and '(x) represent and regardless of what universe is involved.
We therefore conclude that (P(x) — Q(x))=("P(x) v Q(x)) is a logically valid
statement.

Actually our argument was general enough for us to conclude that if elementary
statements such as P, Q, R of a tautology are replaced by predicate statements, then
the resulting formula is logically valid.

Let us consider (P(x) — (Vx)Q(x)) A W(¥Vx){(Q(x)) — 7 P(x) which we obtain
from ((P — Q) A 7Q) — 7P by replacing P by £(x) and Q by (Vx)(Q(x)). This
statement has a universe. With respect to this universe (Vx)(Q(x)) has a fixed truth value
and 7(Vx)(Q(x)) has the opposite truth value. For each ‘t’ of the universe, P(r) and
7P (1) have opposite truth- values. Therefore for this specific universe and a specific ‘¢’
of this universe P(r) and (Vx)(Q(x)) produce a combination of truth values. The result
produced in the given statement by this combination of truth-values is exactly the same
as the result produced in the logically valid statement pattern (P — Q) A Q) — P
by the truth value combination. Where P has the same truth value as P(r) and Q has the
same truth value as (Vx)}(Q(x)). _

However, this logically valid statement pattern is true for all combinations of truth-
values of the component parts. Therefore it is true for this particular combination. A
different choice for t may produce a different truth-value for P(t), but the truth value of
(Vx)(Q(x)) remains the same for this specific universe. Thus a change in the truth-value
of P(tr) merely causes, P(r) and (Vx)(Q(x)) to produce a different combination of truth
values, but (P(1) — (¥Yx)Q2(x)) A (¥x)(Q(x)) — TP(¢) is always true. Thus the
formula
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(P(x) > (V) (Q(x) A T(VX)(Q(x)) — TP(x)) 1sa valid formula. »

Thus from a tautology (of statement calculus) we can derive a lot of logically valid
(predicate) formulae.

There are logically valid statement patterns other than those obtained from tautologies.
We shall now introduce some of them.

We have already proved the validity of the following formulae

(Vx)(P(x)) = 1E0) (P (x))
(V) (TP (x)) 2 V3x) (P (1))
I(¥x)(P(x)) 2 (3x)(TP(x)

V)P () T2 (3x)(P(x))

In addition to the implications and equivalence of statement formulas. We give some
more identifies

(Ax)(Ax) Vv Bx)) <= (3x)Alx)Vv 3x)B(x) En
(X)(A(x) A B(x)) <= (x)A(x) A (x)B(x) Eng

M(3Ex)A(x) & (x) 1Ax) E>s
T(x)A(x) &= (3x) TA(x) Ee
(x)(A Vv B(x)) — AV (x)B(x) Exy
(3x)(A A B(x)) <= AA(Bx)(A(x) > B) Ejyg
(x)A(x) > B &= (Ix)(A(x) — B) Epg
(3x)A(x) = B = (x)(A(x) > B) Ezg
A — (x)B(x) & (x)(A — B(x)) E3;
A — (Ex)B(x) &= (Ax)(A — B(x)) E4y
(DVA(x) VvV (X)B(x) & (X)(A(x)V B(x)) s

(JA(AX) A B(x)) & @Ex)AQ)AEBx)Bx) e

Example 18.5.1  Show that (Vx)(P(x)) — (Ix)(P(x)) is a logically valid statement

Solution: If Vx(P(x)) is true in some particular universe, then the universe has ~
atleast one object t in it and P(¢) is a true statement for every t in the universe. In
particular P(r) must be true. Thus (v )(P{x)) is true. Theretore

(Vx)(P(x)) — (3x)(P(x)) 1sa valid statement.
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Note 18.5.1  If all men are giants, then some men are giants is not a valid statement.
If the universe contains no men, then (Vx)(M(x) — G(x)) is true, while (Ix)(M (x) A
G(x)) is false, when M(x) : x is a man, G(x) : x is a giant. Thus

(Vx)(M(x) = G(x)) > 3x)(M(x) A G(x)) is not logically valid
Example 18.5.2  Show that
(V) (P(x) A @(x)) S (V) (P(x) A (Vx)(Q(x))

is a logically valid statement.
(The universal quantifier “distributes through a conjunction”. The universal quantifier
can be ‘factored out of a conjunction’)

Solution: If (Vx)(P(x) A Q(x)) is true, then for every ¢ in the universe, P () A Q(t)
is true. Therefore, foreach t, P(¢) is true and, foreach t, Q(t) is true. Thus (Vx)((P(x) A
(Vx)Q(x) is true. This show that

(VX)(P(x) A Q(x)) = (Vx)P(x) A (¥x)(Q(x)) is valid.

Conversely, if (Vx)(P(x) A (Vx)(Q(x)) is true, then for each t in the universe P(t) is
true; and for each t in the universe, Q(¢) is true. Therefore P(t) A Q(t) is true for each
object t in the universe. Thus (Vx)(P(x) A Q(x)) is true and

((VX)(P(x) A (Vx)Q(x)) — (Yx)(P(x) A Q(x))
is valid and hence
(YX)(P(x) A (V) Q(x)) = (VxX)(P(x) A Q(x))
is logically valid statement.
Example 18.5.3  Show that
(3x)(P(x) vV Q(x)) S @Ex) P(x) v (Ix) Q(x).

is valid statement. (It shows that the existential quantifier “distributes through disjunc-
tion” and can be “factored out of disjunction”)

Solution: This can be proved in a similar way as the previous example.
Also, it can be proved by considering the negations of the two statements involved. we
know that

(Vx)(P(x) A Q) (V) (P(x) A (Vx)Q(x))

is a valid statemeat.

Hence (Vx)(TP(x) A TQ(x) 2 ((Vx)(TP(x)) A (Yx)(TQ(x)) is valid.

If two statements always have the same truth value then their negations always have
the same truth value.
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Hence
V)P ) A TQENFVYX)((Tp(x) A (VX)) (N Q (X))

is valid
ie, @Ex)(Px)V Qx)SIVx)(Px) A TVX)(TQ(x))
e, GExY(PXx)Vv OLx))E=@x)P(x) v (3Ax)0((x)

is a valid statement.

Example 18.5.4  Prove that (a) (Vx)(P(x)) vV (Vx)(Q(x)) = (Vx)(P(x) Vv Q(x)) is
logically valid.
(b) Also show by counterexample

(VX)(P(x) v Q(x)) = (VX)(P(x)) v (Yx)(Q(x))

is not valid.

Solution: (a) Consider the case when (Vx)(P(x)) v (Vx)(Q(x)) is true since this
1s a disjunction of statements, one of the statements (¥x)(P(x)) and (Vx)(Q(x)) must
be true. If (Vx)(P(x)) is true, then for every object ‘¢’ in the universe, P (¢) is true and
hence P(t) v Q(t) is true. Similarly when (Vx)(Q(x)) is true P(¢r) v Q(t) is true for
every object t. In both the cases P () v Q(t) is true for all t in the universe.

Therefore (Vx)(P{x) v Q(x)) is true and

(VX)(P(x)) vV (Vx)(Q(x)) = (Vx)(P(x) vV Q(x))

1s a valid statement
(b) Now consider the following statement

(Vx)(P(x) v Q(x))

Where P(x): x isan even integer
Q(x) : x is a prime integer and

the Universe is {2, 4, 6, 3, 7)

For this Universe the statement (Vx)(P(x) v Q(x)) is true, but both (Vx)(P(x)) and
(Vx)(Q(x)) are not true. So (Vx){P(x) v Q(x)) is true, while (Vx)(P(x)) v (Vx)(Q(x))
is not true. Thus

(V) (P(x) v Q(x)) = (¥x)(P(x)) v (VX)(Q(x))

1s not a valid statement.

Now, we are going to prove the validity of two important statements. They are needed
for deriving many logical conclusions.
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, Example 18.5.5  Prove that the statements
(@) (Vx)(P(x)) = P(y)
(b)y P(y) -~ @x)(P(x)) are valid statements.
(y represents any one of the objects in the given universe)
Solution:

(a) The logical ability of the first statement follows immediately from the fact that
if (Vx)(P(x)) is true, then P(t) is true for every t in the universe and hence it is
true for any specific object ‘v’ in the universe.

(b) The logical validity of the second statement is a consequence of the meaning of
the existential quantifier. The statement (3x)(P(x)) is true if and only if there
exists atleast one object in the Universe for which P (x) is true. Therefore if P(y)
1s true, then (3x)(P(x)) is true.

Similarly we will have some logically valid statements:

LSI : (P(x)=2@3x)("P(x))

S LS2  Yax(P)E2(E0)(P(x))
1S3 Vx(PGD=(P())
LS4 : P(y) = 3@)(PX))
LS5 = (VX)(P(x) A Q) ((Vx)(P(x)) A (Vx)(Q(x))
LS6 : @x)(P(x) Vv @(x)=((Fx)(P(x)) v 3x)(Q(x))
LS7 + (Vx)(P(x)) vV (Vx) Q(x)) = (VX)(P(x) v O(x))
LS8 (@) (P(x) A Q(x)) = ((3x)(P(x)) A Fx)(Q(x))
LS9 ' (V)(P(x) = Q(x)) = ((Vx)(P(x)) = (Vx)(Q(x))

19. Predicate Calculus :: Theory of Inference

We are going to discuss the methods of derivation involving predicate formulac. In}ord.cr

to draw conclusions from quantified premises, we need to know how to remove the

* quantifiers properly, argue with the resulting statements and then properly prefix or add
the correct quantifiers.

We can use the rules of information given for the statement calculus. The Rules /” and

T regarding the introduction of a premise at any stage of derivation and the introduction

of any formula which follows logically from the formulae already introduced, remuin:
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the same. If the conclusion is given in the form of a conditional, we shall also use
the Rule CP. Certain additional rules are required to deal with the formulae involving
quantifiers. The elimination of quantifiers can be done by rules of specification called
US and ES. To prefix the correct quantifier, we need the rules of generalization called
UG and EG.

Now we give the rules of generalization and specification.

Rule US: (Universal Specification)

If a statement of the form (Vx)(P(x)) is assumed to be true, then the universal quantifier
can be dropped to obtain P(r) is true for an arbitrary object ‘¢’ in the universe.

In symbols, this rule is:

(Vx)(P(x))
P(r) forall¢

Rule UG (Universal Generalization):

If a statement P (r) is true for each element ¢ of the universe, then the universal quantifier
may be prefixed to obtain (Vx)(P(x)).

In symbols, this rule is:

P () forall ¢
Co (V) (P(x))

This rule holds, provided we know P (r) is true for each element ¢ in the universe.

Rule ES (Universal specification):

If (3x)(P(x)) is assumed to be true, then there is an element  in the universe such that
P(t) is true.
In symbols, this rule is:

(F)(P(x))
P(t) for some ¢

Note that the element 7 is not arbitrary (as it was in US), but must be one for which
P(x) is true.

It follows from the truth of (3x)(P(x)) that atleast one such element must exist, but
nothing more is guaranteed.



Mathematical Logic 1.83

. Rule EG (Existential Generalization):

It P(2) is true for some element ¢ in the universe, then 3x. P(x) is true.
In symbols, we have

P(t) for some 1
(3x)(P(x))

Now we give several examples to explain the method of derivation.

Example 19.1  Verify the validity of the following arguement.

Every living thing is a plant or an animal. John’s gold tish is alive and it is not a plant.
All animals have hearts. Therefore John’s gold fish has a heart.

Solution: Let the Universe consist of all [iving things. Let

P(x} : xisaplant
A(x) : xisan animal
H(x) : x hasaheart

g . John’s gold fish

Then the inference pattern is
(Vx)(P(x) v A(x))

TP(g)
(V) (A(x) = H(x))
H(g)
Argument
(1] (1)  (Yx)(P(x)V A(x)) | RuleP
(2] (2) TP(g) Rule P
(1] (3) P(g) Vv A(g) Rule US, (1)
[1.2] 4 A(g) Rule T, (2), (3)

(51 (5 (Vx)(A(x) — H(x)) | RuleP
(51 (6 A(g) — H(g) Rule US, (5)
[1.2,5) (7) H(g) Rule T, (4), (6)

Thus the conclusion is valid

Example 19.2  Verify the validity of the following arguement:
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Tigers are dangerous animals. There are Tigers. Therefore there are dangerous animals.

Solution:
Let T(x) : xisatiger
D(x) : xisadangerous animal

Then the inference pattern is
(V) (T (x) — D(x})

(3x)(T (x))
3x)(D{(x))
Argument
ar @ (3x)(T(x)) Rule P
2} @) T (b) Rule ES, (1)

31 (3 (x)(T(x) > D(x)) RuleP
(,3] @ T(b) - D(b) Rule US, (3)
(1,31 (%) D(b) Rule T, (2), (4)
(1,3] (6) Bx)(D(x)) Rule EG, (5)
Thus the inference is valid.

Example 19.3  Verify the validity of the following arguement.
All men are mortal
Socrates is a man
Therefore Socrates is a rnortal

Solution:
We denote
H(x) : xisaman
M(x) : xisa mortal
S . Socrates

We need to show (Vx)(H (x} - M(x)) A H(s) = M(s).

Arguement:
(11 (1) (¥x)(H(x) > M(x)) RuleP

m @ H(s) — M) Rule US, (1)
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(3] ((3) H(s) RuleP
[1,3] (4) M(s) RuleT, (2),(3), 11

Thus the inference is valid

Example 19.4  Given an argument which will establish the validity of the following
inference:
All integers are rational numbers

Some integers are powers of 3

Therefore, Some vational numbers are powers of 3

Solution:
Let P(x) : xisan integer

R(x) :  x is a rational number
S(x) :  x is a power of 3

* Then the given inference pattern is (Vx)(P(x) — R(x))

. @) (P(x) A S(x))
@D)(RE) A SK)

Arguement:
(11 (1)  @x)(P(x)AS(x)) RuleP
(1 (@) P(b) A S(b) Rule ES, (1)
(1 3 P(b) Rule T, (2)
(1] (4) S(b) Rule T, (2)

21 (5) (Yx)(P(x) > R(x)) RuleP
[2]  (6) P(b) —» R(b) Rule US, (5)
(1,21 (7 R(b) Rule T, (3), (6)
(1.2 (8) R(b) A S(b) Rule T, (7).(4)

[(1,2] (9) (3x)(R(x) AS(x)) RuleEG,(8)

Example 19.5  Show that from

@) @) Fx)ASx) — (Vy)(M(y) > W(y)
(b) Gy} M(y) A TW(y))
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the conclusion
(Vx)}(F(x) — 75(x)) follows

Solation:
(1 (1) @Ev»My) AW()) RuleP

(1 @ M) A W (2) Rule ES, (1)

(11 3 (M@ - W)  RuleT, (2), Ep

(1] (4 @) M (y) = W) Rule EG, (3)
1l o WYY (M(y) —> W(y)) 4). Eze

6] (6 @)(F&)ASK) — (Yy)(M(y) = W(y)) RuleP

(1.6l (7 (AX)(F(x) A S(x)) Rule T, (5), (6) /12

(1,61 (8) (Vx)7(F(x) A S(x)) Rule T, (7), Eas

(1,61 (9 (F(x) A Sx)) Rule US, (8)

(1.6} (10) F(x) — 7S(x) Rule T, (9), Eg, Ej¢  *
(1,6) (1) (V) (F(x) — 15(x)) Rule UG, (10)

Example 19.6  Show that
(Vx)(P(x) v Q(x)) = (Yx) P(x) Vv (3x) C(x)

Solution: We shall use the indirect method of proof by assuming 7((Vx)P(x) Vv
(3x) Q(x))
(1] (1) ((Vx)P(x) v (3x)Q(x))Rule P (assumed)

(1] (2) W(V¥x)P(x) A 7(3x)Q(x)Rule T, (1), Eg

[y 3 (VX)) P(x) Rule T, (2), I

(1] (4) 3x)(TP(x)) Rule T, (3), E2¢6

[1] (5) 1(3x)(Q(x)) Rule T, (2), 1>

{1} (6) (V) (T Qx)) Rule T, (5), Eas

(1 (N TP(y) Rule ES. (4) .
(1] (8) 70(y) Rule US, (6)

(11 (9 TP A TQW) Rule T. (7), (8), /9

[17(10) POV EWK) RuleT (9), Eg
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(11] (1) (Vx)(P(x) vV Q(x)) Rule P
(1, 11] (12) P(y) Vv O(y) Rule US (11)
(1, 111 (13) (AP V QM) A (P(y) v Q(y)Rule T, (10), (12). Iy contradiction

Example 19.7  Is the following conclusion validly derivable from the premises given?

If(V.)(P(x) = Q(x)); (3y) P(y), then(32) Q(2)

Solution: We use the indirect method, by assuming that the conclusion (3z2) Q(z) is
false.

(1 (1) 7(32)0(2) Rule P (assumed)

(1] (2) (V2)1Q(2) Rule T, (1)

(3] (3) By)P(y) Rule P

(31 (4) P(a) Rule ES, (3)

(1] (5) 1Q(a) Rule US, (2)
(1,3]  (6) P(a) A 1Q(a) Rule T, (4), (5)
(L3 1(P(a) —> Q(a)) Rule T. (6)

(8] (8) (Vx)(P(x) = Q(x)) Rule P

(8] 9) P(a) — Q(a) Rule US, (8)

[1,3,8] (10) (P(a) = Q(a)) A 1(P(a) = Q(a)) RuleT,(7), (9) contradictior
Example 19.8  Using CP or otherwise obtain the following implication
(V) (P(x) = Q(x)), (Vx)(R(x) = 7Q(x)) = (VX)(R(x) — TP (x))

Solution:
(1 (1) (Vx)(P(x) - Q(x)) RuleP
(2] (2) (Vx)(R(x) - 7Q(x)) RuleP
(2] (3) R(x) - 7Q(x) Rule US, (2)

[4] (4) R(x) Rule P (assumed)
(2, 4] (5) 0(x) Rule T, (3), (4)
[t - (6) P(x) - Q(x) Rule US. (1)
(1,2,4] (7 TP (x) Rule T, (5), (6)

(1,2,4] (8) R(x) — P(x) Rule CP, (4), (7)
[1,2] (9) (Vx)(R(x) > 7P(x)) Rule UG, (9)

Hence the arguement is valid.
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Example 19.9  There is a mistake in the following derivation. Find it. Is the concluston  +
valid? If so. obtain a correct.derivation.

(13 (1) (vx)(P(x) - Q(x)) RuieP
(1] (2) P(y) — Q(y) Rule US, (1)
(31 3 (Ax)P(x) Rule P

(3] 4) P(y) Rule ES, (3)
(L31 (5 Q(y) Rule T, (2), (4), 11y
[1,3] (6) (3x)Q(x) RuleEG,(5)

Solution:  The y introduced in step(2) is free. it should not be introduced again by
ES in fourth step. We try to eliminate this mistake by obtaining a correct derivation

1] (1) (Ix)P(x) Rule Pe

(1 @ P(y) Rule ES. (i)

[31  (3) (vVx)(P(x) - Q(x)) RuleP

3] ) P(y) > Q) Rule US, (3) -
(31 4 () Rule T, (2), (4). I
[1,3] (6) (3x)0(x) Rule EG, (5)

Thus, (Fx)P(x), (Vx)(P(x) — Q(x)) — (3x)Q(x) is a valid statement.
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Exercise 12 (I) Show thatthe following statements are logically valid Statements

(@) @Ex)(P(x) A Q) = (F)P(x) A () Q(x))
(B (VX)(P(x) = Q(x)) = ((Vx)(P(x)) — (Vx)(Q(x)))
(€ MPxX)VEEx)NF(P(x) ATQ(x))
d) (P(x) = QNP vV A(y)
(e) (P(x)A Q) — (P(x) = Q)
(II) Show that each of the following statements is logically valid
(a) (R(x)AS(x)) — Rx)
(b) (Vx)(P(x) v Q(x)), (VX)TP(x) = (VX)(Q(x))
() (Vx)(P(x) = Q(x)) A (VX)(Q(x) = R(x)) = (Vx)(P(x) - R(x))
(d) P — (F)Q2Kx) & @x)(P(x) > Q(x))
(e) (Vx)(P(x) = Q(x) A (Vx)(Q(x) = R(x)) = (Vx)(P(x) —» R(x))

20. Statements Involving more than one Quantifier

-~

If a predicate formulae involves more than one different variable, then more than one
quantifier is needed to produce a closed sentence (symbolic sentence)
' Consider the statement: P(x, y) : x likes y

The statement (3x)(P(x, y)) represents the statement:

‘there is an x, such that x likes y’

This can be rephrased as ‘there is some one who likes y’ or simply ‘some one likes y'

In the same way (Vx)(P(x, y)) means ‘everyone likes y’

There are eight possible combinations of (Vx), (¥y), (3x) and (3y), for the statement
P(x,y) : x likes y, these are given below:

@y)@x)P(x, y)
(3»)(Vx)P(x, y)
(Yy)(Bx)P(x, y)
(VW) (Vx) P(x, y)
Fx)3y)P(x, y)
(3x)(Vy) P(x, y)
(Vx)(3y) P(x, y)
(Vx)(Vy)P(x, y)

There is someone whom some one likes
There is someone whom everybody likes
Everybody is liked by some one
Everybody is liked by every one

Some one likes somebody

Some one iikes every one

Every one likes some one

Every one likes everybody
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Note that (3y)(3x}P(x, y) and (3x)(3y)P(x,y) have the same meaning. The
statements (Vx)(Vy) P(x, y) and (Yy)(Vx) P(x, y) have the same meaning. Infact

Ay)Ex)P(x, y) & @3@)@y)P(x, y)

and (Vx)(Vy)P(x, y) 2 (Vy)(¥x) P(x, y) are logically valid equivalences.

But the statements (Vx)(3y)P(x, y) and (3y)(Vx)P(x, y) are not the same. The first
statement means “every one likes some body” and the second statement means “‘there is
someone whom everyone like”. If the second statement is true, then the first statement
is also true, but the converse is not true.

Now we shall prove that (3y)(Vx)P(x, y) — (¥x)(3y)P(x,y)
(17 (D) Ey)(¥x)(P(x,y)) RukeP
111 (2 (Vx)P(x,b) Rule ES, (1)

{1 G P(x,b) Rule US, (2)
(1] ) (3y)P(x,y) Rule EG, (3)
1) (5 (vYx)@3y)P(x,y) RuleUG, 4)

Note 20.1  One can be tempted to derive (3y)(Vx)P(x, y) from (Vx)(3y)P(x. y) as
follows:

(1 ) (vx)3y)P(x,v) RuleP

(11 (@)  Gy)P(x,y)  RuleUS, (1)
(1 3 F(x, b Rule ES, (2)
1] & (Vx)P(x,b) Rule UG, (3)
(11 (5) EGy¥¥x)P(x,y) RuleEG, (4)

But there is a mistake in this derivation. In the third line existential object ‘b’ was
ntroduced. But n the fourth line Rule UG was applied. As per Rule UG. (Vx) should
10t be prefixed to obtamn (¥x)P(x, b) as the existential object ‘b’ in P(x, b). which
lepends on x, ts not covered by any Quantifier.

One can prove the following implicaiions and equivalences using the method of
lerivation

(Y(VxYP(x, y) = (3x)(Yy) P(x, y)
G Px,y) = (V) Ex)Plx,y)
(Vx)@3v)P(x. v) = (Fy)(3x) P(x, v)
(V2)(3x)Px, y) = (30)(3) Plx, y)

“xample 20.1  Write the following statement in the symbolix form “Every one who
kes fun will enjoy each of these plays”

-~

~—
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Solution:
We write  L(x) : x likes fun
P(x) : xisaplay
E(x,y) : xwillenjoyy

The statement can be represented as “‘for each x, if x likes fun and for each y, if yisa
play, then x enjoys y”, in symbolic form:

(Vx)(¥y) [L(x) A P(y) — E(x,¥)].

Example 20.2  Write in the symbolic form and negate the following statements

(a) Every one who is healthy can do all kinds of work
(b) Some people are not admired by every one
(c) Every one should help his neighbors, or his neighbors will not help him.
Solution:
(aj The given statement is
“every one who is heaithy can do all kinds of work”

Let H(x) : xisa healthy person
W(v) : yisakind of work
D(x,vy) : xcandoy

The statement is
“for all x, if x is healthy, and for all y, if y is a kind of work, then x can do y”.
So a symbolic form is

(Vx)(Vy) [H(x) A H(y) = D(x, y)]
Its negation is given by

Y)YV (H(x) A H(y) = D(x, )
e (Ax)TVy)(Hx) A H(y) > Dix. y))

e, Bx)@WV(THx)Y A H(y) = D(x,y))
e, (3x)@Y)H@X) AHG) A TD(x, v))

i.e.. there exists a healthy person and there exists a kind of work such that x
cannot do y

1.e., there is some healthy person who cannot do some kind of work.
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(b) In the universe of people, let A(x, y) : x admires y

Then the given statement is “there is a person who is not admired by some
person”. So itis 3y(3x)(TA(x, y))

Its negation is 7(3y((Ix)(TA(x, y))
e, (YY) ((Vx(A(x, y)))
= every person is admired by everyone.
In the Universe, which consists of everything, let
P(x): x is a person and A(x, y) : x admires y
Then the given statement is (3y)(3x)(P(x) A P(y) -» A(x, y))
Its negation is (Vy)(Vx)(A(x, y) A P(x) AP()).
(c) In the universe of people, let

N(x,y) : xand y are neighbors

H(x,vy) : x shouldhelpy

P(x,y) : xwillhelpy

The given statement is: for every person x and every person y, if x and y are
neighbors, then either x should help v or v will not help x
So the symbolic form is

(YX)(VY)(N(x, v) = (H(x,y) VvV TP(y, x)))
Its negation is

TV VYIN(x, ¥)) = (A (x,y) vV TP(y, x)))
e (F)(VY)ON(x, y) vV H(x, y) vV TP(y, x)))
Le,(3x)(3y) (N (x, y)) vV H(x, y) vV TP(y, x)))
e, (3x)3y)(N(x, »)) A YH(x, y) A P(v, x))

There are some people who should not help (one of) their neighbors but their
neighbors will help them.

Note 20.2  The negation of the formulas can be obtained by repeated applications of
the equivalences Eys and Epq :

Example 20.3  Verify the validity of the following inference

If one person is more successful than another, then he has worked harder to deserve
success. Naveen has not worked harder than Amal. Therefore, Naveen is not more
successful then Amal.
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Solution: Let the universe consists of all persons

Let S(x,y) : xismore successful than y
Wi(x,y) : x has worked harder than y to derserve success
a : Naveen
b : Amal

Then the inference pattern is:

(Vx)(Vy) [S(x, y) = W(x, y)]

TW(a, b)
18(a, b)
Argument
11 ) TW(a,b) Rule P

2] 2) (V)(V¥)[Sx,y) > Wix,y)] RuleP

> 21 3)  (¥y)(S(a,y) > W(a,y)]  RuleUS, (2)

[21 (4) S(a,b) > W(a,b) RuleUS,(3)
(1,2] (5 15(a, b) Rule T, (1), (4)
Thus the inference is valid one.

Note 20.3  The implications and equivalences can be shown by the

() L)

3
(2) (

(3y) (V%) ' (3x) (¥y)

4) (%)

(Vx){3y) (Vy)(3x)
(6) %)

< (8)

<

hdl TN
(3y) (3x) (3x) (3y)

\'4

1.93
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Exercise 13 (I) Show that each of the following is a logically valid statement

(@) (Yo)(Vy)P(x,y) = (3x)(Vy)P(x, y)
(b) (Yy)@y)P(x,y) = (F)3y)P(x,y)

(©) (VX)(H(x) — A(x) — (O)[@y)HG) A Nx,y) — 3y)
(A(y) A Nix, y)]

(II) Show that 7 P(a, &) follows logically from

V)(Vy)(p(x, y) = W(x, y))and"W(a, b).




Mathematical Logic 1.95

+ Solved problems

Problem 1  Let P be “It is cold” and Let Q be “It is raining”. Give a simple verbal
sentence which describes each of the following statemetns

(a) 'P

by PAQ
(c) PvgQ
(d Qv'pP

Solution: In each case translate A, v and " to read “‘and”, “‘or’” and “‘it is false that”
or “not” respectively and then simplify the English sentence

(a) Itis notcold

(b) 1Itis cold and raining

(c) Itiscold or it is raining

(d) It is raining or it is not cold

Problem 2  Give the English verbal sentences which describes

A (a) "PAQ
b)) Q)

Solution:

(a) Itisnotcold and it is not raining (or) in other words
It is neither cold nor raining

(b) 1Itis not true that it is not raining (or) in other words
It is false that it is not raining

Problem3 Let P be ‘He is tall’ and Let Q be ‘He is Handsome’ write each of the
following statements in symbolic form using P and Q: (Assume that ‘He is short’ means
‘He is not tall’ i.e., 'P)

(a) He istall and handsome

(b) He i1s tall but not handsome

(c) It is false that he is short or handsome
(d) He is neither tail or handsome

Solution:
“ @ PaQ
by PATQ

() PV Q)
(dy "PrTQ
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Problem 4  From the problem (3), Repeat for each of the following statements

(a) He is tall, or he is short and handsome
(b) It is not true that he is short or not handsome

Solution:

@@ PV(CPAQ)
() CPVvTQ)

Problem 5  Let P: Ramu reads Newsweek Let Q: Ramu reads the new yorker, and
R: Ramu reads Time write each of the following in symbolic form:

(a) Ramu reads Newsweek or the New Yorker, but not Time

(b) Ramu reads Newsweek and The New Yorker or he does not read Newsweek and
Time

(c) Itis not true that Ramu reads Time or The New Yorker but not Newsweek

Solution:

(ay (PvQ)ATR

(b) (PAQ)W(PAR)

() YPATR)

(d) (RAQ)V'P)

Problem 6 Let P: Anand speaks Telegu and Q: Anand speaks Hindi. Give a simple
verbal sentence which describes each of the following

(a) Pv Q@
by PAQ
(c) PATQ
(d) "PVvQ
Solution:

(a) Anand speaks Telegu or Hindi

(b) Anand speaks Telegu and Hindi

(c) Anand speaks Telegu but not Hindi

(d) Anand does not speak Telegu or she does not speak Hindi.

Problem 7  Repeat the problem (6) for (a) '("p) and (b) ("PATQ)

Solution:

(a) Itis not true that Anand does not speak Telegu
(b) Itis not true that Anand speaks neither Telegu nor Hindi

Problem 8  Find the truth tables of the following

@ PA(QVR)
by (PAQ)V(PAR)
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Verify that proposition PV (P A Q) is a tautology

Problem 9

Solution:

|P @ PAQ WPAQ) PVIPAQ ]




1.98 Discrete Structures and Graph Theory

Problem 10  Verify that the proposition (P A Q)A7(P v Q) is a contradiction

| P Q PAQ pvQ (PVQ) (PAQAYPVOQ) |
T T T T F F
T F F T F F
F T F T F F
F F F F T F

|
Problem 11  Construct the truth table of (P -~ Q) — (P A Q)

Solution:

|P|Q P=>Q PAQ (P> O)>(PAQ)|
T|T T T T
T|F F F T
F|T T F F
F|F T F F

Problem 12  Construct the truth table of "P — (Q — P)

Solution:
|PQ P QP P> Q- P)|
T T F T T
T F F T T
F T T F F
F F T T T

Problem 13  Verify that (P A Q) — (P v Q) is a tautology
|P 0 PAQ PVQ (PAQ) > (PVO) |

T T T T T
T F F T T
F T F T T
F F F F T

Problem 14  Give the truth tables of Converse, inverse and contrapositive of the
proposition P — Q.

Only the contrapositive 'Q — 7P is logically equivalent to the P — (.
Problem 15  The given statement is equivalent to “If Raju passes the test, then he
studied”. Give the contrapositive

Solution: It Raju does not study, then he will not pass the test.
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Problem 16  Find the truth table for (P 27Q) 2(Q — P)
| Ple|Pro]o-r| P> | 0—7P |

T | T T T T T
T F F T T F
F T T F F T
F | F T T T T

|P|Q 7@ P=Q ¢—P (PRQ)Z(Q—P)|

T|T F F T F

T|{F T T T T

F|T F T F F

F|F T F T F

Problem 17

Verify that the proposition
(PATQ)VT(PATQ) is a tautology

Solution:  Already we knew that RV 'R is a tautology thus by substitution instance,
P ATR substituted for R gives the above formula and is a tautology

Problem 18

Construct the truth table for PV Q

The propositional connective Y is called the exclusive disjunction PV Q
is read P or Q but not both.

Solution: P Y Q is true if P is true or if Q is true but not if both are true.

Problem 19
Q’ (or NAND)

construct a truth table for P | QO

|Plo|Pyo|
[TIT|F |
[TIFIT |
[FlT]T |
[FIFIF |

The connective | is called the joint denial P | Q is read ‘Neither P nor
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Solutiom: P | Q is true only in the case that P is not true and Q is not true

[Ple|Plo|
Tt F |
[ T[E] F |
[FIT] F |
[FIF] T |

Problem 20  Show by truth table
iy pePlP

(i) PAQe(PL{P)I(QI! Q)

(i) Pv@Qe PlAI(PLO
Solution:

P Q PvQg PLQ (PLOILWPILQO
T T T F T

T F T F T

F T T F T

F F F T F

Problem 21  Simplify each of the following statements

(a) Itis not true that his mother is English or his father is Telegu
(b) Itis not true that he stedies physics but not mathematics.

Solution:

(a) P: His mother is English
Q: His father is Telegu
Then given statement is (P v Q)
But (P v Q) &'PATQ.
Hence the given statement is logically equivalent to ‘His mother is not English
and his father is not French’.
(b) P: He studies physics
Q: He studies mathematics
Then the given statement is (PA7Q)
But (PATQ) PV Q
Hence the given statement is logically equivalent to the statement. 'He does not
study physics or he studies mathematics’.

Problem 22 Let P: Itis cold and Let Q: It rains. Write the following statements in
symbolic form-
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(a) Itrains only if it is cold _
(b) A necessary condition for it to be cold is that it rain
(c) A sufficient condition for it to be cold is that it rain.

Solution: Recall that P — Q can be read P only if Q, P is sufficient for Q, orQ)
is necessary for P then(a) @ — P (b) P - Q(c) @ — P.

Problem 23  Rewrite the following statements without using the conditional.

(a) Ifitis cold, he wears a hat
(b) If productivity increases, then wages rise.

Solution: P —»> Q &Pv (Q

(a) Itis not cold oe he wears a hat

(b) productivity does not increase or wages rise.

Find the truth table of (P «7Q) 2(Q — P)

Solution: Last column entries are: FTFF
Problem 24  Show that P A Q logically implies P =

Solution:

P Q PAQ P=Q
T T T T

T F F F

F T F F

F F F T

Now P A Q istrue only in line 1 and in this case the proposition P = is also true. Thus
P A Q logically implies P =2 0.

Problem 25  The arguement is a fallacy

P—-Q
P
'.—]Q

Since [(P - Q)A"Q] —7Q is not a tautology.

is valid

P—-0"0.

Similarly the argument

Since ((P — Q)A7Q) — P is a tautology
Now Test the validity of each arguement

(a) If its rains, chandu will be sick,
It did not rain

Chandu was not sick
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(b) If it rains, chandu will be sick,
Chandu was not sick

It did not rain

Solution:
If P: It rains and
Q: Chandu is sick then

(@ P—Q b P> Q0
ap '1Q
co0Q LY &
clearly

(a) s fallacy
(b) s valid

Problem 26 (a) {7, A, V}isan complete set of connectives
(b) Eachof {7, A,Vv,—}and {, —} is an complete set of connectives

Solution: {7, A, v} is complete, since DNF involves only these connectives. It is
immediate that any bigger set is complete, and {7, —} is complete since A and V can
each be expressed in terms of " and —

PAQ &P ->"0)
Pvgse™P—->Q

Note Each of the sets {7, A}, {7, v}, {1}, {{] is complete.

Problem 27  Express the statement
‘Every student in this class has studied calculus’ as a Universal Qualification

Solution: Let P(x) : x has studied calculus
Then the statement ‘Every student in this class has studied calculus’ can be written as
Vx P(x), where the universe of discourse consists of the students in the class
This statement can also be expressed as

Vx(§(x) = P(x)

where S(x) is the statement “x is in this class” P(x) is as before and the universe of
discourse is the set of all students.

Problem 28  There are two restaurants next to each other. one has a sign that says
“Good food is not cheap” and the other has a sign that says “‘cheap food is not good”.
Are the signs saying the same thing?

.

Solution:
Let P: Food is good
Q: Food is cheap
The first sign then be written as P — "Q and the second sign be written as Q — P
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Now from the following truth table
P Q "P 7Q P70 Q-7P

T T F F F F
T F F T T T
F T T F T T
F F T T T T

the two signs say the same thing.

Problem 29  Show that the truth value of the formula (P — Q) A (Q — R)) —
(P — R) is independent of their components

Solution: Construct the truth table for the sbove statement formula, you wil find the
all truth (T) in the last column, for any combination of truthvalues of its components the
truth value of it is the same. Therefore the above assertion follows.

Problem 30  Show that (P V(7P A Q)) and " PATQ are logically equivalent (without
using truth table).

Solution: WPV (P A Q) =TPAICP A Q)
= "PACCP)AQ)
=P APV
= CPAP)V(PAQD)
s Fv (PATQ)

& 'PATQ
P Vv (P A Q)) and "PATQ are logically equivalent
Problem 31 ObtainaDNFof P — ((P — Q)A("QVP)).

Solution: P S((P > Q)ACQVIPY)
="PV{P > NDACQVP))
<PV ((CPV QOA(CQVTP))
=" PV(COPVQO)A(QAP)
= PV(PAQAP)YV(QA(QAP))
<= "PVFV(PAQ)
<= PV(PAQ)

which is the required DNF.
Problem 32 Show /;:"Q,P - Q ="P
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Solution:
{1}/, (1) P—>Q RuleP

2} (@ Q@ —"P Rule T, (1) and E;3

{3) 2) "o Rule P
(1,3} 4 P Rule T, (2), (3) and I,
Problem 33  Show that the arguement

P—Q

R—"0

R

is valid

. ap
Solution:
(RI"P|0|P>0|R="0|
[ TIFIF] T | |
(FIFIF] T | T |
R I I
(FlE]T] F | T |
il El T | F
R L
rirfrl v [T
(FlrfT] T | T |

From the Row 7, it is clear that 'P follows and the arguement is valid

Problem 34  Show that the following premises are inconsistent
1. If Jill misses many classes through illness then he fails high school
2. If Jill fails high school, then he is uneducated
3. If Jill reads a lot of books, then he is not uneducated

4. Jill misses many classes through illness and reads a lot of books

Solution:

M: Jill misses many classes
F: Jill fail high schools

R: Jill reads a lot of books
U: Jill is uneducated.
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The premisesare M — F, F - U, R - U and M A R.

{1) 1) M->F
{2} 2y F->U
{1,2} 3 M-=U
{4) () R U
{4} 5 U->TR
{1,2,4} 6) MR
{1,2, 4} 7 TMVR
{1,2,4) 8 (MAR)
{9} 99 MAR-
{1,2,4,9} (10)
Problem 35

(@) P=(CP-—>Q)
(b) PA'TPAQ =R
¢) R= PV'PVvQ

(d P,"7PVv(PVQ) =0

Solution:

a) P=>"P—->Q
P="P, Q
P,P=Q ="

(b) PA\TPAQ SR

= —

P,7PAQ=R A =
PP, Q=R A =>

P,O= P, R =
(¢) R=>PV'PVQ

R= P, PvQ =V
R= P, P, Q =V

P.R=PQ ="

(M ARAYMAR)

Show the following using the automatic theorem

Mathematical Logic
Rule P
Rule P
Rule T, (1), (2), and /13
Rule P
Rule T, (4), E;g
Rule T, (3), (5), I3
Rule (6), 116
Rule T, (7), Eg
Rule P

Rule T, (8), (9), Iy

d P,7PV(PAQ)=>Q
P,"P=Qand (PAQ)=> Q0 V=
P.= P, Qand (PAQ)= Q0 "=
P,= P, Qand (P,O)= 0 A=

1.105
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Problem 36  If P and R are true and Q, S are false then find the truth values of

(i) LPATQ)V RIVIIRA (TP = Q)]
(i) (P=Q)A(Q=>R))=>(P=YS)

Solution:

(i) For the given assignments P, "Q, R are true and (PA7 Q) v R is true, " P is false
and so P = Q is true
S RA(P = Q)istrueand this [RA (TP = Q)] is false. But the fuli statement
1s of the form 7 v F and hence is true.

(1) Try yourseif.

Problem 37  Express P = in terms of {7, v} only
Solution:

(P (P> A Q> P)
&= ("PVv QO)A(C'QVP)
=="CCPvOOVI(QVP)

roblem 38  Establish the analgoues of Demorgan’s laws involving 1 and |

i) (PT1Q="PLQ
(i) (P Q) =="P1Q

Solution:
(1
RHS :"P [ 'Q¢=>"("PV Q) &= P A Q
=P AQY
<« '(P | @) =LHS
(it) follows similarly

‘roblem 39  obtain equivalent DNF .nd CNF for 7((P =Q) A R)
Solution:

(p =) AR ES(P > Q) A(Q > P)AR]
(P> O)A(Q —> P)V'R
= PV OACQVPIV'R
< ("PVQVR)V(PV'QV'R) (CNF)
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< [OPVOVIRIATPIVIPV QVTIRATQIVICP Vv OVTR)ATRI

¢ (QAPYVORAPYVIOPATVIRATOIV(PATR) v (QATRVTR

S (PAQDVIIPATRYVOPATQ)VCOATRYV OPATR)V (OATR)VTR
which is (DNF).

Problem 40  Show that "P(a, b) follows logically from (x)(y)(P(x, ¥} = w(x,y))
and ‘w(a, b)

Solution:

1. (x)(y)(P(x,y) = w(x,y)) Rule P
2. (»(P(a,y) = w(a,y)) Us, 1)
3. P(a,b) = w(a,b) Us, (2)
4. W(a,b) Rule P
5. 7P(a,b) T, (3), (4).

Problem 41  Find the truth value of
[P—=>({(@ACTR)V S A(TT) «— (S AR)]

(treat A A B)
where P, O, R and S are all true while T is false

Solution: We evaluate the expression step by step, showing just the relevant row of
the truth table

|P|Q|R|s]T]TR|QA(7R)|(QA(7R))vs|A{BlAAB|
|7 |r|T|F|F| F | T T[T T |

Problem 42  Show that (7P) — (P — Q) is a tautology
Solution:

[(TP) = (P - Q)] = [(TP) = ((TP) v Q)]
<= [TOP)Y v ((TP)V Q)]
< PVI[(TP) Vv Q]
= [PV{OP)]VvQ
&= TvQ

=T
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QUIZ Questions

1.

A A

10.
11.
12.
13.
14.
15.
16.
17.
18.

19.

20.

21

P A Q has the truth value T whenever both P and Q have the truth value
(Ans: T)

P v Q has the truth value F only when both P and Q have the truth value

(Ans: F)
Pv Qistrueifeither Pis____ or Qis__ orboth P and Q are (Ans:
True)
P — Q@ has a truth value F when @ has the truth value and P the
truth value ; otherwise it has the truth value (Ans: F, T, T)
The converse of P — Q is (Ans: Q — P)
The contrapositiveof P — Qis___ (Ans: 'Q —'P)
The i verse of P — Q'is (Ans: 7P — 7Q)
P — Qand 'Q — P have the truth values (Ans: same)
p = Q has the truth value T whenever both P and Q have _______ truth values
(Ans: identical)
P 2Q and iP — o)A (Q — P)are (Ans: equivalent)
PA7Pisalways __ (Ans: F)
PviPisalways __ (Ans: T)
PviPisa______ (Ans: tautology)
PAPisa____ (Ans: Contradiction)
(Pv Q)— Pisnota______ (Ans: tautology)
(PA(PSQ)) > Qisa (Ans: tautology)
Any substitution instance of a tautology is a (Ans: tautology)

If A =B is a tautology, then

(Ans: A &< B)

If A — B is a tautology, then we write
(Ans: A == B or A tautologically imply B)

A = B guarantees that B has the truth value T whenever A has the (Ans:
T)

Both Implication and equivalence are

(Ans: transitive)
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{t), {{} are

(Ans: functionally complete)

A product (Conjunction) of variables and their negations is called an
(Ans: elementary product)

A sum (disjunction) of variables and their negations is called an
(Ans: elementary sum)

If A has the truth value Tfor atleast one combination of truth values assigned to
P, P, ... P, then A issaid to be

(Ans: satisfiable)
DNF is the
(Ans: Sum of elementary sums)
CNF is the
(Ans: product of elementary sums)
PDNF:__ (Disjunctions of minterms only) )
PCNF: (Ans: Conjunctions of maxterms only)
PCNF, PDNF are _____except for the rearrangements of the terms (Unique)
Rules of inference of statement calculus:
(Ans: Rule P, Rule T, Rule CP)
Rules of predicate calculus are:
(Ans: Rule US, Rule UG, Rule ES, Rule EG).
If Hy, Ha, ..., Hpn and P imply Q
then Hy, H, ..., H, imply

(Ans: P — Q)
The connective 1 is not (Ans: associative)
P— 0
P

(Ans: Q)






2. Set Theory

1. Introduction

One of the most important tools in mathematics is the theory of sets. The notation,
terminology and concepts of set theory are helpful in studying any branch of mathematics.
Every branch of mathematics can be considered as a study of sets of objects of one kind
or another. Further, sets and mathematical logic are now basic to the design of computers
and electrical circuits.

2. Sets

Definition 2.1 A set is a collection of objects, called elements which share some
common property. '

A fundamental concept of set theory is that of membership of belonging to a set. Any
object belonging to a set is called a member or an element of that set. The elements in a

set can be anything: numbers, people, buildings, cars, letters etc.,
A set is said to be well defined if it is possible to determine, bymeans of certain rules,

whether any given object is a member of the set. .
The elements of the set are said to belong to the set.
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Sets will be denoted by capital letters A, B, C, ..., X, Y, Z. Elem=nts will be denoted
by lower case letters a, b, c, ... , x, y, z. The phrase “is an element of” will be denoted
by the symbol €. Thus we write X € A for “x is an element of A”. In analogous situations
we write x ¢ A for “x is not an element of A”.

Example 2.1 (i) The set of numbers: 1,3,5,7,9 (or) A=1{1,3,5,7,9)
(i) The set of rivers in Andhra pradesh.

We have five ways used to describe a set:
Describe a set

(i) by describing the properties of the elements of the set
(i1) by listing all its elements
(iii) by its characteristic function defined as 4 (x) = ! : ffx €A
lO ifx¢gA
(iv) by arecursive formula

(v) by an operation on some other sets.

Example 2.2  Describe the set containing all the nonnegative integers lessthan or equal
to 6.
Let A denote the set. Then the set A can be described in the following ways:

(i) A = {x/x is a nonegative integer less than or equal to 6}
(i) A=1{0,1,2,3,4,5,6}

!l forx =0,1,...,6
(i) palx) = ‘
lO otherwise

(iv) A={x1=x;+1,i=0,1,...,5, where xg = 0}
(v) Will be discussed later after operations on sets introduced.

Note 2.1  For a given set, not all the five ways of describing it are always possible.
A set is finite if it contains a finite number of distinguishable elements; otherwise, the
set is infinite.

Definition 2.2  Let A and B be two sets. Then A is said to be a subset of B if every
element of A is an element of B; A is said to be a proper subset of B if A is a subset of
B and there is atleast one element of B which is not in A.
If A is a subset of B, We say A is contained in B. Symbolically we write A € B. If A
is proper subset of B, then we say A is strictly contained in B, denoted by A C B.
The inclusion or containment of sets has the following properties:
Let A, B and C be sets
. ACA
2. fACBand BC C,thenA CC.
3. IfACBand BC C,then A CC.
4. IfAC Band A € C,then B € C, where Z means “is not contained in"".
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Definition 2.3  Two sets A and B are equal <= A C B and B C A. wewrite A = B.

Note 2.2 To show that two sets A and B are equal. We must show that each element
of A is also an element of B and conversely.

Definition 2.4 A set is called universal set if it includes every set under discussion. A
universal set will be denoted by U.

Definition 2.5 A set which does not contain any element is called an empty set or a
null set, denoted by ¢.

A set containing a single element is called a singleton.

Given any set A, the null set ¢ and the set A are both subsets of A.

Definition 2.6  Foraset A, a collection or family of all subsets of A is called the power
set of A, denoted by P(A).

3. Venn Diagrams

A simple and instructive way of representing a set is with the help of diagrams known
as Venn diagrams. In the venn diagram, a rectangle represents the universal set and any
other set A 1s represented by the interior of a simple closed curve inside the rectangle.
~ The form of the curve is immaterial, usually it is a circle.

Example 3.1 A relationship between two sets can be conveniently denoted by the
venn diagram.

Suppose A is a subset of B ie., A C B, this can be denoted as

B

®

Definition 3.1  If A and B are sets with no elements in common i.e., no element of A
is in B and no element of B is in A, then the sets are said to be disjoint.

Oxc

By venn diagram:
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4. Operations On Sets:

We introduce certain basic operations on sets. Using these operations one can construct
new sets by combining the elements of given sets

Definition 4.1  The intersection of any two sets A and B, written as A N B is the set
consisting of all the elements which belong to both A and B. Symbolically

ANB = {x|(x € A) A (x € B)}

From the definition

) ANB=BNA

i) ANA=A

i) ANg=¢

iv) (ANB)NC=AN(BNC)

n
V) (A=A NAN...0A, = {x|x € A, forall i)

=1

Definition 4.2  Two sets A and B are called disjoint <= AN B = ¢ ie, A and B
have no element in common.

Definition 4.3 A collection of sets is called a disjoint collection if,.for every pair of
sets in the collection, the two sets are disjoint. The elements of a disjoint collection are
said to be mutually disjoint.

ie,A,NA, =¢foralli jandi + .

Definition 4.4  For any two sets A and B, the Union of A and B, written as A U B is
the set of all elements which are members of the set A or the set B or both.
Symbolically, it is writtenas A U B = {x{x € A Vv x € B}
From the definition

N AUA=A

(i) AU =A"

() AUB=BUA

(iv) (AUB)UC =AU(BUC(C)

(v) U =A1UAU...UA, = {x|x € A, for atleast one ¢}

=1

Definition 4.5  Let A and B be any two sets. The relative complement of B in A (or
of B w.r. to A). Written as A-B. is the set consisting of all elements of A which are not
elements of B, that is
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A-B ={xjx e AAx ¢ B}
The relative complement of B in A is also called the difference of A and B

Definition 4.6  Let U/ be the Universal set. For any set A, the relative complement of
A with respect to U, that is U-A is called the (absolute) complement of A and is denoted
by A’ (or A€ or A). Symbolically, A’ =U — A ={xjx e U Ax ¢ A} = {x|x ¢ A)

Frb. the definition (i) (A’) = A ()¢’ =U GiDU =¢ (v)AUA =U
(VVANA =¢.

Definition 4.7  Let A and B be any two sets. The symmetric difference of A and B is
the set consisting of all the elements that belong to A or B, but not to both A and B. It is
denoted by AAB.

Thus

AAB ={x|(x e Aandx ¢ B)or (x € Band x ¢ A))
= (A - BYU(B — A).

From the definition
(i) AAB = BAA
(i) (AABYAC = AA(BAC)
(i) AA¢p = A
(iv) AAA=¢
(v) AAB=(ANB)YU(BNA)

5. Properties of set operations:

All the operations on sets so far defined satisfy many algebraic properties. Many of the
important properties listed in the subsequent paragraphs can be proved directly from the
definitions. They can also be verified by Venn diagrams.

(D) Properties of Union operation:
Let A, B, C be subsets of U. Then

() AUA=A (Idempotent property)
2) AUgp=A

(3) AUU=U, AUA'=U

(4) ACAUBand BC AUB

() AUB=BUA (commutative property)
(6) (AUBYUC = AU(BUC) (Associative law)
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Let us prove associative law
First, show that AU(BUC) C(AUB)UC
x€ AUBUC)=2xeAorxe(BUCC)
=>x€Aor(xe Borx e ()
=(xcAorxeByorxeC
=x€(AUBorxeC
=>xe(AUBUC

LAUBUC)C(AUBYUC
Similarly we can prove
(AUB)UC CAU(BUC)

From (1) and (2), we have AU(BUC)=(AUB)UC.
(II)  Properties of Intersection operation:
Let A, B, Cbe subsets of U. Then

i) ANA=A
(i) AN B = A wherever A C B. Inparticular ANU = A
(i) AN B = B wherever B C A. Inparticular AN ¢ = ¢
(v ANBCAandANBCB
(v} ANB=BnNA
(v (ANBYNC=AN(BNC) (Associative law)

(11Iy  Properties of the Complement:

(iy AUA'=U

(i) ANA ' =¢

(i) U'=¢

(iv) ¢ =U

(v) (AY =A

(vi) (AUB) =A'NB

(vi) (ANBY =A"UB’

(1)

(2)



(IV) Distributive Law:
For any three sets, we have

) AUMBNC)=(AUB)N(AUC)
i) ANBUC)=(ANBYU(ANC)

(V) Demorgan’s Laws:
For any two sets A and B
) (AUB)Y =A'NnB
i) (ANBY =A"UB’

Note 5.1  De Morgan’s laws can be extended as follows:

If Ay, Az, ..., A, are sets, then

() (AJUAU...UAp) =A|NASN...NA,
(i) (AjNAN...NA)Y =A|NAN...NA,

or simply

(2] =y
() =g

(VD) Properties of the Difference operation:

Let A, B, C are sets and U be the Universal set

Then
i) AA=U-A
(ii) A—-B=A
(iiiy A-A=2¢
(iv) A—¢p=A
A-B=B~-A <= A=8
A—-B=A & ANB=¢
A—B=¢ <= ACB

v)

(vi)

(vit)

(VII)  Properties of Symmetric Difference:
If A and B are sets, then

Set Theory

27
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(1) AAA=¢

(i) AAgp=A
(i) AAB = BAA

(ivy AAB=(AUB)~(ANB)

6. Basic Laws of set Algebra

Idempotent Laws:

Associative Laws:

Distributive Laws:

Absorption Laws:

Complement and
Demorgan’s Laws:

Commutative Laws:

AUA=A
ANA=A

(AUBYUC =AU(BUC)
(ANB)NC =AN(BNC)

AUB=BUA
ANB=BNA

AU(BNC)=(AUB)N(AUC)
AN(BUC)=(ANBYU(ANC)

AU(ANB)=A
AN(AUB)Y=A

(AUBY =A'NB
(ANBY =A"UB

¢ =U
U'=¢
(A7) = A
AUgp=A
ANU = A
AUU = A
AN =¢
AUA =U

ANA =o
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7. Venn Diagrams of set operations

l Set operation Symbol Venn diagram I

Set B 1s Contained in BCA
Set A

Complement of A AC(A'or A)

[Shaded region]

The relative complement
of set Bw.rt. A A—-B

[Shaded region]

The Union of two sets

U
A and B AUB
[Shaded portion]
The intersection of sets 5

Aand B ANB

[Shaded portion]

The Symmetrical
difference of sets Aand B AAB

|

[Shaded portion]
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8. Relations

In this discussion. our main concemn is sets whose elements are ordered pairs. By an
ordered parr we mean that each set is specified by two objects in a given fixed order.
Note that an ordered pair is not a set consisting of two objects. The ordering of the two
objects is important. The two objects need not be distinct. We denote an ordered pair by
ta.b). We also define that (a. b) = (¢, d) &= a =cand b = d.

For Example: A familiar example of an ordered pair is the representation of a point in
a two-dimensional plane in cartesian coordinates.

Definition 8.1  Let A and B be two sets. The cartesian product of A and B is defined
as A x B ={(a,b)la € A and B € B}.

More generally, the cartesian product of n sets Ay, Aa, ..., Ap is defined as A x
Ay x ...x Ay, ={(ay,ap,...,an)|a; € A, i = 1ton)
The expression (ay, ap, ... , a,) is called an ordered n- tuple.

Example 8.1 Let A ={1,2,3,4}and B = (2,3, 7}
Then

(1,2),(1,3),(1,7),(2,2),(2,3),(2,7)
(3,2),(3,3),(3,7),(4,2),4,3),47 |

(2,1),(2,2).(2,3),(2,4),3,1),(3,2)
(3,3, 3,4,(7,.1),(7,2),(7,.3), (7. 4)

AXB:{
B x A=

[tisto be noted that A x B # B x A, if the sets A and B are different.

Note 8.1 (1) If A has m elements and B has n elements, then A x B and B x A
will have mn elements.

m (AxB)xC#+Ax(BxC(C)

(i) Ax(BUC)=(Ax BYU(A x ()
Ax{(BNC)y=(Ax B)N(AxC)

for any three sets A, B and C.

Definition 8.2 A (binary) relation R from a set A to a set B i1s a subset of A x B.
If A = B, wesay R is a (binary) relation on A.

We shall call a binary relation simply a relation.

Example 8.2  Let R denote the set of real numbers. Then R = {(x, x2)|x € R} defines
a relation of the square of a real number.

Example 8.0.1  Example: Therelation R = {(x, vy)|x and y are real numbers andx2+
_\‘3 < 1} consists of all points inside a unit circle whose center is at the origin.
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Definition 8.3  Let R be a relation from A to B. The domain of R denoted by domR is
defined:

domR = {x|x € A and (x, y) € R for some y € B}
The range of R, denoted by ranR is defined
ranR = {y|y € B and (x, y) € R forsome x € A}

Clearly domR C A and ranR C B.
We sometimes write (x, y) € R as xRy which reads “x relates to y”.

Example 83 LetA =(2,3,4}and B = (3,4, 5,6, 7}
Define a relation R from A to B by (a, b) € R if a divides b (with zero remainder).
We obtain K = {(2, 4), (2, 6), (3, 3), (3, 6), 4, 4)}.
The domain of R is the set {2, 3, 4} and the range of R is the set {3, 4, 6}

9. Properties of relations:

Definition 9.1 A relation R on a set A is said to be

(1) Reflexive if xRx or (x,x) € RVx € A.

(ii) Irreflexive if xRx or (x,x) ¢ RVYx € A
(iii) Symmetric if xRy = yRx, forall x,y € A.
(iv) Antisymmetric if x # yand xRy = yRxor(y,x) ¢ R, forallx,y € A

(OR)
whenever x Ry and yRx, then x = y.

(v) transitive if xRy and, yRz = xRz, forall, x,y,z€ A
(vi) assymmetric if xRy = yRx or (y,x) ¢ R.

Example 9.1 (1) The relation < is reflexive in the set of real numbers.

(i) But the relation < is not reflexive in the set of real numbers.

(11i) The relation < is irreflexive in the set of real numbers

(tv) The relation “Similariiy” in the set of triangles is both reflexive and symmetric.
(v) The relation “inclusion” in the collection of the subsets of a universal set is

antisymrmetric.
(vi) The relations <, < and = are transitive in the set of real numbers.
(vil) - The relation “divides™ is assymmetric in the set of real numbers.

Note 9.1 (i) If (x,x) ¢ R for atleast one x ¢ A, then the relation R is not

reflexive
(ii) If (x, x) € R fodatleast one x € A, then R is not wreflexive

(i) If (x, y) € R, but (y, x) ¢ R for atleast one pair (x, v) € A x A. then R is not
symmetric. \
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(iv) Any relation which is not reflexive is not necessarily irreflexive and vice versa.
The relation s = {(1. D). (1, 2), (3.2),(2,3),(3,3)} in the set {1, 2,3} is not
reflexive and not irreflexive.

(v) It possible to have a relation which is both symmetric and antisymmetric
Antisymmetric is not the same as not symmetric.

(vi) Any relation which is irreflexive and symmetric cannot be transitive because
xRy and yRx = xRx, which is not true.

Example 9.2 If A = {1, 2, 3,4} then

(1) The relation {(1, 2), (2, 4)} is not reflexive, not symmetric and not transitive.
(i) The relation {(I, 1), (2,2),(3,3), (4,4), (1, 3), (3,2)} is reflexive but neither
symmetric nor transitive
(ii1) The relation {(1, 1), (1, 3), (3, 1), (3, 4), (4, 3)} is symmetric but neither reflex-
ive nor transitive
(iv) The relation {(1, 1), (1, 3)} is transitive but neither reflexive nor symmetric
(v) The relation {(1, 1), (2,2),(3,3),4,4),(1,3), 3, 1),3,4), (4, 3)} is reflex-
ive, symmetric but not transitive.
(vi) The relation {(1, 1), (2,2). (2. 3), (3, 2), (3, 3)} 1s symmetric transitive but not
reflexive
(vii) The relation {(1, 1), (2, 2). (3, 3), (4, 4), (1, 3)} is reflexive transitive but not
symmetric.

10. Operations on Relations:

Since relations from A to B are subsets of A x B, then the Usual operations on sets such
as complementation. Union and intersection can be applied to relations also.

Definition 10.1 Let R and S be relations from A to B

(1) RNS ={(a,b) € A x B/(a,b) € R and (a, b) € S} is the intersection of the
relations R and S

a(RNS)Yb <> aRbAnaSh

() RUS ={(a,b) € Ax Bl(u,b) € Ror(a, b) € S}1isthe Union of the relations
Rand S

a(RUS)b &> aRb v aSbh

(1) R —S = {(a.b) € A x Bl{a,b) € R and (a, b) ¢ S} is the difference of the
relations R and S

a(R — S)b <= aRb A a$b
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(iv) R ={(a,b) € A x B|(a, b) € R} is the complement of the relation R
a(R)Yb &= aRb

Example 10.1 Let A = {1,2,3} and B = {l1,2,3,4}. The relations R =
{(1.1),(2,2).(3,3)}and S = {(1, 1), (1, 2), (1, 3), (1, 4)} can be combined to obtain

RUS = {(1,1),(1,2),(1,3), (1,4, 2,2), (3,3))

RNS = {1, 1)

R—-5={22,G,3)]

S—=R={(1,2.(13),145)
§¢={(2.1),(2.2).(2.3).(2.9.3.1.(3,2).(3,3). G, 9}
R® =1{(1.2),(1,3). (1,4).(2,1).(2,3). (2,9, 3, 1), (3.2), 3, 4)}

(v) LetR be a relation from a set A to a set B and S a relation from B to a set C.
The composite of R and S is the relation consisting of ordered pairs (a.c) where
a € A, a € c and for which there exists an element b € B such that (a, b) € R
and (b, c) € S.

We denote the composite of R and S by SoR.

Example 10.2  what is the composite of the relations R and S where R is the relation
from {1,2,3} to {1,2,3,4} with R = {(1, 1), (1,4),(2,3).(3,1), (3.4)} and S is the
relation from {1, 2, 3,4} to {0, 1, 2} with S = {(1,0), (2. 0). (3 D.(3.2). (4. 1)}?

Solution: SoR is constructed Using all ordered pairs in R and ordered pairs in S
where the second element of the ordered pair in R agrees with the first element of the
ordered pairin S.

For example, the ordered pairs (2,3) in R and (3,1) in S produce the ordered pair (2,1)
in SoR. Computing all the ordered pairs in the composite, we find

SoR = {(1,0), {1, 1), (2, 1), (2,2), (3,0). (3, )}

(vi) Givenarelation R from X to \f arelation R from Y to X is called the converse of
R, where the ordered pairs of R are obtained by interchaning the members in each
of the ordered pairs of R. This means, forx € X and y € ¥, thatxRy <=> vRx.

11. Equivalence relations:

Definition 11.1 A relation R in a set X is called an equivalence relation if itis reflexive,
symmetric and transitive.
Example 11.1

(i) Equality of numbers on a set of real numbers

(ii) Equality of subsets of a Universal set.
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(i11)  Similarity of triangles on the set of triangles
(iv) Relation of statements being equivalent in the set of statements.

Example 1.2 Let X ={1,2,...,7}and R = {(x, y)|x — y is divisible by 3} in X.
Show that R is an equivalence relation.

Solution: Showing R is an equivalence reation

(i) Foranya € X, a-a is divisible by 3 hence aRa

.. Ris reflexive

() Foranya,b € X if a-b is divisible by 3, then b-a is also divisible by 3, that is
aRb = bRa. Thus R is symmetric

(i) Fora, b, c € X, if aRb and bRc, then both a-b and b-c are divisible by 3, so that
a—c=(a—>b)+ (b —c)isalsodivisible by 3, and hence aRc.
Thus R is transitive
.. R is an equivalence relation.

In general, Let I denote the set of all the integers, and let m be a positive integer. For
v € I and y € | define R as

R = {(x, y)|x — y is divisible by m)

is an equivalence relation.

Example 11.3  If A = {1, 2, 3, 4}, therelation {(1, 1), (2, 2), (3, 3), (4,4)(1, 2), (2, 1))
is an equivalence relation.

Definition 11.2  Let R be an equivalence relation on a set X.
For any x € X, the set [x]g € X given by

[x}r = {vly € X A xRy}

s called an R-equivalence class generated by x € X.

Jefinition 11.3  letSbeagivensetand A = {A|, Ay, ..., Ay} whereeach 4,,i =
l,...,misasubset of S and

m

LJa =s

=]
Then the set A is called a covering of S, and the sets Ay, Ay, ..., A, are said to cover S.

f. in addition the elements of A, which are subsets of S, are mutually disjoint, then A is
-alled a partition of S, and the sets A. A3, ... A, are called the blocks of the partition.

(OR)
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Definition (Partition set) 11.4
Let A be a non empty set and Ay, Az, ... A, are the subsets of A. A set denoted by IT is
called a partition set of A if
(i) AiNA;=¢,i+j and
n
() UJAi=A4

i=1

Example 11.4 (i) LetA ={a,b,c,d,e, f, g, h,i j}
Let the subsets of A are

Ay =la,b,c,d, e}

Ay ={f g, h}
Az = {i, j}

A4 ={a,b,c,d)
As = {c}

Now I1; = {A}, A2, A3} is a partition because
AiNAy=¢, A1NA3=¢, A2NA3=¢

Also Aj U A3 U A3 = A.
But
[T, = {A}, A4, As) is not a partition because A} N A4 # ¢
[13 = (A3, A4, As}is not a partition because
AsNAs+¢ and Ay UALUAs5#+ A,

(i)
Z* = Set of all positive integers

P| = Set of all positive odd integgers

P, = Set of all positive even integers, clearly
T1(Z%) = { P, P} is a partition of Z"
(iiiy  List all partitions of A == {1, 2, 3}

Consider A; = {1} Ag4=1{1,2)
Az =12} As=1{2.3)
Ay={3} Ag=I(13]
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Now partition sets of A are

My ={A], Ay, A3}

[T = {Ay, As}
Iy = {Ag, Ag}
M4 = (A3, A4)

(iv) LetA ={l1,2,3,4,5,6,7,8,9, 10}

Ay =1{1,2,3,4], A>»=1{506,7), A3=1{4,5"7,9)
Ay =1(4,.8,10], As=1{8,9,10}, Ag=1{,2,3,6,8, 10)

Which of the following are partition of A?

(c) {A3, A¢) (d) {A2, Az, Ay}
Clearly

(a) & (c) are partition set of A
(b) & (d) are not partition set of A.

Example 11.5 Let S = {a, b, ¢} and consider the following collections of subsets of S

A = {{a, b}, (b, c}} B = {{a], {a, c}} c = {{a}, {b, c}}
D = {{a,b,c}} E = {{a}, (b}, {c}}  F ={la} {a, b} {a,c})

The sets A and F are coverings of S

The sets C, D and E are partitious of S. Also every partition is a covering.

The set B is neither a partition nor a covering of S.

The partition D has only one block while E has three.

For any finite set, the smallest partition consists of the set itself as a block while the
largest partition consists of blocks containing only single elements.

Two partitions are said to be equal if they are equal as sets. For a finite set, every
partition is a finite partition i.e., every partition contains only a finite number of blocks.

INow, coming to the R-equivalence class, the set [x ] consists of all the R-relatives of
x in the set X. Sometimes [x]g is also written as .

Now, by the definition, the R-equivalence class generated by any element v € X is
equal to the R-equivalence class generated by x € X provided that y € [x]p. Otherwise
the R-equivalence classes generated by x and y are disjoint.

Further, each element of X generates an R-equivalence class which is non empty.
Therefore the R-equivalence classes generated by the elements of X cover X, 1.e., their
union in the set X. Since the R-equivalence classes generated by any two elements are
either equal or disjoint, we can say that the family of R-equivalence classes generated
by the elements of X defines a partition of X. Such a partition is unique because an
R-equivalence class of any element of X is unique.
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Now, formulating the above idea:
Every equivalence relation on a set generates a unique partition of the set. The blocks
of this partition correspond to the R-equivalence classes.

Theorem 11.1  Let P be a partition of the set A. Define arelation R on A asaRb <> a
and b are members of the same block. Then R is an equivalence relation on A.
Proof: From the statement we infer the following

If a € A then a and a are in the same block : So aRa

1.
2. aRb = a and b are in the same block = bRa
3. aRband bRc¢ = a, b, c are in the same block = aRc

Hence R is reflexive, symmetric and transitive and therefore an equivalence relation.
O

Theorem 11.2  Let R be an equivalence relation defined on A. Then R induces a
partition on A.

Proof: Leta € A. Then [a] = {x € AlaRx}
Since R is reflexive a € [a] and hence [a] # ¢. Thus every element of A is in some
[x]. Further

[alN[bl+ ¢ = c e (lalN[b]) forsomec € A
=> c € [a]land ¢ € [b]
=> aRcandbRc
= aRcandcRb Since R is symmetric
= aRb Since R is transitive
= b € [a]
= a € [b] Since R is symmetric

Now

x €[b] = bRx
= xRb
= xRaand bRa
= aRx
= x € [a]

Therefore [b] C {a]. Similarly {a] € |b]. Thus [a] = [b]. Hence any [a] and [b] are
either identical or disjoint.
Thus R induces a partition P of 4 by the subsets [a] as

1. every element of A is one of the elements of P
2. [aln{bl# ¢ = [a] = (b]
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The sets [a] are called equivalence classes of R a

A A

Note 11.1  The partition P will be denoted by -~. The elements of — are called
n n

quotient sets of A w.r. to R

Example 11.6 lLetA = {1.2,3 4)and P = {{1, 2, 3}, {4}} be a partition of A. Find
the equivalence relation determined by P.

Solution: Each element in the block is related to every other element in the same
block and only to those elements. Hence
R ={(1,1),(1.2),(1,3),(2,1),(2,2),(23),3,1),3,2),(3,3)
(4, 4))

Example 11.7 Let A = {1,2,3,4} and let R = {(1,1),(1,2),2, 1
A
(2,2),(3,4), (4,3), (3,3), (4,4)} be an equivalence relation on R. Determine 2

Solution: Here [1] = {I, 2} = [2], [3] = {3, 4) = [4]
The partition of A is {(1, 2), (3,4))

A
Hence - = {[1], [3])

A
General procedure for construction of 2

Choose a € A and find [a]

If ([a] # A choose b € A and b ¢ [a] and find [b]

If [al U[b)+ A choosec € A and ¢ ¢ [a] U [h] and find [c]

Repeat steps until all elements of A are included in the computed equivalence
classes.

LN -

Example 11.8  Let Z be the set of integers and let R be the relation called “‘congruence
modulo 3" defined by

R={(x,y)lx € ZAyeZA (x—y)isdivisible by 3]

Determine the equivalence classes generated by the elements of Z.

Solution: The equivalence classes are
(Olg =1{...,=6.-3,0.3,6....}
(Ilg={...=-5-2,1,47,...}
Rlg=1{..,-4,-1,2,58, ...}

= {[01r. [11Rr. [2]&)}

23|
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In a similar manner one can find the equivalence classes generated by a relation
“congruence modulo m” for any integer m.

Example 11.9  Let s be the set of all statement functions in n variables and let R be
the relation given by

R={(,y)lx€esAyesnx <y}

Discuss the equivalence classes generated by the elements of S.

Solution: The number of possible distinct truth tables for statement functions which
depend upon n statement variables is 22
Thus there are 22 R-equivalence classes generated by the elements of S.

Example 11.10 Let X = {a, b, ¢, d, e} and let C = {{a, b}, {c}. {d, e}) show that the
partition C defines an equivalence relation on X.

Solution:
R = {(a, a), (b, ;7), (a, b),(b,a),(c,c),(d,d), (e, e),d,e), (e d))}.
Example 11.11  Let R be the following equivalence relation on the set
A={1,2,3,4,5,6}
R={(1,1,(1,5),(2,2),2,3),(2,6),(3,2),(3,3),(3,6), (4,4), (5, 1).(5,9),
(6,2), (6, 3), (6, 6)}
Find the partition of A induced by R i.e., Find the equivalence class of R
Solution: The elements related to 1 are | and 5 hence
(1]={1,5}

Now pick that element which does not belong to [1] i.e., 2 which is related to 2, 3 and t
hence

21 = (2,3, 0}
The only element which does not belong to [1] or [2] is 4, which is the only element
related to itself 4.

Thus [4] = {4)
Hence partition of A induced by R i.¢;

%: [{1,5), 12,3, 6}, {4}}

hence there are three distinct classes.

Example 11.12  Let A = (1,2,3,4,5,6,7}. Determine a relation R on A t
aRb <= 3 divides (a — b). Show that R is an equivalence relation. Also determine tt
partition generated by R.
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Solution:

A=1{1,2,3,4,567)

R = {(a, b)}3 divides(a — b))

R=U1,D,(1,4),1,7,2,2),2,5),3.3),3,6),4, 1)
(4,4),(4,7),(5,2),(5,5).(6,3),(6,6), (7, 1), (7,4), (7. 7))}

orae€ A, 3|{a—~a) .. (a,a) € R, Risreflexive
‘or(a,b) € R,3|(a—b)=>3|(b—a)= (b,a) € R -. R issymmetric
“or(a,b) € R,(b,c) € R = 3|(a,b) and 3}(b — ¢) = 3|(a —¢)
R is transitive.
R is an equivalence relation on A
‘he partition generated by R = ({1, 4, 7}, {2, 5}, {3, 6}} m]

xample 11.13  LetA = {1.2,3,4}and R = {(1, 1).(1,2). (1, 3). (2. 1), (2.2).(2.3),

3. 1), (3.2), (3, 3), (4. 4)}. Is R an equivalence relation? If yes, Find the partition of A
wduced by R

olution:

(1,1),(2,2),(3,3),(4,4) € R — reflexive

(1.2) e R, (2,1) e R __ ric
(2,3) e R, (3,2) e Rf — SYMmeT

(2,1) e Rand(1,2) € Rthen(2,2) € R — transitive
(3.2) € Rand (2. 1) € Rthen (3, 1) € R n

R is an equivalence relation on A
W

rtition of A induced by R = ({1, 2, 3}, {4}). =

.ample 11.14  If ({1, 3, 5}, {2, 4}} is a partition set of the set A = (1,2, 3,4, 5}.
itermune the corresponding equivalence relation?

fution: The equivalence relationcemresponding to the partition set is

R={{'.3,5) x {}.3,5}.{2,4} x {2,4}}

= (1. 1), (1,3), (1.5, 3. 1.(3,3).3.5.,(5 1), (53),(55), (2,2),
(1,4),(4.2). (4. 9))

ample 11.15  List all partitions of A = (I, 2, 3]. Show that any partition of the set
uces an equivalence relation
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Solution:  Writing the subsets of A
Py = {1}, Pp = {2}, Py = (3}, P4 = {1,2)}Ps = (2, 3},» Pg = {1, 3}

The partition sets of P are

(i)
My = {1}, (2}, 3)}
[T, doesnot induce an equivalence relation
(i1)
[Ty = {{1}, {2, 3}}
= R={(1,1),(2,2), (2,3), (3, 2), (3, 3)} is an equivalence relation.
Thus I induces an equivalence relation
(i)
M3 = {{2), {1,3})
R ={(2,2), (1, 1), (1, 3), (3, 1), (3, 3)} is an equivalence relation.
I13 induces an equivalence relation
(iv)

My = {3}, {1, 2})

R = {(1, 1), (3, 3),(1,2), (2, 1), (2, 2)} is an equivalence relation
I14 induces an equivalence relation.

Example 11.16 LetA = {a,b,c,d, e, f}and P = {{a, b, d}, {c, e, f})} is a partition
of A. Determine the corresponding equivalence relation R.

Solution: Let A} = {a,b,d) and A3 = {c, e, [}

R = {{A] x Ay}, {A7 x Aj}}is the equivalence relation
= R ={(a,a),(a,b),(a,d), b, a), (b b). (b d),(d,a)(d b),
(d,d), (c,c), (c,e), (¢, [) (e c) (e e) (e, f),
(fieh (fre) (f. D)

Example 11.17 Let A = {1,2,3,4,5}and P = {{1, 2,4}, {3, 5}} is a partition of A.
Determine the corresponding equivalence relation R
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Solution: Let A; = {1, 2,4} and A; = (3, 5)
R = ({A1 x A1}, {A2 x A2})
= R={(11,(1,2),(1,4),2,1),(2,2),(2,4), 4 1), (4,2),
4,4),(3,3),(3,5, (53, (5 9).

Example 11.18 Let S = {1,2,3,4} and A = § x S. Define a relation R on A by
(a,)R@ by = a+b=a +¥

(i) Show that R is an equivalence relation
(1) Compute —
n
Solution:
§$={1,2,3,4),A=8Sx S R={((a,b)R@,b)a+b=a +b)
Clearlybya+b=a+b,a+b=a" +b' =a’ +b' =a+band
a+b=ad +bandd +b¥ =d"+b" =a+b=d" +b"

R is reflexive, symmetric, transitive => R is an equivalence relation.

A= {{(1,1),(1,2),(1,3),(1,4), (2, D.(2,2),(2,3), (2,4, 3, 1),
(3,2),(3,3),(3,4),(4,1),(4,2), (4,3), (4, 9)}]

A

rn {1, 1,(2,2),(3,3), 4.4}, ((1,2), 2, 1), }
{(1,3), G, D), {(1,4), (4, DH(2, 3), (3, 2)}
{(2,4), (4,2)},{3,4), 4, 3)}}

Example 11.19 Let A = {1,2,3,4,5}and P = {A x A}. R is a relational set such
that (x, y)R(x’, ') &= xy’ = x’y. Show that R is an equivalence relation. Compute
A

R
Solution:

A=1{1,2,34>5andP = (A x A)
R ={(x,y), (', y)xy = x'y)

1. (x, yY)R(x,y) &= xy = xy
2.

(x, ), R(&x", y) = xy = x'y
= y'x = yx’
= (¥, .)€ R
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3. (), (¥, y)) € Rand ((x', y'), (x", y")) € R them xy’ = x'y and x'y" =

",/
I”y, X”
Xy” =X (-—x,—-) -— (xy’) (__x_/)

Xy
—_ x"y

Now
= ((xy), ", y")eRr

R is an equivalence relation

A
R ({1, 1,(2,2),3,3), 44, 5,5, 1, {(1,2), 2,9},

{2, 1), 4, 2)}, ((1, )}, {1, D}, {2, D} (2, 500,
{3, DELAG. 21 {G, 9}, (1,5 (G, 5 {4, D
{(4,3)), {(4, 5}, {5, D}, {(5,2)}, {(5, )}, {5, DY)

Example 11.20  Let R denote a relation on the set of all ordered pairs of positive
integers by

(x,y)R(u,v) ifandonlyif xv=yu
Show that R is an equivalence relation

Solution:

(i) Asxy = yx is true for all positive integers x and y we have (x, y)R(x, y) is fo
all ordered pair (x, y) of positive integers. So the relation R is reflexive.
(i1
(x, yY)R(u,v) = xv = yu
= YU =XV
= Uy = UX
== (4, V)R(x, y)
So R is symmetric
(iii) Let x,y, u, v, m, n be positive integers

(x, yY)R(u,v) and (u,v)R(m,n)

= xv = yu and un = vm

= xvun = yuvm

=3 xn = ym by Cancelling vu( # 0)
= (x, y)R(m, n)
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So R is transitive.

.. Thus R is &n equivalence relation.

Example 11.21  Let R and S be relations on A. Then

1) If R and S are reflexive, then R U S is reflexive

2) If R and S are reflexive, then R N S is reflexive

3) IfR and S are Symmetric, then R N S and R U S are symmetric

4) If R and S are transitive, then R N S is transitive

S) IfR and S are equivalence relations, then Sois RN S

6) If R is reflexive, the R is also reflexive

7) If R is transitive, then R is also transitive

8) IfR is an equivalence relation, then R is also an equivalence relation

Solution: Proving (3): Assume thatboth R and S tobe Symmetric. Thenif (¢, b) €
RN S, then (a,b) € Rand (a,b) € S
As (a, b) € R and as R is symmetric (b, a) € R
As (a, b) € S and as S is symmetric (b, a) € S
Then (a,b) e RNS = (b,a) e RN S
So RN S is also symmetric
proving (7): If R is transitive, then (a, b), (b, ¢) € R = (b, a), (c,b) € R

(a,c) e R== {c,0) e R
. R is transitive

Definition 11.4  Let R be a relation from a set A to aset B . The inverse relation from
B to A, denoted by R~V is the set of ordered pairs {(b,a) : (a, b) € R}.

We can prove the remaining results in similar manner.

Theorem 11.3 A relation R on A is symmetric if and only if R = R~}
Proof: Suppose R is symmetric and (a, b) € R

(a,b) € R = (b,a) € R
= (a,b) € R}
RcR™!
(a,b) € RV = (b.a)e R

= (a,b) e R} (.- R is symmetric)
y
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Hence R = R™!
Conversely suppose R = R~! and (a, b) € R
Then (a,b) € R~ = (b,a) € R
R is symmetric a

Theorem 11.4 A relation R on a set A is reflexive <= the inverse relation R~! is
reflexive

Proof:

R is reflexive '<:> (a,b) € R
&= (a,a) € R!
&= R is reflexive

0

Theorem 11.5  Therelation R onaset A is transitive &= R" C Rforn =1,2,3, ...
Proof: Suppose R” C R forn =1,2,3,... in particular RZCR.

Suppose (a,b) € R and (b,c) € R then (4,c) € R2. Since RZ C R we have

(a,c) € R. Therefore R is transitive conversely suppose that R is transitive. Now we
prove R" C R by induction. When n = 1 then the result is true

Suppose R” C R we prove R"t1 c R
Let (a,b) € R**!
Since R™*! = R"0R, there is an element x with x € A such that (a,x) € R and
(x,b) € R"
By inductive hypothesis (x,b) € R(:. R" C R)
Since R is transitive (a,x) € Rand (x,b) € R = (a,b) € R
Therefore R"t! C R
Hence the result by induction on n. O

Result 11.1  Let A be any set and R be the reflexive relation on A. Then R~ and

R U § are reflexive for any relation S on A.
Proof: letae A

Since R is reflexive = aRa
= aR 'a

= Ris reflexive

Now (a,a) €e R C RU Sforeverya ¢ A

R U § reflexive O
Result 11.2  Let A be any set and R be an anti symmetric relation on A. Show that
R~ is anti symmetric and R N § is anti symmetric for any relation S on A.
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Proof: Suppose (a, b}, (b, a) € R~}

= (b,a),(a,b), e R

= a =b (Since R is antisymmetric)

R~ is antisymmetic.
(ii) Suppose (a, b) and (b,a) e RN S

= (a, b), (b.a),e R

Since R is antisymmetric = a = b
Hence R N § is anti symmetric o

Result 11.3  If R is an equivalence relation on a set A then R~ is also an equivalencé
relation on A.

12. Representation of Relations

In this section we will discuss two alternative methods for representing relations. One
method uses (zero-one) matrices, the other method uses directed graphs

Relation Matrix 12.1 If A = {aj,a3,... ,ax} and B = {by, by, ..., by} are finite
sets containing m and n elements respectively and R is a relation from A to B, the we
can represent the relation R by an m x n matrix, called Relation matrix, denoted by
Mg = [m;;], where

|1 if (@b eR
Yo if (@i b)) ¢R

In otherwords, the matrix representing R has a 1 as its i-jentry when a; is related to b,
and a 0 in this position if g, is not related to b;. (Such a representation depends on the
orderings used for A and B)

Example 12.1  Let A = {a;, a3, a3} and B = {by, by, b3, by}, the relation R from A
to B is given by
R = {(ay, by), (a1, ba). (a2, b3), (a2, b3), (a3, by), (a3, b3))
1 0 0 1
Now the relation matrix Mgis{ 0 1 1 O
1 0 1 0

Not only giving tae relation matrix when a relation R is given, but also obtain the
relation if the relation matrix is given.
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Example 12.2 Let A = {ay,a3,a3} and B = (b}, by, b3, by, bs}, which ordered
pairs are in the relation R represented by the matrix

01 0 0 O
Mrp=|1 0 1 1 0O
1 0 1 0 1
Solution: Since R consists of those ordered pairs (q,, b ) with m,; = 1, it follows

that

R = {(ay, b2), (a3, b1), (a2, b3), (az, by), (a3, by), (a3, b3), (a3, bs))

A relation matrix reflects some of the properties of a relation. In otherwords, the matrix
of a relation on a set, which is square matrix, can be used to determine whether the
relation has certain properties.

i) Risreflexive if all the elements on the main disagonal of M are equal to 1.

ii)) R is Symmetric if and only if m;; = 1 whenever m,; = 1. This also means
mj; = 0 whenever m,; = 0. Consequently R is symmetric if and only if m;; =
m j; for all pairs of integers i and j withi == 1tonand j =1 ton.
R is Symmetric if and only if Mg = (Mg)7

iti) R is antisymmetric if m;; = 1 with i # j, then m ;; = 0. In otherwords, either
m;; =0ormj; =0wheni#j

Example 12.3  Suppose that the relation R on a set is represented by the matrix

1 10 ‘I
Mr=1 1 1 1 !IsR reflexive, Symmetric and/or antisymmetric?
0 1 1
Solution: Since all the diagonal elements of this matrix are equal to 1, R is

reflexive. Moreover, since Mg is symmetric it follows that R is symmetric. It is also easy
to see that R is not antisymmetric.

Digraph of a relation 12.2 A relation can be represented pictorially by drawing its
digraph as follows:

A small circle is drawn for each element of A and marked with the corresponding
element. These circles are called vertices.

An arrow is drawn from the vertex a, to the vertex a; if and only if @, Ra,. This is
called an edge (directed). Note that an element of the form (a, a) in a relation corresponds
to a directed edge from a to a. Such an edge is called a loop.

This pictorial representation of R is called a directed graph or digraph of R.

Example 12.4  The directed graph of the relation R = {(1, 1), (1, 3), (2, 1), (2,3),
(2,4),(3,1),(3,2), 4, 1)) onthe set {1, 2, 3. 4} is:
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Solution:

Example 12.5  What are the ordered pairs in the relation R represented by the directed
graph shown beiow?

Solution:

D

The ordered pairs (x, y) in the relation are

R=1{(1,3),(1,4),(2.1),(2,2),(2,3), 3, 1). 3,3), (4, 1), 4, D)}

Zach of these pairs corresponds to an edge of the directed graph with (2, 2) and (3, 3)
orresponding to loops
‘he directed graph representing a relation can be used to determine whether the relation
ias various properties.

(1)

(ii)

(iit)

(iv)

A relation is reflexive if and only if there is a loop at every vertex of the directed
graph, so that every ordered pair of the form (x, x) occurs in the relation.

A relation is symmetric if and only if for every edge between distinct vertices in
its digraph there is an edge in the opposite direction, so tht (v, x) in the relation
whenever (x, y) is in the relation.

A relation is antisymmetric if and only if there are never two edges in opposite
directions between distinct vertices

A relation is transitive if and only if whenever there is an edge from a vertex x
to a vertex y and an edge from a vertex vy to a vertex z, there is an edge from x
to z (completing a triangle where each side is a directed edge with the Comect
direction).
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Theorem: Prove that the transitive closure RT of a relation R on a sct A is the smallest
transitive relation on A containing R.

Proof: To prove (i) R™ is a transitive relation on A
Leta, b, c € R sothataR b, bR ¢

= (a,b)e R, (b,c) e RT

We know that R* = RURZUR3U. ..

(a,b) € R* (b,c) € R! for some positive integers k&I, using (a, b) € R¥,
there are elements ¢, ¢, ...cx € A such that aRcy,ciRcp, caRe3, ... ¢ Ry =
b using (b,c) € R! there exist elements d|,dp,....d] € A such that
bRdy,d|Rd~, ... ,dj_1Rd; =¢

aRcy,c\Rer .. ep—1Regy = b, bR, d{Rdy, ... di_|Rd) = ¢
By definition aRk*lc = (a,c) € Rk+1
= (u,c)e Rt = aR*c

R is transitive relation on the set A.

" To prove (ii) Rt is the smalicst transitive relation containing R

Clearly R € Rt

Let T be a transitive relation containing R

Then RC T

Toprove Rt C T

Let (x, v) € R* = xR*y and then (x, v) € R™ for some m
There exists elements y|, v....vm € A satisfying xRyp. viRy2, y2Ry3
S ¥m—ts Rym =y

= (D) eR Oy eR ()R - m=1,ym) €R
= @y)el, 0nLy)el, (2, »ET .., Om_tsym)eT (- RCT)
= xITvi.viTvy, .. .ymTym =y
= xTy (.~ T is transitive)
(x,y)eT
(x.y) € Rt = (x. vieT
R*CT

Hence the proof. O

Example 12.6  Determine whether the relations for the directed graphs shown below
are reflexive, symmetric, antisymmetric and/or transitive.
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digraph R digraph§ d

Since there are loops at every vertex of the directed graph of R, it is reflexive. R is
neither Symmetric nor antisymmetric. Since there is an edge from a to b but not one
from b to a but there are edges in both directions connecting b and c. Finally, R is not
transitive since there is an edge from a to b and an edge from b to ¢, but no edge from a
to c.

Since loops are not present at all the vertices of the directed graph of S, this relation is
not reflexive. It is symmetric and not antisymmetric. Since every edge between distinct
vertices is accompanied by an edge in the opposite direction. It is also not hard to see
from the directed graph that S is not transitive. Since (c, a) and (a, b) belong to S, but
(c, b) does not belong to S.

We obtain the matrices of Converse relation of R and composition of two relations as
follows:

1. The relation matrix M 3 of R can be obtained by simply interchanging the rows
and columns of Mg.

Such a matrix is called the transpose of M g. Therefore
Mz = (Mg)’

The graph of R is also obtained from that of R by simply reversing the arrows
on each arc.

Example 12.7  Given the relation matrix Mg Find M ;

Mp =

[P [—
—— 0

—_ -

1
I 1
0 1

1
Solution: My = transpose of Mp = 0
1

2. Boolean arithmetic with zero-one matrices: This arithmetic is based on the
Boolean operations Vv and A, which operate on pairs of bits, defined by



Set Theory 2.31

bl/\b2=l if bl::bzzl

‘O otherwise

by v by = if bl‘r-lorbzzzl
0 otherwise

Definition 12.3  Let A = [a,;] and B = (b;;] be m x n (zero-one) matrices.
Then the join of A and B is the zero-one matrix with (i, j)‘h entry a,; V b,;. The
join of A and B is denoted dby A v B. The meet of A and B is the zero-matrix
with (i, /)™ entry a;; A b,;. The meet of A and B is denoted by A A B.

Example 12.8  Find the join the meet of the zero-one matrices
1 0 1 "0 1 O
A“lo 10] lell 0]
Ivo Ovl 1vo 'J _

=

Solution: Join of Aand B (A Vv B) = [

| Ov1 Ivi Ovo
1 1 1
1 1 O

" 1A0 0Al 1A0 T} [O O O
meetoanndB(A/\B)—-'OAl 1A OAOJ=l0 1 OJ

Definition 12.4 Let A = [a;;] be an m x k zero-one matrix and B = [b,,]
be an k x n zero-one matrix. Then the Boolean product of A and B, denoted by
A © B, is the m x n matrix with (i, j)‘h entry (c,;] where

Cij = (a,‘l /\blj)\/(a,zl\sz)\/...v (a,'k /\bkj)

Example 12.9  Find the Boolean product of A and B

1 0 - -
Where A=| 0 1 B::[(l} i ?J
1 0

Solution: The Boolean product A © B is given by

T AADVOAD JADVOAL (IAOVOAIL |
AQOB = OADVEAD OADVHAL OAOVAALD
L (LA VOAD (IADVOAD (1ADVOAD

" 1v0 1vO0 0vO
= 0v0 Ovl Ovi
Ivo 1vO0 0OvO

1
i
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The Boolean operations join and meet can be used to find the matrices repre-
senting the Union and the intersection of two relations. Suppose that R and S
are relations on a set A represented by the matrices Mg and Mg respectively.
The matrix representing the Union of these relations has a 1 in the positions
where either Mg or Mg has a 1. The matrix representing the intersection of
these relations has a 1 in the positions where both Mz and Mg have a 1. Thus
the matrices representing the Union and intersection of these relations are

Mrus = Mg v Mg
and
Mpns = Mg A Mg

Example 12.10  Suppose that the relations R and S on a set A are represented
by the matrices

1 0 1 1 0 1
Mg = 1 0 O and Mg=1 0 1 1
0 1 0 | 1 0 0 }
what are the matrices representing RU Sand RN S
Solution: The matrices of these relations are
1 0 17
Mpus=MrpvMg=1]1 1 1
i 1 0
"1 0 1
Mrrns=MrAMs=| 0 0 O
0 0 0 i

We now turn our attention to determining the matrix for the composite of rela-
tions. This matrix can be found using the Boolean product of the matrices for
these relations.

In particular, Suppose that R is a reiation from A to B and S is arelation from B to
C. Suppose that A, B and C have m, p and n elements respectively. Let the zero-
one matrices for SoR, Rand Sbe Mgop = [1j;], Mg = [r;;)] and Mg =[S,;]
respectively (these matrices have sizes m x p, m x n and n x p rcepectively).
The ordered pair (a,, c;) belongs to SoR if and only if there is an element by
such that (a;, by ) belongs to R and (b, cj) belongs to S. It follows thats,, = 1
if and only if rijx = s¢; = | for some k.

From the definition of the Boolean product, this means that

Msop = MR © Ms
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Example 12.11  Find the matrix representing the relations SoR where the
matrices representing R and S are

1 0 1 01 0
Mg = 1 1 O and Mg=| 0 0 1
0 0 0 10 1
Solution: The matrix for SoR is
1 1 17
Msor=MpOMs=| 0 1 1
0 0 0

3. We now consider the Converse of a composite relation. For this purpose, Let
R be a relation from A to B and S be a relation from B to C. Obviously Risa
relation from B to A, § from C to B, SoR is a relation from A to C, and SR is
a relation from C to A. Also the relation RoS is from C to A.

We now show that SGR = RoS
IfaRb and bSc, then a(SoR)c and ¢(S6R)a. But cSb and bRa so that c(ﬁoS‘)a.
This is true for any a € A and ¢ € C, hence the required result.

The same rule can be expressed in terms of the relation matrices by saying that the
transpose of Mg, g is the same as the matrix Mﬁoi" The matrix M§o§ can be obtained
from the matrices MR and Mg, which inturn can be obtained from the matrices Mg and
Ms.

Example 12.12  Given the relation matrices My and Mg
Find Mg g. Mk, MS“ M;R and show that Mgzp = Mﬁaf

1 0 1 1 0 010
Mg = I 10 Mg = 1 01 0 1
R i I 0 1t 0 |
11 1"
Solution: My = ransposeof Mpg=1 0 1 |
1 0 |

transpose of M5

-

]
O — O O —
—_— 0 = O =
oS- O — O

I
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'101'|'10010'
Msor=MpOMs=1| 1 1 0 ([-| 1 0 t 0 1
RERE! 0 1 0 1 0
"1 1 0 1 0°
=101 1 1
|11 11
U U
1 0 1
Mssg = transposeof Mg;p=1| 0 1 1
1 1 1
01 1
"1 1 0
0 0 1 101 1 °
MﬁoS':MS'OMR‘= g 1 0 o 1 1
1 0 1 1 0 1 _
0 1 O_
1 1 1
I 0 1
= 0 1t 1 = Mssr
1 1 1
011

Result 12.1  The following hold for any relation R and S

(1) (R)=R

(2) R=S5¢=>
(3) RCS =
(4) RUS=RUS
(5) RAS=RNS

YR %1

i =
R<

Definition 12.5  The transitive closure of a relation R is the smallest transitive relation
containing R. We denote transitive closure of R by R™. Let X be anv finite set containing
n elements and R be a relation in X. The relation Rt = RURZUR3U...UR" in X is
called the transitive closure of R in X.

Example 12.13  Let X = {1,2,3,4}and R = {(1, 2), (2, 3), (3, 4)} be a relation on
X. Find R*

Solution: Given

R = {(17 2)v (2, 3)v (3v4)]
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R? = ((1,3), 2, 4))
R® = ((1,4)]
Rt=¢
S RY=RUR*URUR* (. R*=¢)
={(1,2),(2,3),(3,4),(1,3),(2,4), (1,4}

Definition 12.6  Let M be a square [zero-one) matrix and let r be a positive integer.
The r' Boolean power of M is the Boolean product of r factors of M. The r* Boolean
product of M is denoted by M{"]. Hence

MOMOMO...0M

r times

mlrl =

This is well defined since the Boolean Product of matrices is associative

0 0 1°
Example 12.14 letM = 1 0 0
1 1 0

Find M) for all + ve integers n.

"1 1 0
Solution: We find that M2 =MoM=]| 0 0 1
1 0 1 |
"1 0 1°
We also find that M[3]=M[2]OM= 1 1 O
111
101 1] 1117
M =pMBlom=11 0 1 and MBI=] 1 1 1
1 11 1 1 1

We can set that M7 = M) for all positive integers » with n > 5.

Definition 12.7 Let Mg be the (zero-one) matrix of the relation R on a set X with n
elements. Then the matrix of the transitive closure R¥ is

Mp+ = MRkazlng]v...vM%']
Also MRn = M};l

Example 12.15  Find the matrix of the transitive closure of the relation R, where

Mgr =

— O
(O
OO -
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Solution: Matrix of the transitive closure

Mp+ = Mp VMEQZ] VM}?]

1 1 1
ME]:MROMR:l-O 1 0
1 1

1
31 _ »gl2] =
Mg =M OMg= (l) 1

Then
1 ot 1t v v v 17
Mp+=}1 0 1 0 (v} O 1 0 Vv O 1 O
11 0| |11 1 111
1 1 1°
=101 0
1 1 1

Note 12.1  Transitive closures of relations have important applications in certain areas
such as networks, Syntactic analysis, fault detection and diagnosis in switching circuits.

13. Warshall’s Algorithm:

Warshall’s algorithm, is an efficient method for computing the (matrix of) transitive
closure of a relation.

Algorithm: Given the relation matrix Mg of a simple digraph, then the following steps
produce that matrix of transitive closure of the relation R

Step 1 PO = Mp
Step2 k=1
Step3u =1

Step 4 -2 = pE1y PV A A1) vj = 1101

StepSu=i+1 If {<n, gotostep4
Step6:k =k+1 If k <n,gotostep3; otherwise stop.
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Example 13.1 Let R be the relation with directed graph. Find the matrices Mg and

a b

i - i, >
Mg + (transitive closure of R) by Warshall’s algorithm. )

Solution:
(O 0 0 1
_ 1 0 1 O _ plo]
Me=1 1 0 o 1 |=F 06
\ 0 0 1 0)
(0 0 0 1)
(j _ 1 0 1 1 _ pl21
P 1 0 0 1 =P
\0 0 1 0)
( 0 0 0 1 \
- pBl _ 1 0 1 1
1 0 0 1
\1 0 1 1/
1 0 1 1
[4] 1 0 1 1 ) . ..
and P = 1 0 1 1 is the matrix of the transitive closure
1 0 1 1

Note 13.2  Warshall’s algorithm computes My + by efficiently computing POl = Mp

Pl P Pl — Mp s

14. Compatibility Relations

Definition 14.1 A relation R in X is said to be a compatibility relation if it is reflexive
and Symmetric.
Clearly, all equivalence relations are compatibility relations. But we will consider

those compatibility relations which are not equivalence relations.

Example 14.1  Let X = {, ball, bed, dog, let, egg) and let the relation R be given by

R = {(x, y)|x, ye X A xRy if x and y contain some common letter}
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Then R is a compatibility relation, and x, y are called compatible if xRy. A compat-
ibility relation is sometimes denoted by = Note that ball ~ red, bed = egg, but ball =
egg. Thus # is not transitive.

Denoting ball by xj, bed by x3, dog by x3, Let by x4 and egg by xs, the graph of ~ is
as follows:

Since = is a compatibility relation, it is not necessary to draw the loops at each element
nor is it necessary to draw both x Ry ard yRx.

Thus, we can simplify the graph of =:

X] X2

X5 X3
x4

The elements in each of the sets {x}, x2, x4} and (x3, x3, x5} are related to each other
i.e., the elements are mutually compatible further, these two sets define a covering of X.
The set {x2, x4, x5} also has elements compatible to each other.

An equivalence relation on a set defines a partition of the set into equivalence classes,
a compatibility relation does not necessarily define a partition. However, a compatibility
relation does define a covering of the set.

The relation matrix of a compatibility relation is symmetric and has its diagonal
elements unity. Therefore, it is sufficient to give only the elements of the lower triangular
part of the relation matrix.

Now, The relation matrix for the above compatibility relation is

x| 1

X3 0 1

X3 1 1 0

x4 0 1 I |

I Xy X2 X3 X4
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* Definition 14.2  Let X be a set and =~ a compatibility relation on X. A subset A C X
is called a maximal compatibility block if any element of A is compatible to every other
element of A and no element of X-A is compatible to all the elements of A.

L3

X5

x4

Example 14.2  The subsets [xq, x2, x4}, {x2, x3, x5} and {x3, x4, x5) are maximal
compatibility blocks. These sets are not mutually disjoint, and therefore they only define
a covering of X.

Procedures to find the maximal compatibility blocks correspond-
ing to a compatibility relation:

@ (i) First draw a simplified graph of the compatibility relation and

(1) pick from this graph the largest complete polygons. By a Largest com-
plete polygon, we mean a polygon in which any vertex is connected to
every other vertex.

For example, a triangle is always a.complete polygon. In addition to
these examples, any element of the set which is related only to itself
forms a maximal compatibility block.

Similarly, any two elements which are compatible to one another but to
no other elements also form a maximal compatibility block.

(I Another procedure for finding the maximal compatibility blocks from the table
of the relation matrix can be described in the following manner.

It is assumed that first a simplified table is obtained in which those elements which are
only compatible to themselves are deleted, because they are in a maximal compatibility
block by themselves and are in no other compatibility block. Such blocks are includec
in the list at the end.
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{1) Start in the rightmost column of the table and proceed to the left until a column =
containing at least one nonzero entry is encountered. List all the compatible pairs
represented by the entries in that column

(1) Proceed left to the next column that contains at least one nonzero entry. If any
element is compatible to all the members of some previously defined compat-
ibility class, then add this element to that class. If a member is compatible to
only some members of a previously defined class, then form a new class which
includes all the members that are compatible. Next, list all the compatible pairs
not included in any previously defined class.

(iit) Repeat Step (ii) until all the columns are considered

The final sets of compatibility classes including those which are isolated elements con-
stitute the maximai compatibility classes.

Example 14.3

(i) 1 2

2 0 -

3 1 1

4 l 0 1

S

5 0 1 0 |

1 2 3 4
4 3 -

The maximal compatibility blocks are
{1, 3, 4}, (2,3}, {4,5). (2, 5)

Since 1,3.4 are compatible to each other, i.e., connected to each other, 2 and 3 connected
each other, 4 and 5 connected each other, 2 and 5 connected each other, but not 5,3; 2,4;

(ii)
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In graph

maximal compatibility blocks are

(2,1, 3,4}, {2,5), (3,6}, (5,6}

(iii) \ 2
O 2 0
3 Lo
[} o o I
6 3 6 1 0o 1
1 2 3 s
O4
5

maximal compatibility blocks are:
{1. 2‘ 3}; (l’ 3| 6’! {3' 5' 6}’ (4}

Example 14.4  Let the compatibility relation on a set {x;x; ... x¢) be given by tht
matrix

X3 1

X3 1 |

xg| 0 0 1

Xg 0 0 1 I

Xg 1 0 1 0 1
Xy X3 X3 xg4 X5

Draw the graph and find the maximal compatibility blocks of the relation.
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Solution: Graph: -

X2
X
1 xg

X3

Maximal compatibility blocks are:

{x1, x2, x3}, (x1, x3x6}, (X3, x5%6}, {x3, x4, x5}.

15. Partial Order Relations

Definition 15.1 A binary relation R in a set P is called a partial order relation or a ™
partial ordering in P iff R is reflexive, antisymmetric and transitive. We denote a partial
ordering by the symbol <. If < is a partial ordering on P, then the ordered pair (P, <)

is called a partially ordered set or a poset.

Definition 15.2  Let (F, <) be a poset. If for every x, y € P we have either x <
y Vy < x, then < is called a simple ordering or linear ordering on P, and (P, <) is
called a totally ordered or simply ordered set or a chain.

Note 15.1 It is not necessary to have x < y or y < x forevery x and y in a poset P.
Infact, x may not be related to y, in which case we say that x and y are incomparable.

_If R is a partial ordering on P, then it is easy to see that the converse of R, namely
R is also a partial ordering on P. If R is denoted by <, then R is denoted by >. This
means that if (P, <) is a poset, then (P, >) is also a poset. (P, =) is called the dual of
(P, ).

Definition 15.3  Another relationship which is associated with every partial ordering
< on P and which is denoted by <. This relation < is defined, for every x, y € P as

X<y x<yAxty

Similarly, corresponding to the converse partial ordering >, there is a relation > such
that

X>y&ESIXZYyAxEY
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. Note15.2  The relations < and > are irreflexive, antisymmetrix and transitive.

Example 15.1  Show that the “‘greater than or equal” relation (>) is a partial ordering
on the set of integers.

Solution: Since a > a for every integer a, > is reflexive.
Ifa > band b > a, then a = b. Hence > is antisymmetric finally > is transitive since
a > band b > c imply that a > ¢ It follows that > is a partial ordering on the set of
integers and (Z, >) is a poset.

Example 15.2  Show that the inclusion relation C is a partial ordering on the power
set of a set S.

Solution: Since A C A whenever A is a subset of S, C is reflexive.
It is antisymmetric since A C B and B C A imply that A = B. Finally C is transitive,
since A C Band B C C imply that A C C. Hence C is a partial ordering on P(S) and
(P(S), Q) is a poset.

Example 15.3  The posct (Z <) is totally ordered, since a < b or b < a whenever a
and b are integers.

* Example 15.4  The divisibility relation | is a partial ordering on the set of positive
integers. Therefore (Z*, |) is a poset and it is not totally ordered since it contains elements
that are incomparable, such as 5 and 7.

Definition 15.4 Inaposet (P, <),anelementy € P issaid to cover an elementx € P
if x < y and if there does not exist any element z € P such that x < z and z < y: that
isveoversx <= (x < yA{x <z<y=>x=zVz=yY)).

16. Hasse Diagram

A partial ordering < on a set P can be represented by means of a diagram known as
Hasse diagram of (P, <). In such a diagram, each element is represented by a small
circle. The circle for x € P is drawn below the circle for y € P if x < v and a line
is.drawn between x and y if y covers x. If x < y but y aoes not cover x, then x and
v are nol connected directly by a single line. However, they are connected through one
or more elements of P. It is possible to obtain the set of ordered pairs in < from such a
diagram.

For a totally ordered set (P, <), the Hasse diagram consists of circles one below the
other. Thus a toset is called a chain

Example 16.1 Let P = (1, 2. 3,4} and < be the relation “less than or equal to” then
the Hasse diagram is:
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Example 16.2 Let X = {2, 3,6, 12, 24, 36] and the relation < be such that x < y if
x divides v.
Hasse diagram is

24 36

fxample 16.3 Let A be a given finite set and P(A) its power set. Let C be the
nclusion relation on the elements of P(A). Draw Hasse diagrams of (P(A), C) for
a)A = {a) : (b)A = [a, b}(c)A = [a, b, c}(d)A = |a. b, c,d)

Solution: The required Hasse diagrams are:
{a,b} {a,b)
{a}
(a) (b} (OR) (b) (a)
®
0

() 2)
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(3
Hasse diagrams of (P(A), C)

Example 16.4  Let A be the set of factors of a particular positive integer m and let <
be the relation divides t.e.,

<= {{x,y)|lx € A rnyeAAixdivides y)}

Draw Hasse diagrams for (a)m =2 (b)ym = 6(c)m =30(d)m = 210 (e) m = 12
= and (f) m = 45.
Solution: The required Hasse diagrams for (a) (o (d) are the same as previous
Hasse diagrams 1,2,3 and 4.

Hasse diagrams of (e) and (f) are

12 45
15
4 6 9
5
2 3 3
!

|

Note 16.1 (1) For a given poset, a Hasse diagram is not unique:, as can be seen
- from Fig 2.

(i) From a Hasse diagram of (P, <). the Hasse diagram of (P, >) which is the dual
of (P, <) can be obtained by rotating the diagram through [80° so that the points
at the top become the points at the bottom.

(iii)) Some Hasse diagrams have a unique point which is below all other points.
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(iv) The Hasse diagrams become more complicated when the number of elements in
the poset is large.

Definition 16.1  If there exists an element y € P such that y < x for all x € P, then
y is called the least member in P relative to the partial ordering <. Similarly, if there
exists an element y € P such that x < y for all x € P, then y is cailled the greatest
member in P relative to <.

Note 16.2  From the definition it is clear that the least member if it exists, is unique,
so also is the greatest member. It may happen that the least or the greatest member does
not exist. The least member is usually denoted by 0 and the greatest by 1.

If the Hasse diagram of a poset is available, then it is easy to see whethere the least or
the greatest member exists.

Example 16.5 /’

From ~ | it is clear that the least member is 1 and the greatest is 4.
In Example 16.2, there is no least or greatest member.
In Example 16.3, the least member is ¢ and the greatest member is A in all cases.

7N

The above diagram shows that the greatest member exists but there is no least member.

Observations 16.1 In every simple ordering or chain, the least and the greatest
members always exists.

Definition 16.2  An element v € P is called a minimal member of P relative to a
partial ordering < if forno x € P is x < y. Similarly, an element y € P is called a
maximal member of P relative to a partial ordering < if fornox € Pisy < x.

Example 16.6  In the Hasse diagram, O/O\O there are two minimal

members, and one maximal member.

Note 16.3 A minimal member need not be unique. All those members which appear
at the lowest level of a Hasse diagram of a poset are minimal members.
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Distinct minimal members are incomparable and distinct maximal members are also
incomparable.

Note 16.4 It is not always necessary to draw the Hasse diagrams of a poset in
order to determine the least, greatest, maximal and minimal members. However, their
determination becomes simple when such a diagram is available.

Definition 16.3 Let (P, <)beaposetandlet A C P. Any element x € P is an upper
bound for A if foralla € A, a < x. Similarly, any element x € P is a lower bound for
Aifforae A, x <a.

Example 16.7  Let us consider the poset (P(A), ). We choose a subset B of P(A)
given by {{b, c}, {b}, {c}}. Then {b, c} and A are upper bounds for B, while ¢ is its lower
bound. For the subset C = {{a, c}, {c]}], the upper bounds are {a, c} and A while the

lower bounds are {c} and ¢.
In the Example 16.2 if A = (2, 3, 6}, then 6, 12, 24 and 36 are upper bounds of A and
there is no lower bound.

Note 16.5  Upper and lower bounds of a subset are not necessarily unique.

Definition 16.4 Let (P, <) be a poset and let A € P. An element x € P is a least
upper bound or supermum, for A if x is an upper bound for A and x < y where y is any
upper bound for A. .

Similarly, the greatest lower bound or infimum, for A is an element x € P shuch that
x is a lower bound and y < x for all lower bounds y.

Observations 16.2 (i) A least upper bound, if it exists is unique and the
same is true for a greatest lower bound. The least upper bound is abbreviated as ‘LUB’
or ‘sup’ and the greatest lower bound is abbreviated as ‘GLB’ or ‘Inf’.

(ii) For a simply ordered chain, every subset has a supremum and as infimum.

Example 16.8  Find the greatest lower bound and the least upper bound of {b, d, g} if

they exist, in the poset show below:
h
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Solution: The upper bounds of {b, d, g} are g and h since g < h, g is the least *
upperbound. The lower bounds of {b, d, g} are a and b. Since a < b, b is the greatest
lower bound.

Example 16.9  The posets in Example 16.1 and Example 16.3 are such that every
subset has a supremum and an infimum.

Example 16.10  Inexample 16.2, the set A = (2, 3, 6} hasthe LUBA = 6, while the
GLBA does not exist.
Similarly, for the subset {2, 3}, the supremum is again 6, but there is no infimum.
For the subset {12, 6}, the supremum is 12 and the infimum is 6.

Observations 16.3  For a poset (P, <), we know that its dual (P, >) is also a poset.
The least member of P relative to the ordering < is the greatest member in P rclative
tot the ordering > and vice versa. Similarly the maximal and minimal cleiments are
interchanged. For any subset A € P, the GLBA in (P, <) is the same as the LUBA in
(P, 2).

Definition 16.5 A poset is called well-ordered if every non empty subset of it has a
least member.

-

Note 16.6 By the above definition, every well-ordered set is totally ordered, because
for any subset say {a, b} we must have either a or b as its least member. But, every totally
ordered set need not be well- ordered A finite totally ordered set is also well-ordered.

Example 16.11 I, =1{1,2,...,n)is a well-ordered set.
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Exercise 1

(1)

()

3)

4
(3

(6)

Q)

Determine whether the relation R on the set of all integers is reflexive, symmetric
antisymmetric and/or transitive where (x, y) € R if and only if

(@ x#y

() xy=>1

(©) x=y+lory-—1

(d) x=y(@mod7)

(e) x is a multiple of y

(f) x and y are both negative or both non negative
® x=y°

(h) x =y

Show that propositional equivalence is an equivalence relation on the set of a
compound propositions.

Determine whether the relation with the directed graphs shown is an equivalenc
relation. '

(a)

Which elements of the poset ({2, 4, 5, 10, 12, 20, 25}|) are maximal and whic
are minimal? '

Which of the following are posets

@(Z,=) M(E ¢+)

Determine whether the relation with directed graph shown is a partial order

a - b
¢ d

A relation R on set A = {1,2,3}isgiven by R = {(1,1),(1,2),(2,1),(2,2)
(2,3), (3,2), (3, 3)} Show that it is compatibility but not equivalence relation’.




2.50 Discrete Structures and Graph Theory

Answer (1)

(a) Symmetric

(b) Symmetric, transitive

(c) Symmetric

(d) Reflexive, Symmetric, transitive
(e) Reflexive, transitive

(f) Reflexive, Symmetric, transitive
(g) Antisymmetric

(h) Antisymmetric, transitive

(3) (a)No (b)No
(4) Maximal : 12,20,25

Minimal : 2 and 5
(5) (a)Yes, (b)No
(6) No

17. Functions
Introduction

Functions. a particular class of relations. A relation is a correspondence between the
elements of two sets, associating elements of the first set with those of the second. It is
possible that a given relation associates to any element of the first set several different
elements of the second set. It is also possible that some element of the first set is not
associated with any from the second.

A special type of relation is that which associates to each member of the first set only
cne member of the second. Such a relation or correspondence is called a function from
one set into the other. Thus function is only a special type of a relation or correspon-
dence. We will consider only discrete functions which associate a finite set to another
finite set.

Example 17.1 (i) The relation R “is less than™ in the set of all real numbers is
not a function in the sense that if we consider any one number of the set, say 3, we have
3R4. 3RS, 3R6. etc.. so that the element 3 is related to several elements.

(i1) The relation “is a square of” in the set of real numbers is a function since
there is only one real number y which is the square of a given real number x.

Definition 17.1  Let X and Y be any two sets. A relation f from X to Y is called a
function if for every x € X there is a unique y € Y such that (x, y) € f.

We write y = f{x). A function from X to Y is also written- as f : X — Y whichis
read as “a function of X into Y. The set X is called the domain of the function f and
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Y is called the co-domain of f. If x is an element of the set X, then the element y in ¥
which is assigned to x is called the image of x so that we have (x, y) € f.
Functions are also called mappings or transformations.

X

If the domain and co-domain of a function f are both the same set,say f 1 A — A
then f is called an operator or transformation on A. Two functions f : X — Y an
8 : X — Y are said to be same, and we write [ = g, if f(x) = g(x), for ever.
x e X.

Example 17.2  Let A be the set of all real numbers. We define a rule f which assign
to each real number x. Its square x2 that1s f(x) = x2.x2is non-negative for all rec
numbers then f given by f(x) = x2 is a function from A to B.

Definition 17.2  Let f be a mapping of X into ¥ i.e, let f : X — Y. Eachelement1
Y need not appear as an image of some element in X. The range of f consists of exactl
those elements in ¥ which appear as the image of atleast one element in X. We denote th
rangeof f : X — Y by f(X).Itisalsodenotedby R(f) = f(X) ={f(x) e Y|x € X
clearly the range of f is a subsetof Y.

Note 17.1 Domain of f is denoted by D(f).

Note 17.2  The rule of correspondence which defines a function may be indicated t
a diagram as shown below

Y

\ " |

Function f from X to Y

Note 17.3 A function may take the same value at two different elements to X.
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ixample 17.3 A program written in a high level language is transformed (or mapped)
nto a machine language by a compiler. Similarly, the output from a computer is a function
f its input.

fxample 17.4  State whether or not each of the diagrams given below defines a
unction of A = {a, b, ¢} into B ={x, y, 2}

Solution:

(i) is not a function since nothing is assigned to b
(ii) 1is a function
(iii) is not a function since the element a in the domain is assigned to two elements
x and y in the codomain. But in a function, each element in the domain can be
assigned to only one element in the co-domain.

xample 17.5  The following figure defines a function f which maps the set
1, b, ¢, d} 1o itself. Find the range of f.

Solution: The range consists of all the image points. The elements a and ¢ only
pear as images. So range of f is the set {a, c}.

xample 17.6  If the function f is defined by f(x) = x2 + 1 on the set
-2, -1,0, 1, 2. Find the range of f.

Solution: We compute the image of each element

f(=2y=5, f-D=2 fO=1 fN=2 f2)=5
:nce the range of f is the set {1, 2, 5}.

inition17.3 If f : X — Yand A C X, then f N (A x Y) is a function from
~> Y called the restriction of f to A and is sometimes written as —,f;; If g is a restriction
S, then £ js called the extension of g.
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_Note 17.4 (7f{) :A —> Yisstforanya € A, (%)(a) = f(a). The domain of (%)
is A, while that of f is X. Obviously, if g is a restriction of f, then D(g) € D(f) and
g(x) = f(x)forx € D(g)and g C f.

18. Types of functions

Definition 18.1 A mapping f : X — Y is called onto (Surjective, a surjection) if the
range R(f) = Y; otherwise it is called into.

Example 18.1 Let X =Y = Rand f(x) = x2 42, D(f) = R and R(f) € R.
The values of f for different values of x € R all lie on a parabola, clearly f is an into

mapping

Example 18.2 Let f be the function from {a, b, ¢, d} to {1, 2, 3} defined by f(a) =
3, fb) =2, f(c) =1and f(d) =3

Solution: Since all three elements of the codomain are images of elements in the
domain. . f is onto.

Definition 18.2 A mapping f : X — VY is called one-to-one (injective or 1 — 1) if
_ distinct elements of X are mapped into distinct elements of Y.
In other words, f is one-to-one if

xp#x2= f(x)) ¢ fx2)
or equivalently f(x)) = f(x2) = x| = x3

Example 18.3  The function f : {a, b, c,.d} — (1,2, 3,4, 5} with f(a) =4, f(b) =
5, f(c) = 1 and f(d) = 3 is one to one since f takes on different values at the four
elements of its domain

Example 18.4  The function f(x) = x2 from the set of integers to the set of integers
is not one-to-one because, for instance f(l) = f(—1)=1butl# — I

Note 18.1 When X and Y are finite sets, a mapping f : X — Y can be one-to-one if
the number of elements in X is less than or equal to the number of elements in Y.

Definition 18.3 A mapping f : X — Y is called one-to-one onto (objective) if it is
both one-to-one and onto. Such a mapping is also called a one to one correspondence
between X and Y.

Observations 18.1  For f : X — Y to be bijective when X and Y are finite requires
*that the number of elements in X be the same as the number of elements in Y.

Example 18.5  The function f : {a,b,c,d} — {1,2,3,4} with f(a) = 4, f(b) =
2, f(c) = land f(d) = 3 is one-to-one and onto. It is one-to-one since all four elements
of the domain are images of elements in the domain. Hence f is a bijection.
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Example 18.6 The function f(x) = 2x + 1 on R is a bjection from R to R.

Definition 18.4 A mapping in which many elements in the domain have the same
image element in the co-domain is called a many-to-one mapping

Note 18.2 A function f : X — Y is many-to-one if it is not cne to one.

Example 18.7 Consider f : Z — Z given by f(x) = x2. This is a many to one
mapping since f(—1) = f(1) =1, f(-2) = f(2) =4 etc.,

Definition 18.5 Let X be any set. Let the function I, : X — X be defined by
Ix(x) = x V.x € X. Then I is called the identity function or the identity transformation
on X.

Note 18.3  The identity function assigns each element to itself.
It is one-to-one and onto, so that it is a bijection.

Examples of different types of correspondences

a

3 c 2 c
c
4 d 3 d > 3
(a) one to one not onto (b) onto, not one-to-one (c) an onto function
a 1 a ] a 1
. : >< , )
/ b
c 3 c 3 3
d 4 d / ) c 4
(d) oneto one and onto (e) Neither one to one nor o nto (f) Not a function
a 1
b 2
¢ 3
g N

N,

(g) A one to one Function
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. 19. Inverse Function

Let f : X — Y be a one to one correspondence from the set X to the set Y. The inverse
function of f is the function that assigns to an element y € Y the unique element x € X
such that f(x) = y. The inverse function of f is denoted by f’l. Hence, f"(y) =x
when f(x) =y

Definition 19.1 A function f : X — Y is said to be invertible if the inverse relation
f‘l : Y — X is also a function. Then f‘] is called the inverse of f.
Theorem 19.1 A function f : X — Y is invertible <= f is one one and onto.

Proof: f is invertible means f~! is a function from ¥ — X, f~! will be a function
from Y — X if and only if

1. Forevery y € Y, there must be an > € X such that f‘](y) = x That is
f(x) =y, = f must be onto
2. Foreachyel, f_[(y) must be unique. This is possible if and only if f is one

to one
Hence f is invertible if and only if f is one to one and onto O
Note 19.1 1. If f is a bijection from A to B, then the relation f~lfromBto A

is a function from B to A

2. If f: A — B isaone one onto mapping then fY:B—> Ais unique

3. Let A and B be two non empty sets. If f : A — B is a bijection, then f~! :
B — A is also a bijection.

If a function f is not a one to one correspondence, we cannot define an inverse function

of f.
A one to one correspondence is called invertible, since we can define an inverse of
this function. A function is not invertible if it is not a one to one correspondence, since

the inverse of such a function does not exist.

Example 19.1  The function of from {a, b, c}to {1, 2, 3} suchthat f(a) =2, f(b) =
3and f(c) = 1 is invertible since it is a one to one correspondence. The inverse function
f‘l reverses the correspondence given by f, so that iy =c, f"(2) = a and

13 =».
Example 19.2  The function f(x) = x2 from Z to Z is not invertible, since f(—1) =

f(1) =1, f is not one to one.
20. Composition of Functions

The operation of composition of relations can be extended to functions in the following
manner.
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Definition 20.1 Let f : X — Y and g : ¥ — Z be two functions. The composite ™

function (gof) : X — Z defined by (gof)(x) = g(f(x)) is called the composition of
functions.

The composition of functions is shown below:

f 8 gof
X ——————» Y —m———» Z X ————>» 2

Theorem20.1 If f: A — Band g: B — C are two one-one (injective) functions
then the mapping gof: A — C is one-one

Proof: f:A — Bandg: B — C are one-one
gof 1 A—>C

To prove that gof is one-one
Letaj.ap € A .. f(ay), f(ap) € B and g(f(a1)). 8(f(az)) € C ie (gof)(ar), .
(gofY(ax) € C
Now (gof)(ay) = (gof)(az)
= g(fla))=g(f(az)) = f(a}) = f(ap) (.. gisoneone)

s ay=uay (. fisoneone)
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Hence gof: A — C is a one-one function C

Note 20.1  The converse of the above theorem is not true
If f:A— B,g: B — C and gof is one one then both f and g need not be one one

Theorem 20.2 If f: A — B, g: B —» C are mappings and gof is one one then f i
necessarily an injection.

Proof: letx,y e A,since f: A — B, f(x), f(y) € B
Now f(x) = f(y) => g(f(x}) = g(f(»)
= (gof)(x) = (gof) ()
= x=y (. gofisaninjection)
Hence f is an injection C

Theorem 20.3 If f: A —» Bandg: B = C are two onto onto (surjective) function:
then the mapping gof: A — C is onto.

Proof: f:A—> Bandg:B - Careonto.”. gof:A— C
To prove that gof is onto

gof

Let ¢ be any element of C
Since g : B — C is an onto function, there exists an element b € B such that g(b) = ¢
Since f : A — B is an onto function, there exists an element a € A such that f(a) =
Now g(b) =c = g(f(@)=c= (gof)(a)=c
Thus for any element ¢ € C there is an element a € A such that (gof) (a) = c.

gof: A — C is an onto function C

Note 20.2  The converse of the above theoremisnottrueIf f : A —+ B, g: B > C
and gof is a surjection then both f and g need not be surjections.

Theorem 20.4 If f : A — B and g : B — C such that gof is a surjection, then g is
necessarily a surjection

Proof: Let c € C, since gof is a surjection from A to C there exists an elementa € A
such that (gof)(a) = ci.e g(f(a)) = csince g : B — C and f(a) € BVYc € C there
exists an element belonging to B. Hence g is a surjection. - a
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Theorem20.5 If f: A — Band g : B — C are two bijective functions then the
mapping gof: A —» C is a bijection
Proof: f and g are injections => gof: A — C is an injection

f and g are surjections => gof: A — C is an surjection

Hence it follows that if f and g are bijections. gof is also a bijection. a

Note 20.3  The converse of the above theorem is not true.

Theorem 206 If f: A — B,g: B — Candh : C — D are functions then
ho(gof) = (hog)of
Proof:
f:A—> B and g:B—-C = gof:A—>C
Now gof:A—C and h:C—>D =  ho(gof):A— D
Similarly (hog)of : A = D

Thus ho(gof) and (hog)of both exist and have the same domain A and codomain D
Let a be an element of A

Now [ho(gof)Na) = h[(gof)(a)] = h((g(f(a))] = (hog)[ f(a)]
= [(hog)of](a)
ho(gof)= (hog)of
8]
Note 20.4  Composition of mappings is said to be associative

Theorem 20.7  The composite of any function with the identity function is the function
it self

Proof: letf:A— B,I4:A—> Aand/p: B— B
To prove that (i) Igof = f and (i1) folg = f
By definition Igof : A — B
Leta € A, then f(A) C B
(i)
(Igof)(a) = Ig(f(a)) = f(a) (. Ipisthe identity mapping on B)
Ipof=f
(ii) Also by definition folgq : A > B

(folg)(a) = f(Ia(a)) = f(a) (. 1ais the identity mapping on A)
fOIAz f

«
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» Note 20.5

f:A>AT:A—> A= fol=f.
Since a € A, (fol)a) = f(I(a)) = f(a), similarly lof = f
fol=1lof = f

Theorem 20.8 If f : A — B is bijection, then f~lof = I4 and fof~! =Ip
Proof: f: A — Bisabijection= f~!: B — A isabijection

By definition fof~!: B — Band fof : A > A

To prove that flof =14

Letaec A

Since f : A — B there exists a unique element b € B such that f(a) = b

A B
o
g .. a= f~Y(b) Since f is a bijection

(flof)@= T f@) ="' B) =a = Iala)
flof= 14
Similarly it can be shown that fof ! = I |
Theorem20.9 If f: A — Bandg: B — C are two function such that gof = I,
and fog = Ig then g = 1
Proof: (i) To prove that f is one-one

gof=1,

Letaj,a; € Aandsince f: A — B, f(ay), f(ap) € B

> Now f(a) = fla) = glf(an]= glf(a)]
= (g0f)(a)) = (gof)(az) = Ia@) ..aj =ap

f 1s one-one
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(it) To prove that f is onto
Let b be an element of B

Ig(b) = (fog)(b) = b= f(gb)) = f(gb))=1b
i.e., there exists a pre-image g(b) € A for b under the mapping f,.".  f is onto

Thus f is one one onto and hence f~' : B — A exists and is also one-one onto

(iii) To prove:g=f'1
Nowg:B— Aand f~!: B — A
Leta € A and b be the f-image of a where b € B

f@=b=a=f')
Now g(b) = g(f(a)) = (gof)(a) = l4(a) =a
= a=flp) - g=f""

"heorem 20.10 If f : A — B is invertible then (f")‘l =f

'roof: f invertible means f is one one and onto
Now

fMap=s"Ya2)  where f(x)) =aj and f(x2) = a
= X| = X3
= f(x1)) = f(x) since f is onetoone
= a1 =a
fence f‘1 is one to one
Further let ag € A. Then there exists a unique bg € B such that f(ag) = bg. That is
iere exists bg € B such that £~ 1(bg) = ay.

Hence ™! is onto
Since f~! is the inverse relation of f and vice versa (f~1)~! = f. a

‘heorem 20.11 If f : A —» Band g : B — C are bijective functions, then
gof)™! = flog™!
‘roof: f:A — B,g: B — C are bijections

= gof : A — Cisabijection

= (gof) . € — Ais a bijection
J
slso g '.C> Band f V. B> Aare bijections

f ":g :C— A4is abijection
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Let c be any element of C. Then 3 an element b € B such that gb)y=c=b= g"l (c)
* xAlsodanelementa € A suchthat f(a) =b = a = f"(b)
Now (gof)(a) = g(f(a)) = g(b) =c¢
= a=(gof) 1) = (gof)T\(c) =a (1)
Also(flog™h = g7 en = B =a )
From (1) and (2)

N Mo =(tog ™) = (gof)y = flog™!

Note 20.6

(i) It is assumed that the range R(f) is a subset of the D(g), which is Y, that is
R(f) € D(g); otherwise, gof empty.

(i) Given f : X — Y and g : Y — Z, we have gof. However, the composite
function fog may or may not exist. For the existence of fog, it is necessary that

R(g) € D(/).

< (iii) Forfunctions f: X > X and g : X — X, the composite functions such as fog,
gof, fof gog etc., can be formed.

(iv) Consider three functions f : X — Y, g 1 Y - Zandh : Z — W. The
composite functions gof : X — Z and hog: ¥ — W can be formed. Other
composite functions such as ho(gof) and (hog)of can also be formed. Both of
these functions are from X to W.

f g of h ho(gof)
X —— vy —— 2", X2z ew X——>W

hd|

w3

Wy
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f hog (hog) of
X —m——» ¥ —p W X —— W
o w
M ©
W
1
X o
Y2
Ow
XZ W2 ° 2
Y3
X
3
W3 [o] OW3
Y4

,\4 w
wy o— > 4

Note 20.7  hogof = ho(gof) = (hog) of

(“og) Of

nol
Example 20.1  Let f(x) = x+2, g(x) = x —2and h(x) = 3x for x € R, the set of
real numbers. Find gof, fog, fof, gog, foh, hog, hof and fohog
Solution:
gof = {(x, x)|x € R}
fog = ((x,x)|x € R} = gof
. fof ={(x,x +4)x € R)

gog = {(x. x —4)|x € R}
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foh ={x,3x +2)|x € R}
gog = {(x,x —4)|x € R)
foh = {x,3x + 2)|x € R}
hog = {(x, 3x — 6)|x € R}
hof = {(x,3x +6)|x € R} .
(foh)og = {(x,3x —4)|x € R} = fo(hog) = fohog

Example 20.2  Let f(x) =2x + 3, g(x) =3x + 2 forx € Z Is gof = fog ?

Solution: (fog)(x)= fg(x)) = fBx+2)=2(3x+2)+3=6x+7
Similarly (gof)(x) = 6x + 11

Note 20.8  Even though fog and gof are defined for the functions f and g, fog and gof
are not equal. In otherwords, the commutative law does not hold for the composition of
functions always.

Example 20.3 Let f : R > Rbegivenby f(x) = —x2andg : Ry — R be given
by g(x) = +/x where R is the set of non negative real numbers and R is the set of real
numbers. Find fog, Is gof defined?

Solution: (fog)(x) = —xVx € R,4. The function fog : Ry — R is defined
because the range of g is R+ € R and R is the domain of f.
On the other hand, the Range of f is not included in the domain of g; therefore gof is
not defined. The only element common to R(f) and D(g) is 0.

Observations 20.1 (i) If f: X — Y is invertible then f —lof = I, and
fof’l = Iy
(ii) Letf:X — Yandg:Y — X.Thefunction g isequalto f~Yonlyifgof = I,
and fog = I,
i) (f7H7' =7

(iv) Let f: X — Yandg :Y — X be such that gof : X — Z can be constructed.
If f and g are both one to one and onto, then gof will also be one to one and
onto and the inverses f~!, g~ ! and (gof)~! exist and are one to one and onto.
Then (gof) ™! = f~log™!
ie., the inverse of a composite function can be expressed interms of the
composition of the inverses in the reverse order.

Example 20.4  Show that the functions f(x) = x3 and g(x) = x!/3 forx € R are
inverses of one another.

Solution: Since (fog)(x) = f(x§) =x = I, and (gof)(x) = g(x3) =x = Iy
then f =g lorg=f~!

Example 20.5 Let f be the function from the set of integers to the set of integers such
that f(x) = x + 1. Is f invertible and if it is, what is its inverse
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Solution: The functions f has an inverse since it is a one to one correspondence. '
To reverse the correspondence, suppose that y is the image of x, so that y = x + 1. Then
x = y — 1. This means that y — 1 is the unique element of Z that is sent to y by f.
Consequently, fl(_v) =y—1 (or) f‘l(x) =x--1.

Example 20.6  If A has m elements and B has n elements, how many functions are
there from A to B?

Solution: To define a function f : A — B, foreacha € A, we have to select one
element from B as the image of a. For a given a € A, we have n choices viz., n elements
of B. As there are m elements in A and for each element in A there are n choices, the

number of such choices is n. Hence the number of distinct functions from A to B is
m
.
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Exercise 2

L

Why is f not a function from R to R in the following equations

@ fx) =1 ) fx) = x, © f(x)=+/x2 + 1

Let f be a function from X to Y. Find whether f is one-one and whether it is
onto in the following cases

i) X=Y=Z, fu)=x-1
(i) X=R,Y ={x/xisrealand x > 0}; f(x) = |x]
(i) X =R,Y = {x/x isreal and x > 0}; f(x) = x2

Determine whether each of the following functions from Z to Z is onto

@ fx)=x-1 () f(x)=x>+1 (c) f(x) =x>

Determine whether each of the following functions is a bijection from R to R
(@) f(x) =2x+ 1 (b) f(x) = 572 |

If the mappings f and g are given by f = {{, 2),3.5,4, D)) g =
{(2,3), (5, 1), (6, 3], then write down the pairs in the mapping fog and gof
Let A = (1,2,3). Define f : A > Aby f(1) =2, f(2) =1and f(3) =3
Find f~!.

Let f: R— Randg: R — R, where R is the set of real numbers be given by
f(x)= x2—2and g(x) = x +4 Find fog and gof. State whether these functions-
are injective, surjective and bijective

Answers (2)

1.

&

o

(a) f(0) is not defined
(b) f(x)is not defined for x < 0
(¢) f(x) is not well defined since there are two distinct values assigned tc
each x.
(1) one to one and onto
(i) onto but not one to one
(i) onto but not one to one
(a) onto
(b) not onto
(¢) notonto
(a) Yes, bijection
(b) No, Not a bijection
fog ={(2,5),(5.2),(6,5)} gof =1{(1,3), 3, D}
=@ 0. (1,2),3.3))
fog = x% + 8x + 14, not onto, not one to one gof = x2 + 2, not onto, not on
to one.
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21. Binary Operations

Definition 21.1  Let X be a setand f be amapping f : X x X — X. Then f is called
a binary operation on X.

In general, a mapping f : X" — X is called on n - ary operation and n is called the
order of the operation.

Forn=1, f: X — X iscalled a Unary operation

(bservations 21.1  If an operation on the members of a set produces images which are
also members of the same set, then the setis said to be closed under that operation, and this
p\r?\,perty is called the closure property. The definition of binary or n-ary operations implies
that the sets on which such operations are defined are closed under these operations.

Example 21.1 (i) The operations of addition, multiplication and subtraction are
binary operations on the set of integers and also on the set of real numbers. (it) Opera-
tions of set union and intersection are binary operations on the set of subsets of a universal
sct.

Definition 21.2 A binary operation f : X x X > X is said to be commutative if for
every x,y € X, f(x,y) = f(y,x).

Definition 21.3 A binary operation f : X x X — X is said to be associative if for
every x, y,z € X, f(f(x,y),2) = f(x, f(y,2))

The above definitions can be rewritten using * to denote the binary relation on X. That
1$ * is communtative if forany x, y € X, x * y = y * x.

Similarly * is associative on X if for any x, y, z € X,

(x*xy)xz=x*(y*x2)

Definition 21.4 A binary operation f @ X * X — X, denoted by * is said to be
aistributive over the operation g : X * X — X, denoted by ‘o', if forevery x, y.z € X

x *(yoz) = (x * y)o(x * 2)

Example 21.2  The operations of addition and multiplication over the set of real
numbers are commutative and associative.

Union and intersection over the power set of any set are other examples of commutative
and associative operations.

Definition 21.5  Lei * be a birary operation on X. If there exists an element ¢; € X
s.tepxx = x forevery x € X. then ¢ is called a left identity with respect to *. Similarly,
tf there exits an elernent ¢, € X such that x x ¢, = x forevery x € X then e, is called a
right wdentity with respect to *.

Result 21.1  Let * be a binary operation and let e; and e, be left and right identities
with respect to *. Then e¢; = ¢, = e(say), suchthate*x = x xe = x forevery x € X
and in such a case e € X is unique and is called the identity with respect to *.
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Proof: Since ¢ and ¢, are left and right identities
€[ X e = € = &

Next, let us assume e and e are two distinct identities. Then e * ey = € = ¢,. Which
is a contradiction, hence an identity, if it exists, is unique )

Example 21.3  The element 0 is the identity for addition, and 1 is the identity for
multiplication over the set of real numbers. The empty set @ is the identity for the
operation of union, and the universal set E is the identity for the operation of intersection
over the subsets of a universal set.

Definition 21.6  Let * be a binary operation on X. If there exists an element 0; € X
s.t 0y xx = 0y forevery x € X, then 0y is called a left zero with respect to *. Similarly, if
there exists an element 0, € X such that x * 0, = 0, for every x € X, then 0, is called
a right zero with respect to *.

Result 21.2  Let * be a binary operation, and 0; and 0, be left and right zeros with
respect to *. Then O; = 0, = 0 such that

Oxx=x*x0=0forallx € X.

0 € X is unique and is called the zero with respect to *.

Example 21.4  The element 0 is the zero for multiplication on a set of real numbers.
The empty set @ is the zero for intersection and universal set £ is the zero for the union
of subsets of a universal set.

Definition 21.7 Let * be a binary operation on X. An element a € X is called-
idempotent with respect to * if a xa = a.

Example 21.5  The identity and Zero elements with respect to a binary operation are
idempotent. But there may be other idempotent elements besides the identity and zerc
elements. For example, every set is idempotent with respect to the operations of unior
and intersection.

Definition 21.8 Let * be a binary operation on X with the identity e. An elemen
a € X is said to be left-invertible if there exists an element x; € X such that x; xa = ¢
x; is called a left inverse of a. Similarly @ € X is said to be right invertible if there exist
an element x, € X such that a * x, = e. x, is called a right inverse of a. It an elemen
a € X is both left-invertible, then a is called invertible.

Clearly, if a binary operation * on X with the identity e is commutative, then any
element that is left or right invertible is invertible.

Result 21.3  Let * be a binary operation on X which is associative and which has the
identity e € X. If an element a € X is invertible, then both its left and right inverses ar
equal. Such an element is called the inverse of a because 1t is unique.
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Proof: Let x; and x, be any left and right wnverses of a respectively we show that
x¢ = x, as follows

Xpxa=a*xx =e€

hence

Xexaxx, =(xg*xa)*xx, =xg*x(@*X)=e€*xXx =x
=Xg *e
= Xy
To show uniqueness, let us assume that x and y are twao distinct inverses of a.
fhusy=y*xe=yx(a*xx)=(y*a)xx=exx=x
Which is a contradiction.

.. Inverse of a is unique.
Hence the theorem. U

Note 21.1  The Unique inverse of an element a € X, if it exists is denoted by a ™!, so

z"]*a=a*a‘] =e

Clearly it follows that (a~1)~! = a.

Jefinition 21.9  An element a € X is called Cancellable witn respect to a binary
peration * on X, if forevery x, y € X,

(axx=ax*xy)Viix*xa=y*a)=(x=y)

Cxample 21.6 Deté.rmine whether usual multiplication on the set A = {l, -1} isa
inary operation. {

Solution: Since(=1)-l=-1l€A, l-1=1€A, (-I1)(-1)eA, l-(-1)=
-1 € A usual multiplication on A is a binary operation

‘xample 21.7  Examine whether matrix muitiplication on the set

if 0o a 1 . .
M= :a,b € R} is a binary operation
b0 j
Solution: Let[ g g :]and[ 2 8

"0 a |[ 0 ¢ ab 0 '
l_b OJl_d sz[o bcJ¢M(.Thlslsnotmtheformofthe

eM

element of M).
Matrix multiplication is not a binary operation on the set M

.ample 21.8  Determine whether * defined by a * b = %ﬁ on a set N is a binary
eration

-
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Solution: * is not a binary operation in N, since some elements do not have the

images in V.
142 __ 3

Forexample, 1 ¥2 = 35 = 5 ¢ N.
Example 21.9  Determine whether the binary * defined is commutative and whether
it is associative on the set Z wherea xb =a — b

Solution:

(1) *is not commutative sinceaxb#bxaie.,a—-b+b—a

(i) * 1s not associative since a * (b xc) # (@ x b) x ¢
ie,a—(b—-c)t(a—b)—c

Example 21.10 On Q, wherea x b is 92’3

Solution: Clearly ‘—’2[3 = %‘i = axb=bx*xain Q
Alsoa * (b*c¢) = aﬁ(éc—) = (‘—‘;)%: (axb)xcin Q
.. ¥ is commutative and Associative in Q.

Example 21.11 Let g : R x R — R where R is the set of integers and g(x, y) =
x*y = x+y—xy. Show that the binary operation * is commutative and associative. Find

.. the identity element and indicate the inverse of each element (especially when x # 1).

Solution: Clearly * is a binary operation on R.

() x*xy=x+y-=xy=y+x—yx=y*x
. % is commutative 5
(i) xx(yx)=x*x(y+z—y)=x+y+z—y —x(y+2z—yz)

x+y+z—yz--xy—xz+xyz
(xxy)*xz=(x+y—xy)*kz=x+y—xy+z—(x+y-—xy)z
=x4+y+z—xy—xz—yz+xyz
" is Associative
(iii) To find identity, Assume y is the identity . x *xy = x
= x+y—xy=x
= y(l—-x)=0
= y=0o0rl—x=0.Nowl—x =0only whenx = L.
Clearly, y = 0 is the identity element for any element x # 1
(iv) To find inverse for the elements (x # 1)

xxy=0
=>x4+y—xy=0
y = X (x # 1), Thus, the inverse of x( # 1) is -
x—1 x—1

Every Element of R except | has an inverse.
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Exercise 3
(I) Find whether * defined on the set is binary

(i) On Z, where @ x b = min{a, b}
(i) OnR,whereaxb=

(II) Determine whether the binary operation * defined is commutative and whether
it is associative on the set

(i) OnZ*, axb=a+b+1
(i) OnR, a *b = max{a, b}
(iii) OnR,'a*b = |a?
(iv) OnN.axb =a"

(III)  Find the identity element of the group of integers with the binary operation *
definedby F*xb =a+b—-2,Va,bel

(IV) Whatare the identity and inverse elements under * defined asaxb = %Va, beR

Note: Answer:

(I) (i) Binary (ii) Not binary
(D (1) Commutative, associative
(i) —-do-
(iii) Not commutative, but associative
(iv) Not commutative, not associative
(III) identity = -2
(IV) 2 is the identity, 4 is the inverse of a.

Definition 21.10  Characteristic Function of a set
Let U be a Universal set and A be a subset of U. Then function W4 : U — {0, 1)
defined by .
Vi = L0 xeA
Oif x¢gA
is called the characteristic function of the set A.

Ixample 21.12  Let U be the set of all vegetables and A be the set of all potatoes
Then W4 associates the number 1 with each potatoe and O with any other vegetable.

We can use the characteristic functions of sets to determine set relations
Let A and B be any two subsets of a universal set U. Then the following hold for all
e E
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Vag(x) =0 A=0 i)
Vayx) =1 A=U (i1)
Valx) < Wp(x) ¢ A<B (iii)
Yax) =¥p(x) ©® A=B (iv)
Vanp(x) = Wa(x) - AVp(x) (v)
Vaup(x) = Wa(x) + ¥p(x) — ¥anp(x) (vi)
Vea(x) =1 - Wu(x) (vii)

Wa p(x) = Wan~p(x) = W4(x) — Wyanp(x) (viil)

The above properties can easily be proved using the definition of characteristic
functions
For example, (V) can be proved as follows:

x € ANB & x € Aand x € B, so that W4(x) = | and Wp(x) = | and
Yanpx)=1x1=1,

If x ¢, AN B, then ¥Y4qp(x) = 0 and ¥4 (x) = 0 or ¥g(x) = O consequently
Wa(x)+*Wpx) =0. )

Many set Identities and other relations can be proved by using characteristic functions-
and the usual arithmetic operations and relations.

Example 21.13 Showthat AN(BUC)=(ANBYU(ANC)

Solution:

W ancuc)(X) = Wa(x) - ¥puc(x) Using (v)
=WV (x)(Wp + V¢ — Wpnc), Using (vi)
= WaWp +WaVe - VaV¥pnc
= Wang + Yanc — Yannc). Using (v)
= Wang + Yanc — Yansnc
= Wang + Yanc — Y(anB)nanc)
= ¥, anB)ucanc)(x), Using (vi)

Example 21.14  Show that ~~ A = A

Solution:

Wanalx) = 1—Woslx)
1 — (1 = W4(x)), Using (vii)
W4 (x)

]
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22. Recursive Functions *

Definition 22.1  Any function f : N" — N is called total because it is defined for
every n-tuple in N"

Example 22.1  f(x, y) = x + y, which is defined for all x, y € N and hence is a total
function.

Definition 22.2 If /: D — N where D C N”, then f is called partial function

Example 22.2  g(x,y) = x — y, which is defined for ortly those x, y € N which
satisfy x > y. Hence g(x, y) is partial.

Note 22.1 A partial function can be made total function if we restrict the domain of

the function only to those values for which function value is defined.

We now give a set of three functions called the Initial functions over N

Definition 22.3  The initial functions over N are

(i) ZerofunctionZ : Z(x) =0
(11) Successor function §: S(x) = x + 1
(iii)  Projection function U : U (x}, x2, ..., Xn) = X,

Note 22.2  The projection function is also called the generalized identity function

Ixample 223 U(x,y) = x, U3(2,4,6) =4etc,,
The above initial functions are used in defining other functions by induction. .
* The Composition of functions can be extended to functions of more than one variable. rariable.

‘or example let fy(x. y). fa(x,y)and g(x, y) be any three functions. The composition
f g with f; and fa is a function h given by

hix,y) = g(fi(x,y), falx,y))

f f1, f> and g are total, then h is also total. In general, let fi, f.... f, each he
artial functions of m vairiables, and let g be a partial function of n variables. Then the
omposition of g withh f}, fa, ... fu produces a partial function A given by

h(xy,xo, oo ) =g(filxy, oo xm) oo fu(xg, oo xim))

Iso A istotal <= f}, fo.... fn and g are total.

* The folloewing operation which defines a function f(xy, x2..x,. v) of n 4+ | variables
y using two other functions g(xy, x7 ... x4) and h(xy, x7. ... . xy, v 2) of nand n + 2
ariables respectively is called recursion.

Sy, xa, 000, x,0,0) = g(xy,x2, ..., %)
Fpxao o xqoy+ D)y =hxy, xo, .., xp,y, fx,x2,..., V)
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In the above definition, the variable y is assumed to be the inductive variable in the sense
that the value of f at y + 1 is expressed interms of the value of f at y. The variables
Xy, x2, ..., xp are treated as parameters and are assumed to remain fixed throughout the
definition. Also it is assumed that both the functions g and A are know. Now, by the
following definition, we impose restrictions on g and & which will guarantee that the
function f which is defined recursively, Can actually be computed and is total.

Definition 22.4 A function f is called primitive recursive iff it can be obtained from
the initial functions by a finite number of operations of compositior-and recugsion.

Nete 22.3  Itis not-always necessary to use only the initial functions in the construc-
tion of a-particu‘lar' primitive récursive function. We can use any of primitive recursive
functions along with the initial functions to obtain another primitive recursive function,
provided we restrict ourselves to the operations of composition and recursion only.

Example 22.4  Show that b(x, y) = x + y, x, y € N is primitive recursive
Solution: Consider

x+(y+D=x+y)+1 3.

L.H.S of (1) can be expressed in terms of f. R.H.S of (1) can be expressed in terms of
the Successor function S. Now let us use recursion.
Define f(x,0) = x = U] (x)

U;(xyz) *2 )

_f(x,y+l)=S(U;(X.)Hf(x,)’))( S(X)=X+l

Now Ul', U;, S are initial functions, SU33 is by composition . f is got by applyin
recursion for the functions Ull, Ug and S.
Hence f is primitive recursive

Example 22.5  Show that f(x, y) = x % y is a primitive recursive function

Solution:

f(x,0)=xx0=0 (1
flx,y+D=xx(y+D=x*xy+x (2

Comparing (1) and (2) with definitions of initial funciions we can write

f(x,0) = Z(x) @3
fay+ )= iUy, fx, ), U x, y, fx,y) “

Where f|(x, y) = x + y, which is primitive recursive
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Taking g = Z and A defined by

h(x,y,2) = fi(U3(x, y,2), Ui (x, y,2))

Clearly (3), (4) defined f by recursion.
As Z is an initial function g = Z is primitive recursive. As h is defined using composition
of fj. which is primitive recursive, U33, U31, which are initial functions A is primitive
recursive. Hence f obtained from g and A, using recursion is primitive recursive.
Example 22.6  Show that f(x, y) = x? is primitive recursive

Tolution: Now f(x,0) = xY% = 1 for x # 0 and we put X0 =0forx =0

fx,y+ 1 =¥ = xY xx =xx f(x,y)
Define

f(x! 0) =1
fle,y+ D) =xx* f(x,y)
= UMx. y, f(r, ) #U(x, y, F(x,y))

Now f(x,0) = §(Z(x)) (SoZ is primitive recursive)

fl,y+1) =h(x,y, f(x,y)) where
h(x, y, 2) is defined by U3l (x, ¥,2) % U33(x, ¥, 2)

U3‘, U; are tnitial functions and f3(x, y) = x % y is primitive recursive, we see that f is
defined by applying recursion to primitive recursive functions S(z(x)) and h. Hence f
is primitive recursive.

Example 22.7  Show that the following functions over N are primitive recursive

(i) Constant function over N
(i) predecessor function
(iii)  proper substraction function
(iv) zero test function

(v) odd and even parity function

Solution:

(i) Let f(x) = K be a given constant function. Define f(0) = K, f(n + 1) =
U:,Z(n. f(n)). As f is defined by using recursion on the initial function U2, fis -
primitive recursive. )

(i1) The predecessor function P(x)defined by P{(x) = x—1,ifx # Oand P(0) = 0.
Define P by P(0) = Z(0), P(x + 1) = Uzl (x, P(x)). Hence P is primitive
recursive.
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(iti) Proper subtraction function — is definedby x—y = x—yifx > yandx—y =0
ifx <.
Define x—0 = x and x—(y + 1) = p(x—y). Here p is the predecessor
function. As the function — is defined by using recursion on the primitive
recursive function P it is primitive recursive.

(iv) The zero-test function Sg is defined by

Sg(0) =1
Sg(x) =0ifx >0

Define

Sg(0) = S(z(0))
Sg(x + 1) = Z(U3(x, Sg(x))).

clearly this function is primitive recursive

(v) Odd and even parity function (denoted by P,) P, is defined by P-(0) = P,(2) =
-..=0and P,(1) = P,(3) = ... 1. Define Py by Pr(0) = Z(0), Pr(x + 1) =
Sg(Us(x, Pr(x))).
As P, is defined using recursion on the primitive recursive function Sg, P, i
primitive recursive.

Example 22.8  Show that if f(x, y) defines the remainder upon division of y by x
then it is a primitive recursive function

Solution: f(x,0) = 0. Also f{x,y) increases by 1 when y is increased by
Until the value becomes equal to x, in which case it is equated to zero and the proces
continues. Now let us define of using recursion on known primitive recursive and initia
functions. f is defined by

f(x,00=0,f(x,y+ 1) =S8(fx,y)* Sgx —S5(f(x, y)))
where Sg denotes the sign function defined by
3g(0) = Z(0)
Sg(x + 1) = S(Z(U3 (x, Sg(x)))

Sign function is primitive recursive (check!)
Hence f is also primitive recursive, Since f is got by using recursion on known primitiv
recursive functions and composition.
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Exercise 4

1. Deﬁﬁe a primitive recursive function and show that f(x) = [x/2] is primitive
recarsive (where [5] is the integral part of x/2).
2. Show that the function f defined by

% When x is even

fy= {X—Z’—l When x is odd

is primitive recursive
3. Show that the function f(xi, x7, y) defined as

X2 Xy >y
flx,x,y) =

(xp*y)+x3 x1 <y
is primitive recursive
4. Show that the following functions are primitive recursive

(i) Absolute value function f(x, y) = (x — )
(i) min(x,y)
(i) max(x,y)

(iv) f(x) = x?
5. Show that the factorial function is primitive recursive
Answers ’

1. Define f by f(0) =0, f(y + 1) = f(y) + Pr(y) where Pr is the odd even
parity function. Then f is primitive recursive

2. Same as (1)
3. f(x1,x2,y) =x2 + (x] * y) * Sg(x; — y) clearly f is primitive recursive
4. N x=yl=Gx—y)+(—x)
(1) min(x,y) =x—(x—y)
(i) max(x,y) =y+ (x—y)
(v f) =Ul»m Ul
As ——, + (addition) and * (multiplication) functions are primitive
recursive, the given functions (i) - (1v) are primitive recursive.
efinition 22.5  Let g(x(,x2,...,x,, y) be a total function over N. If there exists
least one value of y, say yg € N, s.t the function g(x), x2, ..., x4, yo) = O for all
tuples (xj, x2, ..., xn) € N", then g is called a regular function

:ample 22.9  g(x,y) = mun(x, y) is a regular function since g(x. 0) = O for all
e N,
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» Note 22.4  Not all total functions are regular

Example 22.10 If g(x, y) = |y? - x|, obviously g(x, y) is total but ly2 — x| = 0 for
only those values of x which are perfect squares and not for all values of x. This shows
that there iz no value of y € N shch that |y — x| = 0 for all x.

Example 22.11  The function y — x is regular because for y = 0, y —x is zero for
all x.

Definition 22.6 A function f(xq,x2,...,x,) is said to be defined from a total
function g(x;, x2, . . . x5, y) by minimization if

(@) f(xy,x3,...,xn)istheleast value of all y’s suchthat g(x, x2,..., x5, y) =0
if it exists. The least value is denotes by pt, (g(x1, x2, ..., xu, y) = 0)
(b) f(xy,Xx2,...,xn)isundefined if thereisno y suchthatg(xy, x3,... ,x,,y) =0

Note 22.5  From the definition if follows that f(xy, x3,...x,) is well defined and
total if g is regular. If g is not regular, then the operation of minimization may produce
a partial function.

Definition 22.7 A function is said to be recursive iff it can be obtained from the initial
functions by a finite number of applications of the operations of composition, recursion
and minimization over regular functions.

Definition 22.8 A function is said to be partial recursive iff it can be obtained from
the initial functions by a finite number of applications of the operations of composition,
recursion and minimization

Example 22.12  Show that the function f(x) = % is a partial recursive function

Solution: Let g(x, y) = |2y —x|. The function g is not regular because |2y —x| =
0 only for even values of x. Now define

f) = pr(2y — x| =0).

Then f is defined only for even values of x and is equal to % When x is odd, f(x)is
not defimed. So f is a partial recursive.

Example 22.13  Let | /x | be the greatest integer < \/x Show that | \/x | is primitive
recursive

Solution: Observe that (v + 1)2—x is zero for (v + 1)2 < x and nonzero for
. v+ 1)2 > X.
Hence fg(\(y + l)z—x) is Lif (y + 1)2 < x and cannot be equal to zero.

The smallest value of y for which (y + )2 > x is the required number [\/;_], hence

L\/;J =, (Sgly + 1) —x] = 0).
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EE[(y + 12 —x]isa regualr function of x.

As | /x| is got by minimization of a regular function | /x | is recursive.

We are considering only sets whose elements are natural numbers or sets of n-tuples of
the natural numbers.

Definition 22.9  To each such set A we can define the characteristic function x 4

1 ifxeA
Where x4(x) = )
0 ifx¢A

Example 22.14 If A = {a, b, ¢, d}
Then ya(x) =1ifx =a,b.c, ord
and xa(x) =0forallx #a,b,c,d

Definition 22.10 A set A is called recursive (partial recursive) if its characteristic
function x4 is recursive (partial recursive)

Example 22.15  Show that the sets of even and odd natural numbers are both recursive

Solution: Recall that the parity function is the required characteristic function for
the set A of even natural numbers Hence A is primitive recursive.
Also the set of odd natural numbers is A€, hence A€ is also primitive recursive.

Example 22.16  Show that the set of divisors of a positive integer n is recursive -

Solution: A set 1s recursive iff its characteristic function is recursive. Now a
number x < n is a divisor of n if and only if |[x *{ — n| = O for some fixed {, | <i < n.

Also |x x i — n| isnon zero forall i, 1 < i < n, if x is not a divisor of n.
Let x 4 denote the characteristic function of the set of all divisors of n. Then

xa() =Y _ Sglx+i—n|

=1
Where A denotes the set of divisors of n.
Also, Note that i is a divisor of n &> |x xi —n| =0 &= Sgjx xi —n| = 1.

As x4 1s a finite sum of primitive recursive functions, it is recursive.

Definition 22.11  Ackermann’s Function A(x. y)
The Ackermann’s Function A(x, y) is defined by

A0, y)=y+1
Alx +1,0) = A(x, 1)
Ax+Ly+ D =AMk Alx+1.y))

By the definition, we can construct the value of A(x, y) for fixed values of x and y.
Therefore A(x, y) is well defined and total.
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It is known that A(x, y) is not primitive recursive, but recursive.
Example 22.17 If A denotes Ackermann’s function evaluate

(DA, DEHAL2)EDHAR LD

Solution: From the definition of A(x, y)
i)
A1, 1) =A0+1,0+1)= A0, A(1,0))
= A(0, A0, 1))
= A0,2) (A0, D=14+1=2)
=3

(ii) AQ,2) = 4(check!)
(1ii) A2, 1) = 5(check!)

Example 22,18 Let x, y be positive integers and suppose Q is defined recursively as
follows:

/0 ifx <y
QN ={ g =y, y+1 ify<x
Compute Q(4,7) and Q(14, 6)
Solution:

Q@4,7)=0 since 4<7
0(14,6) = Q(14 —6,6)
= (0@8,6)+1
=Q08-6,60)+1+1
=Q2,60+2
=042
=2
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Exercise 5

1. Show that f(x, y) = x — y is partial recursive
2. Using A(3,2) = 17, evaluate A(3, 3)
3. Showthat A(l,y) =y +2

Answers (5)

2. 37

23. Lattices

Relation, is one of the most important concept in Mathematics. Equivalence relations,
partial ordering relations, compatible relations, and Functions are special types of
relations.

In this discussion, we introduce lattice as a partially ordered set, and we study some
properties of lattice.

Definition 23.1 A Lattice is a partially ordered set (L, <) in which every pair of
elements a, b € L has a greatest Lower bound (G L B) and a least upper bound (L. U B).

The GLB of a subset {a, b} € L will be denoted by a = b and the least upper bound
(LUB)bya& b .

i.e., GLB{a, b} = a # b (meet or product of a and b)
LUB{a, b} = a & b (join or sum of a and b)

From the definition of a lattice that both % and & are binary operations on L because of
the Uniqueness of the LUB and GLB of any subset of a poset.

It is obvious that, a totally ordered set is trivially a lattice, but not all partially ordered
sets are lattices, can be concluded from Hasse diagrams of posets.

Example 23.1 Let S be any set any P(S) be its power set. The poset (P(S), ) isa
lattice in which the meet and join are the same as the operations M and U respectively. In
particular, when § has a single element, the corresponding lattice is a chain containing

{a.b} {a,b.c}

{al fb!
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two elements. When S has two and three elements, the diagrams of the corresponding
lattices are as shown below, respectively

Example 23.2  Let /4 be the set of all positive integers and let D denote the relation

of “devision” in /4 such that for any a, b € I}, aDb <=> a divides b. Then (/4, D) is

a lattice in which the join of a and b by least common multiple (LCM) of a and b
1e,a®b =LCM of aand b, and the meet of a and b

ie.,a x b = GCD of a and b (greatest common divisor of a and b)

(S¢. D) (S24: D) (Sg. D) (S30. D)

Example 23.3 Let n be a positive integer and S, be the set of all divisors of n;
for example n = 6, S¢ = {1,2,3,6} and for n = 24, Sy4 = (1, 2,3,4,6,8, 12,24}
Let D denote the relation of *“division™ as defined in above example 23.2. The lattices
(8¢, D), (8524, D), (S8, D), and (S3g, D) are given respectively

Note 23.1  Symbols such as A and v (OR) and + are also be used to denote the meet
(*) and join (®) of two elements respectively

Previous examples show that different lattices can be represented by the same diagram
except that the nodes have different labels.

Example 23.4  Explain why the posests given below are not lattices

P i)

d
[4 a b
a b
0
(iii ) !
c d
a b
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Solution: Consider (ii1)
We know that a poset is a lattice iff sup(a. b) and inf(a, b) exist for each pair of a, b in
the set.
In the diagram (ili), {a, b} has three upper bounds c, d and 1 and no one of them preceeds
the other two i.e., GLB and LUB of {a, b} does not exist.
Similarly (ii) is not a lattice.

For (i) GLB =7

LUB =7 in general . Itis also not a lattice.

23.1 Principle of Duality

Any statement about lattices involving the operations * and @ and the relations < and >
remains true if * is replaced by @, @ by %, < by > and > by <.

The operations * and @ are called duals of each other as are the relations < and >.
Similarly, the lattices (L, <) and (L, >) are called duals of each other.

Some properties of lattices:

Result 23.1  Let (L, <) be a lattice. The L satisfies the following laws: For any
a,b,c € L. We have

(1) Idempotent laws
axa=aandaPa=a
(2) Commutative laws
axb=bxaanda®b=>bPa
(3) Associative laws
(axbyxc=ax(b*xc)and (a P b)Pc=a® (b D)
(4) Absorption laws
ax(a®b)=aanda@® (axb)=a
Proof: (1) Leta,b,c € L, by the definition of GLB of a and & we have
uxb <a (i)
and if a < a and a < b, then

a<axb (i)
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As a < a, from (1) and (ii) we have

a*xb < aanda < ax*a respectively.

By the antisummetric property it follows that a = a * a, Similarly we can prove
thata®a =a

Givena, b, € L, both a % b and b x a are GLB of a and b. By the Uniqueness of
GLB of a and b, we have a x b = b x a Similarly a ® b = b & a holds good.
Let a, b, ¢ € L. By the definition we have

(axb)yxc<axb
and (a*b) xc <c
By the definition of GLB of 2 and b, We have a xb <aanda xb < b, So by
transitive property of < we have
(axbyxc<a

and (@*xb)xc < b
As(axb)*c <band (axb)*xc <c
We see that (a * b) * c is a alower bound for b and ¢, From the definition of b * ¢
it follows that (@ *b) xc < b *xc

As{axbysxc<aand(axb)*xc < b=xc,
From the definition of a * (b * c¢), we have

(axb)*xc <ax(bx*c) (i

Nowax (bxc)<aandax(bx*c)<bxc
As b x ¢ < b, by transitivity a x (b x¢c) < b
Sincea*x (bxc) <aandax* (b*c) < b, wehavea x (b *c) < (a*b).

Asax(bxc)<bxc<c
a*x(bxec)<(axb)xc (v
From (iii) and (iv), by antisymmetric property, it follows that
ax(bxc)=(axb)xc
Similarly, we can prove thata @ (b @c) = (a@a® b) D c.
leta,b,e L. Thena <aanda <a@® b.Soa < ax(a®b). On the othe

hand a * (a @ b) < a. By antisymmetric property of < we havea =a*{a® b
Similarly, we havea = a & (a *x b)Va, b € L.

C

Theorem 23.1 Let (L, <)bealattice. Foranya, b € L the following are equivalent.

1)

a<b
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(i) axb=a
(iil) a@b=2b

Proof: At first, consider (i) <= (ii)
We have a < a, assume a < b Therefore a < a *x b. By the definition of GLB, we
have

axb<a

Hence by antisymmetric property, a xb = a

Assume that a * b = a, butis only possibleifa < b=>a*xb=a=>a <b.

Combining these two results, we havea < b <> a*xb=a

Similarly,a < b ¢=>a®b=0»b

Alternatively, (i) <= (iii) as follows:

Assume a x b = a, we have b ® (a xb) = b & a = a @ b, but by absorption
b@®(axb)=bHencea®b=>.

By repeating similar steps, we can show thata * b = a follows froma @b = b
(i) < (i)

Hence the theorem. (]

Theorem 23.2  Let (L, <) be a lattice. For any a, b, ¢ € L, the following properties
:alled isotonicity hold.

axb<axc

b<c=
abb<ab®c
’roof: From the previous theorem
V<debxd=V (i)

Jow, Toproveaxb <axctakeb asax*b,c’ asa*c

ie,(@a*xb)*(a*xc)=1(ax*xa)x*(bxc) byassociative law
=ax(bx*c)
=axb [ b<cé&=>bxc=0>b]

“herefore a * b < a * ¢ by (i)

The second statement, is the dual of the first statement, can be proved in a similar
1anner. o

Corollary 23.2.1 For any a, b, ¢, d in a lattice (L, <) ifa < b and ¢ < d, then
Dc<b®ddandaxc<bxd

roof:

Asa <b, Wehavea®c<bc
Asc<d,Wehave b c <bdd
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By transitivity of <, it followsthata ®@c <b dd
4 Similarly, We can obtain a * ¢ < b * d. o

Theorem 23.3  Let (L, <)bealattice. Foranya, b, ¢, € L, the following inequalities,
hold:

1. Distributive Inequalities
i)y adbxc)<(a@a®b)x(a®c)
(i) ax(b®c)>(axb)® (ax*xc)
2. Modular Inequalities
(1) a<ce==adb*c)<@db)*c
(i) a>cee=saxbdc)=>@*xb)Pc
Proof: As(ii)in 1, (ii) in 2 are duals of (i) in 1 and (i) in 2 respectively, it is enough to
prove (i) in 1. and (i) in 2 only.
Consider (i) in 1:
leta,b,c,e L.Asa<a®banda <a@®cwehavea < [{a®b) *(adc))
Asbxc<b<a®bandbxc<c<a®c,wehave (bxc)<(adb)*(aDc)
° So(a®b)x(adc) is an upper bound fora and b*xc and hence a® (bxc) < (a@b)*(a®c)
Thus (i) in 1 is proved.
The inequality (i) in 2 is a special case of (i) in 1.

If a < c,thena @ ¢ = ¢ and from (i) in 1 we obtain
a@b*c)<(adb)*x(a®c)=(adb)®c

which is inequality (1) in 2.
Hence the theorem. O

24. Lattice as algebraic system

Definition 24.1 A Lattice is an algebraic system (L, *, @) with two binary operations
* and @ on L which are both (1)commutative and (2) associative and (3) satisfy the
absorption laws.

Note 24.1  The absence of idempotent laws is due to the absorption laws foranya € L,
axa=axla®(axa)l=a

~
Note 24.2  The above definition does not assume the existence of any partial ordering
on L. '
Now, we show that a partial ordering relation on L follows as a consequence of the
properties of the operations * and @.
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(I) Define a relation R or.L stfora,b,e L aRb=— axb=a

(1) Foranya e L,axa =a,SoaRa = R isreflexive
(ii) Fora,b € L, given aRb and bRa,
ie,axb=aandbxa="»~
Buta*b =»bxaandSoa =5
i.e.,aRband bRa = a = b = R is antisymmetric.
(i1i) Fora,b,c € L, givenaRb and bRc

Thena*xb =aandbxc = b,Considera+xc = (a*b)*c=ax(bx*xc) =
a*xb =a =>aRc = Ris transitive

Thus R is a partial ordering relation
We know thataxb=a = a@® b =b.

. therelations Ron L : a @ b = b for any a, b, € L is also a partial ordering
relation on L.

Now, clearly, withrespect to this partial orderings, a * b and a @ b are the GLB
and LUB of {a, b} C L respectively.

25. Some Special Lattices

Let (L, %, @) be a lattice and S C L be a finite subset of L where § = {aj, a3, ... ,an}.
The GLB and the LUB of S can be expressed as

GLBS = % a;and LUBS = & a,
=1 {

=]

Where

n
X q =ap*xajzx*x...*xay

and

n
EBla,‘ =a  Day® ... Dan
1=
Definition 25.1 A lattice is called complete if each of its non empty subsets has a
LUB and a GLB.
Clearly, Every Finite lattice must be complete. Also Every complete lattice must have
a least element and a greatest element.
The least and the greatest elements of a lattice, are called the bounds (Units, Universal
bounds) of the lattice and are denoted by 0 and 1 respectively.
A lattice which has both eiemerits 0 and 1 is called a bounded lattice.
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For the lattice (L, x, ®) with L = {ay, ...ay,)

The bounds 0 and 1 of a Lattice (L, *, @, 0, 1) satisfy the following identities.
Foranya € L, ad0=a axl=a

0@121 a*O:—_O

Clearly, 0 is the identity of the operation @ and 1 is the identity of the operation x*.
Similarly, 0 and 1 are zeros with respect to the operations * and @ respectively.
In a bounded Lattice, 1 and 0 are duals of each other.

Definition 25.2 In a bounded Lattice (L, *, &, 0, 1) an element b € L is called a
complement of an elementa € L is

axb=0 and a®b=1

Note 25.1 (i) The definition of a complement is symmetric ina and b i.e., bis
complement of a if a is a complement of b.
(it) Any element a € L may or may not have a complement.
(ili) Furthermore, an element of L may have more than one complementin L,
(iv) WehaveOx1 =0and0é1 =1, .. 0 and 1 are complements of each other. Als
1 is the only complement of 0, and O is the only complement of 1.

Definition 25.3 A Lattice (L, *, &, 0, 1) is said to be a complemented Lattice if every
element of L has at least one complement. '

Example 25.1

X2
X
X3
0 0
X[ ex2=0 complements of xj are x2, x3 complements of x{ are x2, x3
x2®xy=1 complements of x7 are x|, X3

complements of x| is x2

Note 25.2  If a’s complement is b, then b need not be the only complement of a.
?
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Example 252 Asaxb=0=axcanda® b =1 = a ®c, both b and c are
complements of a.
Also, a is a complement of both b and c.

Note 25.3  Not every Lattice with 0 and 1 is complemented.

Example 25.3  For example, if L is a finite chain with more than two elements then
L is not complemented. Take x € L, x» 0, x# 1. Thenif x @ y = 1 then y = 1 and
x x y = x # 0. So x has no complement.

Example 25.4  Let (L", <,) be the Lattice of n-tuples of O and 1

000
(L3.<3)

This is a complemented lattice in which every element has a Unique complement.
The complement of an element of L" can be obtained by interchanging 1 by 0 and 0
by 1 in the n-tuple representing the element. As a special case when n = 3, (L3, <3) is
shown. The bounds of (L3, <3)are (0,0,0) and (1, 1, 1). The complement of (1.0, 1)
is (0, 1, 0).

Example 25.5  The Lattice (p(s), <) of the power set of any set S is isomorphic to
the Lattice (L”, <,) provided S has n elements. The meet and join operations on p(S)
are N and U respectively, while the bounds are ¢ and S. The Lattice (p(s), <) is a
complemented Lattice in which the complement of any subset A of S is the set S-A.

Definition 25.4 A Lattice (L, %, @) is called a distributive Lattice if forany a, b, ¢ €
Lv

ax(b@®c)=(axb)P (ax*c)
a@bxc)=(@®b)*x(a@adc)
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In other words, ina distributive Lattice the operations x and @ distribute over each other.

Note 25.4  If one of the distributive equality holds Ya, b,c € L, then by duality
principle, the other distributive equality also holds for alla, b, ¢ € L.

Note 25.5 It is sufficient to verify any one of these two equalities for all possible
combinations of the elements of a Lattice. Note that the distributive equalities may be
satisfied by some elements of a Lattice, but this does not guarantee that the Lattice is

distributive .

Example 25.6  Show that the Lattices given by the diagrams are not distributive

az
by Oby b3

a]

83

0 . 0
(A) (B)

Solution: In Lattice (A)
ax(ay®ay) =ay*xl =a3 = (a3 *xa;) ® (a3 *xaz)
aj * (ay @ a3) = 0= (a) *az) ® (a) *a3)
but
ayx(@®ay)=arx1 =a
(@ xa))@(ay*xa3) =0 ay = a3

Hence the Lattice (A) is not distributive.
In (B), by * (by ® b3) = by while (b] * b3) @ (b * b3) = 0 which shows that the Lattice
is not distributive.
Theorem 25.1  Every chain is a distributive Lattice.
Proof: Let (L, <)beachainanda, b, c € L. Consider the following possible cases:

(i) a<bora fcand

(1) b<aorc<a

Incase (i), a <b®c.Soax(bBc)=aand(axb)® (a*xc)=a

Incase(ii),b®c <a.Soa*x(bPc)=bPcand(axb)P (a*xc) = b*c. Thus for
alla, b, ¢ € L, the distributive equation a * (b @ c) = (a * b) @ (a * c) holds and hence
L is distributive. @]
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Theorem 25.2 Let (L, *, @) be a distributive Lattice.
Foranya,b,ce L,

(axb=axc)N(a®Db=a®c)—=>b=c
Proof:

(axb)®c=(axc)PDc=c
(a*xb)Bc=@P)*xbGBc)=(@Bb)*( D)
=b®axc)=b&axb)=0>b

O
Hence the theorem

Note 25.6 By the above theorem, if an element a € L has a complement, then it must
be unique, in a distributive lattice.
Suppose that b and ¢ are complements of a, then

axb=axc=0 and a®b=adc=1.
By the above theorem, b = c.
Definition 25.5 A Lattice is said to be modular if
a<c=>a®bixc)=(adb)*xc
Theorem 25.2  Every distributive Lattice is modular

Proof: Let (L, <) be a distributive Lattice.

Foralla,b,ce L,wehavea® (bxc) =(a® b) x (a D ¢)

Thusifa < c¢,thena ® ¢ = ¢ and

a®(bxc)=(a@b)*xc. Soifa < c, the modular equation is satisfied and L is
modular. 0

Note 25.7  Converse is not true always.
Note 25.8  Any chain is modular

Example 25.7 If D(n) denotes the Lattice of all the divisors of the integer n, draw
the Hasse diagrams of D(10), D(15), D(32) and D(45).

Solution:

32 45
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+ Example 25.8 Let L be a complemented, distributive Lattice. For a,b € L, the
following are equivalent.

1) a<b
(i) a*xb’' =0
(iii) a ®@b=1
(ivy b <d Where ** denotes corresponding complement
Solution:

a =< b=—=a®b=5»b
= (a@a®b)xb =0 asbxbd' =0
= (axb)Yv{dpx*xb)=0
= axb =0 as bxd' =0
» Hence (i) == (ii)
axbh =0= (a*xb) =1
— a’ ® (bl)l =1
= deb=1
Hence (i{) == (iii)
d®b=1= @ ®b)yxb' =b
= (@’ *xb )P (bxb)=0b" (distributive law)
= a xb =¥ asbxb' =0
= b <d.
Hence (iii) = (iv)
b <a = a' xb =b
= a®b=>b (taking complement on bothsides by Demorgan’s law)

v =>a§b

Hence (iv) == (i)
Thus (i) == (f1) == (({i) = ({lv) = ()

Example 25.9  Prove that the following Lattice is not modular.
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Solution: For this Lattice whena < ¢
a®bxc)t(a@b)*xc
Sincea® (bxc)=a®0=a
but (a®b)yxc=1xc=c.

* it is not a modular lattice.
Jote 25.9 (i) A Lattice L is modular & Foralla,b,c € L

a@b*xa@dc))=(adb)*x(adc)
(ii) A Lattice L is modular &= Foralla, b,cln L
(@a®b*c))*x(bBc)=(a*xbdc)d((bxc) .(Tf}'!)
Jote 25.10 A Lattice is distributive <= forall,a, b,c € L
(axb)@b*c)B(cxa)=(@d)*xbdc)*(cda) (Try!)

lesult: Already we saw that the pentagonal lattice, diamond lattice are not distributive.

3
ay

2

0
Pentagonal Lattice Diamond Lattice
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, Theorem: A lattice is non distributive if and only if it contains a sublattice isomorphic
to one of the above two lattices (pentagonal or diamond lattice).
Every distributive lattice is modular.
But there are modular lattices which are not distributive.

Example: The diamond lattice is a non distributive modular lattice.
But pentagonal lattice is in fact not even modular.

Theorem: A lattice is non modular if and only if it contains a sublattice isomorphic to
pentagonal lattice

Example 25.10  Consider the lattices given by following Hasse diagrams which of
them, are modular? distributive? complemented?

|
[+
C
N b, b
a a
0
(A) 0
(B)

ol
|
c <)C
b Ov
) b
4.
0
0o

® (F)
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Solution:

(A) not modular, not distributive, As the element b has no complement, the lattice is
) not complemented.

(B) Modular, distributive, complemented

(C) Not Modular (as 0, a,c,d, | forms pentagon), not distributive, not comple-

mented (e has no complement)

(D) Modular, distributive and complemented

(E) Modular, distributive, not complemented

(F) Modular, distributive, but not complemented.
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Solved Problems

Problem1 LetA={1,234,5678,910}

and Ay ={1,2,3.4}), A;=1(56,7)
A3=1{4,5,7,9}, A4={4,8,10}
As =(8,9,10), Ag=1{1,2,3,6,8, 10}

Which of the following are partitions of A?

(@) {Ay, A2, As)
(b) (A1, A3, As)
(©) (A3, Ag}

(d) {Az, A3, A4}

Solution:
(a) {A}, A;, As}is a partition of A, since {A], Ay, As} are mutually disjoint
(b) {Aj, Az, As} is not a partition of A, since A} N A3 # 0

(c) (A3, Ag} is a partition of A, since A3 N Ag =@
(d) {Aj, Az, A4} is not a partition of A, since Ay, A3, A4 are not mutually disjoint

Problem 2  Find the relation determined by the following digraph

’\

Solution: Since a; Ra; <= there is an edge from a, to a;
R={(1.1),(1,3),(23),3,2).3.3), 4,3))

roblem 3 Let A = (1, 4, 5} and Let R be given by the following digraph. Find Mg
nd R
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Solution:

011
Mp = 110

\ 011

R={(1,4),(1,5),41),44),5,4),6,3)
Let A = {a, b, ¢, d} and Let R be the relation on A that has the matrix

Problem 4
1000 \
Mg = (1);(1)3 . Construct the digraph ofR.
0101 ,
Solution:

S

Problem 5  Find the relation R defined on A = {1, 2, 3, 4} and
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1101
0110
o1l |-
1000

Mg = and its aigraph

Solution: R={(1,1),(1,2),(1,4),(2,2),(2,3).(3,3),(3,4), 4, 1))

Problem 6 Find the relation determined by the digraph and give its matrix
Solution:

Solution: R ‘= {(1.2),(2,3),(2,2),(3,4), (4,4), (5, 1), (5,4))

10000
01100
Mg = | 00010
00010
10010

Problem 7 Let A = Z the set of integers, and let
R = {(a,b) € A x Ala < b}
so that R is the relation less than.
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<« Is R symmetric, asymmetric or antisymmetric?

Solution:
Symmetry: If a < b, then it is not true that b < a
R is not symmetric
Asymmetry: Ifa < b,then b £ a(bis not less thana)
So R is asymmetric
Antisymmetry: Ifa+b,theneithera £ borb £ a
So that R is antisymmetric

Problem 8 Consider the A = {1, 2, 3} and Let R be the relation on A
Whose matrix is

[ 111
Mg = | oot
\ ool

Show that R is transitive

Solution: By direct computation (MR)<2D = Mg
.". R 1s transitive
Problem 9 Let A ={l,2,3,4}and Let R = {(1, 2), (1, 3), (4,2)} Is R transitive?
Solution: Since there are no elements a, b and ¢ in A such that aRb and b Rc but
a R c we conclude that R is transitive

Problem 10  Determine whether the relation, given is reflexive irreflexive, symmetric,
asymmetric, antisymmetric or transitive.

(a)

1 ' A@
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(b)

0101
1011
0100
1100

MR‘—'

() A=2Z%  aRb = a = bFforsomek € z+
Solution:

(a) Antisymmetric transitive
(b) Irreflexive, symmetric
(c) Reflexive, antisymmetric, transitive

Problem 11  Show that if a relation on a set A is transitive and irreflexive then it is
asymmetric

Solution: Let R be transitive and irreflexive. Suppose aRb and bRa. Then aRa
since R is transitive. But this contradicts the fact that R is irreflexive. Hence R is
asymmetric

Problem 12 Let A = {1, 2, 3, 4} and consider the partition {{!, 2, 3}, {4}} of A. Find
the equivalence relation R on A determined by partition.

Solution: The blocks of partition are {1, 2, 3} and {4}. Each element in a block
is related to every other element in the same block and only to those elements. Thus in
his case
R={(1,1),(1,2),(,3),2,1,(2,2),(2,3), (3, D, 3,2),(3,3), 4 4}
roblem13 lLet A = {aj,a3,a3},B = {b1.b2,b3},C = |ci.c2},D =
dy, d3, dsy, dg} Consider the following four functions from A to B, Ato D, Bto C
ind D to B respectively

(@) f1 = {(ay, b2), (a2, b3), (a3, by)}
(b) f2={(a1,dy), (az,d}), (a3, ds))
(€) f3={(b1.,c2), (b2, c2), (b3, 1))
(d) fa = ((dy, by), (d2, b2), (d3, B)))

Jdetermine whether or not each function is one to one, whether each function is onto.

Solution:

(a) f1 is one to one and onto

(b)  f> is one to one and but not onto
(c) f3 is onto but is not one to one
(d) f4 is not one to one and not onto.

roblem 14  Let R be the set of real numbers and Let f : R — R be defined by
(x) = x2. 1s f invertible?
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We must determine whether f is one to one since f(2) == f(—2) =4

We conclude that f is not one to one. Hence. f is not invertible

Problem 15
Solution:

Problem 16

Solution:

Problem 17

Solution:

Problem 18

Show that any constant function is primitive recursive

Iff(x) =2Vx
then f(x) = SSZ(x)
Show that
5(x) = 0 ifx=1

x — 1 if x > 0 is primitive recursive

Since 8(x) = 81 (Z(x), U] (x))
where §'(x,0) = 0 = Z(x)
',y +1) =y =U3(x, 5,8' (x. )
Show that f(x, y) = |x — y| is primitive recursive
Since g(x, y) = x -y and A(x, y) = x + y are primitive recursive
b —yl=&_y)+__x)=A(gkx y) gy x))
= A(g(x, ). g(U3(x, ¥), Uf(x, )

is primitive recursive

Solution:

Show that
x if xisodd
fx) = { 5 if x iseven
Note that g(x) = Hx] is primitive recursive

Since g(0) =0
andg(x + 1) = g(x) + (x mod 2)

Now we obtain f as

* Problem 19

p -
fx)= [-2—x (1 + (x mod 2)) 4+ (x mod 2)
Show that
1 ify=0
Ty ={
Sy x* ytimes if y > 0 |

is primitive recursive
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Solution: clearly
f(x,0)=1
f(xv y+ )= xf(x'y)'

Problem 20  The function [i] which is equal to the greatest integer which is < % is
primitive recursive

[N 13 -0 fi]-[2)

when x is even

x
Also [—-] = 2 _
2 . when x is odd

Considering odd and even parity function
pr(0) =0
pry+ 1) = Sei0, pr(»)
where $Sg(0) =1
Sey+1)=0

S2. pr are primitive recursive functions

-

[%—‘] =[2]+pw

where p,(y) denoted the parity functions which is 1 when y is odd and which is zerc
when y is even
C
Problem 21  Determine all maximal and minimal elements of the poset
f g
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Solution:
(@) Maximal elements: 3,5
a
Minimal elements: 1,6
Maximal elements:
) aximal elements g

Minimal elements: a, b, ¢

Problem 22  Determine the greatest and least elements, if they exist of the poset

f

@) (b)

Solution:

Ans (a) Greatest f; least a
Ans (b) greatest e; least none

A ={x/x isareal numberand 0 < x < 1}
Ans (c) . .
with usual partial order <
A ={x/x isareal numberand 0 < x < 1}
Ans (d)

with usual partial order <
Ans (e) Greatest none; least none

Ans (f) greatest |; least 0

Problem 23  Find if they exist

(a) all upper bounds of B

(b) all lower bounds of B

(c) the least upper bound of B
(d) the greatest lower bound of B
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B={cd,e)

Solution:
Ans (@) f,g.h
Ans (b) a,b,c
Ans (¢) f
Ans (d) ¢

’roblem 24  Which of the Hasse diagrams in following figures represent Lattices?

(a)

(a) a




é
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Solution: Hasse diarams (a), (b), (d) and (e) represent Lattices, Diagram (c) does
not represent a Lattice, because f @ g does not exist, Diagram (f) does not represent a
Lattice be cause neither d ® e nor b * ¢ exist. Diagram (g) doesnot represent a lattice
because ¢ @ d does not exist

Problem 25  Determine whether each lattice is distributive complemented or both

d

(a) () f
v c [
b a
Solution:
(a) Neither
(b) Neither
Problem 26 LetA ={1,2,3,4,5,..., 11} bethe poset whose Hasse diagram shown

below. Find the LU B and GLB of B = {6, 7, 10} if they exist

0

Solution: Exploring all upward path.s from vertices 6 ,7 and 10 we find that
LU B(B) = 10. Similarly by examining all downwards paths from 6, 7 and 10 we find
that GL B(B) = 4.

Problem 27 In a distribution Lattice, if an element has a complement then this
complement is unique
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Solution: Suppose that an element a has two complements b and c, that is
avb=1 anb=0
ave=1l anc=0
We have
b=bnA1l
=bA{aVvo)
=((bAra)v(bAac)
=0vbAac)
=(ancyvibnac)
=(avb)ac
=1Ac
=c
Problem 28 Is the relation
R={(1,1,(1,2),(1,4),(2,1),(2,2),(3,2),(3.3), 4, 4),}

reflexive on the set A = (1,2, 3,4} 7?

Solution: This relation is reflexive (all points on the main diagonal are present), but
not symmetric (the X’s are not symmetrically located with respect to the main diagonal)

4

| 1 2 3 4
1|l x x X
2| x X
3 X X
4 X

Problem 29  For (x, y) and (u, v) in R? define (x, Y)R(u, v) if x% + y2 =u? + 2.
Prove that R defines an equivalence relation on R? and interpret the equivalence classes
geometrically.
Solution: If (x, y) € R then x2 4+ y2 =x24 y2 so (x, y)R(x, y)

The Relation is reflexive.

If (x, y)R(u, v), then x2 + y2 =l +v?s0u? + v =xt+ y2 and (u, V)R(x, y)
The relation is symmetric

Finally (x, y)R(u, v)and (u, v)R(w, z) thenxz-if-y2 = u’+vZand u?+v? = w472
Thus x2 + y? = u? + v2=w?+ 72 = (x, y)R(w, z}, So the relation is transitive.

The equivalence class of (a, b) is ‘

[(@, b)] = {(x, Y)|(x, y)R(a, b)) = {(x, YIx> + y* = a® + b?)

For example [(1, 0)] = {(x, y)|)c2 + y2 =12 + 0% = 1}, is the graph of a circle in the
Cartesian plane with centre (0, 0) and radius 1.
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In general (a, b), let ¢ = a? + b2, the [(a, b)] is the set of points (x, y) satisfying

X2+ y2 = ¢, is the circle with center (0, 0) and radius ,/c.

Problem 30  Fora, b € R — {0}, define aRb <= “; cQ

(a) Prove that R is an equivalence relation
(b) Find the equivalence class of 1.

(c) Show that [+/3] = [\/1_5]
Solution: Reflexive: Ifa € R — {0),then ~ =1€ Q. aRa
a
symmetric: If a Rb, then % €0 (- O0¢R—{0)

b 1/2eQ 1R
—_ = —_ . a
a b :
.. a b
transitive: If aRb and bRc, then 3 € Q&~-€Q
¢

Now—=g—e Q .. aRc

[H=0MRH=MGGQ%=M06Q=Q—
Since Lﬁ:zeg V3RVIZ - [V3]=[V12).

V3

Problem 31 s the function
. [ x ifx>0
i x ifx<Q one one?

(0}

Solution: The absolute value function is a function with domain R and range [0, 00) =

(y € Rly=0}
It is not one one since |2| = | — 2|.

Problem 32  Show that the functions f : R — (1,00) and g : (I, oo) — R defined

by ,;7(x) = 3 4, glx) = 2 logs(x — 1) are inverses.
Solution: Forany x € R

(g0f)(x) = g(f(x)) = gB¥ + 1)

= ~dogs3Z + 1) - 1)

logz 3%

(2x)

il
O - N = R —

1



2.108 Discrete Structures and Graph Theory

and for any x € (1, 00)

(fog)(x) = f(g(x)) = x.

f and g are inverses.

Problem 33  Leta and b be natural numbers. Show that the number of positive integers
a

less than or equal to a and divisible by b is LE ’

Solution:
Asa =qgb+4rwith0<r <b
a
Then L——J =gq.
5 q
Clearly the positive integers b, 2b, ... ,gb are all lessthen or equal to a and are all
divisible by b.

On the other hand if s& < a, then s must belong to the set (1,2, .. .q).
Hence there are exactly g such natural nymbers as required.

Problem 34  Show that the function

L .

__ [remainder on dividing x by y: ify>0
x m°dy_<o ify =0
is primitive recursive
Solution:
dy=
N mody:lo mod y =0

\x+1 mody=[(x mody)+lllsg(y = ((x mod y)+ 1))]

where the second clause tells us to increment x mod y by 1 except when this equals
y(or y = 0), when we return to 0;
O
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. Quiz Questions

1. ForasetA, P(A)is
(Ans: power set of A)
2. Ifo(A) = ntheno(P(A)) =

(Ans: 2™)
3. (AUB)Y =
(Ans: (A€ N B°)
4. (ANBF=__

Ans: (A€ U B9
AxB  BxA(Ans: #)
The relations ‘divides’ on set of +ve integersis
(Ans: reflexive)

7. The function f(k) — x2 from Z to Z is not -
(Ans: invertible)

. 8. Ackermann’s function A(x, y)isnot ___ _but__
- (Ans: Primitive recursive, recursive)
9. xYis___ _
(Ans: primitive recursive)
10 x_« yis____
(Ans: Primitive recursive)
11. InaLattice (L, <),ax(a®b) = anda ® (a xb) =
(Ans: a)
12 a<b<=axb=a<=ad®b=">b
13. Everychainis __ ) \
(Ans: distributive)
14. ax(b®c)=
(Ans: (a x b) @ (a * ¢))
15. a® (bxc)=
(Ans: (a ® b) * (a B c))
« 16. AlLatticeis an with two binary operations * and @.

(Ans: algebraic system) .
17. What is the inverse function of f(x) = ax + b from R to R:

(Ans: £~ (x) = 538
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18.

19.

20.

21.

22,
23.

24,

25.

26.

30.

The partition of Z:
Ans: {Set of all even integers, set of all odd integers}.

An eauivalence relation R in a non empty set A and Conversely, a of
A defines an equivalence relation on A

(Ans: Partitions, partition)

Let R be a relation on a finite set S with boolean matrix A. Then R is reflexive
<=—=> all diagonal entries of A are

(Ans: 1)

R is anti-reflexive <= if all diagonal entries of A are
(Ans: 0)

R is symmetric = ? (Ans: A = AT)

How many functions are there from a set with m elements to one with n elements?
(Ans: n'™)
How many one-to-one functions are there from a set with m elements to one with
n elements?
(Ans:n(n—D(n—-2)...(n—m+ 1))
Let Ay ={i,i+1,i+2,...}
n
Then | J A, ={ }

i=1

(Ans: {1,2,3,...))

From Q 25, (n] A=

i=l
(Ans: (n,n+1,n+2,...}
Is f(x) = x2 from the set of integers to the set of integers is one to one?
(Ans: No)
Is the function f(x) = x? from the set of integers to the set of integers onto?
(Ans: No)
Let f be the function from {a, b, ¢,d} to {1, 2, 3, 4} with f(a) = 4, f(b)
2, f(c) =1and f(d) = 3.Is fa bijection?
(Ans: yes)
Let f : R — R be defined by f(x) = 3x — 7 Find a formula for the inverse
function f~1: R > R
x+7

{Ans: f"(x) = 3

)
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26. Group theory

Introduction:

In this chapter, we introduce conceptual ideas related to algebraic structures. They
are very important in the theory of sequential machines, formal languages, computes
arithmetic, cryptography and many more other applications.

Algebraic system (structure) :
A set together with one or more n-any operations is called on algebraic system or
simply an algebra.

Recall that, an n-any operation on a set X which is a mapping from X" — X. If
n =1 such an operation is called unary operation, if n = 2, it is called binary operation

and so on.
Since the operations and relations on the set S define a structure on the elements

of §, an algebraic system is called algebraic structure.
Binary operation:
When two real numbers are added together, the result is another real number. This is
also the case when one real number is subtracted from another real number. Thus
addition, subtraction and multiplication are rules of combination, Which, When
applied to the elements of the set of real numbers, give results which also belong to
this set. Thus we have
a+ b € R, a—beR, a.beR

Where a,b are two elements of R, the set of real numbers. Thus each of these

operations is function which assigns a unique element to every pair of real numbers.

Definition:

Let S be a non-empty set. A binary operation on S is a rule that assigns to each
ordered pair of elements of S, a unique element of S. This is,

A binary operation is a function from SXS into S (i.e.,) f: § xS — S or fassigns
an element f(a,b) of S to each ordered pair (a,b) in § x S.

Let S be any set and *a brainy operation on S. Properties that apply to *are :
a*b = b*a for all a,b ¢ S (commutative).
a*(b*c) = (a*b)*c for all a,b, ¢ e S (Associatives).
For all ae S, there exists an element e .S such that are a*e = a = e *a (identity).
For each ae S, there exists an element b € S, such that a*b = e = b*a (Inverse).
a*b =c *b and b*a = b*c implies a = ¢ (concellation).
Also, a* (bOc)=(a*b) O (a*c) for all a,b,c € S (Distributive)

Where *,0 are two binary operations on S. The basic property is that if * is a
binary operation on S and a and b are elements in S, then a*be S, this property is
expressed by saying that S is closed under the operation * . This means that by oper-
ating on elements of S with *, We can’t get elements that are not in S.



2.112 Discrete Structures and Graph Theory

A binary operation is so called because it combines two objects.

Example: Let Z be the set of integers with the two binary operations addition and
multiplication + and *.Then (Z,+,*) is an algebraic system satisfying all the above
properties.

Group theory is a well- developed branch of abstract algebra and is applied in
various branches of physical sciences and in computer science.

Definition: It G is a non empty set and * is a binary operation in G, then (G,*) is
called a ‘Group’ if the following conditions are satisfied:

(1) For alla,b €@, a*b €G (closure of G under *)
(2) Foralla,b,c ¢ G, a* (b*c) = (a*b)*c (Associative)
(3) There exists e € G with a*e = e*a = a, for all (The Existence of an identity)
(4) Foreacha € G thereisan element b ¢ G such that a *b = b*a = e (Existence
of Inverses)
If in addition, a*b = b*a for all a,b, € G, then G is called an abelian group.
Example: Under ordinary addition, each of Z,Q,R,C is any abelian group.

Semigroup: A non empty set S together with an associative binary operation * on it
is called a semi group.

The semi group is denoted by (S,*)

Example: Let N be the set of positive integers. Then (N, +) and (ON,*) are semi-
groups.

Monoid: A semi group (M,*) with an identity element is called a monoid. Thus
(M, *) is a monoid if

(1) For any a,b,c,e S, (a*b)*c = a* (b*c)and
(2) There exists an element € e M such that for any x e M, x*e=e*x=x

Example: (Z,+) is a semi group having the number 0 as the identity element. Hence
(Z,+) is a monoid.

FACT: For every Group G
(1) The identity of G is Unique

(2) the inverse of each element of G is Unique

(3) ifab,c,e G and ab = ac, then b = ¢ (left- cancellation property)

(4) ifa,b,c e G and ba = ca then b = ¢ (Right cancellation property)
Subgroup:

Let G be a group and ¢ # H < G. If H is a group under the binary operation of
G, then we call H a subgroup of G.

-
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Example: Every group G has {e} and G as subgroups. These are the trivial sub-
groups of G. All others are termed nontrivial or proper.

(Z,+) is a subgroup of (R,+)
(Q*,*) is not a subgroup of (R,.+) even though Q*c R.

FACT : If His a non empty subset of a group G then H is a sub group of G if and only
if(a)foralla,bcH,abecHand (b) forallacH,a'c H

FACT : If G is a group and ¢ # H < G with H finite, then H is a sub group G &
if H is closed under the binary operation of G.

Example : Let B={0,1} and the operation + is defined as follows :

+H 0 1
0]0 1
1|1 0

Then (B,+) is a group with 0 as identity and each element is its own inverse.

Example : Consider (Z,*) where * is defined by a*b =a + b —ab, check whether (Z,*)
is a group or monoid.

From group properties, we have
a*b=at+b-ab eZ, forabeZ

a*(b*c)=a* (b+c-bc)
=a+ (b+c—-bc)—a(b+c-bc)
=a+b+c—bc—ab-ac+abc
(a*b)*c=a+b-ab+c—ac—bc+abc
(a*b)*c = (a*b)*c
‘o’ € Z is the identity element as a*0 = 0*a=1.

For 3 € Z, there is no x € Z such that

3
3+x-3x=0as3+x3x=0=>x= EEZ

Hence, (Z,*) is not a group.
However, it is only a Monoid.
Definition :

If (G,°) and (H,*) are groups and f: G — Hthen fis called a (group) homomor-
phism if forall a,b G

Ra°b)=fla)* £(b)
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FACT : Let (G, °), (H,*) be groups with respective identities e, e,. If . G > His a
homomorphism, then

feg)=ey

fla)=(fa)! foralla eG
fadY=[fa)]"foralla eGandalln ¢ Z

AS) is a subgroup of H for each subgroup S of G.

Definition : If £ (G, °),~ (H,*) is homomorphism. We call f is on isomorphism if it
is one to one and onto.

In this case, G, H are said to be isomorphic groups
Example : Let If: (R".°) - (R,+) where f{x) = log, , (x).
This function is both one-to-one and onto.

For all a,b € R*, f(ab) = log,, (ab) = log , a + log, b
=fla) + fb)

Therefore, f is an isomorphism and the group of positive real numbers under
multiplication is abstractly the same as the group of all real numbers under addition.

Example : Let E be the set of all even integers. Show that the semigroups (Z,+) and
(E,+) are isomorphic.

Define f: Z > Eby fix)=2x
fa))=Aa,) = 2a,=2a,
= a,=a, for a,,a, eS
Hence, fis one-one
Let be E, since b is even, there exists a ¢ Z such that

a=

| o

orfla)=2a=b
Hence, fis onto
Ra+b)=2a+b)=2a+2b

Hence fis an isomorphism
(Z,+) and (E,+) are isomorphic



3. Elementary Combinatorics

Say mathematician, how many are the combinations in one
composition with ingredients of six different tastes - sweet,
pungent, astringent, sour, salt and bitter - taking them by ones,
twos or threes, etc.,?

-From Lilavathi by Bhaskara

1. Introduction

Combinatorics is the branch of mathematics meant to solve counting problems without
enumerating all possible cases. At an elementary level, Combinatorics 1s usually con-
sidered as a part of discrete mathematics in which the main problem is that cf counting
the number of ways of arranging or choosing objects from a finite set according to some
simple specified rules. At an advanced level, combinatorics deals with the enumeration
analysis and optimization of discrete structures.

Combinational mathematics has a variety of applications. It is used in several physical
and social sciences viz., computer science, operations research, statistics, probability,
chemistry.

The basic ideas, and concepts of combinatorics are necessary to make an assessmen!
about the amount of storage in a computer. Also, they are useful to solve many problem:
of computer scicnce. ' )

2. Basics of counting

Two basic counting principles

Two elementary principles act as buiiding blocks for all counting problems.
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2.1 Disjunctive (or) Sum Rule

[f an event can occur in m ways and another event can occur in n ways, and if these
two events cannot occur simultaneously, then one of the two events can occur in
m + n ways.

More generally, If Ey, Ey, ..., E, are n events such that no two of them can occur
at the same time, and Ej can happen in n| ways, E; can happen in ny ways ..., E, can
happeninn, ways, then one of the n events (Ey or E5 or Ep) canoccurinny+ns+. . .4n,
ways.

The sum rule can also be stated in terms of choices:

If an object can be selected from a collection in n| ways and an object can be selected
from a seperate collection in ny ways, then the selection of one object from either one
collection or the other can be made in ny + ny ways.

Example 2.1.1  If there are 9 boys and 10 girls in a class, there are 9 + 10 = 19 ways
of selecting one student (either a boy or a girl) as class representative.

Example 2.1.2  Suppose E is the event of selecting a prime number less than 10 and
F is the event of selecting an even number less than 10, Then E can happey in 4 ways,
and F can happen in 4 ways. But because 2 is an even prime, E or F can happen in only
444 —1=7ways.

2.2 Sequential (or) product rule

If an event can occur in m ways and a second event can occur in n ways, and if the number
>f ways the second event occurs does not depend upon how the first event occurs, then
he two events can occur simultaneously in mn ways.

Moregenerally, If events Ey, Eq, ..., E, can happen in ny, ny, ..., and n, ways
espectively, then the sequence of events E| first, followed by E3, ..., followed by E,
can happen in ny - ny - n3y ... n, ways.

The product rule can also be stated interms of choices:

If a first object can be chosen in ny ways, a second in ny ways, ..., and an n'h object
:an be chosen in e, ways, then a choice of a first, second, . . ., and an n'"" object can be
nade in ny - ny ... n, ways.

cxample 2.2.1 A book shelf holds 5 different mathematics books, 6 different com-
wter science books. and 10 different books of statistics. Therefore (¢)5.6.10 = 300 ways
it selecting 3 books, | in each subject (11)5 + 6 + 10 = 2] ways of selecting 1 book in
ny one of the subject.

ixampic 2.2.2  From the previous example, A mathematics book and a computer
cience book can be selected in (5)(6) = 30 ways; A mathematics book and a statistics
ook can be selected in 5.10 = 50 ways; a computer science book and a statistics book
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, can be selected in 6.1 = 60 ways. Thus there are 30 + 5 + 60 = 140 ways of selecting
2 books in 2 subjects.

Example 2.2.3  If each of 12 Questions in a objective type examination has 4 answers
(1 correct and 3 wrong), the number of ways of answering all Questions is 412,

We summarize the sum rule by saying that we add the numbers of elements in each
subset when the elements being counted can be decomposed into disjoint subsets.

Also we summarize the product rule by saying that we multiply together the numbers
of ways of doing each step when an activity is constructed in successive steps.

If we are counting objects that are constructed in successive steps, we use the product
rule. If we have disjoint sets of objects and we want to know the total number of objects,
we use the sum rule. It is important to recognize when to apply each principle. This
will comes from practice and careful thinking about each problem. The first two above
examples illustrate both counting principles.

Again, we consider some more examples that illustrate both counting rules.

Example 2.2.4 A computer password consists of a letter of the alphabet followed by
3 or 4 digits. Find (a) the total number of passwords that can be created and (b) the
number of passwords in which no digit repeats.

(a) The number of 4-character passwords is (26) x 103, and the number of S-character
passwords is (26) x 10%, by the product rule. So the total number of passwords
is (26) - 107 + (26) - 10* = 286, 000 by the sum ruie.

(b) The number of 4-character passwords is (26)(10)(9)(8) = 18,720 and the
number of S-character passwords is (26)(10)(9)(8)(7) = 131, 040 for a total
of 149,760.

Example 2.2.5 A six person committee composed of Shiva, Brahma, Vishnu, Narada,
Indra & Yama is to select a chairperson, secretary and treasurer.
(a) Inhow many ways can this be done?

(b) In how many ways can this be done if either Shiva or Brahma must be chairper-
son?

(c) In how many ways can this be done Indra must hold one of the offices?

(d) In how many ways can this be done if both Narada and Yama must hold office?
Solution:

(a) We use the product rule. The officers can be selected in three successive steps:
Select the treasurer. The chairperson can be selected in sixways, once the
chairperson has been selected, the secretary can be selected in five ways. After
selection of the chair person and secretary, the treasuner can be selected in four
ways. Therefore, the total number of possibilities is

6.54 =120
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(b) Arguing as in part(a), if shiva is chairperson, there are 5.4 = 20 ways to select +
the remaining officers. Similarly, if Brahma in chair person, there are 20 ways
to select the remaining officers. Since these cases are disjonint, by the sum rule,
there are

20 + 20 = 40 possibilities

(c) Arguing as in purt (a), if Indra is chair person, there are 20 ways to select the
remaining officers. Similarly, if Indra is secretary, there are 20 possibilities, and
if Indra is treasurer, there are 20 possibilities. Since these three cases are pairwise
disjoint, by the sum rule, there are

20 4 20 + 20 = 60 possibilities.

[Alternate solution]: Let us consider the activity of assigning Indra and two others
to offices to be made up of three successive steps: Assign Indra an office, fill the
highest remaining office, fill the last office. Once Indra has been assigned, there
are five ways to fill the highest remaining office. Once Indra has been assigned
and the highest remaining office filled, there are four ways to fill the last office.

By the product rule, there are 3.5.4 = 60 possibilities b
(d) Let us consider the activity of Narada, Yama and one other person to offices

to be made up of three successive steps Assign Narada, assign Yama, fill the
remaining office. There are three ways to assign Narada. Once Narada has been
assigned, there are two ways to assign Yama. Once Narada and Yama have been
assigned. there are four ways to fill the remaining office. By the product rule,
there are 3.2.4 = 24 possibilities.

3. Permutations and Combinations

Definition 3.1 A permutation of n distinct objects xy, ... x, is an ordering of the n

elements xy, ... x,.

Example 3.1  There are Six permutations of three objects A, B, and C. They are ABC,

ACB. BAC, BCA, CAB, CBA

Definition 3.2 An r-permutation of n (distinct) elements x, ... , x, is an ordering of

an r-element subset of {x|....x,). The number of r-permutations of a set of n distinct

elements is denoted by P(n, r)

Example 3.2  2-permutations of A, B, C are AB, BA, CA, AC, BC, CB.
Definition 3.3 A combination is a selection of objects without regard to order.

Example 3.3  ABC is the combination of three objects A, B and C.
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Definition 3.4  An r-combination of n (distinct) elements xi, ... x, is an Unordered
selection of an r-element subset of {x), ... x,} The number of r-combinations of a set of

i . /
n district elements is denoted by C(n, r) or \ :1 )
Example 3.4  2-combinations of A, B, C are AB, AC, BC.

Note 3.1  In general, when order matters, we count the number of permutations, when
order does not matter. We count the number of combinations.

4. Enumeration of permutations and combinations, (Enumera-
tion without repetition)

4.1 Enumerating r-permutations without repetitions

Pinry=n(n—1)...(n—r+1)=——— (O'=1)
(n—=r)!
Example 4.1  There are P(10,4) = 5040 4-digit numbers that contain no repeated
digits, since each such number is just an arrangement of four of the digits 0, 1, 2,3,... ,%

(leading zeroes are allowed).

4.2 Enumerating r-combinations without repetitions

_ P(n,r) _ ni
Tt T =)

Example 4.2 A committee of 5 be chosen from 9 people in C(9, 5) ways.

Observations 4.1 (1) P(n,n)=n! n'=nn-1)...2.1
(i1) There are n! permutations of n distinct objects
(i) Cn,ry=C(n,n—r)
(iv) There are (n — 1)! permutations of n distinct objects in a circle.

Example 4.3  How many words of three distinct letters can be formed from the letter.
of the word MAST?

Solution:  The number is P(4,3) = % = 24

Example 4.4  Compute the number of distinct five-card hands tht can be dealt from ¢,
deck of 52 cards.

Solution: The number is C(52, 5) = -5%—, = 2598960, because the order in whict
the cards were dealt is irrelevant.
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S. The Pigeonhole Principle

Some of the most profound and complicated results in modern combinatorial theory flow
from a very simple propostition:

If n pigenoholes shelter n + 1 or more pigeons, at least 1 pigeonhole shelters at least
2 pigeons.

Note that the pigeonhole principle tells us nothing about how to locate the pigeonhole
that contains two or more pigeons. It only asserts the existence of a pigeonhole containing
two or more pigeons.

To apply the pigenonhole principle, we must decide which objects will play the roles
of the pigeons and which objects will play the roles of the pigeonholes.

Example 5.1  Among any group of 367 people, there must be atleast two with the
same birthday, because there are only 366 possible birthdays.

Example 5.2 If eight people are chosen in any way from some group. at least two of
them will have been born on the same day of the week. Here each person (pigeon) is
assigned to the day of the week (pigeonhole) on which he or she was born. Since there
are eight people and only seven days of the week, the pigeonhole principle tells us atleast
two people must be assigned to the same day of the week.

A generalization of the pigeonhole principle is as follows:
If K pigeons are assigned to n pigeonhcles, then one of the pigenonholes must contain
at least ILI‘,;,] l + | pigeons.

Note 5.1  If x is a real variable, the floor of x, denoted | x | is the greatest integer less
than or equal to x.

Example 5.3 Prove that if any 30 people are selected, then we may choose a subset
of 5 so that all 5 were born on the same day of the'week.

Solution: Assign each person to the day of the week on which she or he was born.
Then 30 pigeons are being assigned to 7 pigeon holes. By the generalized pigeonhole

principle with K = 30 and n = 7, at least l l’f—l ' + 1 or 5 of the people must have been
born on the same day of the week. i i

Example S.4  Suppose there are 26 students and 7 cars to transport them. Then atleast
one car must have 4 or more passengers.

Solution: Clearly. X =26.n =7

Now by generalized pigeonhole principle, at least l 2_(_17—_l ‘ + 1 or 4 or more passengers
should board atleast one car ) )
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Now usingthe bg =1 = 1=—Cl+§ =°'Cl=’_1;

1
bp = 5[(~1)" +2(2M)]
and hence

1
an = —[(=1)" + 2"
3n

1 n n
bn= 2P - (=3)"]

[

then a, =n'b, = (n ) 5-=(=3"

\4
Example 7.4.3.5 Solve Jan, = ,Ja,_1 +2./a,_2,a0 =a; = 1
Solution:
[2n+1 + (_1)'1]2

32
Example 7.4.3.6 Solve a, = (ay_1)%(ay_2)> whereag = 4 and aj = 4

ap =

Solution: Set b, = log, an
bp=2b,_1 +3b,_5 with bg=b; =2
CE:r?=2r—-3=0 = r=-—1,and3
bp=c1 (=" + 3"

bp=2 = c1+c=2

bj=2 = —c14+30=2 = a=a=l

bp=(=1)" +3"

an=201" 437

Example 7.4.3.7  Solve the recurrence relation

anp = .v/an—] +./an-2 + /a,,_3+\/jwitha0 =4

Solution: Squaring the given equation
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# Example 743.3 Solve a, = —2na,_; + 3n(n — 1)a,—2 with initial conditions
ag=1la =2

a . .
Solution: Set b, = —': then the given relation changes to
n:

n'b, = =2n(n — D'by_y +3n(n — 1)(n — 2)!b, 2
= nlby, = -2nlb,_1 +3nlb,_»
= by =-2b,_1+3b,_>
= by+2b,_1-3b,7=0
withbg =1, by =2

Characteristic eq of (2) is rP4+2r—-3=0

= r=1and —3
bnz‘fl(l)’l +52('—3)n

5
bo=1 l=c a=7
0 = ¢y +c2 }=> 4

bhi=2" = 2=c¢ -9 ¢y = =~

Example 7.4.3.4 na, + (n — 1)a,_; = 2" where gg =1
Solution: Set b, = naj,

bn+b,_; =2" with by=1 (1)

Characteristic equation of homogeneous Recurrence relation is Pyrr=0 = r=
o b,’,{ = c1(—1)" is the solution of homogeneous part of equation (1)
Consider
bl = D2"
Substituting in (1)

D" + D"l ="
D

D+==1
3

Y = D:-

Wl N

2
bf = 5(2") is a particular solution

2
Then by = bY 4+ bF = c1(-1)" + 3(2")
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Solution: Consider b, = log, an
The the given equation becomes, by taking logarithms on both sides

1 1
logyan = 5(10g2 an-2) — ‘2'(]0g2 an-1)

= 2logyan =logya,_3 —logyan_
= 2bp=by2—bp-

= by +bp) —bp_p=0

where by = log, ag = log, 8 =3

by = logy a) =log, L = _3
22 2
the characteristic equation of (2) is
22 +r—1=0
= r=-], -l—
2

l n
ba=c1(-1)" +¢2 (i)

or by =ci(—=1)" +c2(2)7"

¢ =1
‘___>2

bn=2(-1"+(2)™"

bp =2(-D"+ )"
(or)

n ] "
——l

hen from b, = logy an & ap = 2bn

. 22(—1)"+(%)"

()
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» From eq. (2):

"C Cy’ Ci-C —
I l'; 2‘+( 12 2)J5=1

(9—'—19>~/§+1=1 (- C1+Cy=1)
2 2
1
Ci—Cy = — 3
1 2 7 (3)
From (1) and (3):
VS+1 V5-1
Cil=~"—x, Cy=
T T s

Hence the recurrence relation for the Fibonacci sequence explicitly is:

o = (ﬁﬂ) <’1+~/5)"+<¢5-1) (1_J§)"

2J5 2 25 2
. .._L l+_5\n+l_ 1 /1_\/5 n+1
B (M) - 59

7.4.3 Solving Non-linear Recurrence Relations:

Sometimes nonlinear recurrence relations can be solved by converting them into linear
recurrence relation by a suitable substitution.

Example 7.4.3.1  Solve the recurrence relation a3 - 2a,21_l = 0 forn > 1 where
ag = 2.

Solution: Letb, = a%, by this substitution the given nonlinear recurrence relation
a,% - 2(15_l = 0 changed to b, — 2 b,,_| = 0 we know clearly b, = ¢ - 2"

Then  a, = vc-2"
But ag =2
c=4
an= Va. =2V

Example 7.4.3.2  Solve the recurrence relation

an = [k2=2 with initial conditions

Vs gy

ag=18, a=—

24/2
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Exercise 3  Solve the following recurrence relations using the characteristic roots

(1) an=6a,_1—11a,_3+ 6 a,_3 with the initial conditions
ag=2,a, =5andapy = 15
(2) an—3ap—1 —4a,_2=0forn>2anday=a; =1
3) an—4a,_1+4a,_2=0forn>2andag = ; a; =8
& 4) a,+5a,_1+5a,_2=0andag =0, aj =25

Answer: 3

1) ap=1-2"423"

2. 3
2 == 4" Z . (=])"
(2) an 5 5( )

5 3
3 =_.M"4_.p.
(%) an 2 2"

—5+ 5\ -5-V5\"
@ ""=2(_2—‘) ‘2<_2—‘)

Finding explicit formula for the Fibonacci Relation:
Solve F, = F,,_y + Fp_2, n > 2 with Initial conditions Fy = F} =1
Using characteristic roots.

Solution: The characteristic equation is: 72 —r — 1 =0

1+V5 1-45

Its roots are — ——,
2 2

n n
1 5 1-
Hence F, = C; ( +2f) +C; ( 2ﬁ)

Also From initial conditions:

o
NN
+
&
N—
+
)
~
———
|
S
N——
1

(1)

(2)
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Solution: Characteristic equation of the given recurrence relation
¥ .

P38l 421r-18=0
= r=27373
an = 12" + 23" + c3n3"

Example 7.4.2.10  Solvea, — 6a,_| + 12a,_7 — 8a,-3 =0, n=>=3
Solution: Characteristic equsation of the given recurrence relation
rP—6rt4+12r —8=0
=. r=2,2and2

an= 12" + can2" + c3n?2"
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From the initial conditions give the system of equations
c1+c3=1
2c1 +2c9+ 3¢y =4
4c1 4+ 8¢y +9c3 =8

Solving the above system of equations (by elimination procedure)
c1=5 cp=3andc; = -4
Hence, the unique solution of the recurrence relation is

ap=52"+3n2" —-43"

Example 7.4.2.7 Solvea, —7a,_.1 4+ 10a,_2 =0. n>2 a9 =10,a, =41
Solution: Characteristic equation of given recurrence relaticr: is rP—7r+10=0

= r=275
ap= 12" 4 5"

ap=10 = c1+c=10 |‘=> c1=3
ay =41 = 2c;+5c; =41 | c, =17

an= (3)2" + (7)5"
O

Example 7.4.2.8 Solve a, — 9a,_1 + 26a,_.3 — 24a,_.3 = O forn > 3 withagg =
0,a;j =landapy =10

Solution: Characteristic equation of given recurrence relation is r3—9r2426r-24=0

r =2,3and4

an=c12" + 23" + 34"

a=0 =2 ci+crp+c3=0
a=1 = 21+3c+4c3=1
ay=10 = 4cy+9c3+ 16¢c3 =10

3 _.
on solving ¢} = 5 ¢y =—4,c3= 3
3 5
an = 5(2") —-43" + 5(4")

Example 7.4.29 Solvea, — 8a,_1 +2la,_7 — 18a,_.3 =0forn >3
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»

Example 74.2.2 Solvea, —7a,_+12a,_9=0forn > 2
' Solution: The Characteristic equationis  r2 —7r + 12 =0

| =2 r-=-3)r-4=0 =r=3,4

‘ Thus, the general solution is a, = ¢ 3" + ¢ 4”.

Example 74.2.3 Solvea, —Sa,_; + 6a,_7 =0 whereag =2anda; =5
Solution: The characteristic equation is: 72 — Sr + 6 = 0

=r=-3r-2)=0 =r=2,3

Thena, = C; 2™ + Ca 31,
From the initial conditionsag = 2and a; = 5
We have the system of equations ¢y +¢7 =2
2C1 + 362 =5
Solving these equations: C; =1, Cp =1
+ . Thus a, = 2" 4 3” for all integers n > 0.

Example 7.4.2.4  Write the general form of the solutions to ap — 6a,_{ +9a,-2 =0

Solution: The characteristic equation is: r2 — 6r + 9 =0
= —-32=0 =>r=3,3
Then the general solution is: a, = Dy 3" + Dy n3"
Example 7.4.2.5  Suppose that the characteristic equation of a linear homogeneous

recurrence relation is (r — 2)3(r - 3)2(r - 5)3.
Then the general solution is

an = (D} + Dan + D3 n%)2" + (D4 + Dsn)3" + (Dg + Dyn + Dgn?)s".

Example 7.4.2.6  Solve the recurrence relationa, —7a,_; +16a,_2—12a,_3 =0

for n > 3 with initial conditionsag = 1, a; =4 and a; = 8.
Solution: The characteristic equation is:
3 2 _ 2 _ — 1 —
P-4+ 160 -12=0~-2)(t-3)=0 =1=2,2,3

Thus a, may be written as ¢} 2" + ¢y n2" + ¢c3 3".
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Exercise I  Solve the following recurrence relations by substitution.

@ ap=a,_1+ n?  where ap =7

(b) a,=a,-+ n>  where ag =35

(¢) apn=a,-1+2n+1 whereag=1

(d) an=ap_ +3n2+3n+1 where ag = 1.

Answer (II)

@ a = n(n + 1)6(2;1 + 1) 3
2 2

®) ay =D

4
©) ap=(n+1)>?
d ap=@+1)>

Yote 7.4.1.1  In general, If a linear recurrence relation with constant coefficients of
legree k has initial conditions fewer than k, then there will not be a unique solution.

'4.2 Solving recurrence by the method of characteristic roots:

"his method is some what general method to solve homogeneous linear recurrence
elations of degree k. For this we require the definition of the characteristic equation
f a homogeneous linear recurrence relation.

definition 7.4.2.1 Leta, +cian_ 1+ ...+ ckan—k =0, n > k, ¢, + 0 be alinear
scurrence relation of degree k. Then the equation

rk-f-(:l Py =0
i said to be the characteristic equation of the given recurrence relation.

xample 7.4.2.1  The characteristic equation of a, — 4 a,_) + 4 a,_2 = O is
f—dr+4=0

esult 7.4.1  If the characteristic equation of a linear homogeneous recurrence relation
“degree k has k distnct roots ry, ra, ... rg thenap = Cyrf + Cary + ... 4 Cy ! for

=0,1,2... where Cy, C3, ...Cy are constants, is the general solution of the given
currence relation

esult 7.4.2  If the characteristic equation of a linear homogeneous recurrence relation
“degree k has a root ‘r’ repeated ‘k’ times, then a, = (D] + Dy n + D3 nt 4.+
x n*~Hr" where Dy, Dj...Dj are constants, is the general solution of the given
urrence relation.



+ Example 7.4.1.4

Solution:

Elementary Combinatorics

Solveap, = a,_1 + 3", n > 1, ay = 1 by substitution

Clearly

Hence

ay=ag+3
ayg=a;+9=ay+3+9
a3=a2+33=ag'+-3‘+32+33

=ay+——  (byGP)

3.17
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Sap=agy+ z JF(K).
K=1

Example 7.4.1.2  Solve the following Recurrence relation by substitution.
.a,, =au_.|+n, n>1whereag =2
Solution: Clearly
al=ap+}l=1+1=2
a=ay+2=ay+3

ay=az+3=ag+6

nn+1)
= an=ao+—2—

Since ag =2

nin+1) 0
—

anp =

Example 7.4.1.3  Solvea, =a,_; + ap = 1 by substitution.

nin+1)’
Solution: Clearly

)
ay=ap+ —
P=%07 13

I

a2=a1+53=ao+

1
a=atgy =t

+
|- &
SRS

W,

o
)
W
%)
'

|- &l
P— 13 Ll
N

+
.l._.

n
1
Hence =aqqg + —_—
=0 ;k(k-i-l)

LN 1
v )2 _(_)
WeKnowthatk:l( W7 D) I \n 71

1
ap=1+1- " =2- (rag=1)
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Note 7.4.1  Like in algebra, recurrence relations may have no solution. Equation
)

a,? + (ap—1)” = —1 has no solution, since there are no real-valued functions f such
) .
that [ fn]“+1{ /1 ]2 = —1. because the squares of real numbers are always non negative.

Note 7.4.2  Wecan compute a,, intermsof a,,_|, . .. aj, ag; then we can compute a,, ;|
interms of a,. a, |, ... , ag and so on, provided the value of the sequence at one or more
points is given so that the computation can be initiated. Therefore, we need some values
of the sequence. Usually the values for ag, ay, ... , ay - are given and then it would be
appropriate to call these initial conditions

Example 74.2  a, = 3.2"7 +7.5" is the solution of recurrence relation a, — 7 a, -1 +
10 a,—2 = 0, n > 2 with initial conditions ag = 10, a; = 41,

Note 7.4.3  Itisnot possible to solve all recurrence relations. Also there are no general
techniques to solve all recurrence relations. But there are techniques to solve linear
recurrence relations with constant coefficients. Non linear recurrence relations can be
solved by converting them to linear recurrence relations.

We are going to discuss two methods of solving recurrence relations. They are

1. Solving recurrence relations by substitution (or iteration),
2. Solving recurrence relations by characteristic roots.

Now, we shall study one by one:

7.4.1 Solving Recurrence relations by substitution:

In this substitution method, the given recurrence relation for a, is used repeatedly to
solve for a general expression for a, interms of n, this expression does not contains any
other terms of the sequence except those given by initial conditions.

This method can be illustrated by the following examples:

Example 74.1.1  Solve the recurrence relation a, = a,_; + f(n),n > 1 by
substitution.

Solution: Given a, =qa,_1+ f(n), n>1
then ay=ag+ f()
ay=ar+ f(2)=ap+ f(1)+ f(2)
az=ay+ f(3) =ap+ f(H+ f()+ f(3)

apn=ag+ f(H+ fQ+ ...+ f(n)
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= Fip1(Fe+ Fr—y)
=2
= Iy

Hence the result by induction. a
Result 7.3.2 Provethat F{ + F3+ ...+ Fpp_1=F, —1,n>1

Proof: Using induction on n
Whenn = 1

Fi=l=2-1=F-1

Now Assume that the result is true forn = k

Fi+ B+ + Fypy = o~ | (H
Consider
Fid+ B+ 4+ Fyr + Fakr = Fap — L+ Fouyg by (1)
= Fopq2 — |
Hence the result by induction on n.
Similarly, by using induction on n, we can also prove
FO— Fl +F2+..-+(_1)HF’1 =(_‘l)nFn__] +l
FaFup2+ (=)' = Fy_1Fay3+3-

7.4 Solving Recurrence Relations

The process of finding an expression for the terms of a sequence from its recurrence
elation is called solving recurrence relation.

definition 7.4.1  The solution of a recurrence relation is an explicit formula for the
reneral term ay, of the sequence ag, ay, ... , ay_1, an, . . . (which are from the recurrence
elation) satisfying the recurrence relation.

ixamples 7.4.1

(1) For the recurrence relation a, = 2a,_y, n > 1, a, = 2" is the solution.
(u) For the recurrence relation a, — 7a,_y + 10a,_» = 0, n > 2, a, =
Cy 2" 4+ C5 5" is the solution, where C| and C; are arbitrary constants.
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(2) o+ P+ F+ ...+ Fon = Fanq

() FR+F2+F}+... 4 F2=Fy Fup

The above properties (2) and (3) can be proved by mathematical induction.
Also, there is an interesting relation between pascal’s triangle and the Fibonacci
numbers, illustrated below:

Clearly, the sum of the elements lying on the diagonal running upward from the left
are Fibonacct numbers.

With this introductory exposure about recurrence relations, our main aim is to solve
the recurrence relations.

Result 7.3.1  Prove that F2 = F,_1F,p; + (=1)",n > 2

Proof: Using induction on n
Whenn = 2 -

FP=4=13+1=FF+(-1)7
Now Assume that the result is true forn = &
FE = Fy—1 Fiqr + (=DF (3)
Consider '
FiFeaz + (=D = Fe(Fiqr + Fo) + (=D
= FyFiq1 + FE + (=D
= FeFigt + Fe Frgr + (CD 4 (-DFFY o
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Clearly, All the above examples are linear recurrence relations except (7), (8) and (9);
the relation (7) is not linear because of the squared term (a, — 1)2.

The relations (1), (2), (3), (4), (6), and (10) are linear with constant coefficients.

Relations (2) and (10) have degree 1; (3), (4) and (5) have degree 2; (6) has degree 3.

Relations (1), (3), (5) and (10) are homogeneous.

Note 7.2.2  a, can be represented as a(n), a,_| can be represented asa(n — 1) ... aj
can be represented as a(1).

The first example, which is linear homogeneous recurrence relation of degree 2 is very
important recurrence relation known as:

7.3 The Fibonacci Recurrence Relation:

Definition 7.3.1  The Recurrence relation F,, = F,_j + F,_2,n > 2 with initial
conditions Fyp = F; = 1 is known as is known as Fibonacci recurrence relation (or)
simply Fibonacci relation.
The numbers F,, generated by the Fibonacci relation with initial conditions Fo =
F1 = 1 are called the Fibonacci numbers.
o

The sequence of Fibonacci numbers {F, ]2 is the Fibonacci sequence.

Some Properties of Fibonacci Numbers:

(1
Fo+Fil+F+...+Fn=F42—-1
Explanation: We have
n=Fh_ 1+ F2n22 Fp=F=1 ()
replace n by n + 2 in (1)
Faoy2=Fop1 + Fn
= Fn=Fup— Fop (2)
From (2):
Fo=F - F
Fil=FR-FK

Fp=F4—-F

Fn=Foyo— Fyyg

Adding:
F0+F1+...Fn=Fn+2~F1
=Fny2 = 1Co Fy = 1)



Elementary Combinatorics 3.11

7.2 Basic Definitions

Definition 7.2.1 A recurrence relation for the sequence ag, aj, ..., an,... is an
equation that relates a, to some of its previous terms ag, aj, ... , @p—1.

Examples of recurrence relations 7.2.1:

(1) The Fibonacci sequence is defined by the recurrence relation F, = F,_| +
Fy_2,n > 2 with initial conditions Fy = F; = 1. Here any F,(n > 2) can be
obtained by using initial conditions and repeated application of the recurrence
relation.

(2) an=n+ap-

(3) an—3a,_1+2ap,-7=0
(4) an—3ap_| +2ap_9=n*—1

(5) an—(n—Nap_1 —(n—-Nay,_,=0
(6) an —9a,_|+26a,_ 7 —24a,_3 =4"
(7 an — 3(03_1 + 2a,_9 = n?

8) an=aga,-| +a1an_2+...+ay_1ag.
9 al+(@—)?=-1

(10) ap =3ap_1,n>1
Definition 7.2.2  If n and K are nonnegative integers. A recurrence relation of the form
colnyan +cy(nya,_1+ ... +cxn)ap—x = f(n)forn > k (I)

where cg(n), ci(n), ..., cx(n), and f(n) are functions of n, is said to be a linear
recurrence relation.

Definition 7.2.3  If cg(n) and ¢, (n) are not identically zero in equation (I), then the
recurrence relation is said to be a linear recurrence relation of degree k.

In other words, A recurrence relation is said to be of degree k if a, is expressed as a
function of a,,—_y, ... a,—4 and a,,_; appears in the relation.

Definition 7.2.4  Ifcg(n), cy{n), ..., cx(n) are constants, then the recurrence relation
is known as a linear recurrence relation with constant coefficients.

™ Note 7.2.1 A linear recurrence relation with constant coefficients is simply called a
linear relation.

Definition 7.2.5  If f(n) is identically zero in equation (I) then the recurrence relation
is said to be homogeneous; otherwise, it is nonhomogeneous (or) inhomogeneous
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7. Recurrence Relations

A young pair of rabbits (one of each sex) is placed on an island. A pair of rabbits
does not breed until they are two months old. After they are two months old, each
pair of rabbits produces another pair each month. What is the number of pairs of
rabbits on the island after » months, assuming that no rabbits ever die.

Leonardo di Pisa

7.1 Introduction

The fundamental tools of combinatorics viz., permutations, combinations are inadequate
to solve many combinatorial problems that the computer scientist should face. But some
of the combinatorial problems that cant be solved by fundamental tools can be solved by
finding relationships called recurrence relations.

Recurrence relations arise naturally in many counting problems and in analyzing
programming problems. They occur in the analysis of certain discrete-time systems,
analysis of algoristhms, error correcting codes. Recurrence relations are useful to analyze
he recurrence relation, the time needed by the algorithm can be determined. Recurrence
elations, recursive algorithms and mathematical induction are closely related. A Recur-
ence relation uses prior values in a sequence to compute the current value. A Recursive
algorithm means an algorithm interms of itself where it is interms of ‘previous’ values.
The inductive steps of mathematical induction assume the truth of prior instances of the
statement to prove the truth of the current statement.

The essential idea in a recurrence relation is that it expresses the general term of an
un known) sequence as a (known) function of its earlier terms.

Recurrence is a way of giving information interms of prior knowledge.

In otherwords, the main reason for using recurrence relations is that some times it is
;asier to determine the n'# term of a sequence interms of its predecessors than it is to
ind an explicit formula for the n* term interms of 7.

Recurrence relations are to discrete mathematics where as differential equations are
5> continuous mathematics. A recurrence relation is also called as difference equation,
nd those two terms will be used interchangeably.

Now by the following problem. one can understand essence of the previous paragraphs.

-xample 7.1.1  The number of bacteria in a colony doubles every hour. If a colony
egins with 4 bacteria, how many will be present in n hours.

Solution: Let a,, be the number of bacteria at the end of n hours. Since the number
f bacteria doubles every hour, the relationship. together with the initial condition ag = 4.
Iniquely determines a, for all non negative integers n. We can find a formula for a,
-om this information as follows: a,, = 2a,,_1,ap = 4.

ow, it is the time to study the concepts of recurrence relations one by one.
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Exercise (I)

(1)

(2)
(3)

4)

5

(6)

M

8)

9)

(10)

[ 4
A Label identifier for a computer program consists of one letter followed by
three digits. If repetitions are allowed, how many distinct label identifiers are
possible?
How many different bit strings are there of length seven?
A student can choose a computer project from one of three lists. The three lists
contain 12, 18 and 24 possible projects respectively. How many possible projects
are there to choose from?
Suppose that either a member of mathematics faculty or a student who is a
mathematics major is chosen as a representative to a university committee. How
many different choices are there for this representative if there are 38 members
of the mathematics faculty and 82 mathematics majors.
A coin is tossed four times and the result of each toss is recorded. How many
different sequences of heads and tails are possible?
Currently, telephone area codes are three-digit numbers whose middle digit must
be 0 or 1. Codes whose last two digits are 1’s are being used for other purposes
(Ex. 911). With these conditions, how many area codes are avaliable?
In how many ways can a committee of three facutly members and two students
be selected from seven faculty members and eight students?
Suppose that there are eight runners in a race. the winner receives a gold medal,
the second place finisher receives a silver medal, and the third place finisher
receives a bronz medal. How many different ways are there to award these
medals, if all possible outcomes of the race can occur?
How many ways one there to distribute 12 different books among 15 people if
no person is to receive more than one book?
Show that if seven colors are used to paint 50 bicycles, at least 8 bicycles will
be same color.

Answers (I)

(D
(2)
(3)
4)
(5)
(6)
(7)
(8)
(9)
(10)

26000 ~
128

54

120

16

190

980

336

P(15, 12)

atleast 8



3.8 Discrete Structures and Graph Theory

Then n(A1)=2-59=83 n(AlﬂAz):ﬂ:M
3 Ix5
250 250
n(A2)=—5—=50 n(AlﬂA3)=m=ll
250 250
AINANA ———250 2
n(Aj 2 3)—3X5x7—-

Number of integers divisible by 3 or 5

e, n(AjUA2)=n(A))+n(A) —n(A1 N Ay)
=83+50-16=117.

Number of integers divisible by 3 or 5or 7

n(AyU A2 U A3) = n(A1) +n(Az) + n(A3) —n(A| N Ap) —n(A; N Aj)
—n(A3 N A +n(A; NA N A3)
=834+50+35-16—-11~-7+4+2
= 136

Number of integers divisible by 3 or 7 but not by 5

=n(A1UA3U A3) —n(Ay)
=136 — 50 = 86
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> 6. The Inclusion-Exclusion Principle:

We discussed the sum rule by which we can count the number of objects in the union
of disjoint sets. However, if the sets are not disjoint we must refine the statement of the
sum rule.

In other words, when two tasks can be done at the same time, we cannot use the sum
rule to count the number of ways to do one of the two tasks. Adding the number of ways
to do each task leads to an over count, since the ways to do both tasks are counted twice.
To correctly count the number of ways to do one of the two tasks, we add the number of
ways to do each of the two tasks and then subtract the number of ways to do both tasks.
This technique is called the principle of inclusion-exclusion.

We can state the above principle in terms of sets. Let A and A, be sets. Let 7 be
the task of choosing an element from A| and 75 the task of choosing an element from
Ay. There are n(A|) way todo T} and n(Ajy) ways to do T>. The number of ways to do
either T or T3 is the sum of the number of ways to do T} and the number of ways to do
T5, minns the number of ways to do both T} and T5. Since there are n(A| U A3} ways to
do either 1’y or 75 and n(A| N A3) ways to do both 7} and T3, we have

n(ApUAz) =n(Ay) +n(A2) —n(A| N Ay)

Example 6.1  From a group of 12 professors how many ways can a committee of 6
members be formed so that at least one of professor A and professor B will be included.

Solution: The total number of committees is C (12, 6) among these committees. Let
A\ and A7 be the set of committees that include Professor A and Professor B respectively.
Since n(A1) = C(11,5) = n(Az) and n(A] N Ay) = C(10. 4)

Now n(A; U Ap) = C(11,5) + C(11,5) — C(10, 4). O

The principle of inclusion-exclusion can be generalized to find the number of ways to do
one of ‘n’ different tasks (or) equivalently, to find the number of elements in the union
of n sets:

Let Ay, Ag, ..., Ap be finite sets. Then
nAIUAU. . UA) = Y n(A)— > n(AinAy
| <i<n I<i<j<n
+ Y AN ANAY — .+ (=D"T(A N AN LN A
I<<j<k<n

* Example 6.2  Consider a set of integers from | to 250. Find how many of these
numbers are divisible by 3 or 5 or 7. Also indicate how many are divisible by 3 or 7 but
not by 5 and divisible by 3 or 5.

Solution: Let Ay, A, A3 denote the set of integers 1 to 250 divisible by 3, 5 and 7
respectively
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v ' = al-2a,.;=0 (D

Put b, =log,a,
= ap= 2bn
From(1)
(20?2 —2 x 2b0-n =0
9260 _ 9bw-nt! _ g
= 2b,—b,_1+1=0 with bg = log,ap=logs =20 2)

Now Eq(2) is first onder linear non homogeneous recurrence relation
. . . 1
The characteristic equation of (2)is2m —1=0=m = -

2
. H "
Therefore homogeneous solution is b, = ¢, 3 (3)
- Consider b =0 substituting in (2) bP = -1
1 n
by = b +bF = | <—> ~1
2
l n
byusing bg=2 = by =3(§) -1
1\"_
ap= 23(1) !

Example 7.4.3.8 Solve
Van — Jan—| — 2 /a,_2 = 0 whereag =a; =1 (1
Solution: Letb, = Jan
Then From (1): by —bp_1 —2b,_2=0, bg=b; =1

Characteristic equation is: r€ —r —2 =0

its roots are: r = 2, —1
+ . bp=C12" 4+ Cy(=1)"
From 1nitial conditions bg = b} = 1

Ci=5.G=

W N
W —
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then
-2n+] ) _l\n_
by = _L
3
Thus
2
[2’1-{-1 + (_l)n]
a" = .

32
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. Solved problems

Problem 1  How may permutations are there using the letters of the word BOMMI?

Solution: There are 5 letters of which 2 letters are alike. Each of the remaining

C . 5!
are distinct ,°, Number permutations = =60

20 x 1P x I x 1!

Problem 2 How many 3 digit numbers can be formed using the digits 5,7,9,1 if (i) a
digit can not appear more than once in a number (ii) any digit may appear any number
of times in a number

Solution: (1)4 x3x2=24(ii)4 x4 x 4 = 64

Problem3 How may 4 digit number divisible by 5 can be formed using the digit
3,7,1,5,6

(i) repetition cr digits is permitted
(ii) repetition of digits is not permitted

Solution: .

* (i) Each of the 4 digit numbers that can be formed should be divisible by 5, satistying
both these conditions, units place can be filled in 1 way (that is using 5 only) and the
remaining ten’s place, hundred’s place and thousand’s place, each can be filled in 5 ways
By the fundamental principle of counting, the total number of five digit number is 5 x
Sx5x1=125 '

(ii) The unit’s place can be filed in 1 way (since the number is to be divisible by 5) the
remaining place in succession can be filled in 4, 3, 2 ways respectively

By the fundamental principle of counting the total number of 4 digits numbers each
divisible by Sis 2 x3 x4 x 1 = 24

Problem 4 How many 4 digit numbers, not beginning with zero, without repeating
any digit, can be formed using 0, 1,2,3,4?

Solution: A number should not begin with zero is the condition. The remain-
ing hundred’s place, ten’s place and unit’s place can be filled in succession by 4,3,2
ways
By the fundamental principle of counding, the total number of 4 digit numbers is 4 x

4 x3x2=096.
"

Problem S  In how many different ways 5 gents and 3 ladies may be seated in a row
such that two ladies were not seated together?

Solution:  First, all the 5 gents may be seated in Sps = 5! ways
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Next, two ladies are not to be seated in adjacent seats. Hence, to satisfy this condition 3 4
ladies may be seated in 6 places. This can be done in 6 p3 By the principle of counting,
we have §! x 6 Py = 14400 ways

Problem 6 In how many ways can we select 3 white balls and 2 black balls from 5
white balls and 4 black balls?

Solution: : 3 white balls from S white balls can be selected in Sc3 ways
2 black balls from 4 black balls can be selected in 4c, ways
.. Total number of selection = 5¢3 x 4¢cp = 60

Problem 7  Committee of 5 students is formed selecting from 6 boys and S girls such
that it contains atleast one boy and one girl. How many different committees can be
formed?

Solution: As per the given conditions, a committee of 5 can be formed in the
following combinations
1 Boy and 4 GIRLS
(or) 2 Boys and 3 GIRLS
(or) 3B and 2G
(or)4Band 1 G R
.. The total number of combinations is

= 6c1 X S5cq4 + 6¢3 X S5c3 4+ 6¢3 x 5¢3 + 6¢4 % 5¢
= 455(check!)

Problem 8 In how many ways can nine students be particioned into three teams
containing four, three, and two students respectively?

Solution: Since all the cells contain different number of studente, the number of
!

unrecorded partitions equals the number of ordered partitions = 1260.

41312!
Problem 9  Assume there are n distinct pairs of shoes in a closet, show that if you
choose n + 1 single shoes at random from the closet, you are certain to have a pair

Solution: The n distinct pairs constitute n pigeonholes. The n + 1 single shoes
correspond to n 4 1 pigeons. Therefore, there must be atleast one pigeonhole with two
shoes and thus you will certainly have drawn atleat one pair of shoes

Problem 10  Laet be al list (not necessarily in alphabetical order) of 26 letters in the
English alphabet (a) show that L has a sublist consisting of four or more consecutive
consonants. (b) Assuming L begins with a vowel, say A, show that L has a sublist r
consisting of five or more consecutive consonants.

Solution: (a) The five letters partition L into n=6 sublists (pigeonholes) of consec-
utive cousonants. Here K + 1 =4andso K =3. HencenK +1 = 6(3)+1 =19 < 21
Hence some sublist has atleast four consecutive consonants.
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(b) Since 2 begins with a vowel, the remainder of the vowels partion L into n =5 sublists ;
Here K + 1 = 5and so K = 4. Hence nK + 1 = 21. Thus some sublist has atleast five
consecutive consonants.

Problem 11 Let AB,C,D denote respectively, art, biology, chemistry and drama
courses. Pind the number N of students in a dormitory given the data.

12take A StakeAand B  3take A,B,C
20take B 7take Aand C 2take A,B,D
20take C 4take AandD 2take B,C,D
8 take D 16 take Band C 3take A,C,D
4take Band D 2 take all four
3takeCand D 71 take none

Solution: Suppose we have any finite number of sets say A, A2,..., An. Let
Sy be the sum of the cardinatities n(A; N Ai; N Aiz ... N Aiy) of all possible K-tuple
intersections of the given m sets. Then we have the following general inclusion - exclusion
principle
RAJUAIU .. . Am) =S = Sa+ S3... + (=1)"" 18,

Let E be the number of students who take atleast one course. By the inclusion - Enclusion
principle

E=51-5+5-5%
whercS| =124+420+8 =60
S$=54+7+4+16+4+3 =139
$3=3+24+243=10
S4=2
S E=29,
N =71+ E = 100.

Problem 12  solve the recurrence relation a, — 7a,_| + 16a,_7 + 12a,_3 = o for
n7,3 with the initial conditions ag = 1,a; =4 and 9, = 8.

Solution:

The characteristic pohynomial is P =124+ 16r—12=(r - 2)2(;' — 3). and the roots
of characteristic equation are r = 2,2, 3

coap = 2" 4+ ¢22" . + ¢337 Now, By ihitial conditions
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ci+ec3=1
2c) +2c9+3c3 =4
4cy + 8¢y + 9¢3 =8
.. on solvingc;=5
¢3=3andc3 = —4
Hence the unique solution of the recurrence relation is a, = (5)(2") + 3(n2") — (4)(3")
Problem 13 a, +7a,_| + 8a,_3 =0,a9 =2,a) = -7

~-7+/17
Solution: = Roots of characteristic equation are r = ——2—C
4 n \n
(—7+\/17) (--7—J17
. Qn = C| —7—— + () ————)
2 2
Now by ap =2anda; = —7,¢y = 3, cp = —1 (check!)
—7+ 17\ -7-v17\"
J.Qp = 3 _2— -] —2——

Problem 14  Find the solution of S — 35;_1 —4S;_72 = 4*

Solution: The characteristic equation of the associated homogeneous relation is
2 _r—d4=0o=r=-1,4

S = (D + a8

Now S,((p) = D.¢*
substitute in (1)
3D D

Da* 3D 4"V _4pak? =4k D - ~ 7 = 1.0= 1, which is not possible

A function of the form D.4X will not be a particular solution of the nonhomogeneous
elation.

NowS{" = D K 4*

substitute in(1)

D=

(P)_ k
S, = <k4

Wi H nl &

The general solution

4
Sk = by (= D* + by(4)* + 5.1(.4".
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Problem 15  Solve a, = —2na,_| + 3n(n - 1)a,_; with initial conditions ag =
l,ay =2
. . L a . .
Solution: By taking the substitution b, = —': the given Recurrence Relation
n:

changes to b, + 2b,,_, — 3b,_2 =0
char equation: r2 +2r —3 =0
Roots: 1, -3
bp =.c1(H" + c2(=3)"
Now by initial conditions bg = 1, b} = 2
-1

5
on solvin =_,¢0)= —
meeL ==

c1+ecp=1
C| —36‘2
1
bn = 2[5—(—3)")].011 = n!lbp
n!
n =[5 — (=3)"
a 4[ (=3)"]

is the complete solution of the given recumence relation

n—1
Problem 16 Show that F, 2 (133)" .5 2 I where F denotes the Fibonacc:
sequence.
Solution: We prove the inequality by using induction on n whenn = l and n = 2, it
is easy to verify that the above inequality holds.

Now assume that the inequality is true for values less than n + 1.
Then

Fn+l = Fp + Fy-)

Hence the result by induction.
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Quiz Questions

1. nporp(n,r)=

n!
Ans: ;
( (n - r)')

2. ngorclnr)=

' n!
Ans:———
( r!(n—r)!)

3. It K pigeons are assigned to n pigeonholes then one of the pigeonholes must
contain atleast pigeons

( [K —1
Ans:

n -
4. The solutionof ay, = 2a,_1,n > lis

(Ans : ap =27)

5. Thesolutionof F, = Fy_| + Fy_p,n > 2with Fg = F| =l is

s T_"l_. 1+\/-5— n+l"‘_l— ]_\/5 n+1°
P ETRN T NAWP

6. nc,_, +ne, =—(Ans: n+1)

+ lpigeons)

7. n¢e = ng (Ans: n—r)

r

8. The number of distinguishable permutations that can be formed from a collection
of n objects in which the first object appears K times, the second object K7
times and so on is

ni
Ans; —mm8m8 M —
( k,!kzl...k,!)

9. The number of distinguishable ‘words’ that can be formed from the letters of

B
MISSISSIPPI is (Ans )
- 141412!
10. How many “words” of three distinct letters can be formed from the letters of the
word MAST?

(Ans : 4p, = 24)
Il. There are permutation of n distinct objects in a circle (Ans:(n — 1)!)

(r!nc,)

13. rxne =n—1,_, % (Ans: n)

12. np =




14.
15.

16.

18.

19.

20.
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np,=___xn~1lp_, (Ans: n)

If A and B are disjoint sets, then n(AU B) =

(Ans:n(A) + n(B))

Let A x B be the cartesian product of sets A and B thenn(A x B) = __
(Ans:n(A).n(B))

How many automobile license plates can be made if each plate contains two
differents letters followed by three different digits?

(Ans: 26. 25. 10. 9. 8 = 468000)

Neg +hey + ... +ne, =

(Ans:2™")
How many different bit strings are there of length seven?
(Ans : 27 = 128)

How many functions are there from a set with m elements to one with n elements?
(Ans: n™)
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First. we introduce the basic terminology of graph theory. We shall also discuss some
of the basic results and theorems of graph theory.

The terminology used in graph theory is not standard. It is common to find several
different terms being used as synonyms, because of the diversity of the fields in which
graph theory is applied.

We will define a graph as an abstract mathematical system. In order to provide some
motivation for the terminology used and also to develop, we shall represent graphs
diagrammatically. Any such diagram will also be called as graph.

2. Basic Terminology

Definition 2.1 A graph G is an ordered triple (V(G), E(G), ¢) consists of a non
empty set V called the set of vertices (nodes, points) of the graph, E is said to be the set
of edges of the graph, and ¢ is a mapping from the set of edges E to a set of order or
unordered pairs of elements of V.

In general, V(G) and E(G) of a graph are finite. In some cases £(G) may be empty.

If e € E is an edge and ¢ (e) = {u, v}, then we say that e is an edge joining « and v,
and the vertices u and v are called the ends (end vertices) of e.

That is, the definition of a graph implies that to every edge of the graph G we can
associate an ordered or unordered pair of vertices of the graph.

The most common representation of a graph is by means of a diagram in which the
vertices are represented as points and each edge as a line segment joining its end vertices.
This diagram itself is referred to as the graph.

We denote the graph G as G(V, E) or simply as G.

Example 2.1

G = (V(G), E(G), ¢)
Where V(G) = (vq, vy, v3, U4, Vs}
E(G) = {e1, €2, €3, ¢4, €5}
and ¢ is defined by
@ (e1) = {v1, v2}, d(e2) = {v2, v3}
¢ (e3) = {v3, va}, d(eq) = (v4, vy}
¢(es) = {vy, v3}

Now the graph G can be diagramatically represented as follows:
°

M| V2
G: C4 65 Cz
Vg4 < - Y3

bk}
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We usually omit the names of the edges, when they have no intrinsic meaning. Also
we omit the labels on vertices as well if the graphical representation is adequate for all
discussion.

In fact, we will usually denote a graph by drawing its diagram rather than explicitly
listing its vertices and edges

Note 2.1  In graphs, an edge should not pass through any points vertices other than
the two end vertices of the edge.

Note 2.2  Generally a number of different diagrams may represent the same graph.

Example2.2 G = (V(G), E(G), ¢)
Where V(G) = {vy, vg, v3, v4, U5}
E(G) = {e1, €2, €3, e4, €5, €6}
and ¢ is defined by
pley) = {vy, 12}, d(e2) = {v2, v3)
¢(e3) = (v3, v4}
¢ (e4) = {va, vs)
¢ (es) = {vs, v1}
¢ (eg) = (vs, 01}
graph is as shown:
vy vy
vy v

M|

V5 V4 v3 \7)
Fig | Fig2 Fig3

The figures 2 and 3 represent the same graph given in fig 1.

Definition 2.2  Any pair of vertices which are connected by an edge in a graph is callec
adjacent vertices

e . .
o——1 — o. vy and vy are adjacent vertices.
Ex: Vi )
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Definition 2.3  In a graph G(V, E), an edge which is associated with an ordered pair
of vertices is called a directed edge of graph G, while an edge which is associated with
an unordered pair of vertices is called an undirected edge.
A graph in which every edge is directed is called a directed graph or simply a digraph
A graph in which every edge is undirected is called an undirected graph.

Note 2.3  Theend vertices of an edge are said to be incident with the edge and vice versa

Example 2.3  The edge ¢ is incident with the vertices v; and v, also the vertex v
is incident with e and e4.

Y1

Aol
Z/\ﬂ\ /\
3
V3 P 2093 5 V2

2
Directed graph Undirected graph

Let G(V, E) be adigraph and let e € E be a directed edge associated with the ordered
pair of vertices (u, v). Then the edge e is said to be initiating (or) originating at the vertex
u and terminating or ending at the vertex v. The vertices « and v are also called the initial
and terminal vertices of the edge e.

Definition 2.4  If some edges are directed and some are undirected in a graph, then
the graph is a mixed graph
Example 2.4

Vi

N

V3 V2

Definition 2.5  An edge of a graph which joins a vertex to itself is called a loop.

Example 2.5

€l O here ¢ 1s a loop

Definition 2.6  In a graph, if some pairs of vertices are joined by more than one edge.
such edges are called parallel edges.
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Example 2.6

‘ . \
Va € Vo

4

In this graph e4& e3 are parallel and
e & es are parallel edges

Definition 2.7  Any graph which contains some parallel edges and loops is called a
multigraph.

Definition 2.8  Any graph without parallel edges and loops is known as simple grapt

Example 2.7
v v ¢ )
5 2 Gy: Thls.g.raph is a sirpple
graph as it is not containing
v3 V3
6y G, any loops and parallel

edges
G+’ non simple graph since
ey is a loop

Definition 2.9 A graph is finite if both its vertex set and the edge set are finit
Otherwise it is an infinite graph.

Here after by a graph G means only a finite graph (for which V(G) is a nonempl
finite set).

Definition 2.10 A finite graph with one vertex and no edges i.e., a single vertex
called the trivial graph.

Definition 2.11  In any graph, a vertex which is not adjacent to any other vertex
called an isolated vertex.

Definition 2.12 A graph with only isolated vertices is called a null graph In oth:
words, the set of edges in a null graph is empty.

Definition 2.13 A graph is which weights are assigned to every edge is cailed
weighted graph
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Example 2.8

here 1, 2, 3,4, 5 are weights

assigned to each edge
va respectively

V3

4
Weighted graph

Note 2.4  In drawing a graph, it is immaterial whether the lines are drawn straight or
curved, long or short, what is important is the incidence between the edges and vertices.
The definition of the graph contains no reference to the length or the shape and
Positioning of the edge joining any pair of vertices, nor does it prescribe any ordering
of positions of the vertices. Therefore, for a given graph, there is no unique diagram
which represents the graph. We can obtain a variety of diagrams by locating the vertices
‘n an arbitrary number of different positions and also by showing the edges by arcs or
ines of different shapes. Because of this arbitrariness it can happen that two diagrams
which look entirely different from one another may represent the same graph, because
ncidence between edges and vertices is the same in both cases.

ixample 2.9

V3

Same graphs drawn differently

{xample 2.10

Yi

Va4 v3 v, v3

same graphs drawn differently



»

-

(S

Graphs 4.7

Definition 2.14  If the graph G is finite, |V| denotes the number of vertices of G,
known as order of G and |E| denotes the number of edges of G, known as size of G.

€

1 For this graph:

el |es ve e, For this graph:
V=6
€
Wy |E| = 10
€3 ‘Jv}
[

€9

Example 2.11

8
Vs

Note 2.5 In a diagram of a graph, sometimes two edges may seem to intersect at a
point that does not represent a vertex

v] Cl K
& %%
64 e2
v4 €3 v3
Edges es and eg have no common point. Edges es and eg in the above graph should
be thought of as being in different planes and thus having no common point.

Example :

Definition 2.15 A graph obtained by ignoring the direction of edges in a directed
graph is called underlying undirected graph

Example 2.12

Sl

v
V4 V4@
V3

V3
Digraph G Underlying undirected graph of G

Definition 2.16 A graph obtained by deleting all loops and parallel edges from a graph
is called underlying simple graph
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Example 2.13

Y M
v4 V4 va
V2
V3 V3
Multigraph G Underlying simple graph of G

3. Incidence and degree

Let G(V, Eybeagraphand e € E, e = {u, v}, then e is said to be incident with vertices
u and v; and the vertices « and v are said to be incident with e. Two vertices « and v in
V(Q) are said to be adjacent if there is an edge e € E st e = {u, v}

It is natural to count the edges that are incident with a particular vertex i.e., given a
vertex v, we can find the number of edges that are incident with v. If e = {u, v} where
u # v is an edge, then e will be counted once while counting the edges that are incident
with u, and again it will be counted once while counting the edges that are incident with
v, with this in mind, we make a convention that a loop e will be counted twice when
finding the number of edges that are incident with u.

Now we will give a name to the number obtained by counting ail the edges that are
incident with a vertex v.

Definition 3.1  Let v be a vertex in a graph G. Then the degree dg (v) of the vertex v
in G is the number of edges of G that are incident with v (each loop is counted twice).
The dg (v) can also be denoted by deg (v) (or explicity, we use d(v) or deg(v) to denote
the degree of v).

Example 3.1
deg (v1) =0
deg (v2) =3
deg (v3) =5
deg (v4) =4
deg (vs) =6

deg (vg) =0
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The fundamental theorem of Graph theory

Theorem 3.1  Let G be an undirected graph with |E| edges and | v | = n vertices,
then

Zdeg (v;) = 2|E|.

=1

Proof: Let G be a graph with (E| edges and n vertices vy, vy, ... , v,. When we sum
over the degrees of all the vertices, we count each edge (v;, v;) twice: once when we
countitas (v;, v;) in the degree of v; and again when we count it as (v}, v;) in the degree
of v;. Then the conclusion follows:

D deg (v) = 2|E|.

=1

Corollary 3.2  In any graph, the number of vertices of odd degree is even.

Proof: Let Vi and V3 be the sets of vertices of odd and even degree respectively in G.
Then

V=ViuWw,
ViNnVy=4¢ and

Y deg(v) = ) deg(v) + ) deg(v) M)

veV veV| veV,

By previous theorem, ) deg(v) = 2.|E|,an even number.

veV
The sum Y deg(v)is even, since deg(v) is even for v € V5.
Ve Vz
From (I) it follows that
Z d(v) = an even number {n
vE V|

From (II), each term deg(v) (asv € V) is odd and so the total number of terms is the
sum must be even to make the sum an even number. Thus |V}| = no. of vertices of odd

degree is even. .

Definition 3.2 A vertex of degree one is called a pendant or end vertex in G

Definition 3.3 A vertex of degree zero is called an isolated vertex in G.

Definition 3.4  Two adjacent edges are said to be in series if their common vertex is
of degree two.
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Example 3.2

vl € V2

O

V7

€2
O
Vs

2 v3 V4

The vertices v4, vg are pendant vertices
The vertices vs, v7 are isolated vertices

The edges €| and e, are in series, since d(vy) = 2.

Definition 3.5  In a directed graph G, an edge ¢ =< u, v > is said to be incident out
of the vertex u and incident into the vertex v. The number of edges incident out of a
vertex v is called the out degree of v, denoted by deg - (v). The number of edges incident
into v; is called the indegree of v denoted by degz;'(v). Also the sum of the out degree
and indegree of a vertex v is called its total degree, denoted by degg (v).

Corollary 3.3  If G is a dirccted graph, then

> degt(u) = deg™(v) = |E|.

1= 1=1

Proof: The result follows from the fact that each edge has an initial vertex and a terminal
vertex, therefore each edge contributes one outdegree to its initial vertex and one indegree
to its terminal vertex.

Thus the sum of the indegrees and the sum of the out degrees of all vertices in a

directed graph are same. a

Example 3.3




.4

\
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deg | outdegree : deg™ | indegnee : deg™
V1 4 2
vy 1 2
U3 2 3
U4 2 2
Us 3 3
Vg 0 0

Definition 3.6  The minimum of all the degrees of the vertices of a graph G is denoted
by 8(G), and the maximuin of all the degrees of the vertices of G is denoted by A(G).
In other words

8(G) = min{deg(v)/v € V(G)} and
A(G) = max{deg(v)/v € V(G)}

Example 3.4
VI V2
d(vy) =d(v3) =3
d(vy) =4
dlvg) =2
v va S8(G) =2 A(G)=4

clearly 3(G) < A(G).

Note 3.1  For a simple graph G with |V| = n, we have

0 < 8(G) < deg(v) < AG) <n—1
21E)
Corollary 3.4 \}(/G) < —IV_I < A(G)

Proof: For a graph G, we have §(G) < deg(v) < A(G) Ywv e V(G)

Hence ) 8(G) < ) deg(v) < Y _ A(G)

veV

When |V | = n, we have

nd(G) < ) _ deg(v) <n - A(G)

veV
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Y deg(v) |
5(G) < | XX | <A@©G)
n

From theorem 3.1 Y deg(v) = 2|E|
veV

..5(G)52||—VE|—ISA(G) CoVi=n)

0

Definition 3.7 If §(G) = A(G) = K i.e., if each vertex of a graph G has degree K,
then G is said to be K-regular or regular graph of degree K.

Example 3.5:
vy ov2

vy —) vq

dv)) =d(n) =ds) =d(vg) =2
The given graph is 2-regular (or) regular graph of degree 2.
Corollary 3.5 If G is a K -regular graph, then § = Zr{yﬁ-i =A

%

Proof: By the definition of K -regular graph
3(G)=A(G)=K

Now by the previous corollary: G

2|E|
< <

K < <K
Vi
2|E|
- —— =
VI
2.1E|
.8(G) = —— = A(G).
Vi
Definition 3.8 If vy, vy, ... .v, are the n vertices of G, then the sequence

(di,dn, ... .dyn) where d; = deg(v,) is the degree sequence of G.

1
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In general, we order the vertices so that the degree sequence is mmontonically increasing
ie.,
8(G)=d| <dy £...<dp, = AG).
Example 3.5:

V2

Y3
degree sequence of G:
(2,2,5,5)

V4

Definition 3.9 A degree sequence d = (d}, dy, ...dp) is graphic if there is a simple
undirected graph with degree sequence d

Problem 3.1  Is there a graph with degreé sequence (1, 3,3, 3,5,6,6)?

Solution: No, because, the no. of vertices with odd degree is odd, a contradiction
to corollary: the number of vertices of odd degree must be even.

Result 3.1 (Havel Hakimi) Consider the following two squences and assume the
sequence (i) is in descending order

(i) S,!],tz,...ts,d],... ,dn
i n-ln-1,...6—-1,dy,...,dp

Then sequence (i) is graphical if and only if (ii) is graphical.

Example 3.6 . Show that the sequence (6, 6, 6, 6, 4, 3, 3, 0) is not graphical

Solution: By Havel hakimi theorem, we pere

Given sequence is 6, 6,6,6,4,3,3,0

First term of the sequence is 6, thus eliminating the first term and reducing the number:
in the next 6 terms by one, we get the sequence

5,5,5,3,2,2,0

This sequence is in descending order. The first term of the sequence is 5, thus eliminating
the first term and reducing the numbers in the next 5 terms by one, we get the sequence

4,4,2,1,1,0
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The first term of the sequence is 4, thus eliminating the first term and reducing the

numbers in the next 4 terms by one, we get the sequence

3,1,0,0,0

There exists no graph having one vertex of degree three and other vertex of degree
one. Therefore the last sequence is not graphical. Hence the given sequence is also not

graphical.

Example 3.7

Solution:
6 5 5 4
4 4 3
4 4 3
3 2
3 2
1
Sequence (1, 1

Definition 3.10

Example 3.8:

V2

Note 3.2

Note 3.3

Jefinition 3.11

Similarly A vertex labelling of a graph G is a functiong : V — D.

“xample 3.9
:dge labelling

The degree function which assigns degree to each vertex is a vertex labelling

3

—_— N = NN

711 1!

3

= N = NN

2

_ e N N

2

Lo \ T (N B (O

1

Reducing the sequence as follows:

, 1) is graphical

Show that the following sequence is graphical: 6,5,5,4,3,3,2,2,2

O

A simple graph in which every pair of distinct vertices are adjacent is
called acomplete graph. If G has n vertices then the complete graph will be denoted by K,

K3

Ka

Ks

If G is a simple graph with n vertices then 0 < deg(V) <n — |

Now onwards, denote ordered pair of vertices as (u, v) in a digraph and
lenote unordered pair of vertices as {u, v} in a undirected graph

An edge labelling of a graph G is a function f from E to D ie.,
" E — D, where D is some domain of labels.

The weight function which assigns weight to each edge in a graph is a
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Definition 3.12 The converse of a directed graph G(V, E) is a directed graph denoted
- by G(V. E), where E is the converse of E. The diagram of G is obtained from G by
simply reversing the directions of the edges in G.
The converse G 1s also called the reversal graph (or) directional dual graph of G

Example 3.10

Vl Vl
G(V,E): GE)
Vz V} V2 V3
Definition 3.13 (a) A digraph that has atmost one directed edge between a pair

of vertices (loops are allowed) is called asymmetric graph

Example 3.11

(b) If Gis a digraph s.t whenever e = (u, v) there is an edge ¢’ = (v, u), then G is
said to be symmetric digraph

Example 3.12

(c) A digraph which is both simple and symmetric is called a simple symmetric
graph

(d) A digraph which is both simple and asymmetric is called a simple asymmetric
graph.

; Paths, Reachability, and connectedness

"Definition 4.1 (a) Inanondirected graph G asequence ‘P’ of zero or more edges
of the form {vg, vy}, {vy, v2}, ... . {vp—(, Vn} Or Vg — V| — ... — vy is called
a path from vp to v,. Where vy is the initial vertex and vy, is the terminal vertex
of the path P.
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We denote path P as a vg — v path. In the definition of the path, vertices and
edges may be repeated.
(b) If vg = vy, then P is called a closed path. On the other hand if vy # v,, then P
is an open path
Observations 4.1  The path P is a graph itself where V(P) = {vg, ..., up} € V(G)
and E(P) C E(G)
Alsol < |V(P)l<n+4+1land0 < |E(P)| <n

(¢) In a directed graph G, a sequence ‘P’ of zero or more edges of the form
(vo, vi), (v, v2), (2, v3), -, (Up—1, R) OT Vg — V] — U2 — ... — Up—| —
vy 1s called a path from vg to v,
A path is said to be traversed through the vertices appearing in the sequence,
originating in the initial vertex of the first edge and ending in the terminal vertex
of the last edge in the sequence.

(d) The number of edges appearing in the sequence of the path ‘P’ is called the
length of the path P

(e) If the length of the path P is zero i.e., the path P have no edges at all, it contains
only a single vertex is called a trivial path

(f) A path P is said to be simple if all edges and vertices in the path are distinct
except possibly the end points.

Example 4.1  For the following graph

va M
J/r vg

VTN AR
g\\‘u' .
l\ wc\\\ b\»"‘
\ ( 0
(1:3 ,“ .‘, [N
we have L
Path  e» {AYX length Simple| Closed | Circuit?, Cycle?
fe path? | path?
V| —U4—V3—VUs—Vg—V|g—Us—V) | 7 no yes no no
V) —VU3—Us—Vg— U7 —V|g—Vg—V2 | 7 no yes yes no
LN
V| — U3 — U] o o000 N D no yes no no
Ul — Uy — U3 — V2 — V] 4 yes yes yes yes
vg — Vg i yes yes yes yes
V) 0 yes yes no no
Vs — Vg — U7 — Ujg — Vg — V2 5 no no no no
U4 — Uy — U3 — U4 3 yes yes yes yes
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4- Note 4.1 (a) :The trivial path is taken to be a simple closed path of zero.

(b) : A simple path is certainly a path and although the converse statement need not
be true.

Definition 4.2 (a) A path of length > | with no repeated edges and whose end
vertices are same is called a circuit. A circuit may have repeated vertices other
than the end: vertices

(b) A cycle is a circuit with no other repeated vertices except its end vertices.
Example : Previous example 4.1

Note 4.2 A cycle is a simple circuit, a loop i< a cycle of length 1. Clearly, In a graph
a cycle that is not a loop must have length at least 3, but there may be cycles of length 2
in a muitigraph.

- o . o
Result 4.1 \ Prove that any circuit in a graph must contain a cycle and that any circuit
+ which is not a cycle contains atleast two cycles.

Proof: Suppose the vertices of the circuit vg, vy, ... , vn, vg consider all subcircuits
of the form™v;, v, 41, Vi+2 ..., v;. (there is atleast one such, taking { = 0). That sub-
circuit v;, v, 41, V42, - - . , v; Which uses the fewest number of vertices is a cycle. If the

original circuit was not a cycle, then those vertices not on the first chosen subcircuit
Vi, Vi+1» Ui42 - - - U; together with v, from another subcircuit and the same arguement
as before show s th it this contains a second cycle. a

Definition 4.3  Two paths in a graph are said to be edge-disjoint if they have no
- common edges; they are vertex-disjoint if they have no common vertices.

Example 4.2

(1) Vi {va, v2} : cycle of length |
{va, val, {v3, va), {v2, va))
: cycle of length 3

{{va, vi}, (v, w2l {2, v2),
Y4 {v9, v4}}: circuitof length 4
* - {{va. vi} fvr, va) {va, val,
{va. v3}, .
{v3, v2}, {v2, va}} : closed
& path of length 6
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(i1) Paths: P} : ((vy, v9), (v2, 13))
v] 2 Py (v, va), (v4, 13))

Py 0 ((vy. v2), (v2, v4), (vg, v3))
Py : ((vy, v2), (v2, v4), (va, v1),
(vy, v2), (v2,v3))

P§ : ((vg, v2), (v2, va4), (v4, V1),
(v, v4), (v, v3))

Pe : ((v1,v1), (vy, vp)s -, (V1,02)

vq vi  (v2,13))

Cycles: Cy: ((vy, v1))
Cz 1 ((v1, v2), (v2,v1))
C3 : ((vy, v2), (v2, v3), (v3, V1))
Cq : ((vy, va), (v4, v3), (v3, V1))
Cs : ((vy, va), (v, v3), (v3, v2), (v, V1))

Definition 4.4 A simple digraph having no cycles is called acyclic graph
Note 4.3  An acyclic graph cannot have any loops. Since loop is a cycle of length one.
Theorem 4.1 In a graph G, every u — v path contains a simple u — v path.

Proof: If a path is a closed path, then it certainly contains the trivial path i.e., only
single vertex.

Then, assume P is an u — v path. We will prove this theorem by induction on the
length n of P.

If P has length one, then P is itself a simple path. Suppose that all open 4 — v paths
of length K, where | < K < n contains a simple u — v path. Now suppose that P is
the open u — v path {vg, vy}, ..., {vn, vpy1} Where u = vg and v = v,4). Of course,
it may be that P has repeated vertices but if not, then P is a simple u — v path and we
are done. If on the other har ., there are repeated vertices in P, Let: and j be distinct
positive integers where + < j and v, = v;. If the closed path v, — v; is removed from
P, an open path P’ is obtained having length < n since at least one edge {v,, v, ;1) was
deleted from P. Thus by the inductive hypothesis, P’ contains a simple u — v path and
so P. a

Definition 4.6 (a) A vertex v of a simple digraph is said to be reachable from a
vertex u of the same digraph, if there exists a path from u to v.
Note 4.4  The concept of reachability is independent of the number of alternate paths

from u to v and also of their lengths. For the sake of completeness we shall assume that
every vertex is reachable from itself.



Graphs 4.19

(b) Ifavertex v is reachable from the vertex u, then a path of minimum length from
u to v is called geodesic

(c) The length of a geodesic from the vertex u to the vertex v is called the distance
and is denoted by d(u, v).
Also d(u, u) = 0 for any vertex u.

Observation 4.2 Reachability is a binary relation on the set of vertices of a simple
graph.

Reachability is reflexive, transitive, not symmetric, not antisymmetric. <
Note 4.5  If v is not reachable from u, then it is customary to write d(«, v) = 00.

If v is reachable from u and u is reachable from v, then d(u, v) is not necessarily
equal to d (v, u).

Example 4.3

Vz V3
i

V4
V3

here v4 — v5 — vy is a path .. vy is reachable from v4.

Definition 4.7  If G is a directed graph, the set of vertices which are reachable from a
given vertex v is said to be the reachable set of v, denote by R(v).

For any subset S C V, the reachable set of S is the set of vertices which are reachable
from any vertex of S, denoted by R(S).

Example 4.4

Vi V2 Vs
T \ V6 Q
Vg
@]
v
< O to
V4 V3 V7 V8

R(vy) = {vy, v2, v3, v4, V5, Vg)
R(vp) = {vy, vz, v3, v4, vs5. vg} = R(v3) = R(v4) = R(vs)

R(ve) = {vg}, R{v7) = {ve, v7), R(vg) = {ve, v7, v8},
R(v9) = {vg}, R{vio} = {vi0)
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R(vs, vg, vg,vjg) = V ie.,if §={vs,vg, v9,v1g}), R(s) =V
R(vy,vg, v9,v10) =V

Definition 4.8 Inadigraph G(V, E), asubset W C V iscalled vertex base (nodebase)
if its reachable set is V and if no proper subset of W has this property.

Example 4.5  From the previous example, the sets {v), vg, vg, v1g) and {vs, vg, vg,
v1g} are vertex bases.

Observations 4.2 (i) Every isolated vertex of a digraph must be present in a
vertex base.

(1) Any vertex whose in degree is zero must be present in any vertex base

Problem 4.1  Find the vertex base and reachable sets of {vy, v4}, {v4, vs}, {v3} for the
given digraph

YI K ’s
< O N
™~

V2 V3

Solution:
R(vy, vg) = {vy, vz, v3, 04,05} =V

R(v4, vs) = R(v3) = (v, vz, v3,u4, 05} =V

Given three sets are vertex bases as their Reachable set i1s the vertex set V.

Definition 4.10 A graph G is said to be connected if there is a path between any two
of its vertices.

In other words, in a undirected graph if any pair of vertices are reachable from one
another, then the graph G is connected.

Example 4.6
vy v2 vy vy v3
e}
V4
—J va
v 2
6
! v
Connected graph Not Connected graph

The above definition cannot be applied to directed graphs without some further mod-
ifications, because in a directed graph if a vertex u is reachable from another vertex v,
the vertex v may not be reachable from u.
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4 Definition 411 A simple digraph is said to be Unilaterally Connected if for any pair
of vertices of the graph at least one of the vertices of the pair is reachable from the other
vertex.

Definition 4.12  If for any pair of vertices of the graph both the vertices of the pair are
reachable from one another, then the graph is called strongly connected.

Definition 4.13 A simple digraph is said to be weakly connected if its underlying
undirected graph is connected.

Example 4.7
E’\x V2 Vi V2 M V2
. . .
v Cal . \"
Bl T
0 '
dﬁ‘ —— o) < o) -
vy Vi \Z V3 Va "3
(a) Strongly Connected (b) Unilaterally Connected (c) Weakly Connected but
but not strongly connected not unilaterally connected

< Observations 4.3 (i) A Unilaterally connected digraph is weakly connected but a
weakly connected digraph is not necessarily unilaterally connected
(ii) A strongly connected digraph is both Unilaterally and weakly connected.

Definition 4.14 A subgraph G, of a graph G is said to be (weakly, Unilaterally or
strongly) connected component if it is a maximal (weakly, Unilaterally or strongly)
connected subgraph; that is there is no (weakly, Unilaterally or strongly) connected
subgraph of G that properly contains G;.

Definition 4.15  For a simple digraph, a maximal strongly connected subgraph is
called a strong component. Similarly, a maximal Unilaterally connected or maximal
weakly connected subgraph is called a Unilateral or weak component respectively.

Example 4.3

V3 > - - \,'4 V6

V2 < V] VS‘

{vy, v2, v3), {va), {vs), {ve) are the strong components
{vy, v2, v3, V4, V5], {ve} are the unilateral components

{v}, V2, V3, Vs, Vs, Vg} is the weak component because the graph is weakly connected
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Theorem 4.3 ,\In asimple digraph G(V, E), every vertex of the diagraph lies in exactly
one strong component.

Proof: Letv € V and S be the set of all vertices of G which are mutually reachable
with v. The set S naturally contains v and is a strong component of G. This shows that
2very vertex of G is contained in a strong component.

Now, Assume that a node v is in two strong components. It imply that any node in
one strong component which contains v is reachable from any vertex in the other strong
:omponent which also contains v, because every such path is easily established through
». This however is impossible. Hence every vertex is contained in exactly one strong

romponent. Thus the strong components partition V. -

Jbservations 4.4 (i) Itisnotnecessary that every edge of the digraph lies in one
trong component.

ixample 4.9  Consider the digraph G

v v v A7
) JA ~ 5 “ 6
o /' P
\V
P
\
va o Vi vy V8

{vy. va, v3, vg} and {vs, vgv7, vg) are two strong components of G. But the edge
v4, Us} is not contained in any of these two strong components.

(it) Every node and edge of a simple digraph is contained in exactly one weak
component

(iii) Every node and edge of a sim'ple digraph lies in atleast one Unilateral
component. .

(iv) The strong components partition the vertex set V of the simple digraph

efinition 4.16° .. [cut vertex] Let G be a connected graph. If v is a vertex of G such
at G — v is not tonnected 1e., disconnected then the vertex v is called a cut vertex.

xample 4.10

A"
v is the cut vertex.

If v is a cut vertex of G, then the removal of the vector v increase the number of
mponents in G.
A cut vertex is also called a cut point
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Theorem 4.4 /A vertex v in a connected graph G is a cut vertex if and only if there
exist vertices u and v distinct from v such that every path connecting « and w contains
the vertex v.

Proof: Let v be a cut vertex in a connected graph G. Then G — v is disconnected and
G — v contains atleast two components say A and B. Let u be a vertex of A and w be a
vertex of B. There i no path in G — v connecting u and w. Since G is connected there
exists a path P from « to w in G. If the path does not contain v, then the removal of v
from G will not disconnect the vertices 4 and w which is contradiction to the fact that u
and v lie in two different components of G — v.

Conversely, if every path from y to w contains the vertex v, then removal of v from the
graph G disconnects u and w. Hence u and w lie in different components of G. Which
shows that G — v 1s a disconnected graph. Thus v is a cut vertex of G. a

Definition 4.17  [cut edge or bridge] Let G be a connected graph. If e is an edge of
G, such that G -- e is disconnected, the edge e is called a cut edge (or bridge)

Example 4.11 '

- In the above graph ‘e’ is a cut edge

Definition 4.18 [cut set] Let G"be a connected graph. A cut set in G is a set of edges
whose removal from G leaves the graph G disconnected provided no proper subset of
these edges disconnects the graph G.

A cut set in a graph always breaks the graph G into two parts. (Every edge in a tree is
a cut set since the removal of any edge from a tree breaks the tree into two parts).

Cut sets are of great importance in studying the properties of networks.

Example 4.12

la,b,c, f} is a cut set. The other cut sets are
{a,b, g}{a, b, e, f}. But {a,c, h,d} is not a cut set
because one of its proper subsets {a, c, h} is a cut set.

o~

Edge connectivity \/ '

Definition 4.19 Let G be a connected graph. The edge connectivity of G is the
<minimum number of edges whose removal results in a disconnected. In otherwords,
the number of edges in the smallest cut set is defined as the edge connectivity of G.
The edge connectivity of a connected graph G is denoted by A(G). If G is a
disconnected graph then A(G) = 0.
If G is a connected graph and has a bridge, then the edge connectivity of G is one.
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Example 4.13  Find the edge connectivity of the graph G

€y
Clearly G — {e|, e2} is a disconnected graph
AMG) = 2.

€

Vertex connectivity
e

Definition 4.20  Let G be a connected graph. The minimum number of vertices whose
removal results in a disconnected is called the vertex connectivity of G.

The vertex connectivity of G is denoted by K (G).

If K(G) =1, then G has a vertex v such that G — v is not connected and the vertex
v is called a cut vertex.

If G = K, then

K(G)=n~1
K(Cn) =2(n > 4)

If a graph G has a bridge then the vertex connectivity of G i.e., K(G) == 1.

Theorem 4.5 The edge connectivity of a connected graph G can’t exceed the
{n_}nimum degree of G i.e., A(G) < 8(G)

Proof: let G be a connected graph and v be a vertex of minimum degree in G. Then
the removal of edges incident with the vertex v disconnects the vertex v from the graph
G. Thus the set of all edges incident with the vertex v forms a cutset of G. But from
the definition edge connectivity is the minimum number of edges in G whose removal
disconnects G. This implies that the edge connectivity A(G) is always less than the
number of edges incident with the vertex v. Hence A(G) < 8(G). O

Note 4.6  The A(G) need not be equal to §(G)

Example 4.14

M MG)=1 butd(G)=2.

Theorem 4.6  The vertex connectivity of a graph G is always less than or equal to the
édge connectivity of G i.e., K(G) < A(G)

Proof: If G isdisconnected then K (G) = A(G) = 0. If G is connected, Let A = A(G)
be the edge connectivity. Then there exists a cut set S in G with A edges. Let Vj and V;
be the partition of the vertex set of G with respect to S. Then the edges in S are the edges
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of G between V| and V5. If no two edges in S have the same end vertex in the set V| or
V. Then removal of ali the end vertices of the edges in S disconnects G, otherwise the
number of vertices required to disconnect G is less than the number of edges in S (since
removal of a common end vertex of more than one edge removes all the edges incident
with it).

Hence the theorem. a
Observation 4.6  For any graph G, K(G) < A(G) < §(G)

Example 4.15  Find the edge connectivity and the vertex connectivity of the following
graph

Solution: The minimum number of edges removal disconnects the graph is 3.
AMG) =3
The minimum number of vertices required to disconnect the graph is 1.
K(G)=1
Definition 4.21 A connected graph with atleast one cut vertex is called a separate

graph.
In otherwords, A connected graph is said to be a separable graph if its vertex
connectivity is one. otherwise i. is called nonseparable graph.

5. Some Special Graphs

Cycle graph 5.1 A cycle graph of order ‘n’ is a connected graph whose edges form
a cycle of length ‘n’ and denoted by C,,.

Example 5.1

Path graph 5.2 A path graph of order ‘n’ is obtained by removing on edge froma Cy,
graph, denoted by P,
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Example 5.2

Null graph 5.3 A nuli graph of order n is a graph with n vertices and no edges. Null
graphs of order n are denoted bv N,,.

Example 5.3

Wheel graph 5.4 A wheel graph of order n is obtained by joining a new vertex called
‘Hub’ to each vertex of a cycle graph of order n — 1, denoted by W),

?

Example 5.4

Hub

O

Bipartite graph 5.5 A bipartite graph is an undirected graph whose set of vertices
can be partitioned into two sets M and N is such a way that each edge joins a vertex in
M to a vertex in N and no edge joins either two vertices in M or two vertices in N.

Example 5.5

here V=MUN
MNAN=¢

M = {vy, v3, vs}
N = {vz, v4, vg}

Complete bipartite graph 5.6 A complete bipartite graph is a bipartite graph in
which every vertex of M is adjacent to every vertex of N. The complete bipartite graphs
that may be partitioned into sets M and N as above s.t M = m and [N| = n are denoted
by Km.n
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4 Example 5.6

Vi V2 V3

V4 VS ) V6

Star graph 5.7  Any graph that is K| ,, is called a star graph

Kl,s: Q\

Example 5.7

Problem 5.1 Is K3 is bipartite?

Solution: No, the complete graph K is not bipartite

M|

V2 V3
Explanation : If we divide the vertex set of K3 into two disjoint sets, one of the two sets
must contain two vertices.
If the graph is bipartite, these two vertices should not be connected by an edge, but in
K3 each vertex is connected to every other vertex by an edge.

.. K3 is not bipartite.

6. Matrix Representation of Graphs

A diagrammatic representation of a graph has limited usefulness. Further, such a rep-
resentation is only possible when the number of nodes and edges is reasonably small.
In this context, A matrix is a convenient and useful way of representing a graph. Many
known results of matrix algebra can be applied to study the properties of graphs and to
calculate paths, cycles and other characteristics of a graph. Now, we are going to study
‘he adjacency matrix, the incidence matrix and the path matrix of a graph.
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6.1 Adjacency Matrix

Let G(V, E) be a simple graph with n vertices ordered from vj to v,, then the adjacency
matrix A = [a;j]nxn Of G 1s an n x n symmetric matrix defined by the elements

I when v, is adjacent to v;
a;; = .
Y 0 otherwise

It 1s denoted by A(G) or Ag

Example 6.1.1 A graph G and its adjacency matrix A are shown below:

Y1

6.1.1
(D
(2)
(3)
(4)
(5)

(6)

(7

(&)

? & Vi vy U3 U4
vl 0O 1 1 1
Ag = W 1 0 1 0
v3 1 1 0 0
V4 1 0 0 O
v3 V4

Properties of adjacency matrix (of undirected simple graph)

An Adjacency matrix completely defines a simple graph
The Adjacency matrix is symmetric

Any element of the adjacency matrix is either O or I, therefore it is also called
as, bit matrix or boolean matrix

The i"" row in the adjacency matrix is determined by the edges which originate
in the node v;.

If the graph G is simple, the degree of the vertex v; equalis the number of 1’s in
the i row (or 1'" column) of Ag

Given an n x n symmetric boolean matrix A, we can find a simple graph G s.t
A is the adjacency matrix of G.

The Adjacency matrix Ag depends upon the ordering of the elements of V(G).
For different ordering of the elements of V. We get different (n!) adjacency
matrices of the same graph. But any one of the adjacency matrices of G can be
obtained from another adjacency matrix of the same graph G by interchanging
some of the rows and the corresponding columns of the matrix. Hence we can
take any adjacency matrix of the graph G.

G 1s null &= A(G) is the zero matrix of order n.
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-4 6.1.2 In case of Directed graphs

Let G(V, E)be asimpledigraph with V = {vy, va, ... , v} and the vertices are assumed
to be ordered from vy t0 vp. Ann x n matrix A whose elements a;; are given by

a,j—

1 if (vi,v)) € E
0 otherwise

is called the adjacency matrix of the graph G.

Example 6.1.2

vy U2
© > ° Ag= "' [0 1
Vl \D) ' G = 'U2 \ 0 0 )

Observation 6.3

(i) The number of elements in the i*# row whose value is 1 is equal to the out degree
of the vertex v,.
(i) The Adjacency matrix for a directed graph may or may not be a symmetric
matrix, since there may not be an edge from v; to v, when there is an edge from
v tov;.
(111) An adjacency matrix completely defines a simple diagraph.

(iv) Some of the properties of a simple digraph are immediately seen from its
adjacency matrix.

If a diagraph is reflexive, then the diagonal elements of the adjacency matrix are
Is.

If a digraph is symmetric, the adjacencymatrix is also symmetric, i.e., a,, =
a;jijViand ;.
If a digraph is assymmetric thena,; =1 = a,, =0anda,; =0 = a, = 1Vi
and J.

(v) If G is a simple digraph whose adjacency matrix is A then the adjacency matrix
of G, the converse of G is the transpose of A i.e., AT

(viy The diagonal elements of A - AT show that out degree of the vertices. The
diagonal entries of AT . A shows the indegree of the vertices

Adjacency matrices can also be used to represent directed multigraphs or multi-
4 graphs. Clearly these matrices are not bit matrices, since a;; is the number of
edges that are associated to {v,, v;} or (v, vj).
(vii) All undirected graphs including multigraphs have symmetric adjacent matrices.
(viii) If G has self loop at every vertex and has no other edge then Ag is the identity
matrix /, of order n.
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Example 6.1.3

vl

0 3 0 2°
|30 1
CTlo1 2 2

2120/

Theorem 6.1.1 Let A be the adjacency matrix of a digraph G. Then element in the
i"" row and j* column of A" (n is a non negative integer) is equal to the number of
paths of length n from the i vertex to the j/* vertex.

Proof: The theorem will be proved using mathematical induction. Let G be a graph
with adjacency matrix A (with ordered vertices vy, vp, ..., v, of G). The number of
paths from v, to v; of length 1 is the i th entry of A, since this entry is the number of
edges from v; to v;.

Assume that the i j'# entry of A" is the number of different paths of length r from v;
.0 vj. This is the induction hypothesis.

Since A™T! = A" A, the ij*" entry of A"+! equals to
birayj +bipazj + ... 4 bipan;

vhere b is the ikth entry of A". By induction hypothesis b, is the number of paths of
ength r from v, to vy.

A path of length r + 1 from v; to v; is made up of a path length r from v, to some
ntermediate vertex v and an edge from vg to v;.

By product rule for counting, the number of such paths is the product of the number
f paths of length r from v, to v, namely b4, and the number of edges from vy to v,,
amely a; ;. When these products are added for all possible intermediate vertices vy, the
;™" entry in the matrix A7+ gives the no of different paths having length (r 4+ 1) from
i tovj.

Hence the proof. 0

‘ote 6.1.1  Let A be the adjacency matrix of a simple graph G. Then the ij*" entry in
" is the number of different paths of length r between the vertices v, and v

ote6.1.2 IfB, = A+ A2+..  + A"
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The element in the i*" row and j’h column of B, shows the number of paths of length
n or less which exist from v, to v;. If this element is non zero, then it is clear that v, is
reachable from v,. Therefore, B, provides the information about the reachability of any
vertex of the graph from any other vertex.

6.2 Incidence Matrix

Let G be a graph with n vertices. Let V = {vy,vp, ... , vz} and E = {e|, €3, ... , em)-
Define n x m matrix Ig = [m,;]nxm Where

1 when v; is incident with ¢

mij = )
0 otherwise

Example 6.2.1  Give the incidence matrix for the graph

€| €y €3 €4 e5 €g

vy 1 1 0 00O
Lo 2 001 1 01
G~ 000 0 1 1
V4 1 01 00O
vs 01 0 110

Observations 6.2.1

(i) The Incidence matrix contains only 0 and |.
(i) The number of s in each row equals to the degree of the corresponding vertex.
(ii1) A row with all zeros represents an isolated vertex.

(iv) Every edge is incident on exactly two vertices, each column of the incidence
matrix has exactly two ones except the loop.

(v) The parallel edges in a graph produce identical columns in its incidence matrix.

(vi) Permutation of any two rows or columns in an incidence matrix simply corre-
sponds to relabeling the vertices and the edges of the same graph.
B -

—.

R o 7 BN 1387238
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Problem 6.2.1  Is there exists a graph G corresponding to following incidence matrix? &
Justify

1 0 I O
0O 1 0 O
IGO=11 01 o
| 010 0
Solution: No, because the last column contains no 1’s (each column should contains
exactly two 1's)
1 0 1
Problem 6.2.2 LetI(G) = (l) (1) (1)
0 1 O

Show that there exists no connected graph G corresponding to this incidence matrix.

Solution: Performing the operations Ry < R3, Cy « Cz on /(G)
We get

1 1 .0
L 0| [ AR o ’
6= o4 o i —[ 0 lAG)ax1
0 0 1

Hence the graph is disconnected.
Further G has two components G| and G5 they are

ac/\oc b<> g

1 2

6.3 Path Matrix (Reachability Matrix)

Let G be a simple digraph having no parallel directed edges and V = {v}, va, ..., v}
be its vertex set. An n x n matrix P = [pj;]axn is given by

I if there is a path from v; to v;
pij = .
Y 0 otherwise

is called the path matrix of G.

Remark 6.3.1 The above definition is valid for undirected graphs which have no
parallel edges.
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# Observation 6.4 (i) The path matrix only shows the presence or absence of
atleast one path between a pair of vertices and also the presence or absence
of a cycle at any vertex.

(ti) However, path matrix does not show all the paths that may exist. 1.e., a path
matrix does not give complete information about a graph.

Remark 6.3.2  The path matrix can be calculated from the matrix B, = A + A +
...+ A" by choosing

1 if the element in the i*"" row and j** column of By 1s non zero
J

P = .
Y 0 otherwise

Example 6.3.1  Consider the graph
. ./
Find path matrix.

0O 1 0 O
) . ) 0O 0 I 1
Solution: Adjacency matrix of the graph A = 1 1 0 1
1 0 0 O
then
0 0 I 1 \ 2 1 0 1)
A2 = 2 1 0 1 A3 = 1l 2 1 1
- | SRS R B o 2 2 1 2
kO 1 0 0 ) 0O 0 t 1
1 2 1 1
4 2 2 2 3 2 3 4
= = A A
A 3 3 2 3 Now, By = A+ A“+ +
2 1 0 1
3 4 2 3
5 5 4 6
Then B4 = 7 7 4 7
L 321 2
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Note 6.3.1 The method of calculating the path matrix P of a graph by calculating
first A, A%, ..., A" and then B,, 1s cumbersome we shall now describe another method
based upon similar idea but which is more efficient.

Another method to calculate the path matrix from the Adjacency
matrix

Before explaining this method, we first define two operations on matrices with entries 0
and .

A matrix with entries 0 and ! is called a Boolean matrix. In the set {0, 1} we define
two binary operations A and V by the following lable:

A|0 1 v|0 1
olo o olo 1
10 1 111

Binary operations A and Vv on {0, 1}

Forany two n x n Boolean matrices A and B. the boolean sum and the boolean product
of A and B are written as A v B and A A B which are also Boolean matrices, say C and
D.

The elements of C and D) are given by

n
cy=a; \/b, and d,=\/(@axAbylVi j=12....n
k=1

Note that the element 4, is easily obtained by scanning the i'" row of A from left to

right and simultaneously the ;' column of B from top to bottom. If, for any K, the K'"

element in the row and K" element in the column are both I, then d,; = 1, otherwise
d,j=0.

Letusdenote AAA =A@ AAAT—D = A0 for anyr =2.3,...
Now the pathmatrix is given by

n
P=AvA@ v AQ  alm = \/ AK)
k=1



Graphs 4.35

¢ Example 6.3.2  From previous example

0100 |
001 1
A=l 11 01 |
1 000 |
Now
00 1 1 DO 0O
) _ _ 11 0 1
AY=ANA= L1 11 )
010 0 5 0 DO
(1 1.0 1Y \vfs/\
AV —paq@ | D DL _
1111
\0 0 1 1}
I 11 1\
A —ana® | P DT
" 111 1
\ 1 1 0 1)
1111
P=AvA@ya®yaw | 1 T 1
111
1111

In other words,

In a simple digraph G(V, E), E C V x V so that E can be interpreted as a relation
in V. The adjacency matrix A is the relation matrix of the relation E.

Similarly A@ js the relation matrix of the relation EoE = EZ. Ingeneral for a given
relation E in V, a relation E*, called the transitive closure of E given by

EtY=EUE?U...
clearly, the relation matrix A of E¥ is given by
At =AvAD va® v .

whose A is the relation matrix of E.

If the number of elements in V is n, then no path or cycle exceeds n in length; therefore
A* can be obtained by simply considering the sum up to A™ for powers higher than n
will not change A™. Therefore

AT =AVADVvAO® v .  vA®W = p
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The matrix A™ is the same as the path matrix.

This method of obtaining the transitive closure of the relation as well as the path
matrix of a simple digraph can easily be programmed by using the following algorithm
by warshall.

6.4 Warshall’s Algorithm

Given the adjacency matrix A of a simple digraph, then the following steps produce the
path r.atrix P(orA™):

Step L: POl = 4

Step2: K =1
Step3:i =1

K K-1 K—1 K-1 .
Step4:pl[}]:p‘[j ]V(pi[k ]/\pl[(j ])ijlton

StepS:i =i+ 1. Ifi <n, gotostepd

Step6: K = K +1 If K < n, goto step3; otherwise, stop.

Remark 6.4.1 A different algorithm due to warshall which also permits the calcu-
lation of the path matrix P from a given adjacency matrix is obtained from algorithm
WARSHALL by replacing Step4 by Step4’:

(K] [K—t] (k-1

Step 4": If p;jx = 1, then Pij = Pj v P, Vj=1ton.

The other steps remain the same.

Algorithm WARSHALL can be modified further to obtain a matrix which gives the
lengths of shortest paths between the vertices.

For this purpose, let A be the adjacency matrix of the graph. Replace all those elements
of A which are zero by oo, which shows that there is no edge between the vertices in
question. The following algorithm produces the required matrix which shows the lengths
of minimum paths.

6.5 Minima Algorithm

Start with the adjacency matrix. Replace the zero elements in the adjacency matrix by
infinity or by some very large number. Let this matrix be denoted by M. The matrix *
C produced by the following steps shows the minimum lengths of paths between the
vertices

Step L: clol = pm
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Step2: K =1
Step3:i=1
k . k-1 k—1 k—1 .
Step 4: Ci[J] = min C‘[/ ]'Ci[k b4 C,[(j ]]Vj =1lton
Step5:i =i+ 1L.Ifi <n,gotostep4
Step 6: k = k + 1. If k < n, go to step 3; otherwise, stop.

Note 6.5.1 4+ in Step 4 means the ordinary adding of integers.

6.6 Incidence Matrix of a digraph

The incidence matrix with the vertex set (v, vy, ..., vp} the edge set {e], €3, ... , €m]
and with no self-loops is an n x m matrix B = (b;,) defined by

1 if v; is the initial vertex of the edge e
bij = {—1 ifv; is the final vertex of ¢;
0 otherwise.

Example 6.6.1 A digraph G and its incidence matrix B¢ are given as follows:

v2 €2 V3, .
o > \
€7
e g K
& ®
v €4 V4
-1 0 -1 -1 0 0 0O 0 O
1 1 o o o O o0 o0 O
Solution: By = 0 -1 1 0 1 -1 1 0 0
0 0 0 1 -1 0 0 1 =1
o o0 o0 0 0 I -1 -1 1

Note 6.6.1  If the graph is not directed then change all —1 entries into 1.

Example 6.6.2  Obtain the adjacency matrix A of digraph given below: Find the
elementary paths of length | and 2 from v to v4.
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M

V2 v4

vy vy vy g

Solution: Ag = v

S
co—o
—_—— O
COoOmO

——

0

Elementary paths of length 1 from v| to v4 should be directed edge vyuvg4. It exists.
An elementary path of length 2 from v; to v4 should be of the form vjvvg where vjv
and vy are directed edges. There is no elementary path of length 2 from vj to vy

Example 6.6.3  Consider the following digraph. Use its adjacency matrix to find how
many paths of length 3 exists from vy to vy.

vy V2
A
O O
V3 v4
/70 1 1 0
Solution: Ag = (l) 8 8 (1)
\ 0O 1 0 0,

To find the number of paths of length 3 from v| to v, we have to find A% (not A9)
and the entry (1,2) in A3.



Graphs 4.39

1001\
2_| 0o 1 1 ©0
AT=101 0 o0

\'1 0 0 0

0 2 1 0
3 |1 0 01
AY=1100 0

k0110

As (1,2)® entry in A3 is 2, there are two directed paths of length 3 from vj to v3

V) > v > U] U
They are 2 ! 2

Uy = V3 = U4 —> U)

Example 6.6.4  Calculate the path matrix P from the adjacency matrix (by warshall's
algorithm).

1 1

. . . 0 1

Given Adjacency matrix A = I )

0 0

OO OO
— O O -

Solution:

(Check!)

O O OO
b
— et e e
— e it s

7. Subgraphs and Isomorphic Graphs

Definition 7.1 A subgraph H if a graph G(V, E) is a graph H(V(H), E(H)) where
V(H)C V(G)and E(H) C E(G).

If H is a subgraph of G, we wrnite H C G.

If H C G, then G is said to be a super graph of H

Definition 7.2 A subgraph H of G is called a spanning subgraph of G if and only if
*'V(H)=V(G)

Definition 7.3  If W is any subset of vertex set of G, then the subgraph generated (or)
induced by W is the subgraph H of G obtained by taking V(H) = W and E(H) to be
those edges of G that joins pair of vertices in W
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Example 7.1

i €7 V2
O
e
62 4
€6 Q
V4 V5
(a) Graph G (b) a Subgraph of G
V2 e
io O O V3 A 7 Q V2
62 04
/ :
\'4 VS
V4 €4 Vs
(c) a Spanning Subgraph of G (d) Subgraph induced by

W ={v), vy, vy, vs}
Note 7.1  The graph G and the null graph are subgraphs of G.

Note 7.2 Subgraphs, Spanning subgraphs, induced subdigraphs of a digraph G can
be defined similarly.

Definition : Isomorphic Graphs 7.4  Two graphs G and G’ are isomorphic if there
is a function f : V(G) — V(G’) from the vertices of G to the vertices of G’ such that

(1) f i1s one-to-one
(i)  f is onto and
(111) For each pair of vertices u, and v of G

{u.v) € E(G) <= {f(u), f(v)} € E(G")

Any function f with the above three properties is catled an isomo: phism from G to
G

The condition (iii) says that vertices 4 and v are adjacent < f(u) and f(v) are
adjacent in G'.
~ In otherwords, we say that the function ‘ f preserves adjacency’ .

If the graphs G and G’ are isomorphic and f is an isomorphism of G to G’, then
intuitively the only difference between the graphs is the names of the vertices. Indeed,
if we were to change the names of the vertices of G’ from f(v) to v for each v € V(G),
then G’ with the newly named vertices would be identical to the graph G, for then they
both would have the same lists of vertices and edges.
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Of Course, if G and G’ are isomorphic graphs the isomorphism f is by no means

~ unique, there may be several isomorphisms from G to G’. But if such an isomorphism

\

f exists, then there are several conclusions we can make, namely.
. V(O = V(G)]
2. |EG)| = |E(G)]

If v e V(G), then degg (v) = degs (f(v)), and, thus, the degree sequences of
G and G’ are the same.

4. If {v,v} is aloop in G, then { f(v), f(v)} is a loop in G’, and more generaily,

ifvg—vy —vy —... — v — vp(= vg) is a cycle of length k in G, then
fvg) — f(v)) — f(v) — ... — f(uk—y) — f(vx) is acycle of length k in G’.
In particular, the cycle vectors of G and G’ are equal, where the cycle vector of
G is by definition the vector (cy, ¢z, - - - , ¢n) Where ¢, is the number of cycles
in G of length i. Also ¢; = 0 for simple graphs and c; is nonzero only for
multigraphs.

Result 7.1  Suppose that G and G’ are two graphs and that f : V(G) — V(G')
is a one-to-one onto function. Let A be adjacency matrix for the vertex ordering
v, V2, ..., up of the vertices of G. Let A" be the adjacency matrix for the vertex ordering
f(v1), f(v2),..., f(vp). Then f is an isomorphism from V(G) to V(G’') <= the
adjacency matrices A and A’ are equal.

But, if the adjacency matrices A and A’ are not equal, then all that proves is that the
function f itself is not an isomorphism; it may still be the case that graphs G and G’ are
isomorphic under some other function. The fact that an isomorphism must map a vertex
of G of degree d to a vertex of G’ of degree d, will shorten the search for isomorphisms
considerably.

In some cases atleast, the degree sequence of a graph can be used to shorten the search
for isomorphisms.

Determining when Graphs are Not isomorphic

We can show that two graphs are not isomorphic by showing that they do not share a
property that isomorphic graphs must both have. Such property is called an invariant
with respect to the isomorphism of graphs.

The invariants are

(1) The number of vertices
(i1) The number of edges and
(ili) The degree sequences of the two graphs
If any of these Quantities differ in two graphs, those graphs can’t be isomorphic.

However, when these invariants are the same it doesn’t mean that the two graphs are
isomorphic. Apart from these invariants, we need a one-to-one and onto function which
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preserves adjacency of the vertices in simple graph and preserves the direction of edges in

digraphs.
Observations 7.1 (i) The above definition is valid for digraphs also
(i) Isomorphism preserves the degrees

(iii)
(iv)

(v)

If G and G’ are isomorphic, then G is simple <= G’ is simple.

“has a vertex of degree d”, “has a simple cycle of length k” are also invariants
w.I.to graphs and isomorphism of graphs

It is easy to test whether a pair of graphs is isomorphic if we can find a small
number of easily checked invariants that isomorphic graphs and only isomorphic
graphs share. Unfortunately, no one has succeeded in finding such a set of
invariants.

Example 7.2 Show that the following graphs G and G’ are isomorphic

Solution:

ul E uz VI vz
u u "3[ ] \7
3 G 4 G

The two graphs have the same number of vertices, same number of edges and same
degree sequences.
Now, define a function f as follows:

Now

fluy) = vy, fug) =vs4, f(uz) =v3, flug) =v2

Uy U4 Uz up

U 01 1 0

AG) = uy 1 0 0 1
u3 1 0 0 1

uy 01 1 0

Ul V4 V3 V2

v 01 1 0
A(GY= y 1 0 0 1
V3 1 0 0 1

v 01 1 O

= f is one to one and onto also it is preserving the adjacency of the vertices.
.. The two given graphs are isomorphic to each other.
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8. Operations on Graphs

Definition 8.1  (Deleting a vertex) Let G be a graph with V(G) = {vy, vy, v3, 14,
..U} then G — v; is the graph obtained deleting or removing the vertex v, from G
together with all edges incident on v,.

More generally, we write G — {vy, ..., v} for the graph obtained by deleting the
vertices vy, ... v, and all edges incident on any of them.
Example 8.1
v| N
V2 V2
G: 7 v G-vy vy
vs Y4 vs Y4

Definition 8.2  (Deleting an edge) Let G be a graph with E(G) = {e|, €3, ...y}
then G — ¢, is the graph obtained by removing or deleting the edge e; without deleting
the vertices which are incidented with ¢;.

Example 8.2
Vl el V2 vl e] VZ
G ey / €2 G-ep: e €5
V4 63 V3 v4 63 V3

Definition 8.3  (Complement of a graph) The complement of a graph G is thz graph
G with the same vertices as G. An edge exists in G <= it does not exist in G, in
otherwords, two vertices adjacent in G ‘&= they are not adjacent in G. ie., G(V,E)
where E=V xV — E

Example 8.3

\’4 \’3
A graph and its Complement

Note 8.1

(i) If G is simple, then either G or G is connected
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(11) A simple graph G is self-complementary if G and G are isomorphic

(iii) Let G} and G be simple graphs. Then G| and G are isomorphic if and only if
G\ and G are isomorphic.

Problem 8.1  Show that a graph @ is self complementary if it has 4n or 4n + 1 vertices
(n is a non negative integer)

Solution: Let G(V, E) be a self complementary graph with m vertices
Since G is self complementary, G is isomorphic to G¢

|E(G)|= |E(G)]
c m(m — 1)
[E(G)| +E(G™)| = —
mim —1)
2E@G)l= ~———
ey m(m — 1)
IE(G")| = I

'—"—(1"332 is an integer and one of m or (m — 1) is odd

m or (m — 1) is a multiple of 4
Hence n is of the form 4n or 4n + 1

Note: From the above problem, A graph G with n vertices is isomorphic to its
complement, where n or n — 1 is a multiple of 4 and number edges in G¢ = "—("{ﬁ

Problem 8.2  Can a graph with seven vertices be isomorphic to its complement

Solution: Hencen=7,n—-1=7~-1=6
Neither 7 or 6 is a multiple of 4
A graph with |V] = 7 can’t be isomorphic to its complement

Definition 8.4  (Union of the two graphs) Let G and G’ be two graphs the union of
G and G’ is the graph with vertex set V (G) U V(G') and edge set E(G) U E(G”).

Hence GUG =(VUV’' EUE))
Example 8.4

\Z) €3 v3

GUG :
Vi

77 €s Vs v2 €3 V3
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Definition 8.5  (Intersection of two graphs) The intersection of Gy and G is the
graph consisting only those vertjees and edges that are both in G| and G,

= GINGy=(ViNnVy, EyNEy)

Example 8.5
V2 €3 V3 vy
Cl 62
C6 64
V2 63 V3
% € v
4 5 Gy
Gy

Gy Gy o0——0
v
2

Definition 8.6  [Fusien] Fusion of two vertices a and b in a graph G is an operation
G on which two vertices a and b are fused (merged) together without deletion of any
edge of G.

Example 8.6

°f

? a
b ¢ b b c
€ f e b ]
Fusion of the Fusion of the Fusion of the
verticesaandb verticesaandc  vertices e and f

Note 8.1  Let v be the vertex obtained by the fusion of two vertices a and b in G anc
G’ be the graph obtained after the fusion. Then deg,(v) = deggr(a) + degg(b) anc
degg:(x) = degs (x) for all vertices of G which are not a or b.

Note 8.2  Fusion of two adjacent vertices always produce a loop at the point of fusior
and the number of loops is equal to the number of edges between the vertices which are
fused together.

9. Planarity

Definition 9.1 A graph G is said to be planar if it can be drawn in the plane withou
its edges crossing. Otherwise G is nonplanar.
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Remark 9.2 A graph may be planar even if it is usually drawn with edge crossings,
since it may be possible to draw it in a different way without any edge crossings. We
say that a planar graph is a plane graph if it is already drawn in the plane without i:dge
crossings.

Example 9.1

planar graph G

plane graph G'

A plane graph divides the plane into regions. A region is characterized by the cycle
that forms its boundary. These regions are connected portions of the plane.

Example 9.2

6

d c

In each plane, plane graph G determines a region of infinite area called the exterior
region of G. In the above example rg is the exterior region. The vertices and edges of G
incident with a region r make up the boundary of the region r.

Example: a-e-d-a is the boundary of the region r;. The degree of the region ‘r’ is the
length of its boundary, denoted by deg (r).

Example:

deg (r4) =3

deg (rg) = 3 etc.,
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Example 9.3

2 deg (rp) =3
deg (r;) = S. Since the boundary of ry includes edge e,

twice.

Definition : (Dual of a graph) 9.2 Given a plane graph G, we can define another
multigraph G* as follows: Corresponding to each region r of G there is a Vertex r* of
G*. and corresponding to each edge e of G there is an edge ¢* of G*; two vertices r*
and s* are joined by the edge e* in G* if and only if their corresponding regions r and s
are seperated by the edge e in G. In particular, a loop is added at a vertex r* of G* for
each cut-edge of G that belongs to the boundary of the region r. The multigraph G* is
called the dual of G.

Observations on (geometric) dual of a graph

. An edge forming a self-loop in G yields a pendant edge in G*
t 2. A pendant edge in G yields a self loop in G*
- 3. Edges that are in series in G produce parallel edges in G*
4. Edges that are parallel in G produce series edges in G*
5. |E¥| =|E|
6. [R*|=[V|
7. The dual of the dual graph is the graph itself. Thus G and G* are duals to each
other

8. For a given planar group G, the graph G* need not be unique.
9. G*isplanar
10. The nullity of G(G*) = The rank of G*(G)
11, degg«(r*) = degg (r) foreach region v of G where r* € v*(G*) and r € R(G).
12. A necessary and sufficient condition for two planar graphs G| and G5 to be duals
of each other is as follows:
There is a one to one correspondence between the edges in G| and the edges in
G such that a set of edges in G| forms a cycle = the corresponding set in
G, forms a cut set.

Theorem: A graph G has a dual < it is planar

Proof: We have to show that no non planar graph has a dual,

- Let G be a non planar graph. Then G contains a subgraph homeomorphic to ks or
k3 3. But ks and k3 3 have no dual. Moreover, series edges of a graph yields only parallel
edges in the dual graph, and hence the parallel edges in the homeomorphic image of ks
or k3 3 does not support to write the dual. Hence G has no dual. O

' Definition: A planar graph isomorphic to its own dual is called a self dual graph.
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Examples: k4 is a self dual graph

Cut-edge (Definition) 9.3  If a graph G is connected and e is an edge such that G-¢
is not connected, then e is said to be a bridge or a cut edge.

Similarly

Cut-vertex 9.4 If v is a vertex of G such that G-v is not connected, then v is a cut
vertex.

Cut-set 9.5  In a connected graph G, a cut-set is a set of edges whose removal from G
leaves G disconnected, provided removal of no proper subset of these edges disconnects
G. A cut-set always ‘cuts’ a graph into two.

Example 9.4

Now remove the edge ey, e7, eg, e4 then G is

€2

€s
%9
clearly e}, e7, eg, e4} 1s a cut-set.

Example (dual graph) 9.5  Drawing G*:

(i) Place r* in the corresponding region r of G

(ii) Draw each e* in such away that it crosses the corresponding edge e of G exactly.
once and crosses no other edge of G.

(iii) Dual edges are indicated by dashed lines and the dual vertices by asterisks

(iv) Ifeisaloop of G, the e* is a cut edge of G* and conversely
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EX1:
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Observations 9.1  Let [E*|, |R¥|, |V*|and |E}{, |R], |V | denote the number of edges,
regions and vertices of G* and G respectively. Then the following relations are direct
consequences of the definition of G*. For all plane graphs G,

(i) [E*|=]E|
(i) |V*=|R| and
(iii) deggs (r*) = degg(r) for each region r of G.
We mean that the degree of the vertex r* in G* is the same as the degree of the

corresponding region » determined by G.
Moreover, if G is connected

(iv) IR* = V]

Theorem 9.1  If G is a plane graph, then the sum of degrees of the regions determined
by G is 2| E|, where | E| is the number of degree of G.

Proof:
Z deg(r) = Sum of the degrees of the all the regions determined by G.
reR(G) N
Z deg(r*) = Sum of the degrees of the vertices of G*. .
r*eV(G*)

where G* is the dual of G.

Then
Z deg(r) = Z deg(r*) by observations (iii) and (iv)
reR(G) r*eV(G*)
= 2|E*| (by ) deg(v) =2|E|)
allv
=2|E| (by()IE| = |E™})
.. Hence the theorem. O

10. Euler’s Formula

If G is a connected planar graph, then any drawing of G in the plane as a plane graph will
always form |R} = |E| — | V| + 2 regions, including the exterior region, where |R|, | E|
and | V| denote respectively, the number of regions edges and vertices of G.

-

Theorem (Euler’s Formula) 10.1  If G is a connected plane graph then |V| — |E| +
R =2
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Proof: We prove this result by induction on the number of regions ‘k’ determined by
G.

It is obvious when k = 1.

Assume the result for k > 1 and suppose that G is a connected plane graph having
(k + 1) regions.

Delete an edge common to both the regions. The resulting graph G’ has the same
number of vertices, one fewer edge, but also one fewer region since two previous regions
have been combined by the removal of the edge.

CAEN=1El= LR = R = L |V'| = V|

where |E’|, |R’| and |V'| are number of edges, regions, vertices of G’
Then

VI {E'|+ IR = V|- |E|+ 1 +|R|~ |
= |VI-|E| +|R|
=2 ( By induction hypothesis assumed on G)

Hence the theorem is proved by mathematical induction 0

Note 10.1 (1) The above theorem allows the graph to have loops
(i) However, we assume throughout this section that the graph s simple and |E{ > |
thus we are assuming that the degree of each region is greater than or equal to 3.
(i) If a plane graph has K components, thenn —e +r =k + 1.

Definition 10.1 A connected plane graph is polyhedral if deg(r) > 3 for each region
r € R(G); and if, in addition deg(v) > 3 for each vertex v € V(G).

Result 10.1  In a plane graph G, if the degree of each region is > k then
k|R| < 2|E|. In particular, we have 3|R| < 2|E]|.

Proof: We have

Y deg(r) =2|E|
reR(G)

Since degree (r) > k for each region r € R(G)

= 2|E| > k|R].

Corollary 10.1  In a connected plane simple graph G, with |[E} > 1

(i) |E| <3|lV]|—-6and
(i1) there is a vertex v of G such that degree (v) < 5.
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Proof: (i) ByEuler’sformula |R|+|V| = |E}+2 and since G is simple, it has no
loops and no parallel edges. So boundary of each region contains at least three
edges. That is, the degree of each region > 3.

2
3IR| = 21E] or [R] = 3lE]

2
Hence 5|E[+IV|Z|R|+IV|=|E|+2
1
Thus |V|—223IE|
or 3IVI-6 > |E].

= E|<3|V|-6

E
(i1) Suppose if each vertex has degree > 6, then 6]V | < 2|E] or |V | < 'TI'
Since Y deg(v) =2|E]
veV(G)

o 2 N
Similarly IR| < glEl -
Now, from (R|+ |V]=|E|+2

2 1 .
We have §|El+§}E|z|R|+|V(=|E|+2

= |E|=|E[+2
= 0>2

an obvious contradiction
our supposition is wrong
there is a vertex v of G s.t degree (v) < 5.

D

Theorem 10.2  If G is a connected plane graph with |V| > 3 and |R| regions, show
that [R| <2|V|—4
Proof: Using |E| <3|V| -6

Substituting in |E| = |V|+ |R| -2

= JV|+IR —2=<3|V|-6

= R <2|V|—-4

Hence the theorem. O
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+ Theorem 10.3  Prove that if G is a planar graph with k connected components, each
component having atleast three vertices then |E| < 3|V| — 6k

Proof: Let Gy, Gy, ... Gy be the connected components of G. Since G, has atleast
three vertices then

|Eg,| =3|Vg,| —6 foreachi:

= Y IEg,| <33 Vg, —6k

So |E| < 3]|V] -6k

Hence the theorem @]

L

Theorem 10.4  If a plane graph has k components then |V| — |E| + |R| =k + 1

Proof: For each component i (1 to k)
Wil = 1Ei|+ R =2

taking summation

S Wil =Y IEL+ Y IR = 2

Since

Y il =1V

Y IEi| = |E|
but 3" |R;| = |R| = |R|+ (k — 1) since the exterior region is common to all components

Thus
{VI—|E|+|R|+k—-1=2k
= |V|I-IE[+|R|=k+1

Hence the theorem a

Theorem 10.5 A complete graph K, is planar if and only if n < 4.

Proof: It iseasy to see that K, is planarforn = 1,2, 3, 4.

Now, we have to show that when n < 4, K, is planar.

For this, it is sufficient to show K, is non-planar when n > 5. in other words, we
prove this by an indirect argument.
» Now, Assume that K5 is planar.

then |[R| = |E|—|V|+2 [ the number of edges
=10-5+2

1
ofK,,:L):IO
=7 - -~
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Since K, is simple and loop free, we have

3IR| < 2|E|
= 37<2.10
21 <20

an obvious contradiction.

Ks

Our assumption that K5 is planar is wrong

Hence the theorem. a
Note 10.2  We can also get the contradiction also by using [E| < 3|V| -6
Theorem 10.6 A complete graph K,,;  is planar <= m < 2 orn < 2.

Proof: Itisclear that K,,; , is planarifm <2 orn < 2.

Now let m > 3 and n > 3. To prove that K,, , is nonplanar it sufficient to prove that
K3 3 is nonplanar.

Since K3 3 has six vertices and nine edges. it K3 3 1s planar, By Euler’s formula,
IRl = |E| - 1V|+2
=9-6+2
=5

Since K3 3 is bipartite there can be no cycles of odd Iength.

Hence each cycle has length > 4 and thus the degree of each region would have to be
zreater than or equal to 4. then we have 4|R| < 21 E|

V| V2 V3

a contradiction.
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our assumption that K3 3 is planar is wrong
whenm > 3 and n > 3, K, 1s nonplanar

So, A complete bipartite graph Kp, » 1s planar <= m < 2orn < 2. .

Problem 10.1  Prove that there does not exist a polyhedral graph with exactly seven
edges

Solution: Assume that there is such a polyhedral graph with |E| = 7.
then 3IR| <2|E| = 14 (.. deg(r)y =3

also, each vertex has degree > 3

= 3|V|<2|E}=14
= |R|<4and|V| <4

By Euler’s formula‘: IRI+|V]|=]E|4+2=9
and then 8> |R|+IVI=|El+2=9

an obvious contradiction
A polyhedral graph with 7 edges does not exist.

Note 10.3  If a connected planar simple graph is triangle free then |E| < 2|V} — 4.

Definition 10.2  If a graph G has a vertex v of degree 2 and edges (v, v) and (v, v3.
with vq # vy, we say that the edges (v, vy) and (v, vp) are in series.

A series reduction consists of deleting the vertex v from the graph G and replacing
the edges (v, v1) and (v, v3) by the edge (v}, vz). The resulting graph G’ is said to b
obtained G by a series reducuon. By convention G is said to be obtainable from itself b
a series reduction.

Example 10.1
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In the graph G, the edges (v, vy) and (v, vp) are in series. The graph G’ is obtained
rom G by a series reduction.

Jefinition 10.3  Two Graphs G and G, are homeomorphic if G} and G, can be
educed to isomorphic graphs by performing a sequence of series reductions.

By the above two definitions, any graph is homeomorphic to itself. Also, graphs G
nd G4 are homeomorphic if G| can be reduced to a graph isomorphic to G, or if G»
an be reduced to a graph isomorphic to G .

txample 10.2

G)

The graphs G and G5 are homeomorphic, since they can both be reduced to the graph
7' by a sequence of series reductions.

lote 10.4  If we define a telation R on a set of graphs by the rule G| R G, if G and
72 are homeomorphic, R is an equivalence Relation. Each equivalence class consists of
set of mutually homeomorphic graphs.

Now, we state a necessary and sufficient condition for a graph to be planar.

‘heorem 10.4 A graph-G is planar if and only if G does not contain a subgraph
omeomorphic to K5 or K3 3.

(OR) A graph G is non-planar if and or:y if it contains a subgraph homeomorphic to
330r K

xample 10.3

Show that the graph G is not planar by using kuratowski’s theorem.

Note that. the vertices a, b. f and e each have degree 4. In K3 3 each vertex has degree
so let us eliminate the edges (a.b) and (f,e) so that all vertices have degree 3. We note
at if we eliminate one more edge, we will obtain two vertices of degree 2 and we can
en carry out two series reductions. The resulting graph will have nine edges and since
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b
- f o
1) Eliminate edges (a, b) (f, €)
5 i1) Eliminate edge (g, h) N
iii) Series reductions (a, g), e
(g,d) > (a,d)
c
d  Kis

Elimination of an edge to obtain a subgraph, followed by its series reductions

K 3 has nine edges, we finally see that if we eliminate edge (g,h) and carry out the series
reductions, we obtain an isomorphic copy of K3 3. Therefore, the graph G is not planar,
since it Contains a subgraph homeomorphic to K5 3.

Problem 10.2  Show the following graph is not planar by finding a subgraph
homeographic to either K5 or K3 3

Solution: Delete the edges: {a, e}, {b,d}, {a,c}, (d, f} fromG

a b
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is K3’3

The given graph is not planar.

Definition 10.4 A pair of vertices in a digraph are weakly connected if there is a
nondirected path between them. They are unilaterally connected if there is a directed
path between them. They are strongly connected if there is a directed path from u to v
and a directed from v to u.

A graph is (weakly, unilaterally, strongly) connected if every pair of vertices in the
graph is (weakly unilaterally, or strongly) connected.

A subgraph G’ of a graph A is a (weakly, unilaterally or strongly) connected component
if it is a maximal (weakly, unilaterally or strongly) connected subgraph that is, there is
no (weakly, unilaterally or strongly) connected subgraph of G that properly contains G'.

Definition 10.5  Two vertices a and b of a graph are said to be connected <= there
is a nondirected path from a to b in G, and then the graph G is connected <= each paur
of its vertices is connected.

In general, if we define the relation R on the vertices of a graph G by aRb <= a
and b are connected, then R is an equivalence relation. Consequently the vertices of
G can be partitioned into disjoint nonempty sets Vi, Vo,..., Vg and the subgraphs
Hy, Hy, ..., Hy of G induced by V), V,, ..., and Vi respectively, are called the
Connected components of G or simply the components of G. Usually we denote the
number of components of G by C(G) and C(G) = | & G is connected.

Equivalently, a component of a graph G is a connected subgraph of G not properly
contained in any other connected subgraph of G. That is, a component of G is a subgraph
of G that is maximal w.r. to the property of being connected. In otherwords, a connected
subgraph H of a graph G is a component of G if for each connected subgraph F of G
where H ¢ F C G, V(H) C V(F)and E(H) € E(F), then it follows that H = F.

Theorem 10.5 A simple graph with n vertices and & components can have atmost
(n—-Kkyn—k+1)

edges.

-

Proof: Let G be a simple graph of order n. Let G|, G ... G be the components of
G. Let the number of vertices in /" component be n,

IVG)HI =V l=n;, 1 2i<k
k

Then Y n,=ny+ny+...+ng=n={V]|andn, > L.

=1
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(ni — 1
Now maximum possible edges in /™" components cannot exceed n,, = ﬂ%———)
ni(n; — 1) .
= max|E(G;)| = max |E,| < — 1<i<k
Hence
k
|E(G) <> max |E,|
=]
_ i"i(n' -1
1=] 2
1[&, &
P
“ Li=1 =1
& )
=Ly
Li=1
' Now
k
di—D=(m~D+m—D+... +mx—1
1=1
=(ny4+ny+...+n) -1+ 14...4+ ktimes)
=n-—k
Squaring on both sides
k 2
[Z(n, - 1)1 =(n -k =n*+k*—2nk 4.1
=] .

k
= Z(n; - l)2 + 2 (non negative terms) = n? + k2 — 2nk
1=1
k
Z(n, — 1)2 = n? + k2 —2nk =2 (non negative terms)
1=1
k ”
Y (ni = P <0t 4 k"~ 20k
=1
k k k

dYont+Y 1-23 n <n? k% -2k

1=1 1=1 =l
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k
Zn +k—2n<n®4+k%—2nk

=1

n? —n<n?—nk+n-—nk+k*—k

§
[\/]»

1=

=nn—-k+1)-kin—-k+1)
=n-kKNnh-k+1)

S hlon<(n—kn—k+1) (4.2)

AR
=1
From (1) and (2), we get

EG)| < %(n-k)(n —k+1)

Hence proved. O
Theorem 10.6  If G is not connected then G(G€) is connected
Proof: Let G be disconnected graph. Then G has more than one component +

Let 4, v be any two vertices of G. The theorem is proved if we show that there is a
u —vpathin G.If 4, v are in different components of G, then «, v are not adjacent in G.

Hence they are adjacent in G

If u, v are in the same comnonents of G, choose a vertex w in a different component
of G.

Thenufw—visau—vpathiné

Hence G is connected. a

Distance and centers

Definition 10.6  The distance between two vertices 4 and v of a graph is the length of
the shortest path (path of minimum length) between them and is denoted by dg (u, v).
If the vertices u and v lie in different components of G then we define dg (u, v) =

Example 10.4
b d(a,a) =d(b,b) =d(c,c) =0

Q__DQ A d(a,b) =d(b,a) =1

d Q ’ d(a,c) =d(c,a) =1
d(a.d) = d(d,a) =2 )
d(b,c) =d(c,b) =1
d(b,d) = d(d, b) =2
d(c,d)=d(d,c) =i
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s . into . . el . .
A function f : A x A —— R is said to be a matrix if it satisfies the following axioms

1. f(a,b) > 0 (non negativity) and f(a,b) =0 a=1b
2. fla,b) = f(b,a) (symmetry)

3. f(a,b)+f(b,c) > f(a,c)(triangularinequality), clearly the distance dg (u, v)
satisfies the above three axioms, hence distance in a graph is a metric.

Definition 10.7  [Eccentricity] The maximum distance from a vertex « to any vertex
of G is called eccentricity of the vertex v and is denoted by e(v).
That is, e(v) = max{d(v, u) : u € V(G)}

Definition 10.8  [Radius] The radius of a graph G is the minimum of eccentricity of
all its vertices and is denoted by r.
That is r = min{e(v) : v € V(G))

Definition 10.9  [diameter] The diameter of a graph G is the maximum of eccentricity
of all its vertices and is denoted by d.
+ Thatisd = max{e(v) : v € V(G))

Definition 10.10  [central vertex] Among ali the vertices of a graph, the one which
is having minimum eccentricity is called a central vertex of G. (OR) A vertex of a graph
having eccentricity equal to the radius of the graph is called central vertex.

Definition 10.11  [center] The set of all central vertices of a graph is called the center

of the graph.
Center C = {v € V(G)|e(v) = r, the radius of G}
Example 10.5
, . da,a)=0 d{b,a)=1 d(c,a)=1 d(d,a)=1
ij da.b)y=1 db,b)=0 d(c,b)=2 d(d,b)=1
> o da,c)=1 db,c)=2 dc,c)=0 dd,c)=1
da,d)=1 db.d)y=1 d(c,d)=1 d(d,d)=0
da,e)=1_ db,e)=2 d(c,e)y=2 d(d,e)=1
d(a, f)=2 db,f)=3 d(c, f)=1 dd, f)=2
dle,a)=1 d(f,a)=2
de,by=2 d(f,b)=3
dle,c)=2 d(f,c)=1
dle,d)y=1 d(f,d)y=2
de,e)=0 d(fie)=1
dle, =1 d(f, f)=0
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e(a) = max{d(a, u)/u € V(G))
= max{dta, a), d(a, b),d(a, c),d(a,d),d(a, e)d(a, f))
=max{0,1,1,1,1, 2}
=2
e(b) =max{1,0,2,1,2,3} =3
e{c) = max{1,2,0,1,2,1} =2
e(d) =max{1,1,1,0,1,2} =2
e(e) =max{1,2,2,1,0,1} =2
e(f) =max{2,3,1,2,1,0) =3
r = radius of G = min{e(a), e(b), e(c), e(d), e(e), e(d))
=min{2,3,2,2,2,3} =2
d = diameter of G = max (2, 3, 2, 2,2,3} =3 (diameter need not be twice

the radius in a graph)

Central vertices are: a, ¢, d and e
Therefore center of G = {v € V(G)|r = e(v)} = {a, ¢, d, e}

Theorem 10.7  If r is the radius and d is the diameter of a connected graph G then
r<d=<2ar

Proof: From definition of ‘r’ and ‘d” we have
r<d 4.1)

Let u, v be the ends of a diametral path and w be the central vertex then

D=d(u,v) <d(u,v)+d(w,v) <r (4.2)
= d=<2r
r <d <2r from(1) and (2) 0

11. Eulerian Graphs:

Definition 11.1  An Fuler path in a multigraph is a path that includes each edge of the
multigraph exactly once and includes or intersects each vertex of the multigraph at least
once.

A multigraph is said to be traversable if it has an Euler path.

Definition 11.2  An Euler circuit is an Euler path whose end points are identical. That
is if an Euler path is a sequence of edges e, ey, . . . ex corresponding to the sequence of
pairs of vertices (vy, v3), (v2, v3) ... (vK—1, vk ), then e,’s are all distinct and v] = vk.
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Definition 113 A multigraph is said to be an Eulerian multigraph if it has an Euler
circuit.

Definition 11.4  [Semi-Eulerian graph] A non Eulerian graph G is semi-eulerian if
there exists a path of distinct edges (a trail) containing every edge of G

D>

Result 11.1 A connected graph is semi-culerian if and only if it has exactly two
vertices of odd degree.

Example 11.1

Proof: Ina Semi Eulerian graph, any semi-Eulerian trail have one vertex of odd degree
as its initial vertex and the other as its final vertex.

Note also that, by the fundamental theory of graph theory a graph cannot have exactly
one veit=x of odd degree. a

Hence the result.

Theorem 11.1 A nondirected multigraph has an Euler pathif and only if it is connected
and has 0 or exactly two vertices of odd degree.

In the Latter case, the two vertices of odd degree are the end points of every Euler
path in the multigraph

Proof: (Necessary). Assuming G has an Euler Path. Itis clear that G must be connected.
Moreover, every time the Euler Path meets vertex it traverses two edges which are incident
on the vertex and which have not been traced before. Except for the two end points
coincide, their degrees are even and the path becomes an Euler circuit.

(Sufficient) Let us construct an Eulerpath by starting at one of the vertices of odd
degree and traversing each edge of G exactly once. If there are no vertices of odd degree
we will start at an arbitary vertex. For every vertex of even degree the path will enter
the vertex and leave the vertex by tracing an edge that was not traced before. Thus the
construction will terminate at a vertex with an odd degree, or return to the vertex where it
started. This tracing will produce an Euler path if all edges in G are traced exactly once
this way.

If not all edges in G are traced, we will remove those edges that have been traced and
obtain the subgraph G’ induced by the remaining edges. The degrees of all vertices in
this subgraph must be even and atleast one vertex must intersect with the path, since G is
connected. Starting from one of these vertices, we can now construct a new path which
in this case will be a cycle, since all degrees are now even. This path will be joined into
the previous path. The argument can be repeated until a path that traverses all edges in
G is obtained. o

Corollary 11.1 A nondirected multigraph has an Euler circuit if and only if it is
connected and all of its vertices are of even degree.
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Example 11.2

(i) v Y deg(vy) = deg(vz) = 3
deg(v3) = deg(vs) = 2
deg(v4) =4

V3 :’/4 VS

Clearly the given graph has two vertices of odd degree vy and v the remaining vertices
all are of even degree, Also G is connected.

Now, v] — v3 — v4 — vs — v3 — v4 — vy — vy is Euler path, since it is started with v,
and ended with vy, the two vertices are of degree 3.

By the above corollary, Euler circuit i$ not there in the graph, since all the vertices of
the graph are not of even degree.

The given graph has Euler path only

(i) v vz deg(v)) = deg(vp) = deg(vg) = deg(vs) =2
deg(vy) =4

v4 vs

Clearly G is connected and all the vertices are having even degree. Therefore G has
Euler Circuit: vy —v3 —vs —vg — vy — vy — v;
(i) .. deg(u) = deg(vy) = deg(vg) = deg(vs) =3
[ 2
XK ? deg(vz) =4
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By the theorem on Eulerpath, corollary on Euler circuit, G has no Eulerpath no Euler
circuit.

(iv) For which values of n > 1, if any is K,; Eulerian?

Solution: s The complete graph k, is Eulerian if and only if n is odd
(v) Show that the graph G is Eulerian

Solution: Each vertex is of even degree in G
G is Eulerian with EC: abdeacebda
(vi) Show that the graph G is not Eulerian

Solution: There are four vertices of degree 5 in the graph a, b, c, ¢
Therefore G is not Eulerian.

Corollary 11.2 A directed multigraph G has an Euler path if and only if it is unilate
ally connected and the indegree of each vertex is equal to its out degree with the possib
exception of two end vertices, for which it may be that the indegree of one is one largt
than its out degree and the indegree of the other is oneless than its out degree.

Corollary 11.3 A directed multigraph G has an Euler circuit if and only if G
unilaterally connected and the indegree of every vertex in G is equal to its out-degree

Example 11.2

V(G) | indegree | outdegree

(1)

a o o
—_ = ) —
—_— N = =
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The graph G is unilaterally connected and clearly the degrees of the vertices are -«
satisfying the corollary on Euler path for directed multi graphs. Therefore it has
Eulerpath:c—a—-b—-c—-d—-»b
As the degrees of the vertices are not satisfying the corollary on Euler circuit
therefore the graph has no Euler circuit.

The given graph G has only Euler path

(i1) a b V(G) | indegree | outdegree
a 1 1
f X b 1 1
¢ ¢ 1 1
d 1 I
e I 1
e d f 1 1
g 2 2

As the graph G is unilaterally connected and the degrecs of all vertices are
satisfying the corollary on Euler circuit for dimultigraphs. Therefore given graph *
has Euller circuit a ~g —c—b—-g—-e—d — f —a.

(ii)

a b

d c

clearly, d is not reachable from b. That is the given graph is not Unilaterally
connected.
Therefore the given graph has no Euler path and no Euler circuit.

Example 11.3 The problem of drawing a multigraph on paper with a pencil without
lifting the pencil or repeating any lines is clearly a problem of finding an Euler path in
the multigraph.

A multigraph can be drawn in the above way <= it has an Euler path.

2
& T~
3 pq | (?)
4 —
(a) (b)

The multigraph (a) in the above graphs can be drawn in the above said way with each
edge being traced exactly once. While the directed multigraph (b) cannot be drawn.
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Example 11.4 Can anyone cross all the bridges shown in the following map
exactly once and return to the starting point? (Konigsberg bridge problem) where
by, by, b3, ba. bs, bg, by are bridges and B, C and D, A are two islands and two river
banks respectively

Solution: The bridge configuration can be modeled as a graph as shown below
A
G B C
D

Fig. 4.1  Graph model of the bridges of Konigsberg

The vertices represent the locations and the edges represent the bridges Now, The
Konigsberg bridge problem is reduced to finding a circuit in the graph that includes
all the edges and all the vertices exactly once except the end vertices (Euler circuit).
From the corollary of Euler circuit, there is no Euler circuit in the graph G because there
are four vertices of odd degree.

There is no way to start at a given point cross each bridge exactly once and return
to the starting point

Note 11.1 (1) A connected multigraph has Euler circuit <= each of its vertices
has even degree
(i) A connected multigraph has an Euler path but not an Euler circuit <= it has
exactly two vertices of odd degree

Theorem 11.4 A connected graph G is Eulerian if and only if it can be decomposed
into cycles.
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Proof: If G can be decomposed into cycles, then G is a union of edge disjoint cycles.
Since the degree of every vertex in a cycle is two, the degree of every vertex in G is even.
Hence G is Eulerian. Conversely, Let G be Eulerian. As degree of every vertex is even,
minimum degree §(G) > 2 So G contains a cycle C|. Again degree of every vertex is
even in G — C. If G — C) has atleast one edge, then it has a connected component in
which minimum degree > 2. So G — C; contains a cycle Cy. If G is not the union of
C| and C;. Consider the graph G — (C} U C3). As degree of every vertex is even in
G — (C1 U (Cy) it contains a cycle C3. Continue this process until no edge is left. At the
final step we obtain a decomposition of G into a union of edge disjoint cycles a

12. Hamiltonian Graphs:

Definition 12.1 A cycle in a graph (7 that contains each vertex in G exactly once,
except for the starting and ending vertex that appears twice is Known as Hamiltonian
cycle.

Definition 12.2 A Hamiltonian graph is a graph containing a Hamiltonian cycle.

Definition 12.3 A Hamiltonian path is a simple path that contains all vertices of G
but where the end points may be distinct. "

Definition 12.4  [Semi - hamiltonian graph] A non hamiltonian graph G is semi
hamiltonian if there exists a path (of distinct vertices) passing through every vertex

Example:

)

(i) The complete bipartite graph k; 3

Note 12.1 A graph is Hamiltonian <= its underlying simple graph is Hamiltonian.
We consider this discussion to simple graphs.

Observations 12.1 (i) Euler circuit is a circuit that traverses each edge exactly
once and, therefore each vertex at least once, a Hamiltonian cycle traverses each
vertex exactly once (and hence may miss some edges altogether) Thus, there is
a striking Similarity between the concepts of Eulerian graph and Hamiltonian »
graph. But ti:l now there is no characterization of Hamiltonian graphs as in the
case of Eulerian graphs.

(i) A Hamiltonian cycle always provides a Hamiltonian path, by deleting any edge.
On the other hand, a Hamiltonian path may not lead to a Hamiltonian cycle (it



Graphs 4.69

depends on whether or not the end points of the path happen to be joined by an
edge in the graph)

(iti) The problem of proving that no Hamiltonian cycle (or) path exists in a given
graph is very difficult.

(iv) To prove the non existence of a HP or HC, we must begin building parts of a HP
and show that the construction always fail, that is, we cannot visit all vertices
without visiting some vertices at least twice.

(v) The idea underlying is that a HC must contain exactly two edges incident at each
vertex and a HP must contain atleast one of the edges.

Note 12.2  Unlike the situation for Euler cycles no easily verified necessary and suf-
ficient conditions are known for the existence of a HC in a graph.

Example 12.1
The following two graphs are hamiltonian graphs

RNy

The complete graph K, (n > 3) is hamiltonian
The complete bipartite graph K, , is hamiltonian if and only if m =nandn > 1.

Example 12.2

V| V8 V7
G v2 Yo
O—
V3 V4 Vs

G is Hamiltonian, HC is v vy v3 v4 vs vg V7 vg v)

Some Basic Rules for Constructing Hamiltonian Paths and Cycles

Rulel: If G has n vertices, then a Hamiltonian path must contain exactly n — |
edges and a Hamiltonian cycle must contain exactly n edges.

Rule2: If a vertex v in G has degree K, then a Hamiltonian path must contain
atleast one edge incident on v and atmost two edges incident on v. A
HC contains exactly two edges incident on v. Ir: particular, both edges
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incident on a vertex of degree two will be contained in every HC. Finally,
there cannot be three or mode edges incident with one vertex in a HC.

Rule3: No cycle that does not contain all the vertices of G can be formed when
building a HP or HC.

Rule4: Once the HC we are building has passed through a vertex v, then all
other unused edges incident on v can be deleted because only two edges
incident on v can be included in a HC.

Example 12.3

(i) HP: V| — V5 — V4 — V, — V3 No HC since the graph has a vertex V3 with degree
1.

vy va v3
2, O
Vg v4

(ii) Since deg(V4) = 4, it does not have a HC
Vl vz

V4
VS y3

(iii) The path through the vertices of G in o der of appearance in the English alphaset
forms a HP. However G has no HC since if so, any HC must contain the edges
{a, b}, {a, e}{c,d), {d, e}, {f, g} and ¢, g} But there are more than three edges
of the cycle incident on the vertex ‘¢’
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. Example 12.4

Q) .,

V3

Since there are five vertices, aHc must have five edges. Suppose that we can eliminate
edges from the graph leaving just a HC. then, we need to eliminate one edge incident at
vy and one edge incident at vy, since each vertex in a HC has degree 2. But this leaves
only four edges - not enough for a HC of length 5 Therefore the above graph does not
contain a HC.

(i) (iii)

VA

A graph with a HC

For (ii1)

Suppose that G has a HC ‘C’. The edges (a,b), (a.g), (b,c) and (c,k) must be in C since
each vertex in a HC has degree 2. Thus edges (b,d) and (b.f) are not in C. Therefore
edges (g.d) (d,»), (e,f) and (f,k) are in C. The edges now known to be in C form a cycle
C|. Adding an additional edge to C; will give some vertex in C degree greater than 2.
This contradiction shows that G does not have a HC.

(iv) a b

' MCid-a-c-b-c-h-g-f-j-1-d '
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v)

We need to eliminate two edges each at b, d, i and k, leaving 19 — 8 = 11 edges.
A HC should have 12 edges.
No HC is in the given graph

Example 12.5
Give examples for

(i) A graph with an EC and HC

(i) A graph with an EC but no HC,
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(iii) A graph with HC but no EC

vi A\ v3

V4 VS V6

(iv) A graph with no EC and no HC

Traveling salesperson problem:

The traveling salesperson problem is related to the problem of finding a HC in a graph.

The Problem: Given a weighted graph G, find a minimum length HC in G. If we
think of the vertices in a weighted graph as cities and the edge weights as distances, the
traveling salesperson problem is to find a shortest route in which the salesperson can
visit each city one time, starting and ending at the same city. No efficient algorithm for
solving this problem is known.

Definition 12.4  Let G be a plane Hamiltonian graph within vertices suppose that C is a
fixed HC in G. With respect to this cycle, a diagonal is an edge of G that does not lie on C.

Letr,(: = 3.4, ... ,n)denote the number of regions of G in the interior of C whose
boundary contains exactly i edges. That is r, is the number of regions of degree 1 in the
interior of C. Similarly; let r‘-' denote the number of regions of degree i in the exterior of

~
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Example 12.6

Exterior

HCin Gis C 1 vy —vp —u3 —ug —vs —vg — vy — vg — vg — vy clearly
13=3,r3 =2, r4=2,ry=1rs =0andr; = 1{v), 0}, {v4,v9}. {vs,v7}
and {v7, vg} are diagonals in the interior of C while {1, vy} 1s a diagonal in the exterior
of C.

Theorem (Grinberg) 12.1 Let G be a simple plane graph with n vertices suppose
that C is a Hamiltonian cycle in G. Then with respect to this cycle C,
n
Y (i-ri—r)=0
=3
Proof: First consider the interior of C.

Suppose that exactly d diagonals occur there.

Since G is a plane graph, none of its edges intersect.

Thus a diagonal splits the region through which it passes into two parts. Thinking of
putting in the diagonals one at a time, we see that the insertion of a diagonal increases
by one the number of regions inside the cycle.

Consequently ‘d’ diagonals divide the interior of C into d + 1 regions. Therefore

n n

Yr=d+1 and d=) r -1
1=3 i=3
Let N denote the sum of the degrees of the regions interior to C.

Then
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However, N counts each diagonal twice (since each diagonal bounds two of the regions
interior to C) and each edge of C once (since each bounds only one region interior to C).
Thus

n
N=> ir=2+n
1=3
Substituting for d, we have

n

Zir,=2i rr—24+n
=3

i=3

so that

Zn:(i -2r,=n-2
=3

By considering the exterior of C we conclude in a similar fashion that

n
Yi-2r=n-2
=3

Combining the two results gives

Y i ~0i—r)=0
=3

Example 12.7 ,_
Show that the following graph has no HC. o r

Solution:
In the above graph, there are three regions of degree 4 and six regions of degree 6. Thus,
by Grinberg’s theorem of a HC existed, when we will have

r4+r2=3,r6+ré=6

and 2rg—ry)) +40r6 —rg) =0
or (rg = ry) = =2(rg — r¢)

« then (r4 — ry} must be an even integer.
However, since rgq + r‘ﬁ' = 3, the only possibilities for r4 and r; are 0 and 3, and 1 and 2.
Neither of the possibilities is such that their difference is even
Therefore, the assumption that there was a HC for the graph led to a contradiction, and
the given graph has no HC.
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b¢

Dirac’s theorem 12.2 A simple graph with n vertices (n > 3) and §(G) > ’2’ has a

HC.

Corollary 12.1  If G is a complete simple graph on n-vertices (n > 3), then G has a
HC.

This corollary is true even for directed graphs. .

Theorem 12.3  In a complete graph with n vertices there are (n ) edge disjoint

hamiltonian cycles, if n is odd number > 3.

Proof: Let G be a complete graph with n vertices where n is odd and n > 3. Then G

-1
has n_(nz_l edges. A hamiltonian cycle in G contains n edges. Therefore the number

of edge disjoint hamiltonian cycle in G cannot exceed

n—1

4

. . ) n—1
Now consider to show that the hamiltonian cycles are ( 3 )

The subgraph of G, shown in the following figure, is a hamiltonian cycle

A4
1

n-3 n-1l

Keep:ing the vertices fixed on a cycle, rotate the polygonal pattern clockwise by

360 (360 '(n—3 360 '\
n—1‘( n—1/""""]\ 2 (n—l)_

degrees




-
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observe that each rotation produces a hamiltonian circuit that has no edge in common
with any of the previous ones.
Thus we have -12-3- new hamiltonian cycles al} edges disjoint from the one in the figure

given, and also edge disjoint among themselves. Thereiore the number of edge disjoint
n—1

1= ——-

. . . . h—
hamiltonian cycles in G is 3
Hence the theorem™_ o

Theorem 12.4 LetGbea graph with n vertices and with no loops and multipie edges.
G has a HC if for any two vertices u and v of G, which are not adjacent. Then

deg(u) + deg(v) = n

Corollary 12.2 G hasa HC if deg(u) > g for each vertex u of G

Theorem 12.5 '« G/ha}a HCifm > 1(n — 3n 4+ 6), where m is the number of edges
and n is the number of vertices in G.
e

Proof: Givenm > ’I(" —3n+6)

Let « and v be two vertices of G which are not adjacent.

Let H be the subgraph of G obtained by removing u and v and the edges incident at
4 and v.

The number of edges in H are m — deg(u) — deg(v)

The maximum number of edges H can have is (n — 2)¢, = a* — 5n + 6.

Now

{
m — deg(u) — deg(v) < ~2—(n2 — 5n + 6)

that is
deg(u) + deg(v) > m — %(n2 — Sn + 6)
= deg(u) + dgg(u) > —21—(n2 —3n+6) -1—(n:' —5n+46)=n
Hence by theorem 12.4 G has a HC. 0

Theorem 12.6 Let G be any hamiltonian graph. For every non empty proper subset
S of V(G), k(G — §) < |S|. Where G — S is the graph G with the vertices in S and their
associated edges removed.

For any graph G, k(G) is the number of components of G
Proof: Let G be a hamiltonian and C be a HC of G. Let S be a non empty proper
subset of V(G). Then if we remove the set of S vertices from C, the cycle will fall into
atmost |S| pieces. That'is k(C — §) < [S|

However C — S is a subgraph that includes every vertex of G — § and so G — § cannot
have more components than C — S. Thus

- k(G ~ 8) < k(C—5)
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Hence
k(G — §) < |§}

m]

Note: We can use this necessary condition to show that certain graphs are not
hamiltonian. However, because the condition is not sufficient it is possible to find a
non-hamiltonian graph for which the removal of any set of vertices S leaves no more
components than the number of vertices in S.

Example 12.8  Are the two graphs shown below hamiltonian?

<

Solution: In the first graph G, if we let § = {v} then G — S has two components
i.e.,, k(G — §) = 2 and |S| = 1. Hence by previous theorem G is not hamiltonian.
By trial and error we can see that the petersen graph is not hamiltonian. However, there is
no set of vertices whose removal leaves a graph with more components than the number
of vertices removed.
Observation 12.1 By definition, a hamiltonian graph contains a cycle containing all
the vertices. So hamiltonian graph can’t have cut vertices and pendant vertices.

Example 12.9  The graph is not hamiltonian

X

Example 12.10  Find three distinct hamiltonian circuits in the following graph

Since ‘v’ 1s the cut vertex.

®
O

X

a9
o
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. Solution: 'The circuit Cy, C3 and Cj are three distinct HCs

a

a b o,
¢ % d ¢ d

c

Example 12.11  Show that the graph shown below has no HC. But the graph has a
hamiltonian path '

a | 2
c},lz o —oh
L .
Solution: G has 9 vertices and 12 edges.

The number of edge in any hamiltonian cycle in G is 9. There are three vertices of
< degree two in G. Therefore all the edges incident on the vertices d, e, f must be included
— inany HC. The edges {a, d}, {d, g}, (b, €}, {c, f}{ [, i} must be included in constructing

a HC. The degree of b is 3 when the edges given above are included and we include the
edge { a, b } in the HC, we delete the edge { b, ¢ }. Then we must include { a, c } in the
HC. Thus the degree of a would be 3. Hence no HC exists in G. However, there exists
aHPinG {a,d}, ({d,g), (g, h}, {e, b}, {b, c}, {c, f} [, i} when included will give us a
HPinGie,a~H4—g—h—e—b—c— f—iisahamiltonian path in G.

& od o8
b - oh
Lo

Example 12.12  Show that the following graph is not hamiltonian
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Solution: G has 27 edges and 16 vertices. Therefore by hamiltonian cycle in G
should have 16 edges and hamiltonian path in G should have 16 edges and hamiltonian
path in G must contain exactly 15 edges. In the graph G we have deg(/) = deg(h) =
deg(j) = 5 i.e., there are three vertices of degrze 5, therefore atleast three edges on [
can’t be included in any H P. The same is true for the vertices A and j. There are 13
vertices of degree 3 in that consider the vertices b, d, f and n. Each of these vertices is
of degree three. Atleast one of the three edges incident in each of three vertices can’t
be included in any hamiltonian path. Thus atleast 3 + 3 + 3 + 4 = 13 edges can’t be
included in any hamiltonian path. The number of remaining edges is 27 — 13 = 14. But
any H P it is not possible to construct a hamiltonian with the remaining 14 edges. Thus
G has no hamiltonian path in G and G is not hamiltonian

Example 12.13  Show that petersen graph is not hamiltonian

Solution: Suppose ‘' H' is a hamiltonian cycle in the petersen graph. Then H must
contain at least one of the five edges connecting the outer to the inner vertices. Since
the graph is symmetric there is no loss of generality in assuming that A F is part of H.
According to the construction of hamiltonian cycle precisely one of the two edges FH
and F/ isin H. Again by symmetry, we may assume F H is part of the cycle while F/
is not.

Since FI isnotin H, but two edges incident with / mustbe in H, /G and I D are in H.
Now precisely one of the edges GB, GJ isin H.

Suppose first that G B is in and GJ is out. Because precisely two edges incident with
J arein H and JG is not, both / H and JE are part of H. Thus CH is out and both
BC and C D are in H. At this point, however H contains the proper cycle BCDI/GB, a
contradiction we conclude that G B can’t be part of H and hence that G J is. An argument
similar to the one just given now leads again to the false conclusion that H contains a
proper cycle.

Example 12.14  Show that the two graphs shown below are Hamiltonian

)

v
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Solution: Using Dirac’s theorem:
The first graph has seven vertices and every vertex has degree atleast four. So Dirac’s
theorem tells us that this graph is hamiltonian.
The second graph is clearly hamiltonian by inspection, but there are seven vertices and the
degree of each vertex is only two. Hence Dirac’s theorem is sufficient but not necessary.

Example 12.15  Show that the graph k, has a Hamiltonian cycle whenever n > 3

Solution: A HC in k, can be formed starting at any vertex, such a HC can be
builft by visiting vertices in any order we choose, as long as the path begins and ends at
the same vertex and visits each other exactly once, as it is possible in kn.

- 1!

Also there are ( . Hamiltonian cycles.

Example 12.16 How many edges must a HC in k, contain?
Solution: n edges

Example 12.17  Given an example of a graph which hasa H P butno HC
Solmion:

Example 12.18  What is the maximum number of edge disjoint hamiltonian cycles i1
kn?

—1 -1
Solution: ky has 1(’12—2 edges, so the maximum is e

— edge disjoint cycle

Example 12.19  Is the following graph Hamiltonian? Is it Eulerian? Explain you
answers

Solution: The given graph is not hamiltonian. To see this, assume that ‘H" is .
hamiltonian cycle. Since vertices a and b have degree 2, the two edges incident with eacl
of these vertices would be in H. Thus H would contain the cycle acbda, which can’t b
the case since this does not contain all vertices of the graph. The graph is not Eulerias
because it contain vertices of odd degree.

Example 12.20  Show that there are no hamiltonian planar graphs with regions o
Jegree S, 8, 9and 11 with exactly one region of degree 9.

Solution: From Grinberg’s theorem we have

rs —rly+6(rg —rg) + Trg —rd) + 9rn —rl) =0
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but there is exactly one region of degree 9
L 3(rs —r) 4 60rg —r) +7(ED +9(r = 1) =0
= 3[(rs —rd) +2(rg — rd) +3(riy —ryP) = 27

3 is a divisor of %, a contradiction
There can’t be hamiltonian planar graphs with regions of degree 5, 8, 9 and 11 with
exactly one region of degree 9

Graph coloring

In this section we describe the coloring of a graph and its chromatic number.

Discussions related to coloring of vertices, edges and regions are considered.

A vertex coloring is called proper coloring if no two adjacent vertices of the graph
receive the same color and the graph is th=u called properly colored graph.

Painting each vertex of G of order n with n distinct colors is a proper coloring of G.
The number of colors requires for a proper coloring of a graph can’t exceed the order of
the graph.

Definition 12.5  [Edge coloring] Assignment of colors to the edges of a graph G so
that no two adjacent edges receive the same color is.called an edge coloring of G.

k - edge coloring of a graph G is an assignment of k - colors to the edges of G such
that no two edges of G receive the same color.

A graph G is said to be k - edge colorable, if there exist k - edge coloring of G

13. Chromatic Numbers

Definition (Vertex coloring) 13.1  The assignment of colors to the vertices of G, one
color to each vertex, so that adjacent vertices are assigned different colors is called vertex
coloring.

An n-coloring of G is a coloring of G using n-colors. If G has an n-coloring, then G
is said to be n-colorable.

Example 13.1
4-coloring as well as a 3-coloring of graph G, let 1,2,3 and 4 represent colors.

2 3 2 1

4 2 3 2

Definition (Chromatic Number) 13.2  The chromatic Number of a graph G is the
minimum number of colors to color the vertices of the graph G.
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We denote chromatic number of G by x (G)
If x(G) = K, then G is K- chromatic.

Example 13.2
(1)

3 => x(G)=4

(i1) The chromatic Number of a cycle is 2 or 3 depending on whether its length is
even or odd.

(ii) x(Kn) =n

(iv) X(Km,n) =2

3 niseven

vy x(W,)) = where W, is the wheel graph with n- vertices.

4 nisodd

In general, it is extremely difficult to determine the chromatic number of a graph.
For graphs with a small number of vertices it is not too difficult to guess the chromatic

number.

In investigating the chromatic number of a graph, we shall restrict ourselves to simple

graphs.

We list few rules that may be helpful in finding the chromatic number of a graph G

Rule 1:
Rule 2:

Rule 3:
Rule 4:

Rule 5:
Rule 6:

Rule 7:

Rule 8:

x(G) < |V|, where |V| is the number of vertices of G

A triangle always requires three colors, i.e., x (K1) = 3; More generally
X (Kn) = n, where Kj is the complete graph on n vertices.

If some subgraph of G requires K colors then x(G) > K.

If degree (v) = d, then atmost ‘d’ colors are required to color the vertices
adjacent to v.

x(G) = Max{x(C)|C is a connected component of G}

Every K-chromatic graph has atleast K-vertices v such that degree
(v)y>K - 1.

For any graph G, x(G) < 1 + A(G), where A(G) is the largest degree
of any vertex of G.

When building a K -coloring of a graph G, we may delete all vertices
of degree less than K (along with their incident edges) Ingeneral, when
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Rule 9:

Rule 10:

attempting to build a K -coloring of a graph, it is desirable to start by K -
coloring acomplete subgraph of K vertices and then successively finding ¢
vertices to K — 1 different colors there by forcing the color choice of
such vertices

The following statements are equivalent

i. A graph G is 2-colorable
ii. G is bipartite
. Every cycle of G has even length
e, (i) = (i) = (i) = ().
[f§(G) isthe minimum degree of any vertex of G then x(G) > I"V—I’T‘;’(T)‘
where |V is the number of vertices of G.

We need to perform two steps to show that the chromatic number of a graph is n.

Step I:

Step 2:

Example 13.3 Find the chromatic number of the following graphs

()

We must show that the graph can be colored with n-colors. This can be
done by constructing such a coloring

We must show that the graph cannot be colored Using fewer than n-
colors.

deg(a) = deg(b) = deg(g) = deg(c) =3

deg(e) =deg(f) =deg(d) =4 = A(G) =4

By x(G) <1+ A(G) (Rule?7)
x(G) <5

Since G has a triangle subgraph x(G) = 3

3 <x(G) <5

Suppose x(G) = 5 then G should have 5 vertices with degree atleast 4 (Rule 6). Buty
there are only 3 vertices in G
x(G) = S is not possible

3<x(G)<4
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.+ Now consider 3-coloring of the graph, clearly 3-coloring is not possible.

x(G) =4

(i)

'y

Solution:

deg(v;) = deg(vg) = deg(ve) deg(vg) = deg(vy}) = deg(viq) =4

deg(vy) = deg(v3) = deg(vs) = deg(v7) = deg(vg) = deg(vyo) = deg(v)2)

=deg(v)3) =3
clearly

A(G)=4
x(G) < 14+ A(G)
x(G) <5

By observing the above graph, it is clear that the graph G is connected and any subgraph

of G can be colored with 2 colors only.

Also the above graph is special type of bipartite graph that is the vertex set of graph G
- can be partitioned into two sets in such a way that each edge joins a vertex of the first set
" to a vertex of the second set.

V=VUuW, VinV,=¢

Vi = {v, v4, v11, via), V2 = {v2, v3, vs, V19, V7, V8, V9, Ve, V12, V13}
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The above graph is 2-colorable since it is bipartite.
(iit) a

clearly, Degree of each vertex is 4.

= x(G) <5

By Examing the above graph, it has subgraphs whose chromatic number is 3.

x(G)=3
= 3=x(G)=5

Also, the graph is connected

By Rule 4, If degree (v) = 4, then at most 4 colors are required to color the vertices
adjacent to v.

Since all the vertices are of degree 4.
=3<x(G) <4

Jow, let us attempt to build a 3-coloring of G,

since degree of each vertex is 4, then atmost 4 colors are required to color the vertices
adjacent to v.

x(G)=4

Jote 13.1  When an attempting to give a K -coloring of a graph G, order the vertices
f G according to decreasing degrees. Assign the first color to the first vertex and then
n sequential order. Assign the same first color to each vertex which is not adjacent to
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a previous vertex was assigned first color and repeat the same procedure in a sequential
- order for the remaining vertices. The above procedure may or may not give the chromatic
number of G. But it is useful to give the coloring to the graph without any confusion.

Definition : (edge chromatic Number) 13.3  The edge chromatic Number of G is the
minimum number of colors to color all the edges of G, so that edges with common end
points are colored different colors.

Note 13.2  If A(G) is the largest degree of the vertices of G, then A(G) is less than
or equal to the edge chromatic number of G.

Example 13.4
Give the edge chromatic number for the following graph

’ edge ’ color '
€}
)
€3
€4
€5
€6

N o= W W N

edge chromatic Number is 3

(1)

This graph has 15 edges and 10 vertices A(G) =3
3 < edge chromatic Number of G

By assigning similar to the above problem
edge chromatic number is 4.

Theorem 13.1  The Four-color theorem: If G is any planar graph then x(G) < 4.
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A proof of the four color theorem is far beyond the scope of this text, but we can prove
a theorem that is only 25 percent inferior.

Theorem 13.2  The Five color theorem: If G is a planar graph is 5-colorable.
or
Every planar graph is 5-colorable

Proof: Proof by induction on the number of vertices in the Graph.

Clearly, a graph with one vertex has chromatic number of 1. Assume that all planar
graphs with n — 1 vertices have a chromatic number of 5 or less. Let G be a planar
graph by theorem 10.] there exists a vertex v with deg (v) < 5. Let G — v be the planar
graph obtained by deleting v and all edges that connect. v to other vertices in G. By the
induction hypothesis, G — v has a 5-coloring. Assume that the colors used are color 1,
color 2, color 3, color 4 and color5. If deg (v) < 5, then we can produce a 5-coloring
of G by selecting a color that is not used in coloring the vertices that are connected to v
with an edge in G.

If deg(v) = 5, then we can use the same approach if five vertices that are adjacent to v
are not all colored differently. we are now left with possibility that v{, va, v3, v4 and vs
are all connected to v by an edge and they are all colored differently. Assume that they
are colored color 1, color 2, color 3, color 4 and color 5 respectively suppose that v; and
v are not connected to one another using only color 1 and color 3 vertices in G —v. If
we consider all paths that start at v; and go through only color 1 and color 3 vertices,
then we can’t reach v3. If we exchange the colors of the vertices in these paths, including
vy, we still have a 5-coloring of G — v. since vy is now color 3, we can color v color [.

Color |

Now suppose that v) is connected to v3 using only color 1 and color 3 vertices. Then
a path from vy to v3 by using color I and color 2 vertices followed by the edges (v3. v)
and (v, v) completes a circuit that either encloses vy or encloses vg4 and vs. Therefore
no path from v; to v4 exists using only color 2 and color 4 vertices. We can then repeat
the same process as in the previous paragraph with vy, and vg4, which will allow us to
color v color 2.

Four color conjecture

so for we have discussed proper coloring of vertices and proper coloring of vertices of
edges of a graph. Now, hriefly consider the proper coloring of regions in planar graphs
such that no two adjacent region receive the same color.
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The four color problem states that every plane map however complex, can be colorec
with four colors in such a way that two adjacent regions get different colors. This problen
was solved by Appel and Hanken in 1976. However this problem is infact equivalent tc
the statement of conjecture.

Four color conjecture: Every planar graph is 4-colorable C

Example 13.5  The graph Ky is a planar graph and K4 is 4-colorable.

Theorem 13.3 A graph G is bipartite < it doesnot contain a odd cycle

Proof: Let G be bipartite. Then the vertex set G can be partitioned into two subsets V
and Vp suchthat xy € E(G) = x € Vyand y € V5.

Suppose G contains a cycle. Let v be a vertex of this cycle. Then to trace the cych
starting from v we have to travel on the edges of G. The edges of G are the only edge
between V| and V3. Thus starting from v to come back to v along the cycle of G we haw
to travel exactly even number of times between V| and V3. That is the number of edge
in C is even, thus, the length of C is even.

Conversely, without loss of generality we assume G is connected (otherwise conside
each component of the graph follow the proof for each component)

Let G does not coitain a odd cycle. Choose a vertex x of G. color the vertex by the
color black. Color all the vertices that are at odd distances from x with the color red. colo
all the vertices that are at even distances from x with color black. Since every distanc
is either a odd or even integer (but not both), every vertex of G is now colored.

We show that the graph G is now properly colored. suppose G is not properly colored
then G contains two adjacent vertices say u and v, colored with the same color. Ther
distances from the vertex x to both the vertices u and v is odd. Let Py and P; be shortes:
paths from x to 4 and x to v respectively. Then the edge uv is not included in P or P.
(observe). Let y be the last vertex common to P} and P, (i.e the path from y to 4 anc
path y to v along P; and P; are distinct; y may be x). Then d(x, y) along Py is sam¢
along P, (since both Py and P, are shortest paths) otherwise if the d(x, y) along Py i
smaller than that of P, then the path from x to y along P; with the path from y to 1
along P is shorter than P;. which is a contradiction to the fact that P; is shortest.

Since d(x, u) = d(x, v) we have d(y, u) and d(y, v) are both either odd or even anc
hence the sum is even. Further. the circuit formed due to these paths together with the
edge uv is of odd length. which is a contradiction

u
xo-—o;"
Yy T~
I
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Thus we concluded that the coloring is proper. Now consider the set Vy of all vertices &«
of G colored by the color Red. These sets are the partition of G such that no two vertices
in the same set are adjacent, Hence G is bipartite.

Theorem 13.4 A graph G is 2-chromatic if and only if G is bipartite

Proof: Let chromatic index of a graph G be two. Let G be properly colored with two
colors 1 and 2. consider the set of vertices colored with the color 1 and the set of all
vertices colored with the color 2. These sets are precisely partition of the vertex set such
that no two of the vertices of the same set are adjacent hence G is bipartite.

Conversely, Let G be a bipartite graph. The vertex set V(G) can be partitimed into
two independent set V| and V,. we can use color ¢ to point the vertices of V] and use
color 2 to point the vertices of V5. Hence G is 2- chromatic. ]

Note 13.3  If a graph G is bipartite, then it does not imply that x (G) = 2. For example
K is bipartite.
Theorem 13.5  Every Tree with two or more vertices is 2-chromatic.

Proof: Let 7T denote a given Tree and v be any vertex in 7. Assign color 1 to the vertex
v. Assign all the vertices adjacent to v with color 2 and assign color 1 to all vertices
adjacent to the vertices of color 2. Continue this process till every vertex in T is colored.
Now we find that all the vertices at odd distances from v have color 2 and the vertices
which are at even distance from v have color 1.

Since T is connected and has atleast two vertices it contains ie., at least one edge (and
there is one and only one path between two vertices in T) hence T is not l-colorable.
Hence T can be properly colored with 2 colors. . x(T) = 2. a .

Theorem 13.6 A graph G containing atleast one edge is 2-chromatic if and only if it
contains no odd cycles.

Proof: Let G be a connected graph with cycles of only even lengths. Consider a
spanning tree T of G:we know that T can be properly colored with two colors. Now add
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edges (of G which are not in T') one by one. Since G has no cycles of odd length the end
vertices of every edge being replaced are differently colored in T. Thus G is properly
colored with two colors ie., G is 2-chromatic.

Conversely, Let G be 2-colored graph with atleast one edge. If G has cycle of odd
length we would need atleast three colors just for that cycle. But G is 2-chromatic, hence
G contains no odd cycles. 0

Covering

A vertex and an edge are said to cover each other if they are incident (ie., the vertex is
the end vertex of the edge)

The set of vertices which covers all the edges of a graph G is called a vertex cover of
G, while a set of edges which covers all the vertices is an edge cover of G. we consider
only edge covers and write simlply a cover of G

Definition (Cover) 13.4

A cover of a graph is the subset S of its edge set E such that every vertex of the graph
is an end vertex of some edges in S. The set of edges that covers the graph G is called
covering or edge covering or a covering subgraph of G. A covering of a graph such that
not proper subsets of it is a cover of G is called minimal covering of G. The smallest
number of edges in any covering of G is called edge covering number of G

The sets {ab, de, fg,gc), {ab, de, bf, gc}, (ab,de, fc, fg)... are edge coverings
of G. These coverings are minimal coverings of G. The smallest number of edges in a
covering of G is four. Hence edge covering number of this graph is 4.

Example 13.6 - G is an edge covering graph
Vi ¢ V2 ' vy € V3
G LA =38 GI; €4
. b
vy €5 Vv, vy ey Vg

Observations on edge covering of a graph 13.1

1. A covering exists for a graph if and only if it should not contain any isolated
vertices. Hence covering exists for every connected graph
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2. since the pendent vertex is incident with only pendent edge, every covering of
the graph should include all the pendent edges of the graph

3. Since each vertex of the graph must be an end vertex of an edge in the covering
of the graph it follows that each edge covering of a graph must contain at least
[5] edges, where n denote the number of vertices of the graph.

4. Every covering contains a minimal covering (since minimal covering is a proper
subset of a covering of G having the property)

5. If § be a covering of a graph G, then as each vertex of G is adjacent to atleast
one edge in S, we have degg s (v) < degg(v) — 1 and vice verse

6. Ifacovering S contains all the edges of a cycle of a graph G, then we can remove
one of the edges of the cycle from S without destroying its covering property.
Thus a minimal covering of a G does not contain a circuit of G and hence a
minimal covering may have atmost n — 1 edges of G.

7. A graph in general may have many minimal coverings of different cardinality
(Example 1) The line covering number of a graph is equal to the minimum
number of edges present in a minimal covering among all the minimal coverings
of the graph.

8. The (line) edge covering number of a complete graph on n vertices is "—'-;f—l

9. If a covering contains a subgraph that is a path of length three, then one of its
middle vertex of this path can be delected without loosing the covering property »
and hence a minimal covering of a graph does not contain a path of length more
than three. conversely, if a covering contains no path of length more than three,
then each component of the covering is a star graph and from the star graph no
edges can be delected without loosing its covering property, hence the covering
is minimal.

10.  All spanning trees and hamiltonian cycles are edge covering graphs.
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EXERCISE (I)

(-

()

3

4

&)

(6)

@ a

Find the number of vertices, the number of edges and the degree of each vertex
in the given undirected graph. Identify all isolated and pendent vertices

b c .. a b c d

I I o (ii) o
o o
f . < d i h g [ f

Determine the number of vertices and edges and find the indegree and outdegree
of each vertex for the given directed multigraph

Construct the underlying undirected graph for the graph with directed edges for
the following graph
2 b

¢ d c’

Determine whether the graph is bipartite

@ a b ® 2 ¢
>< / { ; IX
. . ’—‘N d

f ¢

c

If the simple graph G has n vertices and ‘e’ edges how many edges does G*
have?

Represent the given graph using an adjacency matrix
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(N

(8)

)

(10)

(11)

(@ @2 b ®)

Draw the graphs with given adjacency matrix

(a) (&)

—_——-0 O
==
—_— e =
O = O =
—_— N
O WO
—_—— O
O~ O -

Find the adjacency matrix of the given directed multigraph

Draw the graph represented by the given adjacency matrix

O N =
NN O N
N O -

Use an incidence matrix to represent the following graph
a b

c d

determine whether the given pair of graphs is isomorphic

(a) u 2
uj u3
vi v3
vs 44 Vs v4
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(b) u| u2 u3 us ug ug
ug uy
v v v4 v v
] 2 3 6 28
v3 v7
©)

(12) Show that the following graph is self-complementary

*

a b

(13) Determine whether the given pair of directed graphs is isomorphic

@) uy u v v

u3 uq v3 v4

(14) Does each of the following lists of vertices form a path in the following graph?
which paths are simple? which are circuits? what are the lengths of those that
v are paths

a)a,e,b,c,b (c)e,b,a,d,b, e

b)a,e,a,d,b,c,a d)c,b,d,a, e, c
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a b <
d €
(15) Determine whether the given graph is connected

' 0 )
o A v
(c) i

(16) Find all the cut vertices of the given graph

(a) a d ¢
b c f
® @ b f
e I\
c 1 g
d i h

(17) Deétermine whether each graph has an Euler circuit. Construct such a circuit when
one exists

(a) ()

(18) Determine whether the graph has an Euler path construct such a path if it exists
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8 h c

(19) Determine whether the picture shown can be drawn with a pencil in a continuous
motion without lifting the pencil or retracing part of the picture

(a) (b)

(20) Determine whether the directed graph shown has an Euler circuit construct an
Euler circuit if it exists

(@)

()

(21) Determine whether the directed graphs in the following figures has an Euler path.
Construct an Euler path if it exists

(a) 20(a) (b) a b

/

d c

(22) Determine whether the given graph has a Hamiltonian circuit. If it does, find
such a circuit. If it does not, given an arguement to show why no such circuit
exists.
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a b
®) a b g
)
O—- O
[ c d f
¢ d

(23) Does the following graphs have a Hamilton path? If so, find such a path. If it
does not, give an argument to show why no such path exists

(a) a d

(24) For which values of m and n does the complete bipartite graph K, , have
a HC?

(25) Show that a bipartite graph with an odd number of vertices does not have
aHC

(26) Determine whether the given graph is planar. If so draw it so that no edges
cross.

(3) ®)

(27) Determine whether the given graph is homeomorphic to K3 3
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(28) Use Kurotowski’s theorem to determine whether the given graph is planar.

a b ¢ d
(a)

®)

f

(29) Construct the dual graphs for each of the following maps
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(30) Find the Chromatic number of the given graph

a b a

@) (b)

Answers

1) (a) v==6,¢e =6;deg (a) = 2,deg (b) = 4,deg (c) = 1,deg (d) =0, deg
(e) = 2,deg (f) = 3, cis pendent; d is isolated.

) (b) v=29,e=12;deg (a) = 3, deg (b) = 2, deg (c) = 4,deg (d) =0,
deg (e) = 6,deg (f) = 0,deg (g) = 4,deg (h) = 2,deg () == 3,d and
f are isolated.

) (@) v=4;e=7, deg”(a) =3, deg=(b) =1, deg™(c) = 2, deg™(d) =
1, degt(a) = 1, degt(b) =2, degt(c) =1, degt(d) =3

b)Y v=4,e=13, deg (a) =6, degt(a) =1, deg~(b) = 1, degt (b) =
5, deg7(c) = 2, degt(c) = 5, deg=(d) = 4, degt(d) =
2, deg”(e) =0, deg* (e) = 0.
(3) Draw the graph without directions
(4) (a) Bipartite (b) Not bipartite

nin—1)
5 — 2
5 3
"0 0 1 0 "1 0 2 1°
0 0 1 2 01 1 2
© @ | o @12 11 0
0 21 0 1 2 0 1



(10)

11
(13)
(14)

(15)
(16)
(17)
(18)
(19)
(20
€2y
(22)
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7
% b
a C
(8) : 9)
01 0 0
01 1 0
0 1 1 1
1 0 0 O
1 0 0 0 0"
0 1L 1 1 0
1 1 0 0 1
0 0 1 1 1

(a) Isomorphic (b) Not isomorphic (c) Isomorphic

(a) isomorphic (b) not isomorphic
(a) path of length 4; not a circuit; not simple
(b) not a path
(c) notapath
(d) simple circuit of length 5
(a) not (b) not (c) connected
@)c(b)b,c,e,i
(a)No(b)a,b,c,d,c,e,d,b,e,a,e, a
An Enter path exists; f, a, b,c,d, e, f, b, d is one such Euler path
(a) Yes (b) No
(a) No (b) No
(a) abdbcdcad (b) adbdebecbha
(a) abcdeais a HC
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(b) No HC exists, because once a circuit has reached e it would have no
where to go

(23) (a) abcfdeisaHP

(b) No HP exists. There are eight vertices of degree 2 and only two of them
can be end vertices of a path. For each of the other six, their two incident
edges must be in the path. It is not hard to see that if there is to be a
Hamilton path, exactly one of the inside Corner Vertices must be an end,
and that this is impossible.
24) m=n=2

(25) Suppose G is a bipartite graph with V = V; U V,, where no edge connects a
vertex in V| and a vertex in V;. Suppose that V has a HC. Such a circuit must be
of the form ay, by, a3,by, ... ,ax, by, a; wherea, € Viand b; € V; fori = 1
to k. Since the HC visits each vertex exactly once, except for Vi, where it begins
and ends, the number of vertices in the graph equals 2k, an even number. Hence
a bipartite graph with an odd number of vertices cannot have a HC.

(26) (a) No (b) Yes

a d
C
b
(27) Not
(28) (a) planar (b) not planar
(29) @) ®) A
OE
F
D

(30) (@) 3(b)3(c)2
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Solved Problems

Problem 1 Is there a graph with degree sequence (2, 3, 3, 4, 4, 5)

Solution: No, sum of degrees is odd (or) there is an odd number of vertices of
odd degree

Problem 2  Is the degree sequence (2, 3, 3, 4, 5, 6, 7) graphic?
Solution: No, ‘a’ simple graph of order 7 cannot have a vertex of degree 7.
Problem 3  Is the degree sequence (1, 3, 3, 3) graphic?

Solution: Suppose that G is a graph with this degree sequence. Each vertex of
degree 3 has an edge leading to each other vertex. Let a, b, ¢, d be the vertices where
deg(a) = 1. Since b, ¢, d have degree 3, there must be an edge joining b to a one joining
¢ to a and one joining d to a. Hence a has degree 3 or more, a contradiction. Therefore
(1, 3, 3, 3) is not graphic.

Problem 4  Is there a simple graph with degree sequence (1, 1, 3, 3, 3,4, 6,7)?

Solution: Assume there is such a graph. Then the vertex of degree 7 is adjacent to
all other vertices, so inparticular it must be adjacent to both vertices of degree 1. Hence
the vertex v of degree 6 cannot be adjacent to either of the two vertices of degree 1. But
this leaves, is only six vertices (including v itself) to which the vertex v is adjacent. Since
it is assumed that the graph is simple. v can’t be adjacent to itself and therefore, there
can be only five vertices adjacent to v. But then v can’t have degree 6. The contradiction
shows that there is no simple graph with the given degree sequence.

Problem 5 A degree sequence with all distinct elements canot be a graphic sequence.

Solution: Let {d},d3, ..., d,) be a degree sequence with all distinct elements
and 0 <d(v;) <n-1
Suppose if it 1s a graphic sequence, there exists a simple graph with this sequence as its
degree sequence. Now it follows that the sequence is a permutation of {0, 1,2, ...n — 1]}
Suppose there exists integers i, j € {l,...n}std; =0ord; =n— 1.
Suppose d; = O then the corresponding vertex v, is not adjacent with the remaining
vertices and if d; = n — 1, then the corresponding vertex v; is adjacent to all the
remaining vertices = v; is adjacent to v;. which is a contradiction

The sequence is not graphic

Problem 6  Let G be a simple graph, then |Ef < |V|._ in G.
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Solution: Let G be a simple graph with |V| vertices and |E| edges since G is =
simple, any two vertices of G determine atleast one edge. .. The number of distinct edges
that can be formed with | V| vertices is |V |
Thus, the total number of edges atmost will be |V .,

=|E] £ |Vl
IVIQVI -1
2
Problem 7  Let G be a simple graph, show that |E| = IVICz <=3 G is complete.

lEf <

Solution: Given G is a simple graph with | V| vertices and | E| edges. Assume G
is complete, So any pair of vertices of G, are adjacent in G, then the number of edges
that can be formed with | V| vertices is |E| = |V|,

2 .
Conversely, Suppose |E| = |V|._, then any pair of district vertices are adjacent in G.
Thus G is complete. )

Problem 8  Prove that every complete graph is regular

Solution: Let G be a complete graph, so it is a simple graph with | V| veitices.
Clearly, in a complete graph G = Ky, each vertex is adjacent to remaining |V| ~ 1 &
vertices Therefore, the degree of each vertex is |V | — 1. Hence the complete graph K|y
is a (|V] — 1)-regular graph.

Thus every complete graph is regular.

Note 13.1 Converse of the above result need not be true.

Problem 9  How many vertices will the follwoing graphs have?

(i) if it contain 16 edges and all vertices of degree 2
2|E

Solution: - 8(G) = A(G) = 2, From the known result § = TVTl
=8|V | =2 |E|
2lV|=2-1E|=2x16
VI = 1e.
(if) 21 edges, 3 vertices of degree 4, other vertices of degree 3
Solution: By using Y _deg(v;) =2 - |E]
= 3x4+xx3=2x121 -

Where x is the number of remaining vertices

3x =30
x =10
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Total number of vertices (10 4+ 3) = 13.

Problem 10 What is the largest possible number of vertices in a graph with 35 edges
and all vertices of degree atleast 3?

2\E| 2|FE|
Solution: We have §(G) < m = |V|< —5—

) 2 x 35
Given§d = 3, |E| = 35then |V| < <233

largest possible number of vertices is 23.

Problem 11  Suppose G is an undirected graph with 12 edges and it has 6 ver-
tices of degree 3 and the rest have degree less than 3 determine minimum number of
vertices.

21E]
Solution: We know §(G) < |T| < A(G)

—— —— . 1
: = =% = Ivl =

consider §(G) = 1, A(G) =3

24 24
= —=<|V|=<—

3 1
=8<|V|<24 (ii)

From (i) and (ii): possible values of |V| are 8, 12, 24 if |V| = 8, we have vertices
of degree 3, then remaining vertices are two, which must contribute (2.12 — 18 = 6)
degree 6. Possible degrees for the two vertices are: 2, 4; 4, 2; 5, 1; 1, 5; 3, 3 clearly
a contradiction to the hyposthesis of the problem that the degree of remaining vertices
should be less than 3.

So |V| = 8 is not possible.

Then the next minimum value of |V| = 12.

Note 13.2  If G is a simple graph with n vertices then 0 < deg(V) <n — 1.
Example 12: Prove that the graphs G and G’ given below are isomorphic

- N
V2

U2 VS

3

V4
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Solution: The two graphs have the same number of vertices same number of -
edges and same degree sequence consider the function f.

fluy) =vy, f(ug) =v3, f(u3) = v4, f(ug) =vy, f(us) =vs

then the adjacency matrices of the two graphs corresponding to ‘ f’ are

01 1 0 0
1 0 0 0 1
AG)=| 1 0 0 1 O
0 01 0 1
01 01 0
U] V3 VY4 V2 Vs
V| 0 1 1 0O
ety U3 1 0 0 0 1
AG) = v4 1 0 01 O
) 0 01 01
vs 01 0 1 0
A(G) = A'(G') ol
*. G and G’ are isomorphic to each other O
Example 13:
Determine whether the graphs G and G’ are isomorphic
Uy uy vi vs
\82/
G: G
US u6 V6
)
|_|4 U3 V5 V4
Solution: Both G and G’ have 6 vertices 7 edges, Both have 4 vertices of degree

2 and 2 vertices of degree 3 i.e., have same degree sequences.
Since G and G’ agree w.r.to these invariants.

Now, it is reasonable to find an isomorphism f which shows isomorphism between
Gand G'.

Now define a function f and we will determine whether it is an isomorphism. Since
d(uy) = 2 and since u is not adjacent to any other vertex of degree 2, the image of u
must be either V4 or Vg, the only vertices of degree 2 in G’ not adjacent to a vertex of T
degree 2.

Choose arbitrarily f(uy) = V.

Since u; is adjacent to u, the possible images of u; are V3 and V5. We arbitrarily set
fug) = v3.
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Continuing in this way, using adjacency of vertices and degrees as a guide, we set

f(u3) = vy, f(ug) = vs, fus) = vy

and f(ug) = vy

We now have a one-to-one correspondence between the vertex set of G and the vertex
setof G’.
Namely,

fluy) = v, flua) =v3; fuz) =v4

fug) = us; f(us) =vy; f(ug) =12

To see whether f preserves edges, we examine the adjacency matrix of G and G’ with
rows and columns labelled by the images of the corresponding vertices in G.

. Ag = Ay . it follows that f preserves edges.

U3 U4 us
0 1t o0
1 0 O
0 1 0
I 0 1
0 1 O
0O 0 1}

1
o—oco—~of

uj

Vg V3 V4 Us V| V)
0 1 0 I 0 O0\uv
1 0 1 0 0 1]u
0 1 0 1 0 0]v
1 0 1 0 1 0]uvs
0 0 0 1 0 1]y
\0 1 0 0 1 0)y

.. f is an isomorphism, so that G and G’ are isomorphic

up up
0 1
[t
Ac= |0 1
I 0
0 O
0 |1
Note 13.3

Suppose if f is not an isomorphism, we should not say that G and G’

are not isomorphic, since another correspondence of the vertices in G and G’ may be
isomorphism

Example 14: Show that the Digraphs are isomorphic.

Vi

Solution:

]

V2

us

U4 U3

u} uz

G and G’ are having 5 vertices and 8 edges.
Consider indegree and out degree of the vertices if G and G’

G |  deg+ deg — G’ | deg+ deg —
in degree | out degree in degree | out degree

Vi T 2 u) 2 1

V) 2 ! uy 1 N

V3 % 2 u3 2 |

v4 2 1 ug 2 2

vs 2 2 us 1 2
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Now set f(v)) = us, f(v2) =uj, f(v3) =uy
f(vg) = u3, fvs) = ug

clearly f is one to one and onto

Also Ag = Ag under this mapping f (check !)
.. G and G’ are isomorphic.

Example 15: Show that the graphs are not is isomorphic

Solution:

V2 V'z
G "
M vy .
V'l V'3
Vs V4 Vg v'a
The vertices and edges are same in both graphs. G and G’ have 5 vertices and 6 edges.

But degree sequences dg = (2, 2, 2, 3, 3),dg’ = (1, 2, 2, 3, 4) are not same
.. The two graphs are not isomorphic.

Example 16 Determine whether the following graphs are isomorphic

A

The graphs G| and G5 are not isomorphic, since G| has 7 edges and G, has 6 edges
and “‘has seven edges” is an invariant.

2.
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. G and G; are non isomorphic graphs, since G vertices of degree 3, but G, has no
vertices of degree 3. The graph G has a simple cycle of length 3, but all simple cycles

3. (X @)

5 )
Gy

Gy
in G have lenght atleast 4. Note that G| and G, have the same numbers of edges and
vertices and that every vertex in G| or G, has degree 4.

“» Example 17:
Determine whether the following graphs are 1somorphic

V'l VZ
vl V2 Yy O
V4 vy Q
V' V3
Solution: G and G’ have 8 vertices and 10 edges.

Degree sequences of both G and G’ are also same (check!).

Now consider deg(vy) =2in G.

. v| must correspond to either v}, vs, vg, V5, since these are the vertices of degree 2 in
However, each of these four vertices in G’ is adjacent to another vertex of degree 2 in

G’ which is not true for vj in G.

*. G and G’ are not isomorphic.
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Problem 18  Suppose that a connected plane graph has 20 vertices each of degree 3.
Into how many regions, does a representation of this planar graph split the plane.

Solution: Given |V| = 20 and degree of each vertex is 3
c. Xdeg(v) =3%x20=060

We have L deg(v) =2|E] =60 => |E| =30
Now, By Euler’s formula

IRl = |E| = |VI+2
=30-20+2=12
The regions are 12.
Problem 19  Prove that there is no polyhedral graph with exactly 30 edges and 11

regions.
Solution: By Euler’s formula: |V| = |[E]| - |R|+2=30-1142 =2]

By 3|V|<2|E| = 3(21) <2@30)
= 63 < 60

an obvious contradiction
there is no polyhedral graph with 30 edges and 11 regions.

Problem 20  If Gis a polyhedral graph with 12 vertices and 30 edges prove that degree
of each region is 3.

[E| =30

Solution: Given V| =12

then by Euler’s formula

IRl =|E|-|V]|+2=20
When each region ‘r’ has degree K

Y deg(r) = KIRI = 2|E]|
reR(G)
K 20 = 60

each region has degree = 3.

Problem 21  Prove the following graph is not planar by finding a subgraph homeo-
morphic 1o either K5 or K3 3
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G
¢ d
f »

Solution: In K5 each vertex has degree 4 only
K 5 has 5 vertices and 10 edges

In the graph G, note that Vertex ‘h’ has degree 5 at first make the series reduction

((h, gl g al} = (h,a); {{a. f). {f.e}} — {a,e}; Ud, f). ([, e}) —> {d. e}
Delete the edges (h, c}, {g, ¢}, {e, ¢}

Then the given graph is as follows:

Now make the series Reductions:

h—g—g—-—a:—->h-a b
a—-f—f—-—e:—>a-e
h
d—f—f—e:>d-—e
d

o
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The given graph is not planar, since it contains a subgraph homeomorphic to K5~

Problem 22  How many vertices will the graph with 24 edges and all vertices of the
same degree
V]
Solution: 3> dv) =2]E|=2x24=48
i=1
|V| (degrees of all vertices) = 48
48

|V | = Number of vertices = -
(degrees of all vertices)

|V | = divisors of 48,

Problem 23  Show that the following graphs are not isomorphic

Solution: Basic Invariants are same for the two graphs.
But the first graph is having a cycle of length 3 ie, a — b — j — a, but the second graph
contains no cycle of length 3.
", two graphs are not isomorphic.

Problem 24  Let G be a simple graph with |[E| = 2|{V| — 3 and all vertices of degree
3. What can be said about G?

Vi
Solution: > d(v) =2|E|

i=1
3|V =2|E| =2(2]V| - 3)
= |V|=6
Number_of vertices in G = 6

Gis isomorphic to K13

Problem 25  Can a simple graph with 7 vertices be isomorphic to its complement?

Solution: A graph with 7 vertices can have a maximum number if edges =
7 -1

2

= 21 edges it is not possible to split 21 edges into two integers.
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Therefore G and G cannot have equal number of edges. Hence a graph with 7 vertices
can't be isomorphic to its complement.

Problem 26  Prove that for any polyhedral graph 3|R| — 6 > (E|

Solution: Since the graph is polyhedral.

We can have the following four inequalities 3|R| < 2|E|, 3|V| < 2|E|, |R| =
[Ef=1VI+2, |E|<3IV]|-6

Now 3|V| < 2|E|
3NE] - |R| + 2] < 2|E|
= |E| <3|R|—6

Problem 27  The graph below does posses iamiltonian Cycle. Show that any such
cycle containing one of the edge e, ¢ must avoid the other.

Solution: There are 5 regions of degree 4 and two regions of degree 5.
Thus for any Hamiltonian cycle, by Grinberg’s theorem

Y (=20 —r)=0
=3

(4=Dra—r)+ S =2)(rs—rg) =0
= 2rg —ry) = ~3(rs —re)

. ’
clearly 3 divides rq — r,.

But r4 — ry = S, the only possible values of r4 and r, are 4 and 1, making r4 — r; zither
3or -3.

Now each of the edge e and ¢’ seperates a pair of regions of degree 4.

Thus a HC would have one of e’ Quadrilaterals inside and the other outside.

Similarly a HC containing the edge e’ would split quadrilaterals.
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If both e and e’ belong to HC then three would be atleast two regions of degree 4 on the -
inside, and atleast two regions on outside.

Problem 28  Tell whether the graph has an Euler circuit, an Euler path but no Euler
circuit or neither.

(a) o- - —0 (g
b

@
(c) : : : :

(a) Neither, there are four vertices of odd degree

(b) Neither, there are four vertices of odd degree

(c) Euler path only, since exactly two vertices have odd degree

(d) There is no Euler Circuit, but there must be an Euler path, since graph has exactly
two vertices of odd degree

(e) every vertex has even degree, thus the graph must have an Euler Circuit.

Solution:

Problem 29  Determine whether the graph shown has a Hamiltonian Circuit, a Hamil-
tonian path but no Hamiltonian circuit or neither. If the graph has a HC, give the

circuit.
d
@ (b) 5
T
e a
(d) E

(c)
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. Solution:

(a) Neither

(b) The path abcde is a Hamiltonian path because it contains each vertex exactly
once; however no HC.

(c) The path adcba is a HC

(d) HC

Problem 30  What is the maximum number of edges possible in a planar graph with
eight vertices?

Solution: From the theorem, If G be a connected planar graph (not multigraph)
with |V | vertices and |E| edges, where |V| > 3.
Then |E| <3|V| -6
For a planar graph with |V| = 8, the maximum number of edges possible in a planar
graph with eight vertices (|/E| <3 x 8 —6 = 18) is 18.

* Problem 31  Let G be the graph. Does G have any cut points?

a b c
I8 T
Solution: (G-a).
a C
G-b: 9
T ¢
- (G-¢): & c
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a b c
(G-d): o— O
€ f
b
G-c): o o

q
_“——Q0

-]
) o
O

(G-n:

e

Above figures show that G - v is connected for any vertex v of G. Thus G has no cut
points.

Problem 32
a b

a

d
Let G be the above graph. Does G have any cut edge G — {a, b}:

a b
(o]
¢ 4 shows only
Solution: G — {a, b} is disconnected.
Hence {a, b} is a cur edge and the only cut edge for G.
Problem 33
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Does G have any bridges?

Solution: G has three cut edges {a, x}, {a, z} and {y, c}deleting any other edge o
G does not disconnect G.

Problem 34  Draw a graph with six vertices which is hamiltonian but not Eulerian
Solution:

Hamiltonian and non eulerian

There are many possible solutions to this problem and one of these is shown above. Every
solution however, must have a cycle that includes every vertex exactly once (hamiltonian),
but must not have a closed trail that uses every edge exactly once (eulerian). Note that
when a candidate hamiltonian graph has been identified, one can easily determine if it is
eulerian by looking for vertices of odd degree, should atlezst one such vertex exist, the
graph is not eulerian.

Problem 35 Draw a graph with six vertices which is et lerian but not hamiltonian.

Eulerian and nonhamiltonian

Solution: There are many possible solutions, one of which is shown above. Every
solution, however, must have a closed trail that uses every edge exactly once (eulerian),
but must not have a cycle that includes every vertex exactly once (hamiltonian). From
Euler’'s theorem we know that any graph with all vertices of even degree is eulerian.
But once a candidate eulerian graph has been identified, there is no simple criterion for
determining whether or not the graph is hamiltonian.

Problem 36  Show that every cubic graph has even number of vertices.

Solution: If G is a regular graph of degree 3, it is called a cubic graph.
Let G be a cubic graph with jv| vertices.

Then Z deg(v,) = 3{V| 4.1)

LHS of I iseven .- 3|V]iseven
= |V]is even.
Problem 37  Prove that a simple graph with n vertices must be connected if it has
(n-NDn-=2)
—_e

more than
2

dges.
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Solution: consider a simple graph on n vertices. choose n — 1 vertices vy, v3...Up_]
of G.

Clearly the maximum number of edges only can be drawn between these vertices is

—D(n-=2 - Dn-2
(n =1, = % Thus if we have more than (n__% edges atleast

»

one edge should be drawn between the nth vertex v, to some vertex v;, 1 <i <n —1
of G.
Hence G must be connected.

Problem 38  Give an example of a connected planar graph for which |E| = 3|V| -6

AN

Solution: Since E=3=33)-6=3|V|-6

Problem 39 A Connected planar graph G has 20 vertices Prove that G atmost 54
edges.

From |E|< 3|V|-6

then [Ej< 3(20)-6=54

Problem 40  suppose that a connected planar simple graph has 20 vertices, each of

degree 3. Into how many regions does a representation of this planar graph split the
plane?

Solution:

Solution:
IVi=120
2|E| = Xdeg(v;) =3 x 20 =60
= |E| =30
SARI=|El=|VI+2
=30-20+2
=12

Note: For K33
IE|=9<12=3(6) -6

that is |E| < 3|V | — 6 is satisfied
Consequently, the fact that the inequality |E| < 3|V| — 6 is satisfied does not imp'v
that a graph is planar.

Problem 41  Show that K3 3 is nonplanar

Solution: Since k3 3 has no circuits of length 3, Also k3 3 has six vertices and rine
edges.
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|E|=9,2|V|-4=2x6—-4=28
=from|E| <2|V| -4
9<8

a contradiction
K3 3 is nonplanar.

Problem 42  show that the following graph is not planar.

Solution: By deleting two edges (g, ¢), (a, f) we have the following graph.

Problem 43  Prove that the number of edges in a bipartite graph with n vertices is at
n2
most —.
4
Solution: Let x be the number of vertices in one of bipartition sets. Then n — x is the
number of vertices in the other. The largest number of edges occurs when all x vertices
in one set are joined to all n — x vertices in the other.
So the number of edges is atmost x(n — x).
The function f(x) = x(n — x) (whose graph is a parabola) has a unique maximum at
( n nZ\ n?
—.—lsox(n—-x) < —forallx
\2 4 / 4
Hence the result.
Problem 44  Prove that in any graph with more than one vertex there must exist two
vertices of the same degree
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Solution: There are n vertices and n possible degrees for the vertices; namely 0,1,2, ~
. n-1. If however we have vertex of degree 0, then it is not possible to have another

vertex of degree n — 1. Hence there are really only n — | possible ‘holes’ into which the

n vertices can fit. Hence some vertex degree is repeated.

Problem 45  suppose all vertices in a graph have odd degree k show that total number
of edges in G is a multiple of k.

Solution: Let G be a graph with all vertices of odd degree k.
. Edeg(v,) = K|V/|

<

By Fundamental theorem of graph theory

¥ deg(v;) = 2|E]
= 2|E|=k|V]|
= kdivides 2|FE|
But & 1s odd

Therefore k divides |E]|.
Hence number of edges in G is a multiple of 4.

Problem 46  Explain why any graph is isomorphic to a subgraph of some complete
graph? <
Solution: Any graph G with n vertices is a subgraph of K,. Therefore we can have a

graph from G by joining any pair of vertices of G where there is not already on edge,
and this new graph is isomorphic to G.

Problem 47  Show that If G is a simple graph with n vertices, then the union of G
and G¢is K.

Solution: The union of G and G¢ contains an edge between each pair of the n vertices
Hence this union is K.

Problem 48  show that a simple graph G with n vertices is connected if it has more

(n—1)(n-2)

n —_—mm
P

e

tha edges.

Solution: Suppose that G is not conn. 1. Then it has a component of k vertices

for some k,1 < k < n — L. The most dges G could have is ke, + (n — k)¢, =
- k + nz-n
S —n

2

Mktk= D+ —k)n—k = D] =4*

&l

n- —n

This function f(k) = k% — nk + 3

k=lork=n-1. Hence if G is not c5nnected, the number of edges does not exceed
n—-1)n-2) 1

2
Problem 49  show that a graph G is self dual if |E| = 2n — 2 where n is the number
of vertices in G.

Solution: Let G* denote the self dual of G

is minimized at k = % and maximized at

the values of this function at 1 and at n — | namely
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Since G and G* are isomorphic
we have

rd

|E| = |E*|, IR*| =n,[V|=|V*|=n
by Euler’s formula
|[E*| == |V*I + |R*| -2
=n+n—-2
=2n +2
Problem 50 If f denotes the number of regions ina graph G

, then shown thatn > 2 + .g
Solution: We know that

3f <2|E|
SIE2 25
-2
By Euler’s formula
3
ol =1E1— 1R +22 L~ 42
=>n>2+ ;f

4.121
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Quiz Questions

1. Y0, deg(V) =
edges

(Ans: 2|E|)

in an undirected graph G with n vertices and |E|

2. The number of vertices of odd degree is

(Ans: even)
3. Y degt(v)=TL deg™(v) = ———
(Ans: |E))

4. Inasimple graph G,
(Ans: 0,n-1)
5. 8(G) £ —— < A(G)
(Ans: El>
VI
6. InaK-regular graph, §(G) = A(G) = ——
(Ans: K)
7. InaRegular graph §(G) = A(G) = ————
(Ans: EI—EI)
Vi

8. Is the degree sequence (1, 2, 3, 4) is graphic?

< deg(v) <

(Ans: No)

9. Ina simple graph |E| <
(Ans: [Vc,)

10. InK,, |El= ———

VIV =1)
(Ans. ——————2 )

11. Every complete graph is

(Ans: regular)
12. K3 is ————— bipartite
(Ans: not)
13. A(G) = A'(G') &= G and G' are

(Ans: isomorphic to each other)




14.

15.

16.

17.

18.

20.

22.

23.

24.

25.
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Euler’s formula: |V| -~ |E| + |R| = ————

(Ans: 2)

A complete graph K,, is planar <=» n <

(Ans: 4)

A complete graph K p isplanar <= m < — — — — — — — — — — — or
NS —————— —— — — — :

(Ans: 2)

A graph G is non planar <=3 if it contains a subgraph — K3 30rKs

(Ans: homeomorphic)

A nondirected multigraph has an Euler path < it is conncected and has —-
or exactly ————— vertices of degree

(Ans: 0, 2, odd)

A nondirected multigraph has an Euler circuit <= it is connected and all of its
vertices are of ———— degree :

(Ans: even)

In Grin berg’s theorem ﬁ;(i - .2)(r,~ -rl)= ———
(Ans: 0)

x(Kn) =

(Ans: n)

X{Km,n) =

(Ans: 2)

x(G) < ——— always
(Ans: [V])

x(G) £ ——— always
(Ans: 1 + A(G))

x(K3) = ————

(Ans: 3)
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26.

27.

28.

29.

30.

Kynr has ———— edges
(A: mn)
If A is the adjacency matrix of the digraph G then for each K > 0, A K is the

adjacency matrix of the diagraph of ———— of G
(Ans: K-stage paths or paths of length K')

Let A be the adjacency matrix of a graph G with m vertices and Let

m
B,,,:ZA’

=1
Then G is ——— <= if By, has no zero entries
(Ans: Strongly connected)
A graph is bipartite <= if it can be coloured with ————— colours
(Ans: two)
A graph is bipartite < it has no circuit of ——— length
(Ans: odd)



5. Trees

1. Introduction

Trees form one of the most widely used subclasses of graphs. In Computer Science,
trees are useful in organizing and relating data in a data base. Trees arise in many
practical applications; frequently they occur in situations where many elements are to
be organized into some sort of hierarchy that expresses what is more important, what
must be done first, or what is more desirable. The concept of Tree is very important in
Computer Science, in maintaining the files and directories by OS, in system Software for
parsing the expressions. Trees were discovered by kirchoff while investigating electrical
networks. Cayley used them to enumerate isomers of saturated hydrocarbons. Apart from
all these, Trees have many applications.
Now, we introduce the basic terminology of trees.

2. Trees and thoir properties
Definition 2.1 A tree is a connected, undirected, simple acyclic graph. In other words,

a tree is a simple graph G such that there is a unique simp:2 undirected path between
each pair of vertices of G.

Example 2.1

G, G, and Gy are trees

G, Gs

G4 and G5 are not trees, Since they have cycles.

Definition 2.2 A rooted tree is a tree in which a particular vertex is designated as the
root.
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Definition 2.3 A rooted tree 1s a directed tree if there is a root from which there is a
directed path to each vertex of the tree.

Example 2.2

——— root

A directed, as well as rooted tree.

Definition 2.4  The level of a vertex v in a (rooted) tree is the length of the simple path
from the root.
The height of a rooted tree is the maximum level number that occurs.

Example 2.3

V4 y Vs Vg V7

The vertices vy, va, v3, v4, Vs, Vg, v7 in the rooted tree are on levels 0, 1, 1, 2,2,2,2
respectively. The height of the tree is 2.

Definition 2.5 A tree T with only one vertex is called a trivial tree otherwise T is a
nontrivial tree

Note 2.1  In a directed root, there is exactly one root. In a tree any vertex may be
designated as root. -

The definition of tree mentioned above applies to undirected graphs as well as directed
graphs

Trees have many equivalent characterizations, any of which can be taken as the
definition. Such characterizations are useful because we need only tc verify that a graph
satisfies any one of them to prove that it is a tree

Now, we discuss a few interesting properties of trees
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Theorem 2.1 A simple undirectec graph G is a tree if and only if G is connected and
contains no cycles. - N

Proof: Suppose that G is a tree. Since each pair of vertices are joined by a path, G is
connected. If G contains a cycle containing distinct vertices u and v, then u and v are
Jjoined by at least two simple paths, the one along one portion of the cycle and the other
path completing the cycle. This contradicts the hypothesis that there is a unique simple
path between u and v, and thus a tree has no cycles.

Conversely, Suppose that G is connected and contains no cycles. Let a and b be any
pair of vertices of G. If there are 2 different simple paths P; and P, from a to b, then
we can find a cycle in G as follows: Since P) and P; are different paths there must be a
vertex vy (possibly v; = a) on both paths such that the vertex following vy on Py is not
the same as the vertex following v; on P,. Since P; and P; terminate at b, there is a first
vertex after vy, call it vy, which Fy and P; have in common (possibly vy = b). Thus,
the part of Py from vy to v together with that part of P; from vy to vy form a cycle in
G. This contradicts the assumptior. that G has no cycles. Therefore, G has exactly one
path joining a and b. ]

Corollary 2.1  If G is a nontrivial tree then G contains at least 2 verties of degree |.

——— = —

+ Proof: Letn = the number of vertices of G. By the sum of degrees formula,

> deg(v) = 2{E| =2(n — 1) =2n — 2.

=]
Now if there is only one vertex, say v| degree |, then

deg(v;) = 2fori =2,...,n

n n
and d deg(v) =1+ Y deg(v,) = 1+4+2n—-2=2n—1
1=1 =2

= 2n-2>2n-1

or -2> -1
a contradiction.
Hence the theorem. O

Corollary 2.2  If 2 nonadjacent vertices of a tree T are connected by adding an edge,
then the resulting graph will contain a cycle

Theorem 2.2 A graph'G is atree <= G hasnocyclesand |E| = |V|— .
P —_— —_

~

Proof: From previous theorem, we already proved one half of the theorem. To prove
the other half we need only show that if G has no cycles and |E| = |V]| — 1, then G is
connected. Assume that G is not connected

Denote by Gy, Gy, ..., G the components of G, where K > 1.
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Let |V,| = the number of vertices of G,.

Now each G, is a tree, for G, is connected and G, contains no cycles, since G does
not.

Thus G, has |V;| — | edges.

Hence Ghas (|Vi| = D+ (Vo =D+ ...+ (Ve = 1)

=|Vil+Val+... +1Vkl - K
= |V| - K edges

By hypothesis, G has |V| — 1 edges.
Thusk =1lie.,,C(G)=1 .. G isconnected. 0
All the above theorems can be stated as follows
Let T be a graph with n vertices. The following are equivalent

(a) T isatree
(b) T isconnected and a cyclic
(¢) T iscuinected and has n — 1 edges

(d) T isacyclic and has n — | edges

ie., (a) = (b) = (¢) = (d) = (a).
Theorem 2.3  Every tree contains exactly one central vertex or two adjacent central
vertices. o
Proof: Let T be a tree on n vertices. Theorem will be proved by induction on n If
n = ] or 2, then the result is trivial.

Assume that the statement of the theorem holds good for lesser values of n(n > 2).

Every tree contains atleast two end vertices.

The distance from any vertex x to the vertex y is maximum if and only if y is an end
vertex of 7. Moreover, there is a unique path between x and y in 7.

Hence removal of all the pendent vertices of the T reduces the eccentricities of every
other vertices exactly by one. Let T! be a tree obtained by removing all the pendent
vertices of 7. Then central vertices of T'! are the same as that of 7. Repeating the

process of deletion we get a nested trees 7!, 71! .. Finally we get K graph. The end
vertices of K are the central vertices of the tree 7. As these are adjacent, we conclude
that the central vertices are adjacent. O

Definition 2.3 A connected graph G 1s said to be minimally connected if removal of
any one edge from G disconnects it.

Theorem 2.4 A graph is a tree <= it is minimally connected.

Proof: Let G be airee
To prove G is minimally connected, let us assume that G is not minimally connected,
that is removal of the edges from the graph does not disconnect it.
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= The edge is in some cycle, which is a contradiction to the statement that the graph
G is a tree.

Conversely, G is minimally connected.

To prove G is a tree.

Since G i1s minimally connected = G is connected and removed of one edge
disconnects the graph.

= G is a tree. a

3. Spanning Trees

Definition 3.1 A tree T is a spanning tree of a graph G is T is a subgraph of G that
contais all of the vertices of G.

Example 3.1

a spanning treef G
A spanning tree that is a directed tree is called a directed spanning tree of G

Definition 3.2  In general, if G connected graph with n verties and m edges, a
spanning tree of G must have n — 1 edges. Hence the number of edges that must be
removed before a spanning tree is obtained must be m — (n — 1) = m —n + 1. This
number i5 catled the Circuit rank of G

Example 3.2
a

D

b

Circuit rank = 6 — 5+ | = 2 i.e., to form a spanning tree two edges will be deleted
such that the obtained graph does not contain any cycles further.

e
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deleting {a, d}, {d, e} edges, we have the spanning tree

a d

—

Kirchhoff Theorem 3.1 — -

Let A be the adjacency matrix of a connected graph G and M be the matrix obtained
from the adjacency matrix of a connected graph G by changing all I's to —1 and each
diagonal O to the degree of the corresponding vertex. Then the number of spanning trees
of G is equal to the value of any cofactor of M.

Example 3.3  Consider the graph whose adjacency matrix is

0

bt et (O
O O =

1
| 1
1 0
I 0
The matrix specified in Kirchhoff’s theorem is

3 -1 -1 -1
-1 3 -1 -1

M=l 1 1 2 o
-1 -1 0 2
3 -1 -1~
The (1, 1) cofactor of M is +det | —1 2 0 |=3@)+1(-2)+(—-1)2=28
-1 0 2

Kirchhoff’s theorem guarantees that all the cofactors of M equal 8. Again (2, 3) factor
of M is 8.

Thus there are eight spanning Trees in the graph
Theorem 3.2, Anundirected graph G has a spanning tree if and only if G is connected.

Proof: Suppogg that a graph G has a spanning tree 7.
Let a and b be verties of G. Since a and b are also verties in T and T is a tree, there
is a path P from a to b. s
However, P also serves as a path from a to b in G; thus G is connected.
Conversely, Suppose that G is connected. If G is acyclic, then G is a tree.
Suppose that G contains a cycle. We remove an edge (but no vertices) from this cycle.
The graph produced is still connected. If it is acyclic, we stop. If it contains a cycle,
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- we remove an edge from this cycle. Continuing in this way. We eventually produce an
acyclic, connected subgraph T. By known theorem, T is a tree. Since T contains all the
vertices of G, T is a spanning tree of G. a

Note 3.1 The complete graph K, has n"~2 different spanning trees.
Definition 3.3  Let T be a rooted tree with designated root vg. Suppose that « and v

are vertices in T and that vy — vy ... — vy, is a simple path in T. Then
(a) v,_ is the parent of v,
(b) wvg,vy,...,u,_1 are the ancostors of v,
(c) wvpisachild of v,_y
(d) If uis an ancostor of v, then v is a descendant of u.
(e} If « has no children, then u is a leaf of T
(f) If visnota leaf of T, then v is an internal vertex of T

(g) The subgraph of T consisting of v and all its descendants with v designated as
a root, is the subtree of T rooted at v.

Example 3.3

The parent of ¢ is b. The Children of g are h, i and j. The siblings of h are i and -
The ancestors of e are ¢, b & a. The descendants of b are ¢, d & e. Intemal vertices are:
a,b,c, g, h and j leaves (or) terminal vertices are: d, e, f, i, k,/ and m.

The subtree rooted at g:

A
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4. Bresa:ith-First & Depth - First Spanning Trees -

By e previous theorem, an algorithm for finding spanning trees by removing edges
from simple cycles, is inefficient, Since it requires that simple cycles to be ideified.
Instead of constructing spanning trees by removing edges, Spanning trees can be built
by sucessively adding edges. Two algorithms based on this principle will be presented
here. They are Breath-First search (BFS) and Depth-first search (DFS) algorithms.

4.1 BFS algorithm

The idea of BFS is to visit all vertices sequentially on a given level before going onto the
next level

Procedure Arbitrarity choose a root from the vertices of a graph. Then add all edges
incident to this vertex, such that the addition of edges does not produce any cycle. The
new vertices added at this stage become the vertices at Level 1 in the spanning tree,
arbitrarity order them. Next, for each vertex at Level 1, visited in order, add each edge
incident to this vertex to the tree as long as it does not produce any cycle. Arbitrarity
order the children of each vertex at level 1. This produces the vertices at Level 2 in the
tree. Follow the same procedure until all the vertices in the tree have been added. The _
procedure ends, since there are only a finite number of edges in the graph. A spanning
tree is produced since we have produced a tree containing every \ertex of the graph.
Example 4.1  Use BFS to find a Spanning tree for the graph

Solution:

(i) Choose the vertex ‘a’ as the root.

a
e}

(i) Then add all edges incident with all vertices adjacent to a, so that edges
{a, b}, {a, d} are added. The vertices b, d are at Level 1 in the tree



-

(iii)

@iv)
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Next, add the edges from these vertices at level 1 to adjacent vertices not already
in the tree. Hence, the edges {b, ¢}, {d, h} {d, e} are added. Now c, h. e are at
the level 2.

h

Next, add the edges from these vertices to adjacent vertices not already in the
graph. Hence the edges (c, f}, {h, i} {h, k) are added, don’t add (e, i}, {e, f}.
Since adding this edge produce a cycle. Now i, f, k are at level 3.

.". The spanning tree is
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4.2 DFS algorithm

The idea of DFS is proceeding to higher levels successively in the first opportunity. Later
we back track and add the vertices which are not visited.

Procedure Choose a vertex as the root of the spanning tree T arbitrarily. Form a path
starting at this vertex by successively adding edges where each new edge is incident with
the last vertex in the path and the vertex not already in the path. Continue this process
by adding edges to this path as long as possible without producing any cycles.

If the path goes through all the vertices in the graph, then the tree is a spanning tree.
Otherwise more edges must be added, move back to next vertex to last vertex in the path
and if possible, form a new path starting at this vertex passing through vertices that are
not already visited. By this also, if all the vertices are not visited, move back to another
vertex and try again. Repeat this process beginning at the last vertex visited. Moving
back the path one vertex at a time forming new paths that are as long as possible.

Until no more edges can be added. This process ends at the production of a spanning
tree.

Example 4.2  Use DFS to construct a spanning tree

(i) Start with the vertex a, build a pai H. ¢
by successively adding edges inci-
dent with vertices not already in the d >¢ i
path, as long as this is possible. l
h 1 ]
This producesapatha —b—e¢—~ f —g—i—h—d—e
a b c
O O ]

(i1) Now back track to d. There is
no path beginning at d containing
vertices not already visited. So
move back track to & and form
the path h — k — m. Now back
track to K, and h, and : and
then form the path j — g — /.
This produces the spanning tree
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4.3 Algorithm BFS

BES for a spanning tree T.

Input : A connected graph G with vertices labelled vy, va, ... v,

Output : A Spanning tree T for G

Step | : Let vy be the root of G. For the set V = {v;}.

Step 2 : Adding the new edges. Consider the vertices of the graph in order, consistent
with the original Labelling, then for each vertex x € V add the new edge (x, v} to T,
where & is the mintmum index such that adding the edge {x, vk} does not produce any
cycle.

If no edge can be added, then STOP. Then T is a spanning tree for G.

After all the vertices of V have been considered in order, go to step 3.

Step 3 : Replace V by all the children v in T of the vertices x of v where the edges {x, v}
were added in Step 2. Go back and repeat step 2 for the new set V.

4.4 Algorithm DFS

DFS for a spanning Tree 7.

Input : A connected graph G with vertices labeled vy, vy, ... vy

output : A spanning tree 7 for G

Step 1 : (visit a vertex) Let v be the root of T and set L = v (The name L stands for
the vertex Last Visited)

Step 2 : (Find an unexamined edge and an unvisited vertex adjacent to L). For all vertices
adjacent to L, choose the edge (L, v}, where K is the minimum index such that adding
{L, vk} to T does not create a cycle. If no such edge exists, go to step 3; otherwise add
edge {L, vk} to T and set L = vk ; repeat step2 at the new value for L.

Step 3 : (Back track or terminute) If x 1s the parent of L in T set L = x and apply step
2 at the new value of L. if on the otherhand, L has no parent in T (so that L = Vi) the
DFS terminates and 7T is a spanning tree of G.

Note 4.1  whenever the given connected graph G is with labeled vertices
vy, V2, ..., Uy; U1 be the root of the spanning tree T, and selecting the next vertex
with minimum index, we wiil get a unique spanning tree either by DFS or BFS.

5. Minimal Spanning Trees (MST) /

Let us consider simple connected graph G, in which each edge e has been assigned some
real number ‘w’ called its weight. Then G together with these weights on its edges is
called a connected weighted graph

Definition 5.1 A minimal spanning tree of G is a spanning tree of G with minimum
weight.
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Now, we describe an algorithm to find or construct a MST. The algorithm is known
as Kruskal’s Algorithm.

5.1 Kruskal’s Algorithm For finding a MST

Input : A connected weighted graph G 0

Output : A minimal spanning tree for G

Step 1 : Select any edge of minimal value that is not a loop. This is the first edge of T (If
here is more than one edge of minimal valule, arbitrarity choose one of these edges).
Step 2 : Select any remaining edge of G having minimal value that does not form a circuit
with the edges already included in T

Step 3 : Continue step 2 until T contains n — | edges, where n is the number of vertices
of G.

Note 5.1  Simply, choose an edge in the graph with minimum weight, add the edges
successively having minimum weight that do not form any cycles. Stop after (n — 1)
edges have been selected.

Example £.1.1  Use Kruskal’s Algorithm to find MST

AR
—-\\ﬁ/'

Solution:

edge | cost
vy — V3 5
vp—vg | 6
vg —v3 | 10
vy —ve | 1l
vg —vg | 14
vy — V] 16
vg—vs | 18 Y
vs—vp | 19
vy — Vg 21
vs —uvg | 23
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(i) Choose the edge v; — vy

V2

V3
(11) Add the Next edge with min. wt.
V2
5
6
v3
V4

(i) Reject the edge vg — v3, because 1t will forms cycle
(iv) Add the edge vy — vg

Reject v4 — vg, since it forms cycle
(v) Similarly, adding the edges, vy — vy, v4 — U5
' <

Vi 16 )

All the vertices of G are covered, therefore we stop the algorithm

Cost (or) Weight of MST =5+6+ 11+ 16+ 18
=50

Example 5.1.2  Give a MST of the following graph by using Krus’ 1l’s algorithm

7
20 12
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Solution:

3 Minimum cost of MST = 3+4+7+10
10 -

/
6. Tree Traversals

We can use trees to store information in a computer. Therefore, some procedures are
needed for a accessing the information easily (or for visiting each vertex easily).

BFS and DFS provide ways to walk a true, that 1s traverse a tree in a systematic way sc
that each vertex is visited exactly once. Now, we consider three additional tree traversal
methods. We define these traversals recursively. They are :

(1) Pre-order traversal

(2) In-order traversal

(3) Post-order traversal

6.1 Pre-order traversal

If T is an ordered rooted tree with roat r. If T consists only of r, then r is the preorder
traversal of T. Otherwise Suppose that Ty, T3, ... , Ty are the substrees at r from left to
right in 7. The preorder traversal begins by visiting r. It continues by traversing 7} in
preorder, then 73 in preorder and so on until 7, is traversed in preorder.

r Stepl : Visitr

Step 2: Step 3: Step n+1:
visit T visit T visit Ty
in preorder in preorder in preorder

Preorder traversal : visitroot, visit substress left to right in preorder



Trees 5.15

- Example 6.1.1  Visit the following in preorder

Solution:

abejknop fcdg! mhi . Preordertraversal of T.

6.2 Inorder traversal

Let T be an ordered rooted tree with r. If T consists only of r, then r is the inorder
traversal of T. otherwise suppose T}, Ty, ... , T, are the subtrees at r from left to right.

r Step 2 : Visitr

Step 1: Step 3: Step n+l:
visit Tl visit Ty visit Tn
in inorder in inorder in inorder
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The inorder traversal begins by traversing T} in inorder, then visiting r. It continues by .,
traversing T» in inorder, then T3 in inorder, - - - and finally T, in inorder.
In order traversal: Visit left most subtree, visit root, visit other subtrees left to right.

Example 6.2.1  Visit the following Tree in inorder

Solution:
a
ooC d
g i
h -
] m
fac 8 d h i
ooc/\jc,oo
k
J ] o
n o p
] e k b f a ¢ d & 1 m h i
!/i\) oo o 0 0o 0o o o o o
n o p
jenkoph faclgmdhi: Inordertraversal of T.
L}

6.3 Post order traversal

-

Let T be an ordered rooted tree with root r. If T consists only of r, then r is the post
order traversal of T. Otherwise. Suppose that 77, T2, ... , T, are the subtrees at r from
left to right. The post order traversal begins by traversing 7] in post order, then 7 in
post order . .. then T, in post order, and ends by visiting r.
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r Stepn+ | :Visitr

\

Tl)

'

Step |: Step 2: Step n:
visit T, visit T visit T,
in pesiocder in postorder ' in postorder

Post order traversal: visit subtrees left to right, visit root

Example 6.3.1  Visit the Tree in the previous example in post order.

Example 6.3.2
v Preorder:
Inorder:
Post order:

Solution:
c
o b I3 d g
f
a g n ‘
j k ] m
f 0 p
€ f b ¢ g h 1 d a
o O O 0O o0 o0 O
j k /\J
1 m
n [} p
k e f b ¢ | m £ h i d a
i A} O 0 0O 0O 0O OO 0O 0O 0O
n o P
j n o p k e f b c | m g h i d a:postordertraversalof T

Write the preorder, inorder, post order traversal of the following Tree

abdhiecfjkg
hdibeajfkcg
hidebjkfgca
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Example 6.3.3  Write the preorder, inorder, post order traversal of the following Tree

preorder: + A +xy2/ — x43
Inorder: ((x + A 2) + ((x - 4)/3)
postorder: xy +2 A x4 —3/+

7. Special Trees

Definition 7.1 A binary tree is arooted tree in which each vertex has either no children,
one child or two children. If a vertex has one child, that child is designated as either a left
child or a right child (but not both). If a vertex has two children, one child is designated
as left child and the other child is designated as right child.

Example 7.1

A binary Tree ’ .,

Vertex b is the left child of vertex a and vertex c is the right child of vertex a. Vertex d
is the right child of vertex b; vertex b has no left child. Vertex e is the left child of vertex
e; vertex ¢ has no right child.
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Note: If a binary trce of height 4 has t terminal vertices, then
log,{(ty <h

1.e., if & =3 and the number of terminals t = 8 (maximum).

Definition 7.2 A full binary tree is a binary tree in which each vertex has either two
children of zero children.

Theorem 7.0 If 7 is afull binary tree with / internal vertices thicn T has i 4+ 1 terminal
vertices and 21 | 1 iotal vertices.

Proof:  The vertices of T consist of the vertices that are children (of some parent) and
the vertices that arc not children (of any parent). There is one nonchild-the root. Since
there are [ internal vertices, each having two children, there are 2i children. Thus the total

number of vertices of T is 2i +1 and the number of terminal verticesis (2i+1)—i = i +1.
0

Binary trees are used extensively in computer science to store elements from an ordered
set such as a set of numnbers or a set of strings.

If data item d{(v} 1s stored in vertex v and data item d(w) is stored in vertex w, then
if v is a jeft child (or right child) of w, Some ordering relationship will be guaranteed to
exist between d(v) and d(w).

Defivition 7.3 A binary search tree is a binary tree 7" in which data are associated
with the vertices. The data are arranged so that, for each vertex v in T, each data item in
the left subtree of v is less than the data item in v and each data item in the right subtree
of v is greater than the data item in v.

Binary search trecs are useful for Locating data. That is, given a data item D, we can
casily d=termire if D is in a binary search tree and if it is present, where it is Located.

Kxampi>72  Draw the BST for the data given below taken in that order: (i) 17, 23,
4,7,9.1% 15,6.2,37.99

Naintion:
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Example 7.3 (i) 40, 20, 30, 50, 45

40

50

20 45

30 F

8. Some Applications of Trees, Binary Trees
8.1 Representation of algebraic expressions by Binary Tree

We can represent algebraic or arithmetic expressions involving the operators +, —, *, /
and 1 (exponentiation) by Binary Trees i.e., (ordered rooted) Binary Trees. Where the
internal vertices represent operations, and the leaves represent the variables (or) numbers.
Each operation operates on its left and right subtrees (in that order).

i.e., a (operation) b can be diagrammed as —_

operation

Note 8.1.1 When the operation is not ‘+’, a (operation) b is different from b
(operation) a.
A binary tree for an algebraic expression can be built from bottom up scheme.

Example 8.1.1  What is the Binary tree that represents the expression
(x+y)12)+ ((x—4)/3)?

Solution: The binary tree for the above expression can be built from bottom up
scheme. First, a subtree for the expression x + y is constructed. Then this is incorporated
‘as part of the larger subtree representing (x + y) 1 2. Also, a subtree for x — 4 is
constructed and then this is incorporated into a subtrec representing (x — 4)/3. Finally
the subtrees representirg (x + y) 1 2 and (x — 4)/3 are combined to form the binary

‘ee (ordered rooted tree) representing

(x4 12) + ((xc ~4)/3).
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Now the binary tree is:

8.2 Prefix, Infix and Post fix Netations of an arithemetic expression

We can represent expressions in three differeni ways. They are Infix, Prefix and Post fix
forms of an expression.

8.2.1 Infix Notation

The Infix form of an algebraic expression is the inorder traversal of the binary tree repre-
senting the expression. It gives the original expression with the elements and operations
in the same order as they originally occured. That is, in the infix form of an expression,
an operator appears between its operands.

Example 8.2.1.1  Give the infix form of the expression

X
(x +xy) + (—)
y

Solution: The corresponding Binary tree is

Infix form: ((x +(xxy) + (%))

Note 8.2.1.1  To make the infix forms of an expression Unambiguous it is necessary
to include parentheses in the inorder traversal whenever we encounter an operation.
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8.2.2 Prefix Notation

The Prefix form of an expression is the preorder traversal of the binary tree representing
the given expression. Expressions written in prefix form are said to be in polish Notation.
The expressions in prefix notation are unambiguous, so that no parentheses are needed
in such expressions.

Example 8.2.2 1  Give the prefix form of the expression
((x+y)12)+ ((x — 453

Solution: We can get the prefix form for this expression vy traversing the binary
tree that represents it:

Prefix form of the above expression is + + +xy2/ -~ x43.

8.2.3 Postfix Notation

The post fix form of an expression is the post order traversal of the binary tree representing
the given expression. Expressions written in post fix form are said to be in reverse polish
Notation. Expressions in reverse polish Notation are Unambiguous, so that parentheses
are not needed.

Example 8.2.3.1  What is the post fix form of the expression
((x+y) 12) +((x—4)/3)

Solution: The Binary tree representing the above expression is:
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Now, By traversing the above binary tree in postorder, we have the post fix notation of
the given above expression:
xy+24+x4-3/+.

Example 8.2.3.2  Represent the expression as a binary tree and write the prefix and
post fix forms of the expression

[(A+B)yxC+DI*E]~[(A+ B)*C - D].
Solution: Binary Tree:

Prefix: —*x+%x+4+ABCDE +x+ ABCD
Postfix: AB+C*D+E*AB—&:C*D+—

8.2.4 Evaluating postfix form and prefix form of an expression

(i) In the prefix form of an expression, operator precedes its two operands. Hence
we can evaluate an expression in prefix form by working from right to left.
When we encounter an operator, we perform the corresponding operation with
the two operands immediately to the right of this operation. Also whenever an
operation is performed, we consider the result as a new operand.

Example 8.2.4.1  What is the value of the prefix expression
+ — %235/ 4 2347

Solution: The steps used to evaluate this expression by working right to left
and performing operations, using the operands on the right

+— %235/ 123 4
S
243=8

+ — %235 /84

S——

j=2
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+ — %23 52 -
——
2x3=6

.. value of expression is 3.

(ii) In the post fix form of an expression, a binary operator follows its two operands.
So, to evaluate an expression from its post fix form, work left ro right, Carrying
out operations. Whenever an operator follows two operands. After an operation
is carried out, the result of this op.:ation becomes a new operand.

Example 8.2.4.2  What is the value of the post fix expression
723 % —4 + 93/47?

Solution: The Steps used to evaluate this expression by starting at the left -
and Carrying out operations, when two operands are followed by an operator are
shown in:

7 & -4 193/ +
2x3=6
76— 4 193/ +
e
T—6=1
14 493/ 4 (+— exponentiation)
—
14=1
193/ +
S

13+
——
1+43=4

Value of the expression is 4.

8.3 Parsing Trees

To every statement formula, we can associate a tree, called a parsing tree. This is a tree
whose vertices are labelled by a formula. Before giving the definition of the parsing tree
of a formula, we explain the process of drawing the parsing tree.
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- Procedure to draw the parsing tree:

Step 0: If ¢ is the given formula take a vertex and label it as ¢.

Step 1: If ¢ is (7¢)) for some formula ¢, then take a vertex such that the new vertex is
vertically down to the vertex ¢|. And Label the new vertex by ¢, and join the vertices ¢
and ¢; by an edge (going downwards).

Step 2: If ¢ is (¢) A @) or (] V ) or () — ¢7) or (¢p] F2¢7) then take two new
vertices, both of them are down to the vertex ¢, but one new vertex is to the left of the
vertex ¢ and the other new vertex is to the right of the vertex ¢. The new vertex which
is to the left of ¢ is labelled ¢ and the other new vertex is labelled ¢. The vertex ¢ is
joined to the vertices ¢ and ¢, by edges (i.e., by one edge going down and to the left of
¢ and the other edge going down and to the right of ¢). Mark the angie at ¢ with A or v
or — or «= respectively.

Step 3: Repeat the steps 1 and 2 for ¢; and ¢, till we get vertices for all the atomic
variables that occur in the given formula.

This process will automatically give a tree.

Example 8.3.1  Draw the parsing tree for the formula

- [(P—("Q) = (PArO)]
Solution:

¢:[(P— Q) — (PAQ)]

¢ is ($) — ¢2) where ¢ : (P — (7)) and
¢2:(PAQ)

Connective :~—»

@1 is (3 — P4) where ¢3 : P
¢q: 0

Connective :—

@) is (¢5 A ¢g) where ¢s - P
$6 @ Q

Connective : A

Now parsing tree for [(P — (7Q)) — (P A Q)]
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[(P=>(~Q)—> (P~Q)]

P->(7Q)

Example 8.3.2  Draw the parsing tree for the formula

(P AQ > P)))

solution
T (PA(QP))

[M(PAQ—P))

Example 8.3.3  Find the statement formula whose parsing tree is given below:

Statement formula: {P A Q) A[TW(R Vv Q)].
Note 8.3.1 A Labelled tree is a parse tree if

1) there are atmost two downward edges from every vertex v and exactly two
downward edges from v if the label of v is A, vV, — or <.
ii) there is atmost one upedge from any vertex and exactly one upedge from v if the
label of v is 7.
ni) the label of a bottom most vertex is an atomic statement variable.

8.4 Conversion of a tree to Binary tree

Every tree can be uniquely represented by a binary tree. Now, we show how one can
obtain a binary tree which represents a given ordered tree.
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Step 1: Delete all the branches except the leftmost branch in all the vertices.

Step 2: Draw edges from a vertex to the vertex on the right, of the same parent if any
which is at the same level.

Step 3: Once this is done, then for any particitlar vertex, we choose its left and right child
in the following manner

i1y Vre left child is immediately below the given vertex and

(11) the right child is on the same horizontz! line.

txampie 8.4.1  Convert the following tree into binary tree

» Solution:
Step 1:

3 5
el o o /:J o
9 10 11 12

6 1 ¢

Step 2: Connecting the verticas at the same level we have

I
3 4 s
2
_ .
_——0
6 7 g 9 10 1 12

Here we can’t connect 8 to 9, 9 to 10 because, their parents are different, eventhough
they are all at same level.
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Step 2:

Example 8.4.2  Convert the following tree into binary tree

Solution:

Qo
o
o

9. Fundamental circuits

Let T be a spanning tree of a graph G. Then the edges of G that are in T are called
branches of G. The edge of G that is not in T is called a chord of G with respect to T.

The get of all chords of G is called chord set.
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We have T is an acyclic graph and addition of an edge between any two vertices of T
gives exactly one circuit.

Definition 9.1  Any circuit of G that can be obtained by adding a chord to the spanning
tree is called a fundamental circuit of G.

Example 9.1

Spanning Tree T : dotted lines

The branches of G are : ab, ac, cd
The chords of G are 1 be, bd
The circuits of G are tabca, abdca and cdbc

Addition of the chord ¢b to the tree T yields the circuit acba
Addition of the chord bd to the tree T yields the circuit acdba
Fundamental circuits are acba and acbda

Theorem 9.1 A nonempty intersection of two fundamental circuits is always a path.

Proof: With respect to some specified spanning tree 7. Let e; and e be two chords
forming fundamental circuits Cy and C; respectively. Then if C; M C, contains two edges
x and y not connected in Cy N C; there is a path P and C| between x and y (thatis a
path between one of the end vertices of edge x and one of the end vertices of edge y);
and this path does not contain a chord e[. Similarly, there is a path P; in C; between x
and y that does contain chord e;. Then the subgraph P} U P> U {x, y} contains a circuit
without containing any chord, which is impossible. o

Corollary 9.1.1  Ina graph G if edges a and b belong to a fundamental circuit C; and
if edges b and c belong to another fundamental circuit C, suchthata ¢ C, and ¢ ¢ C,,
then there exists some circuit C in G such that @ and ¢ both are in C.

Definition 9.2  For any graph G of order n and size e, the number of edges to be
removed to make it acyclic is called Nullity of the graph and isequal tou = e —n + 1.

_Definition 9.3  The complement of nullity is called rank (r) t.e., the number ofcl;ords
in any spanning true of the graph G andr = n — 1.
Thus Rank of G + nullity of G = total number of edges of G.

Theorem 9.2 A set S of edges is a cutset of a connected graph G if and only if § is
minimal and contains atleast one branch of every spanning tree of G.
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Proof: Let S be a cut set of (. Let T be a spanning tree of G. Suppose § does aot =
contain any branch of 7. Then all the edges of T present in G — S. Thus G — § 15 a
connected graph, a contradiction to the fact that S is a cut set.

Conversely, Let S be the set of edges of G such that S contain atleast oric branch of
every spanning tree 7. having minimuri number of edges. Suppose G — § is cenneciad,
then we have G — § contains a spanning Tree 7. Further, no edges of T preseni u: 8, o
contradiction. Since * is minirna! > — § + e is a connected graph, forall ¢ - 5. Heace
S is a cutset. i)

Definition 9.4  Let 7 be a spanning tree of graph G. Then the cutset containing exactly
one branch of T is called fundamental cutset of G with respect to T,

Theorem 9.3  Every circuit of G has an even number of edges in common with any
cutset.

Proof: Let § be a cutset of G. Let C be a circuit of G. Then the graph «; ~ 5 is a
disconnected graph. and hence the vertex set V of G — S can be partitioned inwo two
subsets V| and V» such that edge in S is the edges between a vertex in V| and a vertex in
V5 in G. Thus if all the vertices of C are in V| only (orin V; only) then E(S)N £(C) = @.

If some vertices are in V| and some are in V>, then starting from a vertex of C in Vj, to
trace the entire circuit C of G, we have to travel exactly even number of times between
the sets V| and V;. These are possible only through the edges in S. Thus the riumber of ggg
edges common to C and S should be even.

Hence the proof. a

Theorem 9.4  Let 7' be a spanning tree and S be the fundamental cv..2. 1 G, deter-
mined by branch e with respect 1o 7. Then the edge e contained in 2 fundamental circuit
C of G wiih respect to 7" 1f and only if C is the fundamental circuit of G determined by
a chord in §.

Proof: [Let T be a spanning tree and S be the fundamental cuisev of G, determined
by branch e with respect G. Then S == {e, e, ep,...ex}, where ey, e7... e, are the
chords with respect to 7. Let e, be a chord of G with respect to 7. Let C be the

7R

fundamenial circuit of G determined by the chord e. Then E(C) = {ec, e}, ¢!, ... €}
where ] ¢}, .. (,/ are branches of T.

Let the branch e € E(C). Thene € E{C)N Sand e = ef for some i, ' - - B
But the number of edges common to a cutset S and a circuit of G iy alway: gven {sze
previous theorem) it implies thal there exists one more edge of & consmnon 0 C and S
other thay ¢. However the only possible common edge in § and € other thai e is a chord
e {obs=rve: chord cannot be a branch). Thus e, € 5. Thus C i« the fondeme:tal circuit
determined by the chord e, belonging to S.

Conversely, Let T be a spanning tree and S be the fundamental cutset i G, determined ™~
by brurche with respect to 7. Then § = {e, e, €3, ...e;} where e, e2...¢; are the
chords with respect to T. Let C be the fundamental circuit of G with respect to T,
Jetermined by achorde; in S, forsome i, | <i < k. Then E{c) = {e,, e’l. . e}} where

I3

T e'j are the branches of G with respect to 7.
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If possible let e is not in C. But, again as a number of edges common to C and
S is even, there exists an edge in common with § and C other than e, and e. This
implies that ¢; = ¢/, for some ¢; € Sande, € C,1 <! <k, 1 <m < j which is
contradiction, since chord e; can’t be a branch €], of G. Hence e € E(c), this proves the
theorem. a

Theorem 9.5 Let T be a spanning tree and C be the fundamental circuit set of G,
determined by chord e with respect to T'. Then the chord e contained in a fundamental
cutset S of G <= § is the fundamental cutset of G determined by branches in C.

Proof: Let T be a spanning tree and C be the fundamental circuit of G, determined by
chord e with respect to T. Then E(C) = {e, ey, €3, ..., e} where e, e, ...¢e, are the
branches with respect to T. Let ep, be a branch of T. Let S be the fundamental cutset
of G determined by the branch e;. Then S = (e, €], €3, .. .e’j} where e}, €, .. .es. are
chords of G with respectto T.

Letthe chorde € S. Thene € E(C)NSand e = e" for some i, 1 <i < j. Butthe
number of edges common to any cutset and a circuit of G is always even, it implies that
there exist one more edge of G common to C and S other than e. But the only possible
common edge in S and C other than e is a branch ep, (observe). Thus ep .€ E(C). Thus
S is the fundamental cutset determined by the branch e, belonging to C.

Conversely, Let T be a spanning tree and C be the fundamental circuit of G, determined
by chord e with respectto 7. Then E(C) = (e, €1, €2, ..., e} where ey, ea, ... , e are
the branches with respect to T. Let S be the fundamental circuit of G with respectto T,
determined by a branch ¢, in C, forsome i, 1 <i < k. Then § = {e,,e’l, .. .e'j} where

e}, ...e’ are chords of G with respect to T.

If possible Let e is not in S. But then, as a number of edges common to a cutset and
a circuit of G is even there exists on edge in common with S and C other than e, and e.
This implies that e; = e, forsome ¢; € Sande, € C,1 <! <k,! <m < j, whichis
a contradiction, since branch ¢; cannot be a chord ‘e, of G. Hence e € S. This proves
the theorem. a

Example 9.1  Consider the graph shown below. The spanning tree T is shown with
dotted lines (broken lines)

The branches of G are: e[, e2, e4, €5, €7, €109. €1}, €12 and e}3
The chords of G are: e3, €g, eg and eg

- The edge set of the fundamental circuit due to chord e3 1s Cy : {ey, €3, 4, €3}
The edge set of the fundamental circuit due to chord eg is C7 : {e4, €7, €12. €13, €. €6}
The edge set of the fundamental circuit due to chord eg is C3 : {es, €7, eg. €0}

The edge set of the fundamental circuit due to chord eg is C4 : {e9, €y, €12, €3}

. fAL m Y g
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The fundamental cutset due to branch
The fundamental cutset due to branch
The fundamental cutset due to branch
The fundamental cutset due to branch
The fundamental cutset due to branch
The fundamental cutset due to branch
The fundamental cutset due to branch
The fundamental cutset due to branch

The fundamental cutset due to branch

Now the observations are

e1is 8
ex1s Sy
eqis Sz
es518 84
e71s S5 ¢
e 1s Sg
ey 1s 57
€12 18 Sg ¢
€1318 Sg ;

g

{er, e3}

{e2, €3}

{eq. e3, eq)

fes, eg)

{e7. eq, egl

{e10. eg} -
(e11, e6, €9}

{e12. €6, e9)

{e13, €6, €9}

(i) ey is the chord in C; and ez lies in the fundamental cutset Sy, S; and S3 deter-
mined by the branches e}, ¢7 and e4 of C; respectively. Further e3 is not an edge

of any other cutsets of G w.r. to T.

(il) ejpisabranchin Sgandej; lies in the fundamental circuits C and C4 determined
by the chords eg and eg of Sg respectively. Further e is not an edge of any other
fundamental circuits of G with respectto T.
Reader is advised to verify the theorems for the other possible chords as well as

branches of G.

O

Theorem 9.6 A cycle and the complement of any any spanning tree must have atleast

one edge in common.

Proof: If there is a circuit that has no common edge with the complement of a spanning
tree, the circuit is contained in the spanning Tree. Which is not possiblé, since a tree

can’t contain a circuit.

D

Theorem 9.7 A cutset and any spanning tree must have atleast one edge common.
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Proof: If there is a cutset that has no common edge with a spanning tree, the removal
of the cutset will leave the spanning tree intact. This means that the removal of the cutset
will not separate the graph into two components which is a contradiction to the definition
of a cutset. a
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Exercise 2 (1) write the expression ((x +2) 4 3) * (y = 3+ x)) —5in
(a) Prefix (b) postfix (¢) infix notation

(2) What is the value of each of the following perfix expressions?
(a) + — * 33 %425

(by*+3+313+4333

(3) Find a Spanning tree for the graph shown by removing edges in simple circuits.

(&) a

(4) Draw all the Spanning trees of the given simple graph
a
b A <
(5) Use DFS to produce a Spanning tree for the given simple graph (Choose ‘a’ as

the root)
h i
O —0
c d I w
O— —O
g J

b f

a

o

(6) Use Kruskal’s algorithm to find a minimum spanning tree for weighted graph



Answer: 2

1.

2(@)l

3(a)

3(b)

(a) —* 1t +x23 —y+3x5
(b) x2+31 y3x+—%5—

© ((((x+2)13)*x(y—-G+x))—3)

(d) 2205

Trees
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Solved Problem

Problem 1  Draw all possible non isomorphic trees of order 6

Solution:

JANK7

N

Problem 2  Prove that it G is a connected graph
[Ef 21V -1
Solution: Given that G is connected, then we can have two cases :

Case:1 G is connected with no circuits
ie., G is a connected, with no circuits
. Gisatree
SO El =1V =1

Case:2 G is connected with circuits
then G has an extra edge or more edges
So on with relative to the tree
S EF > V=

From case | and case 2
lEf 2 |V]-1

Problem 3  Prove that a connected graph G is a tree & ecach edge is a cut
edge.

Solution: Let G be a tree, and we know that there is unique path between any two
vertices. Hence deletion of any edge in this path makes the graph disconnected.
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.« .. Eachedge in G is a cut edge

Conversely, Let each edge in the graph be a cut edge which implies G has a unique path
between each pair of vertices
;. Gisatree

Problem 4  Suppose that a tree has ¢ vertices of degree 1, 2 vertices of degree 2, 4
vertices of degree 3 and 3 vertices of degree 4. Find d

Solution:

Vi
> dv,) =2|E|
=1
di +4+ 12412 =2|E|
dy+28 =2(d;+9-1)
= d| =12

Problem 5  Is there a tree with | V| = 5 and 2 vertices of degree 3?
4
o Solution:  No, Since ) d(V;) = 2|V| — 2 will not be satisfied by the above data
i=1
Problem 6 Let G be a graph with K components, where each component is a tree.
Obtain a formula for | E| interms of |V | and K.

K K
Solution: Clearly |E| = Y |E;| and |V| = Y |V,| also given that each
i=1 =1
component is a tree
o |E = |Vi| — | foreach i
K
El= (Vi - 1)
i=
K K
=2 WVil=) !
l:l =
= |E|=|V|-K

Problem7  Show thata vertex V inatrce T is a cut vertex of T <= deg (V) > 1.

+~ Solution: It a vertex V in T is a cut vertex, then by deleting it the number of

components of T increases by 1, therefore it is not a leaf vertex. .. deg (V) > 1
conversely deg (V) > 1, obviously by deleting it, the number of components of T
increases by |, then V is a cut vertex.

Problem 8  Show that a tree is a bipartite graph
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Solution: Let 7 beatree. Root T at some arbitrary vertex. Le V be the set of vertices
on even levels and let W be the set of vertices on odd levels. Since each edge is incident
on a vertex in V and a vertex in W, T is a bipartite graph.

Problem 9  Find the ordered rooted tree representing the compound proposition.
TP AQ e TPV Q0

VamaN
AN

/N o

P Q P Q

Prefix ;<= T APQ Vv TTPTIQ
Postfix : PQ A TP QA & -
Infix : (T(P A Q) & (TPV(I Q) '

Problem 10  List the order in which the vertices are processed using preorder, inorder
and post order traversal

Solution:
Preorder : ABCDE
Inorder : EDCBA
Postorder : EDCBA

Problem 11  Consider the algebraic expression

[(0-9 % 2)= 2] o 0+ )

Draw a corresponding binary tree
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v

Solution:

Problem 12  Show that a graph G with n vertices and fewer than n — 1 edges is not
connected.

- Solution: Suppose G is connected. Add parallel edges untill the resulting graph G’
has n — 1 edges. Since G’ is connected and has n — 1 edges, than G’ is acyclic. But
adding an edge in parallel introduces a cycle contradiction.

Problem 13 A full many tree with i internal vertices contains n = mi + 1 vertices.

Solution: Every vertex, except root, is the child of an internal vertex. Since each of
the ¢ internal vertices has m children, there are mi vertices in the tree other than the root

Therefore The tree containts n = mi + 1 vertices.

Problem 14  Draw a binary tree whose level order indices are {1, 2, 4, 5, 8, 10, 11}

Solution:

10 11

Problem 15  Find a minimal spanning tree of the weighted graph G
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v,

15 7

’ O )
| 3
Vs

Solution: By Kruskal's algorithm

’roblem 16  Find a MST of the weighted graph G

Solution:




1

.
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Problem 17  Find a MST of the weighted graph G (by Kruskal’s algorithm)

Solution:

Problem 18  Evaluate the expression which is given in postfix notation
x2-34+423y+-w3- x=+
where x is 7,y is 2 and w is |

> Solution: %

-

Problem 19  Show that the maximum number of vertices in a binary tree of height r

is2n+!
Solution: The maximum number of vertices on level k is 2%. Hence the maximun
number of verticesis 1 +2+2%2 +...... +2" (or) 2"+ — |

Problem 20  Let T be a tree. Suppose that T has x vertices and e edges. Find the
formula relating x to e
Solution: Each vertex except the root has in degree 1
Thus e = x — L.
Problem 21  Show that the number of vertices in a binary tree is always odd.
Solution: Consider a binary tree on n vertices. Since it contains exactly one verte.
of degree two and other vertices are of degree one or three, it follows that there are n —

odd degree vertices in the graph. But the number of odd degree vertices in a graph i
even, it follows that n — 1 is even and hence n is odd.

Problem 22  Count the number of vertices of degree three in a binary tree on n vertice
having k number of pendant vertices.

Solution:  Since the binary tree contains k number of pendant vertices and one vert:
of degree two, we have total number of remaining vertices which are of degree three i
n—k—1.

Problem 23  In any binary tree T on n vertices, show that the number of pendan
vertices (edges) is equal to 1}1
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Solution:  Let the number of pendant edges in a binary tree on n vertices be k. Then
we have n — k — 1 vertices of degree three, one vertex of degree two, k vertices of degree
one and n — 1 edges. Therefore

sum of degrees of vertices = 2 x number of edges
n+1

5

Problem 24 ~ What is the maximum possible number of vertices in any k-level tree?

n—k-1)x34+1x24+kx1=2-1)=k=

Solution:  The level of a root is zero and it is the only one vertex at level zero. There
are two vertices at a level 1 that are adjacent to the root vertex. From these vertices we
can find maximum four vertices at level 2. So on to get a minimum height tree we have
to keep the vertex at higher level only after filling all the vertices in its lower level. Thus
maximum number of vertices possible for such a k level tree is

1(1 __2k+1)
1-2

Problem 25  What is the minimum possible height of a binary tree on 2n — 1(n > 1)
vertices?

n<2042V 4224 42k = =2kt

Solution: Let k& be the minimum height of a binary tree on 2n — 1 vertices. For
minimum height we have to keep maximum number of vertices in the previous level
-before placing any vertex in the next level. Thus it follows from the above problem that
= should satisfy the inequality

-1 <2042l 422 4ok <okl
ie. 2n—1<2M 1o om<oftl on <02k,
Jow taking logarithm on both sides we get
logy <k = k > log; .

Since k is an integer, this implies that the minimum value of k = [log3 1.

’roblem 26  What is the maximum possible level (height) of a binary tree on 2n +
(n > Q) vertices.

Solution: Let k be the height of a binary tree on 2n + 1 vertices. To get a vertex in
naximum level we must keep exactly two (minimum) vertices in each level except the
oot vertex. That is out of 2n 4 1 vertices one is a root and the remaining 2n vertices
an keep 1n exactly n levels. Thus the maximum height of a tree is n. Hence maximum
rossible value of & is n.

This can also be shownas 2 +2--- + 2(k times) > 2n = 2k > 2n = k > n =
aiinimum value of & 1s n).

roblem 27  Find the maximum possible height of a binary tree with 13 vertices and
raw graph of the tree.
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Solution: we have n = 13, maximum possible height of the binary tree "ﬁ—;—l = 6.
Problem 28  Find the minimum height of the tree with 9 vertices .

Solution: n =9.
The minimum height of the binary tree

Mogy(n — 1) + 17 = Tlogy (9 — 1) + 17 = 3.
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Quiz Questions

I. A tree is a Connected, Undirected, Simple graph.
(Ans: acyclic)
2. The level of a vertex v is a tree is the of the simple path from the
root.
(Ans: length)
3. ItT istree <= T hasno and
(Ans: cycles, |[E| = |V|~ 1)
4. A Simple undirected graph G is a tree &= if G is and contains

(Ans : Connected, no cycles)

5. The circuit rank of G with V| vertices and |E| edges is
(Ans: {E| = Vi+ 1)

6. An undirected graph G has a spanning tree <= G is
(Ans: Connected)

7. The value of prefix expression
+ — x235/ 1 2347
(Ans: 3)

8. The value of postfix expression -

723 x ~4 4 93/+7
(Ans: 4)

9. A connected graph has a spanning tree with edges
(Ans: |V]|—=1)

10. Is the sequence (1, 1, 2, 2, 3, 3, 3, 3,) the degree sequence of a tree
(Ans: No)

11. A forestis a simple graph with no
(Ans: circuits or cycles)

12. IfGisatreethen )  deg(V) =

allvev(G)
(Ans: 2|V = 2)
13. Is there any tree with degree sequence (1, 1, 2,2, 3, 3)
(Ans: No)
14. 1n aconnected plane (Simple) graph G with |E| > 1 then |E| <
(Ans: 3|V| —6)
I5. x(Kpn) =
(Ans:n+ 1)
16. What is the value of the following prefix expression <

x +34+343+333
(Ans: 2205)

17. The number of spanning Trees of the simple graph K3 is
(Ans: 3)



18.

19.

20.

The number of spanning Trees of the simple graph K4 is
(Ans: 4)

Any Tree can be coloured with colours
(Ans: Two)

A graph is bipartite <= it can be coloured with

(Ans: Two)

Trees 5.45
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6. Graph theoretic Algorithms

6.0 Introduction

In this chapter, we consider different types of computer inputs and outputs for a given
graph, other than the matrix from that we are studied in the previous chapters. Alsc
present some algorithms to find the spanning tree, shortest path, connectivity, planarity
and Euler cycle etc., of the graphs.

6.1 Computer representation of a graph (Input)

Generally, A graph is stored in a digital computer in one of the following five forms. Each-
has advantages and disadvantages. The choice depends on the graph, type of a problem.
type of machine, type of (computer) language in which the algorithm is to be executed,
any modification in the graph during the process.

I.  Adjacency matrix: We already defined adjacency matrix of a graph in the Graphs
chapterand observed its properties. As the adjacency matrix is symmetrical, input
of all the entries of the matrix to the computer is not necessary, instead we can
input only upper triangle entries of the adjacency matrix. The advantage of this
matrix is that the input entries are binary numbers. Disadvantage is it requires
more complex operations, requires more computational time and requires more
memory storage.

2. Incidence matrix: The input of the graph in incidence matrix form usually
requires more memory locations than that of adjacency matrix because the
number of vertices in a graph is usually more than the number of vertices in
it provided the graph is not acyclic. Incidence matrices are particularly favored
for the graphs of electrical, and switching networks where the loops (circuits)
are avoided.

3. Edge listing: Let G be a graph of order n whose vertices are labeled by the
integers | to n. Representation of the edges of G as a two element subsets of
elements of the vertex set (ordered or unordered) is called edge listing. This list
may be a multiset thus parallel edges and self loops can also be represented in
this method. Edge listing is convenient to enter the data into the computer but it
requires lot of manipulations. .

4. Twolinear arrays: In this method, edges of the graph is represented by two linear
array F = (fy, [2,-.. fa)and H = (iy, hy, ..., hy). Eachentry in I and H
are vertex label, written in such a way that rthe edge e, of the graph is the edge

fihi
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E
5. Successor Listing: If the ratio :—V-li of a graph is not large, then graph can be

written after assigning all of its vertices by the numbers 1, 2, ... n. Each vertex
label by K is a linear array, whose first element is K and whose remaining
elements are the vertices that are immediate successors of K, that is they are the
labels of the vertices which have the path of length one from v (in the case of
undirected graphs these are the adjacent /neighboring vertices).

Ixample: Consider the following graphs
2 3
by S
undirected graph G, directed graph G,
Input graph Edges listing | Two linear arrays | Successor listing |
— . 1:3,5
E=(13) (1.5 (23 F={1.12333, 3
(32) (34) (3.9 s .
G i 4,4,555) | 3:2,4,5
1 4.3) 4.6) (5,1) _ 45 1:36
(5.5) (5.6) (6.4) H ={3,5,3,2,4,5, 3,
’ ’ ' 3,6,1, 3,6} 5:1,3,6
(6.5) 6:4,5
1:2,4
G E=(12),(1,4.2,5 | F={1,12345| 3
2 (3,2), 4,5).(5,5) | H=1{2,4,5.2,5,5} | ;5
5:5

The output of the graph varies with the problem. If the output consists of subgraphs,
e may make the problem to print the appropriate adjacency matrix.

3.2 Warshall’s algorithm (to find the path matrix from A(G))

Jiven the adjacency matrix A(G) of a simple digraph, then the following steps produce
he pathmatrix P

Stept: PO =2
Step2: K =1
Step3: 1 =1

Step4: Pl[jK] =
Step5:

(K-1] (K-1 (K=-1] P —
.PU. 1% (PIA’ /\PKJ. ) Vj = lton

i=i+1 ifi <n go to step4
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Step6: K=K+ 1 HK <n gotostep3
otherewise  stop.

Note:
If plf-l =
then step4: P’[I.K] = Pl[jK_I] \/P[[(Ij”” Vj=lton

Note: Warshall’s algorithm can be used to get transitive closure of a relation (Refer se
theory)

Inpur: The adjacency matrix A(G) of a simple digraph G with vertices vy, v, ... uy,.

output: The path matrix P

Quick computation of path matrix by Warshall’s algorithm

We start with A(G)(: P[O]) the adjacency matrix of the given graph G, anc

then successively construct the matrices Pl pll pl1) where n is the num-
ber of vertices. Moreover for each K > I, we construct PIK] interms
of the previously constructed PIK=1 we construct PIK—1) by following steps
Stepl: First transfer all 1’s in plK=11 o plK]
Step2: List all positions sy, 57, ... in column K of ptk—=11
where the entry is | and the positions 11, 1. ..
in row K of P11l where the entry is |
Step3: Put [ in each position s;¢; of PlIK]
Example: Find the path matrix of the graph G whose adjacency matrix is

Ot 0 0

t 0 1 0

0 0 0 1

0 0 0 0

Solution:

01 0 0°

o) _ 1 0 1 0

£ = 0 0 0
000 0|

Finding P): Consider column 1 of P9, The second position of the column 1 has ‘1’
and inrow 1 of P19 second position has ‘1°. Therefore put ‘1’ in the position (2, 2) of
P19 to get the matrix ptll
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plll

SO —~ O
o —- O O

"0 1
11
0 0
-OO -

Finding P[2): Consider column 2 of P!l the positions | and 2 have 1’s, in row 2,
yositions 1, 2 and 3 have I’s.

Therefore put ‘1" in the positions (1,1), (1,2), (1,3), (2,1), (2,2) and (2,3) of P!}
get pl

pl2l

[ =

I
L1
00 0
0 0 0

Finding PBI: Consider column 3 of P12, the positions | and 2 have 1’s, in row 3 position
4 has a | Therefore put 1 in the positions (1, 4) and (2, 4) of P12 to get P[3)

Pl =

S - OO

S
111
0 0 O
0 0 0

Finding P1: Consider column 4 of P, the positions 1,2 and 3 have |’s, in row 4, there
isno l.
Therefore no new 1's are added to P13 to get P14l

|
4] _ ] 1 ] 1
= 0 0 0 1
0 0 0 O
As n = number of vertices = 4. STOP.
Note: If P,.[jK—” = 1 then Pi[j.K] = I—that is every ‘1" in PIK~1 remains as ‘1" in
pIKI,
Moreover If P‘[jk ~1 = 0 then we get a new [ in position (i,j) of plK] only if there
were ones in positions (i,k) and (k.j) of PIK=1 _ __that is
(K] _ ¢ plK=1] _ plK-1]
PU = 11f P _PK/' =1

Thus if P,.[jK =1 — 0 we need only examine column K and row K of PUK=11 and if there
is a 1 in position i of column K and a | in position j of row K, a | will be entered in
position (i j) of Pl
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Warshall’s algorithm can be modified further to obtain a matrix which given the lengths
* of shortest paths between the vertices (path that uses the least number of edges: shortest
path).

For this purpose. Let A be the adjacency matrix of the graph. Replace all those
elements of A which are zero by 0o, which shows that there is no edge between the
vertices in question. The following algorithm produces the required matrix which shows
the lengths of minimum paths.

6.3 Minima Algorithm (shortest pathmatrix for a unweighted
graph)

Start with the adjacency matrix A(G). Replace the zero elements in the adjacency matrix
A by infinity (00) or by some very large number, denote this matrix by M. The matrix
C produced by the following steps shows thc minimum lengths of paths between the

vertices.
Step1: Cl0) = pm

Step2: K =1
Step3: i=1

A sepa: M= Min {4 ) = ton
StepS: i=1+1 Ifi <rgotostepd

Step6: K =K +1 If K <ngotostep3
otherwise STOP

Note: + in step 4 means the ordinary adding of integers.

6.4 Floyd—Warshall algorithm (shortest distance algorithm)

If our goal is to find the shortest path between every pair of vertices in a weighted graph
with n vertices we can employ Dijkstra’s algorithm, but the complexity is more. Apart
from Dijkstra’s algorithm, there is an algorithm due to R.W. Floyd and S. warshall named
‘Floyd-warshall algorithm’, which determines the shortest distances between all pairs
of vertices 1n a graph, this algorithm is popular because it is so easy to describe.
* To final the shortest distances between all pairs of vertices in a weighted
graph where the vertices are vy, vz...v,, carry out the following procedure
Stepl: (=1lton,setd(i,i) =0
For: # j if v;v, is an edge, Let d(i, ) be
the weight of this edge. Set d(i, j) = oc, otherwise
Step2: Fork = 1ton
Fori, j = lton
Letd(i, j) = min{d (i, j),d{i, k) + d(k, J)}
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The final value of d(i, j) is the shortest distance from v; to v;. )

Initially the algorithm sets the shortest distance from v, to v; to be the length of edge
v, v}, if this is an edge. After the first iteration of step 2 (k = 1), this shortest distance has
been replaced by the length of the path v; vy v, if this is a path. Ingeneral after stage k, the
algorithm has determined the shortest distance from v, to v; via the vertices vy, vy ... y.
This distance is the true shortest distance after k = n.

The Floyd—Warshall algorithm is very efficient from the point of view of storage since
it can be implemented by just updating the matrix of distance with each change in k;
there is no need to store different matrices.

Example: Consider the graph.

Initial values of (i, j)

‘ V1 vVp U3y V4 Us Vg
vp] 0 1 3 oo 1 4
vw| 1 0 1 oo 2 o
v3 3 | 0 3 oo o0
vujloo o0 3 0 1 2
vs | 1 2 oo 1 0 2
vg | 4 o0 oo 2 2 0

when K = |

Consider 4(3, 6) = min{d(3, 6),d(3.1) + (1, 6)}
= min{oo, 3 + 4}
=7
d(2,6) = min{d(2,6),d(2, 1) + d(l, 6)}
= min{oo, 5}

=5
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After K =1 After K =2
[0 1 3 oo 1| 4° 0 1 2 oo 1 4]
1 0 1 o 2 5 1 0 1 oo 2 5
31 0 3 4 7 2 1 0 3 3 6
o0 00 30 1 2|7 00 00 3 0 1 2
1 2 4 1 0 2 {2 3 1 0 2
4 5 7 2 2 0 | | 4 5 6 2 2 0 |
After K =3 After K =4
"0 1 2 5 1 4] "0 1 2 5 1 4°
1 01 4 2 5 I 0 1 4 2 5
L] 210336 2 1 0 3 3 5
5 4 3 0 1 2 15 4 3 01 2
Il 2 3 1 0 2 1 2 3 1 0 2
| 4 56 2 2 0 | 4 5 5 2 2 0
After K =5 After K =6 (n)
\ - -
01 2 2 1 3 "0 1 2 2 1 3°
1 01 3 2 4
1 01 3 2 4
2 1. 0 3 3 5
-] 2 1 0 3 3 5
2 3 3 01 2
2 3 3 0 1 2
1 2 3 1 0 2 3 459 20
345 2 2 0 | -

The final matrix is the shortest distance matrix.

Shortest path between a given pair of vertices

Recall that a weighted graph is a graph in which values are assigned to the edges and
that the length of a path in a weighted graph is the sum of the weights of the edges in the
path. We let w(i, j) denote the weight of edge (i.)).

In weighted graphs, we often want to find a shortest path (a path having minimum
length) between two given vertices. Dijkstra’s algorithm efficiently solves this problem.
Through this discussion G denotes a connected weighted graph we want to find a stortest
path from vertex ‘a’ to vertex ‘z’ (The assumption G is connected can be dropped).

* Dijkstra’s algorithm involves assigning labels to vertices. We let L(v) denote the
label of vertex v. At any point some vertices have temporary Labels and the rest have
permanent labels. we let T denote the set of vertices having temporary labels. We will
circle vertices having permanent labels. We will show later that it L (v) is the permanent
label of vertex v, then L(v) is the length of a shortest path from a to v. Initially all vertices
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label of vertex v, then L(v) is the length of a shortest path from ato v. Initially all vertices h
have temporary labels. Each iterztion of the algorithm changes the states of one label
from temporary to permanent, thus we may terminate the algorithm when z receives a
permanent !abel. At this point L(z) gives the length of a shortest path from a to z.

6.5 Dijkstra’s shortest path algorithm

Inpur: A connected, weighted graph in which all weights are positive; vertices @ and z.
Output: L(z), the length of a shortest path from a to z.

Step 1: Let P = ¢, where P is the set of those vertices which have permanent labels and
T = all vertices of G.

Step 2: let P = {a}, i.e., label the starting vertex ‘a’ permanently with label O ie.,
L(a) = 0 (initially), set L(x) = oo forx ta.T =V — {a}

Step 3: Label another vertex permanently according to the following rules:

1. Every vertex ;' (adjacent to previously permanent labeled vertex i) that is not
yet permanently labeled gets the temporary label: PR
L(j) = min{oldL(;), oldL(i) + w(ij)} where i is the latest vertex permanently
labeled and w(ij) is the weight of the edge (ij), it there is no edge (i j) then
w(ij) = oo

2. The smallest value among all the temporary labels becomes the permanent label
of the corresponding vertex (in case of tie select any one for permanent labeling)

Step 3: Repeat step 2 until z gets a permanent label.

Note: This algorithm doesnot actually gives the shortest path, it gives only the shortest

distance. The shortest path can easily be constructed by working backwards from the
terminal vertex.

Note: If the digraph is not a weighted one the weights of all the edges are taken to be 1.
Example: Find a shortest path from a to z in following graph

Solution: P = ¢. T = Set of all vertices = {a,b,c,d, e, f,g,z}. Let label of a ie
L{a) =0and L(x) = ocoVx #a
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- Initialization in Dijkstra’s shortest path algorithm:

The uncircled vertices adjacent to a are b and f
Then the new labels

L(b) = min{old L(b), L(a) + w(a, b))}
= min{oo, 0+ 2} =2

L(f) = min{old L(f), L(a) + w(a, f))}
=min{co,0+ 1} =1

“~ vertex f is with the smallestlabel, and circle it. Now

N b o,

O
g

The uncircled vertices adjacent to f are d and g

L(d) = min{old L(d), L(f) + w(f, d)}
=min{oo,1 +3} =4

L(g) = min{oldL(g), L(f) + w(/, &))
=min{0o,1 +5} =6

vertex d is with smallest label and circle it
The uncircled vertices adjacenttod are b and e

-

L(b) = min{old L(b), L(d) + w(d, b))
= min{2,4 + 2}
=2

6.9
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L{e) = min{old Lie), L(d) + w(d, e))
= min{oo, 4 + 4)

=00

vertex b :s with smallest label and circle it

The uncircled vertices adjacent to b are ¢ and e
L(c) = min{old L(c), L(b) + w(b, ¢) }
=min{oco,2 4+ 2} =4
L{ey = {old L(e), L(b) + w(b.e))
=min{oc0,2+4} =6

vertex ¢ 1s with smallest label and circle it
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Uncircled vertices adjacent to ¢ are e and z

L{e) = min{oldL(e), L(c) + w(e, c)}
=min{6,4+3)=6
L(z) = min{old L(z), L(c) + w(c, 2)}
=min{co, 4+ 1} =5
Vertex z is the smallest Label and circle it, and as it is the permanent label for z. stop.

as z is labeled 5, indicating that the length of a shortest path fromatozis 5. A
shortest path is givenbya — b — ¢ — 2

-

6.6 Algorithm for connectedness (Fusion algorithm).

The Fusion algorithm is the most efficient algorithm for connectedness. This method
also tells show many components the graph has.
Before going to the a actual algorithm we require the following steps:

Algorithm I: To find new adjacency matrix after fusion.

Step I: Change u's row to the sum of u’s row with v's row and (symmetrically) change
u’s column to the sum of u’s column with v’s column.

Step 2: Delete the row and column corresponding to v. The resulting matrix is the
adjacency matrix of the new graph G.

Algorithm 2 (Fusion algorithm)

[}

Let G be a connected or disconnected graph having self loop and parallel edges. In
finding the cannectedness removal of self loop and parallel edges does not effect.
-
Step 1: Remove all the self loops and parallel edges Denote this new graph by G .
Step 2: Fuse vertex v to the first of the vertices vy, . .. v, with which it is adjacent to
give a new graph, denoted by G3 in which the new vertex is also denoted by
vl.
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Step 3:  The above two steps (algorithm 1) gives the adjacency matrix A(G>).

Step 4:  Repeat steps 1 and 2 with until vy is not adjacent to any of the other vertices.

Step 5: Repeat step 2 and 4 on the vertex vy of the last graph and then on all remaining
vertices of the resulting graphs.

The final graph is empty and the number of its (isolated) vertices is the number of
connected components of the initial graph G

Example: Given below is the adjacency matrix of graph G with seven vertices listed
as vy....vu. Use fusion algorithm to check the connectedness.

OO = — O OO
[N e NoNoN o]
-~ N O O O OO
DO NDO OO —
SO OO NOO
OO0 O0O —~ 00O

O OO O — -

e -

Solution: Step 1: Removal of parallel edges and self loops therefure the new graph is >

v, v
2 v3
G: :
v, ¢
A2 Vs Ve

Step 2: Fuse v to the first vertex vy

Vv, v,
V|
Vs
A Vi
Removing self loop and parallel edge
0 00 1 0 0]
0 0 01 0 0 .
O © & o v
ThenA(G2) =] " " 0 0 o0 o/
0 01 0 0 O
00 1 0 0 0 |
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\$}
- v,
Vi Vs Vv, Vv,
Fusing v; with vs
Vi Vs
Vv, v Vy
removing self loop
v, v, "0 1 0 0 O
1 0 0 0O
G; A(G3) =1 0 0 0 I 1
5 0 01 0O
Vi v \£ 0 01 0 O
-3 - -
Fusing v; and vy
, Vs "1 0 0 O
0 0 1 1
Ov 01 00
! A vy 0 1 0 0 |
removing self loop
Vs "0 0 0 0
0 0 0 1 1
v 0100
Ve V7 01 0 0
Fusing vy with vg
) "0 0 0
7 6 1 0
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removing self loop N
\ "0 0 0
Vi O——0 00 1
B 010

Fusing vy with vg

removing self loop

. 0 0
Vlo A i 0 0

Since the final adjacency matrix is a 2 x 2 null matrix, we conclude that the original
graph G has 2 connected components.

6.7 Planarity detecting algorithm PN

Step (i) A disconnected graph is planar <= each of its components is planar

Step (i1) A separable graph is planar <==» each of its block is planar
Let G = {G|,...Gg}, where each G, is a non separable block of G. test
each G, for planarity.

Step (iii)  Since the addition or removal of a self loop does not affect planarity, remove
all self loops for finding the planarity.

Step (iv) Since parallel edges also do not affect planarity eliminate edges in parallel
while detecting the planarity. .

Step (v) Elimination of a vertex of degree two by merging two edges in series, does
not affect planarity. Therefore eliminate all edges in series.
Therefore repeat the application of steps(iv) and (v) till the graph can’t be
reduced any further

Step (vi) The reduced graph after the repeated application of steps (iii) and (iv) tested
for planagity by using the following results:

(a) A single edge graph is a planar graph
(b) A complete graph of 4 vertices (K4) is a planar graph
(c) Ifthe graph is with {V| = 5 land |E] > 7, use the result N

“Let G be a planar graph with |V| > 3 and |E| edges then |E| < 3|V| — 6"
or
Use Kuratowski's theorem.
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Example: Show that K5 is not planar
Solution: If K5 is planar, then

[E} <3|V|-6
=10<35-6=9
a contradiction
K5 is not planar

Example: Show that the following graph is not planar by finding a subgraph
homomorphic to either K5 or K3 3

Solution: Given graph

[ d

*  Delete the edges (a, e), (b, d), (a, c) and (f, d) then the graph becomes

a € [

which is K3.3.
The given graph is not planar.

6.8 Fleury’s algorithm (constructing an euler circuit)

Fleury’s algorithm is useful in constructing an euler circuit in a connected graph G.
Input: A connected graph G with every vertex is of even degree
Output: Euler circutt in G.

" Step I: Choose a starting vertex u
Step 2: Traverse any available edge, choosing an edge that will disconnect the
remaining graph only if there is no alternative
Step 3. After traversing each edge. remove it (together with any vertices of degree 0
with result)
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Step 4:  1f no edges remain, stop. Otherwise. choose another available edge and go back
to step 2.

Presenting the Fleury’s algorithm using graph theory terminology i.e; without pure
english sentences:

Step 1: Select any vertex v as the beginning vertex of the circuit C : v
Step 2:  Suppose C : v, u, ... w has been constructed so far

(i) If there is only one edge (w,z) atwextend Cto C : v, u, ... w, 2.
Delate (w, z) from E and w from V

(ii) If there are several edges at w, choose the one that is not a bridge {cut
edge] to the remaining graph, say (w,z) extend Cto C : v, u,... w, 2
and delete (w, z) from E and w from V

Step 3: Repeat Step 2 until no edges remain in E End.

Example: Use Fleury’s algorithm on the below graph to find an Euler circuit

d g

Solution: Choose the vertex a. The result of applying Step 2 are listed in the following
table.

Current path Next edge Reasoning
C:a aj No edge from a
is a bridge, choose any one
C:aj Jjf No edge from j
is a bridge, choose any one
C . ajf fg feisabridge and fg
is not a bridge
C:ajfg gh No edge from g is a
bridge
C:ajfgh hi No bridge from
C:ajfghi ij - do
C:ajfghtj Jh -do -
C:ajfghijh hf -do -
C:ajfghijhf fe fe is the only edge

no alternative

~
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C:ajfghijhfe ed No bridge
C:ajfghijhfed dc -do -
C:ajfghijhfedac ce -do -
C :ajfghijhfedace ea -do-
C:ajfghijhfedacea No edge End
remaining
inE
Algorithm for TSP

The traveling salesperson problem is related to the problem of finding a hamiltonian
cycle in a graph. ,

The problem is: Given a weighted graph G, find a minimum length hamiltonian cycle
in G. If we think of the vertices in a weighted graph as cities and the edge weights
as distances, the traveling salesperson problem is to find a shortest route in which the
salesperson can visit each city one time, starting and ending at the same city.

»

~ Example:

The cycle C: abcda is a hamiltonian cycle for the graph G Replacing any of the edges
in C by either of the edges labeled L would increase the length ot C; thus C is a minimum
length hamiltonian cycle for G. Thus C solves the traveling salesperson problem for G.

Although there are algorithms for finding an euler cycle. No efficient algorithm is
available to find a hamiltonian cycle of a graph. But the following algorithmas the best
possibie one. but there may exist some minimum hamiltonian cycle.

6.2 TSP algorithm (to find a Hamiltonian cycle)
Nearest neighbourhood method
Step I: Start with an arbitrary chosen vertex v. and scan all the vertices adjacem to v.

Find the vertex that is closest to this vertex (- that is the end vertex of an edge
incident from v having minymum weight) Take a path P by joining v and u.
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Step 2: Choose a vertex, which is not already chosen closest to the last vertex chosen
by scanning all the vertices adjacent to it as in step 1. Extend the path P to this
vertex

Step 3:  If no vertex is left to scan, obtain a circuit by joining the vertex v and the last
vertex chosen.

Otherwise return to step 2.

Example: Find a minimum hamiltonian cycle of the following network using nearest
neighbourhood method

Solution: Start with an arbitrary chosen vertex a.
* The vertices adjacent toa are b, c,d and e

wla, b) =5, wla,c) =4, wla,d)=>5

w(a,¢) =8 - min{4,5,5, 8}= Sfortheedgeac N
hence take the path: a — ¢ c
* The vertices adjacent to ‘c’ are b, d and e
wic, b) =2, w(c,d) =3, w(c,e) =5 S
min(2,3,5) =2 for the edgecd ) N
Hence take the path: @ — ¢ — b b ¢

* The vertices adjacent to b are d and ew(b, d) = 2, w(b, €) = 3, min(2,3) =2
and that is for the edge bd

Hence the path:a —c - b —d
* The veriex adjacentto ‘d’ s ew(d,e) = 2
Hence the path:a —¢c — 0 —d — ¢
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* If no vertex adjacent to e is left to scan. Join e and a. The minimum hamiltonian
circuit H is shown below

The weightof HC : 4 +2+2+2+8=18

Note: As we mentioned earlier, the hamiltonian circuit
obtained by this method is one of the best possible one.
However, there may exist a hamiltonian circuit with
lesser weight. For the above graph the circuit mentioned
below is also a HC. The weight of the ciycuit is 16,
which is less than that of the circuit obtained above.

6.10 Tree Traversal Algorithms .

A traversal of a tree is a process that enumerates each of the vertices in the tree exactly
one, when a vertex is encountered in the order of enumeration specified by a particular
process, we say that we visit the given vertex.

Apart from BFS&DF S, we describe here three principal ways that may be used tc
traverse a given tree, later inparticular traversing a binary tree.

Consider the following tree with root ‘r’ and the subtrees 77, T3, ... T, (from left tc
right)

Preorder traversal:

Step 1:  Visit root
Step 2:  Visit subtrees left to right in pre order
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In order traversal:

Step I:  Visit left most subtree in inorder
Step 2:  Visit root

Step 3:  Visit other subtrees left to right in inorder

Postorder traversal: '

Step 1: Visit subtrees left to right in postorder
Step 2:  Visit root

Example: Consider the following tree

Pre order traversal: abcd
abefcdghi
abejkfcdgimhi

abejknopfcdglmhi

Ip order traversal:  bacd
ebfacgdhi
jekbfaclgmdhi

jenkopbfaclgmdhi

Post order traversal:  bcda
efbeghida
jkefbclmghida

jnopkefbclmghida

Now considering traversal algorithms especially for

0O

binary trees: edch scheme will be defined by specifying the order for processing the 3

entities: the root (N), the left subtree (L) and the right subtree (R).
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Preorder traversal

Step 1:  Visit the root
Step 2:  Visit the left subtree from the root in post order (is subtrec exists)
Step 3:  Visit the right subtree from the root in the post order.

Inorder traversal

Step 1:  Visit the left subtree from the root in inorder (if it exists)
Step 2:  Visit the root
Step 3:  Visit the right subtree from the root in inorder

Post order traversal

Step [:  Visit the left subtree from the root in postorder
Step 2: Visit the rightsubtree from the root in postorder
Step 3:  Visit the root.

Example:

Preorder: abcdefghi
Inorder: dcebfahgi
Postorder: decfbhiga.

6.11 Cyclic exchange algorithm (finding all spanning trees)

Addition of a chord to a tree always produces a circuit. Moreover. deletion of any edge
from this circuit again gives a tree. The following “cyclic exchange algorithm™ is based
on this strategy.

Step 1: Find a spanning tree 77 for the given graph (by already mentioned procedures).
Add a chord e to the tree T. This produces a fundamental circuit
& Step 2: Scan all branches of Ty that are also edges of the fundamental circuit obtained
in step 1. Choose one branch and delete it from the fundamental circuit. We get
atree, callit Ty ;. Add it again to the tree and choose another branch (if it exist).
Repeat the process of addition and deletion obtain the trees 77 3. T 4, ... for
all possible branches.
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Step 3:  Scan all chords of T, choose a chord e; (i > 1 if it exist) of Ty, which is not -..
chosen earlier return to step 1.

Example: Find all spanning trees of the following graph

b2 2 b
c ‘ d
4 £ 5
f g
6 h 7 1 08

Solution: One of the spanning tree

| a 2 b 3 { a 2 b 3 1 a 2 b 3
o 5 o———0 -3 o————o0——
¢ d c d . c d
T2 R T,J .
Ty 4y 'S 4 5 4 S
g ,
f g f f g L
w e ¢ ] —0 F S 3
6 h 7 i 8 6 h 7 i 8 6 h 7 i 8
Addition of ‘d’ and Addition of 'd’ and
deletion of ‘b’ deletion of ‘¢’

The chords of the graph with respect to T} are d and h. The branches of T are
a, b, c,e f,gandi

Addition of the chord d yields a fundamental circuit 3 — 2 — 4 — 5 — 3. The branches
of the tree on this circuit are b, ¢ and e. And addtion of the chord h yields a fundamental
circuit6 -7 —-5—-8 —6. -

The branches of the tree on this circuit are e, f and g. Thus addition of a chord to
the tree T and deletion of one branch at a time with replacement gives the following
spanning Trees 7y 7 and T} 3 etc;

1 2 3
o 2 1 2 3
(o O
4 5
4 ————=5
o>
N 7
& 7 K 6o 8

Addition of ‘A’ and deletion of * Addition of ‘A’ and deletion of ‘g’
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Minimal Spanning Tree Algorithms

Spanning Tree: A spanning tree of a connected graph G is a subgraph which is a tree
and which includes every vertex of G.

Minimal Spanning Tree: A minimal Spanning Tree of a connected weighted graph is a
spanning tree of least weight, that is, a spanning tree for which the sum of the weights
of all its edges is least among all spanning trees.

The concept of spanning tree exists only for a connected graph G and if G has n
vertices, any spanning tree must necessarily contain n — 1 edges.

Algorithm to find a spanning tree in a connected graph G:

Step I: If G has no cycles, then it is already a tree, S.G is a spanning tree for G.
Step 2. If G contains a cycle, then delete an edge which breakes the cycle without
disturbing the connectedness of the graph G
Identify the other remaining cycles in the graph G and
Step 3: Repeat the step 2 until a connected subgraph without cycles containing all the
vertices of G will be obtained, that is a spanning tree,
~Step4: Alsoensure [E|=|V]—1

Example:

Deleting the edges which are forming cycles yields a spanning tree
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6.12 Kruskals algorithm

Input: A connected weighted graph G with n vertices
Output: A minimal spanning tree for G
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Step 1:  Arrange the edges in order of increasing weights

Step 2:  Select the edge with minimum weight (If there is more than one edge with
minimum weight arbitrarly choose one of these edges). This is first edge of T.

Step 3:  Proceed sequentially adding each edge of (next) minimum weight to T which
does not result in a cycle until n — 1 edges are included

Step 4:  Exit with minimal spanning Tree T

Example:

Kruskal's algorithm initially picks an edge of lowest (least) weight There are several
edges of weight 2, any of these may be selected. Suppose begin with edge e; = aj.
There still remain edges of weight 2, so choose any other say e = gm. Among those
edges which do not form a cycle with e and e, choose one of least weight, say de = e3.
Continuing, we may have edges aj, gm, de,mf, fe, lk, hj, km, ck, be. At this stage,
there remains an edge (g!) of weight 4, but this edge would complete a cycle with
lk, km, g already selected, and so choose an edge of weight 5 say j!/ and another ia.
Now any of the remaining edges will form acycle also |E| =12 = {V| -1 =13 - I.
So must stop.

The algorithm assures us we have the desired minimum spanning tree. It has weight 39.

‘ O

6.13 Prim’s algorithm

Input: A connected weighted graph G with n vertices
Output: A minimal spanning tree T

Step 1:  Select an arbitrary vertex v and an edge ¢; with minimum weight incident
with vertex vy. This forms initial MST T

Step 2:  If edges ¢, e, ... ¢, have been chosen involving end points vy, vy, ... v, 41.
Choose and edge ¢, | = v v withv; € T and vi € T such that ¢, has
smallest weight among the edges of G with precisely one end in {vy, ... v, 41}

Step 3:  Stop after n — | edges have been chosen. Otherwise go to step 3

Example: Find the minimal spanning tree of the weighted graph using Prim's
algorithm

- .
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According to step 1, choose vertex v, Now edge with smallest weight incident on v}
is e = vjv3 or vjvs, choose e = vjvs similarly choose the edges v3vg, vavy, U4Vs

- . .V
The minimal spanning tree is  ° \Z2 1 2

v, Vi

" 6.14 Breadth First Search Algorithm

The idea of B FS is to visit all vertices sequentially on a given level before going onto
the next level.

Input: A connected graph G with vertices labelled vy, v7 ... vy

Output: A spanning tree 7 of G

Step 1:  Let vy be the root of G. Form the set V = {v}

Step 2: Adding the new edges: Consider the vertices of the graph in order, consistent
with the orginal labelling, then for each vertex x € V add the new edge {x, v}
to T, where & is the minimum index such that adding the edge {x, v} does not
produce any cycle.

If no edge can be added then STOP. Then T is a spanning tree for G
After all the vertices of V have been considered in order go to step 3

Step 3:  Replace V by all the children v in T of the vertices x of v where the edges
{x, v} were added in step 2.

Go back and repeat step 2 for the nevigget V

_ Example: Consider the ordering of the vertices abcdefghijk Then select a as the first
vertex chosen in the spanning tree T and designate it as the root of T. Thus at this stage,
T consists of the single vertex a. Add to T all {a, x} as x runs in order from b to k, that
do not produce a cycle in T. ,
Thus we add {a, b} and {a, d}. These edges are now called tree edges for the BFS
tree.
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Now repeat the process for all vertices on level one from the root by examining each
vertex in the designated order. Thus since b and d are at levelone, we first examine b.

For b, we include the edge {b, c) as a tree edge. Then for d, we reject the edge {d, ¢}
since its inclusion would produce a cycle in 7. But we include {d, e}. Next we consider
the vertices at level two. Reject the edge {c, e}; include {e, f} and {e, g}

Then repeat the procedure again for vertices on level three. Reject { f, g}, but include
{f. h}). At g, reject {f, g} and (g, h).

On level four, include (A, i}, {h, j} and (h, k)

Next we attempt to apply the procedure on level five at i, j and k, but no
edge can be aaded at these vertices so the procedure ends. The spanning tree
T therefore includes the vertices a,b,c,d, e, f,g,h,i,j and k and the edycs
{a, b}, {a,d}, (b,c} (d, e}, le, f}. e, g}, {f. h}). {h. i}, (k. j} and {h, k}

6.15 Depth First search Algorithm

The idea of DF S is proceeding to higher levels successively in the first opportunity
Later we back track and add the vertices which are not visited.

Input: A connected graph G with vertices labeled vy, va ... vy

Output: A spanning tree T for G

Step 1. (Visit a vertex) Let vy be the root of T and set L = vy (L stands for the vertex
last visited)

Step 2. (Find an unexamined edge and an unvisited vertex adjacent to L) For all vertices
adjacent to L choose the edge (L. vy}, where k is the minimum index such that
adding {L, vx) to T does not create a cycle. If no such edge exists go to step 3,

otherwise add edge {L, vy} to T and set L = vy; repeat step 2 at the new value
for L
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Step 3:  (Back track or terminate) If .x is the parent of L in 7 set L = x and apply
step 2 at the new value of L. If on the otherhand, L has no parent in T (so tha
= vy) then the D F'S terminates and 7 is a spanning tree for G.

Example:

Choose an ordering of the vertices, say abcdefghijk select a as the root of T. The

vertex a is said to be visited. Next, we select the edge {a, x} where x is the first label i
the designated order that doesnot form a cycle with those edges already chosen in 7. It
this case we add the edge {a, b}. The edge {a, &} is now said to be examined and become.
a tree edge. In this context, a is the parent of b and b is the child of a. In general, while
at some vertex x, two situations arise.
Situation I: If there are some unexamined edges incident on x, then we consider the edgt
{x, v}. where y is the first vertex in the designated ordering on the vertices for whict
{x, v} is unexamined.

[n this situation, two cases present themselves

Case |: If y has not been previously visited, visit y, select {x, y} as a tree edge, anc
continue the search from y. In this case, x is the parent of y

Case 2:  If y hasbeen visited previously, then reject the edge {x, y} consideritexamined
and proceed to select another unexamined edge {x, z} incident on x where
is the first vertex for which {x, z} is an unexamined edge. Each such rejectec
edge in the context of D F'S is called a back edge.

In the example at hand, we would select the edge {b, c} continue the search at ¢, anc
select {c, d). Then we would continuc the search at d and first reject the edge {d, a} anc
then select the edge {d, e}. At ¢, we reject the edge (e, ¢}, select {¢, f}. Continuing ir
this manner, we select { f, g}, reject {g, e} select {g, h} reject {h, f} and select {h, ¢}

At this point, we are presented with a second general situation.

Situation 2: If all the edges incident on x have already been examined, then we returr
to the parent of x and continue the search from the parent of x. The vertex x is now saic
to be completely scanned Moreover, the process of returning to the parent of x is callec
back tracking.

Thus, in the example that we are considering, since there are no unexamined edge:
at /. we must backtrack to /1 and continuc the search from h. Then we select {h, j} anc
{/. k) and finally reject (A, h}.

Actually we are through. because therc are no more unexamined edges. But if we
had limited version (as a computer may have), we may be aware only that there are nc
uncxamined edges at k. Therefore. we backtrack, according to situation 2 to j. But then
we must backtrack to A, etc, Eventually we must backtrack all the way back to the root a.

r
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Comparison between BFS and DF S

L.

6.16

Step I:
Step 2:

Step 3:

Step 4:

Note:

The idea of B F S is to visit all vertices sequentially on a given level before going
onto the next level.

The idea of DFS is p'roceeding successively to higher levels at the first
opportunity.

The edges that were rejected in BFS are called cross edges. Clearly BFS
partitions the edges of the graph G into the two sets of tree edges and cross
edges

D F S terminates when the search retums to the root and all vertices have been
visited.

C

Welch-Powell Algorithm for a coloring of a graph G

Order the vertical in G according to decreasing degree

Assign the first color Cy to the first vertex and then in sequential order assign
Ci toeach vertex which is not adjacent to a previous vertex which was assigned
the color C

Repeat the step 2 with a second color C, and the subsequence of non colored
vertices

Repeat the step 3, with a third color C3 then a fourth color C4 and so on until
all the vertices are colored.

Welch-Powell algorithm does not always yield a minimum coloring of a graph

G, it gives only an upper bound for x (G).

Example: Find x (G) for the following graph using welch powell algorithm

Vi \£3

—-
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Solution:

Vertex: Uy U4 Vs vg V3 vz V7
Degree: 5 4 4 4 3 3 3
Colo: Cy Cy Cy C3 C; C4 C

Color vy with Cy and since vy is not adjacent with v color vy also with Cj.

Color vgq with C3, v and v7 are not adjacent with v4. Since v7 is already colored.
Color vy with Cs.

Color vs with Cz, since vg is not adjacent with vs Color vg with C3, v3 is also not
adjacent with vs but it is adjacent with vg. Hence v3 can’t be colored with Cs.

Color v3 with C4

All the vertices are colored and 4 colors are used. Hence x (G) < 4

But the vertices vy, v3, v4 and vg are adjacent to each other. Hence at least 4 colors

are required to color these vertices. Thus x (G) = 4.
O



