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CHAPTER V
THE (m, N) POLICY FOR M*/G/1 QUEUEING SYSTEM WITH
OPTIONAL RE-SERVICES UNDER RANDOMIZED VACATION
POLICY DURING IDLE PERIOD AND OPTIONAL SINGLE
VACATION DURING BUSY PERIOD

INTRODUCTION

The present chapter examines the (m, N) policy for a M*/G/1 queueing
system with feedback customers, in which the server operates randomized (p, J)
vacation policy with at most J consecutive vacations during idle period and takes
an optional single vacation between two services during busy period. Whenever
the system is empty, the server immediately takes a vacation. But at the end of a
vacation if the number of customers waiting for service is less than m, the server
either joins the system and stays idle with probability (1 — p) or leaves for another
vacation with probability p. And this process continues until the queue length
reaches at least m at a vacation termination point (or) the server takes at most
J-consecutive vacations. Two more vacation control parameters are introduced,
so that the choice of server vacation between services will depend on whether
the customer leaves the system after completing the service (or) demand a
re-service. Though, the (p, J) vacation policy coincides with J-vacation policy (of
chapters Il and Ill) when p =1, the derivation of the PGF of the system size
during idle period is more complicate than in previous models. Thus in the
present chapter, only single service queueing system is considered for a reliable
server. However the concept of feedback is introduced and it is assumed that,
the customers if unsatisfied with the primary service, may demand for re-services

any number of times.

5.1 MATHEMATICAL ANALYSIS OF THE SYSTEM
5.1.1 Model Description

The customers arrive in batches according to the time-homogeneous

Poisson process with group arrival rate A as mentioned in Chapter II.
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Idle Period

The server is deactivated whenever the system becomes empty and
the deactivated server immediately takes a vacation of random length (VI).
Upon returning from the first vacation, the server is activated for setup work if
atleast m customers are waiting in the queue. On the other hand, if the
number of customers waiting in the queue is less than m, then the server
either joins the system and remains idle with probability (1 — p) or leaves for
another vacation with probability p. This pattern continues until the number of
vacations reaches J. At the end of the J™ vacation if the queue length is still
less than m, the server then necessarily joins the queue and stays idle until
the queue length reaches atleast m to start the setup work. The process after
setup period regarding (m, N) policy is as in Chapter Il, i.e., the setup process
starts when the queue length reaches atleast m and busy period initiates

when atleast N customers accumulated in the system.
Busy Period

During busy period the server provides single service to the customers
according to the FCFS queue discipline. At the completion of each service, the
customer who is unsatisfied with the service, may demand a re-service with
probability f or leave the system with probability (1 — f). The service time S follows
general distribution and the distribution function, density function and the first two

moments of the service time are denoted by S(x), s(x), E(S¥), k = 1, 2 respectively.

At the completion of each service the server may decide to take a
vacation of random length or may continue to serve the next customer. The
probability that the server takes vacation after each service depends on
whether the customer leaves the system or demand re-service. It is assumed
that if the customer leaves the system after the completion of service, then the

server takes a single vacation of random length VB with probability p,_ ,

whereas the probability that the server takes vacation in the case of re-service

is pp, and the vacation time is VB.. Thus the probabilities with which the

server continues with the next service without taking vacations are (1 - p,, )



127

or (1-py,) according as the customer leaves the system or demands

re-service respectively. This type of service continues until the system

becomes empty.

In the present model, the server operates, randomized vacation policy
during idle period and takes optional single vacations during busy period.
Thus the cycle is made up of server idle vacation, buildup period, setup
period, busy period (including feedback service) and vacation period between
services. Various stochastic processes involved in the queueing system are
assumed to be independent of each other. The customers continue to arrive

and join the system independent of the system states. The system is denoted

by M(Xm,N) /G/1/V (p,J)/feedback/VB; i=1, 2 vacations.

Using supplementary variable technique the steady state system
equations under the steady-state condition are analysed and the PGF of the
system size is obtained so that various performance measures of the model

can be derived from it. The notations Ns(t), A, X, gk, gﬂ), X(z) are same as in

Chapter Il (Table 2.0).

At time t, let Y(t) = 0, 1, 2, 3, 4, 5 and 6 respectively denote that the
server is on vacation (VI) during idle period, in buildup, setup, dormant, busy
state, on vacations (VB1) and (VB;) during busy period. The notations of
Random Variables (RV), Cumulative Distribution Functions (CDF), Probability
Density Function (PDF), Laplace-Stielties Transform (LST) and its k™

moments of the RVs are listed below.

RV | CDF PDF LST k™ moments k =1, 2

Setup time D D(x) d(x) | D"(8) E(D)
Service time S | S(x) | s(x) | s7(0) E(S)
Vacation time during idle period VI | VI(x) | vI(x) | VI'(8) E(VI)

Vacation time between services
when customers opting / not opting | VB; | VBi(x) | vBi(x) VBi*(e) E(VBik) i=1,2
re-services

Let D°(t), S°(t), VI°(t), VB (t),VB3(t)denote the remaining times of

random variables ; setup time, service time and vacation times at time t. Then
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the state space {Ns(t), 3(t)}, where §(t) = (VI°(t), 0, D°(t), 0, S°(t), VBJ(t),

VB3 (t)) according as Y(t) =0, 1, 2, 3, 4, 5 and 6 respectively follow Markov

process.

Let Z(t) =j (j = 1, 2, ... J) denote that the server is on j" vacation at

time t counting from the idle period initiation point. Let

Qlnj(x, t)dt = Pr{Ns(t)=n,x<VI°(t)<x+dt, Y(t) =0, Z(t) =j}, n >0,

1 <j < J (during idle vacation period)
PI.(t) = Pr{Ns(t) =n, Y(t) = 1}, 0 <n <m-1 (buildup period)
SEn(x,t)dt = Pr{Ns(t) =n, x <D°(t) <x + dt, Y(t) =2}, n > m (setup period)
Un(t) = Pr{Ns(t) = n, Y(t) = 3}, m <n <N-1 (dormant period)
Pa(x,t)dt = Pr{Ns(t) =n, x < S°(t) < x + dt, Y(t) = 4}, n > 1 (busy period)

QB n(X, 1) dt

Pr {Ns(t) = n, x < VB{(t) < x +dt, Y(t) = 5}, n > 1 (vacation
during busy period when the customer is not opting
feedback)

Pr {Ns(t) = n, x < VB3(t) < x + dt, Y(t) = 6}, n > 1 (vacation

QBZ‘n(X, t) dt

during busy period when the customer is opting feedback)
5.1.2 The Steady State System Size Equations

The steady state system size equations for the queueing system, using

supplementary variable technique are obtained and listed below :

Vacation State During Idle Period
d

- &QIO,1(X) = — A Qlp1(x) + P4(0) (1 =) vI(x)
- d—Ci(QIO,j(X) = —A QIo,j(X) + QIo‘j_1(0) p VI(X), 2<j<d
d n
~ 5 Qi) =~ A Qlnj(x) + 2 2 QL (X) g + (1= 815) Qlnj-1(0) p VI(x),
k=1
1<n<m-1,1<j<J
d

- —QLhj(x) = =2 QLX)+ Y QL ;(X)gk n>m, 2<j<J
k=1
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Buildup State

AP, = QIp(0) + (1 = Son) A kz1 PI_, ge + Jz: Ql,,(0)(1 - p)
_ i 0<n<m-1
Setup State
d n-m J
- RSBl = ~1SEN+ (1-800) % 3 SE, (g 3 Qly 00909
+ A Zn: PI, . 9k d(x), n>m
k=n-m-+1
Dormant State
% Un = SE(0)+ (1= 8mn) A kz? U, gk m<n<N-1
Busy State
P = 2P+ Prar(0) (1= 1) (1 Py, ) S(X
(=810 3, Py ()8 Po0) (1= By, ) 500
+Q B1n(0) s(x) + Q Ban(0) s(x), 1<n<N-1
S PuX) = =R P PO (1) (1 ) S0+ 3 Py ()

+ Pn(0) (1 - pp, ) s(x) + QB1,n(0) s(x) + Q B2n(0) s(x)

FSEN0)s(X)+A > U, gis(x) n>N

k=n-N+1

Vacation during busy period when the customer is not opting feedback
d

ax QB1n(x) = —2A QB1n(x)+ Pn1(0) (1 =1) py, VB1(X)

n—1
+(1=310) A D, QB (X) Gk n>1
k=1
Vacation during busy period when the customer is opting feedback
d n—1
~ g 3B2n(¥) = ~AQB2a(x) + Pa(0) fpy, VB2(X) + (1 = 310) A, QBypk (X) Gk,
k=1

n>1
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The LST for the steady-state equations are given by,

0 QI5,(0) — Qlo1(0) = A QIj,(0)— P4(0) (1 —f) VI*(0) (5.1)

0 QIB’J-(G) - Qlp;(0) A nglj(e)— Qlo,-1(0) pVI*(0) 2<j<d (5.2)

0 QI,;(8) — QI (0) A QIL(0)-2 Y QI (6) gk
k=1

—(1=381)) Qlhj1(0) p VI'(B) 1<n<m-1,1<j<J
(5.3)

A QI (0 kZQInkJ (0)gk, N>m,2<j<J (5.4)

_\

A Pl

QIn,J(O) + (1 - 6O,n) A Z PIn—k Ok t+ z O) 1 - p)
k=1

N

0<n s 1 (5.5)

0 SE! (0)— SEx(0)

A SE.(0)— (1—=08mn) A nf SE,  (0) gk
k=1

- i QInJ(O)D*(e)_x‘ i PIn—k Ok D*(e),
=i

k=n-m+1

n>m (5.6)

n-m
7\. Un SEn(O) + (1 - Sm’n) 7\4 Z Un-k gk, m S n S N_1 (5.7)
k=1

6 P7(0)— Pn(0)

A P1(0)— Pn1(0) (1 —1) (1 - py, ) S7(0)
n-1
—(1-81n) 2 ;; Pr(0)9k — Pn(0) f (1= py,, ) S7(6)

— QB1n(0) S*(6)— QB2n(0) S*(6) 1<n<N-1(5.8)

6 Py (6)—Pn(0) A Pr(0)=Pre1(0) (1 =) (1—py,, ) S7(6)
n—1
- A kZ1 Prk (0)gk = Pa(0) f (1= py,, ) S7(0)
— QB1,0(0) S7(0)— QB2n(0) S™(6)— SEx(0) S7(0)

Ay U, 0k S0, n=N  (59)

k=n-N+1

0 QB;,(0)- QB14(0) = A QB;,(8)— Pne1(0) (1 —f) py, VB;(6)

n—1
~(1=81n)% Y QB (0)g, n>1 (5.10)
k=1
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6 QB;,(0)— QB2n(0) = A QB;,(08)~ Pa(0) f p,, VB3(6)
—(1=81n) & 21 QBj, ((0)g. n>1 (5.11)

5.1.3 Probability Generating Functions

The following partial PGFs are considered to analyse the model.

PI(z) = mf PI, z" U(z) = U, z"

QI (z,0) = 2@1;,,.(9)2”, Ql(z, 0) = io (0 1<j<d
QB! (z,0) = 2Q8§n(9)z“, QB(z, 0) = iQBm(O)zn i=1,2
SE*(z,0)= 3 SE.(0)z", SE(z 0) = Y SE,(0)Z"

P*(2,0) = ipg(e)z”, Pz,0) = 2Pn(0)z”

Multiplying the corresponding equations by suitable powers of z and
adding the equations, the partial generating functions are derived through
some algebraic manipulations.

Equations (5.1) and (5.3) atj = 1 imply,

(0 —wx(2)) QI;(z,0) = Ql4(z, 0) — P4(0) (1 —f) VI*(0) (5.12)
where wx(z) = A (1 —X(2))

At 0 = wx(z), Qli(z, 0) = P4(0) (1 = f) VI* (wx(2)) (5.13)
and  QI}(z0) P:(0) (1-1) (VI (w(z2)) - VI'(0)) (5.14)
(0-wx(2))

Similarly equations (5.2), (5.3) and (56.4)for 2 <j< Jlead to

QI(z, 0) p VI*( z Ql,; 4(0)z" 2<j<J (5.15)

and QI'(z,60) = (VI (VZ)X(W))(_Z\)/I © ’]p > ar, 02", 25j<) (516)
.,

The sum of the equations (5.13) and (5.15) over j = 1 to J yields
J
QI(z, 0) = > QI;(z,0) = VI"(wx(2)) yv(z) (5.17)

=t
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where yy(z) = p ) QI ; 0)z +P4(0) (1 1) (5.18)

=1 n=0

_\

The sum of the equations (5.14) and (5.16) imply

* o (VI (W (2)) - VI (0)) yy (2)
QI (z,0 = z,0) =
(.9 2, Qlj(2.0) = (0-Wx(2))

(5.19)

Next to calculate the PGF corresponding to setup state, equations (5.6) and

(5.5) are used, which in turn lead to

(0 — wx(z)) SE*(z,0) = SE(z, 0) + D*(0) PI(z) wx(z) - D*(G)[ZJ: Ql(z,0)
j=1
J-1

mZ > Q1,,(0)2" (5.20.0)

i=1

Substituting for QI(z, 0) from (5.17) and using the definition of yy(z), the above
equation at 6 = wx(z) gives,

SE(z, 0) = D" (wx(2)) [(VI" (wx(2)}-1) yv(z) + P+(0) (1 - f) — PI(z) wx(z)] (5.20)
Thus equation (5.20.0) implies,

(D" (wx(z)-D"(6)
(6 —wyx(2))

SE"(z,0) = [(VI" (wx(2)) = 1) yv(z) + P1(0) (1 1)

— PI(z) wx(2)] (5.21)
Next to evaluate yy(z), the following arguments are used. By conditioning on

the arrival size during previous vacation

QL1(0) = al(1 —f) P4(0), n>0 (5.22)
n

and QL0) =p 3 al Qi 1(0), 0<n<m-, 2<j<J  (5.23)
k=0

where al, denotes the probability that n customers arrive during a vacation
period (VI).
Using equations (5.22), (5.23) recursively, it is found that

QL,j(0) = (1= P4(0)p" ), 0<n<m-1,1<j<J(5.23.1)

. n .
with the convolution product ol = > all) al.
k=0
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Adding equations (5.22) and (5.23) over 1 <j < J,

J J-1 n
> QIL(0) = al, (1-HP0)+p Y. D al Qloki(0), 0<n<m-1 (5.24)
i=1 i=1 k=0
J-1
By letting 30 = (1-f)P4(0)+p > QI,;(0) and (5.24.1)
=1
J-1
5 = p Y QI,;0), 1<n<m-1 (5.24.2)

pN

j=
yv(z) of equation (5.18) can be written as

m-1

yv(z) = > 8, 2" (5.24.3)
n=0

Then equation (5.24) together with (5.23.1), at n = 0 lead to,

_ J
So = (1 —f) P4(0) M (5.25)
1-alyp
and for1 <n<m-1,
n
6n = p Z G’Ik Sn_k - p QIn‘J(O) (525.1)
k=0

follows from (5.24) and (5.24.2)

For further simplification the following theorem is used.

Theorem : 5.1

If Bo = (1-(alo p)’),
n
Bn = p 2, i Pk al¥p’,  for1<n<m-1 (5.26.1)
k=1 1—OLIO p
Then 5y = P1(0) (1-1) _ B O<n<m-1 (5.26.2)
1-alyp

Proof

Equation (5.25) shows that the equation (5.26.2) is true for n= 0.
Equation (5.25.1) implies,

n
Sn(1—pal) = p Y al dhk—p Qlhu(0)
k=1

Thus by induction, substituting for &« and using equation (5.23.1)
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(1-alop)dy = Py0)(1-Np ¥ PN g0p)]
ket 1—alg p
ie., S = Py0)(1—f) —Pn T<n<m-1 (5.263)
(1-aly p)
Thus, yv(z) = m218n z" = P4(0) (1-1)B(2) (5.27)
n=0
Where B(z) = m_1M (5.27.1)

Next to find the PGF of the number of customers in the system when the

server is in buildup period, the following result is used.

Theorem : 5.2
n
If o = 1, @, = Z T Ok » (5.28)
k=1
_ < W\ -1 _ [ & 7o By
Yn1 = Znn—k(alk )p v Wn2 = z__nn ,0<n<m-1
k=0 ko T—alyp
and  yn = Pyt (1-p) vy (5.28.1)
m-1
then PI(z) = P+(0) (1 —f) w(z), where y(z) = [kl] v, Z" (5.28.2)
p n=0
Proof

Equation (5.5) recursively implies,

n

J1
APl = Z T, QI y(0)+ (1 -p) Z T kZQIk,J(O)
i1

Substituting for QIxy(0) from (5.23.1) and using the definition for
n (0 <n<m-1),

A PI, Znnk Mo (1= 1) Py(0) + 1=P
Y
(5.28.3)
Substituting for &, from (5.26.3),
1-f)P,(0 1-f)P(0
e = OOPOp gy = 20RO,

where vy, (0 <n<m-1)is as in equation (5.28.1)
(i.,e)PI(z) = P1(0) (1 —1) w(z) (5.28.4)
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Corollary

For0<n<m-1

n—1 n—1
(i) Yi1Gn-i = > (11;({]) pJ_1 Tin—k
i=0 k=0

n—1
(ii) al p Tt + D Wi1Oni = Wiy
i-0

n—1 n—1
(iii) > Yio2 On-i = M_ Tn

i—0 k=0 1—0(10[)
] Bn n—1
iv)  —L—+ 5 Oni =
(iv) 1—aly p ; Vio On-i = WYpo2

The proof of the corollary is analogous to the Corollary of Theorem 2.2 of
Chapter Il.

Now substituting for yy(z) and PI(z) from (5.27) and (5.28.4) in equations
(5.17), (5.19), (5.20) and (5.21), we have

QI(z,0) = VI* (wx(2)) B(z) P1(0) (1 =1) (5.29)
QI*(z,0) = [VI*(Wx(Z))‘VI*(O)J B(z) P+(0) (1 — ) (5.30)
0-wx(z)
SE(z,0) = D" (wx(2)) (VI" (Wx(2)) = 1) B(2) + 1 — y(z) wx(z)) P(0) (1 — T
(5.31)
SE*(2,0) = 2 Wx@N=D ON 1 4 (2)) - 1)p(2)+1-u(2) wx(z)) P1(0) (1-6)
0-wy(z)
(5.32)

where B(z) is given by the equation (5.27.1).

Using equations (5.10) and (5.11), the PGFs corresponding to the vacation

during busy period are obtained as,

Bz, 0) = LD p. VB wx(2) (Pz, 0) - P+(0) 2) (5.33)
aB:(z0)= U=y Pz 0)=Py(0) 2) (VB:(WX(Z»_VBT(G)} (5.34)
z ! 0-wy(z)
QB2(z, 0) = f p,, VB3 (wx(z)) P(z, 0) (5.35)
QB(z,0)= fp,. P(z 0) {VBZ(WX(Z»_VB;(G)J (5.36)
2 0-wy(z)
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The generating functions of the system size at service completion epoch and
at arbitrary epoch, when the server is busy are derived as follows.
Equations (5.8) and (5.9) together with (5.33) and (5.35) lead to

(0-wx(@) P'(z.0) = P(z,0)— > Z(‘”[m —) (1= py. )(P(z, 0) - P1(0) 2)

+f(1-py,)P(z 0)+2z(QB4(z, 0) + QB2(z, 0)]

_57(0) ( iNSEK(O)z” 232 Y U, g0 (5.37)

n=N k=n—-N+1

Summation of equation (5.7) overn = mto N — 1 gives,

N—1 N-1 n-m
rU(z) = SE,(0)z" +1 > z" > U, gk (5.38)
k=1

n=m n=m-+1
Adding equation (5.37) with, equation (5.38) multiplied by (—S*(0)), and
substituting for QBi(z, 0) (i = 1, 2), it is found that

0-wx(2) P'(z, 0) = %0

D(z)= (1= ((1-pyp, ) * Py, VBT (Wx(2))) +fZz (1= py,) + Py, VB2(Wx(2)))
and (5.39.1)
J(z) =SE(z, 0) - U(z) wx(z) — (1 =) P1(0) (1 = py, + Py, VBi(Wx(2))) (5.39.2)

(z— S*(8) d(z)) - S*(0) I(z), where  (5.39)

At 6 = wx(z), equation (5.39) gives,
28" (wx(2)) I(2)

P(z, 0 5.40

P 28 (Wx(2) 0(2) >4
Substituting for P(z, 0) in equation (5.39),

o (2, 0) 2(S" (Wx(2))~S°(0)) 9(2) 541)

(0-wx(2))(z-S"(wx(2)) @(2))
Finally, the probability generating function of the system size, when the server

is in dormant period is derived as follows :

Equation (5.7) recursively gives,

n
nUp = > SE, (0) 7, 4 m <n < N-1 (5.42)

k=m

where SE,(0) is the coefficient of z* of SE(z, 0)
For further simplification, the following result is used.
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Theorem : 5.3
(i) (VI'(wx(2)) = 1) B(2) + 1 —w(z) wx(z) = > S, z", (5.43)
n=m
m-1
where Sn = Z (Odn—k Bk + \Vk gn—k]
ko \1-alyp p

and B(z) is given by the equation (5.27.1).

(i) D™ (wx(2)) (VI" (wx(2)) = 1) B(z) + 1 — y(z) wx(2)) i z"
_ (5.44)

where hg is the probability that k customers arrive during the setup period D.

Proof
(VI* (wx(z)) = 1) B(2) + 1 = w(z) wx(2)
- n ] Bn Zn m71\|/n Zn m_1\|]n Zn - k
= I — —_— 1—
(%a”zj §1—alop+ 25 +[nZEJ P J(I;gkzj

The right hand side can be simplified using the corollary of Theorem 5.2. The
procedure is analogous to Theorem 2.3.

After simplification

(VI" (wx(2)) = 1) B(2) + 1 - w(z) wx(2)

I
Ms

]
1i
3

2 m! Bk al, L Yk gn—kj
k=0 1 aly p P
S

n

I
Ms

z n

]
1i
3

m-1
where Sn — z Laln—k Bk + Wk gn—k]
o\ 1-alyp p

Thus
D (wx(z)) ((VI" (wx(z)) = 1) B(2) + 1 — w(2) wx(2))

1l
e
LV]s
>0
=
N
L
wn Ne————

For k >m, SE«(0) = the coefficient of z* in SE(z, 0) implies
SEk(0) = P4(0) (1 = f) (coefficient of Z* in [D* (wx(z)) ((VI* (wx(z)) = 1) B(z)

) +1 - y(z) wx(2))]
SEk(0) = P4(0) (1—1) > S; h, follows from (5.44)

i=m
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Substituting for SE«(0) in equation (5.42) and rearranging the summation,

AU, = 0)1—f)ZS thnnr_
Thus U(z) = P4(0) (1-1) Z b 2” = P4(0) (1 =1) ¢(2) (5.45)
where, ¢, = Z S, Z h, tnrk @and ¢(z [ j Z b, z (5.45.1)

Using equations (5.31) and (5.45), it is found that,
SE(z, 0) - U(z) wx(z) — (1 =) P1(0) (1 = py, ) + Py, VB{(Wx(2)))
=J(z) = — P1(0) (1 = f) wx(z) ImN)(2) (5.46)

where Ton(z) = (VI (Wx(@) 1-D" (Wx(2))

B(z) D" (wx(2)) +

Wx(z) Wx(z)
+y(z) D' (Wx(2)) + P, (VB1(wx(z))-1) (5.47)
W (2)
Substituting for J(z), equations (5.41) and (5.40) at 6 = 0 imply,
. _ x P(0)(1-F) I(mn)(2)
P*(z,0) = z(S"(wx(z))-1) (5.48)
’ (28" (Wy(2)) ©(2)
P(z,0) = 28" (wx(z)) P1(O*)(1_f)(_WX(Z))I(m,N)(Z) (5.48.1)
(z2-S"(wx(z))@(2))
where @(z) is given by equation (5.39.1).
The partial PGFs of the system size of the model are listed below :
Qr'(z0) = POU-DU-VEW @), 549.1)
W (2)
se'(z,0) = HOUIZDTD Wx N yivre (wgz)) - 1) Bl2) + 1-w(2) w(2)]
W (2)
(5.49.2)
Uz) = P1(O) 5 S 402" = Py(0) (1-1)4(@) (5.49.3)
PI(z) = P4(0) (1 =1) y(2) (5.49.4)
P*(z,0) = z(S"(wx(z)—=1) PO Ty (2) (5.49.5)

(z-S"(wx(2))@(2))
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Py, (1= (1-VBi(Wx(2))) (P(z,0)-P,(0)z)

QB! (z, 0) = (5.49.6)
wx(z) z
QB}(z, 0) = fpy, P(Z’O)Vf/1—(z\/)Bz(Wx(Z))) (5.49.7)
X

where P(z, 0) is given by the equation (5.48.1).

Thus the partial generating functions are expressed in terms of the only one

unknown P4(0).

To derive the total PGF of the system size distribution, the following

generating functions are considered.

Pue(z) = Probability generating function of the system size when the
server is idle (vacation + buildup + setup + dormant)
= PI(z) + SE*(z, 0) + U(z) + QI"(z, 0) + QB;(z, 0) + QB5(z, 0)
(z-S"(wy(2))(1-f+f2z)

= P1(0) (1 = 1) Imny(2) (5.50)
1 T -8 (wi(2) 0@)
Peusy(z) = The PGF of the system size when server is busy
- P(20) = ZP1(O)(1_f)Iim,N)(Z)(S (Wx(z))-1) (5.51)
z-S (wx(2)) @(2)
Thus the total PGF of the system size distribution is given by
P,(0)(1-)? (2—=1) S™ (W (2)) T(mpy (2)
PBYF (2) = P Pous =_1 X (m.N) 5.52
(0 (2) de(2) + Pous(2) z-S"(wy(z2)) ®(2) (652
P+(0) can be calculated by using the normalizing condition.
If D(z) = (z—- S"(wx(2))®(2)), then D'(1) = (1 —f) (1 — psve). Thus,
BVF - — — (1-Pgvr)
Py (1) = 1implies  P+(0) —(1—f)1(m,N)(1) (5.53)
where PBVF = A E(X) E(HBVF) (5531)
E(Heve) = m(E(S) +f py, E(VB2) + (1 —f) py, E(VB4)) and (5.54)
— m-1
I(m,N)(‘I) - E(D [ j Z (I)n ( J Z Wn +E VI Z - pb1 E(VB1)
p7\- n=0 n=0 1_ 0

(5.55)
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Hence Pimn)(2) = (1= (1-peve) =1 S (Wx(2)) Lmw(2) (5.56)
’ z-8"(wy(2)) @(2) Ly (1)
where ®(z) is given by equation (5.39.1)
Using equation (5.50) P\, (z) can be written as,
PEVE (2) _ (1-)(1-ps)(z=1)S"(Wx(2)) Pye(2) (5.56.1)
’ [2-S"(wx(2))(1-f+f2)]  Piae(1)
where ps = A E(X) E(S).

(1-H(1-ps)(z-1)S"(Wx(2))
[z-S"(Wx(2))(1-f+f2)]

gives the generating function of the system

size of M*/G/1 queueing model with feedback and without threshold policies.

5.1.4 Decomposition Property
Theorem : 5.3

Under the steady-state condition pgve < 1, the PGF of the stationary
system size of the (m, N) — policy queueing model under consideration is the
product of PGF of the system size of M*/G/1 feedback queue (without
threshold policy and without vacation) and the PGF of the conditional system

size during the server idle period.

5.1.5 Queue Size Distribution at Departure Epoch

Following the arguments of Lee et al. (1994a), the PGF =n'(z) of the

queue size distribution { &, ;n > 0} at departure epoch is given by
+ D . .
n'(z) = 3 n) z" = —L[P(z, 0)] where Dj is the normalizing constant.
z

P(z,0)

Substituting for —— from (5.48.1) and evaluating the constant Dy,
z

+ - (X(z)-1) oBvr
n(z) = mp(m,m(z)

5.1.6 Performance Measures

In this section, the steady-state system size probabilities and the mean

number of customers in the system at various states are calculated.
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The Server in Idle State

Let Pvi, Pset, Pauigup, Poor, Pyg,and Pyg, denote the steady-state
system size probabilities and Lvi, Lset, Lauia, Loor, Lyg, and Lyg, denote the

mean number of customers, when the system is on vacation (during idle
period), in setup, buildup, dormant states and on vacation (during busy
period). Then these measures can be calculated using equations (5.49.1) to
(5.49.4), (5.49.6) and (5.49.7).

Thus,
Pwi = lim QI*(z,0) = P4(0) (1 -f) E(VI) rgB—” (5.57)
z—>1 n=0 ‘|_Odo p
_[d o
Lyt = LIZQI (Z’O)L=1
= P4(0) (1-1)
(5.57.1)
Pset = zliT1 SE*(z,0) = P4(0) (1-f)E(D) (5.58)
_ | 9 o
Lset = LI—ZSE (z, O)L:1
_ 3 E(D?) ' Ba oy,
P+4(0) (1 —f) L E(X) { > +E(D)(E(VI)nZ;J —1 “olp + 2 pkﬂ
(5.58.1)
PBuiIdup = I|m1 PI(Z) = P1(0) (1 —f) mz‘j o (559)
z—> n—0
m-1
LBuildup = {%PI(Z)}H = P4(0) (1 -f) nZE) np\an (5.59.1)
_ N-T ¢
Ppor = lein1 Uiz) = P4(0)(1-1) T” (5.60)
_|d _ s X Nné,
Loor = {dz U(z )l=1 = Py(0)(1-1) nzr:n . (5.60.1)

Pre, = lm QBj(z0) = p,, E(VBy) [xE M} (5.61)
1 I(m,N)(JI)



142

Lve, = [iQB:(z,O)}
! dz S
_ »E(X)(1- pgye ) E(VBF)
= (1-f FVB, — 5.61.1
( )pb{ T M- 2 ( )
where
Fvg = MEXX-1)E(VB)+(AEX))* E(VBY) | FECOE(VE) Iy (1)
| 2(1-1) (1= ) Lpy (1)
ME(X)E(VB;) (-D'(1)) , (A E(X))* E(S) (VB) =12 (5612
2(1_pBVF)(1_f)2 (1-1)
Py, = lim QB3(z,0) = fp,, E(VBy) 7‘1'5_(1() (5.62)
Lyg, = {iQB;(z,O)} = fp, (FVBy+ ME(X)E(VBZ)) (5.62.1)
z dz et 2 1-f
where
(-D"(1))= A EX(X—=1)) [E(S) + (1 = 1) p,, E(VB1) +f p,, E(VB2)]
+ (L E(X)?{E(S?) + (1-1) py, E(VBF) +f p,, E(VB3)
+ 2 E(S) [f pp, E(VB2) + (1 1) py, E(VB1)]}
+ 21E(X) f [p,, E(VB2) + E(S)] (5.63)
: _ Bn = B. E(VI®) . E(D?)
Inn (1) —kE(X)[ D)E(VI)Z —ocIOp+n:o1—ocIOp 7 T
'y,  E(VBY)
P o 2
+ E(VI) mz1 nB, + ¥ Nén + Z Yy (5.64)

no 1=alg P nom A 0 PA

The Server in Busy State

The probability that the server is busy with the service (Pgysy) and the
expected number of customers in the system Lg,sy are calculated using the

equation (5.49.5). One can note that,

Probability that the server is busy

im P*(z,0) = ZEXEES) _ ps (5.65)
21 (1-1) 1

|:’Busy
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d . AE(X)E(S
Lausy = {EP (Z’O)L1 = Favr + —('I—)f( )
where
F _ AEXX-1)E(S)+(EX)?ES?) , »EX)ES)(-D"(1))
BVF =

2(1-1) 2(1-)% (1- paye)
, MEQOE(S) Limp (1)

(5.65.1)
(1= Lmny()
Let E(Cycle) denote the expected length of the cycle, then
1-1)1 1
ECyale) = (=N Tmn(
~ PBVF
Mean System Size
The expected system size LYY\, of the model is given by
BVF _ d svr — | BVF Izm,N)(1)
Limny = {Ep(m,m(z) = L7+ I_('l)
z=1 (m,N)
where LBYF = X E(X)E(S) + D) (5.65.2)
2(1-H)(1-pgvr)
Note :

It is also verified that

BVF  _ 8F . Paie(1)
Hm = - Piaie (1)
2 2
where LEF = bs + AEXX(X-1))E(S) + (AE(X))” E(S*) + 2f LE(X)E(S)

2(1-H)(1-ps)
5.2  OPTIMAL MANAGEMENT POLICY

By following the procedure given in Chapter Il, the optimal threshold

values (m*,N*) for the present model can be obtained.

Recalling the cost structure (Cy (startup cost per cycle), Cset (setup
cost), Cpuila (buildup cost), Cqor (standby cost), Cpr (breakdown cost), Cpusy
(operating cost), Cy, (holding cost per customer), Cy, (reward per unit time due

to idle vacation), Cyg, (cost due to VB4) and C,, (cost due to VB;), the total

average cost per unit time of the system is given by
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T2YF(m,N) =

+ C:set I:’set + Cdor I:’dor + C:busy I:)busy + Cbuild I:’build
cycle

+ Cyg, Py, * Cyg, Pyg, + Cn Linny - Cvi Py
By substituting the corresponding measures, the above equation can be re-
written as
N-1 ¢_n N & N—1
—m A A

TEVF (m,N)= A + [A1 + Z(m) + Cyor (1 — pave) N ¢p]

=}
=}

(m,N) =m

where
f

A=CpLBF+ Cousy Pousy + AE(X)E(VB1)py, Cyg, + AE(X)E(VB2)py, Cyg, -t

LBVF

is given by equation (5.65.2).
C
At = (1-pav) [ﬁ+ Cset E(D) = Cyg, Py, E(VB1)]

E(D? E(VB?2
+ Co DE(X) ( (2) -y, St

iy Vn
D) E(VI)) %1 10p+ r;)IME(D)]

m-1 nwn
—}
" &

)

Z(m) = Cn {1 E(X)[(

E(VIZ)
2

e S P

n01_ Iop

m
+ Chuid (1 — paVF) ZW—X_ (1—psvr) E VI)§1 ocIOp

By calculation,

TBYF (m, k +1)= TEYF (m, k) = b HEYF (m, k) where
7\’I(m,k+1 (1)I(m k) ( )

HEYF(m, k) = Cuor (1 — pavF) d21 + Cp (k dBY1 + z

kn)

) = (A1 + Z(m)

m-1
& = ED)+ S Y0 vEwv) Y B— ~ by, E(VBY)
n=0 p n=0 1-al oP

By proceeding as in Chapter II, it is found that the condition under
which T8 (m, k+1)-Tg" (m,k) > 0 for the first value of k is given by
N*(m)= min {k / (H® (m, k) > 0}. The optimal threshold values (m*,N*(m))

can be obtained by following the algorithm given in Chapter Il.
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5.3 PARTICULAR CASES

In this section, the PGF of the system size of some queueing models

are derived as special cases and presented.
Case 1

The J-vacation policy of Chapter IV and (p, J) vacation policy of
Chapter V are the same when p = 1. It is verified that (z), w(z) and ¢(z) of

Chapter Il and V coincide with each other when p = 1.
If py, = 0 then Iimn)(2) of Chapter V coincides with that of Chapter Il. In

addition if p,, =0 and f = 0 the total PGFs of the system size of Chapter V

coincides with that of Chapter Il with, the selection of r = 0 and a = a; = 0 for
i =11to Cin Chapter Il.

Case 2

Ke and Huang (2010) analysed M*/G/1 queueing model with delayed
repair under < p, J > vacation for the classical 1-policy.

fm=N=1;p, =p,,=0Pr(D=0)=1andf=0; then equation
(5.47) is reduced to

1-VI'(wx(z)) _ Bo , PWoi+(1-P)Wop
Wy (2) 1-aly, p pA
[(1-(paly)’) (1= VI" (Wx (2)))
lan(@) _ +aly (1-X(@)(aly ' p?(1-aly)+1-p)]
L™ (1=-XE@NILEVID) (1-(algp)’) + aly (p¥ aly " (1-aly) +1-p)]

Ii1,1)(2) = . After simplification

Thus the PGF of the present chapter leads to

(1-p)(z=1)S"(Wx(2)) I 1.1(2)
z-8"(wx(2)) Ligqy (1)

coincides with the corresponding result of Ke and Huang (2010) for a reliable

P(z) where p = A E(X) E(S). This

server model.
Case 3

The results of the present chapter can be compared with that of

Chapter IV with the following identifications :
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LetJ=1;py, = Pp,=P; f=0;VBy=VB;=VBin (5.56 and 5.47) of
Chapter Vandr=0,p ' =1;a;=a=0; M=1in (4.54 and 4.47) of
Chapter IV. Then the PGF of the system size for both the models will be

(1-p)(z-1)S"(wx(2)) L(mn)(2)

P =
@ z-S"(Wx(2))(1-p+p VB (Wx(2))) Imn(1)
and Imny(z) = 1_VI*(W);\/(ZE)ZE))*(WX(Z)) + D"(Wyx(2) y(z) + d(2)
X
N p (VB (wy(2))-1)
Wy (2)

5.4 NUMERICAL ANALYSIS

In order to study the effects of the probability (f) with which the
customers opt feedback service, arrival rate (A) and Bernoulli vacation
probabilities p,, , p,, and p, on the optimum policies, numerical values are

obtained in Tables 5.1 to 5.5. The different distributions used for numerical

computations are presented in the following table.

Random variables Distribution Mean E(Y) Second ordeg moments
(Y) F(Y) E(Y?)
Two-stage b, 1-b, b. 1-b
Service (S) hyper- — O<bi<1 2 _;+_21
exponential My Mo TR
1 4
Setup time (D) Erlang-3 type -
Y 3 ,Y2
1 4
VI Erlang -3 type -
n 2
. 3n
Vacation
1 3
VB;i=1, 2 |Erlang-2 type — >
ﬂi 2 ni
Geometric % p1_+1
Batch size (X) (Geo(p-)) P (1-p,)’
Binomial B(2, p4) 2 p 2p; (1+ p1)

The expected cost values of Tc¢(m, N) for different values of m
and N are listed in Table 5.1 and plotted in Figure 5.1. The optimal threshold
values (m",N*) and Tc(m*,N*(m)) are respectively obtained at (14, 14) and

502.201. This justifies the solution procedure in the theory.




(Ch, Cbuild: Cseta Cdon Cy; Cbusyf CVI. CVBl ’ CVB2 ) = (30, 8, 1000, 60. 10000- 10, 8, 20. 5)

Table 5.1 The Expected Cost Tc(m, N) for Different Values m and N

(. 7, M, pu A, f,J) = (0.05, 1.0, 0.5, 0.3, 0.6, 0.03, 13)

(b1, w1, H2, N1, N2s Pb, : Po, ) = (0.5,1.5,2,0.3,0.2,0.01, 0.2)

1 4 7 10 13 14 16 20 22
m
1 1458.599 871.830 626.555 543.961 518.015 515.888 517.861 538.208 553.668
3 842.374 621.753 540.886 515.698 513.736 515.964 536.641 552.212
5 614.904 537.262 512.944 511.175 513.707 534.788 550.499
7 590.437 533.681 510.284 508.702 511.526 532.996 548.842
9. 528.523 507.774 506.368 509.467 531.301 547.274
11 505.394 504.190 507.536 529.707 545.798
13 503.030 502.402 505.766 528.214 544.413
14 505.053 527.506 543.754
15 504.867 526.824 543.119

LYT
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Figure 5.1. The Expected Cost T¢(m, N) for Different Values of m and N

{14,14,502.201)

Table 5.2 gives the optimal values of both the (m, N) policy and (N, N)
policy models as the standby cost C4or changes. The table values show that
as Cqor increases, the optimal values of (m, N)-policy approach the optimal
values of (N, N)-policy. As in previous chapters (Il to IV) (m, N)-policy
provides lower average cost than the single threshold (N, N)-policy. The
parameters used to create Table 5.2 to 5.5 are the same as in Table 5.1. The

variant parameters are represented in the corresponding tables.

Table 5.2 Optimal Policy as Dormant Cost Changes
(Cha CdOI’! Cbusyv Cya CVly Cbuilda Cseta C\/B1 ’ Cv32 )=(107 25, 10, 1000, 187 8, 150, 20, 5) ; J=

15
J
P J * ok
Caor | (m™,N™)| Te(M™.N") | L) | ECycle) | N* | TG(N"NT) L(m* N E(Cycle)
10 | @,8) 105.527 5640 | 27689 | 7 | 106.888 5685 | 26.619
12 | (@28 106.121 5661 | 27.719 | 7 | 106.888 5685 | 26.619
15 | (6,8) 106.590 5812 | 28.046 | 7 | 106.888 5685 | 26.619
20 | (7,8) 106.848 50920 | 28529 | 7 | 106.888 5685 | 26.619
25 | (7,7 106.888 5685 | 26619 | 7 | 106.888 5685 | 26.619
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In Table 5.3 the influence of the group arrival rate A, feedback
probability f and the probability with which the server takes vacation between

two consecutive services ( p,, ) on queue size (L) are analysed. It is found that
the increasing values of A or f or p,, cause, an increase in the mean system
size. For the computation of Tables 5.3 t0 5.5, m =5 and N = 10.

Table 5.3 Mean System Size Vs. Feedback Probability f and Arrival Rate A

A f= 0 0.2 0.3 0.4

4.837 4.902 4.950 5.020

0-10 4.689 4.742 4.783 4.839
0.15 5.148 5.286 5.396 5.559
4.831 4.928 5.005 5.116

0.20 5.620 5.904 6.147 6.539
5.004 5.166 5.298 5.500

0.95 6.382 6.999 7.593 8.719
5.220 5.477 5.698 6.056

7.741 9.318 11.258 16.871

03 5.493 5.895 6.264 6.918
B (p, . p,,)=(0.3003) ® (p, .p,,)=(01,003)

Figure 5.3 Expected System Size Vs Arrival Rate A for Different Values of (f)
with (pbl Py, ) =(0.3, 0.03)

18
16
14
g
'@ 12
2 10 —o—f 0
>
? 8 —o—f 0.2
®©
o 6 f O.
g 0.3
4 —o—f 0.4
2
0

A .15 2 .25 3
Arrival Rate (A)
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The effects of batch size E(X) and feedback probability (f) on the
system size are studied for two different distributions of batch size in Table
5.4. The table values show that for both Binomial distribution and Geometric
distribution, the queue becomes congested as E(X) or f increases. The
parametric values other than A =0.2, m=5and N =10, p = 0.7 are same as
in Table 5.1.

Table 5.4 Mean System Size Vs E(X) and Feedback Probability (f) for

Geometric and Binomial Distribution

f E(X)=1 E(X)=2 E(X)=3 E(X)=4

3.477 4.202 5.629 8.087

0.01 3.513 4.032 4.808 6.037

3.502 4.338 6.082 9.325

0.05 3.543 4.143 5.107 6.779
3.539 4.542 6.822 11.622

0-10 3.586 4.310 5.592 8.156
3.581 4.799 7.864 15.612

0-15 3.636 4.520 6.273 10.548
02 3.631 5.130 9.440 24.256
3.695 4.790 7.297 15.729

B Geo (P1) H B (2, pa)

The optimal cost values Tc (m*,N") corresponding to different values of
(p, J) are listed in Table 5.5, where J denotes the maximum number of
consecutive vacations that server can take and p denotes the probability with
which the server takes the multiple vacations. The parametric values are

same as in Table 5.1.

Table 5.5 T.(m",N")for Different Values of p and J

p J= 1 5 10 23
0.1 510.980 511.545 511.545 511.545
0.2 531.230 532.327 532.327 532.327
0.3 555.244 556.757 556.758 556.758
0.4 584.125 585.769 585.765 585.765
0.5 619.954 620.930 620.881 620.881
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Figure 5.4 gives the mean system size for different values of feedback

probability (f)

and batch size E(X) in the case of geometric distribution of

Table 5.4. Figure 5.5 gives the graphical representation of Table 5.5.

Figure 5.4 Expected System Size Vs. f and E(X)

£

Figure 5.5 T.(m",N")Vs.Jand p
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