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INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [1965] which was followed by
the introduction of fuzzy topology by Chang [1968]. Later Attanassov [1986] introduced
the idea of intuitionistic fuzzy sets using the notion of fuzzy sets. Intuitionistic fuzzy set is
the extension of the standard fuzzy sets. Any research based on fuzzy sets can be described
in terms of intuitionistic fuzzy sets. Intuitionistic fuzzy set has many geometrical

interpretations.

In the last ten years intuitionistic fuzzy sets were applied in different areas. The
intuitionistic fuzzy approach to artificial intelligence includes treatment of decision
making and machine learning, neural networks and pattern recognition, expert systems

database, machine reasoning, logic programming.

Currently, there are many applications of intuitionistic fuzzy sets in medical

diagnosis and chemistry. So intuitionistic fuzzy set plays a vital role in mathematics field.

Using the notion of intuitionistic fuzzy sets, Coker [1997] introduced intuitionistic

fuzzy topological spaces which gives many interesting ideas in topological field.

This thesis presents a new class of sets in intuitionistic fuzzy topological spaces
called intuitionistic fuzzy regular generalized semiclosed sets, its respective open sets,
applications, continuous mappings, almost continuous mappings and contra continuous

mappings.

In chapter I the recent development of intuitionistic fuzzy topology contributed by

various authors is mentioned and the definitions defined by them are presented.

Chapter II dealt with the discussion of intuitionistic fuzzy regular generalized

semiclosed sets and some important theorems.

In chapter III the concept of intuitionistic fuzzy regular generalized semiopen sets
and their properties are introduced and investigated. Important theorems using

intuitionistic fuzzy regular generalized semi T, spaces are obtained.



Chapter IV dealt with the theory of intuitionistic fuzzy regular generalized semi

continuous mappings and their properties are obtained.

In chapter V dealt with the theory of intuitionistic fuzzy almost regular generalized

semi continuous mappings are introduced and some important theorems are discussed.

Chapter VI dealt with the theory of intuitionistic fuzzy contra regular generalized

semi continuous mappings and their properties.

Throughout this thesis (X,t), (Y,0) and (Z,y) denote the intuitionistic fuzzy
topological spaces on which no separation axioms are assumed unless otherwise explicitly

mentioned.
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REVIEW OF LITERATURE

The intuitionistic fuzzy topological space is quite interesting and useful in many
areas of mathematics. Intuitionistic fuzzy semi open sets, intuitionistic fuzzy pre open sets
and intuitionistic fuzzy a closed sets were introduced by Guracy, H., Coker, D., and
Haydar, Es. A., [1997] in intuitionistic fuzzy topological spaces. Young Bae Jun and
Seok - Zun Song., [2005] introduced intuitionistic fuzzy semi- pre open sets and
intuitionistic fuzzy semi- pre closed sets in intuitionistic fuzzy topological spaces.
Krsteska, B., E. Ekici., [2007] have introduced intuitionistic fuzzy contra continuous
mappings, intuitionistic fuzzy contra pre continuous mappings and intuitionistic fuzzy

contra strongly pre continuity mappings.
FUZZY SETS
[Zadeh, L.A., 1965]

In this article, the author has characterized the fuzzy sets by membership function.
Further, the notions of union, intersection, complement, relation, convexity are extended to

such sets and various properties of these notions of fuzzy sets are established.
INTUITIONISTIC FUZZY SETS
[Krassimir T. Atanassov., 1986]

In this paper he introduced the concepts of intuitionistic fuzzy sets and discussed
many of the properties. This paper gives the strong foundation to study intuitionistic fuzzy
topology. After he introduced the concept of intuitionistic fuzzy sets, many people found

many interesting theorems on this particular set.
THE CATEGORY OF INTUITIONISTIC FUZZY TOPOLOGICAL SPACES
[Seok Jong and Eun Pyo Lee., 2000]

The author has introduced the concept of intuitionistic fuzzy neighborhood and the
properties of continuous, open and closed maps in the intuitionistic fuzzy topological

spaces are investigated.



ON FUZZY CONTINUITY IN INTUITIONISTIC FUZZY TOPOLOGICAL
SPACES

[Guracy, H., Coker, D., and Haydar, Es. A., 1997]

In this paper, the authors have constructed the definitions of fuzzy continuity, fuzzy
compactness, fuzzy connectedness and fuzzy hausdorff spaces and obtained the several

preservation properties.
ON INTUITIONISTIC FUZZY POINT
[Coker, D., and Demirci, M., 1995]

In this article, the authors have constructed one of the most important definition
namely intuitionistic fuzzy points in intuitionistic fuzzy topological spaces and they have

produced any interesting theorems.

GENERALIZED CONTINUITY IN INTUITIONISTIC FUZZY TOPOLOGICAL
SPACES

[Thakur, S.S., and Rekha Chaturvedi., 2006]

The authors have introduced the concept of intuitionistic fuzzy generalized
continuous mappings in intuitionistic fuzzy topological spaces and obtained some

interesting theorems.
ON INTUITIONISTIC FUZZY SEMI GENERALIZED CLOSED SETS
[R. Santhi and K. Arun prakash., 2010]

In this article, the authors have introduced the concept of intuitionistic fuzzy semi
generalized closed sets and intuitionistic fuzzy semi generalized open sets in intuitionistic
fuzzy topological spaces. Further they have discussed the application of intuitionistic

fuzzy semi generalized closed sets in intuitionistic fuzzy semi T}/, spaces.
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CHAPTER1

PRELIMINARIES

Definition 1.1: [1] An intuitionistic fuzzy set (IFS in short) A in X is an object having the

form

A = {(x, pa (x), va(x))

where the functions ps : X — [0,1] and vo: X — [0,1] denote the degree of membership
(namely pa(x)) and the degree of non — membership (namely va(x)) of each element x € X

to the set A, respectively, and 0 < pa(x) + va(x) < 1 for each x € X.
Definition 1.2: [1] Let A and B be two IFSs of the form

A = {(x, pa(x), va(x)) / x € X}

and

B = {(x, pa(x), ve(x)) / x € X}.
Then,
(a) A € Bifand only if pa(x) < pup(x) and va(x) > vg(x) for all x € X
(b)) A=Bifandonlyif ASBand BC A
(©) A®= {{ X, va(x), pa(x)) / x € X}
(d) AN B = {{(x, pa(x) A u(x), va(x) Vve(x)) / x € X}
() AU B = {(x, pa(x) V us(x), va(x) Ave(x)) / x € X}

For the sake of simplicity, we shall use the notation A = (X, pa, va) instead of
A = {{x,pa(x), va(x)) / x € X}. The IFSs 0~ = (x, 0, 1) and 1~ = (x, 1, 0) are respectively
the empty set and the whole set of X.



Definition 1.3: [3] An intuitionistic fuzzy topology (IFT in short) on X is a family 1 of

IFSs in X satisfying the following axioms:
i. O~ 1~€rT,
i. GNGyetforany Gy, G ET,
iii. UGj€rT forany family {G;/i€J} S T.

In this case the pair (X,t) is called an intuitionistic fuzzy topological space (IFTS
in short) and any IFS in t is known as an intuitionistic fuzzy open set (IFOS in short) in
X. The complement A° of an IFOS A in (X,T) is called an intuitionistic fuzzy closed set
(IFCS in short) in X.

Definition 1.4: [3] Let (X,T) be an IFTS and A = (x, pa, va) be an IFS in X. Then the

intuitionistic fuzzy interior and intuitionistic fuzzy closure are defined by
nt(A)=U {G/Gisan IFOS in X and G € A}

cl(A)=n {K/Kisan IFCSin X and A € K}

Note that for any IFS A in (X,T), we have cl(A) = (int(A))° and int(A®) = (cl(A))".
Definition 1.5: [5] An IFS A = (X, pa, va) in an IFTS (X,7) is said to be an

(1) intuitionistic fuzzy semi closed set (IFSCS in short) if int(cl(A)) € A
(1) intuitionistic fuzzy a closed set (IFaCS in short) if cl(int(cl(A))) € A
(ii1)intuitionistic fuzzy regular closed set (IFRCS in short) if A = cl(int(A))

Definition 1.6: [5] An IFS A in an IFTS (X,7) is said to be
(1) intuitionistic fuzzy semiopen if A C cl(int(A))
(1) intuitionistic fuzzy a open if A € int(cl(int(A)))

(111) intuitionistic fuzzy regular open if A = int(cl(A))

Definition 1.7: [11] Two IFSs A and B are said to be g- coincident (A ¢ B in short) if and
only if there exists an element x € X such that p A(x) > v g(x) or v a(x) < uB(%).



Definition 1.8: [11] Two IFSs are said to be not q - coincident (A "B in short) if and only
if A € Be.

Definition 1.9: [4] An intuitionistic fuzzy point (IFP in short), written as p(p), 1s defined
to be an IFS of X given by

(o, B) if x =p,

Plap ) = {(0, 1) otherwise.

An IFP p(p) is said to belong to a set A if o < pa and B = va.

Definition 1.10: [10] Let p(, ) be an IFP of an IFTS (X,T). An IFS A of X is called an
intuitionistic fuzzy neighbourhood (IFN in short) of p(q, g if there exists an IFOS B in X
such that p, ) € B € A.

Definition 1.11: [5] Let A be an IFS in an IFTS (X,t). Then

(1) sint(A)=U {G/Gisan[FSOSinXand GCS A }
(i) scl(A)=n { K/Kisan IFSCSin Xand A € K }

Result 1.12: [9] Let A be an IFS in (X,1), Then

(1) scl(A)= A U int(cl(A))
(i1) sint(A) = A N cl(int(A))

Definition 1.13: [3] Let X and Y be non empty sets and f: X—=Y be a function. If
B = {{y, us(y), va(y)) / y € Y} is an intuitionistic fuzzy set in Y, then the preimage of B
under f'is denoted and defined by

£(B) = {(x, T (up)(x), £ '(vB)(x)) / x € X}
where f ™! (up)(x) = (ug)(f(x)) for evey x € X.

Corollary 1.14: [3] Let A, A; (i€J) be intuitionistic fuzzy sets in X and B, B; (jeK) be

intuitionistic fuzzy sets in Y and f: X—Y be a function.Then

a) AIC A= f(A) C f(A,)
b) BiSB,=>f'(B) S f'(By)



c) Acf(f(A)) [Iffisinjective,then A=f'(f(A))]
d) f(f'(B)SB [Iffis surjective , then B=f(f '(B))]
e) f(UB)=uf"(B)

f) £(NB)=nf(By

g) £7(0~) =0~

h) f'(1~)=1~

i) (B =("B)"

Result 1.15: [3] Let A, B and C be intuitionistic fuzzy sets in X. Then
i. (AcB)and(CED)=AUuC)c(BuUD)and(ANC)<S(BND)
i. ACSBandACSCC=AcBNC)

iii. AcCCandBSC=(AUB)cC
iv. A€BandBESC=ACC
v. (AUB)=A°NnB°
vi.  (ANB)°=A°UB®

vih. ACSB=B°CA°

viii.  (A9°=A
ix. (0~)°=1~
X. (1~)°=0~

Theorem 1.16: [3] Let (X,t) be an IFTS and A, B be intuitionistic fuzzy sets in X. Then
the following properties hold:

i, Int(A) S A
ii. Accl(A)

iii. AC B=>int(A)C int(B)



iv. AZSB=cl(A)Cccl(B)
v. int(int(A)) = int(A)
vi.  cl(cl(A)) =cl(A)
vii.  int(A N B) =int(A) N int(B)
viii.  cl(A UB)=cl(A) U cl(B)
ix. int(l~)=1~
Xx. cl(0~)=0~
Definition 1.17: [11] An IFS A in an IFTS (X,7) is said to be an

(1) intuitionistic fuzzy generalized closed set (IFGCS in short) if cl(A) & U whenever
A S UandUisan IFOS in X,

(1) intuitionistic fuzzy regular generalized closed set (IFRGCS in short) if cl(A) € U
whenever A € U and U is an IFROS in X.

Definition 1.18: [5] Let f be a mapping from an IFTS (X,t) into an IFTS (Y,0). Then fis
said to be an intuitionistic fuzzy continuous (IF continuous in short) mapping if

f'(B) € IFO(X) for every B € o.

Definition 1.19: [11] Let f be a mapping from an IFTS (X,t) into an IFTS (Y,0). Then f'is
said to be an intuitionistic fuzzy generalized continuous (IFG continuous in short)

mapping if f (B) e IFGCS(X) for every IFCS Bin Y.

Definition 1.20: [6] Let f be a mapping from an IFTS (X,t) into an IFTS (Y,0). Then fis

said to be an

(1) intuitionistic fuzzy semi continuous (IFS continuous in short) mapping if
f'(B) € IFSO(X) for everyBeo
(i) intuitionistic fuzzy a continuous (IFa continuous in short) mapping if

f'(B) e IFaO(X) for every B € o



Definition 1.21: [7] Let f be a mapping from an IFTS (X,1) into an IFTS (Y,0). Then fis

said to be an

(1) intuitionistic fuzzy contra continuous (IFC continuous in short) mapping if

f1(B) e IFO(X) for each IFCS Bin Y

(11) intuitionistic fuzzy contra a continuous (IFCa continuous in short) mapping if

f'(B) € IFaO(X) for each IFCS B in Y

Definition 1.22: [11] An IFTS(X,1) is said to be an intuitionistic fuzzy T;, (IFT;, in
short) space if every intuitionistic fuzzy generalized closed set (IFGCS in short) in X is an

IFCS in X.
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CHAPTER I

INTUITIONISTIC FUZZY REGULAR GENERALIZED
SEMICLOSED SETS

In this section, we have introduced the notion of intuitionistic fuzzy regular
generalized semiclosed sets in intuitionistic fuzzy topological spaces and studied some of

their properties.

Definition 2.1: An IFS A of an IFTS (X,1) is said to be an intuitionistic fuzzy regular
generalized semiclosed set (IFRGSCS in short) if scl(A) € U whenever A € U and U is
an IFROS in X.

Example 2.2: Let X = {a, b} and U = (x, (0.4, 0.3), (0.6, 0.7)) where pu, = 0.4, up = 0.3,
va=0.6, v,=0.7 then T = {0~, U, I~} is an I[FT in X. Let A = (x, (0.1, 0.2), (0.7, 0.8)) be
any IFS in X. Here A € U where U is an IFROS in X. Now, scl(A) = (x, (0.4, 0.3),
(0.6, 0.7)) =U < U. Therefore A is an [IFRGSCS in (X,7).

Theorem 2.3: Every IFCS in (X,7) is an [IFRGSCS in (X,T) but not conversely.

Proof: Let A € U and U be an IFROS in X. Now scl(A) = A U int(cl(A)) = A U int(A),
since by the hypothesis cl(A) = A. Therefore scl(A) € A U A = A € U. Hence A is an
IFRGSCS in (X,7).

Example 2.4: In Example 2.2, A is an IFRGSCS, but not an IFCS in X, since
cl(A) = (x, (0.6, 0.7), (0.4, 0.3)) # A.

Theorem 2.5: Every IFRCS in (X,1) is an IFRGSCS in (X,T) but not conversely.

Proof: Let A be an IFRCS. Since every an IFRCS is an IFCS, by Theorem 2.3, A is an
IFRGSCS in (X,1).

Example 2.6: In Example 2.2, A is an [IFRGSCS in X, but not an IFRCS in X, since
cl(int(A)) =0 ~ # A.



Theorem 2.7: Every IFSCS in (X,1) is an IFRGSCS in (X,t) but not conversely.

Proof: Let A € U be an IFSCS and U be an IFROS in X. we have
scl(A) = A U int(cl(A)) € A U A=A c U, since by hypothesis int(cl(A)) € A. Hence A is
an [IFRGSCS in (X,1).

Example 2.8: In Example 2.2, A is an IFRGSCS, but not an IFSCS in X, since
int(cl(A)) = (x, (0.4, 0.3), (0.6, 0.7)) =U € A.

Theorem 2.9: Every IFGCS in (X,t) is an IFRGSCS in (X,T) but not conversely.

Proof: Let A € U be an IFGCS and U be an [IFROS in X. We have scl(A) = A U int(cl(A))
c A U int(U) € U, by hypothesis cl(A) € U. Hence A is an IFRGSCS in (X,T).

Example 2.10: Let X = {a, b} and U = (x, (0.4, 0.3), (0.6, 0.5)). Then T = {0~, U, 1~} is
an IFT on X. Let A = (x, (0.3, 0.3), (0.6, 0.5)) be an IFS in X. Here A € U where U is an
IFROS in X. Now, scl(A) = (x, (0.4, 0.3), (0.6, 0.5)) = U € U. Therefore A is an
IFRGSCS, but it is not an IFGCS in X, since A <€ U, but
cl(A) = (x, (0.6, 0.5), (0.4, 0.3)) € U.

Theorem 2.11: Every [FaCS in (X,t) is an IFRGSCS in (X,1) but not conversely.

Proof: Let A € U and U be an IFROS in X. we have scl(A) = A U int(cl(A))
C A U cl(int(cl(A))) < A U A, since by hypothesis cl(int(cl(A))) < A. Therefore
scl(A) € U. Hence A is an [IFRGSCS in (X,7).

Example 2.12: Let X = {a,b} and U = (x, (0.4, 0.2), (0.6, 0.7)) Then t= {0~, U, 1~} is an
IFT on X. Let A = (x, (0.3, 0.2), (0.7, 0.8)) be an IFS in X. Here A € U where U is an
IFROS in X. Now scl(A) = (x, (0.4, 0.2), (0.6, 0.7)) = U. Therefore A is an IFRGSCS, but
not an IFaCS in X, since A € U, but cl(int(cl(A))) = (x, (0.6, 0.7), (0.4, 0.2)) £ A.

Theorem 2.13: If an IFS is both an IFPOS and an IFSCS in (X,t) then it is an IFRGSCS
in (X,71).

Proof: Let an IFS A be both an IFPOS and IFSCS in (X,t). Then A C int(cl(A)) and
int(cl(A)) € A. Therefore A = int(cl(A)). Now let A € U and U be an IFROS in X. Then



scl(A) = A vint(cl(A)) = AUA =A € U. Hence A is an [FRGSCS in (X,7).
In the following diagram, we provide the relations between various types of

intuitionistic fuzzy closedness.

IFCS » IFGCS
[FRCS [FaCS »| IFRGSCS
Y
[FSCS

In the above diagram the reverse implications are not true in general.

Theorem 2.14: Let A € B C scl(B) and A be an IFRGSCS in an IFTS (X,1), then B is an
IFRGSCS in (X,7).

Proof: Let U be an IFROS in X such that B € U. Then A € U, as A € B and since A is an
IFRGSCS in X, scl(A) € U. Now, B € scl(A) = scl(B) € scl(A) € U. This implies
scl(A) € U. Hence B is an IFRGSCS in (X,7).

Theorem 2.15: If A is both an IFROS and an IFRGSCS in X. Then A is an IFSCS in
(X,7).

Proof: As A € A, by hypothesis we have scl(A) & A. But A € scl(A). Therefore
A =scl(A). Hence A is an IFSCS in (X,T).

Theorem 2.16: Let (X,t) be an IFTS and A be an IFSCS in X. Then A is an IFRGSCS if
and only if A °F = scl(A) " F for every IFRCS F of X.

Proof: Necessity: Let F be an IFRCS of X and A ¢¢F. Then A € F°, by Definition, 1.8 and
F*is IFROS in X. Therefore scl(A) € F¢ because A is an IFRGSCS. Hence scl(A) (¢ F.



Sufficiency: Let U be an IFROS of X such that A € U. Then A ¢ (U¢) and (U°) is an
IFRCS in X. Hence by hypothesis, scl(A) ¢ (U¢). Therefore scl(A) € (U¢)c= U and A is
an [IFRGSCS in (X,1).

Theorem 2.17: Let (X,t) be an IFTS. Then every IFS in (X,t) is an IFRGSCS if and only
if IFSO(X) = IFSC(X).

Proof: Necessity: Suppose that every IFS in (X,t) is an [IFRGSCS. Let U € IFRO(X), then
U € IFSO(X) and by hypothesis, scl(U) € U € scl(U). This implies scl(U) = U. Therefore
U € IFSC(X). Hence IFSO(X) € IFSC(X). Let A € IFSC(X), then A® € IFSO(X)
C IFSC(X). that is, A® € IFSC(X). Therefore A € IFSO(X). Hence IFSC(X) € IFSO(X).
Thus, IFSO(X) = IFSC(X).

Sufficiency: Suppose that IFSO(X) = IFSC(X). Let A € U and U be an IFROS. Then
U € IFSO(X) and scl(A) € scl(U) = U, since U € IFSC(X), by hypothesis. Therefore A is
an [FRGSCS in X.

Theorem 2.18: Let A be an IFRGSCS in (X,t) and pwp) be an IFP in X such that
int(p(a,f3)) q scl(A), then cl(int(p(a,B))) 4 A.

Proof: Let A be an IFRGSCS and let int(p(a.B)) q scl(A). If cl(int(p(a, B))) ¢ A then by
Definition 1.8, A < [cl(int(p(a,p)))]° where [cl(int(p(a,p)))]° is an IFROS. Then by
hypothesis, scl(A) & [cl(int(p(e, B))]° = int(cl(p(a, B))%) S cl(p(e, B))° = (int(p(a, B)))".
This implies scl(A) 4 int(p(a, B)). Therefore by Definition 1.8, int(p(a, B)) 4" scl(A),

which is a contradiction to the hypothesis. Hence cl(int(p(a, B)) ¢ A.
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CHAPTER III

REGULAR GENERALIZED SEMIOPEN SETS IN INTUITIONISTIC
FUZZY TOPOLOGICAL SPACES

In this section, we have introduced the notion of intuitionistic fuzzy regular

generalized semiopen sets and studied some of their properties.

Definition 3.1: An IFS A of an IFTS (X,7) is said to be an intuitionistic fuzzy regular
generalized semiopen set (IFRGSOS in short) if sint(A) 2 U whenever A 2 U and U is an
IFRCS in (X,T).

It is to be noted that the complement A° of an IFRGSCS A in an IFTS (X,T) is an
IFRGSOS in (X,7).

Example 3.2: Let X = {a, b} and Tt = {0~, G}, Gy, 1~} where G; = (x, (0.4, 0.5),
(0.6, 0.5)) where p, = 0.4, p, = 0.5, v, = 0.6, v, = 0.5 and G, = (x, (0.4, 0.4), (0.6, 0.6))
where P, = 0.4, up, = 0.4, v,= 0.6, vy, = 0.6. Let A = (x, (0.7, 0.6), (0.3, 0.3)) be any IFS in
X. Here A 2 U where U = (x, (0.6, 0.5), (0.4, 0.5)) is an IFRCS in X. Now,
sint(A) = (x, (0.6, 0.5), (0.4, 0.5)) 2 U. Therefore A is an IFRGSOS in (X,1).

Theorem 3.3: Every IFOS, IFROS, IFSOS, IFGOS and IFaOS is an IFRGSOS but the

converses are not true in general.
Proof: Straight forward.

Example 3.4: Let X = {a,b} and let T = {0~, G|, Gy, 1~} where G; = (x, (0.4, 0.5),
(0.6, 0.5)) and G, = (x, (0.3, 0.4), (0.7, 0.6)). Let A = (x, (0.8, 0.6), (0.2, 0.3)) be any IFS in
X. Then A 2 U where U = (x, (0.6, 0.5), (0.4, 0.5)) is an IFRCS in X. Now
sint(A) = (x, (0.6, 0.5), (0.4, 0.5)) = U 2 U. Therefore A is an IFRGSOS but not an IFOS
in X, as int(A) = (x, (0.4, 0.5), (0.6, 0.5)) # A.

Example 3.5: In Example 3.4, Let A = (x, (0.7, 0.8), (0.3, 0.2)) be any IFS in X. Then
A 2 U where U = (x, (0.6, 0.5), (0.4, 0.5)) is an IFRCS in X. Now sint(A) = (x, (0.6, 0.5),



(0.4, 0.5) = U 2 U. Therefore A is an IFRGSOS but not an IFROS in X, as
int(cl(A)) = 1~ # A.

Example 3.6: Let X = {a,b} and let T = {0~, G, Gy, 1~} where G, = (x, (0.2, 0.5),
(0.8, 0.5)) and G, = (x, (0.2, 0.4), (0.8, 0.6)). Let A = (x, (0.8, 0.8), (0.1, 0.2)) be any IFS in
X. Then A 2 U where U = (x, (0.8, 0.5), (0.2, 0.5)) is an IFRCS in X. Now
sint(A) = (x, (0.8, 0.5), (0.2, 0.5)) = U 2 U. Therefore A is an IFRGSOS but not an IFSOS
in X, as cl(int(A)) = (x, (0.8, 0.5), (0.2, 0.5)) 2 A.

Example 3.7: Let X = {a,b} and let T = {0~, G|, Gy, 1~} where G; = (x, (0.3, 0.5),
(0.7, 0.5)) and G, = (x, (0.2, 0.5), (0.8, 0.5)). Let A = (x, (0.8, 0.8), (0.1, 0.2)) be any IFS in
X. Then A 2 U where U = (x, (0.7, 0.5), (0.3, 0.5)) is an IFRCS in X. Now
sint(A) = (x, (0.7, 0.5), (0.3, 0.5)) = U 2 U. Therefore A is an IFRGSOS but not an
IFGOS in X, as int(A) = (x, (0.3, 0.5), (0.7, 0.5)) 2 U.

Example 3.8: Let X = {a,b} and let T = {0~, G|, Gy, 1~} where G; = (x, (0.3, 0.4),
(0.7, 0.5)) and G2 = (x, (0.2, 0.3), (0.8, 0.6)). Let A = (x, (0.8, 0.7), (0.2, 0.3)) be any IFS in
X. Then A 2 U where U = (x, (0.7, 0.5), (0.3, 0.4)) is an IFRCS in X. Now
sint(A) = (x, (0.7, 0.5), (0.3, 0.4)) = U 2 U. Therefore A is an IFRGSOS but not an [FaOS
in X, as int(cl(int(A))) = (x, (0.3, 0.4), (0.7, 0.5)) 2 A.

Theorem 3.9: If A is both an IFRCS and an I[FRGSOS in X, then A is an [FSOS in (X,T).

Proof: As A 2 A and A is an IFRCS. We have A 2 cl(int(A)) which implies
A N A 2 A ncl(int(A)). Therefore A 2 sint(A).Since A is also an IFRGSOS and A 2 A
where A is an IFRCS. We get, sint(A) 2 A. Hence A = sint(A). Therefore A is an IFSOS
in (X,1).

Theorem 3.10: Let (X,t) be an IFTS then for every A € IFRGSO(X) and for every
B € IFS(X), sint(A) € B € A = B € IFRGSO(X).

Proof: Let A be an IFRGSOS in X and B be an IFS of X. Let sint(A) € B € A. Then A is
an IFRGSCS and A° € B° < (sint(A))° = scl(A®). Therefore B is an IFRGSCS,
by Theorem 2.14. which implies B is an IFRGSOS in X. Hence B € IFRGSO(X).



3.1 Applications of intuitionistic fuzzy regular generalized semiopen sets

In this section we have provided some applications of intuitionistic fuzzy regular

generalized semiopen sets.

Definition 3.1.1: If every IFRGSOS in (X,t) is an IFSOS in (X,T1), then the space can be

called as an intuitionistic fuzzy regular semi T,,, space (IF 5T, in short).
Theorem 3.1.2: An IFTS (X,7) is an IFT,/; space if and only if IFSC(X) = IFRGSC(X).

Proof: Necessity: Let A be an IFRGSCS in (X,t). Then A® is an IFRGSOS in (X,T). By
hypothesis, A® is an IFSOS in (X,t) and therefore A is an IFSCS in (X,t). Hence
IFSC(X) = IFRGSC(X).

Sufficiency: Let A be an IFRGSOS in (X,t). Then A® is an IFRGSCS in (X,t). By
hypothesis, A® is an IFSCS in (X,T) and therefore A is an IFSOS in (X,t). Hence (X,T) is

an IF T, space.

Theorem 3.1.3: Let A be an IFS of X then the following properties are equivalent if X is

an IF T, space:

(1) A € [IFRGSO(X)
(i1) A € cl(int(A))
(ii1)There exists IFOS G such that G € A < cl(G).

Proof: (i) = (ii): Let A € IFRGSO(X). This implies A is an IFSOS in X, since X is an
IFsTy» space. Then A® is an IFSCS in X. Therefore int(cl(A%)) € A°. This implies
A Ccl(int(A)).

(i1)) = (ii1): Let A € cl(int(A)). Hence int(A) € A € cl(int(A)). Then there exists IFOS
G in X such that G € A € cl(G) where G = int(A).

(ii1)) = (1): Suppose that there exists [FOS G such that G € A € cl(G). It is clear that
(cl(G))* € A°. That is (cl(int(A)))* € A®, since G = int(A). This implies int(cl(A®)) € A°.
That is A® is an IFSCS in X. Therefore A is an IFSOS in X and hence by Theorem 3.3,
Hence A € IFRGSO(X).



Definition 3.1.4: An IFTS (X,1) is said to be an intuitionistic fuzzy regular semi T *1/2

space (IFrST*l/z space in short) if every IFRGSCS is an IFCS in (X,T).
Remark 3.1.5: Every IFrST*l 12 space is an IF T}/, space but not conversely.

Proof: Let (X,T) be an IFT 12 space. Let A be an IFRGSCS in (X,1). By hypothesis, A is
an IFCS. Since every IFCS is an IFSCS [6], A is an IFSCS in (X,t). Hence (X,T) is an
IFsTy/, space.

Example 3.1.6: Let X = {a, b} and t = {0~, G;, Gy, Gs, 1~} where,
G = (x, (0.5, 0.5), (0.3, 0.1)), G, = (x, (0.1, 0.1), (0.7, 0.7)) and G3 = (x, (0.5, 0.5),
(0.4, 0.2)). Let A = (x, (0.4, 0.1), (0.5, 0.5)) be any IFS in X. Then A € G;, where G; is an
IFROS. Now scl(A) = A € Gj. This implies A is an IFRGSCS. Since every IFRGSCS is
an IFSCS, we get (X,1) is an IFsT;, space. Now cl(A) = (x, (0.4, 0.2), (0.5, 0.5)) # A.
This implies A is not an IFCS. Hence (X,1) is not an IFrST*l /2 Space.

Theorem 3.1.7: For any IFS A in (X,t) where X is an IF.T 1) space, A € IFRGSO(X) if
and only if every IFP p«p) € A, there exist an IFRGSOS B in X such that pp) € B € A.

Proof: Necessity: If A € [IFRGSO(X), then we can take B = A so that pp € B € A. For
every IFP p.p) € A.

Sufficiency: Let A be an IFS in (X,t) and assume that there exist B € IFRGSO(X) such
that pep € B € A. Since X is an IFrST*l/z space, B is an IFOS. Then A = U pup) e a
{Pwp)} € U pap) ¢ A B € A. Therefore A = Upp) « o B, which is an IFOS in X,
by Theorem 3.3. Hence A is an IFRGSOS in X.

Definition 3.1.8: An IFTS (X,1) is said to be an intuitionistic fuzzy regular generalized
semi Ty, (IF ;T 12 in short) space if every IFRGSCS in X is an IFGSCS in X.

Theorem 3.1.9: If an IFTS (X,7) is an IFT1/2 space, then every IFRGSOS is an IFGSOS.

Proof: Let A be an IFRGSOS in X. This implies A is an IFRGSCS in X. Since X is an
IF,4sT1/2 space, A°is an IFGSCS in X. Hence A is an IFGSOS in X.



Theorem 3.1.10: Let an IF, Ty space be an IFTS. If A is an IFS of X then the following

conditions are equivalent:

(1) A € IFRGSO(X)
(i1) U € cl(int(A)) whenever U € A and U is an IFCS in X
(ii1) There exists IFOSs G and G; such that G; € U < cl(G)

Proof: (i) = (i1): Let A € IFRGSO(X). This implies A is an IFGSOS in X, since X is an
IF;oT1/2 space. Then A° is an IFGSCS in X. Therefore scl(A®) € V whenever A° € V and
V is an IFOS in X. That is int(cl(A°)) € V. This implies V € cl(int(A)) whenever V¢ € A
and V°© is an IFCS in X. Replacing V° by U, U < cl(int(A)) whenever U € A and U is an
IFCS in X.

(i) = (ii1): Let U € cl(int(A)) whenever U € A and U is an IFCS in X. Hence
int(U) € U < cl(int(A)). Then there exists [FOSs G and G; such that G; € U € cl(G)
where G = int(A) and G; = int(U).

(ii1)) = (i): Suppose that there exists [IFOSs G and G; such that G; € U € cl(G). It is clear
that (cI(G))® € U". That is (cl(int(A)))° € U. This implies int(cl(A%)) € U, A® € U® and
U®is an IFOS in X. This implies scl(A®) € U®. That is A is an IFGSCS in X. This implies
A is an IFGSOS in X. Therefore A € [IFRGSO(X).



CHAPTER IV




CHAPTER 1V
INTUITIONISTIC FUZZY REGULAR GENERALIZED SEMI

CONTINUOUS MAPPINGS

In this section, we have introduced the notion of intuitionistic fuzzy regular

generalized semi continuous mappings and studied some of their properties.

Definition 4.1: A mapping f : (X,t) = (Y,0) is called an intuitionistic fuzzy regular
generalized semi continuous (IFRGS continuous in short) mapping if f '(B) is an

IFRGSCS in (X,T) for every IFCS B of (Y,0).

Example 4.2: Let X = {a,b}, Y = {u,v} and G; = (x, (0.5, 0.6), (0.3, 0.4)) where p,=0.5,
w=0.6, v,=0.3, v,=0.4 and G, = (x, (0.2, 0.3), (0.7, 0.6)) where u,=0.2, u,=0.3 v,=0.7,
w=0.6 and G; = (y, (0.6, 0.6), (0.3, 0.4)) where p,=0.6, pn,=0.6, v,=0.3, v,=0.4. Then
T = {0~, G|, Gy, 1~} and 0 = {0~, G3, 1~} are [FTs on X and Y respectively. Define a
mapping f: (X,1) = (Y,0) by f(a) = u and f(b) = v. The IFS G;3° = (y, (0.3, 0.4), (0.6, 0.6))
is an IFCS in Y. Then f (G5%) = (x, (0.3, 0.4), (0.6, 0.6)) where 11,=0.3, u,=0.4, v,=0.6,
v,=0.6 is an IFS in X. Then f '1(G3°) C G; where G; is an IFROS in X. Now
scl(f (G5%) = (f /(G5%))E Gy. Therefore f (G5°) is an IFRGSCS in X.

Theorem 4.3: Every IF continuous mapping is an IFRGS continuous mapping but not

conversely.

Proof: Let f: (X,T) = (Y,0) be an IF continuous mapping. Let A be an IFCS in Y. Since f
is IF continuous mapping, f (A) is an IFCS in X. Since every IFCS is an IFRGSCS,
by Theorem 2.3. f '(A) is an IFRGSCS in X. Hence fis an IFRGS continuous mapping.

Example 4.4: Let X = {ab}, Y = {uv} and G; = (x, (0.5, 0.3), (0.4, 0.2))
and G, = (x, (0.1, 0.2), (0.9, 0.8)) and G3 = (y, (0.5, 0.4), (0.4, 0.2)). Then
T = {0~, G|, Gy, 1~} and 0 = {0~, G3, 1~} are [FTs on X and Y respectively. Define a
mapping f : (X,1) - (Y,0) by f(a) = u and f(b) = v. The IFS G;° = (y, (0.4, 0.2), (0.5, 0.4))
is an IFCS in Y. Then f (G5%) = (x, (0.4, 0.2), (0.5, 0.4)) is an IFS in X. Then



f (Gs%) € G, where G, is an IFROS in X. Now scl(f (G5%) = (f '(Gs°)) € G,. Therefore
f (G5 is an IFRGSCS in X but not an IFCS in X, since cl(f (Gs°)) = G,° # f (G3°).

Therefore f'is an IFRGS continuous mapping but not an IF continuous mapping.

Theorem 4.5: Every IFS continuous mapping is an IFRGS continuous mapping but not

conversely.

Proof: Let f: (X,t) = (Y,0) be an IFS continuous mapping. Let A be an IFCS in Y. Then
by hypothesis f '(A) is an IFSCS in X. Since every IFSCS is an IFRGSCS,
by Theorem 2.7. f '(A) is an IFRGSCS in X. Hence fis an IFRGS continuous mapping.

Example 4.6: Let X = {ab}, Y = {uv} and G; = (x, (0.2, 0.5), (0.7, 0.4)),
Gz =(x, (0.2, 0.4), (0.7, 0.6)) and G3 = (y, (0.8, 0.6), (0.2, 0.4)). Then t = {0~, Gy, G2, 1~}
and 0 = {0~, G;, 1~} are IFTs on X and Y respectively. Define a mapping
f: (X,1) = (Y,0) by f(a) = u and f(b) = v. The IFS G;° = (y, (0.2, 0.4), (0.8, 0.6)) is an
IFCS in Y. Then f (G5%) = (x, (0.2, 0.4), (0.8, 0.6)) is an IFS in X. Then f (G5%) € G
where G, is an IFROS in X. Now scl(f (Gs%)) = G, € G,. Therefore f '(G5°) is an
IFRGSCS in X but not an IFSCS in X, since int(cl(f "(Gs))) = G, & f "'(Gs°). Therefore

fis an IFRGS continuous mapping but not an IFS continuous mapping.

Theorem 4.7: Every IFG continuous mapping is an IFRGS continuous mapping but not

conversely.

Proof: Let f: (X,T) = (Y,0) be an IFS continuous mapping. Let A be an IFCS in Y. Then
by hypothesis f (A) is an IFGCS in X. Since every IFGCS is an IFRGSCS,
by Theorem 2.9. f '(A) is an IFRGSCS in X. Hence f is an IFRGS continuous mapping.

Example 4.8: Let X = {ab}, Y = {uv} and G; = (x, (0.4, 0.5), (0.6, 0.5)),
G, = (x, (0.2, 0.5), (0.8, 0.5)) and G3 = (y, (0.7, 0.8), (0.2, 0.2)). Then T = {0~, Gy, Gz, 1~}
and 0 = {0~, Gs, 1~} are IFTs on X and Y respectively. Define a mapping
f: (X,t) = (Y,0) by f(a) = u and f(b) = v. The IFS G3° = (y, (0.2, 0.2), (0.7, 0.8)) is an
IFCS in Y. Then f (G5%) = (x, (0.2, 0.2), (0.7, 0.8)) is an IFS in X. Then f (G5%) € G
where G, is an IFROS in X. Now scl(f (Gs%)) = G, € G,. Therefore f '(G5°) is an



IFRGSCS in X but not an IFGCS in X, since cl(f (Gs%))) = Gi° € G;. Therefore f is an

IFRGS continuous mapping but not an IFG continuous mapping.

Theorem 4.9: Every IFa continuous mapping is an IFRGS continuous mapping but not

conversely.

Proof: Let f: (X,T) = (Y,0) be an IFa continuous mapping. Let A be an IFCS in Y. Then
by hypothesis f '(A) is an IFaCS in X. Since every IFaCS is an IFRGSCS,
by Theorem 2.11. f '(A) is an IFRGSCS in X. Hence f is an IFRGS continuous mapping.

Example 4.10: Let X = {a,b}, Y = {uyv} and G; = (x, (0.4, 0.5), (0.6, 0.5)),
G, = (x, (0.3, 0.4), (0.7, 0.6)) and G3 = (y, (0.6, 0.6), (0.4, 0.3)). Then T = {0~, Gy, Gz, 1~}
and 0 = {0~, Gs, 1~} are IFTs on X and Y respectively. Define a mapping
f: (X,t) = (Y,0) by f(a) = u and f(b) = v. The IFS G3° = (y, (0.4, 0.3), (0.6, 0.6)) is an
IFCS in Y. Then f!(Gs%) = (x, (0.4, 0.3), (0.6, 0.6)) is an IFS in X. Then '(Gs°) € G
where G, is an IFROS in X. Now scl(f'(Gs%)) = G; € G,. Therefore f'(Gs°) is an
IFRGSCS in X but not an IFaCS in X, since cl(int(cl(f'(Gs%)))) = G\° € f'(G:).

Therefore f'is an IFRGS continuous mapping but not an [Fa continuous mapping.

The relation between various types of intuitionistic fuzzy continuity are given in

the following diagram. In this diagram ‘cts’ means continuous.

IFG cts.

F 3

IF cts.

S ————————— IFRGS cts.

A
IFa cts. //

Y

IFS cts.

In the above diagram the reverse implications are not true in general.



Theorem 4.11: A mapping f : X — Y is an IFRGS continuous mapping if and only if the
inverse image of each IFOS in Y is an [IFRGSOS in X.

Proof: Necessity: Let A be an IFOS in Y. This implies A is an IFCS in Y. Since f is an
IFRGS continuous mapping, f '(A°) is an IFRGSCS in X. Since f (A% = (f '(A))%, £ '(A)
is an IFRGSOS in X.

Sufficiency: Let A be an IFCS in Y. This implies A® is an IFOS in Y. By hypothesis,
f (A% is an IFRGSOS in X. Since f (A% = (f '(A))", where (f '(A))" is an IFRGSOS in
X. This implies f '(A) is an IFRGSCS in X. Hence fis an IFRGS continuous mapping.

Theorem 4.12: Let f : (X,t) = (Y,0) be a mapping and let f '(A) be an IFRCS in X for
every IFCS A in Y. Then f'is an IFRGS continuous mapping.

Proof: Let A be an IFCS in Y. Then f '(A) is an IFRCS in X, by hypothesis. Since every
IFRCS is an IFRGSCS, by Theorem 2.5. f “I(A) is an IFRGSCS in X. Hence f is an IFRGS

continuous mapping.
Theorem 4.13: Let f: (X,T) = (Y,0) be an IFRGS continuous mapping, then

(1) fis an IF continuous mapping if X is an IFsT*,/, space
(i1) f'is an IFGS continuous mapping if X is an IF, T/, space

(ii1) fis an IFS continuous mapping if X is an IFsT;/, space

Proof: (i) Let A be an IFCS in Y. Then f (A) is an IFRSGCS in X, by hypothesis. Since

X is an IFsT*; space, f "I(A) is an IFCS in X. Hence f is an IF continuous mapping.

(ii) Let A be an IFCS in Y. Then f '(A) is an IFRGSCS in X, by hypothesis. Since X is an
IF,osT1/2 space, f "!(A) is an IFGSCS in X. Hence f is an IFGS continuous mapping.

(iii) Let A be an IFCS in Y. Then f '(A) is an IFRGSCS in X, by hypothesis. Since X is
an IF Ty, space, f "!(A) is an IFSCS in X. Hence f is an IFS continuous mapping.

Theorem 4.14: Let f : (X,t) — (Y,0) be an IFRGS continuous mapping and
g : (Y,0) = (Z,y) be an IF continuous mapping, then gof : (X,t) = (Z,y) is an IFRGS

continuous mapping.



Proof: Let A be an IFCS in Z. Then g"'(A) is an IFCS in Y, by hypothesis. Since f is an
IFRGS continuous mapping, f 'l(g'l(A)) is an IFRGSCS in X. Hence geof is an IFRGS

continuous mapping.

Theorem 4.15: Let f : (X,t) = (Y,0) be an IFRGS continuous mapping and
g : (Y,0) » (Zy) is an IFG continuous mapping and Y is an IFT;, space, then
gof : (X,T) = (Z,y) is an IFRGS continuous mapping.

Proof: Let A be an IFCS in Z. Then g (A) is an IFGCS in Y, by hypothesis. Since Y is an
IFT,;, space, g'(A) is an IFCS in Y. Therefore f '(g'(A)) is an IFRGSCS in X,
by hypothesis. Hence geof is an IFRGS continuous mapping.

Theorem 4.16: Let f: (X,t) = (Y,0) be an IFRGS continuous mapping, then for each IFP
p@p) of X and each A € o such that f(p«p)) € A, there exists an IFRGSOS B of X such
that p.p) € B and f(B) € A.

Proof: Let p(p) be an IFP of X and A € o such that f(pep) € A. Put B=1f “I(A). Then
by hypothesis B is an IFRGSOS in X such that p«.g) € B and f(B) = f(f 1(A)) € A.

Theorem 4.17: Let f: (X,t) = (Y,0) be an IFRGS continuous mapping, then for each IFP
p(e,p) of X and each A € o such that f(p«,)) ¢ A, there exists an IFRGSOS B of X such that
P.p) q B and f(B) € A.

Proof: Let p«p) be an IFP of X and A € o such that f(pwp) ¢ A. Put B=f “(A). Then
by hypothesis B is an IFRGSOS in X such that p(p) ¢ B and f(B) = f(f 1(A) C A.

Theorem 4.18: Let f: (X,t) — (Y,0) be a mapping from an IFTS X into an IFTS Y. Then

the following conditions are equivalent if X and Y are IFsT)/, spaces:

(1) fis an IFRGS continuous mapping

(ii) £ '(B) is an IFRGSOS in X for each IFOS B in Y

(111) for every IFP p@p)in X and for every IFOS B inY such that f(p«p) € B, there
exists an IFRGSOS A in X such that p«p) € A and f(A) € B.

Proof: (i) = (ii) is obvious from the Theorem 4.11.



(i1) = (ii1) Let B be any IFOS in Y and let p«p) € X. Given f(p«,p) € B. By hypothesis
f '(B) is an IFRGSOS in X. Take A = f '(B). Now pwp € f (f(pwp)). Therefore
£ ((f(prp))) € £7'(B) = A. This implies pip) € A and f(A) = f(f'(B)) € B.

(iii) = (i) Let A be an IFCS in Y. Then its complement, A° = B (say) is an IFOS in Y. Let
p,p) € X and f(p.p)) € B. Then there exists an IFRGSOS, say C = f (B) in X such that
pep) € C and f(C) & B. Therefore f (B) is an IFRGSOS in X. That is f (A% is an
IFRGSOS in X and hence f '(A) is an IFRGSCS in X as f (A% = (f '(A))". Thus f is an
IFRGS continuous mapping.

Theorem 4.19: Let f: (X,1) = (Y,0) be an mapping from an IFTS X into an IFTS Y. Then

the following conditions are equivalent if X and Y are IFsT)/, spaces:

(1) fis an IFRGS continuous mapping

(i1) for each IFP p(«p)in X and for every IFN A of f(p(,p)), there exists an IFRGSOS B
in X such that pp € B € £ (A)

(ii1)for each IFP p(«p)in X and for every IFN A of f(p(,p)), there exists an IFRGSOS B
in X such that p«p) € B and f(B)E A

Proof: (1) = (i1) Let pp) € X and let A be an IFN of f(p«,)). Then there exists an IFOS
C in Y such that f(p«p) € C & A. Since f is an IFRGS continuous mapping, f 1C)=B
(say), is an IFRGSOS in X and pep € f '(f(pwp)) € £ '(C) € f '(A). Therefore
Pap) €B S (A,

(i1) = (ii1) Let p(p) € X and let A be an IFN of f(p(a,p)). Then there exists an IFRGSOS B
in X such that pap € B € f (A), by hypothesis. Therefore Pwp € B and
f(B) S f(f'(A)) € A.

(111) = (1) Let B be an IFOS in Y and let pap) € f I(B). Then f(p(ep)) € B. Therefore B is
an IFN of f(p(,p)). Then by hypothesis there exists an IFRGSOS A in X such that pep) € A
and f(A) € B < f "'(f(A)) € f "'(B). Therefore f '(B) is an IFRGSOS in X,
by Theorem 3.3. Hence f is an IFRGS continuous mapping.



Theorem 4.20: Let f: (X,t) = (Y,0) be an mapping from an IFTS X into an IFTS Y. Then

the following conditions are equivalent if X is an IFsT),; spaces:

(1) fis an IFRGS continuous mapping
(ii) £ '(B) is an IFRGSOS in X forevery IFOS B in Y
(iii) £ (int(B)) S cl(int(f'(B))) for every IFS B in Y

Proof: (i) = (ii) is obviously true by Theorem 4.11

(ii) = (iii) Let B be any IFS in Y. Then int(B) is an IFOS in Y. Then f "'(int(B)) is an
IFRGSOS in X. Since X is an IFT;, space, f 'l(int(B)) 1s an IFSOS in X. Then
f!(int(B)) S cl(int(f "'(int(B)))) € cl(int(f '(B))) as int(B) S B.

(iii) = (i) Let B be an IFOS in Y. Then int(B) = B. By hypothesis f (B)
C cl(int(f 'I(B))). This implies 'I(B) is an IFSOS in X. Therefore it is an IFRGSOS in X,

by Theorem 3.3 and hence f'is an IFRGS continuous mapping.

Theorem 4.21: Let f: (X,t) — (Y,0) be an mapping from an IFTS X into an IFTS Y. Then

the following conditions are equivalent if X is an IFsT),, spaces:

(1) fis an IFRGS continuous mapping
(ii) £ '(B) is an IFRGSCS in X for every IFCS B in Y
(i) int(cl(f '(A)))) € £ (cl(A)) for every IFS A in Y

Proof: (i) = (ii) is obvious from the Definition 4.1

(ii) = (iii) Let A be an IFS in Y. Then cl(A) is an IFCS in Y. By hypothesis, f ' (cl(A)) is
an IFRGSCS in X. Since X is an IFT;, space, f 'l(cl(A)) is an IFSCS. Then
int(cl(f '(A))) € int(cl(f '(cl(A)))) S £ '(cl(A)). Thus int(cl(f '(A))) S f'(cl(A)).

(iii) = (i) Let A be an IFCS in Y. By hypothesis int(cl(f '(A)))) € f "'(cl(A)) = f (A).
This implies f '(A) is an IFSCS in X and hence it is an IFRGSCS, by Theorem 2.7. Thus

fis an IFRGS continuous mapping.

Definition 4.22: Let (X,t) be an IFTS. The regular generalized semi closure (rgscl(A) in
short) for any IFS A is defined as follows.



rgscl(A)=n {K /K is an [IFRGSCS in X and A € K}
It is to be noted that A is an IFRGSCS, then rgscl(A) = A.

Theorem 4.23: Let f : (X,T) = (Y,0) be an IFRGS continuous mapping. Then the

following conditions hold:

(1) f(rgscl(A)) € cl(f(A)), for every IFS A in X.
(i1) rgscl(f'l(B)) c f!(cl(B)), for every [FSBinY.

Proof: (i) Let A be any IFS A in Y. Since cl(f(A)) is an IFCS in Y and f is an IFRGS
continuous mapping, then f '(cl(f(A))) is an IFRGSCS in X. That is rgscl(A)
c f7!(cl(f(A))). Therefore f(rgscl(A)) S f(f ' (cl(f(A)))) E cl(f(A)), for every IFS A in X.

(i1) Replacing A by f (B) in (i), we get f(rgscl(f 1(B))) € cl(f(f '(B))) € cl(B). Hence
rgscl(f (B)) € f!(cl(B)), for every IFS Bin Y.
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CHAPTER V

INTUITIONISTIC FUZZY ALMOST REGULAR GENERALIZED
SEMI CONTINUOUS MAPPINGS

In this section, we have introduced the notion of intuitionistic fuzzy almost

regular generalized semi continuous mapping and studied some of their properties.

Definition 5.1: A mapping f: X — Y is said to be an intuitionistic fuzzy almost regular
generalized semi continuous (IFaRGS continuous in short) mapping if f (A) is an

IFRGSCS in X for every IFRCS Ain Y.

Example 5.2: Let X = {a,b}, Y = {u,v} and G; = (x, (0.5, 0.6), (0.3, 0.3)) where p,=0.5,
wp=0.6, v,=0.3, v,=0.3 and G, = (x, (0.3, 0.2), (0.7, 0.6)) where p,=0.3, up=0.2, v,=0.7,
w=0.6 and G; = (y, (0.4,0.3), (0.4,0.5)) where p,=0.4, n,=0.3, v,=0.4, v,=0.5. Then
T = {0~, G|, Gy, 1~} and 0 = {0~, G3, 1~} are [FTs on X and Y respectively. Define a
mapping f : (X,1) - (Y,0) by f(a) = u and f(b) = v. The IFS G;° = (y, (0.4, 0.5), (0.4, 0.3))
is an IFRCS in Y. Then f '(G5%) = (x, (0.4, 0.5), (0.4, 0.3)) where p,=0.4, 1,=0.5, v,=0.4,
v,=0.3 is an IFS in X. Then f '1(G3°) € G; where G; is an IFROS in X. Now
scl(f '(Gs%) = G; € G,. Therefore f (G5°) is an IFRGSCS in X. Thus f is an [FaRGS

continuous mapping.

Theorem 5.3: Every IF continuous mapping is an [FaRGS continuous mapping but not

conversely.

Proof: Let f: (X,t) = (Y,0) be an IF continuous mapping. Let V be an IFRCS in Y. Since
every IFRCS is an IFCS, V is an IFCS in Y. Then f'(V) is an IFCS in X, by hypothesis.
Since every IFCS is an IFRGSCS, by Theorem 2.3. f (V) is an IFRGSCS in X. Hence f is

an [FaRGS continuous mapping.

Example 54: Let X = {ab}, Y = {uv} and G; = (x, (0.6, 0.4), (0.4, 0.2)),
G2 =(x, (0.1, 0.2), (0.8, 0.8)), G3 = (y, (0.4, 0.3), (0.6, 0.3)). Then T = {0~, G, G2, 1~} and
0 = {0~, G3, 1~} are IFTs on X and Y respectively. Define a mapping f: (X,t) = (Y,0) by
f(a) = u and f(b) = v. The IFS G3° = (y, (0.6, 0.3), (0.4, 0.3)) is an IFRCS in Y. Then



f (G = (x, (0.6, 0.3), (0.4, 0.3)) is an IFS in X. Then f (G5%) € G, where G; is an
IFROS in X. Now scl(f '(Gs%) = G; € G,. Therefore f (G5°) is an IFRGSCS in X but not
an IFCS in X, since cl(f (Gs%)) = G,° # f "(Gs°). Therefore f is an [FaRGS continuous

mapping but not an IF continuous mapping.

Theorem 5.5: Every IFG continuous mapping is an IFaRGS continuous mapping but not

conversely.

Proof: Let f : (X,T) = (Y,0) be an IFG continuous mapping. Let V be an IFRCS in Y.
Since every IFRCS is an IFCS, V is an IFCS in Y. Then f (V) is an IFGCS in X, by
hypothesis. Since every IFGCS is an IFRGSCS, by Theorem 2.9. f (V) is an IFRGSCS in

X. Hence fis an [FaRGS continuous mapping.

Example 5.6: Let X = {ab}, Y = {uv} and G; = (x, (0.6, 0.5), (0.2, 0.4)),
Gz =(x, (0.2, 0.4), (0.8, 0.5)), G3 = (y, (0.4, 0.4), (0.5, 0.4)). Then t = {0~, G;, Gy, 1~} and
0 = {0~, G3, 1~} are IFTs on X and Y respectively. Define a mapping f: (X,t) = (Y,0) by
f(a) = u and f(b) = v. The IFS G3° = (y, (0.5, 0.4), (0.4, 0.4)) is an IFRCS in Y. Then
f (G = (x, (0.5, 0.4), (0.4, 0.4)) is an IFS in X. Then f (G5%) € G, where G; is an
IFROS in X. Now scl(f '(Gs%) = G| € G;. Therefore f (G5°) is an IFRGSCS in X but not
an IFGCS in X, since cl(f (G5%)) = G>° & G,. Therefore f is an IFaRGS continuous

mapping but not an IFG continuous mapping.

Theorem 5.7: Every IFS continuous mapping is an [FaRGS continuous mapping but not

conversely.

Proof: Let f: (X,T) = (Y,0) be an IFS continuous mapping. Let V be an IFRCS in Y.
Since every IFRCS is an IFCS, V is an IFCS in Y. Then f!(V) is an IFSCS in X,
by hypothesis. Since every IFSCS is an IFRGSCS, by Theorem 2.7. £ (V) is an IFRGSCS

in X. Hence f is an [FaRGS continuous mapping.

Example 5.8: Let X = {ab}, Y = {uv} and G; = (x, (0.4, 0.5), (0.3, 0.2))
Gz = (x, (0.2,0.2), (0.8, 0.6)), G3 = (y, (0.3, 0.4), (0.4, 0.4)). Then T = {0~, Gy, Gz, 1~} and
0 = {0~, G3, 1~} are IFTs on X and Y respectively. Define a mapping f: (X,t) = (Y,0) by
f(a) = u and f(b) = v. The IFS G3° = (y, (0.4, 0.4), (0.3, 0.4)) is an IFRCS in Y. Then



f (G = (x, (0.4, 0.4), (0.3, 0.4)) is an IFS in X. Then f (G5%) € G, where G; is an
IFROS in X. Now scl(f '(Gs%) = G; € G,. Therefore f (G5°) is an IFRGSCS in X but not
an IFSCS in X, since int(cl(f '(Gs%)) = G, & f (Gs%). Therefore f is an IFaRGS

continuous mapping but not an [FS continuous mapping.

Theorem 5.9: Every [Fa continuous mapping is an IFaRGS continuous mapping but not

conversely.

Proof: Let f: (X,T) = (Y,0) be an IFa continuous mapping. Let V be an IFRCS in Y.
Since every IFRCS is an IFCS, V is an IFCS in Y. Then f (V) is an IFaCS in X,
by hypothesis. Since every IFaCS is an IFRGSCS, by Theorem 2.11. We get, f (V) is an
IFRGSCS in X. Hence f'is an [FaRGS continuous mapping.

Example 5.10: Let X = {ab}, Y = {uv} and G; = (x, (0.5, 0.4), (0.3, 0.2))
Gz =(x, (0.3, 0.2), (0.6, 0.5)), G5 = (y, (0.4, 0.4), (0.5, 0.4)). Then t = {0~, Gy, Gy, 1~} and
0 = {0~, G3, 1~} are IFTs on X and Y respectively. Define a mapping f: (X,t) = (Y,0) by
f(a) = u and f(b) = v. The IFS G3° = (y, (0.5, 0.4), (0.4, 0.4)) is an IFRCS in Y. Then
f (G:°) = (x, (0.5, 0.4), (0.4, 0.4)) is an IFS in X. Then f (G5%) € G, where G; is an
IFROS in X. Now scl(f '(G5%)) = G; € Gy. Therefore f™'(G5%) is an IFRGSCS in X but not
an IFaCS in X, since cl(int(cl(f (G5%))) = G>° & f (Gs°). Therefore f is an IFaRGS

continuous mapping but not an I[Fa continuous mapping.

Theorem 5.11: A mapping f: X — Y is an [FaRGS continuous mapping if and only if the
inverse image of each [FROS in Y is an IFRGSOS in X.

Proof: Necessity: Let A be an IFROS in Y. This implies A® is an IFRCS in Y. Since f is
an IFaRGS continuous mapping, f '(A°) is an IFRGSCS in X. Since f (A°) = (f (A))",
f'(A) is an IFRGSOS in X.

Sufficiency: Let A be an IFRCS in Y. This implies A® is an IFROS in Y. By hypothesis,
£ (A% is an IFRGSOS in X. Since f '(A€) = (f '(A))°, where (f '(A))° is an [FRGSOS in
X. This implies f '(A) is an IFRGSCS in X. Hence f is an I[FaRGS continuous mapping.



Theorem 5.12: Let f: X — Y be a mapping where f (V) is an IFRCS in X for every IFCS

in Y. Then fis an [FaRGS continuous mapping but not conversely.

Proof: Let V be an IFRCS in Y. Since every IFRCS is an IFCS, V is an IFCS in Y. Then
£1(V) is an IFRCS in X. Since every IFRCS is an IFRGSCS, by Theorem 2.5. f (V) is an
IFRGSCS in X. Hence f is an [FaRGS continuous mapping.

Example 5.13: Let X = {ab}, Y = {uv} and G; = (x, (0.5, 0.6), (0.3, 0.4))
G2=(x, (0.3, 0.2), (0.6, 0.6)), G3 = (y, (0.4, 0.4), (0.4, 0.5)). Then t = {0~, Gy, G,, 1~} and
0 = {0~, G3, 1~} are IFTs on X and Y respectively. Define a mapping f: (X,t) = (Y,0) by
f(a) = u and f(b) = v. The IFS G3° = (y, (0.4, 0.5), (0.4, 0.4)) is an IFRCS in Y. Then
f (G = (x, (0.4, 0.5), (0.4, 0.4)) is an IFS in X. Then f (G5%) € G, where G; is an
IFROS in X. Now scl(f '(Gs)) = G| € G;. Therefore f (G3°) is an IFRGSCS in X but not
an IFRCS in X, since cl(int(f "(Gs%)) = G° # f (G5%). Therefore f is an IFaRGS

continuous mapping, but not the mappings as in Theorem 5.12.

Theorem 5.14: Let £ : X — Y be a mapping. If f " (sint(B)) € sint(f ' (B)) for every IFS
B in Y, then fis an [FaRGS continuous mapping.

Proof: Let B be an IFROS in Y. By hypothesis, f "'(sint(B)) € sint(f "'(B)). Since B is an
IFROS, it is an IFSOS in Y. Therefore sint(B) = B. Hence f (B) = f "'(sint(B))
C sint(f '(B)) € f "'(B). Therefore f '(B) = sint(f ' (B)). This implies f '(B) is an IFSOS
in X and hence f '(B) is an IFRGSOS in X, by Theorem 3.3. Thus f is an [FaRGS

continuous mapping.

Remark 5.15: The converse of the above Theorem 5.14 is true if B is an IFROS in Y and

X is an IF Ty, space.

Proof: Let f be an IFaRGS continuous mapping. Let B be an IFROS in Y. Then f "'(B) is
an IFRGSOS in X. Since X is an IFT;, space, f '1(B) is an IFSOS in X. This implies
f '(B) = sint(f " (B)). Now f (sint(B)) = sint(f "'(sint(B))) S sint(f '(B)). Therefore
f !(sint(B)) < sint(f (B)).



Theorem 5.16: Let f: X — Y be a mapping. If scl(f '(B)) € f!(scl(B)) for every IFS B in
Y, then f'is an [FaRGS continuous mapping.

Proof: Let B be an IFRCS in Y. By hypothesis, scl(f (B)) € f (scl(B)). Since B is an
IFRCS, it is an IFSCS in Y. Therefore scl(B) = B. Hence f '(B) = f "(scl(B))
2 scl(f '(B)) 2 f '(B). Therefore f '(B) = scl(f (B)). This implies f'(B) is an IFSCS in
X and hence f '(B) is an IFRGSCS in X, by Theorem 2.7. Thus f is an IFaRGS continuous
mapping.

Remark 5.17: The converse of the above Theorem 5.16 is true if B is an IFRCS in Y and

X is an IFT); space.

Proof: Let f be an [FaRGS continuous mapping. Let B be an IFRCS in Y. Then f "'(B) is
an IFRGSCS in X. Since X is an IFT), space, 'I(B) is an IFSCS in X. This implies
scl(f '(B)) = £ /(B). Now f'(scl(B)) = scl(f "(scl(B))) 2 scl(f '(B)). Therefore f'(scl(B))
2 scl(f '(B)).

Theorem 5.18: Let f: X = Y be a mapping where X is an IFT); space. If f is an [FaRGS
continuous mapping, then int(cl(f '(B))) € f'(scl(B)) for every IFRCS B in Y.

Proof: Let B be an IFRCS in Y. By hypothesis, f '(B) is an IFRGSCS in X. Since X is an
IF Ty, space, f '(B) is an IFSCS in X. This implies scl(f '(B)) = f '(B). Now
int(cl(f '(B))) € f "(B) U int(cl(f '(B))) E scl(f '(B)) = f '(B) = f (scl(B)), as every
IFRCS is an IFSCS. Hence int(cl(f '(B))) € f'(scl(B)).

Theorem 5.19: Let f: X = Y be a mapping where X is an IFsT); space. If f is an [FaRGS
continuous mapping, then f “!(sint(B)) € cl(int(f "'(B))) for every [IFROSBin Y.

Proof: This theorem can be easily proved by taking complement in Theorem 5.18.
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CHAPTER VI

INTUITIONISTIC FUZZY CONTRA REGULAR GENERALIZED
SEMI CONTINUOUS MAPPINGS

In this section, we have introduced the notion of intuitionistic fuzzy contra regular

generalized semi continuous mappings and studied some of their properties.

Definition 6.1: A mapping f: X = Y is said to be an intuitionistic fuzzy contra regular
generalized semi continuous (IFCRGS continuous in short) mapping if (A) is an

IFRGSCS in (X,t) for every IFOS A in (Y,0).

Example 6.2: Let X = {a,b}, Y = {u,v} and G; = (x, (0.4, 0.6), (0.3, 0.4)) where p,=0.4,
wp=0.6, v,=0.3, v,=0.4 and G, = (x, (0.2, 0.4), (0.7, 0.6)) where p,=0.2, up=0.4, v,=0.7,
w=0.6 and G;3 = (y, (0.3, 0.5), (0.5, 0.4)) where p,=0.3, n,=0.5, v,=0.5, v,=0.4. Then
T = {0~, G|, Gy, 1~} and 0 = {0~, G3, 1~} are [FTs on X and Y respectively. Define a
mapping f: (X,t) = (Y,0) by f(a) =u and f(b) = v. The IFS Gs = (y, (0.3, 0.5), (0.5, 0.4))
is an IFOS in Y. Then f (Gs3) = (x, (0.3, 0.5), (0.5, 0.4)) where p,=0.3, 1,=0.5, v,=0.5,
v,=0.4 is an IFS in X. Then f '1(G3) € Gy where G; i1s an IFROS in X. Now
scl(f '(G3)) = G; € G,. Therefore f '(Gs) is an IFRGSCS in X. Thus f is an IFCRGS

continuous mapping.

Theorem 6.3: Every IFC continuous mapping is an IFCRGS continuous mapping but not

conversely.

Proof: Let A be an IFOS in Y. Then f "'(A) is an IFCS in X, by hypothesis. Since every
IFCS is an IFRGSCS, by Theorem 2.3. f (A) is an IFRGSCS in X. Hence f is an IFCRGS

continuous mapping.

Example 6.4: Let X = {ab}, Y = {uv} and G; = (x, (0.5, 0.4), (0.4, 0.2))
G, = (x, (0.1, 0.2), (0.9, 0.7)) and G3 = (y, (0.5, 0.3), (0.4, 0.2)). Then T = {0~, Gy, Go, 1~}
and 0 = {0~, Gj;, 1~} are IFTs on X and Y respectively. Define a mapping
f: (X,t) = (Y,0) by f(a) =u and f(b) = v. The IFS G3 = (y, (0.5, 0.3), (0.4, 0.2)) is an
IFOS in Y. Then f (Gs3) = (x, (0.5, 0.3), (0.4, 0.2)) is an IFS in X. Then f (G;) € G



where G, is an IFROS in X. Now scl(f (Gs3)) = G; € G,. Therefore f (Gs) is an
IFRGSCS in X but not an IFCS in X, since cl(f (G3)) = G,° # f "'(Gs). Therefore f is an

IFCRGS continuous mapping but not an IFC continuous mapping.

Theorem 6.5: Every IFCa continuous mapping is an IFCRGS continuous mapping but not

conversely.

Proof: Let A be an IFOS in Y. Then f '(A) is an IFCS in X, by hypothesis. Since every
IFaCS is an IFRGSCS, by Theorem 2.11. f "'(A) is an IFRGSCS in X. Therefore f is an
IFCRGS continuous mapping.

Example 6.6: Let X = {ab}, Y = {uv} and G, = (x, (0.5, 0.5), (0.5, 0.4))
G, = (x, (0.4, 0.3), (0.5, 0.5)) and G3 = (y, (0.3, 0.2), (0.5, 0.5)). Then T = {0~, Gy, Gz, 1~}
and 0 = {0~, Gs, 1~} are IFTs on X and Y respectively. Define a mapping
f: (X,t) = (Y,0) by f(a) =u and f(b) = v. The IFS G; = (y, (0.3, 0.2), (0.5, 0.5)) is an
IFOS in Y. Then f (G3) = (x, (0.3, 0.2), (0.5, 0.5)) is an IFS in X. Then f (G;) € G
where G; is an IFROS in X. Now scl(f '(G3)) = G; € G,. Therefore f (G3) is an
IFRGSCS in X but not an IFaCS in X, since cl(int(cl(f *(G3)))) = G,° & £ '(G,). Therefore

fis an IFCRGS continuous mapping but not an [FCa continuous mapping.

Theorem 6.7: A mapping f: X — Y is an IFCRGS continuous mapping if and only if the
inverse image of each IFCS in Y is an IFRGSOS in X.

Proof: Necessity: Let A be an IFCS in Y. This implies A is an IFOS in Y. Since f is an
IFCRGS continuous mapping, f (A°) is an IFRGSCS in X. Since f (A% = (f (A)),
f'(A) is an IFRGSOS in X.

Sufficiency: Let A be an IFOS in Y. This implies A® is an IFCS in Y. By hypothesis,
f (A% is an IFRGSOS in X. Since f '(A) = (f (A))", where (f '(A))° is an [FRGSOS
in X, f'(A) is an IFRGSCS in X. Hence f is an IFCRGS continuous mapping.

Theorem 6.8: Let f : (X,T) = (Y,0) be a mapping and let f '(A) be an IFROS in X for
every IFCS A in Y. Then f'is an IFCRGS continuous mapping.



Proof: Let A be an IFCS in Y. Then f (A) is an IFROS in X, by hypothesis. Since every
IFROS is an IFRGSOS, by Theorem 3.3. f '(A) is an IFRGSOS in X. Hence f is an
IFCRGS continuous mapping.

Theorem 6.9: Let f : (X,T1) = (Y,0) be an IFCRGS continuous mapping and
g : (Y,0) = (Z,y) be an IF continuous mapping, then gof : (X,t) = (Z,y) is an IFCRGS

continuous mapping.

Proof: Let A be an IFOS in Z. Then g"'(A) is an IFOS in Y, by hypothesis. Since f is an
IFCRGS continuous mapping, f (g (A)) is an IFRGSCS in X. Hence gof is an [IFCRGS

continuous mapping.

Theorem 6.10: Let f : (X,T) = (Y,0) be an IFCRGS continuous mapping and
g : (Y,0) = (Z)y) be an IFG continuous mapping and Y is an IFT, space, then
gof : (X,T) = (Z,y) is an IFCRGS continuous mapping.

Proof: Let A be an IFOS in Z. Then g''(A) is an IFGOS in Y, by hypothesis. Since Y is an
IFT,;, space, g'(A) is an IFOS in Y. Therefore f (g'(A)) is an IFRGSCS in X,
by hypothesis. Hence geof is an IFCRGS continuous mapping.

Theorem 6.11: Let f : X — Y be a mapping. Suppose that one of the following properties
hold:

(1) f(scl(A)) € int(f(A)) for each IFS A in X
(ii) scl(f '(B)) < f '(int(B)) for each IFS Bin Y
(iii) £ (cl(B)) € sint(f '(B)) for each IFS Bin Y

Then fis an IFCRGS continuous mapping.

Proof: (i) = (ii) Let B be an IFS in Y. Then f "'(B) is an IFS in X. By hypothesis,
f(scl(f '(B))) S int(f(f '(B))) S int(B). Now scl(f '(B)) S ' (f(scl(f '(B)))) S f'(int(B))

(i1) = (iii) is obvious by taking complement in (i1).

Suppose (iii) holds: Let A be an IFCS in Y. Then cl(A) = A and f "(A) is an IFS in X.
Now f'(A) = £ !(cl(A)) C sint(f '(A)) S £ (A), by hypothesis. This implies f '(A) is an



IFSOS in X and hence an IFRGSOS in X, by Theorem 3.3. Thus f is an IFCRGS

continuous mapping.

Theorem 6.12: Let f: X — Y be a bijective mapping. Then f is an IFCRGS continuous
mapping if cl(f(A)) € f(sint(A)) for every IFS A in X.

Proof: Let A be an IFCS in Y. Then cl(A) = A and f (A) is an IFS in X. By hypothesis
cl(ftf '(A))) € f(sint(f '(A))). Since f is an onto, f(f '(A)) = A. Therefore
A = cl(A) = cl(f(f '(A))) € f(sint(f '(A))). Now £ '(A) S £ (f(sint(f '(A)))) = sint(f '(A))
c f'(A). Hence f '(A) is an IFSOS in X and hence an IFRGSOS in X, by Theorem 3.3.
Thus fis an [FCRGS continuous mapping.

Theorem 6.13: If f : X — Y is an IFCRGS continuous mapping, where X is an IFsT;

space, then the following conditions hold:

() scl(f'(B)) € f(int(scl(B))) for every IFOS Bin Y
(ii) f'(cl(sint(B))) S sint(f (B)) for every IFCS Bin Y

Proof: (i) Let B be an IFOS in Y. By hypothesis f '(B) is an IFRGSCS in X. Since X is an
IF T/, space, f '(B) is an IFSCS in X. This implies scl(f '(B)) = f (B) = f (int(B))
c £ (int(scl(B))).

(i1) can be proved easily by taking the complement of (1).

Theorem 6.14: If f: X = Y is a mapping where X is an IFT;/, space, then the following

are equivalent:

(1) fis an IFCRGS continuous mapping

(i1) for each IFP p(p € X and for each IFCS B containing f(p(«,p)), there exists an
IFSOS A € X and pp € A such that A € £7(B)

(ii1) for each IFP p(p) € X and for each IFCS B containing f(p(,p)), there exists an
IFSOS A € X and p(«,p) € A such that f(A) € B

Proof: (1) = (i1) Let B be an IFCS in Y. Let p(p) be an IFP in X such that f(p«,p)) € B.
Then pg) € f ' (f(p@p)) € f '(B). By hypothesis f "'(B) is an IFRGSOS in X. Since X is



an IF T}/, space, f “I(B) is an IFSOS in X. Now let A = sint(f (B)) € f (B). Therefore
A C f(B).

(1) = (i11) Let B be IFCS in Y. Let pp) be an IFP in X such that f(p«p)) € B. Then
pap) € £ (f(pp)) € £ '(B). By hypothesis f '(B) is an IFSOS in X and A € f '(B). This
implies f(A) € f(f '(B)) € B.

(ii1) = (i) Let B be any IFCS in Y and let pp) € X. Let f(p«p)) € B. By hypothesis there
exists an IFSOS A in X such that pq«pg € A and f(A) €& B. This implies pwp) € A
c f '(f(A)) € f '(B). That is pwp € f '(B). Since A is an IFSOS, A = sint(A)
C sint(f "'(B)). Therefore pep € sint(f '(B)). But £ "B) = U pup) ¢t '® Pap)
C sint(f '(B)) € f "'(B). Hence f '(B) is an IFSOS in X and hence f "'(B) is an IFRGSOS
in X, by Theorem 3.3. Thus fis an IFCRGS continuous mapping.

Theorem 6.15: For a mapping f : X — Y, the following are equivalent, where X is an

IF T}/, space:

(1) fis an IFCRGS continuous mapping

(ii) for every IFCS A in Y, £ '(A) is an IFRGSOS in X

(iii)for every IFOS B in Y, f '(B) is an IFRGSCS in X

(iv)for any IFCS A in Y and for any IFP pug) € X, if f(pap ) q A, then
Py sint(f " (A)).

(v) for any IFCS A in Y and for any IFP p(p) € X, if f(pap)) q A, then there exists an
IFRGSOS B such that p«p) B and f(B) € A

Proof: (i) © (ii) and (ii) < (iii) are obvious.

(ii) = (iv) Let A C Y be an IFCS and let pg) € X. Let f(pag) ) q A. Then pug) o f (A).
By hypothesis, f (A) is an IFRGSOS in X. Since X is an IF T, space, f '(A) is an
IFSOS in X. This implies sint(f '(A)) = f '(A). Hence p(ap) q sint(f "'(A)).

(iv) = (i1) Let A € Y be an IFCS and let p(p) € X. Let f(pp)) ¢ A. Then pp)qf (A). By
hypothesis, pg) q sint(f '(A)). That is f '(A) C sint(f "'(A)). But sint(f '(A)) € f '(A).



Therefore f '(A) = sint(f '(A)). Thus f '(A) is an IFSOS in X and hence f '(A) is an
IFRGSOS in X, by Theorem 3.3.

(iv) = (v) Let A € Y be an IFCS and let prog) € X. Let f(preg)) ¢ A. Then pg)qf '(A). By
hypothesis, pp) q sint(f I(A)). Thus f (A) is an IFSOS in X and hence f (A) is an
IFRGSOS in X, by Theorem 3.3. Let f '(A) = B. Therefore pug o B and
f(B) = f(f '(A)) € A.

(v) = (iv) Let A € Y be an IFCS and let p,p) € X. Let f(p,p)) q A. Then pp)qf (A). By
hypothesis, there exists an [IFRGSOS B in X such that pep) ¢ B and f(B) & A. Let
B =f 'I(A). Since X is an IFT;, space, f 'I(A) 1s an IFSOS in X. Therefore

Prep) g sint(f ' (A)).

Theorem 6.16: A mapping f : X = Y is an IFCRGS continuous mapping if f !(scl(B))
C int(f (B)) for every IFS Bin Y.

Proof: Let B € Y be an IFCS. Then cl(B) = B. Since every IFCS is an IFSCS [6],
scl(B) = B. Now by hypothesis, f '(B) = f ' (scl(B)) € int(f '(B)) S (f'(B). This implies
f "'(B) = int(f "'(B)). Therefore f '(B) is an IFOS in X. Therefore f is an IFC continuous
mapping. Then by Theorem 3.3, fis an IFCRGS continuous mapping.

Theorem 6.17: A mapping f: X = Y is an IFCRGS continuous mapping, where X is an
IF T}/ space if and only if f “!(scl(B)) € sint(f "' (cl(B))) for every [FSBinY.

Proof: Necessity: Let B € Y be an IFS. Then cl(B) is an IFCS in Y. By hypothesis
f"!(cl(B)) is an IFRGSOS in X. Since X is an IFsTy, space, f "' (cl(B)) is an IFSOS in X.
This implies f (cI(B)) = sint(f ~'(cI(B))). Therefore f “(scI(B)) S f ~(cl(B))
= sint(f "' (cl(B))).

Sufficiency: Let B € Y be an IFS. Then cl(B) is an IFCS in Y. By hypothesis, f "(scl(B))
c sint(f '(cl(B))) = sint(f "'(B)). But scl(B) = B. Therefore f '(B) = f “(scl(B))
c sint(f '(B)) € f "(B). This implies f "'(B) is an IFSOS in X and hence f '(B) is an
IFRGSOS in X, by Theorem 3.3. Hence f'is an IFCRGS continuous mapping.



Theorem 6.18: An IF continuous mapping f: X — Y is an IFCRGS continuous mapping if
IFRGSO(X) = IFRGSC(X).

Proof: Let A € Y be an IFOS. By hypothesis, f (A) is an IFOS in X and hence f "'(A) is
an IFRGSOS in X, by Theorem 3.3. Thus f '(A) is an IFRGSCS in X, as
IFRGSO(X) = IFRGSC(X). Therefore fis an IFCRGS continuous mapping.



SUMMARY AND CONCLUSION




SUMMARY AND CONCLUSION

In this thesis we have studied the concept of intuitionistic fuzzy regular generalized
semiclosed sets, intuitionistic fuzzy regular generalized semiopen sets, intuitionistic fuzzy
regular generalized semi continuous mappings, intuitionistic fuzzy almost regular
generalized semi continuous mappings and intuitionistic fuzzy contra regular generalized

semi continuous mappings. We have discussed many interesting theorems on them.

In chapter I we have discussed basic definition and concepts. In chapter II we have
discussed intuitionistic fuzzy regular generalized semiclosed sets. In chapter III we have
discussed intuitionistic fuzzy regular generalized semiopen sets. In chapter IV we have
discussed intuitionistic fuzzy regular generalized semi continuous mappings. In chapter V
we have discussed intuitionistic fuzzy almost regular generalized semi continuous
mappings. In chapter VI we have discussed intuitionistic fuzzy contra regular generalized

semi continuous mappings.

Thus we conclude that an intuitionistic fuzzy regular generalized semiclosed sets
does not imply intuitionistic fuzzy closed sets, intuitionistic fuzzy semiclosed sets, etc in
general and we have proved them by suitable examples. Also we have enjoyed by proving
some interesting theorems based on intuitionistic fuzzy regular generalized semiclosed sets

and intuitionistic fuzzy regular generalized semi continuous mappings.
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