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ThTRODUCTION 

There are no rules of architecture for a castle in the clouds. 

- G.K.Chesterton. 

The study of proximity spaces has attracted the attention of many famous 

topologists-Efremovich, Hayashi, Smirnov, Kelley, Naimpally and Warrack. The 

aim of this thesis is to study some interesting generalizations of proximity 

structures. Some interesting generalized proximities discussed in this thesis are 

Paraproximity (2.5) 

Closure-proximity (2.21) 

Normal proximity (2.28) 

Perfect proximity (2.30) 

Weak normal proximity (2.35) 

Compact proximity (2.38) 

Metacompact proximity (2.42) 

Lodato or LO-proximity (3.1) 

Leader or LE-proximity (3.1) 

Pervin or P-proximity (3.3) 

Separation or S-proximity (3.8) 

E-discrete proximity (3.10) 

B-discrete proximity of Alexandroff (3.11) 

R-proximity (4.8) 

RC-proximity (4.15) 



The first chapter is devoted to fundamental definitions. 

In the second chapter, different generalizations of Efremovich proximities 

are discussed. Efremovich showed that every proximity (2.1) on a set R yields a 

completely regular space. In 1964, Hayashi [8] gave new axioms for a proximity, 

slightly different from the axioms of Efremovich proximity named as 

paraproximity (2.5). This paraproximity yields a completely normal space. 

In 1984, Mira Sarkar [14], defined a closure proximity (2.21) on X the 

axioms of which differ from those of a paraproximity in some respects. There is a 

1-1 correspondence between the closure proximities and Ti-topologies on X. 

Adding certain axioms to a closure proximity, we get some new proximities. 

They are 

Normal proximity (2.28) 

Perfect proximity (2.30) 

Weak normal proximity (2.35) 

Compact proximity (2.38) 

Metacompact proximity (2.42) 

Every normal proximity induces a completely normal topology and every 

completely normal space has a normal proximity stnicture. This yields a 1-1 

correspondence between the set of normal proximities and the set of completely 

normal topologies on a set X. A similar result is true in the case of perfect 

proximity and perfect normality. These generalizations are discussed in detail in 

chapter two. The weakest proximity compatible with a hereditarily compact 

(a metacompact) topology on X is constructed in this chapter. 
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The third chapter is devoted to the study of two important generalized 

proximities-Lodato or LO-proximity and Leader or LB-proximity (3.1). In this 

chapter, the definitions of some interesting generalized proximities are given 

These include the following. 

Perviri or P-proximity (3.3) 

Separation or S-proximity (3.8) 

E-discrete proximity (3.10) 

E-discrete proximity of Alexandroff (3.11) 

The interrelations between these proximities are also discussed in this 

chapter. Further more, it is proved here that, in general Lodato proximities (3.20) 

are not covered. 

Fourth chapter deals with R-proximities (4.8) and RC-proximities (4.15) 

which are also generalizations of Efremovich proximity. D.Harris [6] has 

introduced R-proximities in order to investigate regular-closed extensions of 

regular topological spaces. In connection with these proximities, the following 

two papers are discussed in detail. 

Regular-closed spaces and proximities [6] 

A note on R-proximities [20] 

The important results discussed in this connection are as follows; 

Atopology is regular 1ff it is the topology induced by an R — proximity (4.12) 

Every RC-regular space has its topology induced by an RC-proximity (4.18) 



If an RC-proximity space is absolutely closed, then its induced topology is a 
regular-closed topology, and the proximity is given by A and B aro far ifT 
they have disjoint closures. (4.20). 

An RC-proximity space is absolutely closed if the induced topology is 
regular closed. (4.21). 

A topological space is regular-closed if it has the topology induced by an 
absolutely closed RC-proximity. (4.22) 

There is piecisely one RC-proximity that induces the topology of a regular-
closed space. (4.23). 

Further, a technique for identifying the supremum of any non-empty 
family of compatible proximities on any R(,-space is established. As an 
application of this, Alexandrov proximity is identified as the supremum of the 
compatible R-proximities on any regular space. 
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REVIEW OF LiTERATURE 

The first important paper on proximity structure was published by 

Efremovich [71 in 1952. in this paper he axiomatically charactensed the 

proximity relation "A is near B" for subsets A and B of any set X. A set X 

together with a proximity relation is called proximity space. Every proximity 

structure induces a completely regular topological structure. In every completely 

regular space, a compatible proximity structure can be defined 

Some authors have worked with weaker axioms, which enabled them to 

introduce an arbitrary topology on the underlying set 

Some important contributions to the study of proximity spaces are 

published by Efremovich, Kelley, Leader, Nagata, Naimpally and Warrack 

Since the number of papers published on proximity spaces is numerous, 

we restrict ourselves to a few papers in this review of literature. We have given a 

brief review of nine important papers published in this topic. 

1. Smirnov. YM 

"On Proximity Spaces [21]" 

In this paper, the author discovered the connection between Hausdorif 

compactification of a Tychonoff space and the compatible proximity relation, 

showing that "a topological space admits a compatible proximity relation if it is a 

subspace of a compact Hausdorff space". 
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2.Pervin. W.J. 

"Quasi-proximities for topological spaces [19]" 

The author studied the generalizations of Efremovich's original set of 

axioms for a proximity. He neglected the symmetric condition and obtained a 

space called quasi-proximity space. The author showed that every topological 

space can be derived from a quasi-proximity space (X, S) by defining the binary 

relation S as follows: 

A S Buff A n B ~ 4. 

Conversely, every quasi-proximity space (X, 5) becomes a topological space if 

the closure operator is defined by cl(A) = (x: (x)5 A) for every A c X. 

Leader. S 

"On products of proximity space [11 ]' 

Here also the generalizations of Efremovich's proximity were studied. 

Omitting the symmetry condition from the original set of Efremovich axioms and 

also including a weakened form of the "strong axiom", the author defined a space 

called topological d-space. It was shown that every topological space can be 

derived from a topological d-space and conversely. 

LodatoMW 

"On topologically induced generalized proximity relations [12]". 

The author added symmetry to Leader's set of axioms to obtain a 

symmetric binary relation named as Lodato proximity. He proved that every set 

with a Lodato proximity defined on it satisfies the R0  axiom (i.e every open set 



contains the closure of each of its points), and that given any R. space we obtain a 

Lodato pconmity compatible with the given topology if we define A 6 B if 

A#+. 

Chaxtophyay.K.0 

"Basic quasiproximities, grills and compactifications [2]" 

in spa erabasicquasipcoxmityironasetXisabinaryrelationonthe 

power set of X satisfying the following conditions: 

(A, B Li C) E it if (A,B) E it or (A,C) € iv 

(AuB,C)€ itiff(A,C)e itor(B,C)€ it 

ArB#4=(A,.B)E7t 

(A,B) E it => A # 4 # B. The author develops the theory of basic 

quasiproximity spaces in a manner similar to that of W.J. Thron for 

proxunilies (Maths. Ann. 206(1973), 35-62). Thus the notions of stacks and 

grills as well as filters and ulirafilters are used to advance the theory. 

6.Csaszar.K. 

"Separation axioms for proximity and closure spaces [4]" 

A semiproxunity 6 is a relation on the powerset exp X of a set X satisfying 

the following conditions: 

A 

(P1)6issymme11y,(P2)46X,(P3)AriB A6B,(P4)A6B,A c C 

and BDimp1yC8D. lf3alsosatisfies(P5)(AuB)SC =A6CorBSC, 

then 6 is a proximity. A semiclosure on X is a function C from exp X into itself 

satisfying (Cl) C(4) = 4, (C2) A ç C(A), for all A c X and (0) A c B implies 
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C(A) ç C(B). When C also satisfies C(A u B) = C(A) u C(B), then C is a 

closure on X. Given a (semi-) proximity 6 for X, if C5 is defined by x e C5(A) if 

{x} 6 A., then C5  is a (semi-) closure on X and 6 is compatible with C. 

A number of separation conditions for semiclosures and for 

semiproxitnities are iniroduced and interrelationships among these are studie& 

For eg, a seniiclosure C satisfies. 

(SC') : x o C(A) C{x) r C(A) = 4 1ff the relation S defined by A ö B if 

C(A) r C(B) o 4 is a compatible semiproximity for C. Also if C is a closure, then 

& is a proximity whenever (SC) holds. 

Relationships between separation conditions for semiproximities and Lodato 

proximities are also considerei A number of examples are included which 

distinguish among the various separation conditions. 

7.Dimitrijevic. R.S 

"Base and Subbase of R-proximity [5]" 

The author introduces a notion of R-proximity base and subbase. For a 

non empty set X let b be a binary relation satisfying the following axioms: 

(Bl)AbB=BbA(B2):Ar'iB#4=' AbB,(B3)AbB=A*4 *B, 

(B4)AbBandAcC,BcD=CbD,(B5) AbB= EcX;AbEand 

(X—E) bB. 

Let 6 be a relation defined as follows: A S B <> for any two finite covers P,Q of 

the setsA,Bthereexistsapair(A,B)EPxQsuchthatAbB. Then6isanR-

proximity relation, (i.e) the following properties hold: (RI) = (B 1), (R2) = (B2), 
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(R3)'(B3),(R4)Aö(BuC)A6BorA6C and (R5)xB=9E cX; 

x 8E and (X—E)SB. The re1ation6 is the coaiest R-proximity onXfinerthan 

the relation b. R-proximity subbase axioms are considered. The author writes that 

"several theorems in R-proximity spaces can be simplified by using the 

R-proxumty base and subbase". 

8.Naimpally. S.A; Di Maio.G 

"Proximity Relation [17]" 

The authors present an example which shows that S.Leader's construction 

for the Smirnov compactification of an Efremovich proximity fails for a Lodato 

proximity space. However, using nearness and contiguity structures, they provide 

a method of getting a proximity extension of a Lodato space. 

9.Csaszar. A 

"RE-proximities [3]" 

D. Harris [Pacific J.Math. 34 (1970), 675 - 685] introduced 

R-proximities to investigate regular-closed extensions of regular topological 

spaces. AnR-proxinnty ona set Xis a basic proximity öon the power set of X 

such that {x) 8 (X - V) implies the existence of W such that {x)S (X - W) and 

W 5 (X - V) (6 means not 6). If Y is a regular extension of X then we can define 

an R-proximity on X as follows: 

A6B iffclyArclB #4. Suchan R-proximity iscalledanRE-proximity. If Y 

is a regular-closed extension of X, then 8 is called an RC-proximity. In this paper 



the author investigates the proximities defined above using concepts and results 

from the theory of syntopogenous spaces. 
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CHAPTER- I 

PRELIMINARY DEFINITIONS 

DEFINITION 1.1 

ATopo1ogica1 space XiscalledT2 — space oraHausdorff space iffor 

each pair x1,x2  of distinct points of X, there exist neighbourhoods Ui and U2  of x1  

and x2  respectively, that are disjoint. 

DEFiNITION 1.2 

Suppose that one-point sets are closed in X Then X is said to be normal if 

for each pair A,B of disjoint closed sets of X, there exist disjoint open sets 

containing A and B, respectively. 

DEFINiTION 1.3 

By a T1- space X, we mean a topological space such that for each pair Xi 

andx2  of distinct points of X., there exists neighbourhoodsUofxi andVofx2  

such that x1 V and x2  o U. 

DEFINITION 1.4 

A normal T1 — space is called a T4 — space. 

DEFiNITION 1.5 

A space Xis said to be compact, if every open covering of X contains a 

finite subcollection that also covers X. 

DEFINITION 1.6 

A space X is said to be locally compact at x if there is some compact 

subset C of X that contains a neighbourhood of x. If X is locally compact at each 

of its points, x is said to be locally compact. 



DEFINITION 1.7 

A topological space X1sR0 iff for each open set G,xE G=cl{x)cG. 

DEFINiTION 1.8 

Let X be a topological space. A subset of X is called G5 - set if it is the 

intersection of countably many open-sets of X. 

DEFINITION 1.9 

A perfectly normal space is a normal space in which every closed set 

isG&  

DEFINiTION 1.10 

A space X is completely normal if and only if for every pair A,B of 

separated sets in X (that issets such that A im B 4 and A m B =4) , there 

exist disjoint open sets containing them.. 

DEFINiTION 1.11 

Suppose that one-point sets are closed in X Then X is said to be regular if 

for every pair consisting of a point x and a closed set B disjoint from x, there exist 

disjoint open sets containing x and B, respectively. 

DEFINITION 1.12 

A topological space x is said to be completely regular if for every closed 

set Ac Xand any pointp 0 A, there is a continuous function f : X —040,1] 

such that f(j,)=0 and fx)1 for allx eA. 

DEFINiTION 1.13 

A subset A of a space X is said to be dense in X if A = X (A — closureof 

AinX). 
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DEFINITION 1.14 

A compactification of a space X is a compact Hausdorff space Y 

containing X such that X is dense in Y. 

DEFiNITION 1.15 

Let X be a locally compact Hausdorif space. Take some object outside X, 

denoted by the symbol cc for convenience, and adjoin it to X, forming the set 

Y=X{co}. TopologeYbydefining the collection ofopensetsinYtobeall 

sets of the following types 

U, where U is an open subset of X 

Y—C,whereCisa compact subsetofX 

The space Y is called the one-point compactification of X. 

DEFINiTION 1.16 

if (Ua)cEJ  is a collection of subsets of X, a collection {V} €K  is said to 

refine (UCI) if for each set V, there is atleast one set U,,, containing it. 

DEFINITION 1.17 

A collection tUa}(€J of subsets of X is point finite if each point of X lies 

in only finitely many elements of [UCJCZEJ. 

DEFINITION 1.18 

A space is called metacompact if evely open cover has an open-point 

finite refinement 

DEFINITION 1.19 

Let X be a set and 7 X)(power set ofx)benonempty. 57 is called 

I 



a filter on X if 

1) 4.7 

ii) F,F2 e=F1mF2e 

in) Fe  57 andFçG=G€7 

DEF1NTION 1.20 

A regular filter is a filter with a base of open sets and a base of closed sets. 

DEFINTION 1.21 

tXGZand7afironZ.Traceof7inXis=(XImF:FE7 

and XrF*4). 

DEFINITION 1.22 

Let(X,t)beatopologicalspaceand 7 beafflteronX Then 7is said 

to 'r - converge to x if every neighbourhood of x belongs to7. 

14. 
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CHAPTER—il 

DIFFERENT GENERALIZATIONS OF EFREMOVICH PROXIMiTIES 

DEFIMTION:2.1 Efreinovich [7] 

Efremovich[7}deflnedarelation 6onaset,calledaproximity. Fora 

pairofsubsetsA and BofapointsetRwewriteA6Bor(A,B)E6 ifA and 

A 

B are proximate, other wise A 6 B or (A,B) o S. 

A relation 6 on a set R is called a proximity if it satisfies the following 

four axioms: 

: (Symmetry) (A,B) € 6 iff(B,A) e 6 

: Both (A,C) 6 and (B,C) 6 iff(A U B, C) o 6. 

:Forarbitrai-ytwopointsa,b€R,((a},(b)) E 6 

1ffab. 

: (Separation) if (A, B) 6 then there are disjoint subsets U andV ofR 

suchthat (A,R—U)6 and (B,R—V)6. 

Then (R,6) is a proximity space. 

DEFINITION 2.2 

A subset U of R is a neighbourhood of A cR iff(A, R-U) o 6. 

In terms of open sets the above definition is equivalent to 

DEFINITION 2.3 Naimpally & Warrack [18] 

A subset G of R is defined to be open iff((x),R-G) &foreveryx€ G. 



NOTE : 2.4 

If the topology on a set R is defined as in definition 2.2, then R is a 

completely regular space. (Efremovich [7]). 

DEFINiTION 2.5llayashi [8] 

A paraproximity on a set R is a relation 6 for pair of subsets of R 

satisfying the following axioms: 

(PP 1) : (A, ) 0 6 for every A c: R. 

: (A, B U C) E & iff(A, B) e 6 or (A, C) € S. 

: For anyarbitralyindex set A,(U A,B)e&iffthereisanindex.t €A 
XeA 

satisfying the relation (A , B) E 8. 

: For arbitrary two points a, b € R, ((a), (b)) € 8 if a = b. 

:Jf(A,B)6and(B,A)8,thentherearetwodisjointsubsetsUandV 

satisfying. 

(A,R—U)S, (U,R—U)6 

(B,R—V)8, (V,R—V)6. 

Then (R, 6) is called a paraproximity space. 

Given a paraproximity on a set R we can associate a topology. For this purpose 

we need the following lemmas. 

LEMMA: 2.6 

If (A, B) 6, then (A , C) o 6, for any C c B. 

PROOF: 

SinccB= BuCand (A,BuC)ö,itfo1lowsthat(A,C)&by 

±6 



LEMMA : 2.7 

Lf(A, B) o 8, then (C, B) e 8 for any C c A 

PROOF 

Since A = Au C and (A u C, B) o 8, it follo that (C, B) 0 S. 

LEMMA 2.8 

If (A,B)6, then AC\B4. 

PROOF 
Suppose that there exists a point x EA n B. Then by Lemmas 2.6 and 2.7 

((x), {x)E 6 for any point x ER, contmryto(PP4). 

LEMMA: 2.9 

((R - x), {x)) o 8 for any point x E R. 

PROOF: 
LetR—x=uy.Theny. #x for allX. Suppose that (R—x,{x})E6 

.EA 

equivalently (u y, ,{x))E8 , then there is an index ji satisfying({y),{x}) E 8 
)eA 

by (PP3). From (PP4) y p = x, which is a contiBdiction. 

REMARK: 2.10 

In axiom (PP5), we may choose U and V such that (U, V) S 

and (V,U(U and VaredisjointimpliesVc:R—U. Therefore,(U,R-U)o8, 

and V c R - U implies (U, V) S (since from lemma:2.6). Similarly we can 

prove(V,U) ' 

REMARK 2.11 

From axiom (PP5), we may deduce that A c U and B c V. (Suppose U 

does not contain A, then there is a point x E A—U. That is, x E A and x E R - U. 

1.7 



Also (A, R - U) o 6 implies ({x),{x}) o 6 (since from lemmas 2.6 and 2.7), 

which is a contradiction. Therefore A c U. Similarly we can prove B c V). 

Now the topology on a set R is defined as follows 

DEFINiTION 2.12 Hayashi [8] 

A set U is open iff (U, R — U)ö 

This defines a topology and it is denoted by T. 

NOTE 2.13 

Deflnition:2. 12 is equivalent to Definition : 2.3 

PROOF: 

Let U be open as in definition 2.12. Then from (IJ,R-U) o 6 and Lemma 

2.7 it follows that ({x}, R 
- 

U) o 8 for every x E U. Hence U is open as in 

definition 2.3. 

Conversely, let U be open as in definition : 2.3 Put U = L) x. Then, 

({xR-U) 6 forevery ?. .From(PP3)itfollows (U, R—U) =(.ix,R—U)&. 

Therefore U is open as in definition 2.12. 

THEOREM 2.14 

Let Rbea set withparaproxiznityösatIsfying(PPI—PP5). Then the set 

R is a completely normal space if R is topologizcd as in definition :2.12 

PROOF: 

Consider (R R-R) = (R, 4) o 8(by (PPI)) 

=> whole space R is open. 

Let U and V be open. 



Then(U,R—U) o ö and (V,R—V) o 8. 

By Lemma: 2.7, it follows that 

(UrV,R—U) e ö and (UrV,R—V)8. 

Hence V,R—)V,(R—Uu(R—V))6by(PP2). 

Therefore U n V is open. That is, finite intersection of open sets is open. 

Suppose that Us open, that is(UR-U6foreveryX€A. 

By(PP3), (uU, R - U)SforeveryX. 

Therefore(u U, R - u U. )o 8 by lemma 2.6 

=.0 U. is OCn. 

That is, arbitrary union of open sets is open. 

Therefore, R is a topological space. 

From Lemma:2.9 it is easy to show that R satisfies the T separation 

axiom. That is, foreverypointxofR,R-{x}isopem 

It remains to show that any subset of R satisfies the T4  separation axiom. 

It is sufficient to prove that if A and B are separated in the T1  space R, then there 

are disjoint open sets U and V such that Ac:U and BcV. SinceR — Aisopen, 

(R-A, A)8.A1soR—ADB(sinceA and Bareseparated). 

Therefore (B, A) v 6 by lemma 2.7 

Hence by lemma 2.6, it follows that (B,A) e 6. 

Similarly we can prove that (A,B) 0 8. 

As a consequence of (PP5) and remark :2. 11, we can find the required open sets U 

and V. Hence the theorem. 
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COROLLARY: 2.15 

Let R be a set with a relation 8 satisfying (PP1 - PP3). If the topology of 

R is defined as in definition: 2.12, then R is a topological space. Moreover, if a 

relation 8satisfies(PP1—PP4), then RisaTi—space. 

PROOF: 

The proof of this corollary follows from the proof of the above 

theorem(2. 14). 

NOTE 216 

In a proximity space R, A mB implies (A,B) E 8. The converse 

implication holds if a space R is a compact proximity space (Efremovich [7]). 

We have a corresponding theorem in the case of paraproximity spaces. 

'IIIEOREM : 2.17 

Let (R, 6) be a paraproximity space. Then (A,B) E 8 implies A r' B ~ 4. 

PROOF: - - 

Assume that A n B = 4, and so A c R - B. If we choose all open sets 

O. which contain the closed set B , then 0 x = B by the regularity of R 

ThereforeAcR— B = R - r 0i(R— O.). SinceallsetsR — Oxareopen, 

8forall. 

Thenby(PP3),(u(R-0), 0) öforall X. 

Consequently it follows from lemmas 2.6 and 2.7 that (A,B) o 6, a contradiction 

to our assumption that (A,B) E 6. Therefore A r B t- 4. 
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COROLLARY: 2.18 

Let(R,6)beaparaproximity space LetxbeapointofR and Abea 

subset of R. Then (A, {x}) E 61ff x E A. If({x),A) E 6, then x E A. 

The following theorem (2.19) shows that a paraproximity 6 can be 

introduced in a completely normal space R. 

IflEOREM : 2.19 

If R is a completely normal space and the relation 6 is defined by setting 

"(A,B)E 8if and onlyifAr'B:s4", then öisaparaproximityforR(Of 

course, B is closure of B for the original topology of R). 

PROOF: 

:ForanyAcR,Ar4=4 and so(A,$)8. 

: (A, B u C) E 8 iff(A,B) e 6 or (A, C) E 6. 

:ForanarbitraiyindexsetA,(uA,B)E6iffthercisanindex 
XeA 

t E A satisfying the relalion (A1 , B) €6. 

:Foranypointa€Ritfollowsthat aima=a ,whichmeans 

((a},{a)) E 6. 

Conversely,if a ( b then a=bsinceb = b 

: Suppose that (A,B) o 6 and (B,A) o 6. Because A B =4, 

A n B =4 and R is completely normal, there are two disjoint open sets U and V 

suchtha*Ac UandBc V. SinceR—UR—U, A R—U Ar(R—U)+ 

and so(A,R—U)&Similarly(B,R—V)&Also(U,R-U)8 and 

(V,R—V)6(sinceU and VareopeninR). 



COROLLARY: 2.20 

If R is a topological space and Sisciefined as above, then &satisfies 

(PP1—PP3). Moreover, if R is a T  1  space, then 8 satisfies (PP1 - PP4). 

Next we show that the T1  topologies on X are found to be in 1-1 

correspondence with the closure proximities (Mira sarkar [14] ) on X. 

DEFINITION: 2.21 Mira Sarakar[14] 

LetXbeanysetandlet 8beabinaiy relationon the powersetX) 

satisfying the following axioms; 

(CPI) :(A,4) 9 8 and (+,A)6, for each AcX 

: (A, B u C) € 8 (A,B) E 6 or (A,C) € 6 

: ('_' U,, B) E 8 (U., B) E 6 for some X € A where 
XeA 

A is an aibitraiy index set 

:({x),{y))e&x=y, for eachpairofpointsx,y€X 

({x}, A) € 8 and ({a}, B) € 8 for each a € A together imp4y({x}, B) € 8 

whenever x E X 

Then 8 is a closure - proximity and (X, 6) a closure proximity space. 

RESULT: 2.22 

IfA8  = (x E X : ({x}, A) € 81, then S is a Kuiatowski closure operator on 

x. 

(LetXbeasetwithpowerset(X).A mapping fof(X)into(X) is called 

Kuratowski closure operator for X if and only if f satisfies conditions. 

1) 
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ii) ForeachA,AcgA) 

iu) For each A, fiA)) = f(A) and 

iv) foreachA and B,fAuB)=fA)ufB). 

THEOREM: 2.23 

The induced topology (defined by 2.12) of a closure proximity is T1, 

where(A,B)Eö if Ar'B# 4. 

PROOF: 

From (CPI - CP3) it can be shown that 

(A,B)E&=ArB Hence the proof follows. 

DEFIMTION: 2.24 

If X is a topological space and 3 is a proximity on X, then S is 

compatible to the topology if for eveiy Ac X, cl(A) = A{x: {x) 8 A}. 

LEMMA 2.25 

The relation y defined on '(X) by (A, B) E A B where 

(X, t) is a T1  - space, is a closure-proximity compatible with t. 

PROOF: 

(CPI - CP4) follow from (PP1 - PP4) 

(CP5):((x},A)Ey=xE A and ({a},B)€3a€ B VaEA. 

Therefore Ac B and so XE B => ({x},B) E y 

COROLLARY: 2.26 

The T1  topologies onX have a 1-1 correspondence with the closure 



proximities on it. 

PROOF: 

The proof of this corollaiy follows from Theorem :2.23 and Lemma: 2.25 

COROLL&RY: 2.27 

For a closure - proximity space, the following are equivalent 

(X,t& )isdiscrete 

6 is symmetric 

in) (AB) E 6 (A, B) E 6 , for each A,B c X. 

iv) (X, t5) has a locally finite base. 

We now add axioms to a closure-proximity one after another and exaniine 

the induced topologies. 

DEFINITION: 2.2* 

Let a closure - proximity S satisfy the following axiom. 

(CP6) : (A,B) o S and (BA) o S together imply that there exist disjoint 

neighbourhoods C,D of X such that (A, X - C) o S and (B, X - D) o S 

Then & is called a normal proximity and (X, 6) a normal proximity space. 

THEOREM: 2.29 

Let S be a normal proximity. Then (X, t) is completely normal. 

PROOF: 

Also(A,X-C)  it 8.=Am(X—C)=4,asSisa closure proximity. 

Therefore A c mt C. Similarly B c Tnt D. 

Since (X,t&) is T1  also (Theorem:2.23), the result follows. 



COROLLARY: 2.29(a) 

A paraproximity on X is a normal proximity and conversely. 

DEFINITION 2.30 

Let a normal proximity 6 satisfy the additional exiom. 

(CP7) : (X-A, A) e8 => 3 a sequence {G, n E NJ of subsets of X, where 

(G,X—G) o S and (A,X—G) o 6 foralin. Morcover,if((X),A) o S,then 

(Ge , (x)) o 6forsomeneN. 

Then 6 is called a perfect proximity and (X, 6) a perfect proximity space. 

tHEOREM: 2.30(a) 

Let 6 be a perfect proximity. Then (X, t8)  is a perfectly normal space. 

PROOF: 

Let A c X be closed. Then (X-A,A)6.So(CP7)implieSAc 
liEN 

where each G. is an open subset of X. 

Since xA =>((x},A). &Wehave(G, (x})8 and soX Gforsome 

nEN, that is A = r G. Therefore (X, to)  is a perfectly normal space. 
liEN 

tHEOREM : 2.31 

Let (IX, t) be a perfectly normal space. Then the relation y on (X) 

defined by (A,B) E y 1ff A r' B ~ , for A,B c X, is a perfect proximity 

compatible withr. 

I !I ITa"il r. 1 

We need to verify only (CP6) and (CP7). 



(A,B) 0 rand A)yAB=4  and Bm A.Sothereexist 
C,DetwhereCrD4suchthat AcC and BcD,as()(,t)iscompletely 
normal also. 

ThusAr(X—C) and so(A,X—C)7. 

Similarly, (B, X - D) e y. Hence (CP6). 

(X— A, A) X — A) A= =>A is closed- 

=> 3 asequence(G,n€N), with G € c , suchthat 

A = r G, as (X, t)is perfectly normal. DEN 

That is, 

Also,(G,X—G)y,Vn€N. Also ({x},A)y ='xA=xG,for 
someneN, whichimp1iesG {x}=4,asX,t)isTI =(G, (x})7. 
Hence (CP7). 

COROLLARY: 2.32. 

If(X, t) be completely normal, then y on )(X) defined above is a normal 

proximity compatible with T. 

The following corollaries 2.33 and 2.34 follow from corollaries 2.26, 2.32 
and theorem : 2.23 

COROLLARY: 233 

The completely normal topologies on X have a 1-1 correspondence with 
the normal proximities (paraproximities) on it. 

COROLLARY : 234 

The perfectly normal topologies on X have a 1-1 correspondence with the 
perfect proximities on it. 



REMARK: 2.35 

If(CP5) and (CP6) of a normal proximity are replaced by the following 

axiom. 

: (A,B) 6, (X - A, A) v 6 and (X - B, B) 0 6 together imply that there 

existC,Dc X, Cr'D = 4, such that (A,X—C) 0 8,(C, X—C) 08, 

(B, X - D) o 6 and (D, X - D) it 6. Then (X, t6)  is a normal space. But in this 

case, the space need not be completely normal. This 8 is called a weak normal 

proximity. 

A normal proximity is a weak normal proximity. 

ThEOREM: 2.37 

Let (3 t) be a normal space. Then the relation a on X) defined by 

(AB)EaABo4,isa weak normal proximity compatillewitht. 

Moreover, it is the weakest such relation compatible with t. 

PROOF: 

Since(X—A,A) v a=Aisclosed. 

(A,B) e a and (X—B,B) e a together imply that A and B are disjoint closed 

subsets of X. Then (CP8) is obvious. 

Ifis any other weak normal proximity onX, then(A,B) E A rB * 4.Then 

(A,B) E a, which proves that a is the weakest such relation compatible with t. 

DEFIMTION: 2.38 

Let satisfy axioms (CP1 - CP3) together with the following: 

: For eveiy family {FCZ), a E A of subsets of X, where (X - F, Fa) 



Va E A and for each A c X, (A, r Fa) o (A, r Fcz) o ,, for 
ueA c*eF 

some finite subset F of A. 

Then is called a compact proximity and (X, ) a compact proximity space. 

ThEOREM: 239 

The induced topology of a compact proximity is hereditarily compact. 

PROOF: 

Let (G, a E A) be an open cover of an arbitraiy Ac X. Then each Ga 

may be supposed to be open in X 

So,Ar(r' Fa)=4,whereFa=XGa. 
cLEA 

Therefore,(A, 
ctEA 

a€F 

Hence Ac u (X-F)=Ais compact inX 
acF 

REMARK: 2.40 

If axiom (CP3) is replaced by axiom 

(CP-10): (AuB,C) E (A,C) E 4 or (B,C) E E, then this new compact 

proximity yields a compact topology, which may not be hereditarily 

rI 

To find a compact proximity compatible with the topology of a space, we have 

the following theorem. 

ThEOREM: 2.41 

If (X, t) be a hereditarily compact space, then ( defined on P(X) by 

(A,B) E ' >A n B t- , is the weakest compact proximity compatible with 'r. 
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DEFINUHON: 2.42 

Let i satisfy axioms (CPI - CP3) together with axiom. 

(CP-11): For every family{Fa, aE A}of subsets ofX, with (X - F, Fa) 

VaEA and for eachAc:X,theresult(A,r'Fft) ii implies there exists 
aEA 

{K,., X €} with K,. c X such that (A, c'm K,.) v ii and for a fixed X E .t, 
E pi 

(X - K,., F) 0 Tj ,for some a,.EA. Moreover, x e A => there exists ), c: j.t, 

where JA - is finite, such that (X- K,.,x) e il, for every A.EX. 

Then Tj is called a metacompact proximity and (X,1) a metacompact proximity 

T1110REM: 2.43 

The induced topology of a metacompact proximity is hereditarily 

metacompact. 

TilEOREM: 2.44 

If (X, t) be T1  and hereditarily metacompact, then y" defined on (X) by 

(A,B)Ey ArB ,istheweakestcompatib1emetacompact proximity. 

NOTE: 2.45 

If p. is a finite set, then metacompact proximity reduces to a compact 

proximity. 
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ChAPTER ifi 

uP i 

DEFThIITION 3.1 

A binary relation adefinedonthepowersetofXis called aLeaderor 

LE-proximity on X 1ff it satisfies the follong conditions. 

:Aa(BuC)iffAaBorAaCand(AB)aCiffAaC or BaC. 

:A aB='A*+, B*4. 

:AaBandbaCforeachb€BimpliesAaC. 

(124) :AcB*4impliesAaB. 

If in addition a satisfies. 

(LP5) :AaBiffBaA 

then a is called a Lodato or LO-proxlmity. The pair (X1  a), where a is a 

LO-proxinMty is referred to as a Lodato space. 

NOTE : 3.2 

The closure-proximity (t)efinition:2.21 of Chapter II) is an LB-proximity. 

DEFINITION :33 

A binary relation 0 defined onthe power setofX is called a Pervin or 

P-Proximity on X if (3 satisfies LP1,LP2,LP4 and 

(LP3') :(A,B) (3=thereexistsanEcX 3 (A,E) P. 

And(X—E,B) o (3. 
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THEOREM: 3.4 

Every P-proximity 0 on X is a LE-proximity on X. 

PROOF: 

It is sufficient to show 13 satisfies (LP3). 

SupposeA[3B and b3Cforeveryb E B. 

If(A,C) 0 then by (LP3') there exists E c X such that (A, E) o 0 and 

(X-E,C)[3. 

(A, E) o 0 andA3Btogetherimp1yBzE. 

That is, B n (X — E) 

IfbEB — E),thenb[3C=(X — E)[3C, acontradiction. 

Therefore A 0 C. Hence (LP3). 

THJOREM: 3$ 

Every topological space (X,t) has a compatible LE-or P-Proximity  t. 

given by A B if A r-B Moreover, E is the largest compatible LE- or 

P-proximity. 

PROOF: 

In view of theorem 3.4, we need to verif' only (LP3'). 

I1(A,B) o Ec,thenAr'B=$. 

PutE=B. Then ArB=4and(X—E)rB4. 

That is, (A,E) and (X— E, B) 0 4o. 

Hence (LP3'). 

= t(E) follows from the fact that x E, A iffx € A. 
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Hence t and are compatible. 

implies A riB =4. That is (A,B) 

If a is any LO-proximity (3.1), then t (a) is necessarily R0. Conversely, a 

compatible LO-Proximity (3.1) a1can be defined on every L,-space by 

Aa1 B if A riB #4. 

Further more, a1  is the largest compatible LO-proximity (3.1). 

PROOF: 

t(a)isR,followsfrom the factthatx €YiffxayiffyaxiffyeX 

To prove a1  is a LO-proximity, it is sufficient to verily (LP3). 

Suppose Aa1 B and ba1 Cforeachb  rs B. 

ThenAri B and briC:t-4foreachb€B. 

Thal is, thereexistsac€CsuchthatcEb. SinceXisR(,becc Cand 

hence A ri C *4, which means Aa1  C. Hence (LP3). 

SincexeAa,iff x ri A iffx€ A,itfollowsthatt=r(a1) 

For every LO-proximity a, Aa B if A a B , and thus a1  is the largest compatible 

LO-proximity. 



COROLLARY :3.7 

There exists a LO-proximity (3.1) which is not a P-proximity. 

PROOF: 

There exists R0-spaces which are not regular and Aa1B 1ff A rB *4 

shows that if a were a P-proximity, then it would be an Efremovich proximity, 

which is impossible. 

DEFINiTION 3.8 

A binary relation y defined on the power set ofXis called aseparation 

or S-proximity if the following conditions are satisfied. 

(SPI) :AyB=ByA. 

:(AuB)7CiffAyCorByC 

:AyBA*4,B*4. 

:xyBandbyCforeverybEB=xyC. 

:ArB*4 AyB. 

: x y y implies x = y. 

'tHEOREM: 3.9 

Every LO-proximity (3.1) on X is also an S-proximity on X. 

DEFINITION: 3.10 

A binary relalion a defined on the power set of X is called an E-discrete 

proximity on X if it is a LO-proximity (3.1) and it satisfies in addition axiom.. 

(DPi) :ForxEX,BcX,(x,b)c1,VbEB =(x,B)a. 
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DEFINiTION :3.11 

A binary relation a is defined on the power set of X is called an 

F,-diacrete proximity of Alexandroff on X if it is a LE-proximity (3.1) and it 

satisfies in addition axiom (DPi). 

PROPOSITION : 3.12 

If a is any E-discrete proximity (F-discrete proximity of Alexandroff) 

then the induced topology by a is F-discrete (F-discrete of Alexandroff). 

Conversely, every F--discrete space (F-discrete of Alexandroff) has a compatible 

F-discrete proximity (F-discrete proximity of Alexandroff) given by 

Aa0 BiffAr B 

(Aa0 Biff AimB4) 

Next we show that, in general, Lodato proximities are not covered. 

To show this we need the following definitions and results. 

DEFJNETION: 3.13 

A closed filter 57 on a topological space (X, t) is a proper filter (that is, a 

filter which does not contain the empty set) which has a base consisting of only 

closed sets. 

DEFiNiTION 3.14 

Maximal (th respect to set indusion) closed filters are all called 

ultraclosed filters. 

DEFINiTION :3.15 

Ultrafilters are maximal proper filters on a set. 



DEF11ITION :3.16 

GnUs are exactly the unions of ultrafilters. 

DEFI41MON: 3.17 

A basic proximity it on a set X is a symmeiric binary relation on the 

power set X) of X satisfying the conditions: 

(A, B tj C) e it < (A,B) € it or (A,C) E It 

AnB#$=(A,B)Eit 

(A,+)  it it,VAcX 

The pair (X, it) is called a basic proximity space provided it is a basic proximity 

on X 

DEFINITION: 3.18 

For a basic proximity it on X, we define C. (A) = (x E X: ({x) ,A) E it) 

for all AcX 

NOTE: 3.19 

C, is a symmetric (Cech) closure operator). For a basic proximity it , C 

need not be a Kuratowski closure operator. 

DEFINITION: 3.20 K. C. CHATTOPADHYAY [1] 

A basic proximity it on X is called a Lodato proximity if the following 

condition is satisfied: 

(C,(A), C(B)) E It > (A,B) E it 

IfitisaLodato proximity onXthen CisaKuratowski closure operator onX 

and hence (X,C) is a topological space. 



DEFINITION : 3.21 

Let (X,it)beabasic proximity spaceand9 beagrillonX.Then  OF is 

calledalr-clanif(A,B)e7tforallA,Bin  57. 

DEFINITION: 3.22 

Let it be a Lodato proximity (3.20) on X. A Wailman it-clan is a it-clan 

which contains some ultraclosed filter. 

DEFINITION:3.23 

The Lodato proximity (3.20) it is said to be covered if for each (A,B) E it 

there exists a Wallman it-clan OF such that (A,B) c OF . 

PROPOSmON: 3.24 

Letl€ be anultraclosed filter on(X,t)and,labase ofl€ consistingof 

closedsets. IfFisaclosedsetandFrA;oforallAinA,thenFE7i. 

PROOF: 

Let V be the collection of all finite intersections of members of the family 

,lu (F). Then'is a filter base consisting of closed sets. Let 14be the filter 

generatedby'as abase. Then*is aclosed filter and4f€.i(F). Bythe 

maximality ofZçitfollowsthatFete. 



COROLLARY: 3.25 

Let IN be an ultraclosed filter on (X,t) and V an open set such that 

VrF*4forallFin€. ThenVE1e. 

PROOF: 

Suppose V o 1€. Let 4 be a base of U consisting of closed sets. Then 

VAforall A Th X—V A4 forallA e A SmceX-V is closed, 

by the above proposition: 3.24, it follows that X-V € U and hence V r (X-V) # 4, 

a contradiction. Therefore V E W. 

PROPOSmON: 3.26 

On a compact topological space (X,t) evely ultraclosed filter converges. 

PROOF: 

Let U be an ultraclosed filter on (X,'r). Since the space is compact it 

follows that thereexistsanxinX such that. xEC(F)forailFEU. Let Vbean 

open neighbourhood of x. ThenVF*$ forallF E U. Thus by the above 

corollaiy: 3.25, V E U. HenceUconverges to x. 

PROPOSiTION: 3.27 

On a Ti-space (X,r), eveiy convergent ultraclosed filter has the form x), 

forsomex EX,where14x)= (AcXx e A). 

PROOF: 

Let Ii be an ultraclosed filter on (X,t) such that it converges to a point 

xEX Obviously,xEC(F)forallFelt. Hence, in particular, x belongs to each 



member of a base of V consisting of closed sets. Since (x) is a closed set it 

follows by proposition:3.24, that {x) E V. Thus 1€ = x). 

THEOREM: 328 

Let (X,t) be a compact T1- space such that it ha two infinite components. 

Then it = {(E,F):C(E) m C(F) # 4 or E and F are both infinite) is a Lodato 

proximity (3.20) on X such that C, = C and it is not covered. 

PROOF: 

It  is sytoverifythat z is indeed a Lodato proximity onX such that 

C,c =C. 

Let A,B be two infinite components of (X,t). Obviously (A,B) € it. 

However, no Wailman it-clan can contain both A and B. For suppose 9 is such a 

Waliman it-clan. Let U be an ultraclosed filter such that 1 c 9. Then since 

(Xçr) is a compact T1- space it follows, by propositions 3.26 and 3.27 that 

U =x) for some x E X. Thus (x), A and B are all in 57. From this it follows 

that x E C (A) r C,C(B) = C(A) r' C(B) = A r-N B = 4, a contradiction. Hence the 

theorem. 

The following are the examples of compact T1-spaces with two infinite 

components. 

EXAMPLE 3.29 

Let X be the union of closed intervals [1,2] and [3,4]. Then X with the 

topology induced by the usual topology of real line is an example of a compact 

T1-space with two infinite components. 



EXAMPLE: 3.30 

Let X = A u B such that A,B are both infinite sets and A n B =4). Define 

C:X) - (X) by 

D =CfD)  =DifDisaflnitesubsetofX 

= AuDifAr'Dis infinite and BrDisfinite 

= BuDifBnDisinfiniteandArDisfinite.. 

= X otherwise 

C satisfies requirements for a closure operator. X with this topology is compact 

Ti and conlains two infinite components A and B. 
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CHAPTER IV 

DEFINITION 4.1 

A space is said to be regular - closed if it is regular, and cannot be 

nontrivally densely embedded in a regular space. 

DEFINITION 4.2 

The class of spaces which can be densely embedded in a regular closed 

space, are called the class of RC-regular spaces. These spaces lie properly 

between the class of regular spaces and the class of completely regular spaces. 

DEFINITION 4.3 DOUGLAS HARRIS {6 

A proximity on X is a symmetric relation S between subsets of X 

satisfying the following four conditions. 
A 

(D1P1) :4 &AforeveiyAcX 

(DHP2) :A&AforeveryA#. 

(DHP3) :AS(BuC)iffASBorASC. 
A 

(DHP4) : Ifx and y are distinctpointsofX,thett{x} S tyl. 

NOTE : These axiom5 are those of the usual theory of proximities with the 

exception of the axiom of complete regularity. 

DEFINiTION: 4.4 

nope atoruon power sctP(X) is defined as uA= {x:{x) 8 A). 

NOTE: 4.5 

This operator u has the following properties: 

(01) :u= 



:AcuAforeachAcX. 

: u(AuB)=uAuuB. 

The operator u indces a Dpioff whose closed sets are the ss A which satisfy 

uA = A. 

It need not be tnre 'that the operator u is a topological closure operator, that is we 

need  

DEFINITiON: 4.6 

For A c andB c X,  we say that B is a proximal neighbouthood ofA 
A 

orAisaproximal sabsetof1BifA(X—B) and wewriteA<<B. 

The relation << and the operator u satisfy the following results. 

RESULTS :4.7 

(RI) :IfAcB<<C<<Dc:E,thenA<< C, C <<E, A<<E, and 

X—Ec: X—D<< X—C<< X—B c X—A. 

(R2) :IfA<<B and C<<D,thenAr'C<<Br'D. 

(P3) :IfA<<B,thenAc:uAcB and AcX—u(X-B)cB. 

NOTATION: 

We w e xA and x<< A respectively in place of {x} 8 A and {x << A. 

DEFINiTION: 4.8 

An R-proximity is a proximity satisfying (DHP1 - DHP4) along with 

(DHP5): (Axiom of regularity) If x << A, then the-A.- is B c: X with x << B << A. 

t) *IiUC$l 

A filter is said to be round if for each member V of the filter there is a 

memxr W of fr filter such that W <<V. 



Using the definition of round fiflers, axiom (DHP5) can be restated as 

follows: 

The filter of proximal neighbourhoods of a point is round. 

LEMMA: 4JO 

An R..proximity induces a closure operator u such that uuA = uA for each 

A c X The topology induced by the R-proximity is regular, and u is the closure 

operator induced by the topology. 

PROOF: 

Toprove that uuA=uA,weneedonlvto show that uuAc:uA. 
A 

IfxuA,thenx öÀ. That is, x<<X—A,soby(DHP5)thereisBcXth 

x<<B<<X—A.. App1yingR3,wegetBcX—uAc:X—A,andhencefromRl, 

we have x<<X—uA. ThatisxuuA. 

Therefore uuA c: uA. 

We have shoi that u is the closure operator of the topology that it induces: the 

close: sets are precisely the sets of the zfta uA for some A X. TAs fac. ang 

ith [3) s'w that th-. dn- ai r.icA: Ao of eeh porit caT A s a 

regular filter. ba particular, the proxinaT igl.oca±ood filter of each point is 

contained in the neighbourhood filter of the point. Since by definitior of the 

topology the ooiiverse inclusion also holds we have the equality of the two filters. 

Therefore, the neighbourhood filter of each point of the space is a regular filter, 

that is, the topology is regular. 

The next lemma is a generalization of the converse of the 

a 



above lemma:4. 10 

LEMMA:4.11 

Suppose Z is a regular topological space, and that X is a dense subspace of 

Z. Define a relation between subsets ofXby setting A 8 B i1clA r cIB :~& 4. 

The relation 8 is an R-proximity on X. 

AfilteronXismmdiffitis the traceofafflter that is regular onz 

Symmetry, DHPI, DHP2 and DHP4 are immediate, and DHP3 follows from 

the distributivity of closure with finite union 

Next to check (DHPS): If V is a neighbourhood (in X) of x E X, there is a closed 

neighbourhood(inZ)Bofx€Z and an open neighbourhood(inz)wofx EZ 

such that WrX=V and BcW. SetfingA=Br'Xweflndx<<A<<V. 

Supposey isarotmdfilteronX, and letbe the fl1teronZgeneratedby 

{clF: F E y). Then certainly has a base of closed sets. Now if F E y and 

GEthG<<F,we have clGcl(X-F)=4. SinceX is dense in Z, we 

also have c1F L.' cl(X-F) = Z. It follows that cl G c Z - cl(X - F) c clz  F, 

and we have thus shown that C also has a base of open sets. Thus C is a 

regular filter, and it clearly induces y  on X. 

Conversely, supposecisa regular filteronZ. SinceXisdenseinZ and c 

has a base of open sets, every member of intersects X and so the trace y on X of 

exists. If YE y,so that V=Wr'Xforsome open setW E ,weletPbeany 



member of such that el7Pc W. Then if Q = PrX we have clQ r c17(X - V) 

so Q << V and Q e y. Thus y is round. 

TREOREM:4.12 

A topology is regular if and only if it is the topology induced by an 

R-proximity. 

ii Tt'I PtUAV 

Follows from Lemma 4.10 and Lemma:4. 11. 

We establish some properties of round filters with respect to an 

R-proxinuty in the following. 

LEMIMA: 4. 13 

(Fl) : Every round filter is a regular filter. 

(F2) : Every neighbourhood filter is maximal round 

(P3) Every round filter is contained in a maximal round filter. 

(F4) : Distinct maximal round filters contain disjoint open members. 

PROOF: 

Fl follows from Lemma:4.lO and from RI 

We have the fact that neighbourhood filters are round and maximal regular in a 

regular space. Along with this fact., P2 follows from Fl. 

F3 follows from Zorn's lemma which states that "1f in a partially ordered set X, 

every chain has an upper bound, then X has a maximal element". 

From Fl we have all round filters are open filters. Also if the supremum of two 

round filters is a filter, then by R2, this supremum is a round filter. Thus, if two 
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round filters do not contain disjoint open sets then their supremum is a round filter 

containing each. 

DEFiNiTION : 4.14 

A subset B of X surrounds the subset A if every maximal round filter that 

intersects A (that is, every member of the filter intersects A) contains B. 

DEFINiTION: 4.15 

An RC-proximity is a proximity that satisfies (DHPI - DHP5), along 

with 

(DHP6): (Axiom of RC-regularity). The subset B surrounds the subset A if 

B>>A. 

NOTE: 4.16 

Since an RC-proximity is an R-proximity, the induced topology is regular. 

The next lemma shows that every RC-regular space has its topology 

induced by an RC-proximity. 

LEMMA: 4.17 

Let Z be a regular-closed topological space, and let X be a dense subspace 

of Z. Let ö be the R-pcoximity induced on X by Z by setting A ö B if 

clArclB#4. Then 

a. The relation 8 is an RC-proximity on X. 



b. The maximal round filters on X are precisely the traces on X of the 

neighbourhood filters of points of Z. 

PROOF: 

b) Since Z is regular, by lemma: 4.11(b) the trace y on X of the 

neighbourhood filter ofa point zEZisa round filter. If rlis round and ycT, 

by lemma 4.11(b)thereisa regular fl1terponZwhose trace onXis. Sinceis 

maximal regular, we have p c C and thus TI c y. Conversely, if T  is a maximal 

roundffleritisthetraceonXofaregularfllteronZ,andsinceZisregular-

closed this regular filter has a cluster point The irace on X of the neighbourhood 

filter of this cluster point must be the given maximal round filter. 

a) Suppose that A and B are subsets of X and A >> B. 

That is cl(X - A) r c1B = 4 (by definilion of proximity). 

If y is a maximal round filter on X then by (b) we know that y is the trace 

on X of the neighbourhood filter of some point z E Z. If y intersects B then 

z e clB, and so there is a neighbourhood V of z disjoint from X - A. Therefore 

A€ y.  Thus if A >> B, then A surrounds B. 

Conversely, suppose A and B are subsets of X and A surrounds B. Let 

z e cIB and let? be the trace ofX of the neighbourhood filter of z. Then by (b) 

y is a maximal round filter. Since y intersects B we must have A E y, from whith 

itfo1lowszcl(X—A). ThusA>>B. 

This lemma yields the following theorem. 

TilEOREM: 4.18 

Every RC-regular space has its topology induced by an RC-proximity. 
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DEFINITION: 4.19 

An RC-proximity space is absolutely closed if every maximal round filter 

is the proximal neighbourhood filter of some point of the space (that is, converges 

in the topology induced by the proximity). 

ThEOREM: 4.20 

If an RC-proximity space is absolutely closed, then its induced topology is 

a regular-closed topology, and the proximity is given by: A and B are far if they 

have disjoint closures. 

PROOF: 

A 
Suppose A and B are subsets of an RC-proximity space X, and that A 8 B, 

that is A << X- B. By (I)HP6), we have that X - B surrounds A, and so every 

maximal round filter that intersects A contains X —B. By (Fl) neighbouthood 

filters are maximal round, and thus we see that any neighbourhood filter that 

intersects A fails to intersect B, that is, A and B have disjoint closures. 

Conversely, suppose A ö B, that is A c X - B. Then by (DHP6), X - B does not 

surround A, so there is some maximal round filter that intersects A and intersects 

B. Since the proximity is absolutely closed, this maximal round filter must be the 

neighbourhood filter of some point of the space, and this point is in the closure of 

To prove that the topology is regular-closed 

From Fl, every round filter is a regular filter. By the above characterization of 

the proximity, and also by the fact that every open set containing a closed set is a 

round neighbourhood of the closed set, we have every regular filter is a round 
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filter. Thercfore, every maximal regular filter converges and the topology is 

regular-closed. 

THEOREM: 4.21 

An RC-proximity space is absolutely closed if the induced topology is 

regular closed. 

I IILI1 

An absolutely closed RC-proximity induces a regular-closed topology is 

proved in theorem:4.20 

To prove the converse: 

A maximal round filter (being a regular filter by Fl) must have a cluster 

point, to which it must converge (since neighbourhood filters are round by F2). 

Therefore the space is absolutely closed. 

From theorems 4.18, 4.20 and 4.21 we have the following two theorems. 

ThEOREM: 4.22 

A topological space is regular-closed if it has the topology induced by an 

absolutely closed RC-proximity. 

THIEOREM:4.23 

There is precisely one RC-proximity that induces the topology of a 

regular-closed space. 

Now we establish a technique for identifying the supremum of any non- 

empty family of compatible proximities on any R0- space. As an application of 

this, the Alexandrov proximity is identified as the supremum of the compatible 

R-proximities on any regular space. 



DEFINITION: 4.24 M.C.Rayburn[20] 

A proximity on a set X is a binary relation 6 on the power set t(X) 

which satisfies the following properties: 

A 

(MRP1): For every AçX, +6A 

(MRP2): IfA8B,thenB6A. 

(MRP3):IfAB*4,thenA5B. 

(MRP4):A8(BuC)iffA6BorA6C. 

RESULT: 4.25 

A topological space has compatible proximities if it satisfies the 

R0-separation axiom. 

DEFINiTION: 4.26 

The compatible proximities are partially ordered as follows: 6 :5 p if 

A6B=ApB. 

DEFINITION : 4.27 

A proximity 6 is separated if for every pair of points x and y, x * y implies 
A 

x &y. 

RESULT : 4.28 

A space is T1  if every compatible proximity is separated. 

DEFINITION : 4.29 MC.RAYBURN [20] 

A proximity 6 on a topological space is a Lodato proximity 

(LO-proximity) if A 5 B implies A 5 B. 



DEFINiTION: 430 

A proximity 5w  on a topological space is a Wailman proximity, that is a. 

A Bw  B if A rB# 

RESULT: 431 

The Waliman proximity is Lodalo (4.29) indeed bw  is the smallest Lodalo 

proximity (4.29) in the order _<~. 

DEFINITION: 432 

Let (X,t) be an Re-topological space and define A B if A 8w  B or if 

neither cl(A) nor Cl(B) is compact Then ö' is a compatible proximity. We shall 

refer to it as the Alexandrov proximity. 

REMARK: 4.33 

Let Xbeanynon-compactR0 topologicalspace. PickapointpXand 

letX*X U(p). TopologizeX*bytakjnganysubsettobeopenifitjsanopen 

subset of X or if its complement is closed and compact in X Since X is open in 

X, (p) is closed. Since X is R, evely point of X has compact closure, hence the 

closure cannot contain p. Thus X*  is a compact R0-space containing X densely. 

Clearly X is T1  iffX is T1,and X is T2  iffX is T2  and locally compact. 

Let & be the Wailman proximity on X*.Let  A and B be subsets of X 
A 

Then A 8,, B in X4  precisely when Cl(A) r cl(B) and atleast one of cl(A), 

cl(B) is compact. Thus the subspace proximity induced by the one-point 

compatification of X is the Alexandrov proximity 5', it is a Lodato proximity. 



RESULT: 4.34 

i)IfisaproximityonXandA<<B,then ABandAçB°. 

ii)lfA<<B1 andA<<B2, then A<<B1 rB2 andifA<<BC, then A<<C. 

iii)IfA<<B,then X—B<<X--A. 

LEMMA: 4.35 

PoximityöisLodato(4.29)onXiffA<<Bimpliesthat A<<B°. 

PROOF: 

A << B => A<<B° iseqalentoA8(X—B)A(X—B).Hence 

the result follows. 

DEFINiTION: 4.36 

ForAcXandSaproximityonX,let the neighbourhood family ofAbe 

N (A) = {B: A B°). And let the proximal neighbourhood family of A be 

N3(A)= {B:A<<B}. 

RESULT: 4.37 

i)If8isacompatibleproxyon)ç then foreachAcX,Ns(A)isafilterof 

set& If A = {x}, then N&(x) = N(x). Moreover, if B E N5  (A), then 

(X—A)€ N5(X-B) 

ii)LetXbeasetandö,pbecompatibleproximitiesonX Thenö:!~,piffforall 

A c X, N(A) << N5(A). 

THEOREM: 4.38 

Let X be an R0  topological space and (7A:A g X} be a family of filters 

on X satisfying the following conditions: 
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For each A c X, if B E ?A,  then Ac B. 

For each AcX,ifB E 7A,thenX — A E XB, and 

For each x E X, 7x}  N(x). 

A 
IfwedefineA6BtomeanX—B E 57A,then6 is a compatible proximity on X, 

and for each A, 7A = N(A). 

COROLLARY: 439 

Let X be an R0-topological space and ?X be a non-empty family of 

compatible proximities on X. The supremum of ?X is the proximity 6 such that 

for each A cX N(A) = n N(A). 

THEOREM: 4.40 

Let X be a regular topological space. Let A be compact and B be closed 
A 

and disjoint from A on X. Then for every compatible R-proximity 6 on X, A 6 B. 

PROOF: 

A 
For each a E A, a 6 B. So (a) <<X —B, and there is a set N. such that 

(a) <<Na <<XB. Indeed (a) GNa°CNa <<XB. Then (Na°: aE A) is 

an open cover of compact A, so it has a finite subcover {Nk°:l :!~ k :~ n}. 
A 

Let N=u(Nk:l~,k:!~n). Then AcN<<X—B. SoA6B. 

COROLLARY: 4.41 

Let 8 be an R-proximity and K be a compact set of X. Then N8(K) N(K). 



DEFINITION: 442 

A proximity which is both an R-proximity and a Lodato proximity (4.29) 

will be called an LR-proximity. 

THEOREM: 4.43 

Let X be a topological space. The following are equivalent: 

Xisregular. 

The Wailman proximity &, is a compatible R-proximity. 

There exists a compatible LR-proximity 

There exists a compatible R-proximity 

THEOREM: 4.44 

Let 6 be a compatible LR-proximity on X Then for every closed 

compact KX,Ns(K)isrouncL 

PROOF: 

Let K<<A.'fl1en,foreachpEK,p<<AsothereissomeBwith 

<< Bp << Then  {3O: p E k) is an open cover of compact K, so there is a 

finite subcoverKu Bk°<<A.  Finally,K=KcçJ  Bk°)°,  sosince6is 

I' 

Lodato, K << u Bk°. 
k'=I 

THEOREM: 4.45 

Let X be a regular space with compatible R-proximity 6. If p is any 

compatible proximity with p < 6, then p is an R-proximity. 



THEOREM: 4.46 

LetXbearegularspace and öbea compatible R-proximity. Then :5ö', 

the Alexandrov proximity. 

PROOF: 
A A 

LetA,BcX with AöB. Then A.B and atleastoneofcl(A),cl(B)is 
A 

compact Then by theorem: 4.40, A 5 B for every compatible R-proximity on X. 

'IILEOREM: 447 

LetXbeanR0 topologicalspace. IfA and B aredisjoint closed and not 

compact subsets of X, then there is a compatible Lodato proximity 8 (4.29) on X 

such that A 8 B. Moreover, if X is regular, then 6 is an LR-proximity. 

PROOF: 

Let A be closed and not compact in X. There is a decreasing sequence 

4= {F}of closed subsets of A for which c F 4. Since is a filterbase, there 

is an ultrafilter j.t with t c j.t. Let Ga = (D: 1) E .L). Then A E G and since 

C a, (ThETa = 4. 

There is a corresponding family Gb with B € Gb and ('Gb = 4. Let 

y=aL)ab and defineSonXbyCD1feitherCSW DorC and Darebothrny. 

It can be easily verified that ö is a proximity. 

Since cr. and Gb each have empty intersection, neither can contain a 

singleton, so for anyxEX and Cc:X,xiff x& and iscompatible. If 

CSD, then either CöD,soCD and CD,orC and Dareiny. IfCE cY, 

say then by definition of, C E a.. Thus C 8 D and ö is Lodato. Since A and 

B are in y,  AB. 



Finally, suppose X is regular. Let x E X and suppose x € (3°. Since 

An B = 4, x is not in atleast one, say B. Thereisann with xF c  A 

(where F. e 4)). So without loss of generality, G°  c X - (B u F). By regularity, 

A 

there is some D with x E D°  c D ç  G°. Clearly D S (X - G) and since by 

A A A 

choice of G°, DöWB, and DS F, we have D 0 y. Therefore D S (X - U), so 

x <<D <<G and S is an R-proximity. 

COROLLARY: 4.48 
A 

Let X be regular and A,B be disjoint closed sets in XThen A S B for evexy 

compatible R-proximity if A or B is compact 

'lIjEOREM: 4.49 

The Alexandrov proximity 8 is the supremum of the R-proximities on a 

regular space. Hence if 5' is an R-proximity, then the R-proximities are precisely 

those proximities S with S :~ S'. 

PROOF: 

IfAçXhas A compact, thenA5' BASB,soN(A)NajA). 

Therefore N.(A) = n{N5(A): S is a compatible R-proximity). 

Suppose A is not compact Then N8*(A) = (B:B E N&A) and X - B°  is 

compact). If A and (X - B) are disjoint and not compact, there is some 

compatible LR-proximity S with A S (X—B), hence A S (X —B). Thus B 

and (B: B E N8 (A) and X - B°  is compact) = n {N3(A): S is a compatible 

R-proximity). Hence by corollaiy : 4.39, B' is the supremum of the compatible 

R-proximities. 



LEMMA: 4.50 

Let 6 be a proximity on topological space X The following are 

equivalent: 

a 5 is an Efremovich proximity. 

A A 

WheneverA8B,thentherearesetsU and VwithA<<U,B<<V and U5V. 

S is a Lodato proximity (4.29) and N&(F)  is round for every closed set F. 

PROOF: 

(a)(b) 

To prove (b) = (a) 

Assume (b). To prove (a), it is sufficient to show S satisfies "strong axiom", 
A A A 

whichstatesthatA6Bimp1iesthereexistsasubsetEA5B and (X-E)8B. 

A 
IfU6V,thenUc(X-V). 

A A 

PutE=X—U,thenA6E and (X-E)SB. Hence(a). 

Assume (a) 
A A 

Then A S B => implies there exists a subset V such that A S V and 

A 

(X—V)SB. 
A A 

Moreover, 3 a U A 8 (X - U) and U 8 V. Therefore, A << U, B <<V and 

A 

U S V. Hence (b). 

(b) => (c): 
A 

Suppose ASB. 
A 

Let A << U and B << V and US V. 
- - 

Since A c U and B c V, A 8 B, hence 8 is Lodato. 



(c) = (a) 

LetA<<B. SinceöisLodato, A<<B°. Thus there exist a set C with 

A<<C<<B°. Hence A << C << B. 

THEOREM: 4.51 

For any R0  topological space, the following are equivalent. 

& The Alexandrov proximity ö' is an R-proximity. 

The Alexandrov proximity is an Efremovich proximity. 

The space is locally compact and T2. 

PROOF: 

Since a compact, completely regular space has only one compatible 

LR-proximity, which is Efremovich, we need only prove (a) > (b) in this 

theorent 

LetFbeclosedinXandtakeBEN5(F). Since6isLodato and Fis 

A 

close4F <<B°.  LetD=X—B°,closed. ThenFöD,soF8,D and atleastone 

of F and D must be compact 

ifF is compact, since ö' is R, N8(F) is round by theorem :4.44. Suppose D 

is compact, thenD<<X—F,sosinceisR,thereis a set Twith 

A<<T<<X—F. HenceF<<X—T<<X—D=B°  and N3(F)isround. Thus6 

is Lodato proximity, every closed set F has NgF) round and from lemma: 4.50 it 

follows that ' is Efremovich. 

COROLLARY: 4.52 

If X is locally compact T2  space, the compatible R-proximities are 

precisely those proximities S :!~ 5. 
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SUMMARY AND CONCLUSION 

Some interesting generalizations of proximity structures are studied in this 

thesis. Mainly different generalizations of Efremovich proximities are discussed. 

Some interesting generalized proximities discussed in this thesis are 

Paraproximity 

Closure-proximity 

Normal proximity 

Perfect proximity 

Weak normal proximity 

Compact proximity 

Metacompact proximity 

Lodato or LO-proximity 

Leader or LB-proximity 

Pervin or P-proximity 

Separation or S-proximity 

E.-discrete proximity 

E-discrete proximity of Alexandroff 

R-proximity 

RC-proximity 

Chapter I deals with fimdamental defmitions. 

Chapter II is devoted to the study of first seven generalized proximities listed 

above. Here it is proved that a paraproximity yields a completely normal space. 

Also there is 1-1 correspondence between closure-proximities (normal 

158 



proximities, perfect proximities) and Ti-topologies  (completely normal 

topologies, perfectly normal topologies). 

The third chapter deals with the generalized proximities (numbered 8-13 in the 

above list). The interrelations between these proximities are obtained. 

In the fourth chapter, R-proximities and RC-proximities are discussed. 

For further research, one can study different combination of these generalized 

proximities. It is a good research problem to study all these concepts for 

bitopological space and fuzzy topological spaces. 
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