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INTRODUCTION
There are no rules of architecture for a castle in the clouds.
- G.K.Chesterton.

The study of proximity spaces has attracted the attention of many famous
topologists-Efremovich, Hayashi, Smirnov, Kelley, Naimpally and Warrack. The
aim of this thesis is to study some interesting generalizations of proximity
structures. Some interesting generalized proximities discussed in this thesis are
1. Paraproximity (2.5)
2. Closure-proximity (2.21)
3. Normal proximity (2.28)
4. Perfect proximity (2.30)
5. Weak normal proximity (2.35)
6. Compact proximity (2.38)
7. Metacompact proximity (2.42)
8. Lodato or LO-proximity (3.1)
9. Leader or LE-proximity (3.1)
10. Pervin or P-proximity (3.3)
11. Separation or S-proximity (3.8)
12. E-discrete proximity (3.10)
13. E-discrete proximity of Alexandroff (3.11)
14. R-proximity (4.8)

15. RC-proximity (4.15)



The first chapter is devoted to fundamental definitions.

In the second chapter, different generalizations of Efremovich proximities
are discussed. Efremovich showed that every proximity (2.1) on a set R yields a
completely regular space. In 1964, Hayashi [8] gave new axioms for a proximity,
slightly different from the axioms of Efremovich proximity named as
paraproximity (2.5). This paraproximity yields a completely normal space.

In 1984, Mira Sarkar [14], defined a closure proximity (2.21) on X, the
axioms of which differ from those of a paraproximity in some respects. There is a
1-1 correspondence between the closure proximities and T)-topologies on X.
Adding certain axioms to a closure proximity, we get some new proximities.
They are
1. Normal proximity (2.28)

2. Perfect proximity (2.30)

3. Weak normal proximity (2.35)
4. Compact proximity (2.3 8)

5. Metacompact proximity (2.42)

Every normal proximity induces a completely normal topology and every
completely normal space has a normal proximity structure. This yields a 1-1
correspondence between the set of normal proximities and the set of completely
normal topologies on a set X. A similar result is true in the case of perfect
proximity and perfect normality. These generalizations are discussed in detail in
chapter two. The weakest proximity compatible with a hereditarily compact

(a metacompact) topology on X is constructed in this chapter.



The third chapter is devoted to the study of two important generalized
proximities-Lodato or LO-proximity and Leader or LE-proximity (3.1). In this
chapter, the definitions of some interesting generalized proximities are given.
These include the following.

1. Pervin or P-proximity (3.3)

2. Separation or S-proximity (3.8)

3. E-discrete proximity (3.10)

4. E-discrete proximity of Alexandroff (3.11)

The interrelations between these proximities are also discussed in this
chapter. Further more, it is proved here that, in general Lodato proximities (3.20)
are not covered.

Fourth chapter deals with R-proximities (4.8) and RC-proximities (4.15)
which are also generalizations of Efremovich proximity. D.Harris [6] has
introduced R-proximities in order to investigate regular-closed extensions of
regular topological spaces. In connection with these proximities, the following
two papers are discussed in detail.

1. Regular-closed spaces and proximities [6]
2. A note on R-proximities [20]

The important results discussed in this connection are as follows;

1. A topology is regular iff it is the topology induced by an R — proximity (4.12)

2. Every RC-regular space has its topology induced by an RC-proximity (4.18)



3. Ifan RC-proximity space is absolutely closed, then its induced topology is a
regular-closed topology, and the proximity is given by : A and B are far iff
they have disjoint closures, (4.20).

4. An RC-proximity space is absolutely closed iff the induced topology is
regular closed. (4.21).

5. A topological space is regular-closed iff it has the topology induced by an
absolutely closed RC-proximity. (4.22)

6. There is precisely one RC-proximity that induces the topology of a regular-
closed space. (4.23).

Further, a technique for identifying the Supremum of any non-empty
family of compatible proximities on any R.-space is established. As an
application of this, Alexandroy proximity is identified as the supremum of the

compatible R-proximities on any regular space.
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REVIEW OF LITERATURE

The first important paper on proximity structure Wwas published by
Efremovich [7] in 1952. In this paper he axiomatically characterised the
proximity relation “A is near B” for subsets A and B of any set X. A set X
together with a proximity relation is called proximity space. Every proximity
structure induces a completely regular topological structure. In every completely
regular space, a compatible proximity structure can be defined.

Some authors have worked with weaker axioms, which enabled them to
introduce an arbitrary topology on the underlying set.

Some important contributions to the study of proximity spaces are
published by Efremovich, Kelley, Leader, Nagata, Naimpally and Warrack.

Since the number of papers published on proximity spaces is numerous,
we restrict ourselves to a few papers in this review of literature. We have given a
brief review of nine important papers published in this topic.

1. Smirnov. Y.M.
“On Proximity Spaces [21]”
In this paper, the author discovered the connection between Hausdorff
. compactification of a Tychonoff space and the compatible proximity relation,
showing that “a topological space admits a compatible proximity relation iff it is a

subspace of a compact Hausdorff space”.



2 Pervin. W.J.

“Quasi-proximities for topological spaces [19]”

The author studied the generalizations of Efremovich’s original set of
axioms for a proximity. He neglected the symmetric condition and obtained a
space called quasi-proximity space. The author showed that every topological
space can be derived from a quasi-proximity space (X, 8) by defining the binary
relation & as follows:

A & Biff A n .l; # 6.

Conversely, every quasi-proximity space (X, &) becomes a topological space if
the closure operator is defined by cl(A) = {x:{x}3 A} forevery Ac X.
3. Leader. S

“On products of proximity space [11]”

Here also the generalizations of Efremovich’s proximity were studied.
Omitting the symmetry condition from the original set of Efremovich axioms and
also including a weakened form of the “strong axiom”, the author defined a space
called topological d-space. It was shown that every topological space can be
derived from a topological d-space and conversely.

4. Lodato MW

“On topologically induced generalized proximity relations [12]”.

The author added symmetry to Leader’s set of axioms to obtain a
symmetric binary relation named as Lodato proximity. He proved that every set

with a Lodato proximity defined on it satisfies the R, axiom (i.e every open set



contains the closure of each of its points), and that given any R,-space we obtain a
Lodato proximity compatible with the given topology if we define A 3 B iff
Knﬁ##
5. Chattopathyay.K.C
“Basic quasiproximities, grills and compactifications 21
In this paper a basic quasiproximity 7 on a set X is a binary relation on the
power set of X satisfying the following conditions:
1. (A,BuC)eniff(AB)e nor(AC)emn
2. (AuB,C)eniff(AC) e ror(B.C)en
3. AnBz¢=>(AB)en
4. (AB)en=> A # ¢ # B The author: develops the theory of basic
quasiproximity spaces in a manner similar to that of W.J. Thron for
proximities (Maths. Ann. 206(1973), 35-62). Thus the notions of stacks and

grills as well as filters and ultrafilters are used to advance the theory.

6.Csaszar. K.
“Separation axioms for proximity and closure spaces [41”

A semiproximity 3 is a relation on the powerset €xp X of a set X satisfying

the following conditions:

A
(P1) 5 is symmetry, (P2) $ 5 X, P3)ANB#¢ = A38B, (P)ASB, A cC
and Bc D imply C3D. If § also satisfies (P5) (AW B)8C =A8CorB3C,
then & is a proximity. A semiclosure on X is a function C from exp X into itself

satisfying (C1) C(9) = ¢, (C2) Ac C(A), forall Ac X and (C3)Ac B implies



C(A) c C(B). When C also satisfies C(A U B) = C(A) U C(B), then C is a
closure on X. Given a (semi-) proximity 3 for X, if Cs is defined by x € Cs(A) iff

{x} & A, then C; is a (semi-) closure on X and 6 is compatible with Cs.

A number of separation conditions for semiclosures and for
semiproximities are introduced and interrelationships among these are studied.
For eg, a semiclosure C satisfies.

(S8C) : x ¢ C(A) = Cf{x} N C(A) = ¢ iff the relation §, defined by A . B iff
C(A) " C(B) # ¢ is a compatible semiproximity for C. Also if C is a closure, then
d. is a proximity whenever (SC') holds.

Relationships between separation conditions for semiproximities and Lodato
proximities are also considered. A number of examples are included which
distinguish among the various separation conditions.

7 Dimitrijevic. R.S

“Base and Subbase of R-proximity [5]”

The author introduces a notion of R-proximity base and subbase. For a
non empty set X let b be a binary relation satisfying the foﬂowing axioms:
(B)AbB=>BbAB2:AnB#¢=> AbB, (BB)Abﬁ$A¢¢ # B,
B4 AbBandAcC,BcD=CbD, (BS) A_l-)B::V:] ECX;A_b-Eand
(X~-E) bB.

Let 8 be a relation defined as follows: A 8§ B < for any two finite covers P,Q of
the sets A,B there exists a pair (A,B) € P x Q such that A b B. Then § is an R-

proximity relation, (i.e) the following properties hold: (R1) = (B1), (R2) = (B2),



(R3)=(B3), R4ASBUC) > ASBorASCand R)x8B =>FE cX;
x & E and X- E)TS B. The relation 8§ is the coalfest R-proximity on X finer than
the relation b. R-proximity subbase axioms are considered. The author writes that
“several theorems in R-proximity spaces can be simplified by using the
R-proximity base and subbase”.

8.Naimpally. S.A; Di Maio.G

“Proximity Relation [17]”

The authors present an example which shows that S.Leader’s construction
for the Smirnov compactification of an Efremovich proximity fails for a Lodato
proximity space. However, using nearness and contiguity structures, they provide
a method of getting a proximity extension of a Lodato space.
9.Csaszar. A

“RE-proximities [3]”

D. Haris [Pacific J.Math. 34 (1970), 675 — 685]  introduced
R-proximities to investigate regular-closed extensions of regular topological
spaces. An R-proximity on a set X is a basic proximity 3 on the power set of X
such that {x} & (X — V) implies the existence of W such that {(x}5 (X - W) and
w g(X-V)(Emcans not 3). If Y is a regular extension of X then we can define

an R-proximity on X as follows:

A8 Biffcly AnclB # ¢. Such an R-proximity is called an RE-proximity. If Y

is a regular-closed extension of X, then § is called an RC-proximity. In this paper



the author investigates the proximities defined above using concepts and results

from the theory of syntopogenous spaces.
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CHAPTER - 1

PRELIMINARY DEFINITIONS

DEFINITION 1.1

A Topological space X is called T, — space or a HausdorfT space if for
each pair x;,x, of distinct points of X, there exist neighbourhoods U, and U; of x;
and x, respectively, that are disjoint.
DEFINITION 1.2

Suppose that one-point sets are closed in X. Then X is said to be normal if
for each pair AJB of disjoint closed sets of X, there exist disjoint open sets
containing A and B, respectively.
DEFINITION 1.3

By a T);- space X, we mean a topological space such that for each pair x;
and x; of distinct points of X, there exists neighbourhoods U of x; and V of x;
such that x, ¢ Vandx; ¢ U.
DEFINITION 1.4

A normal T, — space is called a T4— space.
DEFINITION 1.5

A space X is said to be compact, if every open covering of X contains a
finite subcollection that also covers X
DEFINITION 1.6

A space X is said to be locally compact at x if there is some compact
subset C of X that contains a neighbourhood of x. If X is locally compact at each

of its points, X is said to be locally compact.



DEFINITION 1.7

A topological space X is R, iff for each open set G, x € G = cl{x} cG.
DEFINITION 1.8

Let X be a topological space. A subset of X is called Gs - set if it is the
intersection of countably many open-sets of X.
DEFINITION 1.9

A perfectly normal space is a normal space in which every closed set
is Gs.
DEFINITION 1.10

A space X is completely normal if and only if for every pair AB of
separated sets in X (that is,sets such that ANB=¢and A~ B =4), there
exist disjoint open sets containing them.
DEFINITION 1.11

Suppose that one-point sets are closed in X. Then X is said to be regular if
for every pair consisting of a point x and a closed set B disjoint from x, there exist
disjoint open sets containing x and B, respectively.
DEFINITION 1.12

A topological space X is said to be completely regular if for every closed
set Ac X and any point p ¢ A, there is a continuous function f : X —»[0,1]
such that f{ip) =0 and fix) =1 forall x € A.
DEFINITION 1.13

A subset A of a space X is said to be dense in X if A =X, (X—closureof
AinX).

12z



DEFINITION 1.14

A compactification of a space X is a compact Hausdorff space ¥
containing X such that X is dense in Y.
DEFINITION 1.15

Let X be a locally compact Hausdorff space. Take some object outside X,
denoted by the symbol o for convenience, and adjoin it to X, forming the set
Y=X U {=}. Topologize Y by defining the collection of open sets in Y to be all
sets of the following types
i) U, where U is an open subset of X.
ii) Y - C, where C is a compact subset of X.
The space Y is called the one-point compactification of X.
DEFINITION 1.16

If {Uq}qes is a collection of subsets of X, a collection {Vp}pex 18 said to
refine {U,} if for each set Vj, there is atleast one set U, containing it.
DEFINITION 1.17

A collection {Uy}qeyof subsets of X is point finite if each point of X lies
in only finitely many elements of {Uqx}aes .
DEFINITION 1.18

A space is called metacompact if every open cover has an open-point
finite refinement.
DEFINITION 1.19

Let X be a set and 7 < A(X) (power set of x) be nonempty . 7 is called



a filter on X if

i) be?

it) F,F,e Z=>F1nF2e?
i) Fe 7 andFcG=>Ge?7
DEFINITION 1.20

A regular filter is a filter with a base of open sets and a base of closed sets.
DEFINITION 1.21

Let X cZand 7 afilter onZ. Traceof 7 inXis={X NnF:Fe?
and XN F=#¢}.

DEFINITION 1.22
Let (X,t) be a topological space and 7 be a filter on X. Then 7 is said

to t - converge to x if every neighbourhood of x belongs to 7.

14
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CHAPTER - II
DIFFERENT GENERALIZATIONS OF EFREMOVICH PROXIMITIES
DEFINITION:2.1 Efremovich [7]
Efremovich [7] defined a relation & on a set, caﬁed a proximity. Fora
pair of subsets A and B of a point set R we write A 3 B or (A,B) e d if A and

A
Bmptoximatc,otherwiseASBor(A,B)e&

A relation & on a set R is called a proximity if it satisfies the following
four axioms:
(EP1) :(Symmetry) (AB) € 5 iff (B,A) €3
(EP2) :Both (A,C) ¢ and (B,C) ¢ 8 iff AUB,C) ¢ d.
(EP3) : For arbitrary two pointsa, b € R, ({a},{b}) € &
iffa=b.
(EP4) : (Separation) If (A, B) ¢ 3 then there are disjoint subsets U and V of R
suchthat (A,R-U)¢ 3 and (B,R-V) ¢ .
Then (R,3) is a proximity space.
DEFINITION 2.2
AsubsctUofRisaneighbomhoodofAcRiﬁ'(A,R-U) € 3.
In terms of open sets the above definition is equivalent to
DEFINITION 2.3 Naimpally & Warrack [18]

A subset G of R is defined to be open iff ({x}, R-G) ¢ b forevery x € G.



NOTE :2.4
If the topology on a set R is defined as in definition 22, then R is a
completely regular space. (Efremovich [7]).
DEFINITION 2.5 Hayashi [8]
A paraproximity ona set Ris a relation$ for pair of subsets of R
satisfying the following axioms:
(PP1) :(A,¢) ¢ d forevery A c R.
(PP2) :(A,BUC) e 3iff(A,B)edor (A,C) e 5.
(PP3) : ForanyarbitrmyindexsetA,&i A, B) e §iffthereis anindex p € A
satisfying the relation (A, , B) € 8.
(PP4) : For arbitrary two points a, b € R, ({a}, {b}) € & iffa=b.
(PP5) :If(A,B) ¢ dand (B, A) ¢ 8, then there are two disjoint subsets U and V
satisfying.
AR-U)es, U R-U)ed
B,R-V)e 3§, (V,R-V)e3d.
Then (R, 8) is called a paraproximity space.
Given a paraproximity on a set R we can associate a topology. For this purpose
we need the following lemmas.
LEMMA: 2.6
If (A,B) ¢ 6, then (A,C) ¢ §, forany Cc B.
PROOF:

Since B= B U Cand (A, BuC) ¢ 8, it follows that (A, C) ¢ & by
(PP2).



LEMMA : 2.7

If (A, B) ¢ §,then (C,B) ¢ 8 forany Cc A
PROOF

Since A=AUC and (AU C, B) ¢ 8, it follows that (C, B) ¢ .
LEMMA 2.8

If (A,B)¢3, then ANB=¢.

PROOF
Suppose that there exists a point x eA N B. Then by Lemmas 2.6 and 2.7

({x}, {x}) ¢ & forany point x € R, contrary to (PP4).
LEMMA: 2.9
(R -x), {x}) ¢ 5 for any point x € R.

PROOF:
LetR-x=u ya.Theny, #xforallA. Suppose that (R-x, {x}) €d
reA

equivalently (U y,{x})€d,then thereis an index p satisfying ({y,},{x}) € &
AeA
by (PP3). From (PP4) y . = X, which is a contradiction.

REMARK : 2.10
In axiom (PP5), we may choose U and V such that (U, V) ¢ 3

and (V, U) ¢ 8 (U and V are disjoint implies V c R — U. Therefore, (U, R-U)¢ 5,
and V cR-U implies (U, V) ¢ & (since from lemma:2.6). Similarly we can
prove (V, U) & &)

REMARK 2.11
From axiom (PP5), we may deduce that A Uand B — V. (Suppose U

does not contain A, then there is a point x € A-U. Thatis,x e Aandxe R-U.

17



Also (A,LR-U) ¢ 5 implies ({x},{x}) ¢ & (since from lemmas 2.6 and 2.7),
which is a contradiction. Therefore A = U, Similarly we can prove B c V).
Now the topology on a set R is defined as follows

DEFINITION 2.12 Hayashi [8]

A set U is open iff (U, R-U)ed
This defines a topology and it is denoted by Ts.
NOTE 2.13
Definition:2.12 is equivalent to Definition : 2.3
PROOF:

Let U be open as in definition 2.12. Then from (U,R-U) ¢ 8 and Lemma
2.7 it follows that ({x}, R — U) ¢ 3 for every x € U. Hence U is open as in
definition 2.3.
Conversely, let U be open asin definition : 2.3 Put U = klj Xa. Then,
({xa}R - U) ¢ & for every A .From (PP3) it follows (U, R - U) = (ka X, R-U)ed.

Therefore U is open as in definition 2.12.

THEOREM 2.14

LctRbcasctwithparaproximityﬁsaﬁsfying(PPl — PP5). Then the set
R is a completely normal space if R is topologized as in definition :2.12
PROOF:

Consider (R, R-R) = (R, ¢) ¢ & (by (PP1))
= whole space R is open.

Let U and V be open.

18



Then (U,R-U) ¢ dand (V,R-V) ¢ 5.

By Lemma: 2.7, it follows that
UnNV,R-U)gdand(UNV,R-V) ¢ 5.

Hence UNV,R-(UnNV))=UNV,R-U)UR-V)) ¢ 5 by (PP2).

Therefore U NV is open. That is, finite intersection of open sets is open.

Suppose that Uy is open, that is (U, R -Uy) ¢ & for every A € A.

By (PP3), (li Ui, R-Uy )¢ & forevery A,

Therefore(L{U;,,R- li U, ) ¢ 3 by lemma 2.6

= U U, isopen
A

That is, arbitrary union of open sets is open.
Therefore, R is a topological space.

From Lemma:2.9 it is easy to show that R satisfies the T, separation
axiom. That is, for every point x of R, R - {x} is open.

It remains to show that any subset of R satisfies the T, separation axiom.
It is sufficient to prove that if A and B are separated in the T, space R, then there
are disjoint open sets U and V suchthat Ac UandBc V. SinccR—;xis open,
(R-A—s, Z) ¢ 4. AlsoR-X:B(sinceAandBmseparated).
Therefore (B, X) ¢ O by lemma 2.7
Hence by lemma 2.6, it follows that (B,A) ¢ 8.
Similarly we can prove that (A,B) ¢ 8.
As a consequence of (PP5) and remark :2.11, we can find the required open sets U

and V. Hence the theorem.

19



COROLLARY: 2.15

Let R be a set with a relation 8 satisfying (PP1 — PP3). If the topology of
R is defined as in definition: 2.12, then R is a topological space. Moreover, if a
relation § satisfies (PP1 — PP4), then R is a T, — space. »
PROOF:

The proof of this corollary follows from the proof of the above
theorem(2.14).
NOTE 2.16

In a proximity space R, ‘A NB# ¢ implies (A,B) € 8. The converse
implication holds if a space R is a compact proximity space (Efremovich [7] ).

We have a corresponding theorem in the case of paraproximity spaces.
THEOREM : 2.17

Let (R, 8) be a paraproximity space. Then (A,B) € & implies AN ;3 #9.

PROOF: - —
Assume that AN B= ¢, andso AcR — B. If we choose all open sets

0, which contain the closed set B ,then " O, = B by the regularity of R.
2
Therefoe AcR— B=R- n O,=U(R~- O,). Since all sets R — O, are open,
2 A

R-03,0))¢ dforall A

Thenby(PPB),(kJ(R-O;,), 0,) ¢ dforall A.
Consequently it follows from lemmas 2.6 and 2.7 that (A,B) ¢ d, 2 contradiction

to our assumption that (A,.B) € 3. Therefore ANB #¢.

20



COROLLARY: 2.18

Let (R, 8) be a paraproximity space Let x be a point of R and A be a
subset of R. Then (A, {x}) € diff x € A. If ({x},A) € §, thenx € X

The following theorem (2.19) shows that a paraproximity & can be
introduced in a completely normal space R.
THEOREM : 2.19

IfR is a completely normal space and the relation § is defined by setting
“(A,B) € SifandonlyifAn;¢¢”,ﬂlen8isaparaproximityfork (of
course, ;3 is closure of B for the original topology of R).
PROOF:

(PP1) :ForanyAcR,An;=¢ and so (A,9) ¢ S.

(PP2) :(A,BuUC)ediff(AB)e dor(A,C)ed.
(PP3) : For an arbitrary index set A,()LUAAkB)ESiﬁ'thercisanindcx
p € A satisfying the relation (A, B) € 4.

(PP4) : For any point a € R it follows that ana =a# ¢, which means

({a}.{a}) € 8.

Conversely,if a M b #¢ thena=bsinceb = b

(PPS) : Suppose that (AB) ¢ & and (B,A) ¢ 5. Because ANB =9,

XnB=¢and R is completely normal, there are two disjoint open sets U and V

such that AC Uand Bc V. SinceR-U=R-U,ANnR-U)=AnR-U)=¢

and so (A, R—U) ¢ 8. Similarly (B,R-V) ¢ 8.Also (U,R-U) ¢ 3 and
(V,R-V) ¢ 8 (since U and V are open in R).
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COROLLARY: 2.20

If R is a topological space and & is defined as above, then & satisfies
(PP1-PP3). Moreover, if R is a T, space, then & satisfies (PP1 - PP4),

Next we show that the T, topologies on X are found to be in 1-1
correspondence with the closure proximities (Mira sarkar [14] )on X.
DEFINITION: 2.21 Mira Sarakar|[14]

Let X be any set and let § be a binary relation on the power set 2(X)
satisfying the following axioms;

(CP1) :(A¢) ¢ Sand (9, A) ¢ 5, foreach Ac X
(CP2) :(A,BUC)ed=(AB)edor(A,C)e b

(CP3) : (LU Uy, B) € 3 < (U, B) € & for some A € A where
AeA

A is an arbitrary index set.
(CP4) :({x}.{y}) e &= x=Yy, for each pair of points x, y € X
(CP5) :({x},A) € 8and ({a},B) € S foreacha e A together imply ({x},B) € §
whenever x € X.
Then 3 is a closure — proximity and (X, 8) a closure proximity space.
RESULT: 2.22

A= {x € X:({x}, A) € 8}, then & is a Kuratowski closure operator on
X

(Let X be a set with power set 2(X). A mapping f of P(X) into 2(X) is called
Kuratowski closure operator for X if and only if f satisfies conditions.

) f9=¢
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ii) For each A, A c f{A)
ili)  Foreach A, {f{A)) = f{A) and
iv)  foreachAand B, RAUB)=fA)Uf(B).
THEOREM: 2.23

The induced topology (defined by 2.12) of a closure proximity is T,
where (A,B) € § iff An—é¢ 9.
PROOF:

From (CP1 — CP3) it can be shown that
(AB) € 5= A~ B # ¢. Hence the proof follows.
DEFINITION: 2.24

If X is a topological space and § is a proximity on X, then 3 is
compatible to the topology if for every A c X, cl (A) = Z ={x: {x} 8 A}.
LEMMA 2.25

The relation y definedon AX) by (A,B)ey © A N B # ¢ where
(X, 7) is a Ty — space, is a closure-proximity compatible with <.
PROOF:

(CP1 — CP4) follow from (PP1 — PP4)
(CP5): ({x},A)ey=>x € Aand({a},B)e8=>ac B VacA
Therefore A c B and so x eﬁ:({x},B) €Y
COROLLARY: 2.26

The T, topologies on X have a 1-1 correspondence with the closure



proximities on it
PROOF:

The proof of this corollary follows from Theorem :2.23 and Lemma: 2.25
COROLLARY : 2.27

For a closure — proximity space, the following are equivalent.
i) (X, ts ) is discrete
ii) 8 is symmetric
i) (AB)ed< (A, B)es,foreachABcX
iv) (X, 15) has a locally finite base.
We now add axioms to a closure-proximity one after another and examine
the induced topologies.
DEFINITION: 2.28
Let a closure — proximity § satisfy the following axiom.
(CP6): (A,B) ¢ 8 and (B,A) ¢ 5 together imply that there exist disjoint
neighbourhoods C,D of X such that (A, X-C) ¢ and (B, X-D) ¢ &
Then § is called a normal proximity and (X, §) a normal proximity space.
THEOREM : 2.29

Let 3 be a normal proximity. Then (X, 13) is completely normal.

PROOF:

FANB=¢and BN A = ¢, then both (AB) ¢ 8 and (B,A) ¢ 5.
Also (A, X-C)e¢ 8. = AN ()ﬁ)—) = ¢, as & is a closure proximity.
Therefore A c Int C. Similarly B = Int D.

Since (X, 15) is T, also (Theorem:2.23), the result follows.
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COROLLARY: 2.29(a)

A paraproximity on X is a normal proximity and conversely.

DEFINITION 2.30

Let a normal proximity & satisfy the additional axiom.
(CP7) : (X-A, A) 8 = 3 a sequence {G,, n € N} of subsets of X, where
(Go, X—Gy) ¢ Sand (A, X—G,) ¢ & for all n. Moreover, if ({x}, A) ¢ 3 , then
(Ga, {x}) ¢ & for some n € N.
Then & is called a perfect proximity and (X, 5) a perfect proximity space.
THEOREM: 2.30(a)

Let & be a perfect proximity. Then (X, 15) is a perfectly normal space.
PROOF:

Let A — X be closed. Then (X-A, A) ¢ 8. So (CP7) implies A QNGn’
where each G, is an open subset of X.
Since x ¢ A = ({x},A) ¢ 8. We have (G,, {x}) ¢ & and so x & G, for some

neN, thatis A= G,. Therefore (X, 1) is a perfectly normal space.
neN

THEOREM : 2.31

Let (X, 1) be a perfectly normal space. Then the relation y on 2(X)
defined by (A,B) € y iff AN B # ¢, for AB c X, is a perfect proximity
compatible with .

PROOF:

We need to verify only (CP6) and (CP7).
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(AB) ¢ yand BA)¢y=>ANB=¢andBn A = $.S0 there exist
CDe T where C N D = ¢ such that AcCandBcD,as()L 7) is completely
normal also.
ThusAm(ﬁ=¢andso(A,X—C) £ 7.
Similarly, (B, X — D) ¢ y. Hence (CP6).

X-AA)ey=X-A)N A=¢= Ais closed

= J a sequence (G,, neN}, with Ga € 1, such that
A—‘—ng Gy as (X, 1) is perfectly normal.
That is, Anm)=¢::>(A,X—Gn) e, foralln eN.
Also, (G, X - G,) ¢ Y, V n e N. Also ({x}LA) gy >2x¢g A= x ¢ Gy, for
somen € N, which implies Gy N {x} = ¢, as (X, t ) is T, = (Gu {x}) & v.
Hence (CP7).
COROLLARY : 2.32.

If (X, t) be completely normal, then y on A(X) defined above is a normal
proximity compatible with 1.

The following corollaries 2.33 and 2.34 follow from corollaries 2.26,2.32
and theorem : 2.23
COROLLARY: 2.33

The completely normal topologies on X have a 1-1 correspondence with
the normal proximities (paraproximities) on it.
COROLLARY : 2.34

The perfectly normal topologies on X have a 1-1 correspondence with the

perfect proximities on it,
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REMARK: 2.35

If (CP5) and (CP6) of a normal proximity are replaced by the following
axiom.
(CP8) :(AB)23,(X—A,A)¢ dand(X-B,B)¢ 8 together imply that there
existC,Dc X, CAD = ¢, such that (A,X-C) ¢ §,(C, X-C) ¢3,
(B, X-D) ¢ 8and (D, X D) ¢ 8. Then (X, ) is a normal space. But in this
case, the space need not be completely normal. This & is called a weak normal
proximity.
NOTE 2.36

A normal proximity is a weak normal proximity.
THEOREM : 2.37

Let (X, ) be a normal space. Then the relation o on A(X) defined by
(AB)eas=A AB# $, is a weak normal proximity compatible with <.
Moreover, it is the weakest such relation compatible with <.
PROOF:

Since (X — A, A) ¢ o => Ais closed.
(AB) ¢ a and (X - B, B) ¢ o together imply that A and B are disjoint closed
subsets of X. Then (CP8) is obvious.
If B is any other weak normal proximity on X, then (A,B) €B = A N B# ¢.Then
(A,B) € a, which proves that a is the weakest such relation compatible with 7.
DEFINITION: 2.38

Let £ satisfy axioms (CP1 — CP3) together with the following:

(CP9) : For every family {Fa}, @ € A of subsets of X, where (X -Fq, Fo) 2§
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Vo € A and foreach A ¢ X, (A, r\A Fo)e& = (A, N Fy)gé&, for
ae aeF

some finite subset F of A.
Then & is called a compact proximity and (X, &) a compact proximity space.
THEOREM : 2.39
The induced topology of a compact proximity is hereditarily compact.
PROOF:
Let {Ga, a € A} be an open cover of an arbitrary A ¢ X. Then each G,
may be supposed to be open in X.
So,An(ug F.)= ¢, where F, =X - G,.
Therefore, (A, ug\ F.) ¢ &, asNF, is closed.
So,(A,QFFa)GE &, where F c A is finite, as (X -F, Fo) 2 £, Va e A.
Hence Aca:; (X -Fq) = A is compact in X.
REMARK : 2.40
If axiom (CP3) is replaced by axiom
(CP-10): (AUBC)e E = (AC) eor (B,C) € &, then this new compact
proximity yields a compact topology, which may not be hereditarily
compact.
To find a compact proximity compatible with the topology of a space, we have
the following theorem.
THEOREM: 2.41

If (X, 7) be a hereditarily compact space, then ¥’ defined on A2(X) by

(A,B) € ¥ <A N B # ¢, is the weakest compact proximity compatible with « .
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DEFINITION: 2.42
Let 1 satisfy axioms (CP1 — CP3) together with axiom.
(CP-11): For every family{F,, ae A}of subsets of X, with (X - Fy, Fo) € 1,

V aeA and for each A — X the result (A, " F,) ¢ 1| implies there exists
aeA

{Kx, Aep} with K3 < X such that (A, N K;) ¢ n and forafixedA € p,
Aep
(X - K, Fo,) € 1 ,for some apeA. Moreover, x € A = there exists A, C 4,

where 1 - A, is finite, such that (X- K;,x) ¢ 7, for every Ael,.

Then 7 is called a metacompact proximity and (X,n) a metacompact proximity
space.
THEOREM: 2.43

The induced topology of a metacompact proximity is hereditarily
metacompact.
THEOREM: 2.44

If (X, t) be T, and hereditarily metacompact, then y” defined on 2(X) by
(AB) € y" & A B+ ¢, is the weakest compatible metacompact proximity.
NOTE: 2.45

If p is a finite set, then metacompact proximity reduces to a compact

proximity.
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CHAPTER I

LO - PROXIMITY AND LE-PROXIMITY
DEFINITION 3.1

A binary relation a defined on the power set of X is called a Leader or
LE-proximity on X iff it satisfies the following conditions.
(LP1) :Aa(BuC)iffAaBorAaCand(AUB)aCiffAaC or BaC.
(LP2) :A aB=>A=¢, B¢
(LP3) : AaBandb a C for each be B implies A « C.
(LP4) : AnB# ¢ implies A a B.
If in addition « satisfies.
(LPS) :AaBiffBa A
then a is called a Lodato or LO-proximity. The pair (X, ), where o is a
LO-proximity is referred to as a Lodato space.
NOTE : 3.2

The closure-proximity (Deﬁniﬁ<;m2.21 of Chapter II) is an LE-proximity.
DEFINITION :3.3 |

A binary relation B defined on the power set of X is called a Pervin or
P-Proximity on X iff B satisfies LP1, LP2, LP4 and
(LP3") : (A,B) ¢ B = thereexistsanEc X 3 (AE) ¢ B.

And (X-E, B) ¢ B.
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THEOREM : 3.4
Every P-proximity B onXis a LE-proximity on X.
PROOF:
It is sufficient to show P satisfies (LP3).
Suppose A B Band b 8 C for every b € B.
If (A,C) ¢ B then by (LP3") there exists E X such that (A,E) ¢ f and
(X-E,C) ¢B.
(A, E) ¢ B and A B B together imply B ¢ E.
Thatis, BN (X—-E)# ¢.
Ifb e BN (X-E),thenbp C= (X-E)pC, acontradiction.
Therefore A B C. Hence (LP3).
THEOREM: 3.5
Every topological space (X,1) has a compatible LE-or P-Proximity &,
givenby A & Biff A~ B # ¢. Moreover, &, is the largest compatible LE- or
P-proximity.
PROOF:
In view of theorem 3.4, we need to verify only (LP3').
If (AB) ¢ &, then ANB = 4.
PutE=B. Then AnE=¢and (X—E)nB=$.
That is, (AE) ¢ & and (X—E, B) ¢ Eo.
Hence (LP3’).

1 = 1(&,) follows from the fact thatx &, A iff x € A.
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Hence 71 and &, are compatible.
If £ is any LE- or P-proximity, then from A & B iff A & B%, we have that (A,B)¢ &
implies A N B = ¢. That is (A,B) ¢ &
THEOREM : 3.6
If o is any LO-proximity (3.1), then T (a) is necessarily R,. Conversely, a
compatible LO-Proximity (3.1) a;can be defined on every R,-space by
Aa;BiffA N B #¢.
Further more, a, is the largest compatible LO-proximity (3.1).
PROOF:
7(a) is R, follows from the fact that x e;[iﬁ'xayiﬁ"yaxiﬁ‘ y€ X
To prove a; is a LO-proximity, it is sufficient to verify (LP3).
Suppose A a; Bandb o, C foreachb € B.
Then Z A B #¢ and _l—) r\E;t ¢ foreach b € B.
That is, there exists a ¢ eC such thatc e b. Since X is R, bec < C and
hence A ~ C# ¢, which means Acy; C. Hence (LP3).
Since x € A™iff ;r\ ; #$iff xe Z,itfollowsthat1:=t(a1)
For every LO-proximity o, Aa B if 7\ a_B , and thus o is the largest compatible

LO-proximity.
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COROLLARY :3.7

There exists 8 LO-proximity (3.1) which is not a P-proximity.
PROOF:

There exists Ry-spaces which are not regular and Aa;B iff A N B # ¢
shows that if ; were a P-proximity, then it would be an Efremovich proximity,
which is impossible.

DEFINITION 3.8

A binary relation y defined on the power set of X is called a separation
or S-proximity iff the following conditions are satisfied.
(SP1) :AyB=>BYA.
(SP2) :(AuUB)yYCiff AyCorByC
(SP3) :AyB=>A=¢,B=¢.
(SP4) :xyBandbyCforeverybe B=>xyC.
(SP5) :AnB=¢= AYB.
(SP6) :xyyimpliesx=y.
THEOREM: 3.9
Every LO-proximity (3.1) on X is also an S-proximity on X.
DEFINITION: 3.10

A binary relation a defined on the power set of X is called an E-discrete
proximity on X if it is a LO-proximity (3.1) and it satisfies in addition axiom.

(DP1) :Forxe X, BcX,(xb)ea,VbeB = (x,B) ¢ a.
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DEFINITION :3.11
A binary relation o is defined on the power set of X is called an
E-discrete proximity of Alexandroff on X if it is a LE-proximity (3.1) and it
satisfies in addition axiom (DP1).
PROPOSITION : 3.12
If o is any E-discrete proximity (E-discrete proximity of Alexandroff)
then the induced topology by « is E-discrete (E-discrete of Alexandroff).
Conversely, every E-discrete space (E-discrete of Alexandroff) has a compatﬁ)lé
E-discrete proximity (E-discrete proximity of Alexandroff) o, given by
A o, B iff X N g= ()
(Aa,Biff An }; =¢)
Next we show that, in general, Lodato proximities are not covered.
To show this we need the following definitions and results,
DEFINITION: 3.13
A closed filter 7 on a topological space (X, 1) is a proper filter (that is, a
filter which does not contain the empty set) which has a base consisting of only

closed sets.
DEFINITION 3.14

Maximal (with respect to set indusion) closed filters are all called
ultraclosed filters.

DEFINITION :3.15

Ultrafilters are maximal proper filters on a set.
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DEFINITION :3.16

Grills are exactly the unions of ultrafilters.
DEFINITION: 3.17

A basic proximity = on a set X is a symmetric binary relation on the
power set A(X) of X satisfying the conditions:

(ALBuQOeneoAB) enor(AC)en

ANnB#¢=>(AB)en

A,p)en,VAcX
The pair (X, =) is called a basic proximity space provided = is a basic proximity
on X.
DEFINITION: 3.18

For a basic proximity © on X, we define C; (A) = {x € X: ({x},A) e n }
foral AcX
NOTE: 3.19

C, is a symmetric (éech) closure operator). For a basic proximity © , Cs

need not be a Kuratowski closure operator.

DEFINITION: 3.20 K. C. CHATTOPADHYAY [1]

A basic proximity © on X is called a Lodato proximity if the following
condition is satisfied:

(CHA),CB))en=>(AB)ex
If & is a Lodato proximity on X then C, is a Kuratowski closure operator on X

and hence (X,C,) is a topological space.
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DEFINITION : 3.21
Lct(X,n)bcabasicpmximityspaccand?’ be a grill on X. Then ¢ is

called a nclan if (A,B) € = forall AB in g.

DEFINITION: 3.22

Let 7 be a Lodato proximity (3.20) on X. A Wallman n-clan is a n-clan

which contains some ultraclosed filter.

DEFINITION:3.23

The Lodato proximity (3.20) = is said to be covered if for each (AB)en
there exists a Wallman n-clan & such that {AB} c¢4.
PROPOSITION: 3.24

Let % be an ultraclosed filter on (X,7) and A a base of % consisting of

closed sets. IfFisaclosedsetandFmA#¢forallAinA,thenFe?t.

PROOF:

Let & be the collection of all finite intersections of members of the family
AU {F}. Then ®is a filter base consisting of closed sets. Let %, be the filter
generated by & as a base. Then %, is a closed filter and %, > % U{F}. By the

maximality of 7%, it follows that F € %,
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COROLLARY: 3.25

Let % be an ultraclosed filter on (X,t) and V an open set such that
VNF#¢forallFin% ThenV € %

PROOF:

Suppose V ¢ %. Let A be a base of % consisting of closed sets. Then
VA Aforall A e A Thus (X - V) A= ¢ forall A e A4 Since X-V is closed,
by the above proposition: 3.24, it follows that X-V € % and hence V N (X-V) # ¢,
a contradiction. Therefore V € %.

PROPOSITION: 3.26

On a compact topological space (X,1) every ultraclosed filter converges.
PROOF:

Let % be an ultraclosed filter on (X,t). Since the space is compact it
follows that there exists an x in X such that x € C(F) forall F € % Let V be an
open neighbourhood of x. Then VN F # ¢ for all F € % Thus by the above
corollary: 3.25, V € %. Hence % converges to x.

PROPOSITION: 3.27

On a T)-space (X,t), every convergent ultraclosed filter has the form 74x),

for some x € X, where Zqx) = {A c X: x € A}.
PROOF:
Let 7% be an ultraclosed filter on (X,t) such that it converges to a point

x € X. Obviously, x € C(F) for all F € %. Hence, in particular, x belongs to each
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member of a base of # consisting of closed sets. Since {x} is a closed set it
follows by proposition:3.24, that {x} € #%. Thus % = 7Ax).
THEOREM: 3.28

Let (X,7) be a compact T)- space such that it has two infinite components.
Then = = {(E,;F):C(E) n C(F) # ¢ or E and F are both infinite} is a Lodato
proximity (3.20) on X such that C, = C and & is not covered.
PROOF:

It is easy to verify that = is indeed a Lodato proximity on X such that
C:=C.

Let A,B be two infinite components of (X,t). Obviously (A,B) € =.

However, no Wallman nclan can contain both A and B. For suppose & is such a
Wallman n-clan. Let % be an ultraclosed filter such that % — ¢ . Then since

(X,1) is a compact T)- space it follows, by propositions 3.26 and 3.27 that
7% =74x) for some x € X. Thus {x}, A and B are all in 4. From this it follows
thatx € C; (A) N C(B)=C(A) N C(B)=A N B = ¢, a contradiction. Hence the
theorem.
The following are the examples of compact T;-spaces with two infinite
components.
EXAMPLE 3.29

Let X be the union of closed intervals [1,2] and [3,4]. Then X with the
topology induced by the usual topology of real line is an example of a compact

T -space with two infinite components.



EXAMPLE: 3.30
Let X = A U B such that A B are both infinite sets and A "B =¢. Define
CAX) —» AX) by

D =C(D) =DifD isa finite subset of X

AuUDif AnD isinfinite and B N D is finite

BuUDifB D is infinite and A N D is finite..
= X otherwise
C satisfies requirements for a closure operator. X with this topology is compact

T, and contains two infinite componenis A and B.
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CHBAPTER IV
R - PROXIMITIES AND RC-PROXIMITIES

DEFINITION 4.1

A space is said to be regular — closed if it is regular, and cannot be
nontrivally densely embedded in a regular space.
DEFINITION 4.2

The class of spaces which can be densely embedded in a regular closed
space, are called the class of RC-regular spaces. These spaces lie properly
between the class of regular spaces and the class of completely regular spaces. |
DEFINITION 4.3 DOUGLAS HARRIS [6]

A proximity on X is a symmetric relation 8 between subsets of X

satisfying the following four conditions.

(DHP1) 1¢ gAforcvcxyAcX

(DHP2) :Ad Aforevery A = ¢.

(DHP3) tA¥BUC)iffASBor ASC.

(DHP4) : If x and y are distinct points of X, then{x} g {y}.

NOTE : These axiomsare thosc of the usual theory of proximities with the
exception of the axiom of complete regularity.
DEFINITION: 4.4
An operator u on power set A(X) is defined as uA = {x:{x} § A}.
NOTE: 4.5
This operator u has the following properties:
(O1) :ué¢=+¢
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(02) :AcuAforeachAcX
(03) :wAuUB)=uAuUuB.
The operator u induces & topology whose closed sets are the sets A which satisfy
uA=A
It need not be trus that the operator u is a topological closure operator, that is we
need not bave uuA = uA foreach A c X
DEFINITION: 4.6

For A c X and B c X, we say that B is a proximal neighbourhood of A
orAisapmximalsubsctofBing(X—B)andwcwﬁtcA<<B.

The relation << and the operator u satisfy the following resuls.
RESULTS:4.7
Rl) :FAcB<<C<<DcE, thenA<< C,C<<E, A<<E, and
X-BEc X-D<< X-C<«< X-B c X—A.
R2) :IfA<<BandC<<D,then ANC<<BnD.
R3) :IfA<<B,thenAc:uAcBandA;:X—u(X-B)cB.
| NOTATION:

We write x 3 A and x << A respectively in place of {x} 3 A and {x} << A.
DEFINITION: 4.8

An R-proximity is a proximity satisfying (DHP1 — DHP4) along with
(DHPS): (Axiom of regularity) If x << A, then there is B c X with x << B << A.
DEFINITION: 4.9 |

A filter is said to be round if for each member V of the filter there is a

member W of the filter such that W << V.

b
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NOTE:

Using the definition of round filters, axiom (DBPS5) can be restated as
follows:
The filter of proximal neighbourhoods of 2 point is round.
LEMMA: 4.10

An R-proximity induces a closure operator u such that uuA = uA for each
A c X The topology induced by the R-proximity is regular, and u is the closure
operator induced by the topology.
PROOF:

To prove that wuA= uA, we need only to show that unA — uA.
Ifx ¢ uA, then x gA That is, x <<X — A, so by (DHP5) there is B — X with
X <<B<<X-A. ApplyingR3, we get B c X —uA c X — A, and hence from R1,

we have x << X —uA. Thatisx ¢ unA.

Therefore uuA < uA.
We have shown that u is the closure operator of the topology that it induces: the
closed sets are precisely the sets of the form uA for some A — X. This fact along
with (R3) shows that the proximal neighbourhood filter of each point of X is a
regular filter. In particular, the proximal neighbourhood filter of each point is
tained m the neighbourhood filter of the point. Since by-definition of the
topology the converse inclusion also holds we have the equality of the two filters.
Therefore, the neighbourhood filter of each point of the space is a regular filter,
that is, the topology is regular.

The next lemma is a generalization of the converse of the

S
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above lemma:4.10
LEMMA:4.11
Suppose Z is a regular topological space, and that X is a dense subspace of

Z. Define a relation between subsets of X by setting A 8 B if cl,A N cl,B # ¢.

a) The relation § is an R-proximity on X.

b) A filter on X is round iff it is the trace of a filter that is regular on Z.

PROOF:

a) Symmetry, DHP1, DHP2 and DHP4 are immediate, and DHP3 follbws from
the distributivity of closure wnhﬁmte union.

Next to check (DHPS) : If V is a neighbourhood (in X) of x € X, there is a closed

neighbourhood (in Z) B of x € Z and an open neighbourhood (in Z) W of x € Z

suchthat WNX=Vand Bc W. Setting A=B N X we find x << A <<V.

b) Suppose y is a round filter on X, and let £ be the filter on Z generated by
{cF: F € y}. Then { certainly has a base of closed sets. Now if F € y and
G € y with G <<F, we have cl,G N cl, (X-F) = ¢. Since X is dense in Z, we
also have cl,F U cl(X-F) =Z. It follows thatcl, G Z — cl(X - F) c cl, F,
and we have thus shown that £ also has a base of open sets. Thus ¢ is a
regular filter, and it clearly induces y on X.

Conversely, suppose { is a regular filter on Z. Since X is dense in Z and £
has a base of open sets, every member of £ intersects X and so the trace y on X of

Gexists. If V € vy, so that V=W n X for some open set W & £, we let P be any



member of { such that cl,Pc W. Then if Q = PNX we have clQNelX-V)=¢,
s0 Q<< Vand Q € y. Thus v is round.
THEOREM:4.12
A topology is regular if and only if it is the topology induced by an
R-proximity.
PROOF:
Follows from Lemma 4.10 and Lemma:4.11. A
We establish some properties of round filters with respect to an
R-proximity in the following.
LEMMA:4.13
(F1)  : Every round filter is a regular filter.
(F2) : Every neighbourhood filter is maximal round
(F3)  : Every round filter is contained in a maximal round filter.
(F4) : Distinct maximal round filters contain disjoint open members.
PROOF:
F1 follows from Lemma:4.10 and from R3.
We have the fact that neighbourhood filters are round and maximal regular in a
regular space. Along with this fact, F2 follows from F1.
F3 follows from Zorn’s lemma which states that “If, in a partially ordered set X,
every chain has an upper bound, then X has a maximal element”.
From F1 we bave all round filters are open filters. Also if the supremum of two

round filters is a filter, then by R2, this supremum is a round filter. Thus, if two



round filters do not contain disjoint open sets then their supremum is a round filter

containing each.

DEFINITION : 4.14

A subset B of X surrounds the subset A if every maximal round filter that
intersects A (that is, every member of the filter intersects A) contains B.
DEFINITION : 4.15

An RC-proximity is a proximity that satisfies (DHP1 — DHP5), along
with
(DHPS6): (Axiom of RC-regularity). The subset B surrounds the subset A iff
B> A
NOTE: 4.16

Since an RC-proximity is an R-proximity, the induced topology is regular.

The next lemma shows that every RC-regular space has its topology
induced by an RC-proximity.
LEMMA: 4.17

Let Z be a regular-closed topological space, and let X be a dense subspace
of Z. Let 8 be the R-proximity induced on X by Z by setting A 8 B if
cL,ANnclB # ¢. Then

a. The relation 8 is an RC-proximity on X.



b. The maximal round filters on X are precisely the traces on X of the
neighbourhood filters of points of Z.
PROOF:

b) Since Z is regular, by lemma: 4.11(b) the trace y on X of the
neighbourhood filter £ of a point z e Z is a round filter. If nis round and y C 1,
by lemma 4.11(b) there is a regular filter p on Z whose trace on X is 1. Since ( is
maximal regular, we have p c L and thus n C . Conversely, if v is a maximal
round filter it is the trace on X of a regular filter on Z, and since Z is regular-
closed this regular filter has a cluster point. The trace on X of the neighbourhood
filter of this cluster point must be the given maximal round filter.

a) Suppose that A and B are subsets of X and A >>B.
That is cl{X—A) N cl,B = ¢ (by definition of proximity).

If y is a maximal round filter on X then by (b) we know that y is the trace
on X of the neighbourhood filter of some point z € Z. If y intersects B then
z e cl,B, and so there is a neighbourhood V of z disjoint from X — A. Therefore
A e v. Thus if A >> B, then A surrounds B.

Conversely, suppose A and B are subsets of X and A surrounds B. Let
z e cl,B and let y be the trace of X of the neighbourhood filter of z. Then by (b)
v is a maximal round filter. Since y intersects B we must have A € v, from which
it follows z ¢ cl(X — A). Thus A >>B.

This lemma yields the following theorem.

THEOREM: 4.18
Every RC-regular space has its topology induced by an RC-proximity.
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DEFINITION: 4.19

An RC-proximity space is absolutely closed if every maximal round filter
is the proximal neighbourhood filter of some point of the space (that is, converges
in the topology induced by the proximity).

THEOREM: 4.20

If an RC-proximity space is absolutely closed, then its induced topology is
a regular-closed topology, and the proximity is given by: A and B are far iff they
have disjoint closures.

PROOF:

Suppose A and B are subsets of an RC-proximity space X, andthatA?S B,
that is A << X- B. By (DHP6), we have that X — B surrounds A, and so every
maximal round filter that intersects A contains X -B. By (F1) neighbou¥hood
filters are maximal round, and thus we see that any neighbourhood filter that
intersects A fails to intersect B, that is, A and B have disjoint closures.
Conversely, suppose A 8 B, that is A ¢ X — B. Then by (DHP6), X — B does not
surround A, so there is some maximal round filter that intersects A and intersects
B. Since the proximity is absolutely closed, this maximal round filter must be the
neighbourhood filter of some point of the space, and this point is in the closure of
both A and B.

To prove that the topology is regular-closed.
From F1, every round filter is a regular filter. By the above characterization of
the proximity, and also by the fact that every open set containing a closed set is a

round neighbourhood of the closed set, we have every regular filter is a round

AT



filter. Thercfore, every maximal regular filter converges and the topology is
regular-closed.
THEOREM: 4.21

An RC-proximity space is absolutely closed iff the induced topology is
regular closed.
PROOF:

An absolutely closed RC-proximity induces a regular-closed topology is
proved in theorem:4.20

To prove the converse:

A maximal round filter (being a regular filter by F1) must have a cluster
point, to which it must converge (since neighbourhood filters are round by F2).
Therefore the space is absolutely closed.

From theorems 4.18, 4.20 and 4.21 we have the following two theorems.
THEOREM: 4.22

A topological space is regular-closed iff it has the topology induced by an
absolutely closed RC-proximity.

THEOREM:4.23

There is precisely one RC-proximity that induces the topology of a
regular-closed space.

Now we establish a technique for identifying the supremum of any non-
empty family of compatible proximities on any R,- space. As an application of
this, the Alexandrov proximity is identiﬁed as the supremum of the compatible

R-proximities on any regular space.
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DEFINITION: 4.24 M.C.Raybumn(20]
A proximity on a set X is a binary relation 3 on the power set Z(X)

which satisfies the following properties:

(MRP1): ForeveryA;)(,¢gA
(MRP2): IfA38B,then B3 A.
(MRP3): If AN B # ¢, then A 3 B.
(MRP4): A3(BUC)iff A3BorA3C.
RESULT: 4.25
A topological space has compatible proximities iff it satisfies the
R,-separation axiom.
DEFINITION: 4.26
The compatible proximities are partially ordered as follows: 8 < p if
A3B=>ApB.
DEFINITION : 4.27
A proximity & is separated if for every pair of points x and y, x # y implies
xBy.
RESULT :4.28
A space is T) iff every compatible proximity is separated.
DEFINITION : 4.29 M.CRAYBURN [20]
A proximity 8 on a topological space is a Lodato proximity

(LO-proximity) if A 3 B implies A 3 B.
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DEFIRITION: 4.3

A proximity dy on a topological space is a Wallman proximity, that is 2,
A8,Bif ANB=¢.
RESULT: 4.31

The Wallman proximity is Lodato (4.29) indeed d,, is the smallest Lodato
proximity (4.29) in the order <.
DEFINITION: 4.32

Let (X,7) be an R.-topological space and define A3" B if A 8, B or if
neither cl(A) nor CI(B) is compact. Then & is a compatible proximity. We shall
refer to it as the Alexandrov proximity.
REMARK :4.33

Let X be any non-compact R, topological space. Pick a point p ¢ X and
let X* = X U{p}. Topologize X* by taking any subset to be open if it is an open
subset of X or if its complement is closed and compact in X. Since X is open in
X, {p} is closed. Since X is R,, every point of X has compact closure, hence the

closure cannot contain p. Thus X* is a compact R,-space containing X densely.

Clearly X* is T, iff X is T;,and X* is T, iff X is T, and locally compact.

Let 8y, be the Wallman proximity on X*.Let A and B be subsets of X.

A
Then A 8 B in X* precisely when CI(A) N cl(B) = ¢ and atleast one of cl(A),
cl(B) is compact. Thus the subspace proximity induced by the one-point

compatification of X is the Alexandrov proximity &', it is a Lodato proximity.
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RESULT: 4.34
i) If 8 is 2 proximity on X and A << B, then AcBand AcB’.
ii) If A << B, and A << By, then A <<B, NB,andif A<<B c C, then A <<C.
iii) If A<<B,then X-B<<X-A.
LEMMA: 4.35

Proximity & is Lodato (4.29) on X iff A << B implies that A <<B".
PROOF:

A<<B=> ;<<B°isequivalcntto;6(x——_—B):>AS(X—B). Hence
the result follows.
DEFINITION: 4.36

For A c X and § a proximity on X, let the neighbourhood family of A be
N (A) = {B: A c B°}. And let the proximal neighbourhood family of A be
N; (A) = {B:A <<B}.
RESULT: 4.37
i)If § is a compatible proximity on X, then for each A ¢ X, N5 (A) is a filter of
sets. If A = {x}, then Ng(x) = N(x). Moreover, if B € Ns (A), then
(X - A) € N5s(X-B)
ii)Let X be a set and 8, p be compatible proximities on X. Then 8 < p iff for all
A =X, Ny(A) <<Ng(A).
THEOREM: 4.38

Let X be an R, topological space and {Za:A ¢ X} be a family of filters

on X satisfying the following conditions:



a. ForeachA cX, if B € 75, then ACB.
b. Foreach Ac X if B € Pa, then X — A € Pxp, and

c. Foreachx e X, Zixy = N(x).

A
If we define ASBtomean X —B € 74, then S is a compatible proximity on X,

and for each A, 75 = Ns(A).

COROLLARY: 4.39
Let X be an Ro-topological space and 7% be a non-empty family of

compatible proximities on X. The supremum of 7 is the proximity 8 such that

for each A ¢ X, N5(A) = N N(A).
A

THEOREM: 4.40

Let X be a regular topological space. Let A be compact and B be closed

A
and disjoint from A on X. Then for every compatible R-proximity 8 on X, A 3 B.

PROOF:

A
Foreacha € A, a3 B. So {a} << X -B, and there is a set N, such that

{a} <<N,<<X-B. Indeed {a} c N,"c N, << X -B. Then {N,> a e A} is
an open cover of compact A, so it has a finite subcover {N,>:1 <k < n}.
A

LetN=U{Ni: 1<k<n}. ThenAcN<<X-B. S0 AJB.

COROLLARY: 4.41

Let 8 be an R-proximity and K be a compact set of X. Then Ns(K)= N(X).
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DEFINITION: 4.42
A proximity which is both an R-proximity and a Lodato proximity (4.29)
will be called an LR-proximity.
THEOREM: 4.43
Let X be a topological space. The following are equivalent:
a. Xisregular.
b. The Wallman proximity 3., is a compatible R-proximity.
c. There exists a compatible LR-proximity

d. There exists a compatible R-proximity

THEOREM: 4.44

Let 8 be a compatible LR-proximity on X. Then for every closed
compact K < X, Nx(K) is round.
PROOF:

Let K << A Then, for each p € K, p << A; so there is some B, with
p << Bg << A. Then {B,’: p € k} is an open cover of compact K, so there is a
finite subcoverxgg B’ <<A. Finally,K=-]—(gg£{ By’)’, so since 8 is
Lodato, K << 1) By’.
THEQOREM: 4.45

Let X be a regular space with compatible R-proximity 3. If p is any

compatible proximity with p < §, then p is an R-proximity.



THEOREM: 4.46

Let X be a regular space and 8 be a compatible R-proximity. Then 8 < 5,
the Alexandrov proximity.

PROOF:

A A
Let ABc X with A 3’ B. Then A 3., B and atleast one of cl(A), cI(B) is
A
compact. Then by theorem: 4.40, A 8 B for every compatible R-proximity on X.

THEOREM: 4.47

Let X be an R, topological space. If A and B are disjoint, closed and not
compact subsets of X, then there is a compatible Lodato proximity § (4.29) on X
such that A 8 B. Moreover, if X is regular, then § is an LR-proximity.

PROOF:

Let A be closed and not compact in X. There is a decreasing sequence
o= {Fn}l‘” of closed subsets of A for which 5; F, = ¢. Since @ is a filterbase, there
is an ultrafilter p with ® c p. Leto,= {D: I—)e p}. Then A € o, and since
Do, NG = 0.

There is a corresponding family o, with B € o, and no, = ¢.  Let
¥ = 6, Uoy and define § on X by C 8 D if either C 8, D or C and D are both in v.
It can be easily verified that § is a proximity.

Since o, and oy, each have empty intersection, neither can contain a
singleton, so forany x € X and Cc X, x 8 Ciff x8,L and 8 is compatible. If
ESD, theneitherE&wD, soCdyDand CdD, orz} and D are in v. If_C € G,
say then by #eﬁnition of6,,C € 5,. Thus C 8 D and 8 is Lodato. Since A and

Bareiny, AJSB.

¥
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Finally, suppose X is regular. Let x € X and suppose x € G°. Since
A N B=¢, xis not in atleast one, say B. Thereisannwithx¢F, ¢ A
(where F, € ¢). So without loss of generality, G° ¢ X — (B U F,). By regularity,
there is some D withx e D°c D ¢ G°. ClearlyDg.,(X—G)and since by
A A

A
choice of G°, D3,,B, and D3, F,,, we have D ¢ . Therefore D 8 (X - G), so

X << D << G and 3 is an R-proximity.

COROLLARY: 4.48
A
Let X be regular and A B be disjoint closed sets in X.Then A 3 B for every

compatible R-proximity iff A or B is compact.

THEOREM: 4.49

The Alexandrov proximity 8 is the supremum of the R-proximities on a
regular space. Hence if &' is an R-proximity, then the R-proximities are precisely
those proximities 8 with 8 < 8.

PROOF:

If A = X has Xcompact,menAs‘ B <> A 8 B, 50 Nss(A) = N5(A) .
Therefore Nss(A) = N{Ns(A): & is a compatible R-proximity}.

Suppose A is not compact. Then Nz*(A) = {B:B € Ns(A) and X -Bis
compact}. If A and (_X——_—ﬁ) are disjoint and not compact, there is some
compatible LR-proximity & with A 3 (X-B), hence A § (X -B). Thus B ¢ N(A),
and {B: B € N5 (A) and X — B° is compact) = N {Ns(A): 3 is a compatible
R-proximity}. Hence by corollary : 4.39, 8" is the supremum of the compatible

R-proximities.



LEMMA: 4.50

Let 8 be a proximity on topological space X. The following are
equivalent:
a. & is an Efremovich proximity.

A A
b. Whenever A & B, then there are sets U and V with A<<U,B<<Vand Us V.

c. &isa Lodato proximity (4.29) and Ng(F) is round for every closed set F.
PROOF:

(a) & (b)

To prove (b) = (a)

Assume (b). To prove (a), it is sufficient to show J satisfies “strong axiom”,
whichstatcsthatAgB implies there exists a subset E 9AgEand(X-E)gB.

A
IfUS YV, then U c (X-V).

A A
Put E=X-U, then A 3 E and (X-E) & B. Hence (a).
Assume (a)

A A
Then A & B = implies there exists a subset V such that A § V and

A
X-V)3B.
A A
Moreover,3aU 3 A3 (X -U)and U8 V. Therefore, A <<U, B <<V and

A
U & V. Hence (b).

(®) = (c):
Suppose A g B.

A
LetA<<Uand B<<Vand U8 V.

— = —A —
Since AcUand Bc 'V, AJ B, hence 8 is Lodato.



(©) =()

Let A <<B. Since d is Lodato, Z<<B°. Thus there exist a set C with
A <<C<<B°. Hence A <<C<<B.
THEOREM : 4.51

For any R, topological space, the following are equivalent.

a. The Alexandrov proximity 8 is an R-proximity.
b. The Alexandrov proximity is an Efremovich proximity.
c. The space is locally compact and T.
PROOF:

Since a compact, completely regular space has only one compatible
LR-proximity, which is Efremovich, we need only prove (a) <> (b) in this
theorem.

Let F be closed in X and take B € Ns(F). Since 8 is Lodato and F is
closed, F <<B°. Let D =X —B°, closed. TheanD,soF 8w D and atleast one
of F and D must be compact.

If F is compact, since 8" is R, N(F) is round by theorem :4.44. Suppose D
iscompact,thenD<<X—F,sosince8'isR,tbcreis a set T with
A<<T<<X-F. HenceF <<X—T <<X—D =B°and Ng(F) is round. Thus 3’
is Lodato proximity, every closed set F has Ng«(F) round and from lemma: 4.50 it
follows that 8" is Efremovich.

COROLLARY: 4.52
If X is locally compact T, space, the compatible R-proximities are

precisely those proximities 8§ < 3.
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SUMMARY AND CONCLUSION

Some interesting generalizations of proximity structures are studied in this
thesis. Mainly different generalizations of Efremovich proximities are discussed.
Some interesting generalized proximities discussed in this thesis are
1. Paraproximity
2. Closure-proximity
3. Normal proximity
4. Perfect proximity
5. Weak normal proximity
6. Compact proximity
7. Metacompact proximity
8. Lodato or LO-proximity
9. Leader or LE-proximity
10. Pervin or P-proximity
11. Separation or S-proximity
12. E-discrete proximity
13. E-discrete proximity of Alexandroff
14. R-proximity
15. RC-proximity
Chapter I deals with fundamental definitions.

Chapter II is devoted to the study of first seven generalized proximities listed
above. Here it is proved that a paraproximity yields a completely normal space.

Also there is 1-1 cormrespondence between closure-proximities (normal
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proximities, perfect proximities) and T;-topologies (completely normal
topologies, perfectly normal topologies).

The third chapter deals with the generalized proximities (numbered 8-13 in the
above list). The interrelations between these proximities are obtained.

In the fourth chapter, R-proximities and RC-proximities are discussed.

For further research, one can study different combination of these genemlized

proximities. It is a good research problem to study all these concepts for

bitopological space and fuzzy topological spaces.
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