


CHAPTER 1

BIMATRICES, NEUTROSOPHIC BIMATRICES, FUZZY
BIMATRICES, INTERVAL BIMATRICES, FUZZY INTERVAL

BIMATRICES AND NEUTROSOPHIC INTERVAL BIMATRICES.

SECTION 1.1
BIMATRICES

Definition 1.1.1

A bimatrix Ay is defined as the union of two rectangular away of numbers
A, and A, arranged into rows and columns. It is written as follows Ag = AU A,

where A, # A, with

a|| al] aIn
1 1 1
A, = Ay Ay Ay,
1 1 |
a ml a m2 mn
and

2 2 2
a|| al2 aIn

2 2 2
A’) - a7] aZZ a"n
2 2

a a

“w” is just the notational convenience (symbol) only.

The above array is called a m by n bimatrix since each of A; (i = 1. 2) has
m rows and n columns. It is to be noted that a bimatrix has no numerical value
associated with it. It is only a convenient way of representing a pair of arrays of

numbers.

11



Note 1.1.2
If A, = A, then Ag = A;UA, is not a bimatrix. A bimatrix Ag is denoted by

(af_i)u(a; ). If both A, and A, are mxn matrices then the bimatrix Ay is called the

mxn rectangular bimatrix. But we make an assumption the zero bimatrix is a
union of two zero matrices even if A; and A, are one and the same;

ie, A;=A,=(0).

Example 1.1.3

The following are bimatrices

3 01 0 2 -l
AB = O
-1 21 1 1 0
is a 2x3 bimatrix.
Definition 1.1.4
Let Ag = A,U A, be a bimatrix. If both A, and A, are square matrices then
Ag is called the square bimatrix. If one of the matrices in the bimatrix
A=A, U A, is square and other is rectangular or if both A| and A, are rectangular

matrices say m;xn; and m,*n, with m; # m, or n; # n, then we say Ag is a mixed

bimatrix.

The following are examples of a square bimatrix and a mixed bimatrix.

Example 1.1.5

. 30 4
Given Ag= J U
2 1 2 1

is a 2x2 square bimatrix.

Example 1.1.6

3
Let AB = [
0

then Ap 1s a mixed bimatrix.
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BIMATRIX OPERATIONS :
Definition 1.1.7

Consider the bimatrices Ag=A;uU A,and Cg=C,u C,.
Then we define the following
(1) Ag=GCy

Let Ay = AjUA,; and Cg = C,UC, be two bimatrices. We say Ag and Cy
are equal written as Ag = Cy if and only if A, and C, are identical and A, and C,
are identical 1.e., A, = C, and A, = C,.
(2) Ap#GCy

IfAg=A, U Ayand Cg = C, U C,, we say Ay is not equal to Cg we write
Ag # Cgifand only if A} # C, or A, # C,.

Example:

320 -
Let Ag=|" ¥ L
2 1 1 0 0 |1

1 1 0
el P K
0 0 0 1 0 2
Clearly Ag # Cg.

3) L AB

Given a bimatrix Ag = A, B, and a scalar A, the product

and

of L and Ag written A Ay is defined to be

)‘an )\'aln )‘bn )\‘bln
)\-AB- . W
)\‘a ml o )\’a mn )\’bml e )\'bmn
Example:
2 0 1 0 I 1
Let AB: Y
3 3 1 2 1 0
and A=3 then
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(4) Ag+ Cy

Let Ay = A;UB, and Cg = A, UB, be any two mxn bimatrices. The sum
Dy of the bimatrices Ag and Cy is defined as

Dp=Ap+ Cp=[AUB|] +[A UA;] = (A} + Ay) U (By + By); where
A, + A, and B, + B, are the usual addition of matrices i.e., if

Ap= (ail|)u(bjl_i)
and  Cp=(a;)u(b;)

then Ag + C =Dy = (a}+a;)U(b,+b;]) (Vij).

If we write in detail

| 1 1 |
a[l aln bll bln
AB: )
| | | |
_aml e amn | bml e bmn i
M52 2 ) 2 2 7]
aII aln bII bln
Gl = Ul e :
2 2 2 2
_aml amn_ bml ban
[0 2 I 2 I 2 | 2
ajtay oA tag b11+b|| bln+bln
AB+CB: ey siete U
1 2 | 2 1 2 1 2
_allll +am| o amn +amn bmI +bml T bmn +bmn

The expression is abbreviated to
Dg = Apt+Cp
=(AUB)t (A2UB))
= (A1tA) U (B1+By)
Thus two bimatrices are added by adding the corresponding elements only when

compatibility of usual matrix addition exists.
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Example:

Let AB: {

11 2 0
and CB=[ }u{ i|
0 1 11

then D}; = AB"‘C[;

LML

— W

N -

| SR
C

—_—

— N

| S |

2
4 2] {3 z}
= U
|2 2] 2 2
() Ap-Cy
Subtraction is defined in terms of operations already considered for if
A[; = A| &) A2
and C[; = C|UC2

then
Ap-Cp=Ap* (-Cp)
=(A1 v Ay) +(-Cu -Gy)
=(A-C)U(A-Cy)
=[A; + (-C))] U[A; + (-C)]
(6) Bimatrix multiplication is not defined when the bimatrices are not square
bimatrix. Secondly in case of mixed bimatrix. multiplication is defined when both
A, and A, are square matrices or when Ag = A" U A}*and Cg = B U B;".
Note 1.1.8
Addition of bimatrices are defined if and only if both the bimatrices are

mxn bimatrices.

30 1 I
Let AB = . )
I 20 0 2 -l
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CB:

S W
S = e
C
W N =

o !

The addition of A with Cg is not defined for A is a 2x3 bimatrix where as Cp is
a 3x2 bimatrix.

Clearly Ag + Cg = Cz + Ag when both Ag and Cg are mx n matrices. Also
if Ag. Cg. D be any three m x n bimatrices then

Ag *+ (Cp + D) = (Ag + Cp) + Dg.

Note 1.1.9

Now we have defined addition and subtraction of bimatrices. Unlike in
matrices we cannot say if we add two bimatrices the sum will be a bimatrix. That
is in general sum of two bimatrices is not a bimatrix.

Example 1.1.10

R I
Let Ap= }u[

o

— N

o O
||

and

P
o)
[l

1
—_ N
— o
R |
.
NS
=)
[ -
|

N -
e
—_——

11 210 1 20 2 0

A};+C[3 = + \ % R
-1 0 3 11 1 2 1 2 20

RE
0 1 4

Clearly Ag + Cg is not a bimatrix as A;u C; =AU,
where A]; = A| Y Ag and CB = C| UCQ.
Theorem 1.1.11

3]
N
—
S W
— N
S
el

Let Ay =A,UA, and Bz = B, U B, be two m x n bimatrices.
A+ Bg = (A, +B)) U(A; + B,)is a bimatrix if and only if A} + B, # A, + B..
Proof :

Let Ag=A,UA; and B = B, U B, be two mxn bimatrices.

“‘AB + BH = (A] Sy B|) Y (Ag + Bz) is a bimatrix then A| + B| Z A3 T Bz.
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On the other hand in Az + Bg if A; + B, # A, + B, then clearly Ag + Bg 1s a
bimatrix. Hence the theorem.
Corollary 1.1.12

If Ay =A, UA, and B = B, U B, be two mxn bimatrices then
Ap - Bg = Ag + (-Bp) is a bimatrix if and only if A| + (-B) # A, + (-B»).
Theorem 1.1.13

Let Ay =A,U A, and Bz = B, UB, be two m x m square bimatrices Ag .
B =A,B,u A,B; is a bimatrix if and only if A|B; # A,B..
Proof:

Given Az = A,UA, and B = B, U B, are two m xm square bimatrices and
Ap By is a bimatrix i.e.,AgBg=(A;UA,) (BjuBy)=A, B, UA, B,
1s a bimatrix. Hence A B, # A,B..

Clearly if A} B| # A, B, then Ag Bg = A|B; UA,B, is a mxm bimatrix.
Theorem 1.1.14

Let Ag= A" U A?" be a mixed bimatrix and By = B! ™ U B] " be another

mixed bimatrix. Then the product is defined and is a mixed square bimatrix as

—_— m-m D" p
A[; BB = C| A\ C}Z

With Gy == (O ) T
Where oY Ll

and ClP =A"9x BIP.

Note 1.1.15

If Ag and B be two mxm square bimatrices in general Ag By # Bg Ag.

Example 1.1.16

3 0] [2 0
Let AB: > \) :|

0 1 |10

5 2] [1 0
and B = v

1 2] |03
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15 6] [20
e I

. 15 2 2 0
consider BpAg= U
3 2 30

Clearly Ag Bg # Bp Ag.
Note 1.1.17

In some cases for the bimatrices Ag and By only one type of product Ag By
may be defined and By Ag may not be even defined.

This is shown by the following example:

Example 1.1.18

0O 1 1 1 2
Let AB: I 0 0 2|u|3 0
-1 0 1 -l 1 2
and
1 2
0 1 3 0 1
BB: & X
3 1 2 -1 4
1 -1
0 8 -1 6
Clearly AgBg=|[3 0|ul|9 0 3
2 -l 7 2 9

is a mixed bimatrix. But BgAg is not even defined.
Note 1.1.19
Bimatrix multiplication is also additive and also distributive.
Definition 1.1.20
We define the transpose of a bimatrix
Ag=Au Ay=(a})u(a;)as A'g=(a})u(aj)
Note 1.1.21

If Ay and By are bimatrices
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then (i) (A;+B;) =A'z+B'p
(i) (A; By)=B'z A'g
Definition 1.1.22
A symmetric bimatrix is a matrix Ag for which Ay = A'y i.e., the

component matrices of AB are also symmetric matrices.

Example 1.1.23

30 2 0o 1 2
LetAg= [0 | -1|ull -5 3
2 -1 -5 2 3 0
is a symmetric bimatrix.
Definition 1.1.24
Let AT™ = AjUA,; be a mxm square bimatrix i.e.. A} and A, are m>xm

square matrices. A skewsymmetric bimatrix is a bimatrix Ag for which
Ag=-A'g. where - A'g =-A'yU - A';i.c.. the component matrices A; and A, of Ap
are also skew symmetric.

Example 1.1.25

0o -1 2 0 3 13
LetAg= |1 0 3|u|-3 0 -2
2 -3 0 -13 2 0
is a skewsymmetric bimatrix .
Theorem 1.1.26
Let A}™ = AjUA, be a square bimatrix. Then A} "can be written as

the sum of a symmetric and a skew symmetric bimatrix.
Proof:
Given A}™ = AjUA,; is a square bimatrix. Clearly A, and A, are just
square matrices.If A is any square matrix then
AA

A=A+ .2
2 2
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2 2

A= ATA L AA

so each A and A, can be represented by the above equation

.85
Al __:AI+ A‘I + AI-AVI
2 2
and
+A| _ v7
B :Az 2 4 A, A,

Now AL "A|UA,

:A|+A'| 4 AI-A'I U A2+A’z _|_A2'A'z
2 2 2 2

_AGAL L ACAL ATAL ACA,

[ A5

is the sum of symmetric bimatrix and skew symmetric bimatrix.

Theorem 1.1.27

D
2
D
8]

Let Ag= A" UAY™ be a mixed square bimatrix. Ag can be written as a

sum of mixed symmetric bimatrix and mixed skew symmetric bimatrix.
Proof:

Let Ag= A" UA}™ be a mixed square bimatrix.

Now A]™" is a square matrix so let

A+A"  A-A
n-n__ —
A=A Rl
2
1 - '
where and — are symmetric and skew symmetric nxn square matrices.
Let AY" = B clearly B is a square matrix: So B can be written as a sum of

the symmetric and skew symmetric square matrices each of order m i.e..
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B+B' B-B'
= .

B
2 2
So now
(A+A' A-A') (B+B' B—B']
Ap = + U +
2 2 2 2
( A+A' B+B’) [ A-A' B-B'j
= U + U
2 2 2 2

Thus Ag is a is a sum of a mixed square symmetric bimatrix and a mixed square

skew symmetric bimatrix.

Definition 1.1.28

m-n

Let Ag be any bimatrix i.e., Ag = A" "UA}?. If we cross out all but k;,

rows and s, columns of the mxn matrix A, and cross out all but k, rows and s,
columns of the pxq matrix A, the resulting k;xs; and k;*s, bimatrix is called a
subbimatrix of Ag.

Example 1.1.29

(1 2 3 4 -1]
3 4 7 1 0O 0 1 2 0
Let Ag=17 0 | 2|u|l 1 7 0 0
I 2 3 0 0O 01 2 3
|17 0 -1 0]
Ap=A VA,

then a subbimatrix of Ay is given by

|
3 4 7
A[;:{J :|U |
I 2 3

~N == N

Definition 1.1.30

Let Az = AjUA, be a square bimatrix. The bideterminant of a square
bimatrix is an ordered pair (d,. d,) where d; = |A,| and d; = |Ay|. |Ag| = (d}. dy)
where d, and d, are reals may be positive or negative or even zero. ( |A| denotes

determinant of A).
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Example 1.1.31

45
U
2 0
The bideterminant of this bimatrix is the pair (0, 10) and denoted by |Ag|.
Definition 1.1.33

300
Let Ag= |2 1 1
0 I 1

Given a square bimatrix Ag = AU A,, if there exists a square bimatrix
A3 =AU Aj which satisfies the identity

ALAY=ATA =A AT UALAL =1UI
then A} is called the biinverse or bireciprocal of Ap.

Example 1.1.34

N
(O8]
1

w|—

Result 1.1.35
(AgBy) =B3A;

(A)'=A,
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SECTION 1.2
NEUTROSOPHIC BIMATRICES

Definition 1.2.1

In the neutrosophic logic every logical variable x is described by an ordered
triple x = (T. I, F) where T is the degree of truth, F is the degree of false and I the
level of indeterminacy.

(A). To maintain consistency with the classical and fuzzy logics and with
probability there is the special case where

I+l+F=1,
(B). But to refer to intuitionistic logic. which means incomplete information on a
variable proposition or event one has

T+I+E<]1.
(C). Analogically referring to Paraconsistent logic, which means contradictory
sources of information about a same logical variable, proposition or event one has

T+I+E>],

Example 1.2.2

From a pool of refugees, waiting in a political refugee camp in Turkey to
get the American visa, a% have the chance to be accepted — where a varies in the
set A. 1% to be rejected — where r varies in the set R, and p% to be in pending
(not yet decided) — where p varies in P.

Say, for example, that the chance of someone Popescu in the pool to
emigrate to USA is (between) 40-60% (considering different criteria of emigration
one gets different percentages, we have to take care of all of them). the chance of
being rejected is 20-25% or 30-35%. and the chance of being in 15 pending is 10%
or 20% or 30%. Then the neutrosophic probability that Popescu emigrates to the
Unites States is

NP (Popescu) = ((40-60) (20-25) W (30-35). {10.20.30}). closer to the life.
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Notion 1.2.3

Throughout this section by 'I' we denote the indeterminacy of any notion/
concept/ relation. That is when we are not in a position to associate a relation
between any two concepts then we denote it as indeterminacy.

Further we assume all fields to be real fields of characteristic 0 all vector
spaces are taken as real spaces over reals
Definition 1.2.4

Let K be the field of reals. We call the field generated by K U1 to be the
neutrosophic field for it involves the indeterminacy factor in it. We define 1° = 1.
[+1=2I ie.,I+...+I=nl and if ke K then k.I =kI, 0l = 0. We denote the
neutrosophic field by K(I) which is generated by K U1 that is K (I) = (KU 1)

Example 1.2.5
Let R be the field of reals. The neutrosophic field is generated by <Rul>

i.e. R(I) clearly R U (RUI).
Example 1.2.6
Let Q be the field of rationals. The neutrosophic field is generated by Q

and [ i.e. Q u I denoted by Q(I).
Definition 1.2.7

Let K(I) be a neutrosophic field we say K(I) is a prime neutrosophic field
if K(I) has no proper subfield which is a neutrosophic field.
Example 1.2.8

Q(I) is a prime neutrosophic field where as R(I) is not a prime eutrosophic
field for Q(I) W R {I).

It is very important to note that all neutrosophic fields are of

characteristic zero. Likewise we can define neutrosophic subfield.
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Definition 1.2.9

Let K(I) be a neutrosophic field, P K(I) is a neutrosophic subfield of P if
P itself is a neutrosophic field. K(I) will also be called as the extension
neutrosophic field of the neutrosophic field P.
Definition 1.2.10

Let M, = {(a,)a; € K(I)}, where K (I),is a neutrosophic field.We call

M to be the neutrosophic matrix.

n-m

Example 1.2.11
Let Q (I) = (Qu1) be the neutrosophic field.

0 1
M,,=|=2 4
-
is the neutrosophic matrix, with entries from rationals and the indeterminacy I.

Note 1.2.12

We define product of two neutrosophic matrices whenever the product is

defined as follows:

-1 2 -1
Let A =
301 0),

A1 2 4
and B=|1 1 0 2
S 2 31 -l »
-61+2 —-1+41 -2-3I |
AB :(
| =21 3+1 6 12+2] |, ,

(we use the fact I* =1).
Definition 1.2.13

Let A = A;UA, where A, and A, are two distinct neutrosophic matrices
with entries from a neutrosophic field. Then A = A; U A, is called the

neutrosophic bimatrix.
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Example 1.2.14

0 1 2 1
LetAN:{l 2}&){[ O}

A, i1s the 2x 2 neutrosophic bimatrix

Definition 1.2.15
If both Ajand A, are neutrosophic matrices we call A a neutrosophic
bimatrix. If only one of A, or A, is a neutrosophic matrix and other is not a
neutrosophic matrix then we all A = AU A, as the semi neutrosophic bimatrix.
(It is clear all neutrosophic bimatrices are trivially semi neutrosophic bimatrices).
Definition 1.2.16
It both A, and A, are m=n neutrosophic matrices then we call A=A, U A,
a mxn neutrosophic bimatrix or a rectangular neutrosophic bimatrix.
Example 1.2.17
|

[9%)
(%)
(O8]

Let Ay = Ul

2
I 0

B~

A, is the 3x 2 rectangular neutrosophic bimatrix.
Definition 1.2.18

If A=A, UA, be such that A, and A, are both nxn neutrosophic matrices
then we call A = A, UA, a square or a nxn neutrosophic bimatrix.

Example 1.2.19

2 0 301
Let A, = v
‘ 4 1 0 0

A 1s a square neutrosophic bimatrix.
Definition 1.2.20

If in the neutrosophic bimatrix A = A; A, both A, and A, are square
matrices but of different order say A, is a n<n matrix and A, a sxs matrix then we
call A = AjUA, a mixed neutrosophic square bimatrix. (Similarly one can

define mixed square semi neutrosophic bimatrix).
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Example 1.2.21

2 0
LetA\.Z{4 Ju

—_ O W
_— O

I
0
0 0

A is a mixed neutrosophic square bimatrix.

N

Example 1.2.22

301 -
LetANIOlul ,
0O 1 0

A 1s a mixed square semi neutrosophic bimatrix.

-
o -

Definition 1.2.23

Likewise in A = A, A, if both A, and A, are rectangular matrices say A,
is a mxn matrix and A, is a pxq matrix then we call A = A; A, a mixed
neutrosophic rectangular bimatrix. (If A = A, U A, is a semi neutrosophic
bimatrix then we call A the mixed rectangular semi neutrosophic bimatrix).

Example 1.2.24

31 1
LetA\,:[; " 7:lu

A, is a mixed neutrosophic rectangular bimatrix.

W B~ W =
)
— O N O

PU

Example 1.2.25

I 1 0
31 1 I 20
Let A, = A )
' 2 2 2 0 1 2
31 4

A is a mixed rectangular semi neutrosophic bimatrix.

N
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Definition 1.2.26

A bimatrix (weak neutrosophic bimatrix) M = M; M, is said to be a
square neutrosophic bimatrix (weak neutrosophic bimatrix) if both M, and M,
are square neutrosophic bimatrices of same order.

They are said to be mixed square bimatrices of M, and M, are square
matrices of different order .A neutrosophic bimatrix M = M, M, is said to be a
mxn rectangular neutrosophic bimatrix if both M, and M, are mxn
neutrosophic rectangular matrices.

A neutrosophic bimatrix M = M, M, is said to be a mixed rectangular
neutrosophic bimatrix if both M, and M, are rectangular neutrosophic matrices
of different orders.

A neutrosophic birow vector
M= (M M).M)YU(M M;,.M)), m' k=12
are reals with atleast one m,', and mfl to be [.

A neutrosophic column bivector

With atleast one a) and a; to be L.

Example 1.2.27
LetB=(1 061-11)u(-1 14011 -14 -2)isa neutrosophic row

bivector.
o] [1]
-1 |
| 4
C= U
2 0
3 2
_-4_ __5_

is a neutrosophic column bivector.
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B=(1106-11-9 u(l 2345 -3)isaweak neutrosophic row bivector.
3—‘
1

Cl

2
1
0
_5_

is a weak neutrosophic column bivector.
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SECTION 1.3
FUZZY BIMATRICES

Definition 1.3.1

A fuzzy matrix is a matrix with elements having values in the closed unit

interval [0,1].
Definition 1.3.2
LetR=[r,Jand S =[s;] be nxn fuzzy matrices.Then
(1) RvS=[gwv su],where X v Y =max{X,)Y}
(i) R A S=[r as;],where XAY =min{X.,Y}
(i) ROS= [r,Os;,where X @Y = {5 >3

(iv) RxS=[r, A s,_i]v [ty Asy)v o v(r, Asy)l Rx S can be written as RS.

in nj

[f Rx R = R, then R is called idempotent.
(v)  Denote R* =[r]k=2.3,.... .Then

n n n

= o, w (P

e AN Toe A oo AT
v W=l =l Ja=l i 2

(vi) RM'=RxR,k =1,2,3,....

(vii) R° =1, where I is the unit nx n matrix (all diagonal entries 1 and all
other 0)

(viii) R' (or) R'= [r;] (the transpose of R)

(x) AR=R'OGR', VR =RAR

(x)  R<Siff(r, <s;) forall ije {1.2,....n}.
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Definition 1.3.3

Let A=A, U A, where A, and A, are two distinct fuzzy matrices with
entries from the interval [0,1]. Then A = A} U A, is called the fuzzy bimatrix.
Example 1.3.4

0 .1 0 o W =l
Let A, =|.d 2 d]u 0 .1
3 2 .l 2 1 2

A, is the 3x 3 fuzzy bimatrix.

F
Definition 1.3.5

If both A, and A, are fuzzy matrices we call A a fuzzy bimatrix. If only
one of A, or A, is a fuzzy matrix and other is not a fuzzy matrix then we call
A =AU A, as the semi fuzzy bimatrix. (It is clear all fuzzy matrices are trivially
semi fuzzy matrices).
Definition 1.3.6
It both A and A, are mxn fuzzy matrices then we call A =A, UA; a

mxn fuzzy bimatrix or a rectangular fuzzy bimatrix.
Example 1.3.7

= 1 3 w7

Let A, =|1 2{ul1l 1

S 0 4 1

A, is the 3x 2 rectangular fuzzy bimatrix.

Definition 1.3.8
If A=A, A,issuch that A, and A, are both nxn fuzzy matrices then we

call A=A, U A, asquareora nxn fuzzy bimatrix.
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Example 1.3.9

2 0 31
Let A, = U
4 2 I 2

A, is square fuzzy bimatrix.
Definition 1.3.10
If in the fuzzy bimatrix A = A} A, both A, and A, are square matrices
but of different order say A, is a nxn matrix and A, a sxs matrix then we call
A = A;UA, a mixed fuzzy square bimatrix. (Similarly one can define mixed
square semi fuzzy bimatrix).

Example 1.3.11

I &
0
I

S = W
(=2 )

A, is mixed square fuzzy bimatrix.

Example 1.3.12

12
Let A, = 1 )
2

is mixed square semi fuzzy bimatrix.

S = Lo
S o =
— &)

A;
Definition 1.3.13

Likewise in A = A, UA, if both A, and A, are rectangular matrices say A,
is a mxn matrix and A, is a pxq matrix then we call A = A} U A, a mixed fuzzy

rectangular bimatrix. (If A = A, U A, is a semi fuzzy bimatrix then we call A

the mixed rectangular semi fuzzy bimatrix).
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Example 1.3.14

S 1 &5 1
LetAF=60 5 3u

W B~ W -
W — —
N O o O

A, is a mixed fuzzy rectangular bimatrix.

Example 1.3.15

31 1
LetAF=E 5 2}\)

W s W -

A, is a mixed rectangular semi fuzzy bimatrix.
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SECTION 1.4
INTERVAL BIMATRICES

Definition 1.4.1

Given matrices B = (bjj) and C = (cjj) of order n such that b;; <¢;;
i.j= 1.2, ....n. Then the interval matrix A, = [B, C] is defined by
Ar=B,Cl={A=(ay) | by S a5 =¢; 1 ]= L 2 ..., n}. (interval vectors
and matrices are vectors and matrices whose elements are interval numbers. The
superscript [ being used to indicate such a vector or matrix)

Example 1.4.2

Let A; = [B.C] where

and

All matrices D = (d;j)with
2=5dyx12,
7<d;, <20,
0<d, <15and
-5<dy;; <0

are in the interval matrix A, = [B.C]

Definition 1.4.3

Let [A, B] = [A,. B;]JU[A,. B5] where [A,.B,] and [A,, B,] interval
matrices defined on the same interval[a. b] or on different intervals [a;, b;] and [a,.
b,]. We call [A.B] = [A|. B;]U[A,. B,] to be the interval bimatrix defined on the

same interval [a. b] or on different intervals [a,. b;] U [a,.b,]; with no mathematical
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meaning attached to the symbol ‘U ;we say [A. B] is the interval bimatrix
defined on the bi-interval [a;. b;] U [a,, by] or on the bi-interval [a, b]u [a, b].

Definition 1.4.4

If both the interval matrices are mxn matrices then we say
[A, B]= [A|, B]U[A,, B;] is a mxn interval bimatrix; if m # n we say the
interval bimatrix is a rectangular interval bimatrix. If m =n, we call
[A, B] =[A. B;]U [A;, By] to be a square interval bimatrix defined on the
bi-interval [a, b] U [a. b] or[a;. b,] U [as, by].

If [A,. By] is a mxn rectangular interval matrix and [A,.B,] is a pxq
rectangular interval matrix then we call [A, B] = [A}, B|]U[A,. B,] to be a mixed
rectangular interval bimatrix defined on the bi-interval [a;, b;] U [as, bs].

If the interval bimatrix [A. B] = [A|. B;] U [A,. B,] is such that [A}, B|] is
a mxm square interval matrix and [A,, B,] is a pXp (p # m) square interval matrix
then we call [A. B] a mixed interval square bimatrix defined on the bi-interval
[a;.bl]uU[ay, by]. If one of the interval matrix in a interval bimatrix is a square
interval matrix and the other interval matrix [A,, B,] is a rectangular interval
matrix then we just call [A, B] the mixed interval bimatrix defined on the
bi-interval [a,, b;] U [a;, by].

Example 1.4.5

3 3 0 «l 0 1 2 -
Let[AB]=[0 1 0 2| uUl|2 0 0 I
1 0 10 0 -1 20

is a interval rectangular 3x4 bimatrix defined on the bi-interval

[a;. b;] U[a,, by] where [a,. by] = [a,, by] = [-R, R], R the reals.
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SECTION 1.5
FUZZY INTERVAL BIMATRICES

Definition 1.5.1

Let [A. B] be an interval matrix with entries from [0, 1] or [a, b] with
0 <a<b<1.[A, B]is called the fuzzy interval matrix defined on the interval
[a. b] or [0, 1]. If [A. B] contains only nxn fuzzy matrices then we call [A. B] the

fuzzy interval of fuzzy rectangular matrices.

Example 1.5.2
Let [A. B] be a interval of 2x2 fuzzy square matrices where
0 02
A=
{0.3 0.5}

and

[A. B] is the fuzzy interval 2x2 square matrix.

Example 1.5.3

Let [A, B] be an interval of 3x1 fuzzy rectangular matrix defined on the

fuzzy interval [0. 0.6] where

0
A= 1]0.1
0.2
and
0.5
B= 10.6
0.4
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Definition 1.5.4

Let [A,, B;] and [A,, B>] be any two interval fuzzy matrices detined on the
fuzzy intervals say [a;, b,] and [a,,by] respectively. Let [A, B] = [A, B)]U[A,.B3]
where “U’ is just a symbol used for notational convenience, then [A, B] contains
all fuzzy bimatrices of the form M, U M, where M, is the fuzzy matrix from the
fuzzy interval matrix [A,, B,] defined on the interval [a;. b,] and M, is the fuzzy
matrix from the fuzzy interval matrix [A,. B,] defined on the interval [a. b,],

M =M, U M, is a fuzzy bimatrix defined on the fuzzy bi-interval [a;. b|] U [a,.
b,] where M is called the fuzzy bimatrix of the fuzzy interval bimatrix [A, B].
(laj. by]w 0, 1] and [ay, bo] U [0, 1])
They are 5 types of fuzzy interval bimatrices, namely.
1. Fuzzy interval square bimatrices where both the fuzzy interval matrices will
contain only mxm fuzzy square matrices.
Example 1.5.5

Let [A. B] = [A}. B;] U[A,. B;] be a interval fuzzy bimatrices defined on
the fuzzy bi-interval [0.2, 1] U [0,0.7] where [A,, B] contains all 3x3 interval
fuzzy matrices defined on the fuzzy intervals [0.2, 1] [0, 1] and [A,. B,] contains
all 3x3 interval fuzzy matrices defined on the fuzzy interval
[0. 0.7] U0, 1].

We call [A, B] the interval fuzzy square 3x3 bimatrix defined on the
bi-interval [0.2, 1]U[0. 0.7]. Any element M in [A. B] will be of the form
M =M, M, where

02 0.7 1 0 0.7 02
M,=105 02 07| and |06 0 0 | =M..
1 03 04 0.5 06 O

2. Fuzzy interval rectangular bimatrices where both the fuzzy interval

matrices will contain pxq fuzzy rectangular matrices.
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Example 1.5.6

Let [A. B] =[A|. B;] U[A,. B,] be a interval fuzzy bimatrix defined on the
fuzzy bi-interval [0, 0.5]U[0.3,1]. [A}, By] is the set of all mxn interval fuzzy
matrices defined on the fuzzy interval [0, 0.5] and [A,, B,] is the set of all mxn
fuzzy interval matrices defined on the fuzzy [0.3, 1]. We call [A, B] the mxn
rectangular fuzzy interval bimatrix defined on the
bi-interval [0, 0.5] U [0.3, 1]. If we take m = 2 and n = 4. we would get the set of
all 2 x 4 rectangular fuzzy interval bimatrix defined on the bi-interval

[0, 0.5] U [0.3, 1]. Just any element M = M, U M, in [A. B] will be of the form
M:{ 0 0403 0 } g {0.3 . O.SJ
02 0 0.1 05 1 08 0.7 05

3. Fuzzy interval mixed square bimatrices where one of the fuzzy interval matrix

will be a mxm fuzzy square matrix where as the other will be a tx<t fuzzy square

matrix t # m.
Example 1.5.7

Let [A. B] = [A,. B|] U[A,. B,] be any fuzzy interval bimatrix defined on

the fuzzy bi-interval [a,, b;] U [a,.by]. To be more specific let [A}. B,] contain all
fuzzy interval 2x2 square fuzzy matrices with entries from the fuzzy interval
[0. 0.7] and [A,, B,] contains all fuzzy interval 5x5 square fuzzy matrices with
entries from the fuzzy interval [0.5, 1]. Thus any clement in the fuzzy interval
bimatrix [A, B] will be of the form M = M, UM, where

(05 06 1 1 0.7]
- 0.6 06 07 1 1
M, = | and I 1 1 06 08| = M,
0.7 0.5
09 1 1 08 1
08 06 07 1 09]

[§9)

4. Fuzzy interval mixed rectangular bimatrix will contain fuzzy interval mxn

rectangular matrices and pxq fuzzy interval rectangular matrices p # m and or

q+ n.
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Example 1.5.8

Let [A, B] = [A}, Bj]U[A,, B,] be a fuzzy interval bimatrix defined on the
fuzzy bi-interval [a;, b;] U [ay.by]. where [A}. B,] is the fuzzy interval rectangular
3x4 matrix defined on the fuzzy interval [0, 0.6] and [A,, B,] is the fuzzy interval
rectangular 6x2 matrix defined on the fuzzy interval [0.1. 1].

We call the fuzzy interval bimatrix [A. B] to be the fuzzy interval mixed
rectangular bimatrix defined on the bi-interval [0, 0.6] w [0.1. 1]. Any element M

in [A. B] will be of the form

03 |
0 01 02 0 I

I
M= (0.1 0 04 052]| and 0.9 = M, u M,,

0.3
06 03 0 0.35I
0.6 0.2

08 |

both the fuzzy interval matrices are rectangular fuzzy matrices.
5. The fuzzy interval mixed bimatrices will contain both fuzzy interval square
matrices and fuzzy interval rectangular matrices.

Example 1.5.9

Let [A, B] =[A|. B|] U [A,. B,] be a fuzzy interval mixed bimatrix defined
on the fuzzy bi-interval [a;, b;]U[as, by]. To be more specific where [A}, B
contains the collection of 4x4 fuzzy interval matrix with entries from [0.6.1] and
[A,., B;] contains all 1x5 fuzzy interval matrix with entries from [0, 0.7]. Any
element M in the fuzzy interval bimatrix which we defined as the mixed fuzzy
interval bimatrix will be of the form M = M, , M, where

06 1 1 1
| 05 06 07

Miu M= U [0 0.1 07 0 05].
08 08 1 06

09 1 09 1
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SECTION 1.6
NEUTROSOPHIC INTERVAL BIMATRICES

Definition 1.6.1

Let A = (a;;) and B = (bjj) be two mxn neutrosophic matrices with entries

from the neutrosophic rational field <Q ul). [A, B] will be called the

neutrosophic interval matrices. where if C = (¢;) is any other mx<n neutrosophic
matrix with (a;;) < (c;;) < (b;j) then we say C = (¢;)) U [A. B] i.e. the matrix

C =(¢;jj) is a matrix of the neutrosophic interval matrix [A, BJ.

Example 1.6.2

Let [A, B] be a neutrosophic interval 3%2 matrices, where

[2+51 0
A= 5 7-1
8 819
and
[10+4 12
B=| 10 91+20|.
18 10147
Now
9I+5 8
C=14+21 6-
12 3I+1

belongs to the neutrosophic interval of matrices [A. B] for we see

(ajj) = (cjj) = (bjj); suppose

211 45
D=] 0 8I+25
70 241+48

be any 3x2 neutrosophic matrix. Clearly D does not belong to the interval of
neutrosophic matrices. [A. B].
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Definition 1.6.3
We say a neutrosophic matrix A to be a fuzzy neutrosophic matrix if the
entries of A are from [a + bl, ¢+ dI] where a, b, ¢, dU [0, 1].

Example 1.6.4

0.2+  0.7+11
Let A=11+0.1 0.2+0.31
1+ 0

Clearly A is a fuzzy neutrosophic matrix defined on the interval [0, [+]].
Definition 1.6.5

[A. B] will be called as the fuzzy neutrosophic interval matrices if each
of A and B are mxn fuzzy neutrosophic matrix and (aj;) < (b;j) where A = (a;;) and
B=(bj). ajj, bjju[a+bl, c + dI] witha,b,c,duU[0,1],1 <i<m and 1<j<n.
If m = n then we see the fuzzy neutrosophic interval matrix is a fuzzy
neutrosophic interval square matrix. If m # n, then we call [A, B] the fuzzy
neutrosophic interval rectangular matrix.

We say a fuzzy neutrosophic matrix C = (¢;j) U [A, B] where A = (a;) and
B = (by) if and only if a;; < ¢jj < b, 1 <i.j <n. If [A, B] is a fuzzy neutrosophic
interval of square matrix if A =(a;;) and B = (bjj) are pxp square fuzzy neutrosophic
matrices.
Example 1.6.6

Let [A. B] be a fuzzy neutrosophic 3x2 interval matrix where

0.5+] 0.21
A=1 031 0.4+0.31
I 0
and
0.9+ 0.8
B= | 0.7+1 |.
1+] 0

The minimal element is 0 and maximal element is 1 + I.
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Definition 1.6.7

Let [A), B)] and [A,, B,] be two neutrosophic interval matrices. The
neutrosophic interval bimatrix [A, B] = [A, B]U[A,, B,] is defined to be the
collection of all neutrosophic bimatrices M = M; M, where M, is the
neutrosophic matrix from the neutrosophic interval matrix [A;, B,] and M, is the
neutrosophic matrix from the neutrosophic interval matrix [A,, B,]. If both the
matrices M,and M, are nxn square matrices then we call [A, B] to be the
neutrosophic interval square bimatrix.

If both the neutrosophic interval matrices [A,.B;] and [A,.B;] are
rectangular nxm neutrosophic interval matrices then we call [A.B] the
neutrosophic interval rectangular bimatrix. If one of [A;, B,] is a neutrosophic
interval square matrix and [A,.B,] is a neutrosophic interval rectangular matrix.
then [A. B] =[A,.B;]U[A,.B;] will be defined as the neutrosophic interval
mixed bimatrix.

[f one of |[A,. B,] is a neutrosophic interval of nxn square matrix and
[A,. B;] is a neutrosophic interval of pxp square matrix p # n then we call
[A. B] = [A|. B;]U[A>. B,] to be a neutrosophic interval of mixed square
bimatrices.

If one of [A,. B,] is a neutrosophic interval of rectangular matrix say mxn
(m # n) and [A,., B,] is a neutrosophic interval pxq (p # q. p # m) rectangular
matrix. Then we call [A, B] = [A|, B|]U[A,, B;] to be the neutrosophic interval
of mixed rectangular bimatrices.

Example 1.6.8

Let [A. B] = [A). B;] U [A;. By] where [A,, B,] is a 2x2 neutrosophic
interval of square matrices and [A,, B,] be the neutrosophic interval of 4x]
rectangular matrices. Thus [A. B] is a neutrosophic interval of mixed bimatrices.
Any element M in [A. B] = [A,, B|] U[A,. B,] will be of the form
M= M, M, where
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21 0
M] =
2+41 541

M, = [20, 25 + 141, 0, 5 + I].

and

Example 1.6.9

Let [A. B] = [A,. B;] U[A,, B,] where [A,, B,] is the neutrosophic interval
of 3x5 rectangular matrices and [A,, B;] is the neutrosophic interval of 4x2
rectangular matrices. Then [A, B] is the neutrosophic interval of mixed
rectangular bimatrices. Any element M in [A, B] will be a mixed rectangular
neutrosophic bimatrix where M = M, U M,, with

0O I+ 7+ 21 5
M, =131 1+ 8+51 4 3-5| u [A}, B|]
3

< U 71 -
and
21
3+1 4
Mz = & [Ag. Bg]
SI+2 71
20 3145

We give yet another example of a neutrosophic interval of rectangular bimatrix.
Definition 1.6.10

Let [A. B] = [A. Bj]U[A,. B,] where [A}.B] and [A,, B,| are fuzzy
neutrosophic interval matrices, where A| = (al'J) 5 By = b:}i) A= (afl ) and
B, = (b)) . the minimal elements in A; = (a;) will be the least element of the
entries in the fuzzy neutrosophic interval matrices [Ai, Bi] and the maximal
clements of B; = (b};) will be the greatest element of fuzzy neutrosophic interval

matrices [A;, Bi],1=1, 2.
Thus [A, B] will contain elements M = M, , M, which are
fuzzy neutrosophic bimatrices with M, [A,. B|] and My, [A,.B,]. [A. B] is

called the fuzzy neutrosophic interval bimatrix.
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Example 1.6.11
Let [A, B] = [A}. B;] U[A,. Bs] be a fuzzy neutrosophic interval bimatrix
where [A}, B] is the fuzzy neutrosophic interval of 2x3 matrices and [A,, B,] is a

fuzzy neutrosophic interval of 2x2 matrices

(0.1 02 0
A1:
L 0 031 0.1

and

1 109
B] =
10.8 091 1

where 0 is the real minimum and 0.1 is the neutrosophic minimum and 1 is the real

maximum and [ is the neutrosophic maximum.

Here
0 0.21
A2 =
0.31 0.1
and
0.91 0.8
Bz - .
031 0.7

Here 0 is the real minimum, 0.7 is the real maximum and 0.21 is the neutrosophic
minimum and 0.91 is the neutrosophic maximum. [A, B] = [A|. B;] U [A,. By] is
the fuzzy neutrosophic interval bimatrix we call this fuzzy neutrosophic interval
bimatrix to be a mixed fuzzy neutrosophic interval bimatrix or fuzzy

neutrosophic interval mixed bimatrix.
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