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INTRODUCTION 

In 1998, Schein, B.M. [32] considered systems of the form ,\),,( oΦ  where Φ  is a 

set of functions closed under the composition ""o  of functions (and hence );( oΦ  is a 

function semigroup) and the set theoretic subtraction "\"  (and hence ;\)(Φ  is a 

subtraction algebra in the sense of Abbott, J.C. [1]). He proved that every subtraction 

semigroup is isomorphic to a difference semigroup of invertible functions. In 1995, 

Zelinka, B. [35] discussed a problem proposed by Schein, B.M. concerning the structure 

of multiplication in a subtraction semigroup. He solved the problem for subtraction 

algebras of a special type, called the atomic subtraction algebras. 

 The aim of our thesis is to discuss a few interesting articles on subtraction 

algebras. The following articles are chosen for our discussion.  

(1) “Ideal theory of subtraction algebras” by Jun, Y.B., Kim, H.S. and Roh, E.H. [17] 

(2) “Prime and irreducible ideals in subtraction algebras” by Jun, Y.B. and   

       Kim, K.H. [15] 

(3) “Quotient subtraction algebras” by Çeven, Y., and Küçükkoç, Ş., [6] 

(4) “Homomorphism theorems in subtraction algebra” by Öztürk, M.A. and                    

Hasret Yazarli [27] 

(5) “Subtraction algebras with pseudo-valuations ” by Kim, K.H. and Yon, Y.H. [22] 

(6) “On derivations of subtraction algebras” by Yon, Y.H and Kim, K.H. [34] 

(7) “A note on multipliers of subtraction algebras” by Sang Deok Lee and                   

Kim, K.H. [30] 

(8) “States on subtraction algebras” by Sang Moon Lee and Kim, K.H. [31] 

This thesis is divided into four chapters.   

In the First chapter, Preliminary definitions and properties of subtraction algebras are 

presented.  Also this chapter deals with the study of Ideals, Prime and Irreducible ideals 

in subtraction algebras due to Jun, Y.B. et al. [14, 15] 

 



 

In this chapter, the following important results are discussed. 

(1) If A  be an ideal of a subtraction algebra ,X  then the set  

XwAwxXxAw ∈∈−∈= },{  

      is the least ideal of X containing A  and .w  

(2) Let A  be an ideal of subtraction algebra .X  Then the following are equivalent. 

      1. A  is a prime ideal. 

      2. A  is a maximal ideal. 

      3. Ayx ∈−  or Axy ∈−  for all ., Xyx ∈  

(3) Let A  be an ideal of a subtraction algebra X  and let .\ AXw∈  Then there exists   

      an irreducible ideal M  of  X  such that MA ⊂  and .Mw∉     

 Chapter-II deals with the study of Quotient subtraction algebras and Pseudo-

valuations of subtraction algebras due to Kim, K.H. and Yon, Y.H. [22]. 

 In this chapter, the following interesting results are discussed. 

(1) If I  and J  be any two ideals of subtraction algebra of X  and ,JI ⊂  then the 

following conditions are satisfied: 

(a) I  is an ideal of subalgebra J  

(b) IJ /  is an ideal of quotient algebra of ./ IX  

(2) If J  is an ideal of quotient subtraction algebra of ,/ IX  then )(1
Jf

−  is an ideal of X  

and ).(1
JfI

−⊆  

(3) Let a real-valued function ϕ  be a pseudo-valuation on a subtraction algebra .X  Then 

the set  

}0)(/{ =∈= xXxI ϕ  

      is an ideal of .X  



 

(4) Let X  be a subtraction algebra. If →X:ϕ R is a valuation on ,X then ),( ϕdX  is a 

metric space.     

 Chapter-III is devoted to the study of derivation of subtraction algebras due to 

Yon, Y.H. and Kim, K.H. [34]. 

In this chapter, the following important results are discussed. 

 

(1) Every simple derivation is a derivation and every derivation can be partially a simple 

derivation on intervals. 

(2) For any derivation d  of a subtraction algebra ,X  )ker(d  and )Im(d  are ideals of ,X

and )Im()ker(/ ddX ≅  and ).ker()Im(/ ddX ≅   

(3) Every subtraction algebra X  is embedded in )ker()Im( dd ×  for any derivation d  of 

.X   

 

 Chapter-IV deals with the study of multipliers of subtraction algebras due to                      

Sang Deok Lee and Kim, K.H. [30] and States on subtraction algebras due to             

Sang Moon Lee and Kim, K.H. [31]. 

 

              In this chapter, the following important results are discussed. 

 

(1) The image and inverse image of a normal ideal of a subtraction algebra are normal         

ideals. 

(2) The normal ideals of direct products of subtraction algebras are characterized. 

(3) Interconnections between multipliers and weak congruence’s are obtained. 

(4) Kernel of a Bosbach state on a subtraction algebra X  is an ideal of .X  

(5) Let YXf →:  be a bijection homomorphism and ]1,0[: →Xs  be a Bosbach state on 

.X  Then there exists an unique Bosbach state ]1,0[: →Yt  such that .fts o=  
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REVIEW OF LITERATURE 

In 1998, Schein, B.M. [32] considered systems of the form ,\),,( oΦ  where Φ  is a 

set of functions closed under the composition ""o  of functions (and hence );( oΦ  is a 

function semigroup) and the set theoretic subtraction "\"  (and hence ;\)(Φ  is a 

subtraction algebra in the sense of Abbott, J.C. [1]). He proved that every subtraction 

semigroup is isomorphic to a difference semigroup of invertible functions. In 1995, 

Zelinka, B. [35] discussed a problem proposed by Schein, B.M. concerning the structure 

of multiplication in a subtraction semigroup. He solved the problem for subtraction 

algebras of a special type, called the atomic subtraction algebras. In 2004, Jun, Y.B., 

Kim, H.S. and Roh, E.H. [17] introduced the notion of ideal in subtraction algebras and 

discussed characterization of ideals. In 2006, Jun, Y.B. and Kim, H.S. [14] established 

the ideal generated by a set, and discussed related results. In 2009, Ceven, Y. and   

Ozturk, M.A. [7] introduced some additional concepts on subtraction algebras, so called 

subalgebra, bounded subtraction algebra and union of subtraction algebras and 

investigated some related properties. In 2011, Çeven, Y. and Küçükkoç, Ş. [6] introduced 

quotient subtraction algebras, and investigated some properties.      

 Several other authors have also contributed to the study of the concepts mentioned 

above. We give here a brief survey of some of the articles published on subtraction 

algebras. 

 

(1) Subtraction algebras and BCK-Algebras    

       Kim, Y.H. and Kim, H.S. (2003) [20] 

In this article, the authors showed that a subtraction algebra is equivalent to an 

implicative BCK-algebra, and a subtraction semigroup is a special case of a BCI-

semigroup. 

 

 

 



 

(2) A Relation on subtraction algebras  

      Ahn, S.S., Kim, Y.H. and Lee, K.J. (e-2006) [3]  

As a generalization of a subtraction homomorphism, the notion of a relation on 

subtraction algebras, called an SA-relation, is introduced. 

 

(3) Vague ideals of subtraction algebra           

      Jun, Y.B. and Park, C.H. (2007) [18] 

   The notion of vague ideals in subtraction algebras is introduced by the authors 

and several properties are investigated. 

 

(4) Subtraction algebras with additional conditions 

      Jun, Y.B., Kim, Y.H. and Oh, K.A. (2007) [16]  

Subtraction algebras with additional conditions, so called complicated subtraction 

algebras, are introduced, and several properties are investigated. In a complicated 

subtraction algebra, characterizations of ideals are provided, and showed that the set of 

all ideals in a complicated subtraction algebra is a complete lattice. 

 

(5) Fuzzy ideals of subtraction algebras 

      Kim, Y.H., Oh, K.A. and Roh, E.H. (2007) [21] 

In this paper, the authors defined the concept of a fuzzy ideal of a subtraction 

algebra and studied characterizations of a fuzzy ideal. The authors gave some conditions 

to show that a fuzzy set in a subtraction algebra is a fuzzy ideal of a subtraction algebra. 

The authors investigated the generalization of some properties of a fuzzy ideal of a 

subtraction algebra. 

 

 



 

(6) Some questions on fuzzifications of ideals in subtraction algebras 

       Lee, K.J. and Park, C.H. (2007) [24] 

In this paper, the authors introduced the notion of a fuzzy ideal in subtraction 

algebras, and gave some conditions for a fuzzy set to be a fuzzy ideal in subtraction 

algebras. The author also pose three questions on fuzzy ideals of subtraction algebras. 

 

(7) A Note on complicated subtraction algebras 

       Roh, E.H. (2007) [29] 

 The author provided characterizations of complicated in a subtraction algebra, and 

the author showed that the complicated subtraction algebra is a ring. 

 

(8) Some topological properties in subtraction algebras 

       Ahn, S.S., Kim, Y.H. and Oh, K.A. (2008) [4] 

 In this paper, the authors showed that how certain topologies associated with 

ideals of subtraction algebras on subtraction algebras. The authors showed subtraction 

algebras to be topological subtraction algebras with respect to these topologies. 

Furthermore, the authors showed that how certain standard properties may arise. In 

addition, the authors demonstrate that it is natural for these topologies to have many 

clopen sets and thus to be highly disconnected via the ideal theory of subtraction 

algebras.    

 

(9) Order systems, ideals and right fixed maps of subtraction algebras 

      Jun, Y.B., Park, C.H. and Roh, E.H. (2008) [19] 

 

Conditions for an ideal to be irreducible are provided. The notion of an order 

system in a subtraction algebra is introduced, and related properties are investigated. 

Relations between ideals and order systems are given. The concept of a fixed map in a 

subtraction algebra is discussed, and related properties are investigated. 



 

(10) Fuzzy ideals in near-subtraction semigroups  

        Prince Williams, D.R. (2008) [28] 

 In this article, the author introduced a notion of fuzzy ideals in near-subtraction 

semigroups and the author studied their related properties. 

 

(11) Subdirect sum of subtraction algebras 

        Seon Yu Kim, Kang Eun Park and Roh, E.H. (2009) [33] 

  Subdirect sum of subtraction algebras are introduced by the authors and related 

properties are investigated. 

 

(12) Some results on subtraction algebras 

        Çeven, Y. and Öztürk, M.A. (2009) [7] 

  In this article, some additional concepts relating to subtraction algebras, the so 

called subalgebra, bounded subtraction algebra and unions of subtraction algebras, are 

introduced, and some properties are investigated by the authors. 

 

(13) On prime and fuzzy prime ideals of a subtraction algebra 

        Dheena, P. and Mohanraaj, G. (2009) [8] 

  In this paper, the authors introduced the notion of m-system, fuzzy ideal, fuzzy 

prime ideal and fuzzy m-system in a subtraction algebra. The authors have shown that an 

ideal in a subtraction algebra X  is prime iff its complement is a m-system. The authors 

have also shown that in a subtraction algebra ,X  for any ideal A  which does not 

intersect a m-system ,M  then there exists a prime ideal P  containing A  that does not 

intersect .M  The authors have also shown that a fuzzy ideal is fuzzy prime iff its image 

contains two elements and its level sets are prime ideals.   

 

 



 

(14) Interval valued intuitionistic ),( ∗∗ TS -fuzzy ideals of subtraction algebras 

       Jong Geol Lee, Kim, K.H. (2009) [11] 

  The authors introduced the notion of interval-valued fuzzy bi-ideals with respect 

to t-norm ∗T  and s-norm ∗S  and they investigated some of the properties. Also, the 

homomorphism image and inverse image are investigated. 

 

(15) Derivations on subtraction algebras 

        Öztürk, M.A. and Çeven, Y., (2009) [26] 

    In this paper, the authors introduced the notions of a derivation and a generalized 

derivation determined by a derivation for a complicated subtraction algebra. The authors 

gave some related properties and equivalent conditions which derivations hold. 

 

(16) N -ideals of subtraction algebras  

        Jun, Y.B., Jacob Kavikumar, and Keum Sook So (2010) [13] 

  Using N-structures, the notion of an N-ideal in a subtraction algebra is 

introduced. Characterizations of an N-ideals are discussed by the authors and conditions 

for an N-structure to be an N-ideal are provided. The description of a created N-ideal is 

established.  

 

(17) On f-derivations of complicated subtraction algebras 

        Jong Geol Lee, Kim, H.J. and Kim, K.H. (2011) [12] 

  In this article, the authors introduced the notion of f-derivation of subtraction 

algebra, which is a generalization of derivation in complicated subtraction algebras, and 

to study some properties of f-derivation of complicated subtraction algebras. 

 

 



 

(18) On fuzzy ideals in near-subtraction ordered semigroups 

       Lekkoksung, S. (2012) [25] 

  In this article, some properties of fuzzy ideal in near-subtraction ordered 

semigroup have been investigated. 
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CHAPTER I 

IDEAL THEORY OF SUBTRACTION ALGEBRAS 

SECTION: 1.1 

PRELIMINARIES ON SUBTRACTION ALGEBRAS 

Definition: 1.1.1 [9] 

A BCI-algebra )0,,( ∗X  is a non-empty set X  with a constant 0 and a binary 

operation ∗  satisfying the following axioms for all Xzyx ∈,, : 

(BCI-1) 0)())()(( =∗∗∗∗∗ yzzxyx  

(BCI-2) 0))(( =∗∗∗ yyxx  

(BCI-3) 0=∗ xx  

(BCI-4) 0=∗ yx  and yxxy =⇒=∗ 0  

Definition: 1.1.2 [10] 

 A BCI-algebra )0,,( ∗X  is called a BCK-algebra if (BCK-1) 00 =∗ x  for all   

.Xx ∈  

Note: In BCI/BCK-algebra, define a partial ordering ""≤  on X  by yx ≤  iff .0=∗ yx  

Lemma: 1.1.3 

 In any BCI-algebra ,X  we have 

(1)  ,0 xx =∗  

(2) ,)()( yzxzyx ∗∗=∗∗  

(3)  yx ≤  imply zyzx ∗≤∗  and ,xzyz ∗≤∗  

(4) yxzyzx ∗≤∗∗∗ )()(  for any .,, Xzyx ∈    

Proof: Obvious 



 

Definition: 1.1.4 [17] 

A subtraction algebra is defined as an algebra );( −X  (briefly X ) with a single 

binary operation ""−  that satisfies the following identities: for any ,,, Xzyx ∈    

(S1) xxyx =−− )( ; 

(S2) )()( xyyyxx −−=−− ;   

(S3) yzxzyx −−=−− )()( . 

Definition: 1.1.5 

  A non-empty subset S of a subtraction algebra X  is called a subalgebra if 

Syx ∈−  ., Syx ∈∀  

Note: 1 

 The last identity permits us to omit parentheses in expressions of the form 

.)( zyx −−  

Note: 2  

  The subtraction determines an order relation on X : ,0=−⇔≤ baba  where       

aa −=0  is an element that does not depend on the choice of .Xa ∈  

Note: 3 

(1) Semilattice [1,2] 

A semilattice is a nonempty set with a single binary operation which satisfies an 

idempotent, commutative and associative laws. 

(2)  Boolean algebra [2] 

A Boolean algebra ],0,',,,[ IAB ∨∧=  is a set A  with two binary operations 

),,( ∨∧  two universal bounds ),,0( I  and one unary operation '.   

       The ordered set );( ≤X  is a semi-Boolean algebra. That is, it is a meet semilattice       

)( esemilattic−∧  with zero 0 in which every interval ],0[ a  is a Boolean algebra with 

respect to the induced order. Here ).( baaba −−=∧  The complement of an element 

],0[ ab ∈  is ,ba −  and if ],,0[, acb ∈  then 



 

 

))()(()'''( cabaacbcb −∧−−=∧=∨  

                                                  ))).()(()(( cababaa −−−−−−=  

Proposition: 1.1.6 

 In subtraction algebra ),;( −X  the following are true: 

(P1) .)( yxyyx −=−−  

(P2) xx =− 0  and .00 =− x  

(P3) .0)( =−− xyx  

(P4) .)( yyxx ≤−−  

(P5) .)()( yxxyyx −=−−−  

(P6) .))(( yxyxxx −=−−−  

(P7) .)()( zxyzyx −≤−−−  

Proof: Obvious 

Proposition: 1.1.7 [17]  

 In a subtraction algebra ),;( −X  we have  

(P8) yx ≤  iff wyx −=  for some .Xw∈    

(P9) yx ≤ implies zyzx −≤−  and xzyz −≤−  for all .Xz ∈    

(P10) zyx ≤,  implies ).( yzxyx −∧=−    

Proof: Let );( −X be a subtraction algebra. 



 

To prove: (P8) If ,yx ≤ then by taking xyw −=  we have        

.)()(0 wyxyyyxxxx −=−−=−−=−=                                                          

Conversely, if wyx −=  for some ,Xw∈  then 

.00)()( =−=−−=−−=− wwyyywyyx  This implies, .yx ≤  

To prove: (P9) If ,yx ≤ then wyx −=  for some .Xw∈                                             

Hence ,)()( wzyzwyzx −−=−−=−  and so, zyzx −≤−  by (P8).                                       

Next if ,yx ≤  then .0=− yx Thus 

 yzxxyxzzxzyz −−−=−−−=−−− ))(())(()()(   

                                )()( zxyx −−−= .0)(0 =−−= zx    

That is, .xzyz −≤−     

To prove: (P10) If ,zx ≤  then yzyx −≤−  by (P9).                                                        

But ,xyx ≤−  and thus ).( yzxyx −∧≤−  Let ).( yzxw −∧=                                         

Then ,xw ≤  and so ).( wxxwxw −−=∧=                                                                     

Also, .0)()())(()()( =−−−=−−−−=−∧ yzyzyyzyzyzy                                     

Hence, .0)()( =−∧∧=∧=−− yzyxwyyww                                                         

Therefore, )()0()( yxwyxw −−−=−− )()))((( yxywww −−−−−=   

                                    )()( yxyw −−−= )()))((( yxywxx −−−−−=  

                                                   )())()(( yxwxyx −−−−−= )())()(( wxyxyx −−−−−=  

                                                   0)(0 =−−= wx  

and thus ).()( yxwyzx −≤=−∧  Consequently, ).( yzxyx −∧=−  

Proposition: 1.1.8 [15, 23] 

  Let );( −X  be a subtraction algebra. Then for all ,,, Xzyx ∈  

 (P11) )()()( zyxzxyx −∧≤∧−∧  



 

 (P12) )()()( zyzxzyx −−−=−−  

Proof: Let );( −X  be a subtraction algebra. 

To prove: (P11) For any ,,, Xzyx ∈  we have  

zyyxzxzxxyxxzxyx −≤−−−≤−−−−−=∧−∧ )()())(())(()()(                     (1) 

On the other hand, xyxzxyx ≤∧≤∧−∧ )()(                                                           (2) 

Combining (1) and (2), we have )()()( zyxzxyx −∧≤∧−∧  

To prove: (P12) For any ,,, Xzyx ∈  we have 

))(())())((())(())()(( zyxzyzzxzyxzyzx −−−−−−−=−−−−−−  by (P1) 

                                                   ))(())(( zyxyzx −−−−−≤  by (P7) 

                                                   ))(())(( zyxzyx −−−−−=  by (S3) 

                                                   ,0=  

and so .0))(())()(( =−−−−−− zyxzyzx   

That is, .)()()( zyxzyzx −−≤−−−                                                                           (3) 

Using (S3), (P3) and (P7), we get 

))()(())(())()(())(( zyzxyzxzyzxzyx −−−−−−=−−−−−−  

                                                   ,0)( =−−≤ yzy   

and therefore, .0))()(())(( =−−−−−− zyzxzyx  

That is, ).()()( zyzxzyx −−−≤−−                                                                           (4) 

By (3) and (4), we get ).()()( zyzxzyx −−−=−−  

 



 

Proposition: 1.1.9  

Let X  be a subtraction algebra and let ., Xyx ∈ If Xw ∈  is an upper bound for x  and 

,y  then the element         

                                         ))(( xywwyx −−−=∨                                                                                                                              

is a least upper bound for x  and .y  

Proof: Let Xw∈  be an upper bound for x  and .y                                                          

Since ,wyw ≤−  it follows from    Proposition 1.1.7 (P10) that 

xwxwywxyw −≤−∧−=−− )()()(  which implies from Proposition 1.1.7 (P9) that 

).)(()( xywwxwwwxx −−−≤−−=∧=                                                                                   

Similarly, ).)(())(( xywwyxwwy −−−=−−−≤                                                       

Hence ))(( xyww −−−  is an upper bound for x  and y .                                                 

Let a  be any other upper bound for x  and .y                                                                  

Using Proposition 1.1.7 (P9), we have                                                                    

ywaw −≤−  and .xwaw −≤−                                                                                           

It follows that ).()( xwywaw −∧−≤−                                                                      

Applying Proposition 1.1.7 (P9) again, we get

.)())()(())(( aawwxwywwxyww ≤−−≤−∧−−=−−−                                     

Therefore, ))(( xywwyx −−−=∨  is a least upper bound for x  and .y  

 

  

 

   

 

                    

 



 

SECTION: 1.2  

IDEALS ON SUBTRACTION ALGEBRAS  

Definition: 1.2.1 (Jun et al. [17]) 

 A non-empty subset A of a subtraction algebra X  is called an ideal of X  if it 

satisfies 

(SI1) A∈0  

(SI2) Ay ∈  and Ayx ∈−  imply Ax ∈  for all ., Xyx ∈  

Note: Any ideal of a subtraction algebra X  is a subalgebra of .X    

Theorem: 1.2.2  

Let A  be a non-empty subset of a subtraction algebra .X  Then A  is an ideal of X  iff it 

satisfies: 

“for any ,, Aba ∈  bax ≤−  implies Ax ∈ ”. 

Proof: Assume that A is an ideal of X  and let ., Aba ∈                                                     

If ,bax ≤−  then ,0)( Abax ∈=−−  and so Ax ∈  by (SI2).                                                                  

Conversely suppose that A  satisfies the condition that for any ,, Aba ∈  

.Axbax ∈⇒≤−  Since A is non-empty, we can take ,Aa ∈  and then .00 aa ≤=−                                                                                          

This implies A∈0                                                                                                             (1) 

Let Xyx ∈,  be such that Ay ∈  and .Ayx ∈−  Since ,)( yyxx ≤−−                              

we obtain Ax ∈                                                                                                                 (2) 

By (1) and (2), we get A  is an ideal of .X  

Lemma: 1.2.3 [15] 

  Let A  be an ideal of a subtraction algebra .X  If yx ≤  and .Ay ∈  Then .Ax ∈       

Proof: Obvious 



 

Lemma: 1.2.4 [31] 

 Let X  be a subtraction algebra and A  a non-empty subset of .X  Then A  is an 

ideal of X  iff it satisfies the following properties: 

(1) Ax ∈  and Ayxy ∈⇒≤     

(2) If Ayx ∈,  and yx ∨  exists, then .Ayx ∈∨  

Theorem: 1.2.5 

 If A  be an ideal of a subtraction algebra ,X  then the set  

XwAwxXxAw ∈∈−∈= },{  

is the least ideal of X containing A  and .w  

Proof: Let A  be an ideal of a subtraction algebra .X Let .Xw∈ Since ,00 Aw ∈=−  we   

have wA∈0 . Let Xyx ∈,  be such that wAy ∈  and .wAyx ∈−                                      

Then Awy ∈−  and .)( Awyx ∈−−  It follows from (P12) that 

                                  Awyxwywx ∈−−=−−− )()()(                                                                                       

So from (SI2) that ,Awx ∈−  that is, .wAx ∈                                                                

Hence wA  is an ideal of X . Obviously wA contains A  and .w                                                                                         

Let B  be an ideal of X  containing A  and .w                                                                      

If ,wAx ∈  then ,BAwx ⊆∈−  and hence Bx ∈  by (SI2). Thus ,BAw ⊆  and 

consequently wA  is the least ideal of X  containing A  and .w  

Theorem: 1.2.6 

 Let X  be a subtraction algebra. For ,, Xvu ∈  the set  

}0)({),( =−−∈= vuxXxvuX  

is an ideal of ,X  and ).,(, vuXvu ∈  



 

Proof: Let X  be a subtraction algebra.  

Obviously }.0)({),(,,0 =−−∈=∈ vuxXxvuXvu                                                          

Let Xyx ∈,  be such that ),( vuXy ∈  and ).,( vuXyx ∈−                                             

Then 0)( =−− vuy  and  .0))(( =−−− vuyx  It follows from (P2) and (P12) that 

vuyuxvuyx −−−−=−−−= ))()(())((0  

  ))(())(( vuyvux −−−−−=  

  vuxvux −−=−−−= )(0))((             

so that ).,( vuXx ∈  Hence ),( vuX  is an ideal of .X       

Lemma: 1.2.7                   

 Every ideal A  of a subtraction algebra X  contains the ideal ),( baX  for all 

., Aba ∈  

Proof: Let ).,( baXx ∈  Then ,0)( Abax ∈=−−  and hence .Ax ∈                                       

This shows that AbaX ⊆),(  for all ., Aba ∈       

Theorem: 1.2.8 

 Every ideal A  of a subtraction algebra X  can be represented as the union of 

ideals of the form ),( baX  for all ,, Aba ∈  that is, .),(
,
U

Aba

baXA
∈

=  

Proof: Let A  be an ideal of X  and .Ax ∈  Since ),0,(xXx ∈  we have     

.),()0,(
,
UU

AbaAx

baXxXA
∈∈

⊆⊆                                                                                                         

Now let .),(
,
U

Aba

baXx
∈

∈  Then there exist Avu ∈,  such that ).,( vuXx ∈                                  

It follows from Lemma 1.2.7 that Ax ∈  so that .),(
,

AbaX
Aba

⊆
∈

U                                                                

This completes the proof. 



 

 SECTION: 1.3 

PRIME AND IRREDUCIBLE IDEALS IN SUBTRACTION ALGEBRAS 

Theorem: 1.3.1 

 Let A  be an ideal of a subtraction algebra .X  For any ,Xw∈  the set 

}{ AxwXxAw ∈∧∈=∧  

is an ideal of X  containing .A  

Proof: Since ,0)0(0 Awwwww ∈=−=−−=∧  we have .0 ∧
∈ wA                                           

Let Xyx ∈,  be such that ∧∈ wAy  and .∧∈− wAyx  Then Ayw ∈∧  and .)( Ayxw ∈−∧  

Since )()()( yxwywxw −∧≤∧−∧  by (P11), it follows from Lemma 1.2.3 and (SI2) 

that .Axw ∈∧  That is, .∧∈ wAx  Hence ∧

wA  is an ideal of .X                                          

Now let .Ax ∈  Since xxw ≤∧  by (P4), we have Axw ∈∧  by Lemma 1.2.3.     

Therefore ,∧
∈ wAx  and so .∧

⊆ wAA  This completes the proof. 

Theorem: 1.3.2  

 Let A  be a non-empty subset of a subtraction algebra X  such that 

(1) Ax ∈  and xy ≤  imply .Ay ∈  

(2)For ,, Ayx ∈  there exist Az ∈  such that zx ≤  and .zy ≤  

Then A  is an ideal of .X  

Proof: Since A  is non-empty, we have A∈0  by (1) and (P2). Let Xyx ∈,  be such that 

Ay∈  and .Ayx ∈−                                                                                                          

Then by (2), there exist Az ∈  such that zy ≤  and .zyx ≤−   

It follows from (P2) that 

.0)()()(0)( =−−=−−−=−−=− zyxzyzxzxzx  

So that .zx ≤  Since ,Az ∈  it follows from (1) that .Ax ∈   

Hence  A  is an ideal of .X  



 

Definition: 1.3.3 

 Let X  be a subtraction algebra. A prime ideal of X  is defined to be an ideal P  

of X  such that if Pyx ∈∧  then Px ∈  or .Py ∈
 

Theorem: 1.3.4 
 

 Let P  be an ideal of a subtraction algebra .X  Then the following are equivalent. 

(1) P  is a prime ideal of .X   

(2)For any ideals A  and B  of ,X  PBA ⊂∧  implies PA ⊂  or ,PB ⊂  where 

      }.,{ BbAabaBA ∈∈∧=∧  

Proof: Suppose that P  is a prime ideal of X  such that ,PBA ⊂∧  where A  and B  are 

ideal of .X  Assume that PA ⊄  and .PB ⊄   

Then there exist PAx \∈  and ,\ PBy ∈  and so .PBAyx ⊂∧∈∧   

Since P is prime, it follows that Px ∈  or ,Py ∈  which is a contradiction. 

Consequently, PBA ⊂∧  implies PA ⊂  or .PB ⊂  

Conversely, assume that for any ideals A  and B  of ,X  PBA ⊂∧  implies PA ⊂  or  

.PB ⊂  Let Xyx ∈,  be such that .Pyx ∈∧  

Now, }{]( xaXax ≤∈=  and }{]( ybXby ≤∈=  are ideals of .X   

Let ](xa ∈  and ].(yb∈ Then xa ≤  and .yb ≤  It follows from baba ,≤∧  that xba ≤∧  

and yba ≤∧  so that .yxba ∧≤∧   

Since P  is an ideal and ,Pyx ∈∧  by Lemma 1.2.3 we get .Pba ∈∧  

Therefore ,](]( Pyx ⊂∧  which implies that Px ⊂](  or Py ⊂](  by hypothesis. 

 In particular, Px ∈  or ,Py ∈  and thus P  is a prime ideal of .X   

Theorem: 1.3.5 

 Every prime ideal of a subtraction algebra is a maximal ideal, that is, every prime 

is not contained in any other proper ideal. 

Proof: Let P  be a prime ideal of a subtraction algebra .X        

 Suppose that P  is not maximal. Then there exist a proper ideal A  of X  such that 

AP ⊂  and .AP ≠   

Let Xy ∈  and consider .\ PAx∈   



 

Then ,0))(()( Pxxxyxxxyx ∈=−=−−−=−∧  and so Pxy ∈−  because P  is a 

prime ideal and .Px ∉   

It follows from (I2) that ,Ay ∈  that is, ,AX =  which contradicts the assumption that A  

is proper. Hence P  is a maximal ideal of .X  

Proposition: 1.3.6 

 If A  is a maximal ideal of a subtraction algebra ,X  then Ayx ∈−  or Axy ∈−  

for all ., Xyx ∈  

Proof: Let ., Ayx ∈  Then ,Ayx ∈−  since A  is an ideal.  

Assume that Ax ∈  and .\ AXy ∈  Since ,xyx ≤−  .Ayx ∈−   

Similarly, if AXx \∈  and ,Ay ∈  then .Axy ∈−   

Let AXyx \, ∈  and assume that .Axy ∉−  

Then the set })({ AxyzXzQ ∈−−∈=  is the least ideal of X  containing A  and .xy −  

Since ,Axy ∉−  we have ,QA ≠  and so XQ =  because A  is maximal.  

Therefore ,Qyx ∈−  that is, .)()( Axyyx ∈−−−  

 Using (P2), (P3), (S3), and (P12), we get  

))(()(0)( yxyyxyxyx −−−−=−−=−  

         .)()())(( Axyyxyxyx ∈−−−=−−−=  

This completes the proof. 

Corollary: 1.3.7 

 If A  is a prime ideal of subtraction algebra ,X  then Ayx ∈−  or Axy ∈−  for all 

., Xyx ∈   

Proof: Obvious 

Theorem: 1.3.8 

 Let A  be an ideal of a subtraction algebra X  such that Ayx ∈−  or Axy ∈−  for 

all ., Xyx ∈  Then A  is a prime ideal of .X   

Proof: Let A  be an ideal of X  such that Ayx ∈−  or Axy ∈−  for all ., Xyx ∈   

Assume that .Ayx ∈∧  If ,Ayx ∈−  then Ayxyxx ∈∧=−− )(  and so Ax ∈  by (I2).  



 

If ,Axy ∈−  then .)()( Ayxyxxxyy ∈∧=−−=−−                                                         

It follows from (I2) that .Ay ∈  Hence A  is a prime ideal of .X     

Note: From above theorems the notion of prime ideals and maximal ideals in a 

subtraction algebra coincide. 

Theorem: 1.3.9 

  Let A  be an ideal of subtraction algebra .X  Then the following are equivalent. 

(1) A  is a prime ideal. 

(2) A  is a maximal ideal. 

(3) Ayx ∈−  or Axy ∈−  for all ., Xyx ∈  

Proof: Obvious 

 

Corollary: 1.3.10 (Extension property of prime ideals) 

 Let A  and B  be ideals of a subtraction algebra X  such that .BA ⊂  If A  is a 

prime ideal of ,X  then so in .B   

 

Definition: 1.3.11 

 An ideal A  of a subtraction algebra X  is said to be irreducible if for any ideals 

C  and D  of ,X  DCA ∩=  implies CA =  or .DA =   

 

Theorem: 1.3.12 

 Let A  be an ideal of a subtraction algebra X  and let .\ AXw∈  Then there exists 

an irreducible ideal M  of  X  such that MA ⊂  and .Mw∉      

Proof: Let � = {� I  �� �	 �
��� 
� �, � }., IwI ∉⊂  Note that any chain of elements in 

� has an upper bound.                                                                                                            

Thus, by Zorn’s Lemma, there exists a maximal element M  in �.                               

Then MA ⊆  and .Mw∉                                                                                                   

Let C  and D  be ideals of X  such that .DCM ∩=                                                     



 

Assume that CM ≠  and .DM ≠  By the maximality of ,M  we have Cw∈  and ,Dw∈  

that is .DCw ∩∈                                                                                                          

Hence ,DCM ∩≠  a contradiction.                                                                                 

Therefore M  is an irreducible ideal of .X   

Theorem: 1.3.13  

 Let A  be an ideal of a subtraction algebra .X  Assume that for any ,\, AXyx ∈  

there exist AXz \∈  such that xz ≤  and .yz ≤  Then A  is an irreducible ideal of .X   

Proof: Suppose that A  is not irreducible ideal of .X                                                    

Then there two ideals C  and D  of X  such that  ,DCA ∩=  ,CA ≠  and .DA ≠               

Let ACx \∈  and .\ ADy ∈                                                                                                 

Using the assumption, there exist AXz \∈  such that xz ≤  and .yz ≤                         

Since Cx ∈  and ,Dy ∈  it follows from Lemma 1.2.3 that ,ADCz =∩∈  which is a 

contradiction. Hence A  is an irreducible ideal of .X  

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter Chapter Chapter Chapter ----    IIIIIIII    



 

CHAPTER II 

QUOTIENT SUBTRACTION ALGEBRAS AND                      

PSEUDO-VALUTION ON SUBTRACTION ALGEBRAS 

SECTION: 2.1 

QUOTIENT SUBTRACTION ALGEBRAS 

Definition: 2.1.1 

 Let X  be a subtraction algebra and I  be an ideal of .X  For any yx,  in ,X  we 

define a relation ~""  as the following: 

Iyxyx ∈−⇔~  and .Ixy ∈−  

Proposition: 2.1.2 

 Let X  be a subtraction algebra and I  be an ideal of .X  The relation ~""  defined 

by Iyxyx ∈−⇔~  and Ixy ∈−  is an equivalence relation on .X  

Proof:    

(1) Since I  is an ideal and ,0 I∈  we have .0 Ixx ∈=−  Then we have .~ xx  This 

means that ~""  is reflexive. 

(2) The symmetry of ~""  is immediate from the definition of the relation. 

(3) If yx ~  and zy ~  then Ixyyx ∈−− ,  and ., Iyzzy ∈−−   

Using (P7), we have .)()( yxzyzx −≤−−−  

By virtue of I  is an ideal of ,X  we obtain .Izx ∈−  Furthermore, from (P7), since 

,)()( yzxyyz −≤−−−  we get .Ixz ∈−   

This shows that ~""  is transitive. 

Note:    

 Denote the equivalence class containing x  by }.~:{][ xyXyx ∈=  

 

 



 

Proposition: 2.1.3 

 Let X  be a subtraction algebra and I  be an ideal of .X  Let ~""  be the relation 

defined as Iyxyx ∈−⇔~  and .Ixy ∈−  Then  

(1) ,][0 Ixx ∈⇔∈  

(2) ],[)( yxyyx −∈−−  

(3) If ],[xy ∈  then ],[)( xyxx ∈−−  

(4) ],[)()( xxyyx ∈−−−  

(5) ],[))(( yxyxxx −∈−−−  

(6) If ],[xy ∈  then ].[)()( yxzyzx −∈−−−  

Proof:  

(1) Ixxx ∈=−⇔⇔∈ 00~0][0  and .0 Ixx ∈=−  

(2) By (P1), trivial 

(3) Since Iyyxx ∈=−−− 0))((  and                                        

))(())(( xyyyyxxy −−−=−−−  

                                Ixy ∈−= , 

      We have yyxx ~)( −−  and hence ].[)( xyxx ∈−−  

(4) By (P5), trivial. 

(5) By (P6), trivial. 

(6) We have  

)()))((()())()(()())()(( zyzyxxzyyxzxyxzyzx −−−−−=−−−−−=−−−−−  

                                          )())()(()()))((( zyxyzyzyzxyy −−−−−=−−−−−=                            

                                          .0)(0 Ixy ∈=−−=   

 Furthermore, since                                       

))(()())()(()( zyxyxzyzxyx −−−−=−−−−−                    

                                           )())(( yxyxzz −≤−−−=   

and Iyx ∈− )(  we have .))()(()( Izyzxyx ∈−−−−−                                                   

Then we obtain ).(~)()( yxzyzx −−−−  



 

Lemma: 2.1.4 

 Let X  be a subtraction algebra and I  be an ideal of .X  The relation ~""  defined as  

Iyxyx ∈−⇔~  and Ixy ∈−  

is an congruence relation on .X   

Proof: We have to show that vyux −− ~  if yx ~  and .~ vu                                     

Using (P7) and Lemma 1.2.3., since Iyxuyux ∈−≤−−− )()(  and 

,)()( Ixyuxuy ∈−≤−−−  we obtain Iuyux ∈−−− )()(  and ,)()( Iuxuy ∈−−−  

respectively.                                                                                                                      

This shows that .~ uyux −− From (P4), we have vvyy ≤−− )(  and by (P9) we obtain 

.))(( uvuvyy −≤−−−                                                                                                        

In the view of Lemma 1.2.3 and by (S3), we get .)()())(( Ivyuyuvyy ∈−−−=−−−  

By the same manner, we get Iuyvy ∈−−− )()(  and so it is obtained that .~ vyuy −−  

By the transitivity of ,~""  we obtain .~ vyux −−    

Corollary: 2.1.5 

 Let X  be a subtraction algebra and I  be an ideal of .X  Let ~""  be the relation 

defined as Iyxyx ∈−⇔~  and .Ixy ∈−  Then  

(1) If ,~ yx  then ,~ zyzx −−   

(2) If ,~ yx  then .~ yzxz −−  

Proof: By the above lemma (1) and (2) can be seen easily. 

Proposition: 2.1.6 

 Let X  be a subtraction algebra and I  be an ideal of X  then ].0[=I  

Proof: If Ix ∈  then Ixx ∈=− 0  and ,00 Ix ∈=−  i.e. .0~x  Hence ].0[∈x  

Conversely, let ].0[∈x  Then Ixx ∈−= 0  and so .Ix ∈                                             

Hence ].0[=I     



 

Definition: 2.1.7 [6] 

 Let X  be a subtraction algebra and I  be an ideal of .X  Let ~""  be an equivalence 

relation defined as Iyxyx ∈−⇔~  and .Ixy ∈−  The set of all equivalence classes in 

X  is denoted by IX /  and it is called the quotient set of  X  by .I  

  Theorem: 2.1.8 

 Let X  be a subtraction algebra and I  be an ideal of .X  Then IX /  is a subtraction 

algebra with the operation ""−  given by ][][][ yxyx −=−  for all ., Xyx ∈   

Proof: Since ~  is a congruence relation on ,X  the operation ""−  is well defined. 

            By (S1), ][)]([][][])[]([][ xxyxxyxxyx =−−=−−=−−                                               (1) 

By (S2), ][][)]([)]([][][])[]([][ xyyxyyyxxyxxyxx −−=−−=−−=−−=−−  

                                       ])[]([][ xyy −−=                                                                        (2) 

By (S3), ][][])[(])[(][][][])[]([ yzxyzxzyxzyxzyx −−=−−=−−=−−=−−   

                                       ][])[]([ yzx −−=                                                                         (3)        

By (1), (2) and (3) we get IX /  is a subtraction algebra. 

Theorem: 2.1.9 [6, 27]     

 If I  and J  be any two ideals of subtraction algebra of X  and ,JI ⊂  then the 

following conditions are satisfied: 

(a) I  is an ideal of subalgebra J           

(b)  IJ /  is an ideal of quotient algebra of ./ IX  

Proof:  

(a) For all ,, Jyx ∈  let Iy ∈  and .Iyx ∈−  From (P4) we have Iyyxx ∈≤−− )(  and 

from Lemma 1.2.3 we have .)( IxIyxx ∈⇒∈−−  



 

(b) ./}:]{[}:]{[/ IXXxxJxxIJ =∈⊂∈=   

From hypothesis, since J  is an ideal of X  we have J∈0  and this implies ./]0[ IJ∈  

Let Xyx ∈][],[  be such that IJy /][ ∈  and ./][][ IJyx ∈−  

Then Jy ∈  and .Jyx ∈−  From hypothesis, since J  is an ideal of ., JxX ∈   

Then ./][ IJx ∈  This completes the proof.  

Definition: 2.1.10 

 Let ),( −X  and ( Y , ⊝) be any two be any two subtraction algebras. Then the 

mapping →−),(: Xf (Y , ⊝) is called 

(1) a homomorphism if )()( xfyxf =− ⊝ )(yf ., Xyx ∈∀  

(2) a monomorphism if f  is one to one homomorphism. 

(3) an epimorphism if f  is onto homomorphism.   

(4) an isomorphism if f  is monomorphism and epimorphism.   

In this case X  is isomorphic to ,Y  denoted by .YX ≅  In  case ,YX =  a homomorphism 

is called an endomorphism and an isomorphism is referred as an automorphism. 

Definition: 2.1.11 

 A function f  of a semilattice )( esemilattic−∧  X  into itself is a dual closure if 

f  is monotone, non expansive (i.e. xxf ≤)(  Xx∈∀ ) and idempotent (i.e. fff =o ). 

Note:    

 The set of all homomorphisms from X  to Y  is denoted by ).,( YXHom  This set 

is always nonempty since it contains the zero homomorphism YX →:0  which sends 

every element of X  to '.0    

 

 



 

Definition: 2.1.12 [27] 

 For any ),( YXHomf ∈  and any nonempty subset ,YB ⊆  the set 

})(:{ BxfXx ∈∈  is denoted by ),(1 Bf −  called the inverse image of B  under .f  In 

particular, })'0({1−
f  is called kernel of ,f where }.'0)(:{})'0({1 =∈=−

xfXxf          

We will simply write )ker( f  instead of }).'0({1−
f  

            Definition: 2.1.13 

 Let X  and Y  be two subtraction algebras and YXf →:  be a mapping. If for 

any yxXyx ≤∈ ,,  implies )()( yfxf ≤  then f  is called isotone. 

Theorem: 2.1.14  

 Let ),( −X  and ( Y , ⊝) be any two subtraction algebras and YXf →:  be a 

homomorphism. Then  

(a) ,'0)0( =f  

(b) f  is isotone. 

Proof:  

(a) )0()00()0( fff =−= ⊝ '0)0( =f  since Y  be a subtraction algebra. 

(b)  If Xyx ∈,  and yx ≤  then ,0=− yx  by (a), )(xf ⊝ '.0)0()()( ==−= fyxfyf  

 Hence ).()( yfxf ≤    

Theorem: 2.1.15 

            Let ),( −X  and (Y , ⊝) be any two subtraction algebras and let B  be an ideal of 

.Y  Then for any ),,( YXHomf ∈ )(1
Bf

−  is an ideal of .X  

Proof: Let ),( −X  and (Y , ⊝) be any two subtraction algebras and let B  be an ideal of 

.Y  From Theorem 2.1.14, ).(0 1
Bf

−∈                                                                              



 

Assume that )(1 Bfyx −∈−  and ).(1 Bfy −∈                                                                                

Then )(xf ⊝ Byf ∈)(  and .)( Byf ∈  Since B  is an ideal of .)(, BxfY ∈                  

Thus, ).(1
Bfx

−∈  Hence, )(1
Bf

−  is an ideal of .X     

Note: 

 Since }'0{  is an ideal of ,Y  we have fker  is an ideal of .X  

Theorem: 2.1.16 

 Let I  be an ideal of a subtraction algebra of .X  The mapping ϕ  is from X  to 

IX /  which is given by ][)( xx =ϕ for all x  in X  is a homomorphism. 

Proof: For any yx,  in ,X  ).()(][][][)( yxyxyxyx ϕϕϕ −=−=−=−                          

This completes the proof. 

Theorem: 2.1.17   

 If  ∗J  is an ideal of quotient subtraction algebra of ,/ IX  then U
∗

∈

=
Jx

xJ
][

][  is an 

ideal of X  and .JI ⊆  

Proof: Since ,]0[ ∗∈= JI  J∈0  and since for any ,Ix ∈  Jx ⊂∈ ]0[  we obtain .JI ⊆  

Let Jyx ∈−  and ,Jy ∈  then ∗∈−=− Jyxyx ][][][  and .][ ∗∈ Jy                                  

Hence ∗∈ Jx][  and .Jx ∈  This means that J  is an ideal of .X  

Notation: 

 The set of all ideals of subtraction algebra of X  is denoted by ).(xI  Also the set 

of all ideals which are containing I  on X  is denoted by ).,( IXI  

Theorem: 2.1.18 

 Let I  be an ideal of subtraction algebra of .X  There exists an one-to-one and 

onto mapping f  from ),( IXI  to )/( IXI  defined by, for any ./)(),,( IJJfIXIJ =∈  



 

Proof: By the above theorem, obviously f  is onto.                                                           

For any ),,(, IXIBA ∈  let )()( BfAf =  but .BA ≠                                                               

Then, atleast for any ,Bx ∈  we have .Ax ∉                                                                          

Since ),()( BfAf =  )(][ Afx ∈  and ).(][ Bfx ∈                                                              

Then there exists Az ∈  such that ].[][ xz =                                                                      

This implies ,~ zx  that is, .Izx ∈−  By symmetry, .Ixz ∈−                                     

Since AzxAI ∈−⊆ ,  and also since ,Az ∈  we obtain Ax ∈  by the definition of an 

ideal, which contradicts .Ax ∉  Therefore, f  is one to one. 

Theorem: 2.1.19     

 If J  is an ideal of quotient subtraction algebra of ,/ IX  then )(1
Jf

−  is an ideal 

of X  and ).(1
JfI

−⊆   

Proof: We know that mapping given by ],[)( xxf =  from X  to ,/ IX  is a 

homomorphism. For any ,, Xyx ∈  let )(1
Jfy

−∈  and ).(1
Jfyx

−∈−                                 

Then Jyyf ∈= ][)(  and .][][][)( Jyxyxyxf ∈−=−=−                                              

Since J  is an ideal, we have .][ Jx ∈  or ).(1
Jfx

−∈                                                      

Since ).(0,]0[ 1
JfJ

−∈∈  Furthermore for all ,Ix ∈  since ).(,]0[][ 1
JfxJx

−∈∈=   

Hence ).(1
JfI

−⊆  

Theorem: 2.1.20 

 Let ),( −X  and ( Y , ⊝) be any two subtraction algebras and YXf →:  be an 

epimorphism. Then, .ker/ YfX ≅    

Proof: Let ),( −X  and (Y , ⊝) be any two subtraction algebras and YXf →:  be an 

epimorphism.                                                                                                                   

Since fker  is an ideal of ,X  by Theorem 2.1.15, fX ker/  is an subtraction algebra.  



 

Assume ffXg →ker/:  such that ).(])([ xfxg =                                                            If 

][][ yx =  then, ,ker, fxyyx ∈−−  so  

)()( xfyxf =− ⊝ '0)( =yf  

)()( yfxyf =− ⊝ '0)( =xf  

By (P2) we have ),()( yfxf =  i.e., ]).([])([ ygxg =                                                        

Hence g  is well-defined. For any ,Yy ∈  there exists Xx ∈  such that )(xfy =  as f  is 

onto. Hence ,])([ yxg =  which means that YfXg →ker/:  is onto.                                        

If ],[][ yx ≠  then fyx ker∉−  or .ker fxy ∉−                                                                                          

Suppose ,ker fyx ∉−  )(xf ⊝ .0)()( '≠−= yxfyf                                            

Therefore, ).()( yfxf ≠ That is, g  one-to-one.                                                                    

Since  )()(])([])[]([ xfyxfyxgyxg =−=−=− ⊝ )(yf ])([xg= ⊝ ])([yg                                

g  is homomorphism. Therefore, .ker/ YfX ≅  

            Theorem: 2.1.21 

 Let ),( −X  and ( Y , ⊝) be any two subtraction algebras and YXf →:  be a 

epimorphism. If J  is an ideal of ,Y  then JYIX // ≅  where ).(1
JfI

−=    

Proof: Let ),( −X  and (Y , ⊝) be any two subtraction algebras and YXf →:  be an 

epimorphism. Then JYXf /: →oµ  is an epimorphism.                                               

We now prove that ).()ker( 1
Jff

−=oµ                                                                                  

For any ,Xx ∈  we have )].([))(())(( xfxfxf == µµ o                                                                                    

Suppose ).(1
Jfy

−∈  Then ,)( Jyf ∈  and so .)]([ Jyf =  That is, .))(( Jyf =oµ             

Hence ).ker( fy oµ∈  Thus, we have ).ker()(1
fJf oµ⊆−                                               

Inverse, we assume ),ker( fx oµ∈  i.e., .))(( Jxf =oµ                                                

Therefore, we have ,)]([ Jyf =  and so ,)( Jxf ∈  i.e., ).(1
Jfx

−∈                                   

Thus, by Theorem 2.1.20, .// JYIX ≅       



 

Lemma: 2.1.22 

 Let ),( −X  and ( Y , ⊝) be any two subtraction algebras, YXf →:  be an 

epimorphism and I  be an ideal of .X  If ,ker If ⊆  then .))((1
IIff =−    

Proof: Obviously, )).((1
IffI

−⊆                                                                                

Inverse, we assume )),((1
Iffx

−∈  then ).()( Ifxf ∈                                                   

There exists Iy ∈  such that ),()( yfxf =  so )()( xfyxf =− ⊝ ,'0)( =yf  hence 

.ker Ifyx ⊆∈−  Since ,, IyIyx ∈∈−  we have .Ix ∈                                          

Therefore .))((1
IIff ⊆−   

Theorem: 2.1.23 

 Let I  and J  be two ideals of subtraction algebra ,X  JI ⊆  and IXXf /: →  

and )//()/(/: IJIXIXg →  be epimorphisms. Then ).//()/(/ IJIXJX ≅  

Proof: Let .fgh o=  Then )//()/(: IJIXXh →  is an epimorphism.                                 

Hence )//()/(ker/ IJIXhX ≅ .                                                                                                 

We must prove that .JKerh =  Since },/)(:{ker IJxhXxh =∈=  by Theorem 2.1.9, 

Lemma 2.1.22 and Theorem 2.1.21 we have .))((ker 1
JJhhh == −                                  

The proof is complete. 

 

             

 

 

 

           

 



 

SECTION: 2.2 

SUBTRACTION ALGEBRAS WITH PSEUDO-VALUATIONS 

Definition: 2.2.1 [22] 

 A real valued function ϕ  on a subtraction algebra X  is called a weak pseudo-

valuation on X  if it satisfies for all ,, Xyx ∈  the following condition: 

)()()( yxyx ϕϕϕ +≤−  

Example: 2.2.2 

 Let }1,,,0{ baX =  in which ""−  is defined by  

011

00

00

00000

10

ab

bbb

aaa

ba−

 

Then );( −X  is a subtraction algebra.  

           Let ϕ  be a real-valued function on X  defined by  









=

2130

10 ba
ϕ  

Then ϕ  is a weak pseudo-valuations on .X  

Definition: 2.2.3 [5] 

 A real-valued function ϕ  on a subtraction algebra X  is called a pseudo-valuation 

on a subtraction algebra X  if it satisfies for all ,, Xyx ∈  the following conditions: 

(1) 0)0( =ϕ  

(2) )()()( yyxx ϕϕϕ +−≤  



 

A pseudo-valuation ϕ  on X  satisfying the following condition: 

0)(0 ≠⇒≠ xx ϕ  for all Xx ∈  

is called a valuation on .X  

Example: 2.2.4  

 Let },,0{ baX =  be a subtraction algebra with the following cayley table 

0

0

0000

0

bbb

aaa

ba−

 

Let ϕ  be a real-valued function on X  defined by 









=

320

0 ba
ϕ

 

Then ϕ  is a pseudo-valuation on .X   

Example: 2.2.5 

 Consider the subtraction algebra in Example 2.2.2 

Let ϕ  be a real-valued function on X  defined by  









=

3210

10 ba
ϕ  

Then ϕ  is a pseudo-valuation on .X  

Proposition: 2.2.6 

 For a pseudo-valuation ϕ  on a subtraction algebra ,X  we have 0)( ≥xϕ  for all 

.Xx ∈                                                                                                                               

Proof: For any ,Xx ∈  ),()0()0()0( xx ϕϕϕϕ −≥−=  and so .0)( ≥xϕ    



 

Proposition: 2.2.7 

 Let S be a subalgebra of .X  For any positive real numbers 1t  and 2t  with ,21 tt ≤  

let sϕ  be real-valued function on X  defined by  





=
ift

ift
xs

2

1)(ϕ  
Sx

Sx

∉

∈ ,
 

for all .Xx ∈  Then sϕ  is a weak pseudo-valuation on .X    

Proof: Obvious 

Definition: 2.2.8 

 Given an element a  of a subtraction algebra ,X  the set 

{ })( axXxaA ≤∈=  

is called the initial section of X  determined by .a  

Corollary: 2.2.9  

 Let X  be a subtraction algebra. For any ,Xa ∈  let ϕ  be a real valued function 

on X  defined by  

)(

)(
)(

2

1

aAx

aAx

ift

ift
xa

∉

∈





=ϕ  

for all Xx ∈  where 1t  and 2t  are real numbers with 012 ≥> tt  and )(aA  is the initial 

section on X  determined by .a  Then aϕ  is a weak pseudo-valuation on .X  

Proof: Obvious 

Proportion: 2.2.10 

For any pseudo-valuation ϕ  on a subtraction algebra ,X  we have the following 

inequalities: 



 

(a)ϕ  is order preserving. 

(b) 0)()( ≥−+− xyyx ϕϕ   Xyx ∈∀ ,     

(c) )()()( yzzxyx −+−≤− ϕϕϕ   Xzyx ∈∀ ,,  

Proof: Let ϕ be a pseudo-valuation on a subtraction algebra .X  Then                    

0)0( =ϕ                                                                                                                        (1) 

and )()()( yyxx ϕϕϕ +−≤                                                                                           (2)                                                                                                                                           

(a) Let .yx ≤  Then .0=− yx                                                                                          

Therefore ),()0()()()( yyyxx ϕϕϕϕϕ +=+−≤  which implies ).()( yx ϕϕ ≤                          

(b) Let ., Xyx ∈  Then by (2), )()()( yxyx ϕϕϕ −≥−  and ).()()( xyxy ϕϕϕ −≥−             

It follows that .0)()( ≥−+− xyyx ϕϕ                                                                                

(c) Let .,, Xzyx ∈  Note that .)()( zxyzyx −≤−−−                                                         

By (a) and (2), we have ).()())()(()( yzyxyzyxzx −−−≥−−−≥− ϕϕϕϕ                                                     

Hence ).()()()()( yzzxzxyzyx −+−=−+−≤− ϕϕϕϕϕ  

Proposition: 2.2.11 

 For any pseudo-valuation ϕ  on a subtraction algebra ,X  we have the following 

inequalities: 

(1) )()()( xyyxyx −+−≤− ϕϕϕ  Xyx ∈∀ ,  

(2) )()()( yyxyx ϕϕϕ +−≤−        Xzyx ∈∀ ,,  

Proof: since ϕ  be a pseudo-valuation on a subtraction algebra .X  Then 

(1) ).()()())()(()( xyyxxyxyyxyx −+−=−+−+−≤− ϕϕϕϕϕϕ  

(2) ).()()())(()( yyxyyyxyx ϕϕϕϕϕ +−=+−−≤−  

 

 



 

 

Proposition: 2.2.12 

 Every pseudo-valuation ϕ  on a subtraction algebra X  satisfies the following 

implication: 

)()()(0)( zyxzyx ϕϕϕ +≤⇒=−−  for all .,, Xzyx ∈  

Proof: Let ϕ  be a pseudo-valuation on a subtraction algebra .X                                             

Let Xzyx ∈,,  be such that .0)( =−− zyx                                                                           

Then )()()0()())(()( zzzzyxyx ϕϕϕϕϕϕ =+=+−−≤−  so that 

).()()()()( zyyyxx ϕϕϕϕϕ +≤+−≤     

 The following corollary can be proved by induction 

Corollary: 2.2.13 

 Let ϕ  be a pseudo-valuation on .X  If    

,0...)))(...(( 21 =−−−− naaax  

we get .)()(
1
∑

=

≤
n

k

kax ϕϕ  

Proposition: 2.2.14 

 Every real-valued function ϕ  on X  satisfying                                            

0)0( =ϕ                                                                                                                          (1) 

and )()()(0)( zyxzyx ϕϕϕ +≤⇒=−−  Xzyx ∈∀ ,,                                                          (2)           

Proof: By (P4), 0))(( =−−− yyxx  for all ., Xyx ∈                             

).()()( yyxx ϕϕϕ +−≤⇒                                                                                                 (3) 

By (1) and (3), ϕ  is a pseudo-valuation on .X  This completes the proof. 

Proposition: 2.2.15      



 

 In a subtraction algebra ,X  every pseudo-valuation is a weak pseudo-valuation. 

Proof: Let ϕ  be pseudo-valuation on .X                                                                               

Since  yyxxyxyx −−−=−−− ))(())((                                                    

                                     0)0( =−−= yy    for all ., Xyx ∈                                                       

Now )))((()0(0 yxyx −−−== ϕϕ   

                       )())(( yxyx ϕϕ −−−≥  

                       ).()()( yxyx ϕϕϕ −−−≥  

Hence ),()()( yxyx ϕϕϕ +≤−  and so ϕ  is a weak pseudo-valuation on .X                  

This completes the proof. 

 The following example shows that the converse of Theorem 2.1.15 may not be 

true. 

Example: 2.2.16       

 The weak pseudo-valuation ϕ  in Example 2.2.2 is not a pseudo-valuation on X  

since 3)( =aϕ ≰ ).1()1(2 ϕϕ +−= a   

Theorem: 2.2.17     

 If a real-valued function ϕ  on X  satisfies the condition                                    

0)0( =ϕ                                                                                                                             (1) 

and ),()()))((( zyxzyyx ϕϕϕ −−≥−−−                                                                        (2)  

for all ,,, Xzyx ∈  ϕ  is a pseudo-valuation on .X  

Proof: Taking 0=y  in (2),  

))0)0((()( zxzx −−−=− ϕϕ                      



 

              )()0( zx ϕϕ −−≥ ).()( zx ϕϕ −=                                                                                                  

Hence ϕ  is a pseudo-valuation on .X                                                                         

Theorem: 2.2.18 

 Let a real-valued function ϕ  be a pseudo-valuation on a subtraction algebra .X  

Then the set  

}0)(/{ =∈= xXxI ϕ  

is an ideal of .X  

Proof: Obviously, .0 I∈                                                                                                         

Let Xyx ∈,  be such that Iyx ∈−  and .Iy ∈  Then 0)( =− yxϕ  and .0)( =yϕ                                                                                  

Therefore, 0)()()( =+−≤ yyxx ϕϕϕ  so that .0)( =xϕ                                                      

Hence ,Ix ∈  which shows that I  is an ideal of .X    

Definition: 2.2.19 

 By a pseudo-metric we mean a positive function →× XXd : R satisfying the 

following properties: 

(1) ,0),( =xxd  

(2) ),,(),( xydyxd =  

(3) ).,(),(),( zydyxdzxd +≤  for all ., Xyx ∈  

For a real-valued function ϕ  on a subtraction algebra ,X  define a mapping 

→× XXd :ϕ R by )()(),( xyyxyxd −+−= ϕϕϕ  for all .),( XXyx ×∈   

Theorem: 2.2.20 

 Let X  be a subtraction algebra. If a real-valued function ϕ  on X  is a pseudo-

valuation on ,X  ϕd  is a pseudo-metric on ,X  and so ),( ϕdX  is a pseudo-metric space. 

Proof: Obviously, ,0),( ≥yxdϕ  



 

                               
0),( =xxdϕ  and ),(),( xydyxd ϕϕ =  for all ., Xyx ∈   

 

Using Proposition 2.2.10, we have  

)]()([)]()([),(),( yzzyxyyxzydyxd −+−+−+−=+ ϕϕϕϕϕϕ  

                              )]()([)]()([ xyyzzyyx −+−+−+−= ϕϕϕ  

                              ).()()( zxxzzx −=−+−≥ ϕϕϕ  

Therefore, ),( ϕdX  is a pseudo-metric space. 

Proposition: 2.2.21                                                                                                    

 Let X  be a subtraction algebra. Then every pseudo-metric ϕd  induced by 

pseudo-valuation ϕ  satisfying the following inequality. 

(1) ),,(),( ayaxdyxd −−≥ ϕϕ  

(2) ),,(),( yaxadyxd −−≥ ϕϕ  

(3) ),,(),(),( bayadyayxdbayxd −−+−−≤−− ϕϕϕ  for all .,,, Xbayx ∈  

Proof:  

(1) Let .,, Xayx ∈                                                                                                                  

Since 0)())()(( =−−−−− xyaxay  and 0)())()(( =−−−−− yxayax  from (P7),   

it follows from Proposition 2.2.10 (1) that 

     ))()(()( axayxy −−−≥− ϕϕ  and ))()(()( ayaxyx −−−≥− ϕϕ   

      and )()(),( xyyxyxd −+−= ϕϕϕ   

                         ))()(())()(( axayayax −−−+−−−≥ ϕϕ        

                         ).,( ayaxd −−= ϕ        

(2) It is similar to the proof of (1). 

(3) Using Proposition 2.2.10 (c),       



 

     ))()(())()(())()(( bayayayxbayx −+−+−−−≤−−− ϕϕϕ  and 

     ))()(())()(())()(( yxyayabayxba −+−+−−−≤−−− ϕϕϕ  for all .,,, Xbayx ∈              

     

 Hence ))()(())()((),( yxbabayxbayxd −−−+−−−=−− ϕϕϕ  

+−−−+−−−≤ ))]()(())()(([ bayayayx ϕϕ                 

))]()(())()(([ yxyayaba −−−+−−− ϕϕ             

+−−−+−−−= ))]()(())()(([ yxyayayx ϕϕ                                          

))]()(())()(([ bayayaba −−−+−−− ϕϕ  

                                  ),(),( bayadyayxd −−+−−= ϕϕ                                                                

 for all .,,, Xbayx ∈   

Theorem: 2.2.22 

 For a real-valued function ϕ  on a subtraction algebra ,X  if ϕd  is a pseudo-

metric on ,X  we have ),( ∗× ϕdXX  is a pseudo-metric space, where  

)},(),,(max{)),(),,(( bydaxdbayxd ϕϕϕ =∗  

for all .),(),,( XXbayx ×∈  

Proof: Suppose ϕd  is a pseudo-metric on .X  For any ,),(),,( XXbayx ×∈  we have  

0)},(),,(max{)),(),,(( ==∗ yydxxdyxyxd ϕϕϕ   and  

)},(),,(max{)),(),,(( bydaxdbayxd ϕϕϕ =∗  

                          )},(),,(max{ ybdxad ϕϕ=                                                                 

                               )).,(),,(( yxbad
∗= ϕ                                              

Now let .),(),,(),,( XXvubayx ×∈  Then  

)},(),,(max{)},(),,(max{)),(),,(()),(),,(( bvdaudvyduxdbavudvuyxd ϕϕϕϕϕϕ +=+ ∗∗

 

                                                      
)},(),(),,(),(max{ bvdvydauduxd ϕϕϕϕ ++≥

        



 

                                                              
)},(),,(max{ bydaxd ϕϕ≥ )).,(),,(( bayxd ∗= ϕ  

Therefore ),( ∗× ϕdXX  is a pseudo-metric space. 

 

Corollary: 2.2.23 

 If →X:ϕ R is a pseudo-valuation on a subtraction algebra ,X  then ),( ∗× ϕdXX  is a 

pseudo-metric space. 

Theorem: 2.2.24 

 Let X  be a subtraction algebra. If →X:ϕ R is a valuation on ,X then ),( ϕdX  is a 

metric space. 

Proof: Suppose that ϕ  is a valuation on .X                                                                      

Then ),( ϕdX  is a metric space by Theorem 2.2.10.                                                          

Let Xyx ∈,  be such that 0),( =yxdϕ  and .0),( =xydϕ                                                 

Then ),()(),(0 xydyxdyxd −+−== ϕϕϕ  and so 0)( =− yxϕ  and .0)( =− xyϕ            

Now since ϕ  is a valuation on ,X  it follows that 0=− yx  and .0=− xy                   

Therefore we have  )(0)( yxxxxyxx −−=−=−−=  

                                           .0)( yyxyy =−=−−=
 
                                                                                

This implies that ),( ϕdX  is a metric space. 

Theorem: 2.2.25 

 Let X  be a subtraction algebra. If →X:ϕ R is a valuation on ,X  ),( ∗× ϕdXX  is a 

metric space. 

Proof: Note from Corollary 2.2.22 that ),( ∗× ϕdXX  is a pseudo-metric space.                      

Let XXbayx ×∈),(),,(  be such that .0)),(),,(( =∗ bayxdϕ                                                  



 

Then )},,(),,(max{)),(),,((0 bydaxdbayxd ∗∗∗ == ϕϕϕ  and so ),(0),( bydaxd ϕϕ ==              

since 0),( ≥yxdϕ  for all .),( XXyx ×∈                                                                             

Hence, )()(),(0 xaaxaxd −+−== ϕϕϕ  and ).()(),(0 ybbybyd −+−== ϕϕϕ               
 

Hence it follows that = )(),( xaax −== ϕϕ  and )(0),( ybby −==== ϕϕ                              

so that xaax −==− 0  and ,0 ybby −==−  which implies ax =  and .by =                  

Hence ),(),( bayx =  so that ),( ∗× ϕdXX  is a metric space. 

Theorem: 2.2.26 

 Let X  be a subtraction algebra. If →X:ϕ R is a valuation on ,X  the operation ""−  

is uniformly continuous. 

Proof: For any ,0>ε  if ,
2

)),(),,((
ε

ϕ <∗
bayxd  we have 

2
),(

ε
ϕ <axd  and .

2
),(

ε
ϕ <byd  

Using Proposition 2.2.21, we get  

),(),()(),( bayadyayxdbayxd −−+−−≤−− ϕϕϕ  

                         .
22

),(),( ε
εε

ϕϕ =+<+≤ bydaxd  

Therefore, the operation XXX →×− :  is uniformly continuous. 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

ChapterChapterChapterChapter----IIIIIIIIIIII    

CHAPTER III 

ON DERIVATIONS OF SUBTRACTION ALGEBRAS 

SECTION: 3.1 

DERIVATIONS AND SIMPLE DERIVATIONS OF A SUBTRACTION         

ALGEBRA 

Definition: 3.1.1 [34] 

Let X  be a subtraction algebra. By a derivation of X  we mean a self-map d  of 

X  satisfying the identity ))(())(()( ydxyxdyxd −∧−=−  for all ., Xyx ∈     

Example: 3.1.2 

(1) Let }1,,,0{ baX =  in which ""−  is defined by 

011

00

00

00000

10

ab

bbb

aaa

ba−

 

Then );( −X  is a subtraction algebra. Define a map XXd →:  by  





=

=
=

.1,

,,00
)(

bx

ax

ifb

if
xd  

Then d is a derivation of the subtraction algebra .X  

Figure 1. The Hasse diagram of Example 3.1.2 (1) 



 

 

(1) Let },,0{ baX =  be a subtraction algebra with the following cayley table 

  

0

0

0000

0

bbb

aaa

ba−

 

      Define a map XXd →:  by  

,

.

,00
)(

b

ax

x

ifb

if
xd

=

=





=  

      Then d  is a derivation of subtraction algebra .X  

Example: 3.1.3 

Let X  be a subtraction algebra. We define a function d  by 0)( =xd  for all 

.Xx ∈  Then d  is a derivation on ,X  which is called the zero derivation. 

Example: 3.1.4     

        Let d  be the identity function on a subtraction algebra .X  Then d  is a derivation on 

,X  which is called the identity derivation. 

Proposition: 3.1.5 

 Let d  be a derivation on a subtraction algebra .X  Then .0)0( =d  

Proof: Let d  be a derivation on a subtraction algebra of .X                                                   

Then ))(0())0(()0()0( xdxdxdd −∧−=−=   

                 00))0(( =∧−= xd     

Proposition: 3.1.6 



 

 Let d  be a derivation on a subtraction algebra .X  Then 0))(( =− xdxd  for every 

.Xx ∈   

Proof: Let d  be a derivation of a subtraction algebra of X  and let .Xx ∈      

Then )))((())()(())(( xddxxdxdxdxd −∧−=−   

                             .0)))(((0 =−∧= xddx  

 

 

 

Proposition: 3.1.7 

 Let d  be a derivation on a subtraction algebra .X  Then .)()( xxdxd ∧=  

Proof: Let d be a derivation on .X  

 Then ))0(()0)(()0()( dxxdxdxd −∧−=−=   

                  .)()0()( xxdxxd ∧=−∧=  

Corollary: 3.1.8 

 Let d  be a derivation of subtraction algebra .X  Then we have .)( xxd ≤  That is, 

d  is a non-expansive map. 

Proof: Obvious 

Theorem: 3.1.9 

 Let d  be a derivation of subtraction algebra .X  If yx ≤  for ,, Xyx ∈  then 

).()( ydxd ≤  

Proof: Let yx ≤  for ., Xyx ∈                                                                                           

Then by (P8), wyx −=  for some .Xw ∈                                                                     

Hence we have ))(())(()()( wdywydwydxd −∧−=−=  

                                  ).()( ydwyd ≤−≤  



 

Theorem: 3.1.10 

 Let d  be a derivation of a subtraction algebra .X  Then we have .2
dddd == o  

Proof: Let d  be a derivation of .X                                                                                

Then by definition of the derivation d  and Proposition 3.1.6, we have

)))((())(())(()(2
xdxxdxdxdxddxd −−=∧==   

          )))((()))((( xdxdxxdxxd −−∧−−=  )()()0()( xdxxdxxd =∧=−∧=  

Corollary: 3.1.11 

 Let d  be a derivation of a subtraction algebra .X  Then d  is a dual closure 

operator on .X   

Proof: Obvious 

Proposition: 3.1.12 

 Let f  is a non-expansive map on a subtraction algebra ,X  i.e., xxf ≤)(  for all 

.Xx ∈  Then )()( yfxyxf −≤−  for all ., Xyx ∈  

Proof: Suppose that f  is a non-expansive map on a subtraction algebra X  and ., Xyx ∈                                                                                                                           

Then xxf ≤)(  and .)( yyf ≤                                                                                              

Hence yxyxf −≤−)(  and )(yfxyx −≤−  by (P9).                                                                

It follows that ).()( yfxyxf −≤−   

Theorem: 3.1.13 

 Let d  be a map on a subtraction algebra .X  Then the following are equivalent: 

(1) d  is a derivation of ;X   

(2) yxdyxd −=− )()(  for all ., Xyx ∈  

Proof: Suppose that d  is a derivation of .X                                                                  

Then d  is non-expansive by Corollary 3.1.8.                                                                       



 

Hence for any ,, Xyx ∈  )()( ydxyxd −≤−  by Proposition 3.1.12 and 

.)())(())(()( yxdydxyxdyxd −=−∧−=−                                                                       

Suppose that d  is a map satisfying yxdyxd −=− )()(  for all ., Xyx ∈                          

Then .0)0()0())0(0()0( =−=−= ddddd                                                                         

Hence, xxdxxdd −=−== )()()0(0  for any .Xx ∈                                                           

It follows that xxd ≤)(  for any .Xx ∈  That is, d  is non-expansive.                           

Hence by Proposition 3.1.12, )()( ydxyxd −≤−  and 

))(())(()()( ydxyxdyxdyxd −∧−=−=−  for any ., Xyx ∈  

Theorem: 3.1.14 

  Let X  be a subtraction algebra. The every derivation of X  is an homomorphism. 

Proof: Suppose that d  is a derivation of X  and ., Xyx ∈  Then .)( yyd ≤                             

It implies )()()()( ydxdyxdyxd −≤−=−  by (P9). Also we have 

))(())()(())(())()(( yxdydxddyxdydxd −−−=−−−  (by Theorem 3.1.10) 

                                         )()))(()(( ydyxdxdd −−−=  (by (S3)) 

                                         )()))(()(( ydyxdxdd −−−=  (by Theorem 3.1.13) 

                                         )()))((( ydxdyyd −−−=  (by (S2))    

                                         0)()( =−≤ ydyd  (by (P3), Theorem 3.1.9 and (P9)) 

It follows that 0))(())()(( =−−− yxdydxd  and ).()()()( yxdyxdydxd −=−≤−  

Hence ).()()( yxdydxd −=−  

In general, the converse of Theorem 3.1.14 is not true which can be seen from the 

following example. 

Example: 3.1.15 

 Let }1,,,0{ baX =  be the subtraction algebra of Example 3.1.2 (1). 



 

Define a map XXf →:  by  





=

=
=

.1

,

,

,0

1

0
)(

a

bx

x

if

if
xf  

Then f  is a endomorphism of X  which is not a derivation because of  

.)(11)()( abfabbfabf −=−=≠==−         

 

Definition: 3.1.16        

 Let X  be a subtraction algebra. Then, for each ,Xa ∈  a map XXda →:  is 

defined by axxda −=)(  for all .Xx ∈                                 

Proposition: 3.1.17 

   Let X  be a subtraction algebra. Then for each ,Xa ∈  the map ad  is a 

derivation of .X  

Proof: Suppose that ad  is the map defined by axxda −=)(  for each .Xx ∈                            

Then for any ,, Xyx ∈  we have yxdyaxayxyxd aa −=−−=−−=− )()()()(  by (S3). 

Hence ad  is a derivation of X  by Theorem3.1.13. 

Note: 

   The derivation ad  of Proposition 3.1.17 is called a simple derivation.         

Proposition: 3.1.18           

   Let d  be a derivation of a subtraction algebra .X  Then for each ,Xx ∈  there 

exists a unique ],0[ˆ xx ∈  such that xxxd ˆ)( −=  and .0)ˆ( =xd              

Proof: Suppose that d  is a derivation on X  and .Xx ∈                                                        

Then xxd ≤)(  since d  is non-expansive.                                                                             



 

Let ).(ˆ xdxx −=  Then ],0[ˆ xx ∈  and 0)ˆ( =xd  by Proposition 3.1.6, and 

).()())((ˆ xdxdxxdxxxx =∧=−−=−                                                                                       

If  ')(ˆ wxxdxx −==−  for some ],,0[' xw ∈  then 

.0)ˆ()'('))ˆ((')ˆ('ˆ =−−−=−−−=−∧=− xxwxwxxxwxxwx                                                

It follows that '.ˆ wx ≤  similarly, xw ˆ'≤  can be proved.                                                     

Hence ,'ˆ wx =  and x̂  is the unique element in ],0[ x  such that .ˆ)( xxxd −=   

 

Lemma: 3.1.19 

   Let d  be a derivation of a subtraction algebra .X  Then }ˆ{)ker( Xxxd ∈=  

where x̂  is a unique element in ],0[ x  such that xxxd ˆ)( −=  and .0)ˆ( =xd   

Proof: Obviously,  )ker(}ˆ{ dXxx ⊆∈                                                                             (1) 

If ),ker(dx ∈  then xxdxxx ˆ)(0 =−=−= .                                                                        

This implies }ˆ{)ker( Xxxd ∈⊆                                                                                        (2) 

By (1) and (2), }.ˆ{)ker( Xxxd ∈=  

Theorem: 3.1.20 

    Let d  be a derivation of a subtraction algebra .X  Then for each interval ],0[ a  

in ,X   

)()( ˆ xdxd a=  

for all ].,0[ ax ∈  That is, the restriction Xad a →],0[:],0[  of d  is a simple derivation 

,âd  where ],0[ˆ aa ∈  is the unique element such that aaad ˆ)( −=  and .0)ˆ( =ad  

Proof: Suppose that d  is a derivation of X  and .Xa ∈  Then there is a unique ],0[ˆ aa ∈  

such that ,ˆ)( aaad −=  and for any ],0[ ax ∈  we have     

)()ˆ()()())(()()( xaaaxaadxaadxadxd −−−=−−=−−=∧=  



 

                      .ˆˆ)(ˆ))(( axaxaaxaa −=−∧=−−−=  

Hence )(ˆ)( ˆ xdaxxd a=−=  for all ].,0[ ax ∈  

Corollary: 3.1.21 

 Let X  be a subtraction algebra with greatest element 1. Then every derivation d  

of X  is a simple derivation .
1̂

d  

Proof: Suppose that X∈1  and d  is a derivation on .X                                                    

Then ]1,0[=X  and by Theorem 3.1.20, )(1̂)(
1̂

xdxxd =−=  for all .]1,0[ Xx =∈              

Hence d  is the simple derivation .
1̂

d     

Note: 

   There can be a derivation on a subtraction algebra which is not simple. 

Example: 3.1.22 

 Let },,,,,0{ fecbaX =  be a subtraction algebra with ""−  defined by 

0

0

00

000

00

0000000

0

cbcfff

aeabee

ccccc

bbbb

aaaaa

fecba−

 

Figure 2. The Hasse diagram of Example 3.1.22                                                                                



 

 

 

Define a map XXd →:  by  

.

,

,

,

,

,00
)(

f

c

e

a

bx

x

ifb

if
xd





=

=
=  

Then d  is a derivation of X  which is not simple, because there is no Xx ∈  satisfying 

either xebed −==)(  or .)( xfbfd −==                                                                                       

For the interval ],0[ eA =  and ],,0[ fB =  abeedee =−=−= )(ˆ  and .ˆ cf =                     

Hence the restrictions  and  are simple, being given by                        

  and                                                                         

  respectively. 

 

 

 

 

 

 

 

Ad Bd

)()( xdaxd xA =−= )( Ax ∈

)()( xdcxd xB =−= ),( Bx ∈



 

 

 

 

 

 

 

 

 

 

SECTION: 3.2 

DERIVATIONS AND IDEALS OF SUBTRACTION ALGEBRAS 

Proposition: 3.2.1 

Let  be a derivation of a subtraction algebra  Then  

is an ideal of  

Proof: Let  and  with                                                         

Then  implies                                    

Hence  

Proposition: 3.2.2 

Let  be a derivation of a subtraction algebra  If  then  is the 

identity derivation. 

Proof: Let  Then  and  by Proposition 3.1.6.          

It implies  and  Hence    

d .X }0)({ker =∈= xdXxd

.X

dy ker∈ Xx ∈ .kerdyx ∈−

0)( =yd .0)()()(0)()( =−=−=−= yxdydxdxdxd

.kerdx ∈

d .X },0{ker =d d

.Xx ∈ ,)( xxd ≤ }0{ker)( =∈− dxdx

0)( =− xdx ).(xdx ≤ .)( xxd =



 

Definition: 3.2.3 

 Let  be a subtraction algebra and  a non-empty subset of  Then  is 

defined as  for all      

Proposition: 3.2.4 

 Let  be a subtraction algebra and  non-empty subset of  Then  is an 

ideal of   

Proof: Let  and  for any                                                            

Then  and  for all                                                                  

By (P11), we have  for all             

It implies  for all  and  Hence  is an ideal of    

Note:  In particular, for any singleton subset  of a subtraction algebra  

 is an ideal of         

Proposition: 3.2.5 

 Let  be a subtraction algebra and  a simple derivation with  Then 

 iff  

Proof: Suppose that Xyx ∈,  and  Then 

Hence                                                                                                                    

Conversely, suppose that  Then                        

Hence (by (P5)) 

                     (by (P12)) 

                      

Corollary: 3.2.6 

X A .X ∗A

0{ =∧∈=∗
axXxA }.Aa ∈

X A .X ∗A

.X

∗∈ Ay
∗∈− Ayx .Xx ∈

0=∧ ay 0)( =∧− ayx .Aa∈

0)()()(0)( =∧−≤∧−∧=−∧=∧ ayxayaxaxax .Aa∈

0=∧ ax ,Aa ∈ .∗∈ Ax ∗A .X

}{aA = ,X

}0{}{ =∧∈== ∗∗ axXxAa .X

X yd .Xy ∈

xxd y =)( }.{ ∗∈ yx

.)( xxd y =

.0)()( =−=−=−−=∧ xxxdxyxxyx y .}{ ∗∈ yx

.}{ ∗∈ yx .0)()( =∧=−−=−− yxyxxxyy

)()()( xyyxyxxd y −−−=−=

))(())(( xyyxyx −−−−−=

.0 xx =−=



 

 Let  be a subtraction algebra and  a simple derivation with respect to 

 Then  that is,  is an ideal of                                                     

Proof: Let  Then  for some  and by Theorem 3.1.10. 

 It implies  by Proposition 3.2.5.                           

Hence                                                                                                        (1) 

Also,  by Proposition 3.2.5                                                                        (2) 

By (1) and (2),  which is an ideal of                                                                

Hence  is an ideal of  

 

 

Proposition: 3.2.7 

 Let  be a derivation of a subtraction algebra  If  is an ideal of  then we 

have  

Proof: For all  we have  and  for some  by (P8). 

Hence by the definition of an ideal, we have    

Proposition: 3.2.8 

 Let  be a derivation of a subtraction algebra  Then  is an 

ideal of  

Proof: Let  and  with                                                        

Then  and  by Theorem 3.1.10, there exists  

satisfying  and  and  for all  by              

Theorem 3.1.17 and Theorem 3.1.19.                                                                                                                       

Since  we have                                                                       

X yd

.Xy ∈ ,}{)( ∗= yXd y
)Im( yd .X

).(Xdx y∈ )(zdx y= ,Xz ∈

).())(()( xdzddzdx yyyy ===
∗∈ }{yx

.}{)( ∗⊆ yXd y

)(}{ Xdy y⊆∗

)(}{ Xdy y=∗ .X

)Im( yd .X

d .X I ,X

.)( IId ⊆

,Ix ∈ ,)( xxd ≤ wxxd −=)( Xw∈

.)( Ixd ∈

d .X )Im()( dXd =

.X

)(Xdy ∈ )(Xdyx ∈− .Xx ∈

yyd =)( yxyxd −=− )( ],0[ˆ xx ∈

)ˆ()( xxxd −= ,0)ˆ( =xd )()(ˆ zdzd x = ],0[ xz ∈

,xyx ≤− .)()(ˆ yxyxdyxd x −=−=−



 

It implies  by Proposition 3.2.5, i.e.,                                          

Since  we have  

 (by (P12)) 

         

Hence  and we have 

 

               

This implies  and so  is an ideal of  

 

Theorem: 3.2.9 

 Let  be a derivation of a subtraction algebra  Then there exists a 

monomorphism  such that  Hence  is 

isomorphic to  

Proof: Suppose that  is a derivation on                                                                      

Then  is a homomorphism of  by Theorem 3.1.14.                                                       

Define a map  by  for all                          

If  then  implies                                                                   

Hence  and                                     

It follows that  and  That is,  

Therefore  is well-defined.                                                                                                    

Let  Then we have

                                   

Hence  is a homomorphism.                                                                                                

∗∈− }ˆ{xyx .0ˆ)( =∧− xyx

,ˆ xx ≤

))ˆ(()())ˆ(()ˆ(ˆ yxxyxyxxxyxxyx −−−−=−−−=−∧=−

.0ˆ)()ˆ)(()( =∧−=−−−−= xyxxyxyx

yx ≤ˆ

)ˆ()ˆ)(()ˆ(ˆˆ xydyxydyxyyxyx −−=−−=−−=∧=

.0)0)(())ˆ()(( =−=−−=−−= yyydyxdydy

),()(ˆ0 Xdxdxxxx ∈=−=−= )(Xd .X

d .X

XdXd →)ker(/: ).(])([ xdxd = )ker(/ dX

).Im()Im( dd =

d .X

d X

XdXd →)ker(/: )(])([ xdxd = ).ker(/][ dXx ∈

],[][ yx = yx d )ker(~ ).ker(, dxyyx ∈−−

0)()()( =−=− yxdydxd .0)()()( =−=− yxdxdyd

)()( ydxd ≤ ).()( xdyd ≤ ]).([)()(])([ ydydxdxd ===

d

).ker(/][],[ dXyx ∈

]).([])([)()()(])([])[]([ ydxdydxdyxdyxdyxd −=−=−=−=−

d



 

To show that  is a monomorphism, let                                                                    

Then  and                                          

Hence  It follows that  and                             

Therefore  is a monomorphism.   

Theorem: 3.2.10 

 Let  be a subtraction algebra and  a derivation on  If   is the 

map defined by  

 

for all  then  is a derivation with   

Proof: Suppose that  is the map defined by  for all 

 Since  is unique for each   is well-defined.                                             

Let  Then                                                

 

                            

Hence  is a derivation.                                                                                                       

If  then  and hence 

 If  then and

 and so                   

Hence it follows that  

Corollary: 3.2.11 

 Let  be a subtraction algebra and  a derivation of  Then the corestriction 

 of  is an epimorphism. 

d ).()( ydxd =

0)()()( =−=− ydxdyxd .0)()()( =−=− xdydxyd

).ker(, dxyyx ∈−− ,~ )ker( yx d ].[][ yx =

d

X d .X XX →:µ

)(ˆ)( xdxxx −==µ

,Xx ∈ µ ).Im()ker( d=µ

XX →:µ )(ˆ)( xdxxx −==µ

.Xx ∈ )(ˆ xdxx −= ,Xx ∈ µ

., Xyx ∈

))(()()()()( yxdyxyxdyxyx −−−=−−−=−µ

yxyxdx −=−−= )())(( µ

µ

),Im()( dxd ∈ ,0)()())(( =−= xdxdxdµ ),()( µKerxd ∈

).()Im( µKerd ⊆ ),(µKerx ∈ )()(0 xdxx −== µ

),Im()()())((0 dxdxdxxdxxxx ∈=∧=−−=−= ).Im()ker( d⊆µ

).Im()ker( d=µ

X d .X

)ker(: dX →oµ µ



 

Proof: By Theorem 3.2.10,  is a derivation, hence  is a homomorphism, 

and it is clear that  by Lemma 3.1.18.  

Theorem: 3.2.12 

 Let  be a subtraction algebra and  a derivation of  If  

is the map defined by 

 

for all  then  is a monomorphism. In particular,  

Proof: Suppose that  is the map defined by  for all 

                                                                                                                      

If  then  which implies  hence  

and  It follows that                                      

)()()(])([])([ yxyxyx −=−=− µµµµµ                                                                           

                                                                                                                      

and  in a similar way.                                                                                 

Hence  and  is well-defined.                                                                       

Let  Then we have

and                                  

 is a homomorphism.                                                                                                                   

To show that  is a monomorphism, let  Then  and  

 

 

hence  and                                                                    

Since  is non-expansive,  and  

XX →:µ µ

)ker()Im( d=µ

X d .X XdX →)Im(/:µ

)(])([ xx µµ =

),Im(/][ dXx ∈ µ ).ker()Im(/ ddX ≅

XdX →)Im(/:µ )(])([ xx µµ =

).Im(/][ dXx ∈

],[][ yx = ,~ )Im( yx d ),Im(, dxyyx ∈−− yxyxd −=− )(

.)( xyxyd −=−

,0)()( =−−−= yxdyx

0])([])([ =− xy µµ

]),([])([ yx µµ = µ

).Im(/][],[ dXyx ∈

]),([])([)()()(])([])[]([ yxyxyxyxyx µµµµµµµ −=−=−=−=−

µ

µ ]).([])([ yx µµ = ),()( yx µµ =

),()()()()(0 yxdyxyxyx −−−=−=−= µµµ

),()()()()(0 xydxyxyxy −−−=−=−= µµµ

)( yxdyx −≤− ).( xydxy −≤−

d )Im()( dyxdyx ∈−=− ).Im()( dxydxy ∈−=−



 

Therefore,  This implies                                                                        

Hence  is a monomorphism. It is clear that  and  by 

Corollary 3.2.11. Hence   

Note: Now consider the sequence 

 

of homomorphisms of subtraction algebras, where  is the inclusion map.                       

Then  by Corollary 3.2.11 and Theorem 3.2.10.  

Proposition: 3.2.13 

 Let  be a derivation of a subtraction algebra  Then for each  

 with  and   

Proof: Let  be a subtraction algebra and                                                             

Then the interval  is a Boolean algebra with respect to the induced partial order and 

 is the complement of   in                                                                

Hence  

Note:  Let  be a derivation of a subtraction algebra  Then  and  are 

subtraction algebras. Then  is also a subtraction algebra with the binary 

operation  defined by 
 
for all 

  

Theorem: 3.2.14 

 Let  be a derivation of a subtraction algebra  If 

 is the map defined by                                  

 

for all  then  is a monomorphism. 

.~ )Im( yx d ].[][ yx =

µ ),Im()Im( µµ = )ker()Im( d=µ

).ker()Im(/ ddX ≅

,0)ker()Im(0 →→→→ dXd
i

oµ

i

)Im()ker( i=oµ

d .X ,Xx ∈

xxdx ˆ)( ∨= )Im()( dxd ∈ ).ker(ˆ dx ∈

X .Xx ∈

],0[ x

)(ˆ xdxx −= )(xd ].,0[ x

.))(()(ˆ)( xxdxxdxxd =−∨=∨

d .X )Im(d )ker(d

)ker()Im( dd ×

""− ),(),()( 2121221,1 yyxxyxyx −−=−

).ker()Im(),(),,( 2211 ddyxyx ×∈

d .X

)ker()Im(:),( ddXd ×→= µφ

))(),(()( xxdx µφ =

,Xx ∈ φ



 

Proof: Suppose that  is the map defined by 

 for all  Then for any  we have

  

              

If  then  and by Proposition 3.2.13, 

                                             

Hence  is a monomorphism. 

 

 

 

 

 

 

 

 

 

 

 

 

 

)ker()Im(:),( ddXd ×→= µφ

))(),(()( xxdx µφ = .Xx ∈ Xyx ∈,

))()(),()(())(),(()( yxydxdyxyxdyx µµµφ −−=−−=−

).()())(),(())(),(( yxyydxxd φφµµ −=−=

),()( yx φφ = )),(),(())(),(( yydxxd µµ =

.ˆ)()()()()(ˆ)( yyydyydxxdxxdx =∨=∨=∨=∨= µµ

φ
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CHAPTER IV 

MULTIPLIERS OF SUBTRACTION ALGEBRAS AND STATES ON 

SUBTRACTION ALGEBRAS 

SECTION: 4.1 

MULTIPLIERS OF SUBTRACTION ALGEBRAS 

Definition: 4.1.1 [30] 

 Let  be a subtraction algebra. A self-map  is called a multiplier if 

 

for all   

Example: 4.1.2 

 Let  be a subtraction algebra with the following Cayley table 

)0,,( −X f

yxfyxf −=− )()(

., Xyx ∈

},,0{ baX =



 

                                                               

Define a map  by  

               

Then  is a multiplier of subtraction algebra  

Lemma: 4.1.3 

 Let  be a multiplier in subtraction algebra  Then   

Proof: Obvious 

Proposition: 4.1.4 

 Let  be a subtraction algebra. A multiplier  is an identity map if it 

satisfies  for all  

Proof: Suppose that  satisfy the identity  for all              

Then                                                    

Thus  is an identity map. 

Proposition: 4.1.5 

 Let  be a multiplier of a subtraction algebra  Then  is idempotent, that is, 

 

Proof: Obvious 

 In general, every multiplier of  need not identity. However, in the following 

theorem, we give a set of conditions which are equivalent to be an identity multiplier. 

0

0

0000

0

bbb

aaa

ba−

XXf →:





=

=
=

a

bx

x

ifb

if
xf

,00
)(

f .X

f .X .0)0( =f

X XXf →:

)()( yfxyxf −=− ., Xyx ∈

f )()( yfxyxf −=− ., Xyx ∈

.0)0(0)()0()( xxfxxfxfxf =−=−=−=−=

f

f .X f

.2
ffff == o

X



 

Theorem: 4.1.6 

 Let  be a subtraction algebra. A multiplier  of  is an identity map if and 

only if the following conditions are satisfied for all    

(1)  

(2)  

Proof: The conditions for necessary is trivial.                                                                       

For sufficiently, assume that (1) and (2) hold. Then for  we get 

                                                                   

Also, by the definition of the multiplier,                                                     

Hence                                                                                

By Proposition 4.1.4,  is an identity multiplier of   

Definition: 4.1.7 

 Let  be a subtraction algebra. A non-empty set  of  is called a normal 

ideal if it satisfies the following conditions: 

(1)  

(2)  and  imply  

Example: 4.1.8 

 Let  in which  is defined by  

 

X f X

,, Xyx ∈

),()()( yfxfyxf −=−

).()()(2
yfxfyfx −=−

,, Xyx ∈

).()()()()( 2
yxfyfxfyfxyfx −=−=−=−

.)()( yxfyxf −=−

).()()( yfxyxfyxf −=−=−

f .X

X F X

,0 F∈

Fx ∈ Fy ∈ .Fyx ∈−

}1,,,0{ baX = ""−

011

00

00

00000

10

ab

bbb

aaa

ba−



 

Then  is a subtraction algebra. Now consider                                              

Then  is a normal ideal of  

Proposition: 4.1.9 

 Let  be a subtraction algebra. For any   is a 

subalgebra of  

Proof: Let  Then              

Therefore  is a subalgebra of    

Theorem: 4.1.10 

Let  be a subtraction algebra. For any   is a normal ideal of  

Proof: Clearly,  Let  and                                                           

Then  for some  Hence                                                                      

Therefore  is a normal ideal of  

Proposition: 4.1.11 

 Let  be a subtraction algebra. For  the set  

 

is a subalgebra of .X   

Proof: Let  Then  and                                          

Hence                           

which implies  This completes the proof. 

Proposition: 4.1.12  

 Let  be a subtraction algebra. For  the set  

)0,;( −X }.,0{ aF =

F .X

X ,Xa ∈ }{ XxaxSa ∈−=

.X

., aSayax ∈−− .))(()()( aSaayxayax ∈−−−=−−−

aS .X

X .Xa∈ aS .X

.00 aSa ∈=− Xr ∈ .aSb∈

axb −= .Xx ∈ .)()( aSarxraxrb ∈−−=−−=−

aS .X

X ,, Xvu ∈

}0)({),( =−−= vuxxvuX

).,(, vuXyx ∈ 0)( =−− vux .0)( =−− vuy

,00))(())(())(( =−=−−−=−−−=−−− yyvuxvyuxvuyx

).,( vuXyx ∈−

X ,, Xvu ∈



 

 

is a normal ideal of  and    

Proof: Obviously,  Let  be such that                            

Then  and so                                                         

        

                                                                                              

This implies  This completes the proof. 

Proposition: 4.1.13 

 Let  is a normal ideal of  For any  the set 

 

is a subalgebra of   

Proof: Let  Then                                                                            

Therefore,  which implies                          

This completes the proof. 

Proposition: 4.1.14 

 If  is a normal ideal of  the set  is a normal ideal containing  and      

Proof: Let  Since  we have                                                  

Let  be such that  Then                                                          

Therefore,  which implies                                

Obviously,  contains  and  This completes the proof. 

Proposition: 4.1.15 

}.0)({),( =−−= vuxxvuX

,X ).,(, vuXvu ∈

).,(,,0 vuXvu ∈ Xrx ∈, ).,( vuXx ∈

,0)( =−− vux

vruxvurx −−−=−−− ))(())((

.00))(( =−=−−−= rrvux

).,( vuXrx ∈−

F .X ,Xw∈

}{ FwxxFw ∈−=

.X

., wFyx ∈ ., Fwywx ∈−−

,)()()( Fwywxwyx ∈−−−=−− .wFyx ∈−

F ,X wF F .w

.Xw∈ ,00 Fw ∈=− .0 wF∈

Xrx ∈, .wFx ∈ .Fwx ∈−

,)()( Frwxwrx ∈−−=−− .wFrx ∈−

wF F .w



 

 Let  and  be two subtraction algebras. Define a map 

 by  for all  Then  is a 

multiplier of  with respect to the point-wise operation given by 

  and  

Proof: Let  Then we have 

 

                                                                         

Therefore  is a multiplier of the direct product  

Theorem: 4.1.16 

 If  and  are normal ideals of  and  respectively, then  is a 

normal ideal of the product algebra  

Proof: Let  and  be normal ideals of  and  respectively.                                   

Since  and  we have                                                                   

Let  and                                                                             

Also, since  and  are normal ideas of  and  respectively, we get  

and                                                                                                                      

Hence                                                                  

Therefore,  is a normal ideal of  

Theorems: 4.1.17 

 Let  be a multiplier of subtraction  For any normal ideal  of  both 

 and  are normal ideals of  

Proof: Clearly,  Let  and  Then  for some     

Now  because                                   

Therefore  is a normal ideal of                                                                          

1X 2X

2121: XXXXf ×→× )0,(),( xyxf = .),( 21 XXyx ×∈ f

21 XX ×

),(),(),( dbcadcba −−=− 1, Xca ∈∀ ., 2Xdb ∈

.),(),,( 212211 XXyxyx ×∈

)0,()0,(),()),(),(( 2212121212211 yxxxxyyxxfyxyxf −−=−=−−=−

).,(),(),()0,( 2211221 yxyxfyxx −=−=

f .21 XX ×

1F 2F 1X 2X 21 FF ×

.21 XX ×

1F 2F 1X 2X

10 F∈ ,0 2F∈ .)0,0( 21 FF ×∈

21),( XXyx ×∈ .),( 2111 FFyx ×∈

1F 2F 1X 2X 11 Fxx ∈−

.21 Fyy ∈−

.),(),(),( 211111 FFyyxxyxyx ×∈−−=−

21 FF × .21 XX ×

f .X F ,X

)(Ff )(1
Ff

− .X

).0(0 f= Xx ∈ ).(Ffa ∈ )(sfa = .Fs ∈

)()()( Ffxsfxsfxa ∈−=−=− .Fxs ∈−

)(Ff .X



 

Since  is a normal ideal of  we obtain  Hence                

Let  and  Then                                                                          

Since  is a normal ideal, we get  Hence  

Therefore  is a normal ideal of   

Definition: 4.1.18 

 Let  be a multiplier of a subtraction algebra  Define the kernel of the 

multiplier  by  

 

Proposition: 4.1.19 

 For any multiplier  of a subtraction algebra   is a normal ideal of  

Proof: Clearly,                                                                                                    

Let  and                                                                                                         

Then                                                                               

Hence  which implies that  is a normal ideal of  

Definition: 4.1.20 

 Let  be a multiplier of a subtraction algebra. An element  is called a 

fixed element if  

Notation: 

 Let us denote the set of all fixed elements of  by  

and the image of  under the multiplier  by  

Lemma: 4.1.21 

 Let  be a multiplier of subtraction algebra  Then   

F ,X .0)0( Ff ∈= ).(0 1
Ff

−=

Xx ∈ ).(1
Ffa

−∈ .)( Faf ∈

F .)()( Fxafxaf ∈−=− ).(1
Ffxa

−∈−

)(1
Ff

− .X

f .X

f

}.0)({ker =∈= xfXxf

f ,X fker .X

.ker0 f∈

fa ker∈ .Xx ∈

.00)()( =−=−=− xxafxaf

,ker fxa ∈− fker .X

f Xa ∈

.)( aaf =

X })({)( xxfXxXFix f =∈=

X f ).Im( f

f .X ).()Im( XFixf f=



 

Proof: Let  Then  Hence 
                 

Now let  Then we get  for some                                                   

Thus  which implies 
                          

 

Therefore,  This completes the proof. 

Theorem: 4.1.22 

 Let  be a multiplier of a subtraction algebra  Then we have  

(1)  is a normal ideal of  

(2)  is a normal ideal of  

Proof:  

(1) Since  we have                                                                              

Let  and  Then  Now            

Hence 
                                     

                                                       

Therefore,  is a normal ideal of  

(2) Obviously,                                                                                                            

Let  and  Then  for some                                              

Now                                                                  

Therefore,  is a normal ideal of    

Note:  

 The composition of two multipliers  and  of a subtraction algebra  is a 

multiplier of  where  for all  

Theorem: 4.1.23 

 Let  and  be two multipliers of  such that  Then the 

following conditions are equivalent. 

).(XFixx f∈ ).Im()( fxfx ∈= ).Im()( fXFix f ⊆

).Im( fa ∈ )(bfa = .Xb∈

,)())(()( abfbffaf === ).()Im( XFixf f⊆

).()Im( XFixf f=

f .X

)(XFix f .X

)Im( f .X

,0)0( =f ).(0 XFix f∈

Xx ∈ ).(xFixa f∈ .)( aaf = .)()( xaxafxaf −=−=−

).(XFixxa f∈−

)(XFix f .X

).0(0 f=

Xx ∈ ).Im( fa ∈ )(bfa = .Xb ∈

).()()( Xfxbfxbfxa ∈−=−=−

)Im( f .X

f g X

X ))(())(( xgfxgf =o .Xx ∈

f g X .fggf oo =



 

(1)  

(2)  

(3)  

Proof: 

(1) (2): Obvious. 

(2) (3): Assume that                                                                                

Let  Then                                                               

Hence  for some                                                                                                    

Now  Thus                                           

Therefore,                                                                                              

Similarly, we can obtain  Thus                            

(3) (1): Assume that                                                                        

Let  Since  We have                                            

Also, we obtain  Hence we get                             

Thus we have                          

Therefore,  and  are equal in the sense of mappings. 

Definition: 4.1.24 

 Let  be a subtraction algebra. An equivalence relation  on  is called a 

weak congruence if  implies  for any  

Note: 

 Clearly, every congruence on  is a weak congruence on  In the following 

theorem, we have an example for a weak congruence in terms of multipliers. 

Theorem: 4.1.25 

.gf =

).()( XgXf =

).()( XFixXFix gf =

⇒

⇒ ).()( XgXf =

).(XFixx f∈ ).()()( XgXfxfx =∈=

)(ygx = .Xy ∈

.)()())(()( 2
xygygyggxg ==== ).(XFixx g∈

).(XFixFix gf ⊆

).()( XFixXFix fg = ).()( XFixXFix gf =

⇒ ).()( XFixXFix gf =

.Xx ∈ ).()()( XFixXFixxf gf =∈ ).())(( xfxfg =

).()()( XFixXFixxg fg =∈ ).())(( xgxgf =

).())(())(())(())(()( xgxgfxgfxfgxfgxf ===== oo

f g

X θ X

θ∈),( yx θ∈−− ),( ayax .Xa ∈

X .X



 

 Let  be a multiplier of a subtraction algebra  Define a binary operation  

on  as follows: 

 if and only if  for all  

Then  is a weak congruence on   

Proof: Clearly,  is an equivalence relation on                                                               

Let  Then we have                                                                      

Now for any  we have                           

Hence     

Lemma: 4.1.26 

 Let  be a multiplier of a subtraction algebra  Then 

(1)  for all  

(2) If  and  

Proof: 

(1) Let  Then  for some                                                                   

Now  

(2) Let  and                                                                               

Then by (1),  

Theorem: 4.1.27 

 Let  be a subtraction algebra and  be a normal ideal of  Then there 

exists multiplier  of  such that  if and only if  is a single-ton 

set for all  where  is the congruence class of  with respect to       

f .X
fθ

X

fyx θ∈),( )()( yfxf = ., Xyx ∈

fθ .X

fθ .X

.),( fyx θ∈ ).()( yfxf =

,Xa ∈ ).()()()( ayfayfaxfaxf −=−=−=−

.),( fayax θ∈−−

f .X

xxf =)( ).(Xfx ∈

fyx θ∈),( .),(, yxXfyx =∈

).(Xfx ∈ )(afx = .Xa ∈

.)())(()()( 2
xafxffxfxf ====

fyx θ∈),( ).(, Xfyx ∈

.)()( yyfxfx ===

X F .X

f X FXf =)( )(xF fθ∩

,Xx ∈ fθ x .fθ



 

Proof: Let  be a multiplier of a subtraction algebra  such that              

Then clearly  is a weak congruence on                                                                      

Let  be an arbitrary element. Since  we get                

Hence  Also,  which implies  

Therefore  is non-empty.                                                                                  

Let be two element of  Then by Lemma 4.1.26, we get                    

Hence  is a single-ton set.                                                                              

Conversely, assume that  is a single-ton set for all                                                 

Let  be the single element of                                                                                    

Now define a self map as follows,  by  for all                                      

By the definition of the map  we get  and                             

Since  is normal, we get  and so  

 

 

                           

                           

                               

Since  and  is a single-ton set, we get 

                                                                                                                

Therefore  is a multiplier of   

   

 

 

f X .)( FXf =

fθ .X

Xx ∈ ),()( 2
xfxf = .))(,( fxfx θ=

).()( xxf fθ∈ ,)()( FXfxf =∈ ).()( xFxf fθ∩∈

)(xF fθ∩

,a b ).(xF fθ∩ .ba =

)(xF fθ∩

)(xF fθ∩ .Xx ∈

o
x ).(xF fθ∩

XXf →:
o

xxf =)( .Xx ∈

,f Faf ∈)( ).())(( afaff =

F ,)( Fbaf ∈−

faafafaff θ∈⇒= )),(()())((

fbabaf θ∈−−⇒ )),((

)()( babaf f −∈−⇒ θ

)()( baFbaf f −∩∈−⇒ θ ))(( Fbaf ∈−

)()( baFbaf f −∩∈− θ )( baF f −∩θ

.)()( bafbaf −=−

f .X



 

 

 

 

 

 

 

 

 

 

 

 

SECTION: 4.2 

STATES ON SUBTRACTION ALGEBRAS 

Definition: 4.2.1 [31]  

 Let  be a subtraction algebra. A Bosbach state on  is a function 

 such that the following axioms hold: 

(1)    

(2)   for all  

For a Bosbach state  define a set  by 

 

A function  is called trivial Bosbach state on  if  for all  

Also, the function  

X X

]1,0[: →Xs

.0)0( =s

)()()()( yxsysxysxs −+=−+ ., Xyx ∈

],1,0[: →Xs )ker(s

}.0)({)ker( =∈= xsXxs

]1,0[: →Xs X 0)( =xs .Xx ∈



 

 

is called a constant Bosbach state for some   

Example: 4.2.2  

             Let  be a set in which  is defined by  

 

Then  is a subtraction algebra.  

 

 

Define a function  by  

 

Then  is a Bosbach state on  

Example: 4.2.3 

 Let  be a set in which  is defined by 

 

Then  is a subtraction algebra. 

Define a function  by  



 =

=
.

,00
)(

otherwiset

xif
xs

].1,0[∈t

},,0{ baX = ""−

0

0

0000

0

bbb

aaa

ba−

),( −X

]1,0[: →Xs

,0)0( =s ,3.0)( =as .7.0)( =bs

s .X

}1,,,0{ yxX = ""−

011

00

00

00000

10

xy

yyy

xxx

yx−

),( −X

]1,0[: →Xs



 

 

Then  is a Bosbach state on  

Proposition: 4.2.4 

 If  is a Bosbach state on a subtraction algebra   

 for every  is also a Bosbach state on   

Proof: Let  be a subtraction algebra and                                                             

Then we have  Also, we have for all                                                                                  

 

                            

                                                                                                            

This completes the proof. 

Proposition: 4.2.5 

 Let  be a Bosbach state on a subtraction algebra  Then If  

then  and   

Proof: Let  be a Bosbach state on  and  Then                                        

Since  we have 

                                          

and so  

Proposition: 4.2.6 

 Let  be a Bosbach state on a subtraction algebra  Then  is 

a subalgebra of  

,0)0( =s ,3.0)( =xs ,5.0)( =ys .8.0)1( =s

s .X

]1,0[: →Xs ,X ],1,0[: →Xsa

)()( axsxsa −= Xx ∈ .X

X .Xa ∈

.0)0()0()0( ==−= sassa ,, Xyx ∈

))()(()())(()()()( axaysaxsaxysaxsxysxs aa −+−+−=−−+−=−+

))(()())()(()( ayxsaysayaxsays −−+−=−+−+−=

).()( yxsys aa −+=

]1,0[: →Xs .X ,yx ≤

)()( ysxs ≤ ).()()( ysxysxs =−+

s X .yx ≤ .0=− yx

),()()()( yxsysxysxs −+=−+

),()()()(0)()()()(0 xsysxsysxsysyxsxys −=−+=−+−=−≤

).()( xsys ≥

]1,0[: →Xs .X )ker(s

.X



 

Proof: Let  Then                                                                  

Since  we have  by Proposition 4.2.5, and so

 This implies  i.e.,     

Proposition: 4.2.7 

 Let   be a Bosbach state on a subtraction algebra  Then  is 

an ideal of  

Proof: Since  we have                                                                                

Let  and  So,                                             

Since  we have  by Proposition 4.2.5 which implies 

 Hence                                                                                                                              

Now  implies  i.e.,  

 

 

 

Theorem: 4.2.8 

 Let  and  be subtraction algebras. Let  be a homomorphism 

 be a Bosbach state on  Then there exists an unique Bosbach state 

 such that the following diagram is commutative (i.e., ). 

 

).ker(, syx ∈ .0)()( == ysxs

,xyx ≤− )()( xsyxs ≤−

.0)()(0 =≤−≤ xsyxs ,0)( =− yxs ).ker(syx ∈−

]1,0[: →Xs .X )ker(s

.X

,0)0( =s ).ker(0 s∈

)ker(syx ∈− ).ker(sy ∈ .0)()( ==− ysyxs

,yxy ≤− )()( ysxys ≤−

.0)()(0 =≤−≤ ysyxs .0)( =− xys

),()()()( yxsysxysxs −+=−+ .0)( =xs ).ker(sx ∈

X Y YXf →:

]1,0[: →Ys .Y

]1,0[: →Xt fst o=



 

Proof: Let  and  be subtraction algebras and  be a homomorphism.           

Let  be a Bosbach state on                                                                                     

Let  where  Then  is well-defined.                                                   

To prove:  is a Bosbach state.                                                 

                                                                         (1) 

Now, let  Then

 

                       

                                                              (2) 

By (1) and (2) Hence  is a Bosbach state.                                                                           

Finally, we prove that  is unique.                                                                                     

Suppose that there exist an another Bosbach state  such that            

Then  for all  This implies                                              

Hence the proof. 

 

 

Theorem: 4.2.9  

 Let  be a bijection homomorphism and  be a Bosbach 

state on  Then there exists an unique Bosbach state  such that   

 

X Y YXf →:

]1,0[: →Ys .Y

,fst o= ].1,0[: →Xt t

t

.0)0())0(()0)(()0( ==== sfsfst o

., Xyx ∈

))()(())(())(())(()()( xfyfsxfsxyfsxfsxytxt −+=−+=−+ oo

))(())(())()(())(( yxfsyfsyfxfsyfs −+=−+=

).()())(())(( yxtytyxfsyfs −+=−+= oo

t

t

]1,0[: →Xr .fsr o=

)())(()( xtxtsxr == o .Xx ∈ .tr =

YXf →: ]1,0[: →Xs

.X ]1,0[: →Yt .fts o=



 

Proof: Let and  be subtraction algebras and  be a bijection 

homomorphism. Let  be a Bosbach state on                                                     

Let  Since  is onto, there exists  such that                                       

Put  Then  and so                              

Since  is one to one, then  and so             

Let  Then there exists  such that  and                

Then we have  

 

                                          

                                         

                                         

                                         

Hence  is a Bosbach state.                                                                                                 

Suppose that there exists an another Bosbach state  such that           

Let  Then there exists  such that                                                       

Now,  but by definition of  we get 

 Hence we have   

Note: 

 Introduce a relation  on  by  iff   

Proposition: 4.2.10 

 Let  be a Bosbach state on  Then  

(1)  

(2)  

X Y YXf →:

]1,0[: →Xs .X

.Yy ∈ f Xx ∈ .)( yxf =

).()( xsyt = ),())(())(()( xsxftxftyt === o .sft =o

f ,0)ker( =f .0)0()0)(())0(()0( ==== sftftt o

., 21 Yyy ∈ Xxx ∈21, 21)( yxf = .)( 22 yxf =

))(())(())()(())(()()( 121121121 xxftxftxfxftxftyytyt −+=−+=−+

)()())(())(( 121121 xxsxsxxftxft −+=−+= oo

))(())(()()( 212212 xxftxftxxsxs −+=−+= oo

))()(())(())(())((( 212212 xfxftxftxxftxft −+=−+=

).()( 212 yytyt −+=

t

]1,0[: →Xr .frs o=

.Yy ∈ Xx ∈ .)( yxf =

),())(())(()( xsxfrxfryr === o ,t

).()()( ytxsyr == .tr =

""≤ IX / ][][ yx ≤ .0]0[][][ ==− yx

]1,0[: →Xs .X

.0)(][][ =−⇔≤ yxsyx

.0)()(][][ =−=−⇔= xysyxsyx



 

Proof: Proof follows from Proposition 4.2.5. 

Theorem: 4.2.11 

 Let  be an ideal of a subtraction algebra  and  be a Bosbach 

state on  Then there exists an unique Bosbach state  such that the 

following diagram is commutative (i.e., ), infact,  defined by 

 and  is a congruence relation induced by ideal  where 

 is defined by     

                                                                                       

                                                    

                                                                                             

                                                                                   

 

Proof: Obvious. 

 

Corollary: 4.2.12 

 Let  be a subtraction algebra and  be a Bosbach state on  

Then there exists an unique Bosbach state  such that the following 

diagram is commutative (i.e., ), infact,  is a congruence relation induced by 

ideal     

                  

                                              

                                               

I X ]1,0[: →Xs

.X ]1,0[/: →IXt

ϕots = ~""

Iyxyx ∈−⇒~ Ixy ∈− ,I

IXX /: →ϕ ].[)( xx =ϕ

ϕ

X IX /

s t∃
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X ]1,0[: →Xs .X

]1,0[)ker(/: →sXt

ϕots = ~

).ker(s

ϕ

X )(sKerX

s t∃



 

                                                                   

Proof: Obvious. 
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Summary and ConclusionSummary and ConclusionSummary and ConclusionSummary and Conclusion    

SUMMARY AND CONCLUSION 

 In 1998, Schein, B.M. [32] considered systems of the form ,\),,( oΦ  where Φ  is a 

set of functions closed under the composition ""o  of functions (and hence );( oΦ  is a 

function semigroup) and the set theoretic subtraction "\"  (and hence ;\)(Φ  is a 

subtraction algebra in the sense of Abbott, J.C. [1]). 

 In this thesis, we have made an attempt to give a discussion about the ideal theory 

of subtraction algebras, derivations of subtraction algebras, homomorphism of 

subtraction algebras etc. 



 

 In the first chapter, preliminary definitions and properties of subtraction algebras 

are presented. Also, prime and irreducible ideals in subtraction algebras due to                

Jun, Y.B. et al. [14, 15] are discussed. 

 In chapter II, the concept of  quotient subtraction algebras due to Çeven, Y. and 

Küçükkoç, Ş. [6] and pseudo-valuation of subtraction algebras due to Kim, K.H. and 

Yon, Y.H. [22] and their properties are investigated. 

 In chapter III, we have made a detailed study of derivations of subtraction 

algebras due to Yon, Y.H. and Kim, K.H. [34]. 

 In chapter IV, properties of multipliers of subtraction algebras due to                      

Sang Deok Lee and Kim, K.H. [30] and states on subtraction algebras due to                   

Sang Moon Lee and Kim, K.H. [31] are discussed. 

 We hope that a deep study of these concepts will lead to many interesting open 

problems yielding very good scope for further research.   
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