2

v Generalized Closed Sets in Intuitionistic Fuzzy

Topological Spaces

2.1 Introduction

Fukutake, Nasef and EI-Maghrabi (2003) introduced and established the concept of
v generalized closed sets in topological spaces. After that the set was generalized to fuzzy
topological spaces. Benchalli and Jenifer Karnel (2010a) have introduced fuzzy b-open
sets in fuzzy topological spaces. Hanafy (2009) studied the properties of intuitionistic
fuzzy y closed sets and intuitionistic fuzzy y open sets. Now we have generalized the set to
intuitionistic fuzzy vy generalized closed sets in intuitionistic fuzzy topological spaces.
Some interesting propositions and results on intuitionistic fuzzy y generalized closed sets,
intuitionistic fuzzy y generalized open sets are discussed and some theoretical applications

are provided in this chapter.

2.2 Intuitionistic fuzzy y generalized closed sets

In this section we have introduced intuitionistic fuzzy y generalized closed sets and

studied some of their properties.

Definition 2.2.1: An IFS A in an IFTS (X, 1) is said to be an intuitionistic fuzzy
y generalized closed set (IFYyGCS) if ycl(A) c U whenever A c U and U is an IFyOS in
X, 7).

The complement A° of an IFyGCS A in an IFTS (X, 1) is called an intuitionistic
fuzzy y generalized open set (IFYyGOS) in X.

The family of all IFyGCSs of an IFTS (X, 1) is denoted by IFyGC(X).

Example 2.2.2: Let X = {a, b} and G1 = (X, (0.5, 0.6p), (0.5, 0.4p)) where pc_(a) = 0.5,

g, (b) = 0.65, Ve, (8) = 0.5, vg, (b) = 0.4y and G = (X, (0.44, 0.3y), (0.6, 0.74)) where
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ug_(a) = 0.44 we () = 0.3p, vg_(a) = 0.64 vg_(b) = 0.7p. Then T = {0-, Gy, G, 1-} is an

IFT on X. Here,

IFYyO(X)={0-~, 1-, Ha € [0,1], Wy € [0,1], v4 € [0,1],v, € [0,1]/ either v, < 0.4 or v, < 0.3,
Va > 0.5 whenever vy < 0.6, 0.4 < v, < 0.5 whenever vy < 0.4, Ha > 0.5, U > 0.6,
0.5 < v4 < 0.6 whenever v, > 0.6, 4g > 0.4, g > 0.3 and v, >0.6 whenever v, > 0.4,

0 <Ma+va<land 0 < pp+vp<1}and

IFYyC(X) = {0~, 1~, Mo € [0,1], up € [O, 1], va € [0,1], vy € [0,1]/ either py < 0.4 or Yy < 0.3,
Ma > 0.5 whenever Py < 0.6, 0.4 < Yy < 0.5 whenever Hp < 0.4, v, > 0.5, v, > 0.6,
0.5 < Ma < 0.6 whenever U, > 0.6, v > 0.4, vy, > 0.3 and M, >0.6 whenever [y > 0.4,

0<pava<land 0 < pMp:vp<1}.
Let A = (X, (0.35, 0.2), (0.7,, 0.8p)) be an IFS in (X, 7). Then A is an IFyGCS in (X, 7).
Proposition 2.2.3: Every IFCS is an IFyGCS in (X, 1) but not conversely in general.

Proof: Let Abean IFCS in X. Let A c Uand U be an IFyOS in X. As ycl(A) c cl(A) = A
< U by hypothesis, we have ycl(A) < U. Then A is an IFyGCS in (X, 7).

Example 2.24: Let X = {a, b}, Gi = (X (0.5, 0.6,), (0.5, 0.4)) and
G, = (X, (0.4, 0.3y), (0.65, 0.7p)). Then © = {0-, G, Gy, 1.} is an IFT on X.
Here A = (X, (0.3, 0.2,), (0.7, 0.8y)) is an IFyGCS but not an IFCS in (X, 1), as
cl(A) =G,“#A.

Proposition 2.2.5: Every IFRCS is an IFyGCS in (X, 1) but not conversely in general.

Proof: Let A be an IFRCS in X. Then A is an IFCS as every IFRCS is an IFCS. Therefore
by Proposition 2.2.3, A'is an IFyGCS in (X, 7).

Example 2.26: Let X = {a, b}, G = (X, (05, 0.6p), (0.5, 0.4,)) and
Gz = (X, (0.4, 0.3p), (0.64 0.7p)). Then T = {0-, G;, Gy, 1.} is an IFT on X. Here
A = (X, (0.3, 0.2p), (0.7, 0.8)) is an IFyGCS but not an IFRCS in (X, 1), as cl(int(A)) =
cl(0-) =0-#£A.
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Proposition 2.2.7: Every IFSCS is an IFyGCS in (X, 1) but not conversely in general.

Proof: Let A be an IFSCS in X and let A < U where U is an IFyOS in X. As ycl(A) <
scl(A) = A < U by hypothesis, we have ycl(A) < U. Hence A is an IFyGCS in (X, 7).

Example 2.28: Let X = {a, b}, Gi = (X (0.5, 0.6,), (0.5, 0.4)) and
Gy = (X, (0.4, 0.3p), (0.65 0.7p)). Then T = {0-, G;, Gy, 1.} is an IFT on X. Here
A = (X, (0.3, 0.2p), (0.7, 0.8y)) is an IFyGCS but not an IFSCS in (X, 1), as int(cl(A)) =
int(G;") =G, ¢ A.

Proposition 2.2.9: Every IFPCS is an IFyGCS in (X, t) but not conversely in general.

Proof: Let A be an IFPCS in X and let A < U where U is an IFyOS in X. As ycl(A) <
pcl(A) = A < U by hypothesis, we have ycl(A) < U. Hence A is an IFyGCS in (X, 7).

Example 2.2.10: Let X = {a, b}, Gi1 = (X, (0.5, 0.6p), (0.5, 0.4y)) and
G, = (X, (0.4, 0.3y), (0.65 0.7p)). Then T = {0-, G, Gy, 1.} is an IFT on X. Here
A = (X, (0.44, 0.3p), (0.64, 0.7p)) is an IFyGCS but not an IFPCS in (X, 1), as cl(int(A)) =
cl(G2) =G1"¢ A.

Proposition 2.2.11: Every IFaCS is an IFyGCS in (X, t) but not conversely in general.

Proof: Let A be an IFaCS in X and let A < U where U is an IFyOS in X. As ycl(A) <
acl(A) = A < U by hypothesis, we have ycl(A) < U. Hence A is an IFyGCS in (X, 1).

Example 2.2.12: Let X = {a, b}, Gi1 = (X, (0.5, 0.6y), (0.5, 0.4y)) and
Gy = (X, (0.4, 0.3p), (0.65, 0.7p)). Then T = {0-, G, Gy, 1.} is an IFT on X. Here
A = (X, (0.35,0.2p), (0.7, 0.8y)) is an IFyGCS but not an IFaCS in (X, 1), as cl(int(cl(A)))
=cl(int(G:%)) = cl(Gz) = G1° & A.

Proposition 2.2.13: Every IFyCS is an IFyGCS in (X, t) but not conversely in general.

Proof: Let A be an IFyCS in X, then ycl(A) = A. Let A < U where U is an IFyOS in X.
Now as ycl(A) = A < U by hypothesis, we have ycl(A) < U. Hence A is an IFyGCS in
X, 7).
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Example 2.2.14: Let X = {a, Db}, Gi1 = (X, (0.5, 0.7,), (0.5, 0.3y)) and
Gy = (X, (0.5, 0.6p), (0.5, 0.4p)). Then T = {0-, G;, Gy, 1.} is an IFT on X. Here
A = (X, (0.6, 0.6p), (0.44, 0.4y)) is an IFyGCS but not an IFyCS in (X, 1), as int(cl(A)) N
cl(int(A)) =1-n1-=1. € A.

Proposition 2.2.15: Every IFSPCS is an IFyGCS in (X, 1) but not conversely in general.

Proof: Let A be an IFSPCS in X and let A < U where U is an IFyOS in X. As ycl(A)
c spcl(A) = A < U by hypothesis, we have ycl(A) < U. Hence A is an IFyGCS in (X, 1).

Example 2.2.16: Let X = {a, b}, G; = (x, (0.5, 0.7,), (0.5, 0.3p)) and
G, = (X, (0.5, 0.6p), (0.5, 0.4p)). Then t = {0, G;, Gy, 1.} is an IFT on X. Here
A = (X, (0.64, 0.6p), (0.4,, 0.4p)) is an IFyGCS but not an IFSPCS in (X, 1), as there exists
no IFPCS B such that int(B) c A< B in X.

In the following diagram, we have provided the relation between various types of

intuitionistic fuzzy closedness.
IFCS — IFaCS

/SN LN

IFRCS — IFyGCS +«— IFPCS

I NG

IFSCS — IFSPCS e IFyCS

The reverse implications are not true in general in the above diagram.

Remark 2.2.17: The union of any two IFyGCSs is not an IFyGCS in general as seen in the

following example.
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Example 2.2.18: Let X = {a, b}, G = (X, (0.6, 0.8p), (04, 0.2))
and G, =(x, (0.5,, 0.5p), (0.44, 0.4p)). Then t = {0-, G;, Gy, 1-} isan IFT on X.

Then the IFSs A = (X, (0.5, 0.4y), (0.45, 0.5p)), B = (X, (0.44, 0.6p), (0.5, 0.2,)) are
IFYGCSs in (X, 7). But A U B is not an IFyGCS in X, as A U B = (x, (0.5, 0.6p),
(0.4,, 0.2p)) € Gy where G; is an IFyOS in X and ycl(A U B) = 1. & G;.

Remark 2.2.19: The intersection of any two IFyGCSs is not an IFYyGCS in general as seen

in the following example.

Example 2.220: Let X = {a, b}, G = (X (05, 0.7p), (0.5, 0.3p))
and G, =(x, (0.5, 0.6), (0.5,, 0.4p)). Then t= {0-, G;, G, 1-}isan IFT on X.

Then the IFSs A = (X, (0.55, 0.9y), (0.5, 0.1p)), B = (X, (0.5, 0.7p), (0.4,, 0.3y)) are
IFYGCSs in (X, 1). But A N B is not an IFyGCS, as A N B = (X, (0.5,, 0.7y), (0.5,, 0.3p)) <
Gy but ycl(A N B) =1-& Ga.

Proposition 2.2.21: Let (X, 1) be an IFTS. Then for every A € IFyGC(X) and for every
B € IFS(X), A < B < ycl(A) =B € IFyGC(X).

Proof: Let B < U and U be an IFyOS in X. Then since A < B, A < U. By hypothesis
B < vycl(A). Therefore ycl(B) < ycl(ycl(A)) = ycl(A) < U, since A is an IFyGCS in X.
Hence B € IFyGC(X).

Proposition 2.2.22: An IFS A of an IFTS (X, 1) is an IFYyGCS if and only if
A - F=vycl(A) F forevery IFyCS F of X.

Proof: Necessity: Let F be an IFyCS in X and A _F, then A < F°, where F® is an IFyOS.

By hypothesis ycl(A) < F°. Hence by Definition 1.1.15, yel(A); F.

Sufficiency: Let U be an IFyOS such that A < U. Then U®is an IFyCS and A < (U°)°".
This implies that A . U°. By hypothesis, ycl(A).U°". Hence ycl(A) < (U°)° = U. Hence A

is an [FyGCS in X.
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Proposition 2.2.23: If A is both an IFyOS and an IFyGCS in (X, 1), then A is an IFyCS in
(X, 1).

Proof: Since A < A and A is an IFyOS in X, by hypothesis ycl(A) < A. But
A < ycl(A). Therefore ycl(A) = A. Hence A is an IFyCS in (X, 1).

Proposition 2.2.24: Let A be an IFyGCS in (X, t) and p(p) be an IFP in X such that
Pp)aYCI(A), then cl(pe.p) ¢ A.

Proof: Let A be an IFyGCS and let pup q Ycl(A). If  cl(pup) - A, then

q

A C (cl(pwp)) where (cl(pep))® is an IFOS and hence it is an IFyOS. Then by
hypothesis, yCI(A) < (€l(Pp))° = iNt(Pup)® S (Prugy)”. This implies that peg) 5 YcI(A),

which is a contradiction to the hypothesis. Hence cl(pg)) 4 A.

Proposition 2.2.25: Let F < A < X where A is an IFyOS and an IFyGCS in X. Then
Fisan IFyGCS in A if and only if F is an IFyGCS in X.

Proof: Necessity: Let U be an IFyOS in X and F < U. Also let F be an IFyGCS in A.
Then F < A N Uand A N U is an IFyOS in A. Hence gamma closure of F in A,
ycla(F) < A N U and by Proposition 2.2.23, A is an IFyCS. Therefore ycl(A) = A. Now
gamma closure of F in X, ycl(F) < ycl(F) N ycl(A) =ycl(F) N A=vcla(F) € ANU <
U. That is ycl(F) < U, whenever F < U. Hence F is an IFyGCS in X.

Sufficiency: Let V be an IFyYOS in A, such that F < V. Since A is an IFyOS in X,
V is an IFyOS in X. Therefore ycl(F) < V, as F is an IFyGCS in X. Thus, ycla(F) =
vyel(F) N A€ VN ACV. Hence F is an [IFyGCS in A.

Proposition 2.2.26: For an IFS A, the following conditions are equivalent:

(1) Aisan IFOS and an IFyGCS
(i) Alis an IFROS
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Proof: (i) = (ii) Let A be both an IFOS and an IFyGCS in X. Then A is an IFyOS and an
IFyGCS. By Proposition 2.2.23 A is an IFyCS and intcl(A) = int(cl(A)) n cl(A)) =
int(cl(A)) n cl(int(A)) < A, by hypothesis. Hence int(cl(A)) € A. Since A is an IFOS, it is
an IFPOS. Hence A < int(cl(A)). Therefore A = int(cl(A)). Hence A is an IFROS.

(ii)= (i) Let A be an IFROS in X then A = int(cl(A)). Since every IFROS is an IFOS we
have int(cl(A)) n cl(int(A)) = A n cl(int(A)) = A n cl(A) = A € A. Hence A is an IFyCS
in X and by Proposition 2.2.13, Aisan IFyGCS in X.

Proposition 2.2.27: For an IFOS A in (X, t), the following conditions are equivalent:
(i) Aisan IFCS
(if) A'is an IFYGCS and an IFQ-set

Proof: (i) = (ii) Since A is an IFCS, it is an IFyGCS by Proposition 2.2.3. Now int(cl(A))
= int(A) = A =cl(A) = cl(int(A)), by hypothesis. Hence A is an IFQ-set.

(i) = (i) Since A is an IFOS and an IFyGCS, by Proposition 2.2.26, A is an IFROS.
Therefore A =int(cl(A)) = cl(int(A)) = cl(A), by hypothesis. Hence A is an IFCS in X.

Proposition 2.2.28: If a subset A of an IFTS (X, 1) is intuitionistic fuzzy nowhere dense,
then it is an IFYGCS in (X, 1).

Proof: If A is intuitionistic fuzzy nowhere dense in X, then int(cl(A)) = 0-. Let A c U
where U is an IFyOS in X. Now ycl(A) < scl(A) = A v int(cl(A)) =AU 0-= A c U and
hence A is an IFyGCS in (X, 7).

Proposition 2.2.29: Let (X, t) be an IFTS. Then every IFS in (X, 1) is an IFyGCS if and
only if IFyO(X) = IFyC(X).

Proof: Necessity: Suppose that every IFS in (X, t) is an [FyGCS in X. Let U € IFyO(X),
and by hypothesis, ycl(U) € U € ycl(U). This implies ycl(U) = U. Therefore U € IFyC(X).
Hence IFyO(X) € [FyC(X) —(i).
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Let A € IFyC(X), then A® € IFyO(X) € IFyC(X). That is, A® € IFyC(X). Therefore A €
IFyO(X). Hence IFyC(X) € IFyO(X) —(ii).

From (i) and (ii), IFyO(X) = IFyC(X).
Sufficiency: Suppose that IFyO(X) = IFyC(X). Let A € U and U be an IFyOS in X. Then

U € IFyO(X) and by hypothesis ycl(A) € ycl(U) = U, since U € IFyC(X). Therefore A is
an IFyGCS in X.

Proposition 2.2.30: If A is an IFROS and B is an IFaCS, then A n B is an IFyGCS in
(X, 7).

Proof: Let B be an IFaCS and A be an IFROS. Then cl(int(cl(B))) < B and int(cl(A)) = A.
Therefore A n B 2 A n cl(int(cl(B))) = int(cl(A)) n cl(int(cl(B))) = int(cl(A)) n int(cl(B))
= int(cl(A n B)). We have int(cl(A n B)) € A n B. Hence A n B is an IFSCS and by
Proposition 2.2.7, A n B is an IFyGCS in (X, 7).

Proposition 2.2.31: If A is both an IFaOS and an IFyGCS in (X, 1), then A is an [FyCS in
X, 7).

Proof: Let A be an IFaOS in X. Then A is an IFyOS in X. As A € A, by hypothesis
ycl(A) € A. Since A < ycl(A), ycl(A) = A and A is an IFYCS in (X, 1).

Proposition 2.2.32: An IFS A of X is an IFyGCS if ycl(A) € ker(A).

Proof: Let U be any IFyOS such that A € U. By hypothesis ycl(A) < ker(A) and since A
C U, ker(A) € U. Therefore ycl(A) € U and hence A is an [FyGCS.

Proposition 2.2.33: If A is both an IFyOS and an IFyGCS of (X, t). Then A N F is an
IFYGCS of (X, 1) where F is an IFCS of X.

Proof: Suppose that A is an IFyOS and an IFyGCS in (X, 1), then by Proposition 2.2.23,
A'is an IFyCS. But F is an IFCS in X. Hence A N F is an IFyYCS as every IFCS is an
IFyCS. Therefore A N F is an I[FyGCS in X, by Proposition 2.2.13.

Proposition 2.2.34: For an IFyGCS A in an IFTS (X,t), the following conditions hold:

Q) If A is an IFROS then scl(A) is an [FyGCS
(i) If A is an IFRCS then sint(A) is an IFyGCS
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Proof: (i) Let A be an IFROS in (X, t). Then int(cl(A)) = A. By definition we have
scl(A) = A U int(cl(A)) = A. Since A is an [FyGCS in X, scl(A) is an IFyGCS in X.

(i) Let A be an IFRCS in (X, 1). Then cl(int(A)) = A. By definition we have
sint(A) = A ncl(int(A)) = A. Since A is an IFyGCS in X, sint(A) is an IFyGCS in X.

Proposition 2.2.35: Let (X, 1) be an IFTS, then for every A € IFSPC(X) and for every B
in X, int(A) B < A implies B € IFyGC(X).

Proof: Let A be an IFSPCS in X. Then there exists an IFPCS, (say) C such that
int(C) < A < C. By hypothesis, B < A. Therefore B < C. Since int(C) < A,
int(C) c int(A) and int(C) < B, by hypothesis. Thus int(C) c B < C and B € IFSPC(X).
Hence by Proposition 2.2.15, B € IFyGC(X).

2.3 Intuitionistic fuzzy y generalized open sets

In this section we have discussed and analyzed some of the properties of
intuitionistic fuzzy y generalized open sets and produced many interesting characterization

theorems.

Example 2.3.1: Let X = {a, b}, Gi = (X (0.5, 0.6y), (0.5, 0.4)) and
Gz = (X, (0.4,, 0.3p), (0.64, 0.7p)). Then t= {0-, G1, Gy, 1-} is an IFT on X. Here the IFS
A = (X, (0.75 0.8), (0.3,, 0.2p)) isan IFyGOS in (X, 7).

Proposition 2.3.2: Every IFOS, IFROS, IFSOS, IFPOS, IFaOS, IFyOS, IFSPOS in
(X, 1) is an IFyGOS in (X, 1) but not conversely in general.

Proof: Straightforward.

Example 233: Let X = {a b}, G = (X, (05, 0.6p), (0.5, 0.4,)) and
G, = (X, (0.4, 0.3p), (0.65 0.7p)). Then T = {0, G;, Gy, 1.} is an IFT on X. Here
A =(X, (0.74 0.8), (0.35, 0.2p)) is an IFyGOS but not an IFOS in (X, 7).
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Example 2.3.4: Let X = {a, b}, Gi = (X, (0.5, 0.6,), (0.5, 0.4)) and
G, = (X, (0.4, 0.3p), (0.64 0.7y)). Then t = {0-, G1, Gy, 1-} is an IFT on X. Here
A = (X, (0.7, 0.8p), (0.3, 0.2p)) is an IFyGOS but not an IFROS in (X, 1).

Example 2.35: Let X = {a, b}, Gi = (X (0.5, 0.6,), (0.5, 0.4)) and
G, = (X, (0.4, 0.3y), (0.65, 0.7p)). Then T = {0-, G, Gy, 1-} is an IFT on X. Here
A =X, (0.74 0.8), (0.35, 0.2p)) is an IFyGOS but not an IFSOS in (X, 7).

Example 2.3.6: Let X = {a, b}, Gi = (X, (0.5, 0.6,), (0.5, 0.4)) and
G, = (X, (0.4, 0.3y), (0.65 0.7p)). Then T = {0-, G, Gy, 1.} is an IFT on X. Here
A =(X, (0.65, 0.7), (0.44, 0.3y)) is an IFyGOS but not an IFPOS in (X, 7).

Example 2.3.7: Let X = {a, b}, Gi = (X (0.5, 0.6,), (0.5, 0.4)) and
Gy = (X, (0.4, 0.3p), (0.64, 0.7p)). Then T = {0-, G;, Gy, 1.} is an IFT on X. Here
A =(X, (0.7, 0.8p), (0.3, 0.2)) is an IFyGOS but not an IFaOS in (X, 7).

Example 2.3.8: Let X = {a, b}, Gi = (X, (0.5, 0.7y, (0.5, 0.3y)) and
G2 = (X, (0.5, 0.6p), (0.5, 0.4p)). Then t = {0-, Gy, Gy, 1.} is an IFT on X. Here
A = (X, (0.44, 0.4y), (0.6,, 0.6p)) is an IFyGOS but not an IFyOS in (X, 1).

Example 2.39: Let X = {a, b}, G = (x, (0.5, 0.7,), (0.5, 0.3,)) and
G, = (X, (0.5, 0.6p), (0.5, 0.4p)). Then T = {0-, G;, Gy, 1.} is an IFT on X. Here
A =X, (0.45, 0.4p), (0.6,, 0.6p)) is an IFyGOS but not an IFSPOS in (X, 1).

Proposition 2.3.10: Let (X, 1) be an IFTS. Then for every A € IFYGO(X) and for every
B € IFS(X), yint(A) € B <€ A = B € IFyGO(X).

Proof: Let A be any IFyGOS of X and B be any IFS of X. Let yint(A) € B € A. Then A°
is an IFYGCS and A° € B® < ycl(A®). Therefore B is an IFyGCS by Proposition 2.2.21,
which implies B is an IFyGOS in X. Hence B € IFyGO(X).

Proposition 2.3.11: An IFS A of an IFTS (X, 1) is an IFyGOS if and only if
F C vyint(A) whenever F is an I[FaCS and F € A.
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Proof: Necessity: Suppose A is an IFyGOS in X. Let F be an IFyCS such that F C A.
Then F® is an IFyOS and A° € F°. By hypothesis A is an IFyGCS, we have ycl(A°) € F°.
Therefore F C yint(A).

Sufficiency: Let F be an IFyCS such that F € A and F € yint(A). Then (yint(A))° € F° and
A° c F°. This implies that ycl(A®) € F°, where F° is an IFyOS. Therefore A® is an IFyGCS.
Hence A is an IFyGOS in X.

Proposition 2.3.12: Let (X, 1) be an IFTS. Then for every A € IFS(X) and for every
B € IFyO(X), B € A S int(cl(int(B))) = A € IFyGO(X).

Proof: Let B be an IFyOS in X. Then B £ cl(int(cl(B))). By hypothesis, A <
int(cl(int(B))) < int(cl(int(cl(int(cl(B)))))) < int(cl(cl(int(cl(B))))) = int(cl(int(cl(B)))) &
int(cl(cl(A))) € int(cl(A)) as B € A. Therefore A is an IFPOS and by Proposition 2.3.2,
A'is an IFyGOS. Hence A € IFyGO(X).

Proposition 2.3.13: Let (X, ) be an IFTS. Then for every A € IFS(X) and for every
B € IFRC(X), B € A € int(cl(B)) = A € IFyGO(X).

Proof: Let B be an IFRCS in X. Then B = cl(int(B)). By hypothesis, A < int(cl(B)) &
int(cl(cl(int(B)))) = int(cl(int(B))) < int(cl(int(A))) as B £ A. Therefore A is an IFaOS
and by Proposition 2.3.2, A is an IFyGOS. Hence A € IFyGO(X).

Proposition 2.3.14: Let (X, 1) be an IFTS then for every A € IFSPO(X) and for every IFS
Bin X, ACBCccl(A) = B e IFyGO(X).

Proof: Let A be an IFSPOS in X. Then there exists an IFPOS, (say) C such that
C < A c cl(C). By hypothesis, A < B. Therefore C < B. Since A < cl(C), cl(A) < cl(C)
and B < cl(C), by hypothesis. Thus C € B < cl(C). This implies B is an IFSPOS. As
every IFSPOS is an IFyGOS by Proposition 2.3.2, B € IFyGO(X).

Proposition 2.3.15: If A is an IFyCS and an IFyGOS in (X, 1), then A is an IFyOS in
X, 7).
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Proof: As A 2 A, by hypothesis yint(A) 2 A. But we have A 2 yint(A). This implies
A =vint(A). Hence A is an IFyOS in X.

Proposition 2.3.16: Let (X, ) be an IFTS. Then for every A € IFS(X) and for every
B € IFSO(X), B € A S int(cl(B)) = A € IFyGO(X).

Proof: Let B be an IFSOS in X. Then B < cl(int(B)). By hypothesis, A = int(cl(B)) &
int(cl(cl(int(B)))) = int(cl(int(B))) € int(cl(int(A))) as B = A. Therefore A is an IFaOS
and by Proposition 2.3.2, A is an IFyGOS. Hence A £ IFyGO(X).

Proposition 2.3.17: If A is an IFRCS and B is an IFaOS, then A U B is an IFyGOS in
(X, 7).

Proof: Let B be an IFaOS and A be an IFRCS in X. Then B < int(cl(int(B))) and
cl(int(A)) = A. Therefore A U B < A U int(cl(int(B))) = cl(int(A)) U int(cl(int(B))) <
cl(int(A)) v cl(int(B)) < cl(int(A U B)). We have A U B < cl(int(A U B)). Therefore
A U B is an IFSOS and by Proposition 2.3.2, A U B is an IFyGOS in X.

Proposition 2.3.18: If an IFS A of an IFTS X is both an IFCS and an IFGOS, then A is an
IFYGOS in (X, 7).
Proof: Suppose A is both an IFCS and an IFGOS. Then as A & A, by hypothesis

A S int(A). But int(A) & A. Therefore int(A) = A. We have A is an IFOS, since every
IFOS is an IFyGOS. Hence A is an IFyGOS in X.

Proposition 2.3.19: Let (X, 1) be an IFTS. Then IFyO(X) = IFyGO(X) if every IFS in
(X, 1) is an IFyCS in X.

Proof: Assume that every IFS in (X, 1) is an IFyCS in X. Let A € IFyGO(X). Then A is
also an IFyCS, by hypothesis. Therefore by Proposition 2.3.15 A is an IFyOS. Therefore
A € IFyO(X). Hence IFyGO(X) < IFYO(X) — (i)

Let A € IFyO(X) then by Proposition 232, A € IFyGO(X). Hence
IFYO(X) < IFyGO(X) — (ii).

Therefore from (i) and (ii) IFyO(X) = IFyGO(X).
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2.4 Theoretical applications of intuitionistic fuzzy y generalized
closed sets

In this section we have investigated many theoretical applications of intuitionistic
fuzzy y generalized closed sets by defining new spaces and obtained many interesting

propositions.

Definition 2.4.1: An IFTS (X, 1) is an intuitionistic fuzzy y generalized ¢ Ty, (IFycT1/)
space if every IFyGCS is an IFCS in (X, 1).

Definition 2.4.2: An IFTS (X, 1) is called an intuitionistic fuzzy y generalized y T
(IFyyT1s) space if every IFYGCS in (X, 1) is an IFyCS in (X, 7).

Example 2.4.3: Let X = {a, b} and G = (X, (0.5, 0.6p), (0.5, 0.4,)). Then
1= {0-, G, 1.} is an IFT on X. Therefore the space (X, 1) is an IFy,Ty,Space, as every
IFYyGCS is an IFYCS in (X, 7).

Definition 2.4.4: An IFTS (X, 7) is an intuitionistic fuzzy y generalized pre Ti, (IFypT1s)
space if every IFyGCS in (X, 7) is an IFPCS in (X, 7).

Example 2.4.5: Let X = {a, b} and G = (X, (0.5, 0.6p), (0.5, 0.4,)). Then
1= {0-, G, 1.} is an IFT on X. Therefore the space (X, 1) is an IFy, Ty, Space, as every
IFYyGCS is an IFPCS in (X, 7).

Proposition 2.4.6: Every IFy,T1, space is an IFy, T4/, Space but not conversely in general.

Proof: Let (X, t) be an IFy,T1, space and let A be an IFyGCS in X. By hypothesis, A is
an IFPCS in X. Since every IFPCS is an IFyCS, A is an IFyCS in X. Hence (X, t) is an
I F“{YTl/z Space.

Example 2.4.7: Let X = {a, b} and G; = (x, (0.5, 0.6p), (0.5, 0.4,)) and
Gz = (X, (0.4,, 0.3p), (0.64, 0.7,)). Then t= {0-, G, G, 1-} is an IFT on X. Here (X, 1) is
an IFy, Ty, space, but not an IFy,Ty, space, as A = (X, (0.4, 0.3p), (0.65, 0.7p)) is an
IFYGCS but not an IFPCS in (X, 1), since cl(int(A)) = cl(G,) = G,° & A.

Proposition 2.4.8: Every IFy: T/, space is an IFy,T1, space but not conversely in general.
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Proof: Let (X, 1) be an IFy.T1,, space and let A be an IFyGCS in X. By hypothesis, A is
an IFCS in X. Since every IFCS is an IFyCS, A is an IFyCS in X. Hence (X, 1) is an
| F’\{yTl/z Space.

Example 2.4.9: Let X = {a, b} and G; = (X, (0.5, 0.6p), (0.5, 0.4,)) and
G = (X, (0.44, 0.3y), (0.64, 0.75)). Then T = {0, Gy, Gy, 1.} is an IFT on X. Here (X, 1) is
an IFy, Ty, space, but not an IFy: Ty space, since the IFS A = (X, (0.35, 0.2p), (0.7,, 0.8y))
is an IFyGCS but not an IFCS in (X, 1), as cl(A) = G;° £ A.

Proposition 2.4.10: An IFTS (X, 1) is an IFy Ty, space iff IFyGO(X) = IFO(X).
Proof: Necessity: Let A be an IFyGOS in (X, 1), then A®is an IFyGCS in (X, 1). By

hypothesis, A° is an IFCS in (X, t). Hence A is an IFOS in (X, t). Thus
IFYGO(X) = IFO(X).

Sufficiency: Let A be an IFyGCS in (X, 1) then A is an IFyGOS in (X, t). By hypothesis
A‘is an IFOS in (X, 1). Therefore A is an IFCS in (X, t). Hence (X, 1) is an IFy. Ty, space.

Proposition 2.4.11: An IFTS (X, 1) is an IFy, Ty, space iff IFyO(X) = IFyGO(X).

Proof: Necessity: Let A be an IFyGOS in (X, 1) then A®is an IFyGCS in (X, 1). By
hypothesis A° is an IFyCS in (X, t). Hence A is an IFyOS in (X, t). Thus

IFyO(X) = IFyGO(X).

Sufficiency: Let A be an IFyGCS in (X, 1) then A is an IFyGOS in (X, t). By hypothesis
A°is an IFyOS in (X, 1). Therefore A is an IFyCS in (X, 1). Hence (X, 1) is an

|F“{YT1/2 Space.

Proposition 2.4.12: Let (X, t) be an IFy, T1» space. An IFS A is an IFyGOS in X if and

only if A'is an IFyN of p(,g) for each pp) € A.
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Proof: Necessity: Let p.p) € A. Let A be an IFyGOS in X. Since X is an IFy, Ty,space, A

is an IFyOS in X. Then clearly A is an IFyN of p.p) as P,p) € A € A.

Sufficiency: Let pe.p) EA. Since A is an IFyN of p,p), there is an IFyOS B in X such that

Pep EBS A NowA= [J {p.ntc J BcA Thisimpliesthat A= | B

Pla.p) €A Pap) €A Pa.p) €A

Since each B is an IFyOS, A is an IFyOS and hence A is an IFyGOS in X.

Proposition 2.4.13: For any IFS A in (X, t) where X is an IFy, Ty, space, A € IFyGO(X)

iff for every IFP p(.p) € A, there exist an IFyGOS B in X such that p,p € B < A.

Proof: Necessity: If A € IFyGO(X), then we can take B = A so that pp € B < A for

every IFP pep) € A.

Sufficiency: Let A be an IFS in (X, 1) and assume that there exists B € IFyGO(X) such
that pwpy € B < A. Since X is an IFy, Ty, space, B is an IFyOS. Then

A= U {poptc U BcA.Therefore A= U B, whichisan IFyOS. Hence A
P,

P(a.p) € Pia.p) €A Pa.p) €A

is an IFyGOS in X.
Proposition 2.4.14: Let (X, t) be an IFy, Ty, Space. Then

(i) Any union of IFYyGCSs is an IFyGCS in X
(if) Any intersection of IFyGOSs is an IFyGOS in X

Proof: (i) Let {Ai}, i € J be the collection of IFYGCSs in X. Since (X, 1) is an IFy, Ty
space, every IFyGCS is an IFyCS and hence each A;, i € Jis an IFyCS in (X, 7). But any

union of IFyCS is an IFyCS, UA for every i € J is an IFyCS. Since every IFyCS is an
IFYGCS, UA is also an IFyGCS in X.

(ii) can be proved by taking complement in (i).
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Proposition 2.4.15: If A is both an IFOS and an IFyGCS in X and if X is an
IFy.T1/2 Space, then

(1) AisanIFROS in X,
(i) Aisan IFRCS in X,
(iiAis an IFQ- set in X.

Proof: Let A be an IFYyGCS in X, then Ais an IFCS in X, as X is an IFy.T1, space. Now
(1) int(cl(A)) = int(A) = A and therefore A is an IFROS in X,

(ii) cl(int(A)) = cl(A) = A and therefore A is an IFRCS in X and

@iii) from (i) and (ii) int(cl(A)) = cl(int(A)). Hence A is an IFQ-set in X.
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