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Introduction



INTRODUCTION

The concept of Bitopological spaces was first introduced by Dr. J.C. Kelly (10) in
1963. He has defined a bitopological space (X, T,, T,) @s a space with two topologies T,
and 1, defined onit. Here the author has obtained systematic generalizations of Urysohn’s
lemma, Urysohn's metrization theorem and Tietze's extension theorem.

Every year a number of articles are published dealing with generalisation of the
concepts of separation axioms, connectedness, compactness and paracompactness

etc to bitopological Spaces. The aim of this thesis is to discuss the following two articles
on bitopological spaces.

1. Pairwise Locally Semi-Connected spaces. [1]

2. Bitopological preopen sets, Precontinuity and preopen mappings. [8]

In the first chapter of this thesis we deal with preliminary definitions and results.
These include the results of J.C. Kelly.

The second chapter studies the two articles mentioned above. In the first section
we shall discuss the paper “PairwiszLocally Semi-Connected Spaces” by S.P. Arya and
T.M. Nour. Inthis paper the author generalizing the concept of local semi-connectedness

introduce by Sarker and Dasgupta [1 6]to bitopological spaces. The author has introduced
the following definitions.

1. Two non-empty subsets A and B of (X,7,,7, ) are said to be pairwise semi-separated
iff At —scl(B)=¢ = T, - scl (A)~B where scl (B) denotes the semiclosure of B.

2. Asubset A of (X, T,) is said to be pairwise semi-connected iff A cannot be
expressed as the union of two pairwise semi separated sets.

3. A bitopological space (X, 1,,T,) is said to T,- locally semi-connected with
respect to 1, if for each x eX and every T, - semi open set U containing x,
there exists a pairwise semi-connected T, - open set G such that xe GcU.

4. A space (X, 1,,1,) is said to be pairwise locally’ semi-connected if it is

T, - locally semi - connected with respect to 1, and 1,- locally semi-con-
nected with respect to t,. ‘

Using these definitions the following results are obtained.

1. If Alis a pairwise semi-connected subset of a bitopological space (X, TysT,)
such that Ac CuD where C and D are pairwise semi-separated sets in
(X, T,,T,), then either Ac C or Ac D.

2. The union of any family of pairwise semi-connected sets in (X, 1,,T,) having
non-empty intersection is pairwise semi-connected.

3. Apairwise locally semi-connected space (X,1,,1,) is pairwise semi-connected iff it
is pairwise connected.



The author has defined the semi-component of ECX in a bitopological space and

has obtained a necessary and sufficient condition for the space (X, 1,, 1,) to be 1, -

locally semi-connected with respect to 1, interms of semi-components. Further the author
has discussed total disconnectedness for bitopological spaces.

In section Il, the concepts of Preopen sets, Precontinuity and Preopen mappings

in a Bitopological space, introduced by A. Kar and P. Bhattacharyya are studied. The
author defines a set A to be (i - j) - preopen in (X, T, T,) iff A - Int (T, - CIA),
i,j=1,2;i#]. He has obtained the following properties of (i - j) preopen sets.

(1)

AcX is (i - j) - preopen iff for every ;- closed set G, containing A, Acrt, - Int G,
Lj=1,2;i#]

If {Aa}uex be a family of (i-j) - preopen sets in (X, 1, 1,), then U, erA, s (i -j) -
preopeni,j=1, 2;i=j. '

A, BcX, AcB implies Acrt,- Int (t,-CIB)if Ais (i- ) - preopen. i,j=1,2 ;i #].

If Ais (i - j) - preopen and BcX is such that AcBe T,- Int (’cl. -ClA), thenBiis (i - )
-preopeni,j=1,2;i#j.

AcX is (i-j) - preclosed iff 7= Gl (t-IntA)cA, i, j=1,2 3y 2],

AcX is (i-]j) - preclosed iff for every 1, - open set G contained in A1, - Cl GCA,
Li=1,2;1#]

It A'is (i - j) - preclosed and BcX is such that T,- Cl (1, - Int A) cBcA, then B is
(i-j) - preclosedi,j=1,2:i =1,

According to the author, A mapping f : (X, 1,, 1,) -> (X*, T,*, T,”) is termed as (i - j)
- precontinuous (briefly p.c) iff for O e T, F[O7is (i-]) - preopenin X,i,j=1, 2
Vi ]

The following characterization of percontinuous map is obtained.

Letf: (X, 1,1, )-> (X, T,, T,) be a map,then the following statements are
equivalent :

fis (i - j) - precontinuous.

For each x €X and each net {xa, aeD, 2}, converging to x, the image net

{f (x,), a€D, 2} is eventually in every 1;" - neighbourhood of f(x), whose inverse is
T, - closed in X.

For each x eX and each T, - open set U’ containing f(x), there exists an (i-j) -
preopen set UcX such that x eU and f[U] cU".

The inverse image of each T, - closed setin X' is (i - j) - preclosed in X.

For each AcX, f[r, - Cl (7, - IntA)] o - CI (flA)).



(f)

For each A'cX’, 1, - Cl (1, - Int (If'[A']) <F[x;" - CI A*]

The authoris able to generalize the properties of continuous map to precontinuous
map with regards to product spaces. He has defined a mapping f: (X,t,, 1,) -> (X,
T,,T,) to be (i - j) - preopen iff for each T,-open set Ain X, f[A] is (i - j) - preopenin
X' i,j=1,2;i#. The following characterization of preopen map is established.

A mapping f: (X, 1, 1,) -> (X, T, T,)is (i - j) - preopen iff

f' [t - ClV] ct, - CI ' [V] for each T -opensetji,j=1,2;i#]
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CHAPTER - 1

PRELIMINARY DEFINITIONS AND RESULTS
SECTION |
DEFINITION : 1.1.1.

A space X on which are defined two (arbitrary) topologies T, and 1, is called a
bitopological space and denoted by (X, t,, T,).

REMARK :

When we consider quasi - metrizable space we get the natural example of
bitopological space. If qis a quasi metricon X and q’ is conjugate to q then g and q" will
give two topologies on X.

DEFINITION : 1.1.2

Inaspace (X, 1,, 1,), 1, is said to be regular with respect to 1, if, for each point xin
X, and each 1, - closed set B such that x #p, there are a 1, - open set U and a T,- OFen
setV such that xe U, PcV and U~V = b. (X, t,,1,) s, or T, and 1, are, pairwise regtlar
if T, is regular with respect to T, and vice versa.

DEFINITION : 1.1.3

A space (X, 1,, T,) is said to be pairwise Hausdorf iff given two distinct points x
and y, there are 1, - neighbourhood U of x and a 1, - neighbourhood V of y such that
unvV =¢.

DEFINITION : 1.1.4

A space (X, 1,, 1,) is said to be pairwise normal if given a 1, - closed set A and a
T, - Closed set B with AnB = ¢, there exists a T,-opensetUandat, - open setV such
that Ac U, BcV and UAV = ¢. Equivalently, (X, T,, T,) is pairwise normal if, given a T, -
closed set C and a T, - open set D such that, CcD, there are a T,-opensetGandart,-
Closed set F such that CcGeFeD.

J.C. Kelly has established the following important results :

THEOREM : 1.1.5 (Generalization of Urysohn's lemma)

I£(X, 1,, 1,) is pairwise normal, then givenat, - closed set F and a T, - closed set
H with F " H = ¢, there exists a real - valued function g on X such that



DEFINITION : 1.2.12

A sequence < S_ > is said to be eventually in a set A if and only “if there exists a
positive integer M such thatn > M => S,€A.

DEFINITION : 1.2.13

A sequence < S > in a topological space X is said to be converge to a point S, in
Xif and only if it is eventually in every neighbourhood of S,
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CHAPTER -2

PREOPEN SETS, PRECONTINUOUS MAPPINGS IN BITOPOLOGICAL
SPACES AND PAIRWISE LOCALLY SEMI-CONNECTED SPACES

SECTION : 1

In this section the article “Pairwise locally semi-connected spaces” by S.P. ARYA is
discussed. First we shall start with some definitions.

DEFINITION : 2.1.1 [6]

Two non-empty subsets A and B of (X, T,, T,) are said to be pairwise semi-separated
ifand only if A N1, - scl (B) = ¢ = T, - scl (A)n B.

DEFINITION : 2.1.2

If X = AUB such that A and B are pairwise semi-separated sets, then A, B form a
pairwise semi-separation of X and we write it as X = A |B.

DEFINITION : 2.1.3

A subset A of (X, 1,,1,) s said to be pairwise semi-connected if and only if A
cannot be expressed as the union of two pairwise semi-separated sets.

RESULT :2.1.4

A bitopological space (X, 1,, T,) is pairwise semi-connected if and only if X cannot
be expressed as the union of two non-empty disjoint sets one of which is T, - Semi open
and the other is t, - semi open.

PROOF :

Assume that the bitopological space (X, T,, T,) is pairwise semi-connected.
Claim :
X cannot be expressed as the union of two non-empty disjoint sets one of which is

T,-semiopen and the other is 1, - semi open.

LetA#¢ be an 1, - semi open and B # ¢ be an T, - semi open such that AnB = ¢.
Suppose X = AUB. since A is 1, - semi open, B = X—A is T, - semi closed. Since Bis 1,
- semi open, A =X - B is 1, - semi closed.

This implies, T,-scl(B)=B=X-A
T,-SCl(A)=A=X-B
Therefore, Ant, - scl (B) = An(X-A) = ¢ and
| 1, - 5¢l (A) B = (X—B) N B =¢

Hence A and B are pairwise semi separated such that X = AUB.



This implies that X is not pairwise semi-connected.
Contradiction to cur assumption.

Hence we obtain our claim whereas the converse is obvious.
DEFINITION : 2.1.5 [2]

A bitopological space (X, 1,, 1 .) is said to be 7 - locally connected with respect to 1,

if for each xe X and everyt, - open set U contammg X, there exists a pairwise connected
T, - open set G such that xe *GcU.

DEFINITION : 2.1.6

(X, 1,, 7,) is said tobe pairwise locally connected if it is T, - locally connected with
respect to 1, and 1, - locally connected with respect to Ty

DEFINITION : 2.1.7

Let(X, 7,, 7,) be abitopological space then (X, T,, T,) is T, - locally semi-connected

with respect to 1, if for each xe X and every 1, - semi open set U containing x, there
exists a pairwise semi-connected t, - open set G such that xe GeU.

DEFINITION : 2.1.8

A space (X, t,, 1,) is said to be pairwise locally semi-connected if it is T, - locally
semi-connected with respect to T, and 1, - locally semi-connected with respect to Ty

RESULT : 2.1.9

If a bitopological space is pairwise locally semi-connected then itis pairwise locally
connected.

REMARK :

A bitopological space is pairwise locally connected but not pairwise locally semi-
connected can be seen from the following example.

EXAMPLE : 2.1.10

LetX={a, b, c}, 1, ={X, ¢, {a}, {a, b}} and 1, ={X, ¢, {a}, {a, c}}.
LetaeX, 1, open sets U containing "a" are X, {a}, {a, b}.

Also for every 1, - open set U containing “a” there exists a pairwise connected T~
open set G = {a} such that a e GcU.

LetbeX, 1, - open sets containing “b” are {a, b}, X. .

Then for every 1, - open set U Containing “b” there exists a pairwise connected
T, - open set G = {a, b} such that be G U.

Let ceX, since the 1, - open set U containing "c" is X we have there exists a
pairwise connected T, - open set G = X such that ¢ e GcU.



Hence (X, 1,, 1,) is 1, - locally connected with respect to t 2 - (1).

Let aeX, 1, - open sets U containing “a” are X, {a} {a,c}.

Then for every 1, - open set U containing “a” there exists a pairwise connected s
- open set G = {a} such that a e GcU.

LetbeX, 1, - open set U containing b is X.
For this U, there exists a pairwise connected 1,-openset G = {b} such thatbe GcU.
LetceX, 1, - open sets U containing "¢" are X, {a, c}.

Then for every 1, - open set U containing “c” there exists a pairwise connected T~
open set G ={a, ¢} such that ce GcU.

Hence (X, 1,, 1,) is 1, - locally connected with reépect tot,. -(2).
By (1) and (2) (X, t,, 1,) is pairwise locally connected.

For, {a, c}isa T, - semiopen setand ce{a, c} but there is no pairwise semi connected
T, - open set containing "c" and contained in {a, c}.

Therefore, (X, 1,, 1,) is not pairwise semi connected.

REMARK :

The following example shows that if (X, t,) and (X, 1,) are both locally semi-
connected spaces, then (X, t,, 1,) need not be a pairwise locally semi-connected space.

EXAMPLE : 2.1.11

Let X ={a, b, c},7, = {X, ¢, {a}, {c}, {a, c}, {a, b}
and 1, = {X,¢, {b}, {b, c}, {a, b}, {c}}
X -1, =(X, ¢, {b}, {b, c}, {a, b}, {c}}
X-1,={X ¢ {a c} {a} {a b}, {c}}
T, - semi open sets = {X, ¢, {a}, {c},{a,c}, {a, b}}
T, - semi open sets = {X, ¢, {b}, {b, c},{a, b}, {c}}
Let aeX, 1, - semi open set U containing “a” are X, {a}, {a,c}, {a, b}.

Then for every t, - semi open set U containing “a” there exists a semi connected
open set G = {a} such that ac GcU.

Letb €X,1, - semi open sets U containing “b” are X, {a, b}.

Then for every t,-semi open set U containing “b” there exists a semi connected
open set G = {a, b} such that be GcU.

Let ceX, 1, - semi open sets U containing “c” are X, {a, c}, {c}.

Then for every 1, - semi open set U containing “c” there exists a semi connected
open set G = {c} such that ce GcU.



Therefore, for each xe X and every T, - semi open set containing x, there exists a
semi connected T, - open set G such that xe GcU.

Therefore, (X, 1,) is locally semi connected.

Let aeX,t, - semi open sets U containing “a" are {a, b},X.

Then for every 1, - semi open set U containing “a” there exists a semi connected 7,
- open set G = {a, b} such that ae GcU

LetbeX, 1, - semi open sets U containing “b” are X, {b}, {a, b}, {b, c}.

Then for every 1, - semi open sets U containing “b” there exists a semi connected
T, - open set G = {b} such that be GcU

Let ceX, 1, - semi open sets U containing “c” are X, {c}, {b, c}.

Then for every 1, - semi open sets U containing “c” there exists a semi-connected
T, - open set G= {c} such that ce GcU

Therefore, for each xe X and every 1, - semi open set U containing x, there exists )
a semi connected 1, - open set G such that xe GcU

Therefore, (X, 1, ) is locally semi connected.

LetbeX, {a, b} is a 1, - semi open set containing "b".

Also, {a} # ¢ is T, - semi open set {b} # ¢ is T,- semi open set {a} N {b} = ¢.
But {a, b} = {a} w{b} is not pairwise semi-connected.

Hence, there is no pairwise semi-connected t, - open set containing "b" and
contained in {a, b}.

Therefore, (X, 1,, 1,) is not pairwise locally semi-connected.

REMARK:

From the following two examples, we can see that the notations of semi
connectedness and locally semi connectedness in a bitopological space are independent.

EXAMPLE : 2.1.12
Let X ={a, b, c}, 1, ={X, ¢ {a}, {a, b}},
7, ={X, ¢, {a, b},
X-1,={X, ¢ {b, c}, {c}}
X-1,={X, ¢, {c}}
T, - semi open sets = {X, ¢, {a}, {a, b}, {a, c}}
T,- semi open sets = {X, ¢, {a, b}}.

X cannot be expressed as the union of two disjoint non-empty sets one of which is
T, - semi open set and the other is 1, - semi open.



Therefore (X, t,, 1,) is pairwise semi-connected. But, {a,c} is T, - semi open set
containing the point “c” and there does not exists a pairwise semi connected t, - open
set containing "c" and contained in {a, c}.

Therefore, (X, 1,, 1,) is not 1, - locally semi connected with respect to t,.

Hence (X, 1,, 1,) is not pairwise locally semi connected.

EXAMPLE : 2.1.13

Let X ={a, b, c}, 1, = {X, ¢,{a, b}, {c}}
and 1, = {X,9, {a}, {c}, {a, c}, {a, b}},
X-1,={X9, {c}, {a, b}}

X-1,={X, ¢, {b, c}, {a, b}, {b}, {c}}

T, - semi open sets = {X,9, {a, b}, {c}}

T, - semi open sets = {X, ¢, {a}, {c}, {a, c}, {a, b}}.

LetaeX, t, - semi open sets U containing “a” are {a, b}, X. Then for every T,-semi

open set U containing “a” there exists a pairwise semi-connected T, - open set G = {a,b}
such that ae GcU.

Let beX,t, - semi open set U containing “b” are X, {a, b}, then for every T, - semi

open set U containing "b" there exists a pairwise semi-connected T,-openset G ={a, b}
such thatbe GcU.

Let ceX, 1, - semi open set U containing “c” are {c}, then for every T, - semi open
set U containing "c" there exists a pairwise semi connected T, - open set G = {c} such
that ce GcU.

Therefore, the space (X, 1,, 1,) is 1, - locally semi connected with respect to g

LetaeX, 1, - semi open sets U containing “a” are {a}, {a, c}, X, {a, b}, then for every
T, - semi open set U containing “a” there exists a pairwise semi connected T, - open set
G ={a, b} such that aeGcU.

LetbeX, 1, - semi open sets U containing “b” are X, {a, b} then for everyt, - semi

open set U containing “b” there exists a pairwise semi connected T,-openset G ={a, b}
such thatbe GcU.

Let ceX, 1, - semi open sets U containing “c” are X, {c}, {a, c}, then for every To ™

semi open set U containing “c” there exists a pairwise semi connectedt, - open set
G = {c} such that ce GcU.

Therefore, the space (X, T, T,) is 1, - locally semi connected with respect to Ty

Therefore, the space (X, t,, T,)is pairwise locally semi connected, but not pairwise

semi connected. Because, X can be expressed as the union of two disjoint non-empty
subsets.



Thatis, X = {a, b} U {c}
where {a, b} is T, - semi open and {c} is 1, - semi open
Therefore, (X, 1,, T,) is not pairwise semi connected.

THEOREM: 2.1.14

Let A be a pairwise semi-connected subset of a bitopological space (X, t,, 1,). If

AcCuUD; where C and D are pairwise semi -separated sets in (X, 1,, 7,) then either ACC
or AcD.

PROOF :
Let A be a pairwise semi-connected subset of a bitopological space(X, t,, T,)

TO PROVE :

If AcCuD, where C and D are pairwise semi separated sets in (X, 1,, 1,), then

either AcC or AcD. Since C and D form a pairwise semi-separated sets in (X, t,, T,), we
have

Cnt,-scl (D) =¢ = 1, - scl (C)~D -(1)

LetV=CnAand U= DmA _
Since AcCuD, VuU = (CnA)U(DMA)
=(CuD) NA
=A

Claim:

Atleast one of U and V is non-empty. Suppose none of U and V is empty.
That is, V # ¢ then

VA, - scl (V) = (CnA) N (1, -scl (DMA))
< (CnA)Nt, - scl (D)
= (Cnt, -scl (D)) nA
= ¢MA
=¢ by (1)

T,-scl (V) nU = [t,-scl (ChA)] N (DMA)
c 1, - scl (C)n(DMA)
= (bf\A
=¢

Hence U and V are pairwise semi separated sets. That is, A can be expressed as
the union of two pairwise semi-separated sets.

Therefore, A is not pairwise semi connected which is a contradiction.

Therefore, one of U and V must be empty.

10



fV=¢thenCnA=¢

A =VuU = (CnA)uU (DNA)
= ¢ (DMA)
= DMA

which implies Ac D

fU=dthenDnA=¢

A =VuU= (CnA) U(DMA)
=(CmA)U ¢
=CrA

which implies AcC.

THEOREM: 2.1.15

The Union E of any family {C,: A €A} of pairwise semi-connected sets in

(X, t,, 1,) having a non-empty intersection is pairwise semi connected.

PROOF :

Let {C,: A €A) be a family of pairwise semi-connected sets and QCﬁ(b
Claim:
E = UC,is pairwise semi-connected.
Suppose E = U (C,} is not pairwise semi - connected then we can write
U,a = E=CuUD, where C and D are pairwise semi-separated sets.
Therefore, C 1, - scl (D) = ¢= 1,-scl (C)~D
LetV=CnC, ;V =DnC,, then
Vuu = (CC,) U (DNC,))
=(CuD)nC,=C,
Since C, is pairwise semi-connected subset of a bitopologicél space (X, 1,,1,) as
in the proof of last Theorem we can prove that either V or U must be empty if
V=¢thenC, =U= DNC,.
implies C,cD.

iftU=¢thenC, =V =CnC,.
implies C,cD -

Therefore, either all C,'s must be in C or all must be in D. But nC,# ¢ and

CnD = ¢ which says that C =¢.or D = ¢. This is a contradiction to the fact that C and D
. forming a pairwise semiseparation of E.

11



Therefore, E is pairwise semi-connected.
THEOREM: 2.1.16

Let (X, 1,, 1,) be a pairwise locally semi-connected space. Thenitis pairwise semi
connected if and only if it is pairwise connected.

PROOF :

Given (X, 1,, T,) be a pairwise locally semi-connected space.

To Prove :

If (X, 1,, 1,) is pairwise connected, then it is pairwise semi connected.

Suppose, X is not pairwise semi-connected then X is pairwise semi separated.

Then there exists a non-empty proper subset G of X such that X = Gu (X —G), where G
is T, - semi open and T, - semi closed.

Let xe X then, either xe G or xe X —G.
If xe G, then there exists a pairwise semi-connected 1, - open set O, such that
xe0,c G. If xeX -G, then there exists a pairwise semi-connected.
1,-opensetP .suchthatxe P, c X —G.
LetU=0u {0, : xeG, O,c G}and
V=U{P:xeX -G, PcX-G}
SinceGzdandGz=x;UzdandV =
Also, UnV =¢ and X =Uu V

Which implies that X is not pairwise connected. Therefore, our assumption is wrong
and X is pairwise semi-connected.

Trivially, pairwise semi-connectedness implies pairwise connectedness.

THEOREM: 2.1.17

If a subset A of (X, t,, 1,) is pairwise semi-connected, then (A, t,,, T,,) is pairwise
semi-connected.

PROOF :

Suppose (A, T,,, T,,) is not pairwise semi-connected, that is, if U and V forms a
pairwise semi-separation of A in (A, 1,,,7,,), UN 1,, - scl (V) = ¢ =V, - scl (V)

We know that 1, - scl (B)mAc t,, - scl (B) for every BCA.
Therefore, Unt, - scl (V)nA cUn,, - scl (A) = ¢

Similarly, Ve, -scl (U) A <V, - scl (U) = ¢
Hence Unrt, -scl(V)=¢=Vnr,-scl(U).
Which shows that U and V form a pairwise semi separation of A in (X, 1,,1,).

Which implies that A is not pairwise semi-connected in (X, 1,,7,). Which is a
contradiction.
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Therefore, our assumption is wrong.
Hence (A, 1,,, 1,,) is pairwise connected.

REMARK :

(A T, T,4) is pairwise semi-connected space, but AcX is not pairwise semi-
connected in X can be seen from the following example.

EXAMPLE : 2.1.18

LetX ={a, b,c d}, 1,={X ¢ {a b}, {c} {a b, c}}
and 1, ={X, ¢, {b, d}, {a, c, d}, {d).

X-1, ={X,¢, {c, d,},{a b, d} {d}}

X-1, ={X, ¢, {a, c}, (b}, {a, b, c}}

LetA ={a, b c}, 1, ={A ¢, {a b}, {c}} and

Toa = (A 0, {a, ¢}, {b}}

A-1,,={A ¢ {c}, {a, b}}

A-1,, ={A 9, {a,c), {b)

T, - Semi open sets = (A, ¢, {a, b}, {c}}
T,a - S€Mi open sets = {A, ¢, {b}, {a, c}}

(A, 7,0 T,,) cannot be expressed as the union of two disjoint non-empty sets one of

which is 1,, semi open and the other is T,4 - Semiopen. Therefore, (A, 1,,, T,4) IS pairwise
semi-connected.

T, - semi open sets = {X,$, {b, d}, {a, ¢, d}, {d}, {a, b, d}, {c, d}, {c, b, d}, {a, d}}.
T, - semi closed sets = (X9, {a, b}, {c}, {a, b, ¢}, {a, b, d} {c, d}}.
T, - semi closed sets = {X, ¢, {c, d}, {a, b, d}, {d}, {c}, {a, b}}

AcXis not pairwise semi-connected in X because A = {a, b} U {c} such that
{a, b}~ 1, -scl{c}={a, b}~ {c}=¢and
{c}t,-scl{a b} ={c}~{a b} =¢

DEFINITION : 2.1.19

Let(X, 1,, T,) be a bitopological space and xe X, the semi-component of x, denoted
by S.C. (x) is the union of all pairwise semi-connected subsets of X containing x.

DEFINITION : 2.1.20

If EC X and xeE, then the union of all pairwise semi-connected sets containing x
and contained in E is called a semi-component of E.
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REMARK :

A component is not necessarily a semi-component as can be seen from the
following example.

EXAMPLE : 2.1.21
Let X ={a, b, c}, T, ={X, ¢, {c}, {b, c}} and 1, ={X, ¢, {b}}
X-1,={X,$, {a,b}, {a}}
X-1,={X ¢ {ach
T, - semi open sets = (X, ¢, {c}, {b, c}, {a, c}}
T, - semi open sets = {X,¢, {b}, {a, b}, {b, c}

X cannot be expressed as the union of two disjoint opensets one of which is

T, - open and the other is 1, - open set. Therefore, (X, 1,, T,) is pairwise connected.
Therefore, X is a component.

X={c} v {a, b}, where {c} is 1, - semi open set and (a, b} is 1, - semi open set.
that is, X can be expressed as the union of two disjoint non-empty sets one of which is
T, - semiopen and the other is 1, - semi open set.

Therefore, (X, t,, 1,) is not pairwise semi connected. Hence X is not a semi
component. '

THEOREM : 2.1.22

In a bitopological space (X, t,, ‘12)
() each semi component S.C (x) is a maximal pairwise semi connected set in X.
(i) the set of all distinct semi - component of points of X form a partition of X.
(i) each S.C (x) satisfies the equation S.C (x) = 1, - scl [S.C (x)] N7, - scl [S.C.(x)].
PROOF :

()  This follows from Definition (2.1.19) and Theorem (2.1.15).

(i) Letxandy be two distinct points of X semi component of x and y are denoted by
S.C (x) and S.C (y) respectively.

If S.C (x) n S.C (y) # ¢ by Theorem (2.1.15), S.C. (x) u S.C. (y) is a pairwise
semi - connected sets.

But S.C (x) =S.C (x) U S. C (y).
Therefore, S.C (x) NS. C (y) = ¢.
Which implies that S.C. (x)= 1,-scl (S.C (x) N 1, - scl (S.C (X))
Therefore, the set of all distinct semi components of X form a partition of X.
(i) Let x be a pointin X and let S.C (x) be its semi-component suppose p €X and
p ¢ S.C (x). Then S.C (x) u {p} is not pairwise semi-connected and hence there
exists a pairwise semi separation A| B in X such that S.C (x) U{p} = A|B.
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By Theorem (2.1.14), S.C (x) <A and {p} B or S.C (x) cB and {p} cA

Thus S.C (x) u{p}=S.C (x)lP or S.C(x)u{p}= {p}l S.C (x)
Hence p ¢1, - scl [S.C ()] or p ¢t1,-scl[S.C (x)]
This implies p &1, - scl [S.C (x)] " 1, - scl - [(S.C (x)]
Hence, 1, - scl [S.C (x)]n 1, - scl [S.C. (x)] < [(S.C. (x)]
But, S.C (x) ct, - scl (S.C. (x)) n 1, - scl [S.C (x)] always
Therefore, S.C (x) = 1, - scl [S.C (x) N 1, - scl [S.C (x)]

Hence the proof.

THEOREM : 2.1.22

Let(X, t,, 1,) be abitopological space then (X, t,, T,)is 1, -locally semi connected
with respect to 1, if and only if each semi component of every t, - semi open set is
1, - open and either 1, - semi closed or 1, - semi closed.

PROOF:

Necessity

Let C be a semi component of a T, - semi opept set G. If x € C then x eCcG and
so there exists a pairwise semi connected 1, - open set U such that xe UcG. ButCisa

maximal pairwise semi connected set contained in G. Hence UcC and so xe UcCcG.
Thus Cis 1, - open.

Now, let p ¢C. Then Cu {p} is not pairwise semi connected, which implies {p} is
either 1, - semi closed or 1, - semi closed.

Sufficiency :

Let G be a 1, - semi open set containing a point x. Then by hypothesis, there exists
a semi - component C of G such that C is 1, - open and 1, - semi closed or T, - semi
closed. Also X eCcG. Thus (X, 1,, 1,) is T, - locally semi connected with respect to 1,.

THEOREM: 2.1.23

Let (X, t,, T,) be a bitopological space. Then (X, 1,, T,) is T, - locally
semi - connected with respect to T, if and only if given any point xe X and a t, - semi

open set U containing X, there is a 1, - open set C containing x and contained in a semi
component of U.

PROOF :

Necessity

Let A be the semi - component of U containing x « since x €U, there exists a
pairwise semi-connected T, - open set C such that xeCcU. Since A is a maximal
pairwise semi-connected set containing x and contained in U, therefore x e CCACU.

But distinct semi-components are disjoint. Thus C is not contained in any other semi
component of U.
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Sufficiency :

Let A be the semi component of U such that x €CcAcU. Letye A. Theny e U
and by hypothesis, there is a T, - open set O containing y and contained in A. Thus
y €0cA. Hence Ais T, - open. Therefore, each xeX and each T, - semi open set
containing x, there is a 1, - open semi component A which is pairwise semi connected
such thatx € AcU. Thus (X,1,, 1,) is T, - locally semi connected with respect to t,.

DEFINITION : 2.1.24

A function f: (X,t,, T,) -> (X*, 1,*,7,") is said to be pairwise P if, f : X, 1) > (Y, 1,)
and f: (X, 1,) -> (Y, T, ) have the property P, where P is a topological property.
THEOREM : 2.1.25

Letf: (X, t,,1,) > (Y, T,%,7,") be a pairwise semi continuous mapping from X on to
Y. Then (Y, T,",1,") is pairwise connected if (X, T,,T,) iS pairwise semi connected.

PROOF :

Letf: (X,t,,1,)> (Y,t,*, 1,*) be a pairwise semi continuous mapping for X on to Y.
Itis given that (X,t,, 1,) is pairwise semi-connected.

To prove (Y,t,", 1,*) is pairwise connected.

Suppose (Y,1,*, T,") is not pairwise semi connected. Then there exists a pairwise
separation A| B of Y, where A and B are non-empty subjects of Y such thatY = A U B,
Aet*andB e 1,". By pairwise semi continuity f' [A] is T, - semi open and f' [B} is T,
- semi open. Also X = f' [A] U f! (B].

Thus X is not pairwise semi-connected which is a contradiction. Therefore our
assumption is wrong. (Y,t,%, 1,*) is pairwise connected.

Similarly we can prove the following theorem.

THEOREM : 2.1.26

The pairwise irresolute image of a pairwise semi-connected space is pairwise
semi-connected.

DEFINITION : 2.1.27 [17]

(Xit,, 1,) is pairwise totally disconnected if for each pair of points of X can be
Separated by a pairwise separation of X, that is given two distinct points x and y of X
there is a pairwise separation X = A |Bsuchthatx € A, y € B.
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DEFINITION : 2.1.28

The space (X,1,, 1,)is pairwise weakly totally connected if for each pair of points

X, y €X, there exists a pairwise separation X = A IB such that either xe A and yeB or
YeA and xeB.

DEFINITION : 2.1.29

A space (X,1,, 1,) is pairwise totally semi-connected if each pair of points of X can
be separated by a pairwise semi-separation of X, that is given two distinct point x and y
of X, there exists a pairwise semi-separation X = A|B such that xe A, yeB.

DEFINITION : 2.1.30

A space (X,1,, 1,) is pairwise weakly totally semi-disconnected if for each pair of
points x and y of X, there exists a pairwise semi-separation X = A| B. Such that either
xeA and yeB oryeA and xeB. '

THEOREM : 2.1.31

Every pairwise weakly totally disconnected space is pairwise weakly totally semi
disconnected.

PROOF:

Since any pairwise sets in a bitopological space are pairwise semi-separated. We
obtain our result.

REMARK :

The following example shows that the converse of above theorem is not necessarily
true.

EXAMPLE : 2.1.32

Let X ={a, b, ¢}, 1, ={X, ¢, {a}} and T, ={X, ¢, {c}}, {b, c}}. Then (X, 1,, 1,)is
pairwise weakly totally semi - disconnected but not pairwise weakly totally disconnected.

THEOREM : 2.1.33

Every pairwise totally disconnected space is pairwise totally semi disconnected.
DEFINITION : 2.1.34
A space (X,t,, 1,) is said to be pairwise weakly semi - 1, if for every pair of distinct

points of X, atleast one belongs to a T, - semi open set U and the other belong to
T, - semi open set V satisfying UnV =¢.
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If the roles of the points are interchangeable, then (X,t,, T,) is a pairwise semi
1, - space.

THEOREM : 2.1.35

Every pairwise (weakly) totally semi disconnected space is pairwise (weakly)
semi T,

THEOREM : 2.1.36

The bi-preopen pairwise semi-connected subsets of a pairwise weakly totally semi
disconnected space are its point.

PROOF :

Let (X,1,, T,) be a pairwise weakly totally semi-disconnected space and letY be
a bi-preopen subsets of X which contains more than one point.

Letx,y € X, withx#y. LetA lB be a pairwise semi-separation of X such that
xeA and ye B.ThenY = (YnA) |(YmB) is a pairwise semi separation of Y in X.

Thus Y is not pairwise semi connected, which is a contradiction. Therefore, our
assumption is wrong and Y contains one point. .

THEOREM : 2.1.37

Let (X,t,, T,) be a pairwise weakly Hausdorff space - If T, - has a base whose
members are also 1, - semi closed or 1, has a base whose members are also T, - semi
closed, then the space X is pairwise weakly totally semi-disconnected.

PROOF :

Suppose T, has a base whose sets are also 1, - semi closed.

Consider, two distinct points x and y of X since the space is pairwise weakly
Hausdorff, one of the point (say x) has T, - open neighbourhood G which does not
contain the other point (say y) and y has T, - open neighbourhood H which does not
contain x. Then there exists a 1, - basic open set B such that B is also 1, - semi closed

and x eBcG. Then X = Bl (X—B) is pairwise semi separation of X such that x & B and
y €X-B.

Similarly, for the other case, we obtain a pairwise semi separation X = A |X—A with
x € X— A,y € A. Thus (X,1,, T, ) is pairwise weakly totally semi disconnected.
RESULT : 2.1.38
If (X,,, T, ) is a pairwise Hausdorff space such that 1, has a base whose members

are also 1, - semiclosed and 1, - has a base whose members are also T, - sdmi closed,
then (X,t,, T,) is pairwise totally semi disconnected.
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SECTION : Il

A.S. Mashhour et al [14] introduced preopen sets, precontinuous and a preopen
mappings in a single topological space and obtained a number of their properties. In
this section these notions of Mashhour et al are generalized in bitopological spaces.

DEFINITION : 2.2.1 ‘

In (X, ,, 1,), AcX is said to be (i - j) - preopen (briefly (i-j) - p.o) iff

ACt-Int (r-ClA), i, j=1,2;i#]
DEFINITION : 2.2.2

In(X, 1, 1,), AcCXis called bitopological preopen (briefly b.p.o) iff Ais (i-j) - preopen.
Li=12;14
REMARK :

Every 1, - open set is (i-}) - preopen. i,j=1,2 ;i #J.

SOME INTERESTING EXAMPLES
EXAMPLE : 2.2.3

Consider (X, 1,, 1,), where X ={a, b, ¢, d},
7, ={X, ¢, {a}, {b, ¢}, {a, b, c}} and
1, ={X, ¢, (a, d}{b, c}}
To prove
{c} = Xis (i-)) - preopeni,j=1,2:i #j
That is, to prove
{c}c1,-Int (Tj- Cl{c})).fori,j=1,2;i#j.
1, - closed sets = (X, ¢, {a, d}, {b, c}}
7,-Cl{c}=X N {b, ¢} ={b, c}
T, - Int (1, - Cl{c})) =, -Int {b, ¢} = {b, c}
and {c} c {b, c}
{c}c, -Int(z,-Cl{c}
Therefore, {c} is (1-2)- preopen.
To prove
{c} = X is (2-1) - preopen .
T, - closed sets = { X, ¢ {b, ¢, d}, {a, d}, {d}}
1, -Cl{c} =X N {b, c, d}
= {b, ¢, d}-
and {c} < {b, c, d}
{c} < 1,-Int(z,-Cl{c}))
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Therefore, {c} is (2-1) - preopen. That TR
{c} = Xiis (i-j) - preopen. i, j=1,2 ;i #]
Hence {c} < Xis bitopologically preopen.
But{c}isnott, -openinX. i=1,2.

Hence {c} < X'is (i-}) preopenii, j=1,2 : i %j
but {c}is not 7, - openin X.i=1, 2.

REMARK :

Preopeness in bitopological space is not equivalent to preopeness in the individual
topologies can be seen from the following two examples.

EXAMPLE : 2.2.4

Consider (X, 1,, 1,) where X = {a, b, ¢, d}
T, ={X, ¢, {b), {b, ¢ {a, b, ¢}} and
T, ={X, ¢.{d}, {a, d}, {c, d}, {a, ¢, d}}
X-1,={X ¢, {a c d} {c d} (a, d}, {d)}
X-1,=(X, ¢, {a b, c}, {b, c}, {a, b}, (b}
To prove

{ctcXis (i-]) - preopen.i,j=1,2 ; 1]

That is to show

{ctct, -Int(1,-Cl{c)

1,-Cl{c}=XN{a, b, c} N {b, ¢

= {b c}
T, - Int (r, - Cl {c}) =r, - Int {b, ¢}
={b,c} and
{c} = (b, c}

Therefore {c} c =, - Int (1,- C I {c})

Therefore, {c} is (1-2) - preopen.
To prove

{c}is (2-1) - preopen.

1, -Cl{c}=XN{a, c, d} N{c, d}

= {c,d}
7, - Int (z, - Cl{c})) = 1, -Int {c, d}
= {¢, d}

and {c} c {c, d}

{clc1,-Int(z, - Cl {c})

Therefore {c} is - (2-1) - preopen.

Hence {c} is bitopologically preopen.
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But {c} is not 1, - preopen. i=1, 2, because

{c}z 1,-Int(r,-Cl{c})) fori=1,2.
EXAMPLE : 2.2.5

Consider (X, t,, 1,) where X = {a, b, c, d}

T, ={ X,9, {a, d}, {b, c}} and

1, ={ X, {b, d}, {a, c}}

X-1,={X, ¢, {b, c}, {a, d}}

X-1,={X ¢, {a,c} (b, d}}

Since {b} < 7, - Int (r,- CI {b}) for i=1,2

We have {b} < X'is 1, - preopen, i=1, 2.

But {b} = X is not {i-j) - preopen because

{b} &7, - Int (r;- CH{b}), fori=1,2;i=]j.

and hence it is not bitlopologically preopen.

The characterization of (i-j) - preopen sets can be seen from the following
theorem.

THEOREM: 2.2.6
In (X, 1,, 1,), AcXis (i-]) - preopen iff for everyr, - closed set G containing A,
AcCrt-IntG, i j=1,2;i= ]

PROOF :

Assume AcX is (i-j) - preopen
To prove

For every 1, - closed set G containing A, AC 7,-IntG,i,j=1,2;i#].

Let G be any t ; - Closed set containing A. Then 7, - Cl AcG. Since A is (i-j) -
preopen we have Ac t, - Int (1, - Cl A) for i, ] = 1, 2; i # ]

Butt - ClIACG
Therefore Ac 1, - Int G.

Conversely

Let AcX be such that for every 1, - closed set G containing A, AcC 7, - Int G. Since
t,-ClAis a - closed set G containing A.

AcCr -Int(z,- ClA)

Therefore, A'is (i-j) - preopen fori, j= 1, 2; i #.
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DEFINITION : 2.2.7

In (X, 7,, 1,), ACX is said to be (i-j) - preclosed iff (X-A) is (i-]) - pre open in X,
Lj=1,2;0%]
SOME IMPORTANT PROPERTIES OF PREOPEN SETS
THEOREM: 2.2.8

In (X, ,, 1), if Ais (i-}) preopen and B is biopen then AMB is (i-j) - preopen
Li=1,2;i=2].
PROOF:

Given A is (i-j) - preopen and B is biopen.

To prove
AN B is (i-) - preopen. i,j=1, 2;i #].

Since A is (i-]) - preopen we have
AcC 1 - Int (r,CIA), fori,j=12;i#]
Since B is biopen we have
B=r1-IntB.
Fori,j=1,2;i#j, we have
ANMB c 1, -Int (r,-CIA)N 1,-Int B
= 7-Int(y,- CIANB)
< 7 -Int (- CI (AN B))
Therefore AMB is (i-j) - preopen, fori,j=1, 2;i# j.

THEOREM: 2.2.9

If{A_}, A be afamily of (i-j) preopen sets in (X, T, T,), thenU __ A is (i-j) - preopen
Lbj=12;i4.
PROOF:

Given {A).cn is a family of (i-j)\- preopen sets.

To prove

U,er A, S 1, - Int [t - CL(U cn AD] _
The proof follows from the following two facts.
(1) Uy - Int A, C t-int(U__, A)

aeA o
(i) Uyer - CIA, =1 - Cl (U, A)
Now, for,i,j=1,2"i#]j
U a A C Ugenlm - int (t] -Cl Aa))
cy-Int[u, ,7-ClA)] by (i)
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Cr-Int(r-Cl(U,_, Al by (ii)
==>U, A A, is (i-]) - preopen.
THEOREM: 2.2.10

IfAcY cXin (X 1, t,) and A s (i-j) - preopen in X, then A is so in (Y, Ty Toy)
Li=1,2750= |

PROOF:

Given A cY < Xin (X, t,, 1,) and A is (i-}) - preopen in X.
To prove

Ais (i-j) - preopenin (Y, Ty Tp) b= 1,251 #].

Since Ais (i -j) - preopen in X. we have

AcC 1, - Int (r,- ClA), fori,j=1,2;i#].

==> ANY C (1, - Int( 7,- Cl A)) NY. Since ACY.

Also, ( 7-Int (1i -ClA)) NY ist -openinY.

Hence 1 - Int (v, -ClA) = T, - Int [t - ClLA)NY]
D1, - Int[r-Int (T].-Cl A)NY]
D y-Int(y,-ClA)NY
DA

Therefore A is (i-j) preopenin'Y.

REMARK :

In the above theorem the (i-}) - preopeness of A is onlyvthe sufficient condition but

not necessary. Not even it is necessary if Y is restricted to (i-j) - preopen in X. This is
clear from the following example.

EXAMPLE : 2.2.11.

Let (X, 1,, 1,) where X = {a, b, ¢, d}
7, ={X, ¢, {a} {b,c}, {a, b, c}

1, ={X, ¢, {b} {a, c, d}

Y ={a, b, d}

Ty ={Y, ¢, {a}, {b}, {a,b})

Ty = {Y, ¢, {b}, {a, d}}

Y-ty ={Y, ¢, {b, d} {a, d}, {d}}

Y -1, ={Y, ¢, {a, d}, {b}}

If A ={b} then

{b} < 7, - Int (z, - Cl {b})
Therefore Ais (i - j) - preopeninY.,i,j=1,2;i#].
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Y ={a, b, d}

Y cx, - Int (ri-CIY), fori;j=1;2 ;=)

Therefore, Y IS (i - j) - preopenin X, i,j=1,2;i#].
Butt, -Int(r,-ClA)=¢

Therefore Ais not (1 - 2) - preopen in X.

THEOREM : 2.2.12

If AcXin (X, 1, 1,) and Y is 1,- open, then A'is (i - j) - preopeness in (Y, Ty rzy)iff
Aissoin X,i,j=1,2;i#].

PROOF :

Given AcYcXin (X, 1, 1,) and Y is 7, - open. Assume Ais (i-j) - preopen in'Y.
then, AC T, -Int[tr - ClA] = 7 -Int[(r,- ClA)NY]
Acr -Int(y, - CIA) = 7 -Int (7, - CI A) N(r-IntY) Since Y is 1, - open.
= 1,-Int(z,- CI A)
=> Ais (i-]) - preopenin X, fori,j=1,2 ;i #]j
Converse part of the theorem follows from the Theorem 2.2.10.

THEOREM: 2.2.13

In (X, 1,, 1,) the following are true.
(1) A BcX, AcB implies Acrt ;- Int (ri -CIB)if Ais (i -j) - preopen
Li=1,27012]
(2) If Alis (i-j) preopen and BcX is such that
AcBC 1 - Int (1-ClA), i, j=1,2i#]
(8) AcXis (i-j) - preclosed iff 1, - Cl (r-IntA) cA, i j=1,251 #
(4)  AcXis (i-j - preclosed iff for every 7,- open set G contained in A,z - Cl GCA,
Lj=1,2:02] . ’
(5) It Ais (i-j) - preclosed and B X is such that t, - Cl (- Int A) cBcA, then B
is (i-j) - preclosed i, j=1, 2 ;i #.
PROOF :
(1)  Since Ais (i-j) - preopen.
AcC ;- Int (-Cl A)
C 7, - Int (- CI B) since ACB.
(2)  Since A'is (i-j) - preopen.
Ac 1 - Int (r, - CL A)
Also Ac Bc 1 -Int(t ;- ClA)is given
Bcr-Int(y-ClIB)
Therefore B is (i-}) - preopen fori, j=1, 2;i #].
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() Ais (i) - pre open iff. (X—A) is (i-j) preclosed
iff (X=A) cr, - Int (7, - CI (X—A))
iff (X—A) cr, - Int (X=7;-Int A)
iff ADX — 1 -Int (X - 7, - Int A))
iff AD 1, - Cl (X —(X— 7~ Int A))
iff A> - Cl (7, - Int A)

(4) and (5) can be proved similar to the Theorem 2.2.6 and second result of
this Theorem respectively.

DEFINITION : 2.2.14

In (X, 1, 1,), AcX is said to be (i-) - @ -open iff  Ac T, - Int (ri - Cl (r; - Int A)),
Ll=1,2 1]
DEFINITION : 2.2.15 [3]

In (X, 1,, 7,), AcX s termed (i-j) - semi open (briefly (i-j) - s.0) iff Oc A = 7,- Cl O for
some 1, -opensetO,i,j=1,2;i#]j.

THEOREM : 2.2.16 [3]

In (X, 7, 1,), ACX is said to be (i-j) - semi open. iff T, - Cl A =1, -Cl(t, - Int A),
L j=1,2 1]
THEOREM: 2.2.17

In (X, 1,, 7,), AcXis (i-]) - o - open iff A is both (i-j) - semi open and (i-j) - preopen
inX,i,j=1,2;i#j.
PROOF :

LetAbe (i-j)- o -openinX

To prove

Ais (i- ) - semi open and A'is (i-j) - preopen in X. Since A is (i-]) - o -open, we
have ,

A Cr, - Int (t;- Cl (7, - Int A))

Hence A 7 - Cl (7, - Int A))

Sothatt - ClA= 7,- Cl (7, -Int A)

Therefore, A is (i-j) - semi open in X.-

Also, A is (i-j) - o - openess of A gives A Cr; -Int (t; - Cl A)
Therefore,A is (i-j) - preopen in X.
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Conversely

Let A be both (i-}) - preopen and (i-j) - semi open in X. Then
AcC 1, - Int (f,- CIA) and 7,- Cl A =1,- Cl (7, - Int A).
Hence A ct, - Int (ri -ClA)=1-Int (t,- Cl (x; - Int A))
So A'is (i-j) - o - open.
DEFINITION : 2.2.18 ‘

Amapping f: (X, 1,, 7,) -> (X', 1,, 1,") is termed (i-j) precontinuous (briefly (i-j) - p.c)
iff forO" € </, ' [O7]is (i-]) - preopenin X.i,j=1, 2 :i ]

DEFINITION : 2.2.19

Amapping f: (X, 1,,1,) -> (X',' 1,', 1,) is bitopologically precontinuous (briefly b.p.c)
iff f is (i-j) precontinuous. i, j=1,2 ;i#.
REMARK :

£ (X 1, 1) > (X, Brg T 1S continuous; then. fis obviously bitopologically

precontinuous. But the converse is not always true, which can be seen from the following
example.

EXAMPLE : 2.2.20

Letf: (X, 1, 1,) > (X, 1., 1,) be the identity mapping.

LetX=X"={a, b, c, d}

T, ={X, ¢, {a} {b, c}, {a, b, c}}

1, ={X, ¢, {a, d}

1, ={ X\, {a}, (b}, {a, b}}

T, ={X\¢{a}, {a c}{a, c, d}, {a d}}

X -z, = (X9, (b, ¢, dJ, (a, d), {d)

X-1,={X, ¢, {b,c}}
Then for O" e/, f' [O7is {i-}) - preopen in X, i, j=1,2:1%j
Therefore f: (X, t,, 1,) -> (X', 1", 1,") is bitopologically precontinuous.

But ' [{b})] = {b} & 1, for{b} € 1,*
Therefore f is not continuous.

REMARK :

The notion of bitopologically preopen is not equivalent to precontinuous in
individual topological spaces. Which can be seen from the following two examples.
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EXAMPLE : 2.2.21

Let (X, 1,, 1,) be the bitopological space.
X =X ={ab,cd}1={X49,{b} {a b} {b, c}, {a, b, c}}
T, = {(X,{d}, {a, d}, {c, d}, {a, c, d}
T, ={X,{ch
1, ={X, {a}}
X1, ={X,9,, {a, c, d}, {c, d}, {a, d}, {d}}
X-1,={X, {ab,c}, {b, c}, {a,b}, {b}}
itf: (X, 1) > X, 1‘1', 1,) be the identity mapping then f is bitopologically
precontinuous. But f* ({c}) is not preopen in (X, t,) for {c}e 1,".

So fis not precontinuous on (X,1,).

f'({a}) is not preopen in (X, =) for {a} € 1, *, and hence fis not precontinuous on (X, t,).

EXAMPLE : 2.2.22

LetX =X"={a, b, ¢, d}

T, ={X¢ {a d) {b, c})

1, ={X¢, {b d} {a c}}

T, ={X¢" {b}, {a, b}, {b, c}, {a, b, c}}
1, ={X\¢" {b}}

X1, ={X¢9, {b, c}fa, d}}

X-1, ={Xp, {a c}, {b, d}}

Itf: (X, 7,0 7,) -> (X', 1,°, 1, )be the identity mapping, then f is precontinuous on both
(X, 7,) and (X, 1,). Butf'({c}) is not (1-2) preopen for{c} e, fis not (1-2) precontinuous.

Similarly, for {b} et 2o 71 ({b}) is not (2-1) - preopen and hence f is not (2-1)
precontinuous so f is not bitopologically precontinuous.

DEFINITION : 2.2.23 [13]

In (X, 1,,1,), anet {x, o€ D, 2 }is said to coverage to a point x € X, denoted by
{x,ae D, 2}->x, if the netis eventually in every t, - neighbourhood of x.i =1, 2

Characterization of (i-j) - precontinuous are given in the following theorem.

THEOREM : 2.2.24

Letf: (X, 1, 1,) > (X, 1/, 1,) then the following statements are equivalent)'
(@) fis (i-j) - precontinuous.

(b) Foreachx e X and each net {x,, e D, 2}, converging to x.the image net

{f(x),a.€ D, 2 }is eventuallyin every 1, - neighbourhood of f(x), whose inverse
is 7, - closed in X.

27



(c)

(d)

(e)

(f)
PROOF:

Foreach x € X and each 1, *- open set U’ containing f(x), there exists an (i)
- preopen set UcX such that xeU and f [U] cU'.

The inverse image of each 1 - closed setin X " is (i-j) - preclosed in X.
For each AcX, f [z, - Cl (r,-IntA)l <t - Clf {A]
For each A*cX*, 1-Cl (r,- Int (' [A]) <f ' [1-CI AT]

To prove (a) => (b)

Assume f is (i-}) - precontinuous.

Let xeX and M be any 1 - neighbourhood of f(x) such that f - [M] is 7, - closed.
Then there exists a 1" - open set U’ such that f(x)eU ‘c M

Therefore, x ef' [U']lc ' [M]
Since f is (i-j) - precontinuous.
' [UTis (i-j) preopen.
Hence xef" [U] < 1, - Int (z-CI (f* [UT])
Cr, - Int (7, - CL(F' [M]))

If the net {x,, € D, 2}->x then
.0 b 2)is evenfually in T, - Int (T’. - CI(fF'[M]))
This implies that there exists a,, €D such that a>a,
f(x,) €flr,-Int- (z,- CL(F' [M])]

< f (g - CI(F" [M])

ctf'[M]  since f' [M]is rj-closed.

cM
Hence f (x, ) is eventually in M.
That is, for every xeX and each net {x, a€ D, 2} Converging to x,

the image let {f (x ), ae D, >} is eventually in every 1, - neighbourhood
of f(x), whose inverse is 7, - closed in X.

To prove (b) => (c)

Assume (b) is true.

Let xeX and U" be any 1, - open set containing f(x). Suppose (c) is not true. Then
for any (i-j) - preopen set U containing x.

flUlz U,
Then, f[U] N[X - U] = ¢
Thatis U [X - U # ¢ (1)

Let A(x) be the family of all -neighbourhoods of x. Then for each Nea(x) is
T, - open and hence (i-j) preopen.
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Therefore, from (1) we get
NN X = U= ¢ forall Nea((x)
Letx, eNN ! [X — U]
Now, {x,, Nea((x), }is a netin X converging to x and xy€f' [X-UTforall Nea(x).
Sof(x)e X' = U
Thatis f (x,) €U’ for all Nea(x).
Therefor_e, the image net {f(x,), Nea(x), <} is not eventually in U".

Which is a contradiction to our assumption. Hence, for each xeX and each

7, - open set U’ containing f(x), there exists an (i-j) - preopen set Ue X such that xe U and
f(U)cU'.

To prove (c) => (d)
Assume (c) is true.

To prove

The inverse of each t, - closed set in X' is (i-j) - preclosed in X.
Let U'cX' be 1 - closed setin X', '

Then to prove f' [U'] is (i-}) - preclosed in X.
LetxeX —f'[U]then
f(x) e f[X-f1[U7).
X —=U’, where X'~ U"ist - open
By our assumption there exists an (i-j)) preopen set U, =X such that xeU, and
f(U)cX -U.
Hence x eU, < 'f{U,]
cH X -U]
cX -f1[U]
So X —f"[U=U{U;xeX-H[UT}
by Theorem 2.2.9 X — ' [U']is (i-j) preopen.
That is f' [U"] is (i-}) preclosed in X.
To prove (d) => (e)

Assume the inverse image of each 1, - closed set in X' is (i-j) - precloséd in X.
To prove

For each AcX, f [1:Cl (1, - IntA)] < v, " - CI (f[A])

For any AcX, Acf! (f[A))
cf (x* - Cl(f[A))

Where f (z, *- Cl (f[A])) is (i-j) - preclosed by our assumption. Since interior and
closure respect inclusion it is clear that,
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T, - Cl (1, IntA) < 1-Cl (r, - Int (F* [«; - CI (IA]]))
c [z - CI(f[A])]
By (3) of Theorem 2.2.13
This implies that
flx,- Cl (r,- Int A)l < £ [ [, - CI (fTA])]].
<1 - Cl (flA]).
Hence we obtain (e)
To prove (e) => (f)
' Forany A'cX, let A = £ [A].
_ Then for AcX, we have
f[t-Cl (x,- Int A)l 3, - CI (fIA]) by (e).
Hence
% - Cl(t;- Int A) © ' f [1,- Cl (¢, - Int A)]
< ' [1 - CI (f[A])]
that is
7~ Cl [xInt (F[A])] < 1 [1- CIf F1[A])
cf' [z - ClIA]
Hence for each A'cX’,
7 - Cl(t- Int (F [A]) = ' [1 - CI A"]
To prove (f) =>(a)
Thatis , if (f) is true then to prove fis (i-j) - precontinuous.
Let B'< X" be any 1, - open set , then
A"=X —B'is 1 - closed and
f1[AT =1 [X] -+ [B].
=X —f1[B]
which implies that X — f' [A"] = f [B]
Claim
' [B] is (i-}) - preopen.
Now by our assumption for each A’ = X'.
7+ Cl (x-Int (F [A]) < ' [x - CI A
= IA]
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That is

X = (1,-Cl (x,- Int (' [A])) > X — ' [A]

which implies that

T - Int (g - CH(X = 1 [A)) D X = 1 [AT].

by relations connecting complimentation, closure and interior operator.
Thatis 7, - Int [f,- CI(F" [B]) o ' [B]

So that f* [B is (i-]) - preopen.

Hence f is (i-j) - precontinuous.

DEFINITION : 2.2.25

In (X, 1,, 1,), a net {x,oe D, 2 }is said to bitopologically preconverges to a point

XeX, denoted by {x, ae D, 2 }- > x if the net is eventually in every (i-j) preopen set
containing x, i,j=1,2 ;i #]

In the next theorem we shall see that how (i-j) precontinuous establishes an
interesting relation between preconvergence of a net and convergence of its image net.

THEOREM : 2.2.26

If a mapping f (X, T %) -> (X', 1., 1,) is (i+]) - precontinuous then for each xeXand
each net{x ,ae D, 2}in X preconverging to x, the image net {f{x,), ae D, 2} converges
to f(x).

PROOF
Let f be (i-j)- precontinuous
Let xe X and {x, o€ D, 2}be anetin X such that {x,oe D, 2]2-> X.
Let U be any 1" - open neighbourhood of f (x), i=1,2
Then f'[U'is an (i-j)-preopen set containing x.Since{x ,oeD,> }—9>x,
there exists o, eD
suchthatx e f'[U]forall o > o,
Therefore f(x,) eff' [U] cU forall o > o,
Hence the image net {f{x ), ceD,> } > f (x).
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PREOPEN SETS AND PRECONTINUITY IN BITOPOLOGICAL PRODUCT SPACES
THEOREM : 2.2.27

Let (X, , « T2g): @ €A} be a family of bitopolgical spaces X = [1X,, the product
Space and t,, 1, the product topologies generated by 1. S and 1, « S respectively.
IFA=TI"_ A, Hum « IS @anon-empty subset of X, n being a positive mteger then A IS
(i-j)-preopen fkor each K (1< k<n)iff Ais (i-j) - preopen in X. =1, 202}

PROOF :
Let Aakbe (i-)) - preopen, forK = 1, 2....... n.

Then Aakc Tia - Int (Tia Ly K=1,2.... n.

S0, % - Int (5, - CI A) = -Int (<l (T1,"_A, XTI, X,))

(lt(l a

=I5 O A XTT,X,) (9

azo a
=I_Ik“=1tiOL - Int (T.a- Cl AaXI'IamXa)
k k
= § L A Xﬂ X

(1*0. o
=A

Hence A is (i-j) - preopen in X.
Conversely

Let A be (i-j) - preopen in X. Then A Cr, - Int (X - Cl A).

Hence

I AXTT, X, T Int(z -CI(TT," _, A, xn X))
k k

utu o

=Hkn=‘ria-lnt(ria -CI A ) XIT . X
k k

llt(l o

SoA, 1, -Int((7,-Cl1 A))
k k k

Therefore A, is (i-) - preopen., k=1,2...n
k
THEOREM : 2.2.28

Let (X, , 7, 75, ) @ €A} and (X, T T ) @ €AY be two arbltary families of
bltopologlcal Spaces with same set of |nd|ces For each o €A,

w Xt T W F— 2.9 1,, ) be given and define f : (X, T, "2) > (X', 1, 1,) by
f(x) =f(<x, D) = <t(x)>, where X =n X, X =nX "and 1, 1,7, T,, are the product

topologies generated by TyeS Ty 'S, T,,'SaNd 1,, S respectively. Then fis bitopologically
precontinuous iff f_is so for each o e A
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" PROOF :

Let f be bitopologically precontlnuous Then fis (i-}) precontinuous, i,j=1,2"i #]j.

Let BeA be arbitrary and U *be any Ty -open setin Xp .Then U‘3 X7 usza is t,"open
in X. So,

~(
PV, X7 X, = 61U, e fIX ]

= f A [U Xn - X ,is (i-]) - preopen in‘X, ihj=1,2; i#.
Hence by Theorem 2.2.27 f ‘[U ] is (i-j) - preopen in X so that f s (i) -

precontinuous ij = 1,2; i# j. Hence f is bitopologically precontmuous s:nce Be Ais
arbitrary, f _is bitopologically precontlnuous foreach ae A.-

Conversely,

Let f be bitopologically brecontinuous for each ae A. Then f o 18 (i) -
precontinuous for each ace A, ij=12;i# LetU < X be any basis 1, - open set. Then
U':nk“_1U *Xn X* whereU *ist *inX *. K =1,2.....n.

U.k a o o a ’

* .
K k.
*
[e 04 Xu]

Now £ [U*] = [ n," Ut X
K k

=n"_ F U, X, Q[X*a]
k k K

where fa" [Ua'] is (i-j) - preopen in each Xok(1s kEZn);Li=1,2 i)
k k

Hence by Theorem 2.2.27, f' [U] is (i) - preopenin X, i, j=1, 2 ; i#]j.
Let O" be any 1, " - open setin X *

Then O -UU whereU 's are basis 1, " - open sets in X'.
So f‘[O]_f‘[uU]
= Y f‘[U ]

Since f! [Up Tis (i-j) - preopen for each B by Theorem 2.2.9 f' [0*] is (i-j)- preopen.,
ij=1,2; i#. Hence fis bitopologically precontinuous.

THEOREM : 2.2.29

Let (X, 1, Toe): @ €A } be an arbitrary family of bitopological spaces. For each
a €A, letf : Xy + Tigr Ta) — X', 1, 7, )be given. Definef: (X, T T = (X, %, %)

by f(x) = € f.(X) > where X' = nX, and 1., 1," are the product topologies generated by
T, Si T,,'S respectively. Then f is bitopologically precontinuous for each a, if f is so.

PROOF :

Let B €A be arbitrary and U be any 7, - open setin X; . Then Up X g X, is 1/
-openin X" « The verification of the relation
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fp" [Un] = ! [UB X L X,] and the hypothesis that fis bitopologically precontinuous
give that fﬁ" [Uﬂ]is (i-)) - preopen,,ij=1,2 ;i #.

Hence fB is bitopologically precontinuous. Since BeA. is arbitrary, f is
bitopologically precontinuous for each a.e A.

REMARK :

The converse of Theorem 2.2.29 is in general, flase as shown by the following
example.

EXAMPLE : 2.2.30
Let X = X, = XB = [0, 1] = the closed unit interval on the real line and (X, Ty Ty

AR Ty T (X Tip Tzp) b€ the bitopological spaces, where 1 ,= 1, = cofinite topology.
on X which 1 o = Tog™ Typ= Ty = the relativised usual topology on [0, 1].

Letf (X, 1, 1,) > (X %15 Tou): f[3 F(X 1, 1) > (Xp, Ty rm) be two mappings defined by
f,(xX)=1,0<x<1/2, fx)=0,1/2<x<1and fB,(x) =1,0=x<1/2, fﬂ(x) =0,1/2<x<1.

Clearly,»fu, f[} are (i-j)- precontinuous. But f : (X 75 T,) => (X X Xﬂ, P,, P,), where
P,, P, are the product topologies generated by T rmand T2 Topf€SPEctively, is not (i-))
- precontinuous. For ' [S, (1, 0)] = {1/2} is not an (i-j) - preopen set in X, though S\

(1,0)is P,- openin X, X Xﬂ where S, , (1,0) denotes an open sphere with centre (0,1) and
radius 1/2.

BITOPOLOGICAL PREOPEN MAPPING
DEFINITION : 2.2.31

A mapping f: (X, 1,, T,) > (X',1,, 1,) is said tobe (i-j) - preopen iff for each T,- open
set Ain X, f [A]is (i-}) - preopen in X’ vhi=1,2;10#]
DEFINITION : 2.2.32

A mapping f :(X, T 1) > (X1, 1) is termed bitopologically preopen (briefly
b.p.o). iff fis (i-j) - preopenin X' ;ij=1,2;i#]j.
THEOREM : 2.2.33

A mapping f : (X, 1,, 1) -> (X',1,, 1,) is (i) - preopen iff f [/ - ClV]c 1,- CI ' [V]
for each T - openset, ij=1,2;i%].
PROOF :

Letf:(X, 1, 1,) -> (X1, 1,) be (i-j) - preopen. Suppose xe f' [t - CI V]. Then
f(x) ex* - Cl V.

Let U be any 1, - open set in X containing x. Then f(x) €f [U] so that
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fix) e f[Ulnt -ClV
C [t -Int (r, - CHUD) Nz - ClV.
(by (i-j) - preopens of f [U]).
Now, t" - Int (r-Clf[U)is a T, - open set containing f(x).
Since f(x) € 1, - ClV,
V(- Int (z - CIf[U]) =4
which implies that VA 1 - ClH[U] =4
Letye V M - ClHf [U]. Then

ye 1/ -Clf[UlandVis a 7, - open set containing y. SoV f [U] #¢
which implies that f' [V] nU #h
Hence x e1,- CI ' [V].

ConverselyJ

Letf: (X, 1, 1,) > (X',t,, 1,7) be such that f [v/-CIVl< [1,-CIf' [V]
for each T, - opensetV. If possible let f be not (i-)) - preopen. Then there exists at least
one 7, - open set U in X such that

flUlz 1 - Int [x, - CIf[U))
Hence
FIUI (X" =1, - Int (- CLE[U]) 4
LetV =X =1 - CIf [U]. ThenVis 1, - openin X'
VN {[U]=¢ and
1 -ClV=1"-Cl(X- T - ClIf[U))
= X'=1 -Int (/- CIf[U])
Sof[UlN1 -CIV =
=> U " [1 - CI V] #$ and since UNf" [t -ClV]lc Unr, - CLE V],
it follows that Ut - CIf' [V] 2
Lety e Une-Clf1[V].

Theny et,-CIf'[V]and since Uis a 7, - open set containing y, UNf [V] #¢, which
contradicts the fact that f [U] NV =¢)

Hence f is (i-j) - preopen. |

THEOREM : 2.2.34

A mapping f:(X, T 1) > (X, 1, 1,) is (i) - preopen iff for any subset S of X" and
for any 1, - closed set A of X, containing f' [S], there exists an (i-j)- preclosed set B of X,
containing S. such that f BlcA,ij=1,2:i #J.
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PROOF :

Let f be (i-j) - preopen. Let ScX and Abe a 7, - closed of X, containing f' (S).
Let B = X" —f [X-A]. Since f'[S] A,
f[X—=A] =X - S and hence Sc B.

Since fis (i-]) - preopen and X—A is .- openin X, it follows that f [X—A] is (i-j) - preopen
in X" and so B is (i-}) - preclosed in X,

Also f' [B] = X— £ [f [X—A]]
< X —(X— A)
=A.
Conversely
Let U be 1, - open in X and let
S=X —=f[U]. Then
fP[X'=f[UllcX-Uand X~ Uis a 7, - closed set containing f' [S]. So, by the given
condition there is an (i-j) - preclosed set B of X" such that S— B and f' [B] € X-U
whence X'-B f[U]and f' [B]n U = ()
The second relation gives B M f[U] = )
Thatis, f [U] < X'-B. Thus
X' -Bcf[U]
c X-B
=  f[V]=X-B.

So, f[U] is (i-j) - preopen and hence f is an (i-j) - preopen mapping, ij=1,2 ;i #].
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