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INTRODUCTION 

The concept of Bitopological spaces was first introduced by Dr. J.C. Kelly (10) in 
1963. He has defined a bitopological space (X, 'r i , 'r2) as a space with two topologies t1  
and t2  defined on it. Here the author has obtained systematic generalizations of Urysohn's 
lemma, Urysohn's metrization theorem and Tietze's extension theorem. 

Every year a number of articles are published dealing with generalisation of the 
concepts of separation axioms, connectedness, compactness and paracompactness 
etc to bitopological spaces. The aim of this thesis is to discuss the following two articles 
on bitopological spaces. 

Fairwise Locally Semi-Connected spaces. [1] 
Bitopological preopen sets, Precontinuity and preopen mappings. [8] 

In the first chapter of this thesis we deal with preliminary definitions and results. 
These include the results of J.C. Kelly. 

The second chapter studies the two articles mentioned above. In the first section 
we shall discuss the paper 'PairMseLocally Semi-Connected Spaces" by S.F. Arya and 
T.M. Nour. In this paper the author generalizing the concept of local semi-connectedness 
introduce by Sarker and Dasgupta [16] to bitopological spaces. The author has introduced 
the following definitions. 

Two non-empty subsets A and B of (X,t1,t2 ) are said to be pairwise semi-separated 
1ff A nt1— sd (B) = T - sd (A)rB where sd (B) denotes the semiclosure of B. 
A subset A of (X, t) is said to be pairwise semi-connected iff A cannot be 
expressed as the union of two pairwise semi separated sets. 
A bitopological space (X, t1,'r2) is said to -r1- locally semi-connected with 
respect to t2  if for each x eX and every t - semi open set U containing x, 
there exists a pairwise semi-connected -r

i 
 - open set G such that xEGcU. 

A space (X, t1,t,) is said to be pairwise locally semi-connected if it is 
- locally semi - connected with respect to -1: 2  and -r- locally semi-con-

nected with respect to t. 

Using these definitions the following results are obtained. 

If A is a pairwise semi-connected subset of a bitopological space (X, -113t2) 
such that Ac CD where C and D are pairwise semi-separated sets in 
(X, -r15t2), then either Ac C or Ac D. 

The union of any family of pairwise semi-connected sets in (X, t15 -r2) having 
non-empty intersection is pairwise semi-connected. 

A pairwise locally semi-connected space (X,-r1,-r2) is pairwise semi-connected 1ff it 
is pairwise connected. 



The author has defined the semi-component of EcX in a bitopological space and 
has obtained a necessary and sufficient condition for the space (X, t1, 1 2)  to be t1  - 
locally semi-connected with respect to t2  interms of semi-components. Further the author 
has discussed total disconnectedness for bitopological spaces. 

In section II, the concepts of Preopen sets, Precontinuity and Preopen mappings 
in a Bitopological space, introduced by A. Kar and P. Bhattacharya are studied. The 
author defines a set A to be (i - J) - preopen in (X, t, 't2) iff A ct- Int (t1  - CIA), 
i, j = 1, 2 ; I # j. He has obtained the following properties of (i - J) preopen sets. 

AcX is (I - j) - preopen iff for every t- closed set G, containing A, Act1 - Int 0, 
I, j = 1,2; I j. 

If {Aa}aE  be a family of (i-j) - preopen sets in (X, t1, -c2), then LJeAa  is (i - J) - 
preopen i,j = 1, 2; i #:j. 

A, BcX, AcB implies Act- Int (t - Cl B) if A is (i - j) - preopen. i, j = 1,2; i j. 

If A is (I 
- 
j) - preopen and BcX is such that AcBc Ti  - Int ('ti  - Cl A), then B is (I - j) 

-preopen i,j= 1,2; i#j. 

AcX is (i - J) - preclosed iff - Cl ('i -  Int A) cA, i, j = 1, 2 ; i j. 

AcX is (i - j) - preclosed iff for every t1  - open set C contained in At - Cl GcA, 
i, j = 1,2; i #j. 

If A is (I - j) - preclosed and BcX is such that t - Cl ('r - Int A) cBcA, then B is 
(i - J) - preclosed i, j = 1, 2 ; i # j. 

According to the author, A mapping f : (X, t1, t) -> (X*, 't2 ) is termed as (I - j) 
- precontinuous (briefly p.c) iff for 0 t, f 1[O] is (I - j) - preopen in X, I, j = 1, 2 
I # j. 

The following characterization of percontinuous map is obtained. 

•Let f: (X, t9t2 )-> (X', t1 , -c2 ) be a map) then the following statements are 
equivalent: 

f is (i - j) - precontinuous. 

For each x €X and each net {x, (cD, ~!}, converging to x, the image net 
{f (xa),  a(=-D, ~!} is eventually in every t1' - neighbourhood of f(x), whose inverse is 
Tj  - closed in X. 

(C) For each x cX and each 't - open set U.  containing f(x), there exists an (i - i) - 
preopen set UcX such that x cU and f[U] cU. 

The inverse image of each r closed set in X is (i - J) - preclosed in X. 

For each AcX, f [Ti  - Cl (t1  - lnt A)] ct - Cl (f[A]). 



(f) For each AcX, 't. - Cl (- - nt (If[A]) c±1[t - Cl A*] 

The authoris able to generalize the properties of continuous map to precontinuous 
map with regards to product spaces. He has defined a mapping f (X,t1, TO -> (X, 
T1't2 ) to be (I - j) - preopen iff for each 'r1  - open set A in X, f[A] is (I - j) - preopen in 
X. i, j = 1, 2 ; I #j. The following characterization of preopen map is established. 

A mapping f (X, cip t2) -> (X, 
' 2) is (i - j) - preopen iff 

f i  [t - Cl V] t - Cl f 1  [V] for each - open set), j = 1, 2 ; i # j. 
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CHAPTER - 1 
PRELIMINARY DEFINITIONS AND RESULTS 

SECTION I 

DEFINITION: 1.1.1. 

A space X on which are defined two (arbitrary) topologies 'r1  and t2  is called a bitopological space and denoted by (X, t, t2). 

REMARK: 

When we consider quasi - metrizable space we get the natural example of bitopological space. If q is a quasi metric on X and q is conjugate to q then q and q will give two topologies on X. 

DEFINITION :1.1.2 

In a space (X, t1, 't2)1  r1  is said to be regular with respect to 't2  if, for each point x in X, and each r 1  - closed set B such that x p, there are a r I  - open set U and a r2 - open set V such that xc U, PV and UnV = 4). (X, 'r 1 , t2) is, or 't1  and 't2  are, pairwise regLiar if t1  is regular with respect to t2  and vice versa. 

DEFINITION: 1.1.3 

A space (X, t, -r2) is said to be pairwise Hausdorff 1ff given two distinct points x and y, there are - neighbourhood U of x and a - neighbourhood V of y such that UrV=4). 

DEFINITION :1.1.4 

A space (X, r1, t2 ) is said to be pairwise normal if given a - closed set A and a 
- closed set B with AnB = 4), there exists a 'r2 - open set U and a Ti  - open set V such that Ac U, BcV and UnV = 4). Equivalently, (X, t, 't2) is pairwise normal if, given a 12 - closed set C and a - open set D such that, CcD, there are a Ti-  open set G and a t 2 -closed set F such that CcGcFcD. 

J.C. Kelly has established the following important results: 
THEOREM :1.1.5 (Generalization of Urysohn's lemma) 

If (X, t2) is pairwise normal, then given a T
2 - closed set F and a t1  closed Eet 

H with F - H = 4), there exists a real - valued function g on X such that 



- 

DEFINITION : 1.2.12 

A sequence < Sn > is said to be eventually in a set A if and only 1 there exists a 
positive integer M such that n ~ M => Sn EA• 

DEFINITION : 1.2.13 

A sequence < S> in a topological space X is said to be converge to a point 50 1n 
X if and only if it is eventually in every neighbourhood of S0. 

4 
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CHAPTER - 2 

PREOPEN SETS, PRECONTINUOUS MAPPINGS IN BITOPOLOGICAL 
SPACES AND PAIRWISE LOCALLY SEMI-CONNECTED SPACES 

SECTION:1 

In this section the article "Pairwise locally semi-connected spaces" by S.P. ARYA is 
discussed. First we shall start with some definitions. 

DEFINITION :2.1.1 [6] 

Two non-empty subsets A and B of (X, t11  'ta ) are said to be pairwise semi-separated 
if and only if A mt1  - sd (B) T - sd (A)n B. 

DEFINITION : 2.1.2 

If X = AB such that A and B are pairwise semi-separated sets, then A, B form a 
pairwise semi-separation of X and we write it as X = A I B. 

DEFINITION : 2.1.3 

A subset A of (X, t,, t2) is said to be pairwise semi-connected if and only if A 
cannot be expressed as the union of two pairwise semi-separated sets. 

RESULT: 2.1.4 

A bitopologica! space (X, t1 , 12)  is pairwise semi-connected if and only if X cannot 
be expressed as the union of two non-empty disjoint sets one of which is 'r1  - semi open 
and the other is t2  - semi open. 

PROOF: 

Assume that the bitopological space (X, t1 , 'r2) is pairwise semi-connected. 

Claim: 

X cannot be expressed as the union of two non-empty disjoint sets one of which is 
Ti-semiopen and the other is t2  - semi open. 

Let A 4) be an T, 
 
- semi open and B 4) be an - semi open such that AnB  

Suppose X = AB. since A is T i  - semi open, B = X—A is t1  - semi closed. Since B is 't 2  
- semi open, A = X - B isr 

2 
- semi closed. 

This implies, T 1 
 
- sd (B) = B = X —A 

- sd (A) = A = X - B 

Therefore, Ant1  - sd (B) = An(X—A) = 4) and 

- sd (A) nB = (X—B) n B =4) 

Hence A and B are pairwise semi separated such that X = AB. 

5 



This implies that X is not pairwise semi-connected. 

Contradiction to our assumption. 

Hence we obtain our claim whereas the converse is obvious. 

DEFINITION :2.1.5 [2] 

A bitopological space (X, 11,  t) is said to be c,- locally connected with respect 1012  
if for each XEX and everyt1  - open set U containing x, there exists a pairwise connected 
Ti  - open set C such that xeGcU. 

DEFINITION: 2.1.6 

(X, 11 , ) is said tobe pairwise locally connected if it is t1  - locally connected with 
respect to 12  and 12 - locally connected with respect to 'r1. 

DEFINITION :2.1.7 

Let (X, t, 12)  be a bitopological space then (X, 11,  1) is 't 1  - locally semi-connected 
with respect to 12  if for each xeX and every 'r - semi open set U containing x, there 
exists a pairwise semi-connected t - open set G such that xcGc:U. 

DEFINITION: 2.1.8 

A space (X, 11,  'r) is said to be pairwise locally semi-connected if it is t - locally 
semi-connected with respect to 12  and 12 - locally semi-connected with respect to t. 

RESULT : 2.1 .9 

If a bitopological sJace is pairwise locally semi-connected then it is pairwise locally 
connected. 

REMARK: 

A bitopological space is pairwise locally connected but not pairwise locally semi-
connected can be seen from the following example. 

EXAMPLE : 2.1.10 

Let X = (a, b, c), -c l  = {X, 4, (a), (a, b)) and 12 = {X, 4, (a), (a, c)). 
Let a€X, t open sets U containing "a" are X, (a), (a, b). 

Also for every 'c1  - ooen set U containing "a" there exists a pairwise connected 'c i- 
open set G = (a) such that a cGcU. 
Let bEX, t - open sets containing "b' are (a, b), X. 

Then for every t - open set U Containing 'b" there exists a pairwise connected 
11 - open set G = (a, b) such that beGcU. 

Let CEX, since the t - open set U containing 'c" is X we have there exists a 
pairwise connected t - open set G = X such that c eGc.U. 



Hence (X, 'r i , t) is t1  - locally connected with respect tot 2 - (1). 

Let a€X, 'r2  - open sets U containing a" are X, (a) {a,c}. 

Then for every 't2  - open set U containing "a" there exists a pairwise connected t2  
- open set G = (a) such that a c GcU. 

Let b€X, t2  - open set U containing b is X. 

For this U, there exists a pairwise connected t2-open set C = (b) such that bE Gc:U. 

Let ccX, 't2  - open sets U containing "c" are X, (a, c}. 

Then for every t2  - open set U containing "c" there exists a pairwise connected t2  - 

open set G = (a, c) such that cEGU. 

Hence (X, t1, t2) is c2  - locally connected with respect to Ti  

By (1) and (2) (X, t1, t) is pairwise locally connected. 

For, (a, c) is at1  - semi open set and cc(a, c) but there is no pairwise semi connected 
- open set containing c" and contained in (a, c). 

Therefore, (X, t1, t2 ) is not pairwise semi connected. 

REMARK: 

The following example shows that if (X, t1) and (X, t2) are both locally semi-
connected spaces, then (X, t11  't2) need not be a pairwise locally semi-connected space. 

EXAMPLE : 2.1.11 

Let X = (a, b, c1,t1  = (X, 4, (a), (c), (a, c), (a, b) 

and t2  = {X,4, {b), (b, c), (a, b), (c)} 

X - = (X, 4, (b), (b, c), (a, b), (c)) 

X - = (X, j, (a, c), (a), (a, b), (c)} 

TI  - semi open sets = (X, , (a), (c),(a,c), (a, b)) 

-
semi open sets = (X, , (b), (b, c),(a, b), (c)} 

Let aEX, 'r - semi open set U containing "a" are X, (a), (a,c), (a, b). 

Then for every t1  - semi open set U containing "a" there exists a semi connected 
open set G = (a) such that aEGcU. 

Let b EX,t1  - semi open sets U containing "b' are X, (a, b). 

Then for every c,-semi open set U containing "b" there exists a semi connected 
open set C = (a, b) such that bEGcU. 

Let cEX, t1  - semi open sets U containing "c" are X, (a, c), (c). 

Then for every t1  - semi open set U containing "c" there exists a semi connected 
open set G = (c) such that cEGcU. 

7 



Therefore, for each xeX and every t - semi open set containing x, there exists a 

semi connected ri - open set G such that xEGcW. 

Therefore, (X, -t) is locally semi connected. 

Let aEX,-t2  - semi open sets U containing "a" are (a, b),X. 

Then for every -t2  - semi open set U containing "a" there exists a semi connected T2 
- open set G = (a, b) such that aEGc:U 

Let bEX, T2  - semi open sets U containing "b" are X, (b), (a, b), (b, c). 

Then for every -c2  - semi open sets U containing b" there exists a semi connected 

- open set G = (b) such that bEGc:U 

Let cEX, 't2  - semi open sets U containing "c" are X, (c), (b, c). 

Then for every -12  - semi open sets U containing 'c' there exists a semi-connected 

- open set G= {c} such that cEGc:U 

Therefore, for each xEX and every T2 - semi open set U containing x, there exists' 

a semi connected 2 - open set G such that XEGcU 

Therefore, (X, 2)  is locally semi connected. 

Let bEX, (a, b) is a -c1  - semi open set containing "b'. 

Also, (a) # 4) is -c - semi open set (b) # 4) is -c2  semi open set (a) n (b) 

But (a, b) = (a) i.j(b) is not pairwise semi-connected. 

Hence, there is no pairwise semi-connected -c1  - open set containing 'b" and 

contained in (a, b). 

Therefore,(X, t, -t2) is not pairwise locally semi-connected. 

REMARK: 

From the following two examples, we can see that the notations of semi 

connectedness and locally semi connectedness in a bitopological space are independent. 

EXAMPLE : 2.1.12 

Let X = (a, b, c), -c1  = {X, 4) (a), (a, b)), 

IC 2 = (X, 4), (a, b), 

X - -c = (X, 4) (b, c), {c}) 

X = (X, 4), (c}} 

Ti  - semi open sets = (X, 4), (a), (a, b), (a, c)} 

112  semi open sets = (X, 4), (a, b)}. 

X cannot be expressed as the union of two disjoint non-empty sets one of which is 

Ti  - semi open set and the other is T 2 - semi open. 

.01 



Therefore (X, 'c1, t) is pairwise semi-connected. But, (a,c) is r1  - semi open set 
containing the point "c" and there does not exists a pairwise semi connected t1  - open 
set containing "c' and contained in (a, c). 

Therefore, (X, 'c1, T 2) is not t1  - locally semi connected with respect to 'c1. 

Hence (X, t1, t) is not pairwise locally semi connected. 

EXAMPLE 2.1.13 

Let X = (a, b, c), 'r1  = (X, 4,(a, b}, (c)} 

and -c2  = {X,, {a}, (c), (a, C), (a, b)), 

X - (X,4, (C), (a, b)} 

X - 'r2— (X, , (b, C), (a, b), (b), (c)) 

11  - semi open sets = (X,4, (a, b), (C)) 

- semi open sets = (X, 4, (a), (c), (a, c), (a, b)). 

Let aEX, Ti  - semi open sets U containing a" are (a, b), X. Then for every c, - semi 
open set U containing a" there exists a pairwise semi-connected t1  - open set G = (a,b) 
such that aEGcU. 

Let beX,t1  - semi open set U containing "b' are X, (a, b), then for every t1  - semi 
open set U containing b there exists a pairwise semi-connected - open set G = (a, b) 
such that bEGcU. 

Let cEX, t1  - semi open set U containing c" are (C), then for every t1  - semi open 
set U containing 'c" there exists a pairwise semi connected 'r1  - open set G = (c) such 
that ceGcU. 

Therefore, the space (X, t, t2) is t1  - locally semi connected with respect to 'r2. 
Let aEX, 'C 2  - semi open sets U containing "a" are (a), (a, C), X, {a, b), then for every 

- semi open set U containing "a" there exists a pairwise semi connected 'C2 - open set 
G = (a, b) such that acGcU. 

Let bEX, '12  - semi open sets U containing 'b" are X, (a, b) then for every'C2  - semi 
open set U containing "b" there exists a pairwise semi connected t2 - open set G = (a, b) 
such that bEOCU. 

Let ccX, 't - semi open sets U containing "c' are X, (c), (a, c), then for every 'r2  - 
semi open set U containing "c" there exists a pairwise semi connectedt2  - open set 
G = (c) such that cEGcU. 

Therefore, the space (X, T11  t2) is 't2  - locally semi connected with respect to 'r1. 

Therefore, the space (X, 'c1, t2)is pairwise locally semi connected, but not pairwise 
semi connected. Because, X can be expressed as the union of two disjoint non-empty 
subsets. 



That is, X = (a, b) Li (C) 

where (a, b) is 'r1  - semi open and (C) is 't 2  - semi open 

Therefore, (X, 't1 , 'r) is not pairwise semi connected. 

THEOREM : 2.1.14 

Let A be a pairwise semi-connected subset of a bitopological space (X, t11 'C2).  If 

Ac:CjD; where C and Dare pairwise semi -separated sets in (X, t, t2)then either Ac:C 

orAcD. 

IJt[.I.1 

Let A be a pairwise semi-connected subset of a bitopological space(X, '  TO 

TO PROVE: 

If Ac:CD, where C and D are pairwise semi separated sets in (X, 'C l , 't2), then 

either Ac:C orAc:D. Since C and D form a pairwise semi-separated sets in (X, t, t2),  we 

have 

C'm't1-scl (D) =4 =t2 -scl (C)nD -(1) 

Let V = CnA and U = DnA 

Since Ac:CLJD, VU = (CnA)(DnA) 

= (CD) nA 

Claim 

Atleast one of U and V is non-empty. Suppose none of U and V is empty. 

That is, V # then 

Vn'11  - sd (V) = (CnA) n ('c1  -sd (DnA)) 

c: (CnA)n'c1  - sd (D) 

= (Cn'r1  - sd (D)) n A 

= nA 

=4 by(1) 

- sd (V) nU = [ 2-scl (CnA)] n (DnA) 

- sd (C)n(DnA) 

= nA 

=4 

Hence U and V are pairwise semi separated sets. That is, A can be expressed as 

the union of two pairwise semi-separated sets. 

Therefore, A is not pairwise semi connected which is a contradiction. 

Therefore, one of U and V must be empty. 

10 



If V = 4) then C nA = 4) 

A = VU = (CnA) (DnA) 

=4)(DnA) 

= DnA 

which implies Ac: D 

If U = (j) then D nA = 4) 

A = VU= (CnA) (DnA) 

= (CnA) U 4) 

=CnA 

which implies Ac:C. 

THEOREM : 2.1.15 

The Union E of any family {C: X EA} of pairwise semi-connected sets in 

(X, 't1, t2) having a non-empty intersection is pairwise semi connected. 

PROOF: 

Let (Cx: X €A) be a family of pairwise semi-connected sets and 

Claim 

E = Cis pairwise semi-connected. 

Suppose E = u (CX) is not pairwise semi - connected then we can write 

= E = CuD, where C and D are pairwise semi-separated sets. 

Therefore, Cn 't - sd (D) = 4)= r 2-scl (C)nD 

Let V = CnC ; V = DnC, then 

VU = (CnC) U (DnCX) 

= (CiD) n CX= C 

Since C  is pairwise semi-connected subset of a bitopological space (X, 'E,,  TO as 
in the proof of last Theorem we can prove that either V or U must be empty if 

V= 4) then  CX =U = DnC. 
implies Cc:D. 

• if U = 4) then C. = V = CflCX 
implies CXc:D 

Therefore, either all Cx's  must be in C or all must be in D. But nC# 4) and 
CnD = 4) which says that C =4).or D = 4). This is a contradiction to the fact that C and D 
forming a pairwise semiseparätion of E. 

11 



Therefore, E is pairwise semi-connected. 

THEOREM : 2.1.16 

Let (X, t1, t) be a pairwise locaHy semi-connected space. Then it is pairwise semi 

connected if and only if it is pairwise connected. 

PROOF: 

Given (X, t1, T 2)  be a pairwise locally semi-connected space. 

To Prove: 

If (X, t, 'ta) is pairwise connected, then it is pairwise semi connected. 

Suppose, X is not pairwise semi-connected then X is pairwise semi separated. 

Then there exists a non-empty proper subset G of X such that X = G (X —G), where G 

is t1  - semi open and t2  - semi closed. 

Let xeX then, either xEG or xEX —G. 

If xEG, then there exists a pairwise semi-connected 't1  - open set Osuch that 

xEO,,c G. If xEX —G , then there exists a pairwise semi-connected. 

- open set P . such that x€ PX  c X - G. 
Let U u (Or:  xEG,  Oc  G) and 

V=J(P:xEX — G, PcX —G) 

Since G #and G x; U and V 

Also, UrV = and X = Uu V 

Which implies that X is not pairwise connected. Therefore, our assumption is wrong 

and X is pairwise semi-connected. 

Trivially, pairwise semi-connectedness implies pairwise connectedness. 

THEOREM : 2.1.17 

If a subset A of (X, t1, t2) is pairwise semi-connected, then (A, t1A t2A) is pairwise 

semi-connected. 

Suppose (A, tjA  t2A) is not pairwise semi-connected, that is, if U and V forms a 

pairwise semi-separation of A in (A, t1A,1r2A)1  Un tiA - sd (V) = = Vnt2  - sd (V) 

We know that t1  - sd (B)nAc 'tIA - sd (B) for every BcA. 

Therefore, Un't1  - sd (V)nA UntlA - sd (A) = 

Similarly, Vnt2  - sd (U) nA Vnt2  - sd (U) = 

Hence Un t 1  sd (V) = 4= Vn'c2  - sd (U). 

Which shows that U and V form a pairwise semi separation of A in (X, tt,t2). 

Which implies that A is not pairwise semi-connected in (X, t1,t2). Which is a 

contradiction. 
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Therefore, our assumption is wrong. 

Hence (A, T1AI  T 2A)  is pairwise connected. 

REMARK: 

(A, 'tlA 2A) is pairwise semi-connected space, but A(--X is not pairwise semi-
connected in X can be seen from the following example. 

EXAMPLE : 2.1.18 

Let X = (a, b, c, d}, t1  = (X, 4), {a, b}, (c), (a, b, C)) 

and 'r2  = (X, 4), (b, d), (a, c, d), (d}. 

X 
- 

(X,4>, (c, d, ), (a, b, d), (d)} 

X - = {X, 4), {a, c}, (b), (a, b, c)) 

Let A = (a, b, C), 'CiA = (A, 4), (a, b), (c)} and 

'C2A = (A, 4), (a, C), (b)} 

A - 'tiA = (A, 4), (c}, (a, b)) 

A 
- 't2A = (A, 4), (a, C), (b) 

'CiA - semi open sets = (A, 4), (a, b), (c)) 

'C2A - semi open sets = (A, 4), (b), (a, C)) 

(A, 'CIA 'C2A) cannot be expressed as the union of two disjoint non-empty sets one of 
which is 'CIA  semi open and the other is 'C2A - semi open. Therefore, (A, 'ClAp 112A) is pairwise 
semi-connected. 

- semi open sets = (X,4), (b, d), (a, c, d), (d), (a, b, d), (C, d), (c, b, d), (a, d)}. 

'C2 - semi closed sets = (X,4), (a, b), (c), (a, b, c), (a, b, d) (C, d)). 

Ti  - semi closed sets = (X, 4), (C, d), (a, b, d), (d), (c), (a, b}) 

AX is not pairwise semi-connected in X because A = (a, b) u (C) such that 
(a, b)nt1  -scl{c}=(a, b)n(c)=4)and 
{c} n - sd (a, b) = (c) n (a, b) = 4) 

DEFINITION : 2.1.19 

Let (X, 'ti, t2)  be a bitopological space and xc X, the semi-component of x, denoted 
by S.C. (x) is the union'of all pairwise semi-connected subsets of X containing x. 

DEFINITION : 2.1.20 

If E X and xc E, then the union of all pairwise semi-connected sets containing x 
and contained in E is called a emi-component of E. 
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REMARK: 

A component is not necessarily a semi-component as can be seen from the 

following example. 

EXAMPLE : 2.1.21 

Let X = (a, b, c), c1  = (X, 4), (c), (b, c)} and t2  = {X, 4), (b}} 

X - = (X,4), (a,b), (a)] 

X - = (X, 4), (a, c)) 

• semi open sets = (X, 4), (c), (b, C), (a, c}) 

- semi open sets = (X,4), (b), (a, b), (b, c)) 

X cannot be expressed as the union of two disjoint opensets one of which is 

TI  - open and the other is t2  - open set. Therefore, (X, 'r1, t2) is pairwise connected. 

Therefore, X is a component. 

X= (c) j  (a, b), where (C) is 'r1  - semi open set and (a, b) is 'r2  - semi open set. 

that is, X can be expressed as the union of two disjoint non-empty sets one of which is 

Irl  - semiopen and the other is T2  - semi open set. 

Therefore, (X, t1, 11 ) is not pairwise semi connected. Hence X is not a semi 

component. 

THEOREM : 2.1.22 

in a bitopological space (X, t1 , t2) 

each semi component S.0 (x) is a maximal pairwise semi connected set in X. 

the set of all distinct semi - component of points of X form a partition of X. 

each S.0 (x) satisfies the equation S.0 (x) = r -  sd I [S.0 (x)] nt2  - sd [S.C.(x)]. 

PROOF: 

This follows from Definition (2.1.19) and Theorem (2.1.15). 

Let x and y be two distinct points of X semi component of x and y are denoted by 

S.0 (x) and S.0 (y) respectively. 

If S.0 (x) n S.0 (y) # 4) by Theorem (2.1.15), S.C. (x) u S.C. (y) is a pairwise 
semi - connected sets. 

But S.0 (x) cS.0 (x) u S. C (y). 

Therefore, S.0 (x) nS. C (y) = 4). 
Which implies that S.C. (x)= 't1-scl (S.0 (x) r' r - sd (S.0 (X)) 

Therefore, the set of all distinct semi components of X form a partition of X. 

Let x be a point in X and let S.0 (x) be its semi-component suppose p EX and 

p lz S.0 (x). Then S.0 (x) u (p) is not pairwise semi-connected and hence there 
exists a pairwise semi separation Al  B in X such that S.0 (x) p} = AB. 
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By Theorem (2.1.14), S.0 (x) cA and (p) c:B or S.0 (x) cB and (p)c:A 

Thus S.0 (x) u (p) = S.0 (x) P or S.0 (x) u (p) = S.0 (x) 

Hence p iz c l  - sd [S.0 (x)] or p 012  - sd [S.0 (x)] 

This implies p t1  - sd [S.0 (x)] n T2 - sd - [(S.0 (x)] 

Hence, 'r1  - sd [S.0 (x)]n t2  - sd [S.C. (x)] c: (S.C. (x)] 

But, S.0 (x) 'r1  - sd (S.C. (x)) r- - sd [S.0 (x)] always 

Therefore, S.0 (x) = Ti  - sd [S.0 (x) n - sd [S.0 (x)] 

Hence the proof. 

THEOREM :2.1.22 

Let (X, t1, 'ca) be a bitopological space then (X, t1, t) is t1  - locally semi connected 

with respect to t2  if and only if each semi component of every t1  - semi open set is 

IT I  - open and either t1  - semi closed orc - semi closed. 

PROOF: 

Necessity 

Let C be a semi component of a - semi oprt set G. If x E C then x ECcG and 

so there exists a pairwise semi connected 'r1  - open set U such that xEUcG. But C is a 

maximal pairwise semi connected set contained in G. Hence UcC and so xE UcCcG. 

Thus C is t1  - open. 

Now, let p izC. Then Cu(p) is not pairwise semi connected, which implies (p) is 

either t - semi closed orr - semi closed. 

Sufficiency: 

Let G be a T , 
 
- semi open set containing a point x. Then by hypothesis, there exists 

a semi - component C of 0 such that C is t - open and t2  - semi closed or 'r2  - semi 

closed. Also X ECcG. Thus (X, ) is - locally semi connected with respect to 't2. 

THEOREM : 2.1.23 

Let (X, t1, t2) be a bitopological space. Then (X, t, 't2) is t - locally 

semi - connected with respect to t2  if and only if given any point xcX and a - semi 

open set U containing x, there is a - open set C containing x and contained in a semi 

component of U. 

PROOF: 

Necessity 

Let A be the semi - component of U containing x. since x EU, there exiSt a 

pairwise semi-connected t1  - open set C such that xECcU. Since A is a maximal 

pairwise semi-connected set containing x and contained in U, therefore x ECcAcU. 

But distinct semi-components are disjoint. Thus C is not contained in any other semi 

component of U 
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Sufficiency: 

Let A be the semi component of U such that x ECc:Ac:U. Let yE A. Then y  e U 
and by hypothesis, there is a r i 

 
- open set 0 containing y and contained in A. Thus 

y EOCA. Hence A is t1  - open. Therefore, each xeX and each T,  - semi open set 
containing x, there is a - open semi component A which is pairwise semi connected 
such that x E Ac:U. Thus (X,t1, t2) is t1  - locally semi connected with respect to t2. 

DEFINITION :2.1.24 

A function f : (X,t11  t2) -> (X*, *t*) is said to be pairwise P if, f: (X, t) -> (Y, t1 ) 
and 1: (X, 'c2) -> (Y, t2 ) have the property P, where P is a topological property. 

THEOREM :2.1.25 

Let f: (X, t1,t2) -> (Y, t1*,t2*)  be a pairwise semi continuous mapping from X on to 
Y. Then (Y, t1*,t2*)  is pairwise connected if (X, 'r1,t2) is pairwise semi connected. 

PROOF: 

Let f: (X,t1, t2) -> (Y'-Cl* ' 
t2*) be a pairwise semi continuous mapping forX on to Y. 

It is given that (X,T1, t2) is pairwise semi-connected. 

To prove (Y,t1*, t2 ) is pairwise connected. 

Suppose (Y, t1*, t*) is not pairwise semi connected. Then there exists a pairwise 
separation Al  B of Y, where A and B are non-empty subjects of Y such that Y = A u B, 
A E t and B E t2 . By pairwise semi continuity f 1  [A] is Ti  - semi open and f [B) is 
- semi open. Also X = f' [A] u f' [B]. 

Thus X is not pairwise semi-connected which is a contradiction. Therefore our 
assumption is wrong. (Y,'r, t2 ) is pairwise connected. 

Similarly we can prove the following theorem. 

THEOREM :2.1.26 

The pairwise irresolute image of a pairwise semi-connected space is pairwise 
semi-connected. 

DEFINITION : 2.1.27 [17] 

(X,t1 , 1C 2) is pairwise totally disconnected if for each pair of points of X can be 
separated by a pairwise separation of X, that is given two distinct points x and y of X 
there is a pairwise separation X = A lB  such that x E A, y B. 
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DEFINITION : 2.1.28 

The space (X,t1, 't2)is pairwise weakly totally connected if for each pair of points 
X, y EX, there exists a pairwise separation X = A jB such that either xEA and yEB or 
YeA and xeB. 

DEFINITION : 2.1.29 

A space (X,t1, t2) is pairwise totally semi-connected if each pair of points of X can 
be separated by a pairwise semi-separation of X, that is given two distinct point x and y 
of X, there exists a pairwise semi-separation X = A I B such that xeA, yeB. 

DEFINITION 2.1.30 

A space (X,t1, t2) is pairwise weakly totally semi-disconnected if for each pair of 
points x and y of X, there exists a pairwise semi-separation X = A I B. Such that either 
xeA and yeB or yeA and xeB. 

THEOREM : 2.1.31 

Every pairwise weakly totally disconnected space is pairwise weakly totally semi 
disconnected. 

PROOF: 

Since any pairwise sets in a bitopological space are pairwise semi-separated. We 
obtain our result. 

REMARK: 

The following example shows that the converse of above theorem is not necessarily 
true. 

EXAMPLE : 2.1.32 

Let X = (a, b, c), t1  = (X, 4, (a)) and T2 = (X, , (c)}, {b, c}). Then (X, t11  t2) is 
pairwise weakly totally semi - disconnected but not pairwise weakly totally disconnected. 

THEOREM :2.1.33 

Every pairwise totally disconnected space is pairwise totally semi disconnected. 

DEFINITION :2.1.34 

A space (X,'r1, 12) is said to be pairwise weakly semi 
- 
t2  if for every pair of distinct 

points of X, atleast one belongs to a ci  - semi open set U and the other belong to 
- semi open set V satisfying UmV =. 
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If the roles of the points are interchangeable, then (X,t1, 112) is a pairwise semi 

- space. 

THEOREM : 2.1.35 

Every pairwise (weakly) totally semi disconnected space is pairwise (weakly) 

semi t2  

THEOREM: 2.1.36 

The bi-preopen pairwise semi-connected subsets of a pairwise weakly totally semi 

disconnected space are its point. 

PROOF: 

Let (X,'r1, t2) be a pairwise weakly totally semi-disconnected space and letY be 

a bi-preopen subsets of X which contains more than one point. 

Let x, y € X, with x ;e: y. Let A 113 be a pairwise semi-separation of X such that 

x€A and yc= B. ThenY = (YnA)I(YnB) is a pairwise semi separation of Y in X. 

ThusY is not pairwise semi connected, which is a contradiction. Therefore, our 

assumption is wrong andY contains one point. 

THEOREM : 2.1.37 

Let (X,c1 , 12 ) be a pairwise weakly Hausdorff space - If 'c - has a base whose 

members are also -c 2  - semi closed or 2  has a base whose members are also t1  - semi 

closed, then the space X is pairwise weakly totally semi-disconnected. 

PROOF: 

Suppose T i  has a base whose sets are also - semi closed. 

Consider, two distinct points x and y of X since the space is pairwise weakly 

Hausdorff, one of the point (say x) has 'r1  - open neighbourhood G which does not 

contain the other point (say y) and y has t2  - open neighbourhood H which does not 

contain x. Then there exists a - basic open set B such that B is also t2  - semi closed 

and x €BcG. Then X = B (X—B) is pairwise semi separation of X such that x E B and 

y €X— B. 

Similarly, for the other case, we obtain a pairwise semi separation X = A tx—A with 

x € X— A, y E A. Thus (X,c,, 't2 ) is pairwise weakly totally semi disconnected. 

RESULT: 2.1.38 

If (X,t1, t2 ) is a pairwise Hausdorff space such that 't has a base whose members 

are also t2  - semiclosed and 2 - has a base whose members are also 'c1  - sdmi closed, 

then (X,t1, t2 ) is pairwise totally semi disconnected. 

'Iii 
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SECTION : II 

A.S. Mashhour et al [14] introduced preopen sets, precontinuous and a preopen 
mappings in a single topological space and obtained a number of their properties. In 
this section these notions of Mashhour et al are generalized in bitopological spaces. 

DEFINITION : 2.2.1 

In (X, 'ri, 12),  AcX is said to be (I 
- 

j) - preopen (briefly (i-j) - p.0)  iff 

Act1 -Int (t-ClA),i,j=1,2 ;i:t-j 

DEFINITION : 2.2.2 

In (X, 'ri, 12),  AcX is called bitopological preopen (briefly b.p.o) 1ff A is (1-]) - preopen. 
I, j = 1,2 ; I #j. 

REMARK: 

Everyt - open set is (i-j) - preopen. i,j = 1,2; i #j. 

SOME INTERESTING EXAMPLES 

EXAMPLE : 2.2.3 

Consider (X, t11 12),  where X = (a, b, c, d), 

= {X, 4, (a), (b, c), (a, b, c)} and 

12 = { X, , (a, dj{b, c}} 

To prove 

(c) c X is (i-j) - preopen I, j = 1, 2 ; I # 

That is, to prove 

{c}ct1 -Int(t-CI(c)).tori,j=1,2;i:p,-j 

12 - closed sets = (X, 4, (a, d), (b, c}} 

12 - CI {c} = X n (b, c) = (b, c) 

- mt (12 - Cl (c)) = t -lnt (b, c} = {b, c} 

and (c) c (b, c) 

(c) c - Int (12 - Cl (c)) 

Therefore, (c) is (1-2)- preopen. 

To prove 

(c) c X is (2-1) - preopen. 

- closed sets = ( X, (b, c, d), (a, d), (d)} 

- Cl {c} = X n (b, c, d) 

={b, c, d}. 

and (c) c (b, c, d) 

(c) c 12 - mt (t 1 - Cl (c)) 
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Therefore, (c) is (2-1) - preopen. Tkot , 
(C) c: X is (i-j) - preopen. I, j = 1,2 ; i 

Hence {c} c X is bitopologically preopen. 

But{c}1s not t1 -openinX. 1 =1,2. 

Hence (C) c X is (i-j) preopen I, j = 1,2; I 
but (c) is not t - open in X. I = 1, 2. 

REMARK: 

Preopeness in bitopological space is not equivalent to preopeness in the individual 
topologies can be seen from the following two examples. 

EXAMPLE : 2.2.4 

Consider (X, ,, T 2)  where X = (a, b, c, d) 
= (X, 4 , (b), (b, C) (a, b, C)) and 

= {X, 4,{d), (a, d), (c, d), {a, c, d}) 
X - = {X, 4, (a, c, d), (c, d), (a, d), {d}} 
X - {X, 4, (a, b, c), (b, c), (a, b), (b)} 

To prove 

(c) c Xis (i - i) - preopen. I, j = 1,2; i 

That is to show 

{c}ct1  - Int (t2 -Cl (c)) 

- Cl (c) = X n (a, b, c) n {b, c} 

= (b, c) 

TI  - it ('2 - Cl (c)) =t - Int (b, c) 

= {b, c} and 

(c) c{b, c} 

Therefore (c) c - Int ('2 - C 1(c)) 

Therefore, (c) is (1-2) - preopen. 
To prove 

{c} is (2-1) - preopen. 

t1 -Cl{c}=Xn(a,c,d) n{c,d} 

= {c, d} 

- Int (' 1 - Cl {c)) = 2 -Int (c, d) 

= (c, d) 

and {c} c {c, d} 

{c} C= T2  - Int - Cl (c)) 

Therefore {c} is - (2-1) - preopen. 

Hence (cl is bitopologically preopen. 
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But (C) is not t - preopen. i = 1, 2.,,because 

(c)z t - Int (t - C I (c)) fori = 1,2. 

EXAMPLE : 2.2.5 

Consider (X, t1, t2) where X = (a, b, c, d) 

= (X,4), (a, d), (b, c)} and 

t2 =(X,4),{b,d},(a, c)} 

X - = {X, 4), (b, c), (a, d)} 

X - {X, 4), (a, c), (b, d)} 

Since (b)cr1 - Int (t1 -Cl{bflfor i=1,2 

Wehave(b)Xist1 -preopen, 1=1,2. 

But {b} c X is not (i-j) - preopen because 

{b} t - Int (t1  - Cl (b)), fori = 1,2; i #j. 

and hence it is not bitopologically preopen. 

The characterization of (i-j) - preopen sets can be seen from the following 
theorem. 

THEOREM : 2.2.6 

In (X, t11 2)'  Ac:X is (i-j) - preopen III for everyt1  - closed set G containing A, 

A c:t-Int G, i, j = 1,2; i# j. 

PROOF: 

Assume AcX is (i-j) - preopen 
To prove 

For every t1 - closed set G containing A, Ac t - Int G, i,j = 1,2; i 

Let G be any t - closed set containing A. Then T -  Cl AcG. Since A is (i-j) - 
preopen we have Ac - Int (t1  - Cl A) for i, = 1,2; I 

But t - Cl A(--G 

Therefore Ac t - Int G. 

Conversely 

Let AcX be such that for every t - closed set G containing A, AG t - Int G. Since 
- Cl A is a - closed set G containing A. 

A ct - Int (t 
- 

Cl A) 

Therefore, A is (i-j) - preopen for i, j = 1, 2; i :t-j. 
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DEFINITION: 2.2.7 

In (X, t, t2), AcX is said to be (i-j) - preclosed 1ff (X-A) is (i-j) - pre open in X, 

i,j= 1,2; I #j. 

SOME IMPORTANT PROPERTIES OF PREOPEN SETS 

THEOREM : 2.2.8 

In (X, t2), if A is (i-j) preopen and B is biopen then AnB is (i-j) - preopen 
i,j= 1,2; i #j. 

PROOF: 

Given A is (i-j) - preopen and B is biopen. 

To prove 

AnB is(i-j)-preopen. i,j=1,2;i#j 

Since A is (i-j) - preopen we have 
Ac t1 -  Int CIA), for I, j = 1,2 ; I # j. 
Since B is biopen we have 
B = - Int B. 
Fori,j= 1, 2; i #j, we have 
A mB c t1  -Int (t - Cl A)n -Int B 

= t- lnt(t - ClAnB) 
- Int (' - Cl (A n B)) 

Therefore AnB is (i-j) - preopen, for I, j = 1, 2; i # j. 

THEOREM : 2.2.9 

If (A a } be a family of (i-j) preopen sets in (X, t, t2), then UaEA  A is (i-j) - preopen a aA  

I, j = 1,2 ; i #j. 

PROOF: 

Given (A }aeA is a family of (i-j),-  preopen sets. a  

To prove 

A c - Int [t1  - Cl (UA  A)] 

The proof follows from the following two facts. 

(1) U aEA I 
t. - 

a  I nt A c t. 
I aeA 
- Int  (U A 

a) 

(ii) u aeA J 
t. - Cl A.  ctI  - Cl (u A a) aEA  

Now, for, i,j1,2' i#j 

U Au .-nt a€A a a€A(r I  i (t - CI A)) 

C Ti  - Int [u
a€A J 

t. - CE A a)] by (i) 
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c Ti 
 
- tnt (t1  - Cl (ua€A a A )] by (ii) 
U aeA  A a  is (i 

- J) - preopen. 

THEOREM : 2.2.10 

If A c:Y c: X in (X, t1, t2) and A is (i-j) - preopen in X, then A is so in (Y, tfl,, t2 ) 

I, j = 1, 2 I # j. 

PROOF: 

Given A c:Y c X in (X, t1, t) and A is (i-j) - preopen in X. I  

To prove 

A is (i-j) - preopen in (Y, tb,, t2 ) I, j = 1,2 ; i # j. 
Since A is (i 

- 
j) - preopen in X. we have 

Ac t - tnt (t - Cl A), tori, j = 1,2 I #j. 

==> AnY c (Ti  - lnt( t, - Cl A)) flY. Since A(--Y. 

Also, (i-mt (c i - Cl A)) nY is t - open in Y. 

Hence iy - mt (t - Cl A) 
= 

- mt [t1  - Cl A)nY] 

:i 'r1,, - tnt [i - tnt ('r1-Cl A)nY} 

D t1 -Iflt(t1 -Cl A) flY 

Therefore A is (i-j) preopen in Y. 

REMARK: 

In the above theorem the (i-j) - preopeness of A is only the sufficient condition but 
not necessary. Not even it is necessary if Y is restricted to (i-j) - preopen in X. This is 
clear from the following example. 

EXAMPLE :2.2.11. 

Let (X, i1, t2) where X = (a, b, c, d) 

= (X, 4, (a) (b,c), (a, b, c) 

T2 {X, 4, {b} (a, c, d) 

Y=(a, b,d) 

Tly = {Y, , (a), (b), {a,b}) 

r2  = (Y, j,  (b), (a, d)} 

Y- t1  = {Y, , (b, d) (a, d), (d)) 

Y - = (Y, , (a, d)., (b)} 

IfA=(b)then 

(b) c r,y  - tnt (t - Cl (b)) 

Therefore A is (i 
- 

j) - preopen in Y.)  1, j = 1, 2 I # j. 
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Y = {a, b, d} 

Y - tnt (t - Cl Y), for i, j = 1,2; i - j. 

Therefore, Y IS (I 
- 

j) - preopen in X, i,j = 1, 2 ; i  

But r1  - tnt (t2  - Cl A) = 

Therefore A is not (1 - 2) - preopen in X. 

THEOREM : 2.2.12 

If AcX in (X, t1 , t2) and Y is t- open, then A is (i 
- 
j) - preopeness in (Y, t1 ,, t2 ) 1ff 

A is so in X, 1,1=  1,2;I#j. 

PROOF: 

Given Ac:Yc:X in (X, t1, t) andY is - open. Assume A is (i-j) - preopen in Y. 

then, Ac: - nt [ta, - Cl A] = - tnt - Cl A)CY] 

A 
ly - nt - Cl A) = - tnt (t - Cl A) n(t-Int Y) Since Y is t - open. 

= t- lnt(t- CtA) 

=> A is (i-j) - preopen in X, for i,j = 1, 2 ; I e: j 

Converse part of the theorem follows from the Theorem 2.2.10. 

THEOREM : 2.2.13 

In (X, t, t) the following are true. 

A, Bc:X, Ac:B implies Ac - tnt (t - CI B) if A is (I 
- j) - preopen 

I,] = 1,2; i #j. 

If A is (i-j) preopen and Bc:X is such that 

Ac:Bc: - tnt (ti-Cl A), i, j = 1, 2 ; i 4,- j. 

AcXis (i - j) - preclosed 1ff i- Cl (ti - IntA) c:A, i,j= 1,2; I #j. 

Ac:X is (i-j - preclosed 1ff for every i - open set G contained in A,t - Cl Gc:A, 

I, j = 1,2; I #j. 

If A is (i-j) - preclosed and B c X is such that t - Cl (t - tnt A) c:Bc:A, then B 

is (i-j) - preclosed i,j = 1,2; I j. 

PROOF: 

Since A is (i-j) ,-  preopen. 

Ac: t - tnt (ti-Cl A) 

c T - tnt (ti--  Cl B) since Ac:B. 

Since A is (i-j) - preopen. 

Ac:'r1 - tnt (t -  Cl A) 

Also A c Bc: Ti  - tnt (t - Cl A) is given 

Bct,-Int(t-CIB) 

Therefore,B is (i-j) - preopen for I, j = 1, 2; i 

A 
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A is (i-j) - pre open iff (X—A) is (i-j) preclosed 
iff (X—A) c, - Int - Cl (X— A)) 
iff (X—A) ct i - Int (X—Ti  - Int A) 
iffADX — t- Int (X--t1 - Int A)) 
iff A - Cl (X —(X— ,- Int A)) 
iff A - Cl (t - Int A) 

and (5) can be proved similar to the Theorem 2.2.6 and second result of 
this Theorem respectively. 

DEFINITION: 2.2.14 

In (X, t, '2)1  AcX is said to be (i-j) - a -open iff Ac , - Int (, - Cl (' - Int A)), 
= 1,2; I #j. 

DEFINITION : 2.2.15 [3] 

In (X, 
,, '2)' AcX is termed (i-j) - semi open (briefly (i-j) - s.o) iff Oc Act1  - CI 0 for 

some,- open set 0, i,j = 1,2; I j. 

THEOREM :2.2.16 [3] 

In (X, 
,, '2)' AcX is said to be (i-j) - semi open iff - Cl A 

= 
t -Cl(t1  - Int A), 

I, j = 1, 2i#j. 

THEOREM : 2.2.17 

In (X, t, '2) AcX is (i-j) - a - open iff A is both (i-j) - semi open and (i-j) - preopen 
in X, I, j = 1,2; i  
PROOF: 

LetAbe(i - j) - a- openinX 

To prove 

A is (I - j) - semi open and A is (i-j) - preopen in X. Since A is (I 
- j) - cx -open, we 

have, 

A cT  - Int (t i - Cl (t  - Int A)) 
Hence A c t  - Cl (' - I nt A)) 
So that t - Cl A =j  - Cl (Ti  -Int A) 
Therefore, A is (I-]) - semi open in X. 
Also, A is (i-i) - cc - openess of A gives A ci -Int (' - Cl A) 
Therefore,A is (i-j) - preopen in X. 
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Conversely 

Let A be both (i-j) - preopen and (i-j) - semi open in X. Then 
Ac: t1  - mt (t - Cl A) and - Cl A - Cl ( - mt A). 
Hence A c: - mt (t - Cl A) = - mt (t - Cl (t - lnt A)) 
So A is (i-j) - a - open. 

DEFINITION : 2.2.18 

A mapping f: (X, t1, t) -> (X', t, t2 ) is termed (i-j) precontinuous (briefly (i-j) - p.c) 
1ff for 0 E Ti , f 1  [0] is (i-j) - preopen in X. I, j = 1, 2 ; i # j. 

DEFINITION :2.2.19 

A mapping f: (X, t1 , t2) -> (X', t I., t) is bitopologically precontinuous (briefly b.p.c) 
1ff f is (i-j) precontinuous. I, j = 1, 2 ; i #j. 

REMARK: 

If f : (X, t1, t2) -> (X', t, t2 ) is continuous, then. f is obviously bitopologically 
precontinuous. But the converse is not always true, which can be seen from the following 
example. 

EXAMPLE : 2.2.20 

Let f : (X, t1 , t2) -> (X, t, t) be the identity mapping. 

Let X = X = (a, b, c, d) 

= (X, , (a) {b, c}, (a, b, c)} 

= (X, 4, (a, d) 

Tl' = ( X, (a), (b), (a, b}) 

= ( X,4 (a), (a, c) (a, c, d), (a, d)} 

X -t1  = (X,4, (b, c, d), (a, d}, (d)) 

X t2  = (X, 4, (b,c)} 

Then for O €t, f' [0] is (i-j) - preopen in X, I, j = 1,2 ; I # j. 
Therefore If : (X, 1'  t2) -> (X', ti', t) is bitopologically precontinuous. 
But f 1  [(b)] = (b) 0 t for (b) E  rl 
Therefore f is not continuous. 

REMARK: 

The notion of bitopologically preopen is not equivalent to precontinuous in 
individual topological spaces. Which can be seen from the following two examples. 
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EXAMPLE 2.2.21 

Let (X, -t1, t) be the bitopological spaCe.. 

X = X = (a, b, c, d))  t = (X,, (b), (a, b), (b, C), (a, b, c)) 

= (X,4,(d}, (a, d), (c, d), (a, c, d) 

= {X,,(c)) 

= (X4,, (a)) 

X-t1  = (X,,, (a, c, d), (c, d), (a, d), (d)) 

X - = (X41, (a,b, C), (b, c), (a,b), (b)) 

If f (X, c1, T 2)  -> (X, t, t2 ) be the identity mapping then f is bitopologicafly 
precontinuous. But f-1  ((c)) is not preopen in (X, t) for (c)E t. 

So f is not precontinuous on (X,t1). 

f 1((a)) is not preopen in (X, t1) for (a) € t2 
, 
and hence f is not precontinuous on (X, t2). 

EXAMPLE : 2.2.22 

LetX =X=(a,b,c,d) 

= (X,4 (a, d), (b, C)) 

= (X,, (b, d), (a, c)} 

= (X,f, (b), (a, b), (b, C), (a, b, c)) 

= (X,, (b)) 

X-t1 = (X,, (b, c), (a, d)) 

X t2  = (X,, (a, C), (b, d)} 

If f: (X, t2) -> (X, t, t2 )be the identity mapping, then t is precontinuous on both 
(X, r) and (X, t2). But f((c}) is not (1 -2) preopen for (C) c t, f is not (1-2) precontinuous. 

Similarly, for {b} 2 ((b)) is not (2-1) - preopen and hence f is not (2-1) 
precontinuous so f is not bitopologically precontinuous. 

DEFINITION : 2.2.23 [13] 

In (X, t) a net (x, ae 0, is said to coverage to a point x E X, denoted by 
(xe, ac D, ~! ) -> x, if the net is eventually in every t - neighbourhood of x. I = 1, 2 

Characterization of (i-j) - precontinuous are given in the following theorem. 

THEOREM : 2.2.24 

Let f (X, T I  I r) -> (X', T
1. 

,  t2 ) then the following statements are equivalent; 

f is (i-j) - precontinuous. 

For each x E X and each net (x,  (x D, ~: }, converging to xthe image net 
{f(x),aE D, ~: } is eventually in every t - neighbourhood of f(x), whose inverse 
is T - closed in X. 
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For each x € X and each t open set U' containing f(x), there exists an (i-j) 
- preopen set Uc:X such that xEU and f [U] c:U'. 

The inverse image of each t - closed set in X .  is (i-j) - preclosed in X. 

For each Ac:X, f [t - Cl (-ri  - tnt A)] ct' - Cit (A] 

For each A*c:X*, Ti-Cl (t - tnt (f 1  [A]) c:f 1  [t-Ct A] 

To prove (a) => (b) 

Assume f is (i-j) - precontinuous. 

Let xEX and M be any t - neighbourhood of f(x) such that f 1  [M] is - closed. 

Then there exists a t '  - open set U such that f(x)EU 'c: M 

Therefore, x E= P [U']c: f' [M] 

Since f is (i-j) - precontinuous. 

f-I  [U] is (i-j) preopen. 

Hence xEf 1  [U] c: Ti 
 
- tnt (ti-Ct (0 [U']) 

- tnt (t1  - Cl 
(fI [M])) 

If the net (x, cc E D, > ) -> x, then 

(x, a D, is eventually in 'r - tnt (r - Cl(f[M])) 

This implies that there exists c ED such that (x>cco  

f (x) E f [T j - tnt - (t - Cl (f 1  [Mi))] 

c: f (c - Cl (V  [M])) 

f f-I  [M] since V [M] is t-ciosed. 

cM 

Hence f (x) is eventually in M. 

That is, for every XEX and each net (x, cx D, Converging to x, 

the image let (I (xa),  (xc D, ~!) is eventually in every t - neighbourhood 
of f(x), whose inverse is r

,
- closed in X. 

To prove (b) => (c) 

Assume (b) is true. 

Let xEX and U' be any t open set containing f(x). Suppose (c) is not true. Then 
for any (i-j) - preopen set U containing x. 

f [U] U'. 

Then, f[U]n[X' - U']~4 

That is U*nf  [X' - U]  

Let N(x) be the family of all t-neighbourhoods of x. Then for each NE9L(x) is 
Ti  - open and hence (i-j) preopen. 



Therefore, from (1) we get 

Nnf 1  [X' - U] # 4 for all NE(x) 

Let XN  eN nf 1  [X' - U] 

Now, {xN,  Ne(x), c:} is a net in X converging to x and xNef-' [X'-U']for all Ne(x). 
So f(xN)e  X' - U 

That is f (xN)  U' for all Ne(x). 

Therefore, the image net {f(xN),  Ne(x), c} is not eventually in U. 

Which is a contradiction to our assumption. Hence, for each xeX and each 
- open set U containing f(x), there exists an (i-j) - preopen set U cX such that xc U and 

f(U)cU'. 
To prove (c) => (d) 
Assume (c) is true. 

To prove 

The inverse of each c - closed set in X' is (i-j) - preclosed in X. 
Let U'cX be 'r - closed set in X. 

Then to prove f 1  [U] is (i-j) - preclosed in X. 

Let xcX - V [U] then 

f(x) c f [X —f- '[U*]). 

X - U', where X' - U' iSt - open 

By our assumption there exists an (i-j) preopen set UcX  such that XEUX  and 
(Uk) c X' —U'. 

Hence x eU c f 1f[U] 

V [X' - U'l 

X - f 1  [U'] 

So X - f 1  [U' = U {U,; xeX - 11[U']} 
by Theorem 2.2.9 X - P [U'] is (i-j) preopen. 

That is f 1  [U] is (I-]) preclosed in X. 

To prove (d) => (e) 

Assume the inverse image of each t '  - closed set in X' is (i-j) - precloséd in X. 
To prove 

For each AcX, f [t-Cl (t1  - IntA)] C t '  - Cl (f[A]) 

For any AcX, Af (f[A]) 

C= f1 (t * 
- Cl (f[A]) 

Where f 1  ( 1  - Cl (f[A])) is (i-j) - preclosed by our assumption. Since interior and 
closure respect inclusion it is clear that, 
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Ti  - Cl (t - IntA) t-Cl (t - mt (f [t - Cl (f[A))])) 

f-i  [-r Cl (f[A])] 

By (3) of Theorem 2.2.13 

This implies that 

[-t - Cl (-ri  - I nt A)] c I [f 1  [t - Cl (f[A])]]. 

c - Cl (f[A]). 

Hence we obtain (e) 

To prove (e) => (f) 

For any A'cX, let A = V [A]. 

Then for AcX, we have 

[t -Cl (r - mt A)] CT - Cl (f[AJ) by (e). 

Hence 

Ti  - Cl (-t1  - mt A) c f f [t1  - Cl (t - mt A)] 

c P [t - Cl (f[A])] 

that is 

- Cl [t1-1 nt (f [A])] c f [t— Cl f f [A]) 

c f' [t - Cl A] 

Hence for each AcX, 

Ti  - Cl (-ri  - tnt (f 1  [A]) c P [t - Cl A] 

To prove (f) =>(a) 

That is if (I) is true then to prove f is (i-j) - precontinuous. 

Let B X be any t - open set then 

= - B is t - closed and 

V1  [A] = f [X] - P [B]. 

= X —f [B] 

which implies that X - f [A] = P [B] 

Claim 

V [B] is (i-j) - preopen. 

Now by our assumption for each A c X'. 

TI  - Cl (' -1 nt (f [A])) c P [t  - Cl A] 

= P [A] 
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That is 

X - - Cl ('ri  - mt (f 1  [A]))) : X - f 1  [A] 

which implies that 

- mt (t - Cl (X - V [A]))) X — f [A]. 

by relations connecting complimentation, closure and interior operator. 
That is t - nt [t - Cl (f 1  [B])) : f 1  [B} 

So that f 1  [B] is (i-j) - preopen. 

Hence f is (i-j) - precontinuous. 

DEFINITION: 2.2.25 

In (X, t, t2), a net (Xa  (xE D, is said to bitopologically preconverges to a point 
xEX, denoted by (x,,  (xE D, 1>  x if the net is eventually in every (i-j) preopen set 
containing x, i,j = 1,2 I 

In the next theorem we shall see that how (i-j) precontinuous establishes an 
interesting relation between preconvergence of a net and convergence of its image net. 

THEOREM : 2.2.26 

If a mapping f (X, t, t2) -> (X, t, t) is (i-j) - precontinuous then for each xEX and 
each net(x, CCE 0, in X preconverging to x, the image net (f(xa),  a 0, converges 
to f(x). 

PROOF 

Let f be (i-j)- precontinuous 

Let xeX and (x, CCE D, > } be a net in X such that (Xa  aE D, ~)--> X. 
Let U be any t - open neighbourhood of f (x), =1,2 

Then f 1[U] is an (i-j)-preopen set containing x.Since(x ,ccD,~! 
there exists a0ED 

such that x c f' [U] for all a ~: c, 

Therefore 1(x) El f1  [U] cU for all a a0  

Hence the image net (f(x),  aED,~: } -> f (x). 
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PREOPEN SETS AND PRECONTINUITY IN BITOPOLOGICAL PRODUCT SPACES 
THEOREM : 2.2.27 

Let (Xa  la' t2): (x cA ) be a family of bitopolgical spaces X = fJX, the product 
space and t1, t2  the product topologies generated by t11 's and t2a'S  respectively. 
II A ''k=l'a xfl Wea  X is a non-empty subset of X, n being a positive integer, then A  is k k 

k (i-j)-preopen for each K (1:5 k :!~ n) 1ff A is (i-j) - preopen in X. i,j = 1, 2 ; i # j. 

PROOF: 

Let A  be (i-j) - preopen, for K = 1, 2.......n. 
k 

Then A 
t/k 
 cit. ak 

 - Int (t. 
Iak ), K = 1 2 .....n. 

So, Ti  - Int (t - Cl A) = 'r-lnt (i-Cl (II" A Xfl  X )) k=1 ak - aak a 

=tI-Int(J1k ,Tl  -Cl A XII X ) 191 a k 
k 

aa ka 

JJk =1 Ia - lnt (r. 
Ja 

 - Cl A 
a 
Xfl 

aa a 
X ) k k k k 

Dilk n 
=1  AXJ] X a aa a 

k k 

=A 

Hence A is (i-j) - preopen in X. 

Conversely 

Let A be (i-j) - preopen in X. Then A CT1  - Int (X - Cl A). 

Hence 

11k =1 A ><I1  X a cTi -lnt(t -Cl( 11k 1 Act XJ1.aX(")) k Ic k k 

t -lnt(-r. -Cl Ak) X II X a~a a I Ia Ia), k 

So A t. -Int((t. -Cl A) a Ia ja k 
k k k 

Therefore Aa  is (i-j) - preopen., k = 1, 2 ....n 

THEOREM : 2.2.28 

Let (Xa  tiat t2a ) a (=-A ) and ((X, T Ia' t2). a cA) be two arbitary families of 
bitopological spaces with same set of indices. For each a cA, let 

(Xa T  ict f t2) ..... (X ai tla•  t2) be given and define f (X, t, 'r) -> (X, t1 , t) by 
f(x) = f((Xa  >) = <f(X)>, where X = it XX.  =itX CC

.
and t1 , t, are the product 

topologies generated by tla'S tia S tia'sand tia"S respectively. Then f is bitopologically 
precontinuous 1ff fctis  so for each a cA 

32 



PROOF: 

Let f be bitopologically precontinuous. Then f is (i-j) precontinuous, i,j = 1,2' i # j. 
Let 13E A be arbitrary and U,

*  be any 'r - open set in X.Then U1  Xir a pXa  IS t open 
in X. So, 

f'[U Xit X •} = f [ U ]Xit f[X ] f) cL3 a 3 J3 a3 a 

= f [U ]X it x a  is (i-j) - preopen in X, i,j = 1,2; ij. 

Hence by Theorem 2.2.27 f 1[U] is (i-j) - preopen in X so that f is (i-j) - 
precontinuous i,j = 1,2; i# j. Hence f is bitopologically precontinuous since 1k Ais 
arbitrary, f is bitopologically precontinuous for each a A. 

Conversely, 

Let f abe  bitopologically precontinuous for each a A. Then f a  is (i-j) - 

precontinuous for each (xE A, i,j = 1,2; i#j Let U c: X be any basis t - open set. Then 
U = it ( n  

=1 a a a 
U ,X it X* 

a 
where U

., 
* ista a 

* in X ". K = 1,2 ...... n.  
k k k k 

Now V [Ut] = f[ it" U *X it X' k=1 a a~a a 
k k 

= it" f [U *] Xit f-i 
k =1 a a ci~a a

[X 
 a 

k k k 
where a 1  [Ua•1 is (i-j) - preopen in each X (1:!~k:!~n); i,j = 1,2; I #j. k k 

Hence by Theorem 2.2.27, f [U] is (I-]) - preopen in X, I, j = 1,2 ; i#j. 
Let 0beanyt-  open set inX 

Then O uU where Un 's are basis t •  - open sets in X.. 
So f [0] = f [uU] 

= u f-1  [U1 ] 

Since f 1  [U ] is (i-j) - preopen for each 0 by Theorem 2.2.9 f 1 [0*]  is (i-j)- preopen., 

i,j = 1,2; i#j. Hence f is bitopologically precontinuous. 

THEOREM : 2.2.29 

Let (Xa 'tia'  T2a) a A } be an arbitrary family of bitopological spaces. For each 
a eA, letfa : (Xa  Tia' '2a ) •)(X a -rIa* I  tia) given. Define f: (X, -> (X, t, t2 ) 

by f(x) = <fa(X) ), where X = icX and t, t2.   are the product t3pologies generated by 
tla'SI 12a'S respectively. Then f a  is bitopologically precontinuous for each a, if f is so. 

PROOF: 

Let 13  cA be arbitrary and U be any - open set in X. Then U X 1tw  Xa  is t 
- open in X • The verification of the relation 
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f [Un] = f-I  [U X 1ta  Xj and the hypothesis that I is bitopologically precontinuous 
give that f [Uis (i-j) - preopen,i,j = 1,2 ; i #j. 

Hence f is bitopologically precontinuous. Since 3EA. is arbitrary, fa 5  bitopologically precontinuous for each cLEA. 

REMARK: 

The converse of Theorem 2.2.29 is in general, flase as shown by the following 
example. 

EXAMPLE : 2.2.30 

Let X = X 
CL 

= X = [0, 1] = the closed unit interval on the real line and (X, t, t2), 
(X, t1 , t 2 ), (Xe, '2) be the bitopological spaces, where t = 2 =  cofinite topology. 
on X which t = r2 =T = T  = the relativised usual topology on [0, 1]. 

Let f :(X, t1, t) -> (X, t1 , t2 )1  f : (X, t, t) -> (Xv, 'r, t2 ) be two mappings defined by 
f(x)=1,O:!~x::~1/2,f(x)=0,1/2:!~x:!~1 and f(x)=1,0:!~x< 1/2 f(x)=0 1/2<x:!~1. 

Clearly, fa t  f are (i-j)- precontinuous. But f : (X, c1, t2) -> (X, x X, P1 , P2), where 
F1, P2  are the product topologies generated by t, t1 and T2(X7  t2 respectively, is not (i-j) 
- precontinuous. Forf 1  [S112  (11  0)] = (1/2) is not an (i-j) - preopen set in X, though S1,2  
(1,0) is P - open in Xa  x X where S 112  (1,0) denotes an open sphere with centre (0,1) and 
radius 1/2. 

BITOPOLOGICAL PREOPEN MAPPING 

DEFINITION: 2.2.3 1 

A mapping f: (X, t1 , t2) -> (X,t1 , t2 ) is said tobe (i-j) - preopen ill for each t - open 
set A in X, f [A] is (i-j) - preopen in X ; i, j = 1,2 ; i :?,- j. 

DEFINITION 2.2.32 

A mapping I :(X, t,  T2) -> (X,t1, '2)  is termed bitopologically preopen (briefly 
b.p.o) ill f is (i-j) - preopen in X. ; i,j = 1,2 ; L# j. 

THEOREM : 2.2.33 

A mapping I : (X, ,1 '2) -> (X,t1, '2)  is (i-j) - preopen ill f1 [,' - Cl V]c t - Cl f-I  [V] 
for each - open set, i,j = 1,2; i j. 

PROOF: 

Let I :(X, t, -  r) -> (X,t1, '2)  be (i-j) - preopen. Suppose xe I' [t  - Cl V]. Then 
1(x) c,1* - Cl V. 

Let U be any t - open set in X containing x. Then f(x)Ef [U] so that 
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f(x) E f [U] n T Cl V 

c [t - Int (r - Cl f[U]))  n T Cl V. 
(by (i-j) - preopens off [U]). 
Now, t - Int (t1  - CII [U]) is a t - open set containing 1(x). 
Since 1(x) E t - Cl V, 

Vn(t  i.  - Int (t-Clf[U])~ 

which implies that Vn t - Cl I [U] ~4 
Let yE V flt - Cl f[U].  Then 

y E t - Cl f [U] and V is a - open set containing y. So V nf [U] ~4 
which implies that f 1  [V] nU 
Hence x ct - Clf 1  [V]. 

Conversely, 

Let f (X, t1, t2) -> (X,t1 , t2)  be such that f 1  [Ti*  - CIV] c: - Cl f' [V] 
for eachT j, - open set V. If possible let I be not (i-j) - preopen. Then there exists at least 
one t - open set U in X such that 

[U] z t - Int [t - Cl f [U]) 

Hence 

[U] n(X —t - Int (ti-  CII [U]))  :~'-4 

Let V =X -r1  - Cif [U]. Then V is T open in X. 
Vn f [U] = 4 and 

11 - Cl V = t i. - Cl (X— t - Cit [U]) 

= X— t 
i. 

- Int (t - Cl I [U]) 

Sof[U]nt-ClV~ 

=> U f1 [t - Cl V] #j and since Unt [t - Cl VIc Unt1  - Cl ft [V], 

it follows that Un, - CIf 1  [V] ~4 

Let y c U n - Cl f 1  [V]. 

Then y ct - Cl f [V] and since U is at - open set containing y, Unf 1  [V] 4, which 
contradicts the fact that I [U] n V = 

Hence f is (1-)) - preopen. 

THEOREM : 2.2.34 

A mapping f:(X, t, T 2)  -> (X, ,1 '2) is (i-j) - preopen iff for any subset S of X and 
for any t - closed set A of X, containing f [5], there exists an (i-j)- preclosed set B of X', 
containing S. such that f [B] c A, i,j = 1, 2 i # j. 
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PROOF: 

Let f be (i-j) - preopen. Let Sc:X and A be a - closed of X, containing V (S). 

Let B = X —f [X-A]. Since f [S] c--A, 

f [X—A] c:X - S and hence Sc: B. 

Since f is (i-j) - preopen and X—A is Ti  - open in X, it follows that t [X—A] is (i-j) - preopen 
in X and so B is (i-j) - preclosed in X, 

Also V [B] = X— f 1  [f [X--A]] 

c X —(X— A) 

= A. 

Conversely 

Let U be t - open in X and let 

S=X—f[U]. Then 

ft [X— f [U]]c: X —U and X— U is a - closed set containing V [5]. So, by the given 
condition there is an (i-j) - preclosed set B of X such that Sc: B and f [B] c: X—U 

whence X'— B f [U] and f 1  [B] n U = 

The second relation gives B n f [U] = 

That is, f [U] c X*—B. Thus 

X'-Bc:f[U] 

c X—B 

=> f[V]=X—B. 

So, f [U] is (i-j) - preopen and hence f is an (i-j) - preopen mapping, i,j = 1,2 ; i # j. 
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