Chapter 8

(i, j)-A"-Closed Sets in Bitopological Spaces

8.1 Introduction

The study of bitopological spaces was initiated by (Kelley, 1963). The classical
theorems in general topological spaces become particular cases of the analogous theorems
for bitopological spaces. All the concepts which are discussed in previous chapters are
extended to bitopological spaces. In this chapter, a new class of closed sets, called

@, j)—A*-closed sets are defined and their properties are studied. Further as an application

of (i, j)-A*-closed sets, four new spaces namely (i, j)- A*Tg-space, @, j)- A*T * -space,

og

@, j)- ggT AF-space and (i, j)—gsgfF T -space are established and their interrelations are

studied. Also (i, j)-A -continuous functions, (i, j)-A"-irresolute maps and (i, j)-A"-locally
closed sets are defined and their interrelations with various (i, j)-closed sets are discussed

in this chapter.

8.2 (i, j)-A"-Closed Sets

Definition 8.2.1 A subset A of a bitopological space (X, Ti’Tj) is called a
@i, j)-A"-closed set if tJ.—Scl(A)ZU whenever A U, U is t,-dg-open in (X,T;)

wherei=1, 2 and i #].
The family of all (i, j)-A"-closed sets in (X,1;,71,) is denoted by DA* (4,J).

Remark 8.2.2 By setting t,= ¢, = 7 in the definition 8.2.1, a (i, j)—A*—closed set is a
A"-closed set in (X,1).

Remark 8.2.3 In general A*C(t,,7,)# A'C(1,1)).
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Counter example 8.2.4 Let X = {a, b, ¢}, t,={®, X, {a, b}} and t,={}, X, {a}, {a, b},
{a, c}}.

Then DA* L2) ={, X, {c}, {a, c}, {b,c}}and

D (2D ={d, X, {b}, {c}. {a b}, {a, c}, {b, c}}.

Thus DA* @2 = DA* (2.

Remark 8.2.5If 1, t1.in (X 1,,1,) then DA* (22 and DA* (,2) are independent.
Thatisift, Ttin (X t,,7,) thenevery (2, 1) g-closed set is (1, 2) g-closed.

But this heriditary property is not preserved for A™-closed sets in bitopology which is

proved by the following counter example.

Counter example 8.2.6 Let X = {a, b, c}, t,={ ¢, X, {a}}, 7, ={ ¢, X, {a}, {b, c}} and
’C3 = { (I)i X1 {a}! {a! b}1 {a, C}}

Then DA* 2D)={¢, X},

D, 02 ={d, X {a} {b, c}};

D, @3) ={ &, X, {b, c}} and

D .3 =P(X) - {a}.

Therefore D A 21) D A (L2)where T, T, but D A @3) D A (31 with 1, T
Proposition 8.2.7 If A is a «t,-0-closed subset of (Xt,7;) then A is a

(i, j)-A"-closed set but not conversely.

Proof : Let A be a r;,-d-closed subset of (X,7,7;). Then t;-0cl(A) = A. Let
U  3GO(X, t;) such that A U. Then ¢;-3cl(A) = A U which implies that A

isa (i, j)-A™-closed set.

Counter example 8.2.8 Let X = {a, b, c}, 7, = {d, X, {a}} and 1,= {d, X, {a},
{a, b}}.Then the subset {b, c} is (1, 2)-A"-closed but not t,-3-closed in (X,1,,7,).

Proposition 8.2.9 If A is both t,-3g-open and (i, j)-A’-closed then A is T;-0-closed.
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Proof : Let A be both t,-8g-open and (i, j)-A"-closed. Then we have A U

and U 0GO(X, 7;) which implies that t;-0cl(A) U. Let U = A. Then
we have T;-0cl(A) A which implies that A is a t;-3-closed set.

Proposition 8.2.10 If A is both t,-8g-open and (i, j)-A"-closed then A is T;-closed.
Proof : Follows from the above proposition and by the fact that every o6-closed set
is closed.

Proposition 8.2.11 Let A be t,-6g-open and (i, j)—A*—cIosed in (X ri,rj).
Suppose that F is t;-0-closed in (X, T, Tj). Then (A n F) is a (i, j)-A"-closed
in (X, 1, T).

Proof : Let A be t,-3g-open and (i, j)-A"-closed in (X, T;,T;). Let F be t;-3-closed. Then
by Proposition 8.2.9, A is t;-3-closed. Therefore (A n F) is t;-0-closed. Hence (A n F)

is a (i, j)-A"-closed in (X,7;,7;) by Proposition 8.2.7.

Proposition 8.2.12 Let (X, 7;,7;) be a topological space and A X. Then the following

results are true.

a) If Ais (i, j)-A"-closed then A is (i, j)-ng-closed.

b) If A s (i, j)-A"-closed then A is (i, J)-mgp-closed.

¢) If Ais (i, j)-A"-closed then A is (i, j)-mgs-closed.

d) If Ais (i, j)-A"-closed then A is (i, j)-mgsp-closed.

e) If A s (i, j)-A"-closed then A is (i, j)-mgb-closed.

f) If Ais (i, j)-A"-closed then A is (i, j)-nga-closed.

o) If Ais (i, j)-8g -closed then A is (i, j)-A™-closed.

Proof : a) Let A be (i, j)-A™-closed. Suppose that A U where U is T, -Tg open.

By Theorem 2.2.19, U is ti-A*-open. Since A is (i, j)-A"™-closed, Tj-A*cI(A) U. But

Tj -migcl(A) Tj -A’cl(A) by the same Theorem 2.2.19. Hence A is (i, j)-closed.

b) The proof is similar to (a) by Theorem 2.2.21
¢) The proof is similar to (a) by Theorem 2.2.25
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d) The proof is similar to (a) by Theorem 2.2.23

e) The proof is similar to (a) by Theorem 2.2.29

f) The proof is similar to (a) by Theorem 2.2.27

g) The proof is similar to (a) by Theorem 2.2.4

Remark 8.2.13 The converse of the above proposition is not true as seen from the
following example.

Counter example 8.2.14 Let X = {a, b, c}, 7, = {d, X, {a}} and 1, = {, X, {a, b}}.
Then the subset {a} is (1, 2)-ng-closed, (1, 2)-ngp-closed, (1, 2)-mgs-closed,
(1, 2)-ngsp-closed, (1, 2)-ngb-closed and (1, 2)-nga-closed as MGC(X, T,) = nGPL(X, T,)
= nGSC(X, 1T,) = mGSPC(X, 1,) = nGBL(X, T,) = nmGAaC(X, 1) = P(X) but

not (1, 2)-A"-closed in X1 1,).

Proposition 8.2.15 Let (X t;,7;) be a topological space and A X. Then the following
results are true.

a) If Aiis (i, j)-A"-closed then A is (i, j)-g8-closed.

b) If Ais (i, j)-A"™-closed then A is (i, j)-3g*-closed.

c) If Ais (i, j)-A -closed then A is (i, j)-rg-closed.

d) If A'iis (i, j)-A™-closed then A is (i, j)-gpr-closed.

e) If A s (i, j)-A"-closed then A is (i, j)-gspr-closed.

f) If Ais (i, j)-A"™-closed then A is (i, j)-rwg-closed.

Proof : The proof follows from the dependency of A’-closedness to the corresponding

closed sets in Chapter 2.

Remark 8.2.16 The converse of the above proposition is not true as seen from the

following example.

Counter example 8.2.17 Let X = {a, b, c}, 7, = {¢, X, {a}} and t, = {, X, {a, b}}.
Then the subset {a, b} is (1, 2)-gd-closed, (1, 2)-6g*-closed, (1, 2)-rg-closed, (1, 2)-gpr-
closed, (1, 2)-gspr-closed and (1, 2)-rwg-closed as G3C(X, 1,) = 8G*C(X, t,) =
RGC(X, 1,) = GPRE(X, 1,) = GSPRE(X, 1,) = RWGE(X, 1,) = P(X) but not
(1, 2)-A"-closed in (X, Ty, Tp).
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Remark 8.2.18 The above results are depicted by the following diagram.

-<— @i
A'closed

Remark 8.2.19 The following counter examples show that (i, j)-A’-closed is

independent with (i, j)-dg-closed, (i, j)-og-closed and (i, j)-gp-closed.

Counter example 8.2.20 Let X =Y = {a, b, c}, t,= {¢, X, {a}} and t,= {, X, {a, b}}.

Then the subset {c} is (1, 2)-dg-closed, (1, 2)-ag-closed and (1, 2)-gp-closed but

not (1,2)-A"-closed.

Counter example 8.2.21 Let X =Y = {a, b, ¢}, 7, = {¢, X, {a}, {a, b}, {a, c}} and
= {&, X, {a}}. Then the subset {a, b} is (1, 2)-A"-closed but not (1, 2)-3g-closed,

(1, 2)-ag-closed and (1, 2)-gp-closed.

Remark 8.2.22 The following counter example show that (i, j)-A™-closed is

independent with (i, j)-mildly g-closed.
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Counter example 8.2.23 Let X =Y = {a, b, c}, t,={}, X, {a}} and <, = {p, X, {a},
{a, b}}. Then the subset {b} is (2, 1)-mildly g-closed but not (2, 1)-A"-closed. Also the
subset {a, c} is (2, 1)-A"-closed but not (2, 1)- mildly g-closed.

Remark 8.2.24 The above results are represented by the following diagram.

@, ))-og

@, j)-og

@ j)-gp

A
e
Y
~
\J—.
Qi o
hd
>
£l
4
-
v

(i, j)-mildly
g-closed

8.3 Characterizations of (i, j)-A-Closed Sets

Proposition 8.3.1 If A is a (i, j)-A™-closed set then t,8cl({x})nA # ¢ holds for each
X T;-0cl(A).

Proof : Let A be (i, j)-A™-closed and suppose that T, 0cl({x})nA = ¢ for some
X Tocl(A). Then A X - (1;ocl({x})) = B, say. Then B is a 1;-3-open set. Since every

5-open is dg-open, B is &g-open in t,. Since A is (i, j)-A™-closed we get

T-ocl(A) B = X — (13-0cl({x})). Then T1;-8cl(A) n T;-0cl({x}) = ¢ which implies that
T-ocl(A)n{x} = ¢. Hence x Tj-0cl(A) which is a contradiction. Hence

5-5cl({x}) n A £ .

The converse of the above Proposition is not true as seen in the following

example.
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Counter example 8.3.2 Let X = {a, b, c}, 7,= {P, X, {a}}, tz = { &, X, {a}, {b, c}}.
The subset A = {b} in (X, T, T,) is not (1, 2)-A"-closed. However t,-3cl({x}) n Az ¢
holds for each x | | T,-0cl(A).

Remark 83.3 A (i, j)-A-closed set need not be a rt,-A-closed set or

T -A"-closed set as seen from the following examples.

Counter example 8.3.4 Let X = {a, b, c}, t,= {}, X, {a, b}}and t,={¢, X, {a}, {b},
{a, b}, {a, c}}. Then DA* 12)= { ¢, X, {b}, {c}, {b, c}, {a c}} whereas

A*C(X,rl) ={$, X, {c}, {a, c}, {b, c}} and A*C(X,rz)={¢, X, {b}, {c}, {a, c}, {b,
c}}h

Thus the subset {b} is (1, 2)-A"-closed in (X,t,,7,) butnota t,-A"-closed set.

Counter example 8.3.5 Let X = {a, b, c}, ©,= {}, X, {a}, {a, b}} and t,= {¢, X, {a},
{b, c}}. Then DA* 1,2 = {$, X, {a}, {b}, {c}, {a b}, {b, c}, {a c}} whereas

A*C(X,rl): {p, {c}, {a c} {b, c}} and A*C(X,rz)= {p, X, {a}, {b, c}}.

Thus the subset {c} is (1, 2)-A"-closed in (X,t,,T,) but nota t,-A"-closed set.

Theorem 8.3.6 If A and B are (i, j)-A'-closed sets then (A B) is also a
(i, j)-A"-closed set.

Proof : Suppose that A and B are (i, j)-A-closed sets. Let U be t,-8g-open in (X, T,T;)
and (A B) U.ThenA UandB U. Since A and B are (i, j)-A™-closed sets,
we have t,-0cl(A) Uand t,-0cl(B) U.

Therefore 1,-0cl(A  B) = 1,-3cl(A) 1,-0cl(B)  U. Hence (A B) is also a

(i, j)-A"-closed set in (X, T,,T;) .

Remark 8.3.7 The intersection of two (i, j)-A™-closed sets need not be a

(i, j)-A"-closed set as seen from the following example.
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Counter example 8.3.8 Let X = {a, b, c}, 1, = {¢, X, {a}} and 1,= {, X, {a}, {b},
{a, b}, {a, c}}. Then DA* (1,2) =4{, X, {b}, {b, c}, {a, c}}. Thus the subset {b, c} and

{a, c}are (1, 2)-A"-closed sets but their intersection {c} is nota (1, 2)-A"-closed set.

Proposition 8.3.9 For each point x of a space (X,r;,t;), {X} is 7;-0g-closed
or {X}© is (i, j)-A"™-closed.

Proof : If {x} is not t,-dg-closed then {X}* is not t,-3g-open. Therefore X is
the only t,-3g-open set containing {X}“which implies that t;-3cI({X}*) X.

Hence {X} is (i, j)-A"-closed.

Proposition 8.3.10 Let A be a (i, j)-A'-closed set in (X,T,,T,). Then T;-3cl(A)—A
contains no non empty t,-0g-closed set.

Proof : Let A be a (i, j)-A"-closed set in (X,t;,1;). Let F be any ;-6g-closed set such
that F t;-0cl(A)—A. Since Tt;-0cl(A) X we have t;-0cl(A)—A  (X-A). Hence
F (X=A) which implies that A X-F where X-F is t,-86g-open. Since A is
(i, j)-A"-closed we have T;-0¢cl(A) X-F which implies that F X=1;-0cl(A).
Hence F T;-ocl(A)n[ X-7;-0cl(A)] = ¢ which implies that F = ¢. Hence
T;-0cl(A)—A contains no non empty ;-3g-closed set.

Remark 8.3.11 The converse of the above proposition need not be true as seen from the

following example.

Counter example 8.3.12 Let X = {a, b, c}, ©,= {¢, X, {a}, {a, b}, {a c}} and
T, ={¢. X, {a}, {b}, {a, b}}.

Then 8GC(X, 1y) = {9, X, {b, c}};

0GC(X, 12) ={¢, X, {b, c}} and

D\« (1.2) ={¢, X, {b}, {c}, {a, b}.{b, ¢}, {a, c}}-
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Let A = {a}. Then t,-dcl(A) = {a, c} which implies that t,-0cl(A) — A = {c}. Hence
T,-0CI(A)-A does not contain a non empty t,-6g-closed set but A is not a

(1, 2)-A"-closed set in (X,1,,7,).

Corollary 8.3.13 Let A be a (i, j)-A™-closed set in (X, 1,T,). Then Ais ;-0-closed

if and only if t,-0cl(A)—A is t,-0g-closed.

Theorem 8.3.14 If A is a (i, j)-A™-closed set in X and A B 1,-0cl(A) then B is

(i, j)-A"-closed.
Proof : Let A be a (i, j)-A™-closed set in X and A B T,-0cl(A). Let U be

T,-0g-open in X such that B U. Then A U. Since A is (i j)-A"-closed,
1,-0cl(A) U.Since B 1,-0cl(A), 1,-0cl(B) 1,-0cl(A) U. Thus t,-0cl(B) U.
Hence B is (i, j)-A"-closed.

Theorem 8.3.15 If A is a (i, j)-A™-closed set in X and A B T,-0cl(A) then
1,-0cl(B)-B contains no non empty t;-3g-closed.

Proof : Let A be (i, j)-A'-closed and A B 1,-8¢l(A). Then B is (i, j)-A™-closed
(Theorem 8.3.14). Hence by proposition 8.3.10, 1,-dcl(B)-B contains no non empty

T,-0g-closed set.

Definition 8.3.16 Let B Y X. A subset B of Y is said to be
(i, j)-A"-closed relative to Y if B is (i, j)-A™-closed in the subspace Y.

Theorem 8.3.17 Let B A X where A is T, -8g-open and (i, j)-A"-closed in X. Then

B is (i, j)-A"-closed relative to A if and only if B is (i, j)-A"-closed relative to X.
Proof : Suppose that B A X where A is T, -3g-open and (i, j)-A"-closed.

Suppose that B is (i, j)-A"-closed relative to A. Let B U and U is T, -0g-open in X.
Since A is T, -0g-open, we have (A n U) is t,-6g-open in X. Consequently (A n U) is

T, -0g-open in A. Since B A and B U we have B (A n U). Since B is
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(i, j)-A"-closed relative to A, 1,-0claB) A nU  U--mm- (1). Now since A is
T, -0-open, A is T;-0g-open in X. Since A A and A is (i, j)-A"-closed in X,
T,-0cl(A) A - (2). Since B A, 1,-3cl(B) 1,-0cl(A) = A (from (2)).
Hence t,-3cl(B) n A t;-0cl(B). ie., T,-0cla(B) 1,-6cl(B). In general
T,-0cl(B) T,-0cla(B). Hence t,-0cla(B) = 1,0cl(B)---------- (3). From (1) and (3)
we have, t;-3cl(B)  U. Therefore B is (i, j)-A"-closed in X.

Conversely, let B be (i, j)-A"-closed relative to X. Let B U and U is T, -0g-open in A
and A is T, -0g-open in X, we have U is T, -3g-open in X. Since B is (i, j)-A"-closed

relative to X, 7;-8cl(B)  U. Hence by (3), t,-3cla(B)= ,-0cl(B) n A= 1,-3cl(B) U.

Proposition 8.3.18 In a bitopological space (X, t;,1,), 6GO(X,Ti) 6C(X,Tj)if and

only if every subset of (X,z,,7,) is (i, j)-A™-closed.

Proof : (Necessity) : Let 6GO(X,Ti) 6C(X,Tj). Let A be any subset of (X,t;,1;) and

G 0GO(X, 1j) such that A G. Then by the assumption T1;-6¢l(G) = G which implies
that T-3cl(A)  T;-0cl(G) = G. Hence Ais (i, j)-A"-closed.
(Sufficiency) : Assume that every subset of (X,r,t;) is (i j)-A"-closed.

Let G 3dGO(X, T;). By the assumption G is (i, j)-A™-closed. Therefore we have
T;-0cl(G) G. Hence T1-0cl(G) = G which implies that G is Tt;-9-closed.

Hence 6GO(X,Ti) 5C(X,Tj).

8.4 (i, j)-A -Closure Operator

Definition 8.4.1 Let (X, t;,1;) be a topological space. For each subset A of (X, Ti,rj) ,

the (i, j)-A -closure of A is denoted by (i, j)-A cl(A) and is defined as follows.

(i,j)-A"cl(A)="{F = X/A c FandF isa (i, j)-A closed set}.
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Proposition 8.4.2 Let A and B be any two subsets of (X, Ti’Tj)' Then the following
results are true.
a) (i, j)-A’cl(d) = ¢ and (i, j)-A"™-cl(X) = X

b) IFA  Bthen (i, j)-Acl(A) (i, j)-Acl(B)

¢)A (i, j)-Acl(A)  T-3cl(A)

d) If Ais (i, j)-A"-closed then (i, j)-Acl(A) = A

e) (i, j)-Acl(A n B) (i, j)-Acl(A) n (i, j)-A"cl(B)

f) (i, j)-ACl(A  B)=(i,j)-Acl(A) (i, j)-Acl(B)

Proof : a) Since ¢ and X are (i, j)-A"-closed sets in X, the result follows.

b) Let A B then by the definition of (i, j)-A"closure, (i, j)-Acl(A) (i, j)-A"cl(B).
¢) By the definition of (i, j)-A"closure, A (i, j)-A"cl(A).

By Proposition 8.2.7, every Ttj-3-closed subset of (X, Ti’Tj) is (i, j)-A'closed and
@i,j)-ocl(A)=N{F X/A FandFis Tj—6—closed}.Thus (i, ))-A"cl(A) T;-0cl(A).

d) By the result ¢), A (i, j)-A"cl(A). Since A is (i, j)-A"-closed, by the definition of
(i, )-A"Cl(A), (i, j)-Acl(A)  A. Hence (i, j)-Acl(A) = A.

e) Since (AnB) Aand(AnB) B, the proof follows by the result (b).

f) Since A (A B) and B (A B), by the result (b), (i, j)-Acl(A)

(i, j)-Acl(A B) and (i, j)-Acl(B) (i, j)-Acl(A B). Thus
@, )-AclA) @, )-AclB) (i, j)-AClA  B). -------- (1). To prove the reverse
inclusion, we assume that x (i, j)-Acl(A) (i, j)-Acl(B). Then there exist
(i, j)-A"-closed sets P and Q such that A P, x P,B Qandx Q. Then
(A B) P Qad x (P Q). Hence (P Q) is a (i, j)-A™-closed set
containing (A B). Therefore x (i, j)-Acl(A  B).

Thus (i, j)-Acl(A  B) (i, ))-Acl(A) (i, j)-Acl(B)--------- (2). Hence from (1) and (2),
(i, )-Acl(A  B) =i, j)-Acl(A) (i, j)-AcI(B).
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Proposition 8.4.3 Let x and y be any two points of (X Ti'Tj)' If

(i, -A"cl{x}) = (i, j)-A"cl({y}) and 3GC(X, 1;) = 8C(X, T; ) then x = .

Proof : Suppose that x # y. By Proposition 8.3.9, {x} is either 1;-8g-closed or X-{x} is
@i, j)-A"-closed.

Case (i) Assume that {x} is T ;-8g-closed. Since dGC(X, T;) = dC(X, 1, {X} is
Tj-0-closed. ( Proposition 8.2.7). Then {x} is (i, j)-A"-closed. Hence (i,j)-A"cl({x}) = {x}.
Therefore 'y (i, j-Acl{x}). Hence (i, j)-Acl{x}) =z (i, j)-Acl{y})
which is a contradiction. Hence x = .

Case (ii) Suppose that X-{x} is (i, j)-A™-closed. Since x # y, y X-{x} and
(i)-Acl{y}) X-{x} Thenx (i, ))-Acl({y}). Hence (i, j)-Acl({x}) # (i, )-Acl({y})
which is a contradiction. Hence x = y.

8.5 (i, j)-A*—Open Sets

In this section (i, j)-A"™-open sets in bitopological spaces are introduced and their

properties are proved.

Definition 8.5.1 A subset A of a bitopological space (X, Ti‘Tj) is called a

(i, j)-A"-open set if and only if A® isa (i, j)-A"™-closed.

Proposition 8.5.2 In a bitopological space (X, T, Tj) , the following statements are true.
a) Every Tj-6-open is (i, j)-A"-open.

b) Every (i, j)-3g -open is (i, j)-A"-open.

c) Every (i, j)-A™-open is (i, j)-Tg-open.

d) Every (i, j)-A"™-open is (i, j)-ngp-open.

e) Every (i, j)-A"-open is (i, j)-Tgsp-open.

f) Every (i, j)-A"-open is (i, j)-Tigs-open.

g) Every (i, j)-A™-open is (i, j)-nga-open.

h) Every (i, j)-A™-open is (i, j)-tgb-open.

Proof : Follows from Proposition 8.2.7 and Proposition 8.2.12.
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Theorem 8.5.3 A set A is (i, j)-A™-open if and only if G T;-0Int(A) whenever G is
T;-0g-closedand G A.

Proof : Assume that A is (i, j)-A-open. Then A° is (i, j)-A™-closed. Let G be a
T1;-0g-closed set contained in A. Then G¢ is T;-0g-open set containing ACS. Since A° is
(i, j)-A"-closed, Tj-6C|(AC) G®, equivalently G T;-8Int(A).

Conversely, assume that G T1;-8Int(A) whenever G A where G is T;-0g-closed.
Let AC F where F is t;-0-open. By criteria, F°© T;-0Int(A). This implies that
GOCI(A®) . Thus A is (i, j)-A -closed and hence A is (i, j)-A"-open.

Proposition 8.5.4 If A and B are (i, j)-A"™-open sets then (A n B) is also (i, j)-A ™-open.

Proof : The proof follows from Proposition 8.3.6
Remark 8.5.5 If A and B are (i, j)-A™-open sets in (X,t;,7;) then (A B) is need not be
a (i, j)-A"-open set.

Counter example 8.5.6 Let X = {a, b, c}, 1;={, X, {a}, {a, b}, {a, c}} and 1, = {P, X,
{a}, {b}, {a, b}}. Then {b} and {c} are (1, 2)-A"-open sets in (X, T, T,) but their union
{b, c} is not(1, 2)-A"-open in (X, Ty, Tp).

Definition 8.5.7 Two subsets A and B are said to be separated (i, j) -A"-open sets if the
following conditions hold good.

i) [Ti -cl(A)hB=¢ i) An [Ti -ocl(B)]= ¢

iii) [rj-scl(A)]m B=¢ iv) An [rj -0cl(B)]=¢

Remark 8.5.8 The following theorem gives a condition for the finite union of

(i, j) -A"™-open sets to be (i, j) -A ™-open set.

Theorem 8.5.9 If A and B are separated (i, j) -A-open sets then A B is
(i, j) -A™-open set
Proof : Suppose A and B are separated (i, j) -A-open sets. Let F be T -dg-closed

suchthatF (A B).
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Then by above definition we have [ti-écl(A)]nB = An [ri-écI(B)] = ¢ and
[Tj -6cl(A)]n B = An [rj -ocl(B)]=¢.

Then Fn (Tj -ocl(A) (A B)n (rj—SCI(A))= An [Tj -0cl(A)] ¢ A.

Similarly F n [ri -0cl(B)] B. Now, since F is T -0g-closed by Proposition 2.3.6,
Fn (Ti -ocl(A) and Fn (Ti -ocl(B) are ri-ég-closed sets.

Since A and B are (i, j)- A™-open sets we have by Theorem 8.5.3,
Fn (Ti -ocl(A) (Tj—Bint(A)) and Fn(Ti -ocl(B) (tj—éint(B))..

Now F Fn(A B) [Fn (t;-3cl(A)] [Fn(r, -3cl(B)] rj-éint(A B).

Therefore (A B)is (i, j)- A ™-open.

Example 8.5.10 In (X, =T, T ) where X = {a, b, c}, Y ={¢, X,{a}.{b}.{a,b}},

T ={¢,X,{a}.{b,c}}. Let A = {a} and B = {b}.
Then t,-0cl(A) = {a, c} ; t;-0cl(B) = {b, c}; t:-0cl(A) = {a} and t.-6cl(B) = {b, c}.

Therefore A and B are separated (i, j)-A"-open sets.
Also (A B)={a, b}is (1, 2)-A"-open and (2, 1)- A™-open.

Proposition 8.5.11 If A is (i, j)-A™-open in (X, T, T) and T-dInt(A) B A then
B is also (i, j)-A™-open in (X, T, T)).

Proof : Let U be a 1;-0g-closed set of (X, T, T;) suchthatU B.ThenU  A. Since

A is (i, j)-A-open, U T;-0Int(A). Since T;-dint(A) B A we have
T;-0Int( dInt(A)) T;-0Int(B) = t;-3Int(A). Therefore t1;-3Int(A) = T;-0Int(B) and
U t;-8Int(B). Hence B is (i, j)-A™-open in (X, T;, T)).

Theorem 8.5.12 The intersection of a (i, j)-A"-open set and Tj-0-open set is always
a (i, j)-A"-open set.

Proof : Let A be (i, j)-A™-open and B be T;-3-open. Then B is (i, j)-A"-closed.
(by Proposition 8.2.7). Therefore B is (i, j)-A™-open. Hence by Proposition 8.5.4,
(A n B)is (i, j)-A"™-open.
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Proposition 8.5.13 If a set A is (i, j)- A-closed in (X, T;, T;) then t,-3cl(A) -A
is (i, j)-A"™-open.
Proof : Suppose A is (i, j)-A"-closed. Let F be a T;-0g-closed set and F rj6cI(A) -A.

Since A is (i, j)-A"-closed, F erCI(A) —A does not contain a non empty t;-6g-closed

(By Proposition 8.3.10). Thus F = ¢. Therefore F Tj-0int[t;-0cl(A)-A]. Hence
T;-8¢l(A)-A s (i, j)-A -open.

Theorem 8.5.14 If a set is (i, j)-A*-open in a bitopological space (X, T; ,T]-) then G = X
whenever G is 1;-8g-open and T;-0Int(A) A G.
Proof : Similar to the proof of 2.5.13

Proposition 8.5.15 For x  1;-0cl(A), x (i, j)-Acl(A) if and only if U n A # ¢ for
every

(i, j)- A"-open set U containing x.

Proof : Similar to Theorem 2.5.18

8.6 (i, j)-AA-Separation Axioms

In this section four new spaces namely, (i, j)-A*Tg -space, (i, j)-A*ng* -space,

(i, j)-ggTA*-space and (i, j)-5g¢TA*-space in bitopological spaces are established
and their interrelations are analysed.

Definition 8.6.1 A bitopological space (X, T;, T;) is said to be a

1) @, j)- A*Tg-space if every (i, j)-A"-closed set is a T;-0-closed set.
2) (i, j)- A*Tég* -space if every (i, j)-A"-closed set is a (i, j)-3g -closed set.

3) (4, j)- gSTA* —space if every (i, j)-gd-closed set is a (i, j)-A"-closed set.

4) (0, j)-3g* T -space if every (i, j)-gg*-closed set is a (i, j)-A™-closed set,
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Proposition 8.6.2 Every (i, j)- A*T5 -space is a A*Ta g+ “Space but not conversely.
Proof : Let A be (i, j)-A"-closed in (X, T, T;). Since (X, T;, T;) is a A*Tg-space, As
T;-0-closed. Since every T ;-d-closed is (i, j)-3g -closed, A is (i, j)-8g -closed. Hence

(X, 1, T;)isa A*ng* -space.

Counter example 8.6.3 Let X = {a, b, c}, T, = {, X, {a}} and 1. = {J, X, {a}, {b},
{a, b}, {a, c}}. Then d(X, ty) ={P, X}; 0C(X, 1) ={P, X, {b}, {a c}};
D A (1.2) ={ ¢, X, {b}, {a c}, {b, c}} and Dsg* (1.2)={ ¢, X, {b}, {a, c}, {b, c}}.

Hence (X, 1y, T;)isa(d, 2)—A*T »-Space but not a (1, 2)—A*T5—space since the subset

89
{b, c}is (1, 2)-A"-closed but not a T, -5-closed set.

Proposition 8.6.4 The following examples show that (i, j)- A*Tg-space is
independent with (i, j)- T -space and (i, j)- T ;-space.

Counter example 8.6.5 Let X = {a, b, c}, 1y = {, X, {a}} and 1, = {J, X, {a}, {b, c}}.
Then GO(X, ;) = {¢, X, {a}, {b}, {c}, {a, b}, {b, c}, {a c}};

0C(X, t2) = {P, X, {a}, {b, c}};

DA* (1.2) ={d, X, {a}, {b, c}};

Dgs (1.2) ={, X, {a}, {b}, {c}, {a, b}, {b, c}, {a c}};

Dg* (1.2)={¢. X, {a}, {b, c}}.

Hence (X, 15, T,) is a (1, 2)- A*Tg-space but not a (1, 2)-Tp-space as {c} is
(1, 2)-gs-closed but not a 1,-6-closed. Also (X, 141, Tp) is a (1, 2)- A*Tg-space but not a

(1, 2)-T-space as {c} is (1, 2)-gs-closed but not a (1, 2)-g -closed.

Counter example 8.6.6 Let X = {a, b, c}, 1. = {¢, X, {a}, {b, c}} and .= {}, X, {a},
{a, b}, {a, c}}. Then
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GO(X,Tz) =19, X, {a}, {a b}, {a, c}};
0C(X, 1) ={¢. X, {a}, {b, c};
D A (2.1) ={d, X, {a}, {b}, {c}, {a, b}, {b, ¢}, {a, c}};

Dgs (2,1) ={¢, X, {a}, {b, c}};

Dg* (2,1) ={¢, X, {a}, {b, c}.

Hence (X, Tp, T;) is a both (2, 1)-T-space as well as (2, 1)-T-space but not a
(2,1)- A*Tg—space since {c} is (2, 1)-A"-closed but not T,-3-closed.

Proposition 8.6.7 The following examples show that (i, j)- A*Tg—space is independent
with (i, j)- T 4-space.

Counter example 8.6.8 Let X = {a, b, c}, 1, = {, X, {a}, {b, c}} and 1, = {}, X, {a},
{b}, {a, b}}. Then dC(X, 1) = {, X, {c}, {a, c}, {b, c};
DA* (1,2) ={¢, X, {c}, {b, c}, {a, c}};

Dys(1:2) ={d. X, {a}, {b}. {c}. {a b}, {b. ¢} {a. c}};

D, (1.2) ={¢, X, {b}. {c}. {a b}, {b. c} {a c}}-

Hence (X, Ty, T,) is a (1, 2)- A*Tg-space but not a (1, 2)-I4-space since {a} is
(1, 2)-gs-closed but not (1, 2)-g-closed.

Counter example 8.6.9 Let X = {a, b, c}, 1y = {b, X, {a}, {b, c}} and 1, = {¢, X, {a},
{a, b}, {a, c}}. Then dC(X, 14) = {d, X, {a}, {b, c};
D A* (2,1) ={¢, X, {a}, {b}. {c}. {a, b}, {b, c}. {a, c}};

Dgs (2,1) ={d, X, {a}, {b, c}};
D, (2.1) ={$, X, {a}, {b, c}}. Hence (X, 7, ) isa (2, 1)-Tg-space but not (2, 1)- T

-space since {b} is (2, 1)-A"-closed but not T;-3-closed.
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Remark 8.6.10 The following examples show that (i, j)- A*Tg -space is independent with
(i,))- <T . -space.

g 8g
Counter example 8.6.11 : Let X = {a, b, c}, 1y = {d, X, {a}} and 1, = {, X, {a}, {b},
{a, b}}. Then dC(X, 1) = {, {c}, {a, c}, {b, c}};
DA* (1,2) ={¢, X, {c}, {a, c}, {b, c}};

Dgs (1,2) ={¢, X, {a}, {b}, {c} {a, b}, {a, c}, {b, c}};

D5 «(1.2)={d, X, {c} {a, ¢}, {b, c}}-
g

Hence (X, 1y, Ty) is a (1, 2)-A*T5—space but not a g6T « -Space as the subset {a} is
09

(1,2)-gd-closed but not a (1, 2)-3g -closed in (X, Ty, T»).

Counter example 8.6.12 Let X = {a, b, c}, 1= {d, X, {a}} and 1, = {, X, {a}, {b},
{a, b}}. ThendC(X, 1,) ={P, X};
DA* (2,1) ={d, X, {c}, {a, c}, {b, c}};

Dg5(2,1) ={$, X, {c}. {a,c}, {b. c}};

D5 «(21)={d, X {c}, {a c} {b. c}}.
g

Hence (X, 1o, Ty) isa (2, 1)-g6T « -Space but not a (2, 1)-A*T5-space as the subset {c}
o9

is (2,1)-A"-closed but not a T, —8-closed in (X, T,, T,).

Proposition 8.6.13 If (X, T, T)) is both (i, j)- A*Tg-space and (i, j)- *Ta-space
dg

thenitis a (i, j)-A*TS-space.
Proof : Let A be a (i, j)-A"-closed set in (X, Tj, T;). Since the space is a

(i,j)- «T «-space, Ais (i, j)-0g -closed. Also (X, T, 1) isa, j)- *Ta-space.
A dg o9
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Therefore A is a 9-closed in (X, Tj, Tj). Hence (X, 1, 1) is a (i, j)- A*T5 -space.

Example 8.6.14 Let X = {a, b, c}, 1; = {$, X, {a}} and 1,= {P, X, {a}, {b},
{a, b}}.ThendC(X, 1) ={p, X}; dC(X, 13) ={, X, {c}, {b, c}, {a, c}};

GO(X, 1) ={d, X, {a}, {b}, {c}, {a, b}, {a, c}};

D (1.2) ={¢, X, {c} {b, c}, {a, c}};

Dag* (1.2)={d. X, {c}. {b. c}. {a, c}}-

Thus (X, 1;, Tp) is both (1, 2)- LT -space and (1, 2)- *Té-space and hence it is
A dg o9
a(l, 2)- A*T5—space.

Proposition 8.6.15 If (X, 1, 1)) is a (i, j)'géT «-Space thenitisa (i, j)- T .-space.
o9 A o9

Proof : Let A be a (i, j)-A"-closed set in (X, Tj, T;). We know that by proposition 8.2.11,

every (i, j)-A"-closed is (i, j)-gd-closed. Since (X, T, T) is a (i, j)'gSng* -space, A is

(i, j)-6g*-closed. Hence (X, Tj, Tj) is a (i, )- <1 % -space.
A 09

Example 8.6.16 Let X ={a, b, c}, 1, = {d, X, {a}} and 1, = {, X, {a}, {b}, {a, b}}.
Then DA* (2,1) ={d, X, {c}, {b, c}, {a c}};

Dag* (2.1)={d. X, {c}. {b. c}. {a, c}};

Dgs (2.1) ={d, X, {c}, {b, c}, {a, c}}.

Thus (X, T,, 1) isa (2, 1)—96T6 « -Space and (2, 1)—A*T6 « -Space.
g g

Remark 8.6.17 The spaces (i, j)-T-space, (i, j)-Tc-space and (i, j)- T 4-space are
independent with (i, j)- 591 TA*-space as seen from the following examples.

Counter example 8.6.18 Let X = {a, b, ¢}, 1y= {d, X, {a}, {b}, {a, b}} and
T ={$, X {a}}.

Analysis of A* -Closed Sets in Topological Spaces Page 174



Chapter 8

Then DA* (1,2) ={d, X, {c}, {b, c}, {a, c}};

Dagt (1, 2) = {¢, X, {c}, {b, ¢}, {a, c}};
Dgs (1.2) ={¢, X, {b}, {c}, {b, ¢} {a c}};

Dg* (1.2)={d, X, {c}, {b, c}, {a, c}};
Dy (1.2) ={¢, X, {c}, {b, c}, {a, c}}.

Hence (X, T;, T,) isa (1, 2)- 5oF Ta -space but not a (1, 2)-T,,-space, not a (1, 2)-T,-space
g

and (1, 2)-T4-space as the (1, 2)-gs-closed subset {b} is not (1, 2)-closed, not
(1, 2)-g"-closed and not (1, 2)-g-closed respectively.

Counter example 8.6.19 Let X = {a, b, c}, 1= {¢, X, {a, b}} and .= {P, X, {a}, {b},
{a, b}, {a, c}}.Then DA* 1,2) ={d, X, {b}, {c}, {b, c}, {a c}};

Dagt (1, 2) ={®, X, {a}, {b}, {c}, {a, b}, {b, ¢}, {a, c}};
Dgs (1.2) ={¢, X, {b}, {c}, {b, c} {a c}};

Dg* (1,.2)={d, X, {b}, {c}, {b, ¢}, {a, c}};
D4 @.2) ={é. X, {b}, {c} {b, c} {a c}}-

Hence (X, 1;, T,) is a (1, 2)-Ty-space, (1, 2)-T.-space and (1, 2)-T4-space but not a

1, 2)- 5g¢ T A -space as the (1, 2)-3g*-closed set {a} is not a (1, 2)-A"-closed set.
Remark 8.6.20 The (i, j)- A*ng* -space and (i, j)- 5g¢ T -space are independent as seen
from the following examples.

Counter example 8.6.21 Let X = {a, b, c}, 1y = {®, X, {a, b}} and 1, = {D, X, {a},
{b, c}}. Then D A (1.2) ={d, X, {a}, {c}. {b, c}, {a, c}};

Dag* (1.2)={d, X, {a}, {c}. {b, ¢}, {a, c}};

Dagt (1, 2) = {®, X, {a}, {b}, {c}, {a, b}, {b. c}, {a, c}}.
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Hence (X, 1y, T3) is a (1, 2)'A*ng* -space but not a (1, 2)-6g¢ Tp -space as the
(1, 2)-3g"-closed set {b} is not a (1, 2)-A"-closed set in (X, Ty, T2).

Counter example 8.6.22 Let X = {a, b, c}, 1y = {}, X, {a}, {a, b}, {a c}} and
L={¢, X, {a}, {b, c}}. Then
D A* (1.2) ={¢, X, {a}, {b}. {c}. {a, b}, {b, c}, {a, c}};

Dsg* (1.2)={¢. X, {a}, {b, c}};

Dagt (1, 2) = {¢, X, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}}.

Hence (X, 1;, T,) is a (1, 2)—5g* Tp -space but not a (1, 2)- A*ng* -space as the
(1, 2)-A"-closed set {b} is not a (1, 2)-3g -closed set in (X, Ty, T2).

Proposition 8.6.23 If (X, T;, T;) is a (i, j)'gSTA* -space and a (i, j)-A*T8 -space then it is
a (i, j)—T6 -space.

Proof : Let A be a (i, j)-gd-closed in X. Since (X, T;, T;) is a (i, j)-gSTA* -space, A is
(i, j)-A"-closed. Also (X, T, Tj) isa (i, j)'A*TS -space. Therefore A is T;-0-closed. Hence
X, 1, ) isa(, j)-T8 -space.

Proposition 8.6.24 In (i, j)- A*T5 -space, either {x} is t;-3-open or T;-0g-closed

for each x e X.

Proof : Let (X, 17, Tj) be a (i, j)'A*TS -space. Suppose that {x} is not 1; —3g-closed. Then
{x3¢ is (i, j)-A"-closed.( Proposition 8.3.9). Since (X, T;, T;) is a (i, j)- A*TS -space, {x}° is
Tj—0-closed. Therefore {x} is t;-6-open.

Proposition 8.6.25 For a space (X, T;, T;) the following are equivalent.

a) X is (i, j)—A*T8 -space

b) Every singleton is either t; -0g-closed or T; -6-open for i # .
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Proof : (a) = (b) : Suppose that {x} is not t;—0g-closed subset for some x || X. Then
X —{x} is not 1;-dg-open and hence X is the only T;—-8g-open set containing X—{x}.

Therefore X —{x} is (i, j)-A"-closed. Since (X, T;, Tj) is a (i, j)'A*TS -space, X—{x} is

Tj-0-closed. Therefore {x} is Tj-6-open.

(b) = (a) : Let A be a (i, j)-A"-closed subset of (X, T;, T;) and X € T; — dcl(A). We
prove that x | | A.

Case (i) : If {x} is T;-0g-closed and X ~ A then x € T;-0cl(A) \ A. Thus T; -0cl(A)-A
contains a non empty T; —0g-closed set {x} which is a contradiction to the fact that A is

(i, j)-A"-closed. So x € A.

Case (ii) : If {x} is T;-0-open, since x || T;-0cl(A), then for every T;-6-open set U
containing X, we have U n A =|= ¢. But {x} is 1;-0-open. Therefore {x} n A # ¢.
Hence x € A.

In both cases we have x | | A. Hence A is T;-0-closed.

Remark 8.6.26 The above results are depicted by the following diagram.

@, j)- Ty G, j)- T. @, j)- Ta () +To

St/

@, )-5g" Ta”

8.7 (@, j)-A*—Continuous Functions

In this section (i, j)-A"-continuous functions using A”-closed sets are introduced

and their properties are analyzed.
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Definition 8.7.1 A map f : (X, 1, ) — (Y, 0;, 0;) is called a (i, j)-A"-6)-continuous
if the inverse image of every oy-closed set in (Y, g, 0;) is a (i, j)-A"-closed set in

X, 1, ) fori, j, k=1,2and i #]j.

Remark 8.7.2 If ;= 1;,= 1 and 0;= 0;= o then the above definition of

(i, j)-A"-oy-continuous maps coincides with the definition of A*-continuous maps.

Proposition 8.7.3 If f : (X, 1, 7)) — (Y, 0, 0;) is a 7;-0-0 continuous map then f is
(i, j)-A"-0,-continuous but not conversely.
Proof : Follows from the fact that every T;-6-closed set is (i, j)-A"-closed.

(Proposition 8.2.7).

Counter example 8.7.4 Let X ={a, b, c} =Y, 1, = {}, X, {a}, {a b}}, . ={, X, {a},
{b}, {a, b}, {a,c}}, o, ={d, Y, {b}, {a, b}}and 0, = {d, Y, {a}, {a, c}}. Then

dC(X 1) ={d, X}; 8C(X,1,) ={, X, {b}, {a, c}} and

D A 12) ={¢, X, {b}, {c}. {b. c}, {a c}}.

Let f: (X, 1y, T)) = (Y, 01, 0,) be an identity map. Then the inverse image of each
o-closed set in Y is (1, 2)-A™-closed in (X, T, T2). Therefore f is (1, 2)-A™-0,-continuous
but not 1,8-0,continuous since the inverse image of o;-closed set {c} is not 1,6-closed.
Similarly f is not 1,0-0,continuous since the inverse image of ag--closed set {b, c} is

not T,06-closed.
Proposition 8.7.5 If a map f : (X, 1, 1) — (Y, 0;, 6j) is a (i, j)-3g -0y continuous map
then f is (i, j)-A"-a,-continuous but not conversely.

Proof : Follows from the fact that every (i, j)-3g -closed set is (i, j)-A'-closed
(Proposition 8.2.12).

Counter example 8.7.6 Let X = {a, b, c} = Y, 1= {$, X, {a}, {a, b}, {a c}},
= {¢, X {a}, {b} {a b} {a c}}, oo = {¢, Y, {a}, {a b}} and
a={®. Y, {a}, {b}. {a, b}}.

Then D A 12) ={d, X, {b}, {c}, {a b}, {a c}, {b, c}} and DSg* 12 ={d, X, {b,

c}.
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Let f: (X, 1, To) = (Y, 04, 0,) be the identity map. Then the inverse image of each
o-closed set in Y is (1, 2)-A'closed in X. Therefore f is (1, 2)-A™-0,-continuous
but not T,8-0,-continuous as the inverse image of o;-closed set {c} is not
(1, 2)-1,-dg -closed.

Proposition 8.7.7 If f : (X, 1, ;) — (Y, 0, gj) is (i, j)-A"-oy-continuous then f is
(i, j)-gd-o,-continuous, (i, j)-rg-og-continuous, (i, j)-gpr-o-continuous, (i, J)-rwg-oy-
continuous, (i, j)-mgp-oy-continuous, (i,j)-ngs-oy-continuous, (i, j)-Tgsp-o,-continuous,
But the converse is not true.

Proof : Follows from the fact that every (i, j)-A™-closed is (i, j)-gd-closed, (i, j)-rg-closed,
(i, )-gpr-closed, (i, j)-rwg-closed, (i, j)-mgp-closed, (i, j)-ngs-closed and (i, j)-ngsp-closed.
( Proposition 8.2.15 and Proposition 8.2.12 ).

Counter example 8.7.8 Let X = {a, b, c} =Y, 1, = {¢, X, {a}}, . = {d, X, {a, b}},
O']_:{(I), Y, {a}v {b’ C}} and 02:{(')1 Y, {a}1 {b}, {a’ b}} Then
D 12)={¢, X, {b, c}};

Dg8 L2)= Drg L2)=D__ (L2)= Dng L2)= Dngp(l’ 2) = Dngs L2)= Dngsp L2)=

gpr

{¢. X, {a}, {b}, {c}, {a b}, {b, c} {a, c}}.

Let f: (X, 1y, Tp) = (Y, 01, 05) be the identity map. Then f is(1, 2)-gd-0y-continuous,
(1, 2)-rg-og-continuous, (1, 2)-gpr-o,-continuous, (1, 2)-rwg-o,-continuous,
(1, 2)-mgp-og-continuous, (1, 2)-mgs-oi-continuous, (1, 2)-mgsp-o,-continuous,
(1, 2)-ngp-0,-continuous and (1, 2)-mgp-oy-continuous but not (1, 2)-A™-0,-continuous

since for the 0;-closed set {a}, f"l({a}) ={a} isnot (1, 2)-A"-closed in (X, Ty, T2).

Proposition 8.7.9 The (i, j)-A"-0,-continuous is independent with (i, j)-8g-o,-continuous,

(i, )-ag-o,-continuous and (i, j)-gp-ok-continuous as seen from the following examples.

Counter example 8.7.10 Let X = {a, b, c} = Y, 1y = {¢, X, {a}}, .= {P, X, {a b}},
o1 ={d, Y, {a}, {a b}}and o, ={¢, Y, {a}, {b}, {a, b}}. Then
D o (12) ={&, X, {b, c}};
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Dg 12 = {. X, {0}, {c}, {a, b} {b. c} {a c}};
Dog®2) =1{é. X, {b}. {c}. {a b}, {b, c}, {a, c}} and
Dop &2 = {. X, {a}, {b}. {c} {a, b}, {b, c} {a, c}}-

Let f : (X, 1q, To)—(Y, 0y, 0,) be an identity map. Then f is (1, 2)-6g-0y-continuous,
(1, 2)-ag-0,-continuous and (1, 2)-gp-0-continuous but not (1, 2)-A’-o,-continuous since

for the o,-closed set {c}, f'l({c}) = {c}is not (1, 2)-A"-closed in (X, Ty, T).

Counter example 8.7.11 Let X ={a, b, c} =Y, 1y = {J, X, {a}, {a, b}, {a, c}},
T ={d, X, {a}}, o1 ={, Y, {a}, {b}, {a b}} and 0, = {¢, Y, {a}, {a, b}}.
Then DA* 12) ={¢, X, {b}, {c} {a, b}, {b, c} {a, c}};

DSQ L2)={¢, X, {b, c}};
Dag 12) ={d, X, {b}, {c}, {b, c}} and
Dgp(l, 2) ={¢, X, {b}, {c}, {b, c}}.

Letf: (X, 1q, T,) = (Y, 04, 0,) be a map such that f(a) = ¢, f(b) = b and f(c) = c. Then fis
(1, 2)-A"-0,-continuous but not (1, 2)-8g-o,-continuous, (1, 2)-ag-oy-continuous and
(1, 2)-gp-oy-continuous since for the o;-closed set {c}, f~'({c})={a, c} is not

(1, 2)-dg-closed, (1, 2)-ag-closed and not (1, 2)-gp-closed set in (X, Ty, T3).

Remark 8.7.12 The composition of two (i, j)-A™-0y-continuous map need not be a

(i, j)-A"-0,-continuous map as seen from the following example.

Counter example 8.7.13 Let X = {a, b, c} =Y = Z, 11 = {¢, X, {a}, {b}, {a, b}},
L ={d, X {a}} oo = {$, Y, {a}, {a b}}, o = {$, Y, {a}, {b, c}},
n,={¢. Z, {a}, {b.c}}and n, ={P, Z, {a}, {b}, {a, b}}.

Let f: (X, 1y, T,)—(Y, 04, 0,) be a map such that f(a) = c, f(b) = b and f(c) = ¢ and

let g : (Y, 01, 02) —(Z, n,, n,) be a map such that g(a) = b, g(b) = b and g(c) = a.
Then both f and g are (1, 2)-A™-0.-continuous but their composition map
(gef): (X 1, ©2) —*(Z, n,, n,) which is defined by (g = f)(a) = a, (g = f)(b) = b and
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(g = f)(c) = a is not a (1, 2)-A™-o,-continuous map since for the n,-closed set {b, c},

(g » H({b, c}) = {b} is not (1, 2)-A"-closed in (X, Ty, T5).

Proposition 8.7.14 Let f: (X, 1y, T2) — (Y, 01, 02) and g : (Y, 01, 02) — (Z, n,, n,) be
two functions such that f is (i, j)-A-o0y-continuous and g is (i, j)—A*—qk—continuous
then (g = f) is (i, j)-A"-n, -continuous.

Proof : Obvious.

Proposition 8.7.15 If f : (X, 14, T,) — (Y, 01, 0y) is (i, j)-A"-0y-continuous then
fLG)-ATCIA)]  ocl[f(A)].

Proof : For every subset A of X, o cl[f(A)] is o,-closed in Y and A f~'(o cl[f(A)]).
Since f is (i, j)-A™-o-continuous, we have f~Y(c,cI[f(A)]) is (i, j)- A™-closed in
(X, %, T;)- Then A f=(o | cI[f(A)]).

That is (i, j)-Acl(A) (i, j)-ACclF~Y(ocl[f(A)]) = f~Yoccl[f(A)]). Hence
(i, )-ACl(A)  £1(ocl[f(A)] which implies that f [(i, j)-ACl(A)] o cI[f(A)].

8.8 (i, j)-A -Irresolute Maps

In this section (i, j)-A™-irresolute maps using A”-closed sets are introduced and

their properties are analyzed.

Definition 8.8.1 A map f : (X,7,,7,) - (Y,0,0,)is called (i, j)-A -irresolute if the

inverse image of every (i, j)-A"-closed set in (Y,c;,55,) is (i, j)-A™-closed in (X,11,75).

Proposition 8.8.2 Amap f: (X,7,1,) » (Y,04,65,) (i, j)-A™-irresolute if and only if the
inverse image of every (i, j)-A™-open set in Y is (i, j)-A"-open in (X1q,75).

Proof : The proof follows from the definition.

Proposition 8.8.3 Let f : (X,t1,75) - (Y,04,0,) and g :(Y,04,05) - (Z,m1,m3) be
two (i, j)-A -irresolute maps. Then their composition gof: (X,7,75) — (Z,1.M,)is a
(i, j)-A-irresolute map.

Proof : The proof follows from the definitions.
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Theorem 8.8.4 If f: (X,11,7,) - (Y,04,0,) IS bijective, t;-0dg-open and (i, j)-A*-oj

continuous, then f is (i, j)-A"-irresolute.

Proof : Let V be (i, j)-A"-closed set in (Y,o;,5,) and let f_lMgU,where Uis
7;- 0g -open. Clearly V cf(U),Since f(U) is t;- 6g -open and since V is
(i, j)-A'-closed set in (Y,05,0,), then tj-dcl(v) f(U) and thus
f'l(rj-SCI(V)) U. Since f is (i, j)A -o;-continuous and since rj-ScI(V) IS

cj-S-cIosed and  hence cj-closed in (Y,01,05), we  have

;- Bcl(f '1(Tj6cI(V))) U and hence T;-3cl(f 1(v)) U Therefore F7X(V) is

(i, j)-A"-closed set in (X,t;,7,). Hence fis (i, j)-A-irresolute.

Theorem 8.8.5 If f: (X,1;,1,) - (Y,01,0,)is a (i, j)-A-irresolute and (X,1;,7,)

isa (i, j)-A*Tg-space,. Then fis rj-S-irresqute.

Proof : Let V be a rj-S-cIosed set in (Y,o1,0,). Then V is (i, j)-A"-closed

in (Y,0,,0,). Since f is (i, j)-A™-irresolute, then (V) is (i, j)-A™-closed in

(X,71,7p). Since X is (i, j)- «Ts-space, (V) is tj-d-closed in (X,ty,7o).

Hence fis rj-6-irresolute.
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Theorem 8.8.6 If f : (X 1y,1,) - (Y,01,0,)is a tj-0g-irresolute and rj-S-cIosed,

then for every (i, j)-A"-closed set A of X, f(A) is (i, j)-A"-closed set of Y.

Proof: Let A be a (i, j)-A"-closed set of (X,t;,7,). Suppose that f(A) U, where
U is tj-3g-open in (Y,o1,0,). Then Acf(U) and f(U) is 1j- 8g -open,
since f is tj-0g-irresolute. Since A is (i, j)-A"-closed, Tj-5C|(A) f'l(U) and
hence f(rj-écI(A)) U.

Therefore we have T;-3cl(f(A))  t-8cl(f(t;-8cl(A) =f(rj-Scl(A)  U.

Hence f(A) is a (i, j)-A"-closed set in (Y,o4,0,).

Theorem 8.8.7 Let f : (X ty,15) - (Y,01,05) and g :(Y,04,0,) - (Z,m1,M,) be
two functions, then

a) If fis (i, j)-A -irresolute and g is (i, j)-A"-ne-continuous, then (gef) is (i, j)-A Nk
continuous.

b) If f is (i, j)-ng-irresolute and g is (i, j)-A-ne-continuous, then (g © f)
is (i, j)- =g -y -continuous.

c) If fis (i, j)-gd-irresolute and g is (i, j)-A -ne-continuous, then (gef) is

(i, J)- 98 -n -continuous.
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Proof : a) Let V be a n -closed in (Z,my3,m,) . Since g is (i, j)-0- Nk -continuous,
g_l(\/) is (i, j)-A"-closed in (Y,oq,6,). Since fis (i, j)-A-irresolute, f_l(g_l(\/))
is (i, j)-A"-closed in (X,1;,7,). Hence (g = f) is (i, j)-A"-ne-continuous.

b) Let V be a n-closed in (Z,n;,m,). Since g is (i, j)-A"-ny-continuous, g~1(V)
is (i, j)-A"-closed in (Y,o4,0,). Since every (i, j)-A"-closed set is (i, j)-ng-closed
and f is (i, j)-ng-irresolute, F1(@(V))is (i, j)-ng-closed in (X,ty,t,). Hence
(9 =f)is (i, j)- ng-ny -continuous.

¢) Let V be a ny-closed in (Z,ny,m,). Since g is (i, j)-A -nk-continuous, g (V) is
(i, j)-A"-closed in(Y,o;,6,). Since every (i, j)-A"-closed set is (i, j)-gd-closed

and f is (i, j)-gd- irresolute, (@ 1(V))is (i, j)-gd-closed in(X,ty,t,). Hence

(g=f)is (i, j)- g8 -ny -continuous.

8.9 (i, j)-A"-Locally Closed Sets
Definition 8.9.1 A subset A of a bitopological space (X, tj, rj) is said to be a
i) (i, j)-A-locally closed set if A = GnF where G is tj-A-open and F is
rj-A*-cIosed in (X,1,7,).
i) (i, j)-A'lc” set if A = GnF where G is t,-A™-open and F is vj-d-closed

in (X,1q,75).
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-\ -closed

iii) (i, j)-A'le” set if A = GnF where G is t,-3-open and F is ]

|n (X,Tl,Tz).
Remark 8.9.2 i) The class of all (i, j)-A’lc sets in (X,ri,rj) is denoted by

(i,j)-A*LC(X,ri,rj).

ii) The class of all (i, j)-A’lc’ sets in (X,7j,7j) is denoted by

(i,j)-A*LC*(X,ri,rj).
iii) The class of all (i, j)-A'lc” sets in (X,7j,tj) is denoted by

(iD)-A"LCT (X, 7j,1)-

Example 8.9.3 Let X = { a, b, ¢}, 7,= {¢, X, {a}} and t,= {d, X, {a}, {b, c}}.
Then

ANOX, ) ={ ¢, X {a}};

NO(X, 1, ) = {d, X, {a}, {b, c}};

30X, 1, )={ &, X };

00(X, 1, ) ={¢, X, {a}, {b, c}};

A'LC(X, 1, T,) = &, X, {a}, {b, c};

ALC (X1, T,) = &, X, {a}, {b, c} and

A'LCT(X,1,,1,)= ¢, X, {a}, {b, c}.
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Remark 8.9.4 In general every (i, j)-A -locally closed set in (X,1;,7;) is not tj-é-

closed as seen by the following example.

Example 8.9.5 Let X = {a, b, c}, ;= {}, X, {a}, {b, c}} and 7,= {P, X, {a},
{a b}, {a c}}.

Then A°O(X, 7) = {¢, X, {a}, {b .c}};

NO(X, t,) = {¢, X, {a}, {b}, {c} {a b}, {a c}};

00X, 1) ={ ¢, X, {a}, {b.c}}

0 O(X, 1) ={d, X}

ALC(X, 1,,T,) = P(X);

ANLC (X1, T,)= ¢, X, {a}, {b, c} and

A'LC™(X,1,,1,)= P(X).

Here {b, c} is (1, 2)-A"locally closed set in (X,t,,t,) but it is not t,- d-closed

in (X,1,,1,).

Remark 8.9.6 Every -A™-locally closed set in (X,t,,t,) is not t,-3-closed in

general as seen from the example 8.9.3
Theorem 8.9.7 In any bitopological space (X,t;,t;) the following results are true.
a)A (i, )-ALCX 1, 1) =A (i, ))-ALC(X,T,T))

b)A (G, )-ALC* (X7, 1) =A (i, )-ALC(X,T,,7))
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OA 1A CX 1T =A (i,j)-A*LC(X,ti,rj)

DA 1-A0X ) =A (L )-A LOX5,1))

Proof: a) Let A (i, j)-A*LC*(X,ri,rj). Then A = GnF where G is t; -A"-open

and F is rj-é-closed set in X. We know that by Proposition 8.2.7, every

rj-é-closed subset of (X,ri,rj) is (i, j)-A"-closed. Therefore F is rj-A*-cIosed in

(X.7j,7j). Thus A = GnF, where G is rj-A*-cIosed and F is A"-closed. Hence
.. *

A (i,))-A LC(X,‘Ci,’Cj).

Similarly we can prove the results (b), (c) and (d).

Remark 8.9.8 The converse of the above theorem is not true in general which can

be seen from the example 8.9.5

Theorem 8.9.9 If (X,’L’i,‘tj) is pairwise 0-door space then every subset of
(X,ri,rj) is both (i, j )- A™-locally closed and ( j, i )- A™-locally closed.

Proof : Since (X,‘Ei,’tj) is pairwise d-door space every subset of (X,‘Ei,’tj)
is either t;-6-open or rj-é-closed and rj-é-open or tj-0-closed. Since every
Tj-0-open (resp., T j-6-closed) subset is T, -A"-open (resp., T j-A*-cIosed), we have

every subset of (X,tj,tj) is either T; -A"-open or rj-A*-cIosed. Since from
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Theorem 8.9.7 (c) and (d) , every tj-A™-open and rj-A*-cIosed subset of
(X,ri,rj) is (i, j)- A™-locally closed, we have every subset of X is

(i, j)-A"-locally closed in (X,t;,7,) .

Similarly we can prove every subset of X is (j, i )-A"-locally closed in (X, T ;)
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