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INTRODUCTION

The concept of bitopological spaces was first introduced
by Dr.J.C.Kelly in 1963. He has defined a bitopological space to
be a set with two topologies defined on it. Here Dr.J.C.Kelly
has established systematit generalization of Urysohn's lemma,
Urysohn's metrization theorem and Tietze's extension theorem.
Also he has established some elementary results about quasipseudo
megrics. Ih the last decade a number of articles are published .
dealing with generalization of the concepts of separation axioms,
connectedness, compactness and paracompactness etc to
bitopological spaces.

| In this thesis we shall present
detailed survey of the following papers.
1. S.P.ARYA nd T.M.NOUR, "Separation Axioms for
Bitopological spaces" [1]
2. MILA MRSEVIE (JUGOSLAVIA), "On Pairwise Ry and pairwise
Ry Bitopological Spaces." [10]
° This thesis has four chapters. In the first
chapter, we give a brief review of literature. In the
second chapter, we deal with preliminary definitions and
results including the results of J.C.Kelly [6], I.L.Reilly
[13] and M.J.Saegrove [14]. 1In chapter III, we discuss the
generalizations of some new separation axioms introduced by

Jain [3] for topological spaces to bitopological spaces and

study its relationships among themselves as well as with



other known separation axioms.

In chapter IV some new results concerning pairwise

Rg and pairwise Ry bitopological spaces are studied.

1



Chapter 1



CHAPTER I
REVIEW OF LITERATURE

A number of articles have been published in the

1
past ten years. They deal with separation axioms, connected
properties, compactness properties and quasi-matrizable

spaces. In this chapter we shall give a brief review of

seven interesting papers published on bitopological spaces.

1. "On Product of Minimal Pairwise Hausdorff Bitopological
Spaces'" by M.N.Mukherjee (1983) [22]

The purpose of this paper is to study whether the
topological product of a family of minimal pairwise
Hausdorff space is also minimal pairwise Hausdorff and also

to study the converse problem.

2. "An Alternative Definition of Local Connectedness In
Bitopological Spaces" by S.S.Lakshmi (1984) [15]

| In this paper, an alternative definition of 1local
connectedness in a bitopological space is given and some
properties of locally connected bitopological spaces are

derived.

3. "On Bitopological (P) Spaces" by P.T.Daniel Thanapalan
(1984) [38]
In this paper the authors study properties of

bitopological (P) spaces. A bitopological space (X,tq,1t9) is



-]
said to be bitopological (P) space iff vy and vy are P-spaces.

In this paper the authors prove that a pairwise~-Lindelof, pair-
wise Hausdorff bitopological (P) space to be pairwise normal.
Also it is proved that a locally pairwise - Lindelof, pairwise’

Hausdorff (P) space is pairwise regular.

4. "A Note On Bitopological Spaces Which Are Not Pairwise

Hausdorff" by S.Ganguly and M.N.Mukherjee (1986) [10].

In this paper the concept of 'spiral' has been
introduced in a bitopological space (X,t1,t2). TqTy - spiral
(xo) of a point Xo has been defined to be the set of all
points x of X such that there is a net in X converging to Xqo
with respect to Ty and to x with respect to Tp. Expressions
for vyty - spiral (xo) use of the concept for characterising
non-pairwise Hausdorff spaces and properties of the concept

have been developed in this paper.

5. "Pairwise Set-Connected Mappings In Bitopological Spaces"
by M.M.Mukherjee And G.K.Banerjee (September 1986) [25]

In this paper, attempts have been made to
generalize the concept of set connected mappings 1in
bitopological spaces. Such a maﬁping has been characterized
and some of its properties have been studied. Finally its
relationships with pairwise continous and pairwise weakly
continuous and pairwise weakly continuous mapping have been

investigated.



6. "On Pairwise Hausdorff Bitopological Spaces" by J.Ewert
(1987) [8].

In this paper various characterizations of
pairwise Hausdorff bitopological spaces are gbtained.
7. "Characterizations of Quasi-Meteizable Bitopological
Spaces" by T.G.Raghavan and I.L.Reilly (1988) [32].

In this paper it is proved that a pairwise
Hausdorff bitopological space (X.t1,t2) is Quasi -~
métrizable if and only if for each point x € X and for

i,j=1,2,i #j, one can assign T4~ neighbourhood bases

{S(n,i,x)/n=1,2,....} such that

i) y ¢ S(n-1,i,x) implies
S(n,i,x) NS (n,i,y) = g
ii) y € S(n,i,x) implies

S(n)i9Y) c S8 (n"“,i,}’)
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CHAPTER 1II

DEFINITION: 2.1 [6]
A space X on which are defined two (arbitrary)
topologies Tty and 1) is called a bitopological space and

denoted by (X.r1,t2).

DEFINITION: 2.2 [6]
In a space (X,r,,tz), T4 is said to be regular
with respect to t, if for each point x in X, there is a 714
- neighbourhood base of Tg - closed sets, or,
equivalently, if for each point x in X and each tv4 - closed
set P such that x ¢ P, there are a Tq-open set U and a 19
open set V such that
xeU, PC€CVand UNV =g
The space (X,ty,Tp) is called pairwise regular if T4

is regular with respect to 13) and vice versa.

DEFINITION : 2.3 [6]

A space (X,t1,t2) is said to be pairwise
Hausdorff or pairwise To if for each two distinct points x
and y, there are a Tq- neighbourhood U of x and a To-

neighbourhood V of y such that UnV=g

DEFINITION: 2.4 [6]
A space (X,t1?t2) is said to be pairwise normal
if, given a r1-closed set A and a tz-closed set B with

ANB=g, there exist a to-open set U and a t4-open set V such

?



that A €U, B €V, and Unv=g.
Equivalently, (X,t1.t2) is pairwise normal if
given a To-closed set C and a T4-open set D such that CeD,

there are a T4-open set G and a tz-closed set, F such that

CEGEFED

DEFINITION :2.5 [14]

Let (X.t1,r2) be a bitopoloéical space, then the
function f: (X,Tt49,T9) -2 (Y,t3,t,4) is called pairwise
continuous if the induced functiqns

f: (X,t1) -2 (Y,t3) and
f: (X,tz) -2 (Y,ta) are continuous
NOTATION [14]

In the space (CR,R,L). 'Q is the real line and R
is the set of open right rays and L the set of open left
rays.

According to M,J.Saegrove definition 2.4 is
modified as follows:

"Let (X,r1,r2) be a bitopological space, ‘5‘ a family of Tq-
closed sets, andj a fa:nily of To-closed sets. ('-}’ ,ﬁ) is
called a pairwise normal pair if and only if for each
Ae Fand Bgﬁsuch that ANB=g, there exists Ceg and DeZF
such that (X-C)n(X-D) = g and A C X - C and B C X - D. '

DEFINITION: 2.6 [14]
Let (X,t1,r2) be a bitopological space,'EFa

family of Tq-closed sets and(é}aa family of To-closed sets.



(?F,é?) is called a pairwise separating pair if and only
if (i) & (ii) holds.
i) If F is tqy-closed, x¢ F, then there exist A eé;and
B € ?such that x € A, F €B and ANB=g.
ii) If F is r2-closedt x¢F, then there exist A € 7 and

B €Zsuch that x € A, F €B and AnB=g.

DEFINITION :2.7 [12]

A set E is a tq-zero set iff there is a pairwise
contiuous function f: (X,Tq,T9) - (qaR,L) such that
E={x/f(x)<0}.

A set E is a typ-zero set iff there is a pairwise
contiuous function f: (X,t1,t2) —-'(?,R,L) such that

E={x/f(x)20}.

DEFINITION :2.8 [13]

Let (X,t1,r2) be a bitopological space, then T, is
completely regular with respect to vo if for each tqy-closed
sél C aﬁd each x¢C there is a real valued function f on X
into [0,1] such that f(x)=0, f(c)=1 and f is T 4-upper
semicontinuous (u.s.c.) and To-lower semi-continuous
(l.s.c.). (X,tq4,T9) is pairwise completely regular if Ty is
completely regular with respect to To and Ty is completely

regular with respect to Tq-

In the following theorem M.J.SABGROVE generalize a result of

E.F.Steiner [16] to characterize pairwise complete regularity.



THEOREM 2.9 [14]

(X,t1,t2) is pairwise completely regular if and
only if it possesses a pairwise normal pairwise separating
pair. |
PROOF

Assume that (X,tq,T) 1s pairwise completely
regular. It is obvious that the family ?F of all tv4-zero
sets and the familycﬁ'of all tvy-zero sets form a pairwise
necrmal pairwise separating pair.

Conversely, assume that (X,t1,t2) possesses a pairwise
normal pairwise separating pair. To prove the space (X,r1.r2) is
completely regular, we use the generalization of Urysohn's procedure.

Assume that (Sﬂgb is a pairwise separating pair
and F a 15~ closed set with x¢F. Then there are FOEE% Gq
65; such that xe F;, and F € G4 by the pairwise
separating condition. By the pairwise normality condition
there exists G, 69 Fy e ?such’that (X-G,}) n (x - F*) g
and Fop € X - G% and G4 €X - F%. Thus xeFg € x - Gy CF*
€CX - Gy. Since Fgn Gi = g, again by pairwise normality
of (3’,9), there are Fy and G in ?and; respectively such

that
(XMF&) n (X—G*) = ¢ and

Fg CX-G* and G% cCX - F*
Similarly we get sets F3/4. 03/4 such that F* CX
- G3/4. and G1 CX"F3/4

Thus we have .



xe Fg € X - Gy €Fy cXx - Gi CF,} cX - G3/4 €Fy/,, €X -

G
1

Proceeding like this we get collections {Fi}liep € EL
and {Gi}ieD Cg(where D is the set of diadic rationals

between O and 1) such that for i, j e D and i < j,

Fp €X - 6; €F; €X - 65 €F; €X - G
Now define a function f:X -+ [0,1] by
f(x)= in{{teD/xeX-G,} and f(x)=1 for xeG,
We show that f is a pairwise continuous function into
((1,0], R,L,) which is obviously o on {x} and 1 on F.
To prove f:(X,ty) -2 (?,L) is continuous.
Let x € £~ (-®,a); then f(x)=t<a, so there exists a diadic
rational t! € D such that f(x) = t < t! < a
Since x € X - Gya C U {x - G,/t<a, teD},
£f=1 (-»,a) C U {x - Gy/t<a, teD} — (1)
Let x € U {X - Gy/t<a, teD} then
x € X - Gg, s<a. °
Since
f(x) = inf {t e D/ x e X - Gt} £ s < a,.
x € £71(-0, a)
Hence U {X- Gy/t<a, teD} C £-1 (-@,a) — (2)
By (1) and (2)
£71 (-@,a) = U{X - 6,/t<a, teD},

which is Tgp-open.



Ne)

Hence f:(X,tz) - (gaL) is continuous.
To prove : f : (X,Ttq) — (QR. R) is continuous . Since "
f(x) = a if and only if x € X.~- G, for all t € D such that
t > a" we have f~1! (-»,a] = n {X - Gy / t >a, t € D).
Obviously, n{X - Gy / t >a, t €D}
Cin{r1 - cl(X - Gt) / t >a, t eD} -+ (3)
Let r € D be such that r > a. Then there exists s € D such
that r>s>a. Now, ﬂ{t1 = =1 (X -‘Gt)/ t >a, t €D}
Crty - cl (X- Gg) CFs CX - G,
Thus, n{r1 - cl (X - Gt)o/ t >‘a, teD}CX - G. for all
r>a;
so;n{r1 - glh(x - Gy)/ t>a, t € D )
Cn{X-Gr/r>a,reD}—4(4)
By (3) and (4)
ﬂ{t1 - cl (X - Gy) / t>a, t € D}
=N{X-6G,/ t>a, teDd)
= f~1 (-0,a]
Hence f : (X,t4) -» (R,R) is continuous.
Similarly each Tq-closed set is T4 completely separated with
respect to v, from points it excludes and hence (X.t1.r2) is

pairwise completely regular.

J.C.Kelly has established the following important results.

THEOREM 2.10 (Generalization of Urysohn's lemma)
If (X.r1.r2) is pairwise normal, then given a Ty-

closed set F and a Ti-closed set H with FNH=g there exists a
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real valued function g qQn X such that

]

i) g(x) 0 for every xeF,

1

g(x) 1 for every xeH and
*0 < g(x) s 1 for every xeX o
ii) g is Tq-upper semi-continuous and

To-lower semi-continuous.

THEOREM: 2.11 (Generalization of Tietze's extension theorem)

Let (X,tvy,19) be pairwise normal bitopological
spaces. Let A € X be T4-closed and To-closed. Llet f be a
real valued function defined on A which is Tq-upper semi-
continuous and Ty~-lower semi-continuous. Then there exists
an extension F of f to the whole of X such that F is Ty -
upper semi-continuous and Ty - lower semi-éontinuous. 1f

f is bounded, then the extension F can be chosen so that

inf {F(t):teX}) inf {f(t): teA} and

sup {F(t):teX} sup {f(t): teA}

"

THEOREM : 2.12 (Generlization of Quasi-Metrization theorem)
Let (X,r1,r2) be a pairwise regular bitopological
space satisfying the second axiom of countability. Then
(X,t1,t2) is quasi-pseudo metrizable. If in addition
(X,t1,t2) is pairwise Hausdorff if is quasi-metrizable.
The following elementary results state some
basic facts about quasi-pseudo metrices according to

J.C.Kelly.
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THEOREM : 2.13

For a fixed point x in X, p(x,y) is a tvq-upper
semi-continuous and To-lower semi-continuous function of y;
and for a fixed point y in X, p(x,y) is a tq-lower semi-

continuous and To-upper semi-continuous function of x.

THEOREM 2.14

let tv4 and v, be the topologies on X determined
by p(,) and q(,) respectively.. Then (X.t1,t2) is pairwise
regular and pairwise normal. (X,r1,t2) is pairwise
Hausdorff if and only if p(,) and q(,) are quasie metrics.
PROOF
i) Since, for every x in X and each k>0 the set
{y:p(x,y)sk} 1is r2—closed.jeach point x has a t4-
neighbourhood base of tz—closed sets.

Hence 1, isoregular with respect to t,.
Similarly, To is regular with respect to T
ii) Let A and B be disjoint subsets of X such that A is v4-

¥

closed and B is tz—closed. Define, for xeX.

p(x, A) = inf {p(x, a) : a € A}
q(x, B) = inf {q(x, b) : b € B}
Then A = {y: p(y, A) = 0} and
B = {y: a(y, B) = 0}

Let U = {x: p(x, A)

A

q(x, B)} and
V= {y: q(x, B) < p(x, A)}

Then UNV=g, ACUand BQU
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To prove (X,t1,t2) is pairwise normal it is
enough to prove that U and V are respectively tp-open and
vy-open. |

Suppose that XOg¢ vy and that p(xo,‘A)—q(xO, B) =
k >0
Let x € p (xg, k/4)

Then
a(x, B) = q(x, xg) + a(xq, B)

= p(xo ’ X) + Q(XOO B) ==> (5)

A

and p(xqg, A) p(xgp, x) + p(x, A)

=> p(x, A) 2 p(xg, A) + p(xg, x) — (6)

By (5) and (6)

p(x, A) - a(x, B) 2 p (xq, A) - P(xg, x) - p(xg, x) - a(xg, B)
= plxg, A) - a(xg, B) - 2p(xq, x)

> k - 2k/4 k/2

Thus p(x, A) - q(x, B) > k/2

=> X € V

—> p(xq, k/4) €V

==> V is Tq-open. Similarly U is To-open. Hence (X,r1,t2)
is pairwise normal.

iii) Obviously (X,r1,t2) is pairwise Hausdorff if and only

if p(1) and q(1) are quasi-metrics.

THEOREM : 2.15
i) If for each x in X, the function p(x, y) is Tq-continuous in

Yy, then T4 is regular.
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ii) If for each x in X, the function p(x, y) is To-continuous in

y, then Ty is pseudo-metrizable.

DEFINITION: 2.16 [13] v

The bitopological space (X,r1,t2)is pairwise Tg
if for each pair of di;;inct boints of X there is a set
which is either lq1-0pen or ty-open set containing one of the

points but.not the other.

THEOREM :2.17 [13]
The bitopological space (X,t1.t2)is pairwise To
if and only if given two points of X either their T-

closures or tz—closures are distinct.

DEFINITION : 2.18 [13]

The bitopological space (X,Tq,t3) is pairwise 71 if for
each pair of distinct points x and y of X there is a Ty~
open set U and a ty9-open set V such that x € U, ¥y ¢ U and

yEV, x ¢V.

THEOREM :2.19 [13]
A space (X,t4,Ty) is pairwise Ty iff (X,v4) and

(X,T5) are Ty .
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CHAPTER IXX
SEPARATION AXIOMS FOR BITOPOLOGICAL SPACES

In this chapter we shall discuss the paper '"Separation
Axioms For Bitopological Spaces" by S.P.Arya. In this paper
the author has introduced new separation axioms 1in
bitopological spaces using the concepts of regularly open
sets and regularly closed sets. The author has obtained the
characterization of bitopological spaces possessing the
separation axioms. )
DEFINITION : 3.1 [9]
In a topological space X, a set A is said to be regularly
open if it is the interior of its own closure, or,
equivalently, if it is the interior of some closed set.

The complement of a regularly open set is said to be

regularly closed. }

DEFINITION : 3.2 [18] |

A set is said to be 8;opén if it is expressible as a
union of regularly open Sets.

The complement of a 6-open set is said to be 6-Closed .
DEFINITION 353

A point in X is said to be a 6-adherént point of a set
A of X if every regularly open set containing x has a non-
empty intersection with A,

The set of all 6-adherent points of a set A is denoted

by 6-cl A.

A is 6-closed if and only if A = 6-cl A.
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°
PAIRWISE rT, - Spaces :
DEFINITICN : 3.4 [3]

’ A topological ‘space X is said to be fTo if for any two
distinct points of X, there exists a regularly open sef
containing one of the points but not‘the other, or
eqivalently, there exists a 8-open set containing one of the
points but not the other.

Definition : 3.5

A space (x,t1,T2) is said to be pairwise rT, if for any
two distinct points of X, there exists a set which 1is either
ty-regularly open or To-regularly open containing one of the
points but not the other, or eqivalently, there exists either
a ty-6-closed or a tg-6-open set containing one of the points
but not the other.

NOTE : [11]

Every pairwise rT, space is pairwise Tg. But the
converse need not be true can be seen in the following
example :

EXAMPLE : 3.6

Let, X = {a,b,c} ,
Ty = {X,¢,{a},{b,c}}
and t, = {X,g, {b}}

Consider the distinct points a,b then there exists a
Ty-open set {a} containing a but not b.

Consider the pair b,c where b # ¢, then there exists a

Tg - open set {b} containing b but not c.
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Consider the pair a,c with a # c, then there exists 7v4
-open set {a} containing a but not c.

Therefore, the space (X,tq,T3) is pairwise T(.

X -ty = {g, X {(b,c}, {a}}

X- t9 = {g, X ({a,c}}

ty-int (t4-cl X) = vq-int (X) = X

Tq-int (vq-cl g) = tv4-int (g) = @

Ty - int ( T4 - cl {a} ) = v4 - int {a} = {a}

Tty - int ( T4y - cl {b} ) = vy - int {b,c} = {b,c}
Tty - int ( tq - cl {c} ) = v4 - int {b,c} = {b,c}
T4 - int ( tq - cl {a,b} ) = ¥4 - int {x} =X

Ty - int ( tq - cl {b,c}) = vq4 - int {b,c} = {b,c}

Ty - int ( ty - cl {a,c}) = vq - int (X) =X
{x’¢!{a}|{b.c}}

The collection of Ty - regularly open sets

Tog - int ( 19 - cl X ) =1y - int (X) =X

Tg - int ( 19 - cl g ) - Tg - int (g) = ¢

T9 - int ( t9 - cl {a} ) = Ty - int {a,c} =X
Ty = int ( Ty - el {b} ) = Ty - int (X) = X

Tg - int ( Ty - cl {c} )f= T9 - int {a,c} = X
T9 - int ( Ty - el {a,b};) = T9 - int (X) = X
Tg - int ( Ty - cl {b,c}i) = Tg9 - int (X) =X

g

Tg = int ( vy - eb {c,a} ) Tg9 - int {c,a}
The collection of Ty - regularly open sets = (Xx,9}
Consider the pair b,c with b # ¢, then there exists

néither t; - regularly open set nor Ty - regularly . open set

containing one but not the other.
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Therefore the space (X,tq,ty) is not pairwise rTg.
THEOREM : 3.7

A space (X,tvq,tp) is pairwise rTy if and only if given
two distinct points of X either their v4 - &-closures are
distinct or their 1, - 6-closures are disti;ct.
PROOF :
Let (X,t4y,tp) is pairwise rT, space and let x,y € X be two

distinct points. Suppose U is a t1-8-open set containing x

but not vy.

Then,
y ety - 6cl {y} €X -U and
So x ¢ 14 -8 cl {y}.
Hence t4 - 6 cl {x} # 7©4 - Sicl {y}
Conversely, let x,y be two disdinct points of X.
Then, either . |
Ty - 8cl {x} # tvq - 6 cl {y} or
Ty - bcl {x} # Ty = 6 cl {y}
Case (i)-
Suppose p be a point of X such that,
P eETy - 5cl {y}
and p ¢ T4y - 6cl{x}
We claim that,
y ¢ tq -6 cl {x}
Tf, y € Tq - 6§ cl {x}, then

Ty - 6cl {y} €tv4y - 6 cl {x} , so that
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pety-5&ecl {y}(:t1—5c1{x}.
This contradicts the fact that p ¢ ty = 6 cl {x}
Hence y ¢ 7vq - 6 cl {x}.
Thus U =X - { tvq4 - & clﬂ{x} } is a tv4-6-open set

containing y but not Xx.

Case (1ii)
If v9 -6 cl {x} # to- & cl {y}, then we can prove that there
exists t2-8-open set containing By but not x as above. Hence

(x.r1,t2) is a pairwise r%Tp space.

THEOREM : 3.8
A space (X,r1,t2) is pairwise rTg if .either (X,t4) or
(X,t9) is rTp.
NOTE :
The converse of the previous theorem need not be true
which can be seen in the following example.
EXAMPLE ; 3.9
Let, X = {a,b,c}
vy = { X,8, {a}, {b,c} } and
Ty = { X,9, {c}, {a,b} }
{g , X, {b,c}, {a} }
X -1t9=1{g, X, {a,b}, {c} }

X - t1

]
><

Tq ~ int(r1 - cl X) = T - int(X)

|
©

Tq = int(zq = el g) = T4 - int(g)

T4 = dntzy = i {a}) = v4 - int{a} = {a}
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T
Ty
T

T

int (74
int(ty
int(vty
int(ty

int(t1

el
el
el
cl
el

{b})
{c})
{a,b})
{b,c})
{a,c})

The collection of ©v4 - regularly open sets

{a}, {b,c}}

*2
2
t2
T2
2
'2
t2
*2

= {X, g,

int(vy
int(ty
int(vty
int(ty
int(ty
int(vy
int(ty

int(tz

el
el
cl
cl
el
cl
cl
cl

X)

g)
{a}) =
{b}) =
{e}) =
{a,b})
{b,c})
{a,c})

172-

1'2-

*2
%2
T2
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Ty - int{b,c} = {b,c}
T4 - int{b,c} = {b,c}
tq - int(X) = X
ti - int{b,c} = {b,c}
Ty - int(X) = X
int(X) = X
int(g) = @
- int{a,b} = {a,b}
- int{a,b} = {a,b}
- int{c} = {c}
Ty - int{a,b} = {a,b}
Ty - int{X} = X
Ty = int{X} = X

The collection of Ty - regularly open sets

= {x, g,

{a,b},

{c}}

Obviously for any two distinct points of X, there

exists a set which is either 74 -regularly open set or T

-regularly open set containing one of the points but not the

other.

Consider the pair b,

Therefore the space (X, t¢ , Ty ) is pairwise r T,.

c with b # ¢ then there exists no

t,-regularly open set containing one but not containing the

other. Therefore the space (X, t4) is not rT,.

Consider the pair a, b with a # b. Then there exists no

rz—regularly open set containing one but not containing the
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other. Therefore the space (X, tz) is not rT,.
PAIRWISE rT1 - SPACES

DEFINITION : 3.10 (3]

A space X is said to be rTy if whenever X and y are
distinct points in X, there exists a regularly open set
containing x but not Yy, OrT equivalently, there exists a 65-
open set containing x but not Y.

DEEINITION : 3.11

A space (X, Tjq, T9) is said to be weakly pairwise rTy
if for every pair of distinct points X, ¥ of X, there exists
either a 11-regu1arly open or a tz-regularly open set
containing x but not Yy, oOr equivalently, there exists a Tq~
6-open set or Ty~ 6-open set containing x but not y.

NOTE :

Every weakly pairwise rTq space is pairwise rTq, but
the converse need not be true as can be seen from the
following example.

EXAMPLE .: 3.12
Let, X = {a,b,c}

T1 = { X,#, {a}’ {b,C} } and

1o = { X,g, {a}, {b}, {a,b} }
X - Ty < {¢ , X, {b,C}, {a} }
X - 19 = {g , X, {byc}, {a,c}, {c} ]

Ty - int(tvq - cl X) = T4 - int(X) = X
tq - int(vq = cl {g) = vq - int{g} =9
Ty - int(tq - cl {a}) = T4 - int{a} = {a}
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AR
L
T

LK

int(tqy - cl {b})

int(t1 - cl

int(t1 - cl {a’b})

int(t1

“° Cl

int(t1 - cl

The collection of tv4y - regularly open sets

2
2
T2
g2
52
%2
2
&2

= {X,

int (7o
int(ty
int(ty
int(ty
int(ty
int(vg
int(ty

int(tz

?,

{a},

el
cl
el
cl
¢l
el
cl
cl

= 14 - int{b,c} =
{e}) = t4 - int{b,c} =
= T4 - int(X) =
{b,c}) = Tqi- int{b,c}
{c,a}) = v4 - igi(X) =
{b,c}}
X) = 7t9 - int(X) = X
g) = 1T9 - int(g) = ¢
{a}) = t9 - int{a,c} =
{b}) = v, - int{b,c} =
{c}) = 19 - int{c} = ¢
{a,b}) = <v9 - int(X) =
{b,c}) = 15 - int{b,c}
{c,a}) = =15 - int{a,c}

The collection of Ty = regularly open sets

(<]

= {X, g, {a

Then the space (X,t1,t2) is pairwise rTg.
Consider the pair of points b,c of X, we observe that any Ty

regularly open set containing b also contains ¢ and any Tp

b

{b}}

regularly open set containing c also contains b.

the space (X.t1,r2) is not weakly pairwise rTy.

DEFINITION 3.13 [11]

21

{ib,c}
{b,c}

{b,c}

{a}
{b}

{b}
{a}

Therefore

A space (X,t1,t2) is said to be pairwise T4 if for

every pair of distinct points of x and y of X, there exists a

Ty-open set or tp-open set containing x but not y.



22

NOTE : [11]
A pairwise T, space is called weakly pairwise Ty.
THEOREM : 3.14
Every weakly pairwise rT4 bitopological space is weakly
pairwise Ty.
NOTE :
The converse of the above theorem is not necessarily
true.
THEOREM :3.15
The following statements are equivalent :
(i) (X, Ty, rz) is a weakly pairwise rT1 space.
(ii) ©vq = 6ecl{x} n 7y - 8c1{x}'} {x} for every x € X.
(iii) For every x € X, the%intersection of all tv4-6-
neighbourhoods and all r2-5-neiéhbourhoods of x is {x}.
PROOF : ° |
(i) ==> (ii)
’ Le; X € X and y € t4-6cl{x} n t2-8c1{x}
where y # Xx. Since x is weakly pairwise rT,, therefore.
there is a r1—8—open set U such that y € U, x ¢ U or there

is a ty-6-open set V such that yeV, x¢V.

In either case, y ¢ tvq - & cl {x} N vy-8 cl{x}

For if, y e tq - 8 cl {x} n ty-8 cl{x)
then, y € Ty = 6 cl {(x} €x - U
and, y € 19 - 8cl {x} €X -V

which is a contradiction.

Hence, {x} = v4=8 cl {x} n To=56 cl{x}
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(ii) ==> (iii)
If, X,y € X, such that x # y, then x ¢ vq - 6 cl {y} n 1,
= 8§ ¢l {(y), so there is a r118-open set or to-6-open set
containing x but not y. Therefore y does not belong to the
intersection of all T4 -6-neighbourhoods and all To- 8-
neighbourhoods of x.
(iii) ==> (i)
Let x and y be two distinct points of X. By hypothesis,
y does not belong to a T1-6-neighborhoods or a To-6-neigh-
borhoods of x. Therefore there‘exists a t1-6-open set or a
To-6-open set containing x but not y. Hence X is weakly
pairwise rT4 space.
DEFINITION : 3.16
A space (X, Tq, Tg) is said to be pairwise rTy if for
each pair:- of distinct points x,y of X, there exists a v,
regularly open set containing x but not y and a Tg- regularl}
open set containing y but not x, or equivalently, there
exists é T4~ &-open set containing x but not y and a Ta= 6=
open set containing y but not x.
NOTE : [13]
Every pairwise rTy space is pairwise T1, but the converse
may be false as seen in the following example
EXAMPLE : 3.17
Let R be the set of all real numbers and t the co-countable
tgpology. Then (X, Ty, Tp) is pairwise Ty but it is not

pairwise rT1,because the only T- regularly open sets or g
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and R

THEOREM : 3.18
A space (X, T, r2) is pairwise rTy if and only if

(X,T1) and (X,rz) are rTy.
PROOF :

Let (X, t4, Tj) beopairwise rT4 space. Let x,y be two
distinct points of X, then there exists a T4 - regularly open
set U such that X € U, vy ¢ U. Thus (X.t1) is rTy. Similar-
ly: (X.r2)°is rTy. Converse is obvious.

NOTE
Every pairwise rTy space is weakly pairwise rT4 whereas

a weakly pairwise rT4 space need not be pairewise rTy.

COROLLARY : 3.19
A space (X, Tq, t2) is pairwise rT1 if and only if each

singleton is both Tq1-6-closed and To- 8-closed.

PAIRVISE rT, - SPACES
DEFINITION : 3.20

A space (X, Tq, tz) is said to be pairwise Semi - rT2
if for every pair of distinct points x,y of X, there exists a
T4 - regularly open set U and a disjoint To-regularly open
set V, such that x e U, y e Vor x e V, y € U.
NOTE : [8]

Every pairwise semi- rTz space is pairwise semi-rz. But

the converse is false as can be seen in the following
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example.
EXAMPLE : 3.21

Let, X = {a,b}, T is the discrete topology on X

and to = { X, g, {a} }.

Consider the pair a,b where a # b. The; there exists a
Ty - open set {b} containing b and there exists a Ty -
open set {a} containing a such that {a} n {b} = g

Therefore the space (X, Tq, rz) is pairwise semi - T,.

X - vy = {g, X, {b}, {a}}

X -ty = {g, X, {b}}.

Ty - int(ty - cl X) = T4 - int(X) = X

Ty - int(vy - cl g) = 14 - int(g) = ¢

Tty - int(vy - cl {a}) = v4 - int{a} = {a}
vy - int(ty - el {b}) = T4 - int{b} = {b}

The collection of t4 - regularly open sets = {X, g, {a},{b}}.

"
n

Ty = int(ty = cl X) Ty = int(X) X

-
n

Tg = int(fz - cl g) Tg - int(g) "]

Ty - int(X) = X

Ty - int(vy -ocl {a})

Ty = int(t9 - cl {b}) Ty = int{b} = ¢

The collection of vy - regularly open sets = {X,¢g}.

For the pair a,b with a # b, there exists T4 - regularly
open set {a} containing a but there exists no Ty - reglarl;
open set disjoint from {a} containing b.

Therefore the space (X, Tq, tz) is not pairwise semi -

rTy.

THEOREM : 3,22
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If (X, Ty, t2) is pairwise semi - rT2 then (X,t1) and

(X,tz) are both rTy spaces.

COROLLARY : 3.23 .
Every pairwise semi - rTy spaée is weakly pairwise rT,.
DEFINITION : 3.24
A space (X, Tq, rz) is said to be pairwise rT2 if for every
pair of distinct point; x,y of X, there exists a Ty - regu-
larly open set U and a T9 - regularly open set V such that
x €U,y € V.and U n V=g
COROLLARY : 3.25

Every pairwise rTy) space is pairwise rTy. The converse
need not be true.
DEFINITION : ?.26

A subset A of a space (X,t) is said to be N-closedc
relative to v if for every cover of A by regular open sets of
X has a finite sub-cover.
THEOREM. : 3,27

Let A be a subset of a pairwise rTo - space (X, T1s tz)
which is N-closed relative to Ty. Then A is Tp= b-closed.
PﬁOOF

If A = X, then A is T9- 6-closed. If A # X, then
there is a point x € X-A. Since X is pairwise rTy, for each
Y € A, there exists a To - regularly open set Uy and Ty -

regularly open set Vy such that,

X € Uy, y € Vy and Uy n Vy = g,
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Then { Vy : y ¢ A } is a Ty - regularly open cover of the set

A which is N-closed relative to Ty

So it has a finite sub cover say, Vy1 . Vy2 veees V¥

\
{

n n
Let, uv=n U,, V=0n Vy .
=1 3 i=1 i

Then U is r2-8—open, V is t1-5-open and

xe€elU ACVand UNV =g, Thus, x € UECX - A, and also

X - A is r2-8-open. Hence A is t2~8—closed.

THE IMPLICATION BETWEEN PAIRWISE SEPARTION AXIOMS ARE
INDICATED BY THE FOLLOWING DIAGRRAM : “

Pairwise Semi - T, ==> Weakly pairwise Ty

Pairwise Semi - rTo ==> Weakly pairwise rTy

|
v
Pairwise rTz ==> Pairwise rT1 ==> Pairwise rTO
| I i
v v \'
Pairwise T2 ==> Pairwise T1==> Pairwise TO

PAIRWISE rRp - SPACES
DEFINITION : 3.28
o In a topological space (X,t) the 8-Kernal of a point

of X is the set.

6-Ker{X} = { ¥y : x € 6cl {y} } and the &§-Kernal of a

subset A of X is the set
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6-Ker A =n { U : U is 6-open and A €U }.
LEMMA : 3.29 |

Let (X,t) be a topological‘space and let A be a subset of X,
then 6-Ker A = {x € X :0801 {x} nA=g¢g1}
PROOF :

x ¢ 65-Ker A implies x ¢ n {U : U is 6-open and A C U},

so there is a &-open set U such that A C U and x ¢ U.

Therefore, 6§ cl {x} N U = g and
6§ cl {x}n A =g
Now, § cl {x}n A =g,

so G = X - 6 cl {x} is a 6-open set such that A CG.
Also x does not belong to the intersection of all 5--openc
neighbourhoods of A, so x¢ 6§-Ker A.
DEFINITION : 3.30 [11]

A space (X, Tq, t2) is said to be pairwise Ro» if for
every tv; - open set G, x € G implies

o

Ty - el {x} € G, 1,3 = 1,2, 1 # J.
DEFINITION: 3.31

A space (X, 14, To) is said to be pairwise rR, if for every
Ty - b-open set G, x € G implies Ty € 6§ cl {x} € G, i,j =
1,2, i# 3.
EXAMPLE: 3.32
Let X={a,b, c}

ty = { X, ¢, {a,b}, {a,c}, {a} } and

vy = ( X, g, {b,c}, {a,b}, {b} )

Then, vy - regularly open sets = {X,g}
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°

and TtT9 - regularly open sets = {X,g}

Then the space (X, v4, T9) is pairwise rR, but not pairwise
R,

EXAMPLE : 3.33 i

Let, X={a, b, ¢}

{ X, ¢, {a}, {b}, {a,b} } and

tg = { X, ¢, {a,c}, {b,c}, {c} }

Then t4 - regularly open sets = { X, ¢, {a}, {b}}

bk

and, to - regularly open sets = { X, ¢, }
Then the space (X, T, tz) is pairwise Ry, but not pairwise
rR,.
From the above two examples, we note that the pairwise
rR, and pairwise R, are independent concepts.
THEOREM : 3.34
A space (X, Tq, tz) is pairwise rR, if and only if for
each pair of distinct points x,y of X.
Ty=6-cl {x} n T9-6 cl {y} = g or
{x,y} C vy - & cl {x} N 13-86 cl {y}

PROOF :
Let, T4=6-cl {x} n Tg = 6 cl {y} = ¢ and
{x,v} ¢‘t1 - 8 cl {x} n T9-6 cl {y}
Let, zetvy-56cln Vg = 6 @] {y} and
X ¢ Ty - 6 cl {x} nty - 5§ cl1 {y}.
Then, Xx £ T9 - & cl {y} which implies that

=<

e X - { Tg = & cl {y} } which is Ty9 - 6-open

set,
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but, T9-6 cl {x} Ex - { To = 6 cl {y} } because
2 € 19 = &5 el (y},
so the space (X, T4, tz) is not pairwise rRo. Conversly, let
G be a T4 - 6-open set containing a point x of X.
Sgpmme, To - 6 cl {x) ¢ G, then there is a point
y € T9g - 8 cl {x} such that y ¢ 6 and Ty -68cl {y}l nG=g
Since X- G is T4~ b6-closed and y € X - G,
hence {x,y} € T4- 6 cl {y} n To - 6 cl {x}
and so, Ty - &6 cl {y} n Tg-6cl {x} # ¢
THEOREM : 3.35
The following statements are equivalent

a.{X, Ty, Tp) is a pairwise rR, space.

b.For each x € X,t; - 6 el {x} Ctj - 6 Ker {x},
i, j=1,2, i # j.

c.For any x,y € X, Y € Tq - 6 Ker {x} if and only if x € L
6-Ker {y}, i, = 1,2, i # j.

d.For any x,y € X, y € T; - &-cl [x} if and only if x € T~
6-cl {y}, i,j =.1,2, i # j.

e.For any t; - 6-closed set F and a point x ¢ F,there exists

1

a Ty~ 6-open set U such that * ¢ Uand FCU, i,j = 152,

T
o

f.Each T;- &-closed set F can be expressed as

F={G:n¢aGis rj—8—open and F €G }, i,j = 1,2, i #j.

g.Each T; r8-open set G can be expressed as- the unioq of

T -6-closed set contained in G, i,3 = 1,2, i # j.
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h.For each t;- b6-closed set F,x ¢ F implies,

G 5cl {x NF=g, 1, 1 = 1,2, 1 % 3.

PROOF
To prove {a) ==> (b),

o
Assume that (X, Tq, rz) is pairwise rRo space.

To prove : For each x € X, <t

j=12,1i #j.

- § cl {x} C t; - &6 Ker {x}, 1i,

i J

By definition 3.28, for any x € X, we have T - &5 Ker {x} = n
{G/G is rj—S—open and x € G} and by definition 3.31 each
T -86-open set G containing X contains Ti= &6 el {x}.

Hence t;- & cl {x} C rj—s Ker {x}, i, = 1,2, 1 # j.

To prove (b) ==> (c)

Assume that for each x € X, ti-a cl {x} C:rj -8 Ker{x}, i,3 =

1,2, 1 # 3. |

To prove : For any x, y € X, y ﬁ t; -6 Ker {x} if and only if
-]

X € tj—B Ker {y}, i,3 = 1,2, i |# j.

For any x,y € X, if y € t;-8 Ker{x} then x € T; =6 cl {y}.
Then by our assumption,

X € T; -6 Ker {y}.

J
To Prove (c) ==> (d)

Assume that for any x,y € X, y € t;-6 Ker {x} if and only if
X € rj—S Ker {y}, 1,53 = 1,2, 1 # .

To Prove: For any x, y € X, y € L =6l {x} if and only if
X € rj—S—cl {v}, i, = 1,2, 1 # j.

For any x,y € X, if y € T;-6 cl{x} then x € T -85 Ker{y} by

the definition and hence by our assumption,



32

y € T - 65§ Ker{x} implies

X € T - 5§ cl{y}.
To Prove (d) ==> (e)
Assume that for any x,y € X, y € ©;-6 cl{x} if and only if
x € t3-6 cl{y}, i,j = 1,2, i # j. '
To Prove : For any 7t~ 6-closed set F and a point x ¢ F,

there exists a Ti” 6-open set U such that x ¢ U and F € U,
i,j = 1,2, i # j. Let F be a ti-s-closed set and a point x ¢
F. Then for any y € F, t©; - & cl{y} € F and so x ¢

T

i~ 8 cl{y} Now, by our assumption x ¢ T; -6 cl{y}, implies

y ¢ T -5 ¢l {x}, that is there exists a tj-S-open set Gy
such that y € Gy and x ¢ Gy.

Let, G = U { Gy : Gy is tj-S‘open. y € Gy and x ¢ Gy }
y € F

Then G is a tj—S—open set such that

Xx ¢ G and F CG.
To Prove (e) ==> (f)
Assume that for any t;- 6§- closed set F and a point x ¢ F,
there exists a tj—S—open set U such that x ¢ U and F € U,
i3 = 1,2, i # 3.
To Prove
Each t;- 6- closed set F can be‘expressed as F = {G : n G is
tj~8- open and F € G 1}, ;,j = 1;2, i # 3.
Let F be a t;-6-closed set and suppose that H = n { G : G is
rj:S- open,and F € G }.
Then F € H and to show that H C F.

Let, x ¢ F. Then by our assumption there is a Ty 6- open
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set G such that x ¢ G and F € G and hence x ¢ H.

Therefore, each t;-6-closed set F can be written as F = n { G
G is tj—S-open and H € G }

To Prove (f) ==> (g)

Assume that for every ri—8 closed set F can be expressed as,
F={G:nG is tj—6—open and FC€G¢ 1}, i,3 = 1,2, 1 # 3.

Then clearly each ti—S-open set G can be expressed as the

union of T - §-closed sets contained in G, i,j =1,2, i # j.

To Prove (g) ==> (h) o

Assume that each ri-S-open set G can be expressed as the
union of rj-S-closed sets contained in G, i, 3 21,2, & # 3.

To Prove : For each T;-6-closed set F, x ¢ F, implies
rj~8 cl {x}n F=9g¢,1i, 3=1,2, i # j. h
let F be a ti-S-closed set and x ¢ F. Then X - F = G (say)
is a tj-6-open set containing x. Then by our assumption, G
can be written as the union of rj-S closed sets and so there

is a rj—S-closed set H such that x e H € G and hence,

t; - 8§ el {x} €G

J

Thus T -8 cl {x}) nF = g.

To prove (h) ==> (a)
Assume that for each ti-S—closed set F, x ¢ F impiles,

‘Ij"&Cl {X}nF:Q, i’ j=112’i#j°

To Prove : (X, T1, 12) is a pairwise rRO space.
That is to prove for every ti-G—open set G, x € G implies

t; - 86 cl {x} €6G, i, j=1,2, i # j.

J
Tet G be a t;-6-open set and x € G. Then x ¢ X-G which is



ri~8—closed set. Then by our assumption,

Tj"&Cl {x}ﬂ(X-G)=¢,

which implies that,

J

Thus, (X, Tq, r2) is pairwise TrRg. ¥

. -6 cl {x}) €6, i, j=1,2, 1 # 3.

DEFINITION : 3.36
| In a bitopological space, (X, T1,» tz) for any x € X, we
introduce the following notationsr:
(i) b; - & cl {x} = tq - & cl {x} n Tty - 6 cl { )%
G & Ker {x} = tq - 5 Ker {x} N tg = 6§ Ker {x}.
THEOREM : 3.37
In a pairwise rR, space (X, t1» tz) for any x and y in
X,we have either,
by - & cl {x} = by - & cl%{y} or
by - 5 cl {x} nby-8cl{y}=g¢
PROOF |
Suppose that,

b: - 6§ cl {x} nby-25 cl {y} # ¢

1

To. Prove : b: - & cl {x}

i bi - 8 cl {y}

Let, z eb;-6cl {x} nb; -6 cl {y{
That is,
z € [t4-6 cl{x} Nty - 6 cl {x} 1 n [tvqg -6 cl {y}
nty - 6 cl {v} ]
Then, [t4-6 cl{z} €tq - § cl {x} 1 n[tgy-25 cl {y}] and

§ cl {x} 1 n [tg - 8§ cl {y}].

[t2-8 cl{z} €19

Also, ZE [r1—5 c1{x}] implies that

34
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T9-6 cl{x]} € Ty = 5§ ¢l {y} ---> (1)
this is so because by (d) of theorem 3.35, z € t4-6 cl {(x}
then, X € r2-6 cl {z}
implies [r2-8 elfx}] Cﬁ:z -85¢cl {2z} ] e [tz - 8 cl {y}].
Similarly, z € t9-8 cl{x} implies b
T4~5 cl{x} Ctqy-56cl {y} ---> (2)
and z € T4-6 cl{y} implies
T9-6 cl{y} €ty - 6 cl {x} ---> (3) and
z € T9-6 cl{y} implies
T8 cl{y} €tq - & cl {k} -==> (4)
From (1) and (2),
Tia=0 el {x] i us=6 el {x) Ctq- & cl{y} n To- & cl {y}
From (3) and (4), > 03
t4-6 cl{y} n To-6 cl{y} C% T41-8 cl{x} n
Tog - 8 cl {x) e (6)
From (5) and (6), o
T4-6 cl{x} N to-6 cl{x} = Ty - 6cl {y}n Tg - 6 cl {y}
That 1is,
' bi~6"'cl{x} = bj-6 cl{y)
This proves the theorem.
THEOREM : 3.38
In a pairwise rR, space, (X, T1, t2) for any x and y in
X, we have either
b;-6 Ker {x} = b;-6 Ker {y} or
b;-6 Ker {x} n b;-6 Ker {y} = g.

PROOF :
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By the statement (c), of the therorem 3.35 the proof is
simialar to that of therorem 3.37 which is obvious.

THEOREM : 3.39
o |
If a space (X, T4, Tg) is pairwise rty, then it is

pairwise rR,. 4
PROOF
If (X, tq, to) is pairwise rTyq, then by theor;m 3.18,°
(X,t1) and (X,t,) are both rT4 spaces which implies that
T4-0 el{x} = {x} = tg ~ 6 cl {x}.
Thus (X, Tq, r2) is pairwise rRO.
THEOREM : 3.40

Every pairwise i pairwise rRo space is weakly

pairwise rT,

PROOF

Let (X, Tq, rg) be pairwise rTo and pairwise rR0
space. Let x,y be any pair of distinct points of X.
Tthefore, there exists a T~ 6-open set G, i = 1 or 2,

containing one of the points but not the other, since (X, T
tr) 1s pairwise g KNP

<

Suppose G contains x (say). Since X is pairwise IR, + X € G

implies
t;- 8¢l (x} €6, i,j=1,2,1 # 3.
Now, X ¢ X - T - 8 cl {x} = M (say)
Thus G is a 1;- 6-open set containing x but not y and M is

1

rj—S-open set containing y but not x.

Thus (X, Tq, tz) is weakly pairwise rey.



PAIRWISE rRy SPACES
DEFINITION : 3.41

A space (X, Tq, tz) is said to be pairwise rRj if for
every pair of distinct points x and y of X such that
Li=5 cl{x} # Ty- 8§ cl{y}, there exists a Ty 6-open set U and
a ri—S-open set V such that,

xelU,yeVand UNV=g, i,j = 1,2, 1 # j.
THEOREM : 3.42
Every pairwise rRq spaces is.pairwise rRg.
PROOF

Let (X, t4, To) be pairwise rRq. Let G be any
ri-S—open set and x ¢ G. For every point y € X - G,

B

so there exists a t1;- 65- open éet Uy and a tj-S- open set Vy

- 6 cl (x} # tj 7 & cl{y},

such that, °

x € Uy, vy ¢ Vy and Uy n Vy = ¢g.

If, A U{Vy : yeX-G1},

then, X - G CA and x ¢ A b ’
tj—5—open sets of A implies

T: -6 ¢cl {x} €X - A CG

J
Hence, X is pairwise rRO.
THEOREM : 3.43

A space (X, T4, tz) is pairwise rR1 if and only if for:

every pair of points x and y of x such that, t:;-86 cl {x} #
i

75 8§ cl{y}, there exists a Ta= 85-open. set U and a Ty- 5-

open set V such that t;-8 cl{x} €V, rj-S cl {y} € U and,
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vnvs=yg,1i, j = 1,2, # j.

Let, (X, Ty r5) be pairwise rR4 space.

° Ctio6 el [x) # -6 cl {y}, i,j = 1,2, i #3.
Then there exists a ty- &- open set U and a tj-G—open set V
such that x ¢ V, vy ¢ U and U N V = g. Since a pairwise rRy
space is pairwise rRy, therefore, x € V which implies,
tq=6 cl{x} €V and y € U implies,
tj-ﬁ el{y) €U, i, = 1,2, 1 # 3.
Hence, the theorem. The converse is obvious.
THEOREM : 3.44
Every pairwise rTo space is pairwise rR1.
COROLLARY : 3.45
° A space (X, 14, tvy) is pairwise rT, if and only if it
is pairwise rT1 and pairwise rR1.
THEOREM : 3.46
Let A be a subset of a pairwise rR4 space (X, Tq, tz)
which is N-closed relative to To such that A N 19- 6 cl{x} =
g for some x € X. Then thére exists a tq-6-open set U and a
to-8-open set V such that -8 cl{x} €U, A€V and U n V =g.
PROOF
For each y € 4,
T8 cl{y} # T9-6 cl{x}.
Since X is pairwise rRy, there exists a t1-8—open set Uy and
a Tto- 8-open set Vy such that,

Ty - &-cl {y} €Vy , Tg =6 cl{x} CUy



and Uy n Vy = g
Since A is N-closed relative to Ty, the collection
{Vy : vy ¢e A} is a to-8 open cover of A, which has a finite

sub-cover, say {Vy1 ti=1,2,...n]

n
Let, U= n U

Then U 1is Ty -6-open, V is Tg -6-open and A €V,

Also ty -6 cl{x} €U and U N V = g. Hence the theoren.



Chapter 1V
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CHAPTER IV
ON PAIRWISE Ry AND PAIRWISE Ry BITOPOLOGICAL SPACES
In this chapter we shall discuss the paper "On
Pairwise R( and Pairwise Ry Bitopological spaces" by MILA
MRgEVIE. The author introduces the concept of quasiopen
and quasiclosed sets. He has obtained the charterization

of pairwise Rg, pairwise R4 spaces.

DEFINITION : 4.1

In a bitopological space (X,t1,t2) a set is said to be
quasiopen if it is a union of Ty-open sets and To-open
sets.

A set is quasiclosed if its complement is quasiopen.

DEFINITION : 4.2

, In a bitopological space (X,t1,t2) a get is
semiopen of T open (semiclosed or t closed ) if it is open’
(closed) in the topological space (x,t), where T3T4VT,, is the

least upper bound topology of Tq and T

DEFINITION 4.3
A space (X,t1,t2) is quasicompact if the topological

space (x,t) is compact.

DEFINITION 4.4
In a topological space (x,ti) the kernal of a
subset A is,

o

Ker ;A = n{U € T;/A € U}
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NOTE:
The equivalence relation ~i on a topological space
(x,vy) is defined by
X =iy <=>cl; {x} = cl; {y}
NOTE:
Let [X]i be the equivalence class of the element
X in the space (x, Ti) then,

° [x]i= cl; {x} n Ker; {x}

DEFINITION : 4.5
Let (X,t1,r2) be a bitopelogical Space and A C X.
The quasikernal of A, denoted by gKer A is the intersection

of all quasiopen subsets of X containing A.

DEFINITION : 4.6

In a bitopological space (X,t1.t2) the kernal of
A, denoted by Ker A, we mean the intersection of all
semiopen subsets of X containing A. That is the kernal of

A in the space (X,t) wgere r=t1Vr2.

THEOREM : 4.7
For each A C X we have
q Ker A = Ker A
PROOF :
For each A Cx,
it is obvious that

Ker A € q Ker A -2 (1)
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Since each t open subset W,

W=U (UNnVv,) = n[(UU)U(UYV)]
rén Aen, Aea, AGA-A;.

where U,€ vy and V,€ Ty, is an intersection of quasiopen

i

sets, it follows that

qg Ker A € Ker A — (2)
By (1) and (2) we have

q Ker A = Ker A

THEOREM : 4.8

For each x € X the following holds:
i) q Ker {x} = Kery {x} n Kerz{x} and
ii) qel{x} = ecl{x}

PROOF:
It is clear that for each A C X,
9 Ker A CKerqy AN Ker, A -+ (1)
The converse inclusion holds for singletons since
for each U e T4 and each Ve To,
x € UnV if and only if x e Uor x € V
implies that
Kerqy A N Ker2 A € q Ker A -2 (2)
By (1) and (2)°we have,
q Ker A = Ker1A N ker 2A.
ii) It is clear that for each A € X
cl A Cgecl A -+ (1)

Let y ¢ cl1 {x}



There is a t closed subset F containing x but not y.
Since F fA2/5F1A U FZA)'
where FiA is T; closed for i =1.2,
y¢F implies y¢ cli{x} or y ¢ clo{x},
S0 y £ g cl {x}
implies that for each x € X
qcl {x} €cl {x} -2 (2)
By (1) and (2) we have
for each x € X,
gcl {x} = cl {x}
NOTE:
In general, for all A € X, the equalities are not

holds good which can be shown in the following example.

EXAMPLE : 4.9

Let X = R, t4 be the left hand topology and t, be
the right hand topology.

For A = {0,1}
(-2,1]
(0, +®)
Hence Kery A n Kery A = [0,1] = qcl A,

Ker1A

cle and

KerzA c11A

while gKerA = KerA = A = clA, since the real line is a T, -Bpace.

An equivalence relation on a bitopological spaces.
DEFINITION : 4.10

Let (X,r1,t2) be a bitopological space and -~ be

°
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the binary relation on x defined X~y <=> q cl {x} = qcl{y}.
NOTE

~ is an equivalence relation. Reflexivity and symmetric
properties are trivial. !

Transitivity:

qcl {y} and

qcf {z}

=> qgcl {x} = gcl {z} => X ~ z

X ~y => qcl {x}

y ~ z => qcl {y}

NOTATION :

Let [x] denote the equivalence class of the
element x and let § = X/~ be the quotient set. 51,€2 and ;
be the quotient topologies on i of Ty Tp and v respectively

and p: X -- i be the quotient mapping.

THEOREM : 4.11
For each x € X,
i) [x]
11) {x]
iil) [x]

cl {x} n Ker {x}

]

gcl {x} n qKer {x}

[x]y n [x],

1"

This theorem can be proved by using the results of the paper
"separation Axioms Between To and T{" by C.E.AULL [2].
COROLLARY : 4.12

For each semiopen (semiclosed) subsets A of X

P~ (p(A)) = A holds.
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THEOREM : 4.13 :
The topology ; is the least upper bound topology
of Tq and Ty that is, T = T4 V T,
PROOF: !
By theorem 2.12 the quotient mapping p induces a
lattice isomorphism.
B HE A 4 ; defined by

p (U) = P(U)

Moreover,

~

T; = {P(U)/UEti}, for i = 1, 2.

{P(U)/Ueri} C';i, sinca for each

Ue t;, U = P'1(P(U)) holds.

Conversely,
ae%i implies p"’(ﬁ) €T
and hence "
U= 2PN (U)) e {P(U)/Uety}

~ ~

To prove T=t4q V ;2

Sinée’%i c <t for i=1,2,
we have,

WV, e =5 (1)
Now for each ; open set Q there are Tq~open sets UAand Ty
open sets YXSUCh that

~ p~1(W) = u(u;n V)
Hence W N [P'1(P(q*) np1 fP(ij)]

?giPﬂkzn P(&)]er1V'Q

=> 1T CtyV Ty - (2)
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By (1) and (2)
TaT VY,
COROLLARY : 4.14
The quotient mapping p is pairwise opeh and pairwise

closed.

COROLLARY : 4.15

For each x € X the set [x] is quasicompact in X, hence

Ty and To9 compact.

COROLLARY 4.16
If one of the subsets A or B is semiopen or semiclosed
in X, then
P(ANB) = p(A) n P(B)
THEOREM : 4.17
For each A € X we have
clip(A) Cp (cli A) for 1=1,2

and
gcl{p(A)} = p(qcl A)

PROOF
éiclp(A) = p (ricl A), sincep is pairwise closed and
pairwise continuous mapping.

Also using corollary 4.16

9 cl p(A) = clq(p(A)) n clop(A)

"

p(cl1A) n p(cle) by proposition 4.17

p(cl,A N clyA) by corollary 4.16

p(gcla)
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THEOREM : 4.18

Let M be the lattice ;f all Tjclosed (i=1,2) quasiclosed or
semiclosed subsets of a bitopological space (X,t1,r2). It
i§ the corresponding lattice in the quotientqspace

(X,;1,;2). M and ﬁ are isomorphic.

PROOF:

We know that the quotient mapping p induces a lattice
isomorphism between tv and <t [2]. Hence it induces a
lattice isomorphism q* between S*(x) and S*(;). the
corresponding classes of all semiclosed subseis as well as

between the classes of all t.

i and ;i closed subsets

respectively for i=1,2,

Let M be the lattice of all quasiclosed subsets of X.
For A,B € M,

inf {A,B} ANB

and sup {A,B} gqcl (A U B)

The isomorphism

q*: s¥(x) - s*(x)

induces an isomorphism
~ * -~
q9Q=qg / M: M-+ M
since for each F € M the set

p(F) € ﬁ and

(A n B) q(A) n a(B) by corollary 4.16 and

L Qo>

(gcl(AUB)) p(gcl(AUB))
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~

qcl(q(A) U q(B))

sup {&(A). &(B)} by theorem 4.17

Here onwards we denote the subset [0,1] of R by I and the
left hand topology and the right hand topology on I by i-

and E)respectively.

THEOREM : 4.19
Let f:(X,t1,t2) -4+ (I,k, i)) be a pairwise continuous
function.

Then f induces a pairwise continuous function

Hha

(i,€1,;2) -+ (1,L,9) such that

f = E-p holds

PROOF:
Let x € X. Since f is pairwise continuous, the set
(f(x)} is quasiclosed in (I,L,D) implies £ '1({f(x)}) is

quasiclosed in X

Hence [x] = £ 1({f(x)}) and £([x]) = {£(x)}
It follows that f is constant on equivalence
classes.
Itbinducesnaﬁmapping'
£ i(X,Tq,T9) =2 (I,L,D)
such that

f= f-p. Hence the theorem.
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DEFINITION : 4.20

A bitopological space (X,r1.t2) is weak pairwise
stone if for each two distinct points in X, there is a
pairwise continuous function. .
f:(X,tq4,79) -2 (I,L,D)
carrying one point into O and the other into 1.

The space is pairwise stone if for each pair (x,y)
of distinct points in x, the}e is a pairwise continuous
function.

£:(X,Tq,T3) = (I.L,D
such that

f(x) = 0 and f(y) = 1

DEFINITION : 4.21 |

A bitopological s;ace (X,t1,t2) is weak pairwise
Urysohn if for each two distinct points in X, there is a T4
open set U,and a ty9 open set V such that

ToclU N tvycl V = g,
one of the points belongs to U and the other to V.

The space is pairwise Urysohn if for each pair (x,y)
of distinct points in X there is a T4-open set U and a Ty
open set V such that x € U, y € V

and

t2c1U,n Ty clV = g

THEOREM : 4.22

Let (X,r1,t2)be a bitopological space and



(i:€1,€2) be its quotient space. The following properties
are shared by X and i: quasicompactness, (1,2) - local
quasicompactness and pairwise, local quasicompactness,
pairwise, Ry and pairwise R4 properties, T4 regularity with
respect to 1o and pairwise regularity, T4 complete
regularity with respect to T, and pairwise complete
regularity, pairwise normality, pairwise connectedness
(1,2) - local <connectedness and pairwise local
connectedness, (1,2) - zero dimensionality and pairwise.
zero dimensionality.

The following properties are carried over from X to X
weak pairwise total disconnectedness and pairwise total
disconnectedness, weak pairwise stone and pairwise stone
properties, weak pairwise Urysohn and pairwise Urysohn,
weak pairwise Ty and pairwise Tk for k=0,1,2.

THEOREM : 4.23
For every bitopological space (X, Tq, tz) its quotient

space (f;;1,;2) is weak pairwise To-

PROOF:
If [(x] # [y] then

x ¢ qecl {y} or
y £ qcl {x}
It follows that
x ¢ clqy {y} or x ¢ clz {y} or

y ¢ clqy {x} or y ¢ cly {x} or

50
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By corollaries 4.12 and 4.16 and theorem 4.17 atleast one of
the following relations hold:

[x] € c1y {[y]}°,

[x] € cly {[y]}€,

[y] € ely {[x]}€ or

[yl € cly {[x])€

Hence the proof.
NOTE:
The quotient space need not be pairwise Ty as

shown in the example 4.9

NOTE:
For each x € R, qel{x} = {x} and i is pairwise

homeomorphic to X

THEOREM :4.24
If a bitopological space (X,t1,t2) is pairwise

Ry the topological space (X,t) is an RO space.

PROOF:

Let (X,t1.r2) be pairwise RO and x € X. Let B be a basic
element of the topology t such that x e B.

There is a Tq-open Eet U and tp-open set V

such that

B=Uny

It follows that
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cly {x} n cly {x} € Unyv
Hence
gqcl {x} = t cl {x} €B

Hence (X,t) is RO. A i

THEOREM : 4.25
If a bitopological space (X,tq,Tp) is pairwise

Ry, the topological space (X,t) is an Ry space.

PROOF:
Let (X,t1,t2) be pairwise R4y and

cl{x} # cl{y}

By theorem 4.8 this coniditon is equivalent to
x € qcl {y} or y € qcl {x}
So there is an i € {1,2} such that
x € elg {y} or y € el; {x}.By definition of pairwise R4
spaces,
there is a U e tv; €t and a V € T; Crt
such that
Unyv-=g and
x e U, ye VoryelU, x eV
Hence (X,t) 1is Rjq.
THEOREM : 4.26

Every weak pairwise T4 pairwise R4 bitopological

space is weak pairwise T2.



PROOF:
let (X,t4,v)) be weak pairwise Top pairwise R,
bitopological space. Let x,y € X, x # y. There is a T~
open set W, '
ie {1,2} containing one of these points but not the other.
Let x € W and y ¢ W.
Then clj{y} €W, so x ¢ cly {y}
and there is a
Uet; and a V ¢ T
such that
x e U, y eV,
Unvs=g, for ie {1,2})

and i # j. So X is weak pairwise T2.

COROLLARY : 4.27
A pairwise Ry bitopological space is weakly
pairwise T, if and only if it is weak pairwise To-
The converse of theorem 4.24, 4.25 and 4.26 do not
hold in general.
The space (X,t,,rz) is weak pairwise Ty, but not
pairwise Rg hence not pairwise R4, while (X,t) is R4, hence Ro»

-]
since T is the discrete topology.

THEOREM : 4.28

»

If (X,r1,r2) is pairwise Rpy» then

[x] = qcl {x} for each x € X
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PROOF:
If (X,vqy,ty) is pairwise R, the space (X,t) is
Rp and [x] = qcl ({x}

COROLLARY : 4.29
If a bitopological space is pairwise Rg, its quotient

space 1is weak pairwise Ty.

COROLLARY : 4.30.
If a bitopological space is pairwise Ry, its

quotient space is weak pairwise Tz.

COROLLARY : 4,31

. If a bitopological space is pairwise regular, its
quotient space is weak pairwise T3.

Let (X,tq,ty) be a non-quasicompact bitopological space and

(Xm AT ,tzm) its one point quasicompactification.
If (X,T49,Tp) is the quotient space of (X,T4q,v9) with respect to
the relation ~, let (Xm T g ’tzw) be the quotient space of
(Xm AT ,tzg with respect to the corresponding equivaleance

relation ", defined on Xg.

THEOREM : 4.32
The quotient space (im ,;1m ,;23 is the one
point compactification of the space (i ,;10 ';2$'
COROLLARY : 4.33
If (X,t1 ,‘l:2) is pairwise locally quasicompact and pairwise

R1, its quotient space is pairwise locally quasicompact and



weak pairwise and (iw,;1m.%2& is weak pairwise Hausdorff

NOTE :
The one-point compactification of an RO topological —

space is Rj.
NOTE :

The bitopologgpal analogue does not hold. Namely
the one point quasicompactification of a pairsie Ry space
need not be pairwise RO as shown in the example 4.9.

The space (R,L,D is pairwise R but the space (Rm’ Ly 90)
where
le =L U {Ry) and
Do =D U {Re}  is not pairwise Ry

THEOREM : 4.34
The one-point quasicompactification of a pairwise RQ

pairwise locally quasicompact space is a pairwise Rp space.

PROOF:
In a pairwise locally quasicompact space X

T:

iz cl {x} = v;- ¢l {x}

1

for each x € X and i = 1,2.

Also riém} = {o}

NOTE:
The converse of the above thearem does not hold in general
If (Xm,r1m,r2w) is pairwise RO, its subspace

(X,r1,r2) is also pairwise RO. But it need not be pairwise

25

.
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locally quasicompact.

COROLLARY : 4.35
If (X,t1,t2) is pairwise locally quasicompact and

pairwise Rp, its quotient space is weak pairwise T4y and

pairwise locally quasicompact and (Xw.r1w,t2°) is weak pairwise T4



Summary and - Conelusion
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SUMMARY AND CONCLUSION

Kelly [6] initiated the study of separation
prgperties for bitopological spaces and introduced the terms

i

pairwise Hausdorff, Pairwise regular and pairwise normal.

In this thesis we have made an attempt to give a
brief account of results dealing with pairwise rT,, pairwise
rT1, pairwise rTp, pairwise rRy, pairwise rRq, pairwise Ry

and pairwise Ry spaces in bitopological spaces.

From the literature available in bitopological
spaces, we find that bitopoligical spaces can be studied by
investigating many topological properties like compactness,
connectedness and countability etc. Such study will lead to

many interesting research problems.
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