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CHAPTER - |
CONNECTEDNESS IN FUZZY TOPOLOGICAL SPACES

In this chapter we discuss the concept of semi-connectedness in fuzzy
topological spaces introduced by Ghosh [16]. He [16] has introduced the
concept of fuzzy semi-separated sets by using the concepts of fuzzy semi-
open sets and quasi-coincidence. Some properties of fuzzy semi-separated
sets are discussed. Using this notion he [16] has defined the concept of fuzzy
semi-connected sets as a generalisation of fuzzy connected sets introduced
by Ganguly and Saha [15]. It has been observed that every fuzzy semi-
connected set is a fuzzy connected set but the converse is not necessarily
true. An example is given to illustrate this. Some interesting characterizations
of fuzzy semi-connected sets are obtained. Finally, it is shown that fuzzy
semi-connectedness is preserved under a fuzzy irresolute mapping. First let

us give the preliminary definitions and results needed for our discussion.

Section 1.1
Preliminary definitions and results
Definition : 1.1.1

Let X be a non-empty set and I be the unit interval [0, 1], Io = (0, 1] and

I = [0, 1). A fuzzy set in X is a function with domain X and values in I, that is,
an element of *. For a e I, o« denotes the constant function o. That is,

&(x) =aVxeX
Notation : 1.1.2

By Ox and 1x we will mean the constant fuzzy sets 0 and 1 taking on,
respectively, the values 0 and 1 on X.

Let A, B e I*. We define the following fuzzy sets :
I. Aincludes B (i.e., B <A) by B(x) < A(x) for every x € X.
. AAB e *by (AAB) () = min{A(x), B(x)} foreach x € X.
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iii. AV B e by (AVB)(x) = max{A(x), B(x)} for each X.e X
iv. The complement A’ of A by A'(x) = (1x — A) (X)
=1 -A(X).
Let A be an indexing set and {A, : a € A} be a family of fuzzy sets in X.
Then their union (or join) and intersection (or meet) are defined as follows :
(VAL (x) = sup {Aq(x) : o € A}
(AAL) () = inf{AuX):a e A}

Definition : 1.1.3

Let A be a fuzzy set in X. The set {x € X : A(x) > 0}, denoted by supp A
or Ay, is called the support of A.

Definition : 1.1.4

Let f be a function from X to Y. Let A be a fuzzy set in Y. Then the
inverse image of A or preimage of A, written as f(A), is a fuzzy set in X
defined by

f1AX) = Af(x)) forall x € X
Conversely, let B be a fuzzy set in X. The image of B, written as f(B) is a
fuzzy set in Y defined by

f(B) (y) = sup B(2), if f'(y) is non empty

zef\(y)
= 0, otherwise

forally e Y, where f'(y) = {x : f(x) = y}.
Definition : 1.1.5

A fuzzy point x,, where a € (0, 1] is a fuzzy set in X defined by

Xo(X) = o and Xq(x) = 0 ify # X. X is called the support of x, and a its value.
Definition : 1.1.6

A fuzzy point x, is said to be contained in a fuzzy set A or belong to

A denoted by x, € A, iff a < A(x).
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Definition : 1.1.7 (Chang [11])

A fuzzy topology on a set X is a collection & of fuzzy sets in X
satisfying the following axioms :

i Ox, 1x € &

ii. A Bed=AABebd

iii. A edforae A= V A, el

aeAN

The pair (X, &) is referred to as a fuzzy topological space (fts, for short).
Definition : 1.1.8

If (X, 8) is a fuzzy topological space, members of 5 are called open

fuzzy sets.
A fuzzy set A is called a closed fuzzy set iff A’ € 6.
Notation : 1.1.9

If 5 is a fuzzy topology on X, then & stands for the family of closed

fuzzy sets in X.
Definition : 1.1.10

The closure and interior of a fuzzy set A e I* are defined,
respectively, as

clA = A{B:B>A B €3}

intA = V{B:B<A, Be€d}
It is easily seen that cl A is the smallest closed fuzzy set larger than A and

int A is the largest open fuzzy set smaller than A.
Properties : 1.1.11

For any fuzzy set A
I. 1x—clA = int(1x — A)
ii. 1x—intA = cl(1x—A)
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Definition : 1.1.12

A function f from a fuzzy topological space (X, 31) to a fuzzy topological
space (Y, &) is said to be fuzzy continuous if for each fuzzy open set A in

(Y, &2) the inverse image f1(A) is a fuzzy open set in X.
Definition : 1.1.13

A function f from a fuzzy topological space (X, 8+) to a fuzzy topological
space (Y, &,) is said to be fuzzy open if the image of each fuzzy open set A in

(X, 84) is a fuzzy open set in (Y, &2).
Definition : 1.1.14

A fuzzy point X, is said to be quasi-coincident with A denoted by

Xo q A iff o > A'(x) or o + A(x) > 1.
Definition : 1.1.15

A fuzzy set A is said to be quasi-coincident (gq-coincident in short)
with B, denoted by A q B, iff there exists x € X such that A(x) > 1 — B(x) or
A(x) + B(x) > 1.

It is clear that if A and B are g-coincident at x, both A(x) and B(x) are

not zero and hence A and B intersect at x.

A fuzzy set A is not g-coincident with a fuzzy set B denoted by A gqB
iff for every x € X, A(x) + B(x) < 1.

Properties : 1.1.16

i. A @B impliesA<1x—B
il. AgB andV<B implies AqV
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Definition : 1.1.17

A fuzzy set A in X is called a fuzzy semi-open set if there exists a

fuzzy open set B such that B<A <cl (B) or equivalently, A < cl(int (A)).

The complement of a fuzzy semi-open set is called a fuzzy

semi-closed set.
Definition : 1.1.18

The intersection of all fuzzy semi-closed sets containing A is called the

fuzzy semi-closure of A and is denoted by scl (A).
Definition : 1.1.19

The union of all fuzzy semi-open sets contained in a fuzzy set A in Xis

called the fuzzy semi-interior of A and is denoted by sint (A).
Remark : 1.1.20

A fuzzy set A is fuzzy semi-closed if and only if A = scl (A) and is

fuzzy semi-open if and only if A = sint (A).

Section : 1.2
Fuzzy semi-connectedness
Definition : 1.2.1

Two non-zero fuzzy sets A and B (i.e. neither A nor B is Ox) in an fts X

are fuzzy separated iff A g clBand B ¢ cl A.

Definition : 1.2.2

Two non-zero fuzzy sets A and B in an fts X (i.e., neither A nor B is Ox)

are said to be fuzzy semi-separated iff A @ scl B and B q scl A.
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Note

Since scl A < clA, for any fuzzy set A, if follows that if A, B are fuzzy

separated then they are fuzzy semi-separated.
Theorem : 1.2.3

Let A, B be non-empty fuzzy sets in an fts(X, ).

a. If A, B are fuzzy semi-separated and A4, By are nonempty fuzzy sets
such that A; < A and By < B, then A; and B, are also fuzzy semi-
separated.

b. If A @ B and either both are fuzzy semi-open or both are fuzzy semi-
closed then A, B are fuzzy semi-separated.

c. If A, B are either both fuzzy semi-open or both fuzzy semi-closed and if
Ca(B) = A A (1x — B), Cg(A) = B A (1x — A), then Ca(B) and Cg(A) are

fuzzy semi-separated.

Proof :
a. Assume A and B are fuzzy semi-separated then A g scl B and
B gsclA
Since A; <A and B; <B, A; g sclBand By ¢ scl A (1)

Since A1 <A and By <B,

sclAj<sclAandsclB1<B

From (1), we get

A q scl By and By g scl A

so A, and B, are fuzzy semi-separated.
b. Given A q B

Case (i)

Assume A and B are both fuzzy semi-open

. 1x — A and 1x — B are fuzzy semi-closed.
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Hence 1x — A = scl (1x—A)
and 1x — B = scl (1x—B)
Since A q B, A(x) + B(x) <1 VxeX
= Ax) <1-B(x)
=A <1x-B
— scl A € 1x — B as 1x — B is a fuzzy semi-closed set
containing A.
= B(x) + scl A(x) <1 VxeX
=B q sclA
Similarly A @ scl B.

Case (ii)

Assume A and B are both fuzzy semi-closed

-~ A =sclAandB = scIB

Since A @ B, A(x) + B(x) <1 VxeX
= A(X) + scl B(x) <1 VxeX
= A g sclB

Similarly B ¢ scl A

. In both the cases we get A and B are fuzzy semi-separated.

C.

Case (i)

If both A and B are fuzzy semi-open, 1x —A and 1x — B are fuzzy semi-
closed
- scl (1x—A) = 1x—Aand scl (1x - B) = 1x — B.
Since Ca(B) = AA (1x—B), Ca(B) < 1x—B
— scl (Ca (B)) < as 1x— B is a fuzzy semi-closed set containing Ca(B)
= B + scl (Ca(B)) < 1x
= B q scl (Ca(B))
Similarly, A g scl (Cs(A)).
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Case (ii)

If both A and B are fuzzy semi-closed, then A=sclAand B = scl B.
Ca(B)<1x—B
= scl (Ca(B)) <1x—B
= B + scl (Ca(B)) < 1x
B q scl (Ca(B))
Similarly, A q scl (Cs(A))

. Ca(B) and Cg(A) are fuzzy semi-separated.

Theorem : 1.2.4

Two non-empty fuzzy sets A and B are fuzzy semi-separated iff there

exist two fuzzy semi-open sets U and V such that A<U, B<V,A qVand
BqU.

Proof :

Given A and B are fuzzy semi-separated. By definition,

A g sclBand B g sclA.

Hence A + scl B < 1x and B + scl A < 1x
— A<1x—-sclBand B<1x—sclA
Take U=1x—sclBand V= 1x—sclA
Then U and V are fuzzy semi-open such that A<Uand B < V.
Consider A(x) + V(x) = A(X) + 1 —(scl A) (x)
(scl A) (x) + 1 —(scl A) (x)
=1

IA

~AqV
Similarly, B q U
Conversely, let U and V be fuzzy semi-open sets such that A < U,

B<V,AgqVandBqU.
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Since A g Vand B q U, we get
A<1x—-VandB<1x-U.
Since scl A is the smallest fuzzy semi-closed set containing A and
1x — V is a fuzzy semi-closed set containing A we get scl A <1x - V.
=V +sclA<1x
=V g sclA
Similarly, U g scl B
SinceA<UandB<VwegetA qsclBandB ¢ scl A

. A and B are fuzzy semi-separated.
Definition : 1.2.5

A fuzzy set A in an fts X is said to be fuzzy connected iff A cannot be

expressed as the join of two fuzzy separated sets.
Definition : 1.2.6

A fuzzy set which cannot be expressed as the join of two fuzzy semi-

separated sets is said to be a fuzzy semi-connected set.
Theorem : 1.2.7

Every fuzzy semi-connected set is fuzzy connected.
Proof

Let A be a fuzzy semi-connected set.

Suppose A is not fuzzy connected then A = By V B, where By and B;
are fuzzy semi-separated sets.

.. By g clBzand B, g cl By

Since scl B4 < ¢l B4 and scl B, < cl By, we get

By g scl B, and B, @ scl B4

.. B1 and By are fuzzy semi-separated sets.

. A'is the union of two fuzzy semi-separated sets.
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Hence A is not fuzzy semi-connected which is a contradiction.

. A'is fuzzy connected.

The converse of the above results is not necessarily true as is seen

from the following example.

Example : 1.2.8

A fuzzy set which is fuzzy connected but not fuzzy semi-connected

Let X = [0, 1] and & = {Ox, 1x, A}, where A(0) = 0.3, and A(x) = 0, for
x e (0, 1]. Then (X, 8) is a fuzzy topological space.

Consider the fuzzy sets B and C defined by B(0) = 0.5, C(0) = 0.4 and
B(x) = C(x) =0, forall x € (0, 1].

A'(0) = 1-0.3 = 0.7, A(x) = 1forx e (0, 1]
Consider
int A’ = V{S/Sis afuzzy open set and s <A}
= V{0x, A}
intA” = A

Since A is fuzzy open, A’ is fuzzy closed.

AlsointA’ = A<B<A’

. There exist a fuzzy closed set A’ such that int A’ <B <A’
.. By definition, B is fuzzy semi-closed

. B=sclB
AlsointA’=A<C<A

.. C is fuzzy semi-closed
. C=sclC

Consider B(0) + (sclC) (0) = 0.5+ 0.4
0.9



Take x € (0, 1]
Then B(x) + (scl c) (x)

0+0
=0

<1

. BgsclC

Similarly C(0) + (scl B) (0)

04+0.5

1
o
©

Take x € (0, 1]
Then C(x) + (scl B) (x)

1 1
o o
+
o

. CqgsclB

. B and C are fuzzy semi-separated.

Consider cl B = A {S/ S is a fuzzy closed set and S > B}.

5! = {OX', 1XI,AI}

= {1x, Ox, A’}
clB = A{1x, A’}

= A
clC = A{S/Sis afuzzy closed setand S > C}
clC = A{l1x, A’}

= A

clB=clC = A
To verify B q cl C or not.
Consider B(0) + (cI C) (0) = 0.5+ 0.7

1.2

~BqclC

. B and C are not fuzzy-separated.

21
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Consider

(B 'V C) (0) = max{B(0), C(0)}
= max {0.5, 0.4}
= 0.5

Take x € (0, 1].

(BV C) (x) = max {B(x), C(x)}
= max {0, 0}
= 0.

C() =05 = (BVC)(0)

B(x) = 0 =(BVC)(x) forxe(0,1]

B =BVC.

Since B and C are fuzzy semi-separated, B is not fuzzy semi-

connected.
Claim :

B is fuzzy connected.

Let B = By V B, where B4 and B; are fuzzy sets in X.
Since B(0) = 0.5,

B1VB2(0) = 0.5

= max {B1(0), B2(0)} = 0.5

.. Either B4(0) = 0.5 or Bo(0) = 0.5

suppose B4(0) =0.5

Forx € (0, 1], B(x)=0

- Biy(x) =0and Bx(x) =0 VvV x e (0, 1]

clBy = A{S/Sis fuzzy closed and S > B+}
= A{1x, A’}
= A.

cl B, = A{S/Sisfuzzy closed and S > By}
= A{1x, A}

= A
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To verify B q cl B2 or not

Consider

B4(0) + (cIBz) (0) = 0.5+0.7
=12
> 1.

.. By qclBa.

-. By and B; are not fuzzy separated. Hence B is fuzzy connected.

Theorem : 1.2.9

Let A be a non-empty fuzzy semi-connected set in X. Then whenever
Ais contained in the join of two fuzzy semi-separated sets P and Q, exactly
one of the following possibilities (a) and (b) holds : (a) A <P and AANQ=0x;
(b)A<Qand AAP =0x

Proof

Given A <P V Q where P and Q are fuzzy semi-separated.
Assume AAQ = 0Ox

- Then(AAQ) (x) =0, VxelX

. Either A(x)=00orQ(x) =0

If A(x) = 0 then as P(x) > 0 we get A(x) < P(x)
If Q(x) = 0 thenas A<P V Q we get

A(X) < max {P(x), Q(x)}

max {P(x), 0}

P(x) |

5 AX) £ P(x).

. In both the cases A(x) < P(x)

Hence A<P.

Similarly, when A A P = 0x, we get A< Q.
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Claim 1 :

Both (a) and (b) cannot hold simultaneously suppose A A P = Ox and
A A Q= 0x.

Since A # Oy, there exists x € X such that A(x) = 0.

For this x, (A A P) (x) = 0x(x)

= min {A(x), P(x)} = 0

= P(x) = 0, since A(x) #0.

Similarly, AA Q = Ox implies Q(x) =0

S (PV Q) (x) = max {P(x), Q(x)}
= max {0, 0}
= 0.

But A(x) = 0.

S AX) > (P V Q) (x).

This is a contradiction since A<PV Q

. (a) and (b) cannot hold simultaneously.
Claim 2 :

Both (a) and (b) cannot be false simultaneously.

Suppose A A P # 0x and A A Q = Ox. Since P and Q are fuzzy semi-
separatedand AAP<Pand AAQ<Q.

By Theorem 1.2.3 (a) we get A A P and A A Q are fuzzy semi-
separated.

Consider AAP)V(AAQ)

AAPVQ)
A (since A<P V Q).

. A is not fuzzy semi connected which is a contradiction.

Hence (a) and (b) cannot be false simultaneously.
.. By claims 1 and 2 we get that exactly one of the cases (a) and (b)
holds.
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Theorem : 1.2.10

A non-empty fuzzy set A in X is fuzzy semi-connected provided
whenever A is contained in the join of two fuzzy semi-separated sets P and Q
then either AA P =0xor AAQ = 0Ox.

Proof

Suppose A is not fuzzy semi-connected. Then by definiton A=BV C
where B and C are fuzzy semi-separated.

By hypothesis either AA B = 0x or AA C = Ox.

Suppose A A B = Ox.

Now A(x) =0 = B(x) =0and C(x) =0sinceA=BVC

A(x) # 0 = B(x) = 0 since A A B = Ox.

L BX)=0 VX

.. B = 0x which is a contradiction.

Similarly, if we assume A A C = 0x we get a contradiction.

. Ais fuzzy semi-connected.
Theorem : 1.2.11

Let {A, : o € A} be a collection of fuzzy semi-connected sets in the fts
X. Then A =V {A, : a € A} is fuzzy semi-connected provided there exists an

oo € A such that either i) A, and A, are not fuzzy semi separated, for

each a € A or i) A, AA, #0Oxforeacha e i.

Proof

Given {A, : o € A} is a collection of fuzzy semi-connected sets. Also
there exists oo € A such that that either

i) A.and A, are not fuzzy semi-separated for each a € A

(or) i) Aq AA,, # Ox foreach a € A.
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To prove :

A = V {A, : a € A} is fuzzy semi-connected. Suppose not, then
A =PV Q where P and Q fuzzy semi-separated.

Since A, < A for each a € A we get by Theorem 1.2.9 either

(@) Ay <P with A, A Q=0x (or)

(b) AL <Qwith A, A P =0x
Similarly,
either (c) A, <Pwith A, AQ=0x

(or) (d) A, <Qwith A, AP=0x

Without loss of generality, we can assume each A, (a € A) to be non-
zero and hence exactly one of the possibilities (a) and (b), and exactly one of
(c) and (d) will hold.

By condition (i) A, A A, # Ox for each a € A. Hence there exists

atleast one xo € X such that A,(xo) # 0 and A, (xo) # 0.

Claim : 1

(a) and (d) cannot happen simultaneously.
Suppose (a) and (d) are true.
By (a) Ac A Q = 0x
= Q(xg) = 0 since Aq(Xo) # 0
By (d) A, <Q
= A, (o) < Q(xo)
= A, (X) <0
= A, (Xo) = 0.
This is a contradiction

Hence claim (1).
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Claim : 2

(b) and (c) cannot happen simultaneously.

Proof similar to claim 1.

Hence by claims (1) and (2) we get that for condition (ii) the
possibilities (a) and (d) cannot happen and (b) and (c) cannot hold
simultaneously.

By condition (i), A, and A, are not fuzzy semi-separated for each

a € A
Claim : 3

(a) and (d) cannot hold simultaneously
Suppose not, by (a) A, <P
By (d) A, <Q

Since P and Q are fuzzy semi-separated. We get A, and A, are fuzzy semi-

separated.
This is a contradiction.

Hence claim (3).
Claim : 4

(b) and (c) cannot hold.

Proof similar to claim 3.

Hence by claims (3) and (4) we get for condition (i) also the possibilities
(a) and (d) cannot happen and (b) and (c) cannot hold simultaneously.

Thus in any case either A, < P with A, A Q = Ox or A, < Q with
A, A P = Ox but not both simultaneously.

Suppose A, < P with A, A Q = 0x foreach o € A.

Then VA, < Pand VA, AQ=0x

Hence A<Pand AA Q= 0x

s Q = 0x

This is a contradiction.
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Similarly, A, <Qand A, A P =0x VaeA

Implies P = Ox which is again a contradiction.
Theorem : 1.2.12

Let A be a fuzzy set in an fts X such that there exists at least one point
x e X with A(x) > 1/2. Then A is fuzzy semi-connected iff any two fuzzy points

of A are contained in a fuzzy semi-connected set contained in A.
Proof

Assume A is fuzzy semi-connected. Then the statement holds since A
itself is a fuzzy semi-connected set.
Conversely, assume that the condition in the statement holds.
Take x € X such that A(x) > 1/2
Takey € Ag — {X}
~y=zxand A(x) >0
Let A(x) = a2 and A(y) = B
Consider the two fuzzy points X, and ys. Then x, € Aand y € A.
Hence by hypothesis there exists a fuzzy semi-connected set.
By < A such that x,, yp € By
X, € By implies a < By(x) < (V By) (x)
i.e., A(x) < (V By) (x)
yp € By implies B < By(y) < (V By) (y)
i.e., Aly) <(V By (y)

~VYzeX A@2) <(VBy) (2 (1)
A<V By

Since By<A, VBy<A

Hence A=V {By/y € Ao —{x} (2)

Since A(x) > 1/2, (V By) (x) > 1/2
By sup property there exists yo € Ag — {x} such that 1/2 < B | (x)

Since x, € By, a < By(X)
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Since A(x) = o and A(x) > 1/2
We geta > 72
L Byx) 2>
min {By(x), B,, (x)} > 1/2
Hence (By A B,, ) (x) > 7
- ByAB,, #0« VyeA—{x} (3)

~. From (2) and (3) and by Theorem 1.2.11 (ii) we get A is fuzzy semi-

connected.
Corollary : 1.2.13

An fts X is fuzzy semi-connected iff every pair of fuzzy points is

contained in a fuzzy semi-connected set.
Theorem : 1.2.14

Let f be a fuzzy irresolute mapping from an fts X onto an fts Y.IfAis a

fuzzy semi-connected set in X, then so is f(A) in Y.

Proof
Given f : X — Y is a fuzzy irresolute mapping.

Given A is a fuzzy semi-connected set in X.
To prove : f(A) is fuzzy semi-connected inY.

Suppose not, f(A) = B V C where B and C are fuzzy semi-separated
sets in Y. By Theorem 1.2.4 there exist two fuzzy semi-open sets U and V
suchthatB<U,C<V,BqV,CqU

Since f is fuzzy irresolute f'(B) and f1(C) are fuzzy semi-open sets in x
Since fis onto, A = ' (f(A))
(B V C)
f(B) Vf'(C)
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Claim : 1

£(B) and f!(C) are fuzzy semi-separate in X.

Since B< U and C <U we get

#1(B) <f'(U) and f(C) < (V) (1)
Take x e X
Consider f'(B)(x) + f'(V) (x) = B(f(x)) + V(f(x))

<1[+BgV]
~ £'(B) q F(V) (2)
Similarly,
f'(C) a f'(V) (3)

Since f is fuzzy irresolute and U and V are fuzzy semi-open sets we get
(V) and £'(V) are fuzzy semi-open sets (4)

From (1), (2), (3) and (4) by Theorem 1.2.4 we get that f'(B) and f1(C)
are fuzzy semi-separated.

Also A = f(B) Vf'(C)

. A is not fuzzy semi-connected.

This is a contradiction.

Hence f(A) is fuzzy semi-connected.



