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                                                                     INTRODUCTION 

INTRODUCTION
The concept of ω-closed sets was introduced by Hdeib [23] in 1982. This  concept  has been studied extensively in recent years by a good number of researchers. Some of the recent research works related to ω-open sets are found in the papers of Hdeib [24], Noiri, Al-Omari and Noorani [29,30],                      Al-Omari and Noorani [ 5, 6 ] and AL-Zoubi and  Nashef [10].
 	In 1970, Levine [26]   introduced the notion of generalized closed  (briefly, g-closed) sets using the notion of closure operator. Generalized semiclosed [11] (resp., α-generalized closed [27], θ-generalized closed [21], generalized            semi- preclosed[19], δ-generalized  closed [20], ω-generalized  closed[2, 8]) sets are defined by replacing the closure operator in Levine’s original definition by the semiclosure (resp., α-closure, θ-closure, semi-preclosure, δ-closure,                    ω- closure) operator. Following a similar line, in 2005, Al-Zoubi [8] introduced the notion of generalized ω-closed sets by utilizing the ω-closure operator. This class of sets is finer than that of g-closed sets and ω-closed sets. In 2007,                     Al-Omari and Noorani [6] introduced a new notion of generalized closed sets, namely, regular generalized ω-closed sets.
 	In this dissertation we have concentrated our study on the following two concepts:
           1. Generalized ω-closed sets.
and     2.  Regular generalized ω-closed sets.

 	In chapter I we discuss the concept of generalized ω-closed             (briefly, gω-closed ) sets introduced by Al-Zoubi [8]. The concept of gω-closed sets is defined using the ω-closure operator. This class of sets is finer than that of g-closed sets and ω-closed sets. The author [8] has concentrated his study on g-closed sets and gω-closed sets in the spaces (X,) and (X,ω), where ω denotes the family of ω-open subsets of (X,)  It has been proved that a subset A of a space(X,)  is closed in (X,ω)  if and only if it is g-closed in (X,ω)  if and only if it is gω-closed in (X,ω).Moreover, the concepts of gω-continuity and          gω- irresoluteness are introduced by using gω-closed sets and some of their fundamental properties are discussed in detail. It has been proved that every         g-closed set is gω-closed but the converse need not be true. An example is given to illustrate this. In an anti-locally countable subspace (A, A) (Definition 1.1.6(b)) of a space (X,)  the following results hold:
1. Cl(A) = Clω (A).
2. A ∈ GC(X,) if and  only if A ∈ GωC(X,).
(where GC(X,) denote the class of all g-closed subsets and GωC(X,) denote the class of all gω-closed subsets of (X,)).
In general, GC(X,) ⊆ GωC(X,),  but not conversely. An interesting example is discussed to show that the collections  GC(X,) and GωC(X,) are independent.
Apart from these the following interesting properties of gω-closed sets are discussed:
1.   In a T1/2-space every gω-closed set in (X,)  is g-closed in (X,ω).
2.   An anti-locally countable space is a T1- space if and only if every gω-closed
      set is ω-closed.
3.   Union of gω-closed sets is a gω-closed set provided the collection is locally   
      finite.
Examples are discussed to show that a countable union of gω-closed sets and a finite intersection of gω-closed sets need not be gω-closed.
4.   Intersection of a gω-closed set and a closed set is gω-closed.
5.   Given two topological spaces (X,) and (Y,σ) we have ( σ) ω ⊆ ω  σω.
6.   If AB  is  an   rgω-open  subset  of  (X  Y, σ), then  A  is  an rgω-open  
      subset  in  (X,)  and  B  is an rgω-open subset  in (Y,σ). An   example is   
      given to show that the converse is not true.
7.    If (Y ,Y) is a subspace of (X,) and A⊆ Y then
      (a) A ∈ GωC(X,) implies that A ∈ GωC(X,Y).
      (b) A ∈ GωC(X,Y) and Y is ω-closed in (X,) implies that A ∈ GωC(X,).
The concepts of gω-continuity and gω-irresoluteness are introduced using         gω-closed sets. It is proved that every gω-irresolute function is gω-continuous and every function which is both g-continuous and ω-continuous is                          gω-continuous   but not conversely. With every function f : (X,)→(Y,σ), the functions : (X,ω)→(Y, σω) (resp., fω :(X,ω) →(Y,σ), fω : (X,) → (Y,σω)) are  associated and the following interesting properties of these mappings are discussed:
       (a) fω is gω-continuous if and only if it is g-continuous.
       (b) If fω is gω-irresolute, then f is g-irresolute.
       (c) If fω is g-continuous, then f is gω-continuous.
       (d) If f ω is gω-continuous, then f is gω-continuous.
       (e) If f is closed and fω is gω-continuous, then f is gω- irresolute.
Apart from these, some nice properties of restriction maps in relation to           gω-continuity are discussed. The chapter is concluded by showing that the compositions of
1.  continuous and gω-continuous function is gω-continuous.
2.  gω-irresolute functions is gω-irresolute.
3.  gω-continuous and gω-irresolute functions is gω-continuous.
An example is discussed to illustrate that composition of gω-continuous functions need not be gω-continuous.

              In chapter II we discuss the concept of regular generalized ω-closed sets (briefly, rgω-closed sets) introduced by Al-Omari and Noorani [6]. This class of rgω-closed sets is finer than that of closed sets, ω-closed sets,                            g-closed sets and rg-closed sets. Examples are given to show that an                     rgω-closed set need not be gω-closed and need not be rg-closed. The important results discussed are as follows:
1.   Union of  rgω-open sets need not be  rgω-open.
2.   Finite union of open, rgω-open and separated sets is rgω-open and finite  
      union of rgω-closed sets is rgω-closed.
3.   If A is an rgω-closed set then Clω(A) is rgω-closed and Clω(A)−A is rgω-open. 
4.   If Y is a subspace of X and if A ⊆ Y and A is rgω-closed in X, then A is
      rgω- closed in Y.
5.   In an anti-locally countable subspace (A, A), the concepts of rgω-closed set
      and rg-closed set coincide.
6.   If AB  is  an   rgω-open  subset  of  (X Y, σ), then A  is  rgω-open
      in (X,)  and B is rgω-open in (Y, σ)
The authors [6] have introduced the concept of regular generalized                      ω-T1/2-spaces (briefly, rgω-T1/2-spaces) and have proved that a space is            rgω-T1/2 if and only if every singleton is either regular closed or ω-open. They     [6] have also introduced the notions of a-ω-closed maps, a-ω-continuity and obtained a characterization of rgω-T1/2 spaces using a-ω-continuity. Moreover, they [6] have introduced the notions of rgω-closed maps, rgω-continuity and  rgω-irresoluteness and studied some interesting properties of these maps. It is proved that every rgω-irresolute map is rgω-continuous. They [6] have also introduced the concept of ω-c-closed sets using which the concept of                      rgω-c-closed maps is introduced. Conditions on maps which preserve                     rgω-closedness and also under which inverse image of rgω-closed sets are     rgω-closed, are studied. Apart from these, some interesting and nice properties of the maps mentioned above are discussed.

 





   


























                                REVIEW OFLITERATURE

                                       REVIEW OF LITERATURE
In 1982, Hdeib [23] introduced the concept of ω-closed sets. In 1970, Levine [26] introduced the notion of generalized closed (briefly, g-closed) sets by using the notion of closure operator. In 2005, Al-Zoubi [8] introduced the notion of generalized ω-closed (briefly, gω-closed) sets by using the notion of ω- closure operator. In 2007, Al-Omari and Noorani [6] introduced the notion of regular generalized ω-closed (briefly, rgω-closed) sets. When we look at the literature, we observe that several authors have contributed to the study of these notions. In this chapter we have collected some of the articles published on these concepts from the available literature; it is not exhaustive
On generalized ω-closed sets
[ Al-Zoubi, 2005 ]  [8]
                      In this article, the class of gω-closed sets is introduced and studied. 
This class of sets is finer than that of g-closed sets and  ω-closed sets.The fundamental properties of this class of sets is discussed. In the space (X,ω), the concepts closed set, g-closed set, and gω-closed set coincide. Further, the concepts of gω-continuous and gω-irresolute functions are introduced and studied.

Decompositions of continuity
[ Al-Hawary and  Al-Omari, 2006 ] [4]
 	The authors have introduced the concepts of ω0-continuity and ω0X−continuity and have given several characterizations and two decompositions of ω0−continuity. Finally, new decompositions of continuity are provided.

Regular generalized ω-closed sets
[ Al-Omari and Noorani, 2007 ] [6]
 	In this article, a relatively new notion of generalized closed set, namely, regular generalized ω-closed, regular generalized ω-continuous, a-ω-continuous, and regular generalized ω-irresolute maps are introduced and  its fundamental properties are studied.

Contra-ω-continuous and almost contra-ω-continuous
[ Al-Omari and  Noorani, 2007 ] [5]
             In this article, the notion of ω-open sets is applied in topological space to present and study a new class of functions called almost contra ω-continuous functions as a new generalization of contra continuity.

On RW-closed sets in topological spaces
[ Benchalli and Wali, 2007 ] [16]
              The authors have introduced and studied a new class of sets called regular w-closed (briefly rw-closed) sets in topological spaces. A subset A of a topological space (X, ) is called rw-closed if U contains closure of A whenever U contains A and U is regular semi open in (X,). This new class of sets lies between the class of all w-closed sets and the class of all regular g-closed sets. some of their properties are investigated.

On total -ω-continuity, strong - ω-continuity and  contra- ω-continuity
[ Rajesh, 2007 ]  [34]
  	In this article, ω-closed sets and ω -open sets are used to defined and investigate a new class of functions. Relationships between this new class and other classes of functions are established.

Fuzzy ω0 – open sets
[ Al-Hawary, 2008 ] [3]
  	The author has introduced , the notion of fuzzyω0-open set. He has proved that the collection of all fuzzy ω0-open subsets of a fuzzy topological space forms a fuzzy topology that is finer than the original one. Several characterizations and properties of this class are given. Also connections to other well-known “fuzzy generalized open" subsets are discussed.


On ωb- open sets and b-lindelof spaces
[ Noiri , Al-Omari and Noorani, 2008 ]  [29]
 	In this article, a new class of sets called ωb-open sets which is weaker than both ω-open sets and b-open sets is introduced and investigated. Moreover characterization and preserving theorems of b- Lindelöf spaces are obtained.

Weak forms of ω-open sets and decompositions of continuity
[ Noiri, Al-omari and Noorani, 2009 ]  [30]
In this article, some generalizations of ω-open sets are introduced and some properties of the sets are investigated. Moreover, these concepts are used to obtain decompositions of continuity.

Weakly ω- continuous functions
[ Al-Zoubi and Al-Jarah , 2010 ] [ 9 ]
 	The authors have introduced a new class of functions called weakly            ω-continuous which contains the class of ω-continuous functions and  investigated  their basic properties.

On ω-locally closed sets in bitopological spaces
[ Benchalli, Patil and Rayanagouda, 2010 ] [15]
The authors have introduced  a new class of closed sets called ω-locally closed sets, ωlc*- sets, ωlc**-sets which are weaker forms of the class of locally closed sets in bitopological spaces. Using theseconcepts, some of the generalizations of pairwise LC-continuous mapsnamely, pairwise                           ωLC- Continuous maps, pairwise ωLC*- Continuous maps and pairwise            ωLC**-Continuous maps in bitopological spaces are introduced and studied. Several examples are provided to illustrate the behaviour of these new class of sets and maps.



rω -locally closed sets in bitopological spaces
[ Vadivel, 2010 ]  [36]
In this article the concepts of rω -locally closed sets, rω -submaximal spaces are introduced and  their basic properties in bitopological spaces are studied.
 
On ω- confluent mappings
[ Qahis and Noorani, 2011 ]  [33]
 	In this article, the notion of ω-continuum sets is introduced and properties of this class of sets are obtained. By using these sets, a new class of mappings, called ω-confluent maps, is introduced and the relation between these mappings and the classical confluent mappings are studied. Also, some operations such as factorizations, pullbacks, compositions and products of ω-confluent mappings are studied.

Pω -closedness and its generalization with respect to a grill
[ Basu and Uzzal Afsan , 2011 ]  [14]
In this article, a new kind of covering axiom pre-ω-closedness                  (Pω - closedness, for short), stronger than p-closedness is introduced in terms of pre- ω-Open sets. Several characterizations grills along with various properties of this concept are obtained. Grill generalizations of Pω- closedness and associated concepts have also been investigated.

On fuzzy rw-closed sets and fuzzy rw-open sets in fuzzy topological spaces
[ Benchalli, Wali and Ittanagi, 2011] [17]


 	In this article, a new class of sets called fuzzy rw-closed sets and fuzzy rw-open sets in fuzzy topological spaces are introduced and studied. A fuzzy set  of a fuzzy topological space X is said to be fuzzy regular w-closed (briefly, fuzzy rw-closed) if cl()  whenever   and   is fuzzy regular semiopen in the fuzzy topological space X. The complement of fuzzy rw-closed set is called a fuzzy regular w-open (briefly, fuzzy rw-open) set in fuzzy topological spaces X. Some properties of the new concept have been studied.

On kω- open sets and kω- continuous functions
[ Darwesh and Kannan, 2011 ]  [18]
In this article a new type of sets, called kω open sets is introduced and some basic properties and their relationships with some other types of sets are investigated.

ω-closed sets in minimal structures
[ Pushpalatha and Anitha,2011 ]  [32]
The authors have introduced a new set called mω-closed set which are defined on a family of sets satisfying some minimal conditions. This set enables to unify certain kind of modifications of ω-closed sets 

Remarks on bitopological (1, 2)*-rω-homeomorphisms
[ Ravi, Pious Missier and Salai Parkunan, Pandi,2011 ]  [35]
 	In this article the concept of (1, 2)*-rω-continuous mappings is introduced and some of its properties are studied.Their corresponding (1,2)*-rω-irresolute mappings and (1, 2)*-rω-homeomorphisms are also defined and investigated.

In this dissertation the contributions of Al-Zoubi [8] and Al-Omari and Noorani [6] are discussed in detail.
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                                                  CHAPTER I
                        GENERALIZED ω-CLOSED SETS
In this chapter we discuss the concept of generalized ω-closed        (briefly, gω-closed) sets introduced by Al- Zoubi [8]. This concept is defined using the ω-closure operator. This class of sets is finer than that of g-closed sets and that of ω-closed sets. The author [8] has concentrated his study on g-closed sets and gω-closed sets in the spaces (X,) and (X,ω) where ω denotes the family of ω-open subsets of (X,). In the space (X,ω) the concepts closed set,              g-closed set and gω-closed set coincide. Moreover, the concepts of                       gω-continuity and gω-irresoluteness are introduced by using gω-closed sets and some of their fundamental properties are discussed in detail. 
Section 1.1
Preliminary definitions and results
Throughout this chapter (X,) and (Y,σ) stand for topological spaces with no separation axioms assumed, unless otherwise stated. Let A ⊆ X, the closure of A and the interior of  A and the relative topology on A will be denoted  by Cl(A), Int(A) and A, respectively.
Definition : 1.1.1
                 Let (X,) be a space and let A be a subset of X. A point x ∈ X is called a condensation point of A if for each U ∈  with x ∈ U, the set U ∩ A is uncountable.



Definition : 1.1.2	
Let (X,) be a space and let A be a subset of X. A is called ω-closed if it contains all its condensation points. The complement of an ω-closed set is called ω-open. 
Theorem : 1.1.3
 	A subset W of a space (X,) is ω-open  if and only if  for each x∈ W, there exists U ∈   such that  x ∈ U and  U−W  is countable.
Proof:
            Assume W is ω-open. Hence X-W is ω-closed.
Take x ∈ W

Then xX-W      

  x is not a condensation point of  X-W, since X-W is ω-closed.

  There exists U∈  such that  x ∈ U and U ∩ ( X-W) is countable.      

  There exists U∈  such that x ∈ U and U-W is countable.
Conversely,
           Assume the given condition for a subset W of X.
 To prove: W is ω-open. 
 That is to prove X-W  is  ω-closed.

 Take   xX-W

   x ∈ W.

   There exists U∈  such that x ∈ U and  U-W  is countable.

   There exists U∈  such that x ∈ U and U( X-W) is countable.   

    x is not  a  condensation  point  of  X-W.

    X-W contains all its condensation points.
 

   X-W is ω-closed.
Hence W is ω-open.
Notation : 1.1.4
The family of all ω-open subsets of a space (X,), denoted by ω or ωO(X), forms   a topology on X finer than . The  ω-closure  and  ω-interior, that can be defined in a manner similar to Cl(A) and Int(A), respectively, will be denoted by ) or Clω(A)  (if there is no ambiguity) and  or Intω(A) (if there is no ambiguity), respectively. 
Definition : 1.1.5 [ Levine[26] ]


A subset A of a space (X,) to be generalized closed set if Cl(A) U whenever  U∈ and A  U.
Generalized semi closed [11] (resp., α-generalized closed [27],                θ-generalized closed [21], generalized semi-preclosed[19], δ-generalized  closed [20], ω-generalized  closed [2, 8]) sets are defined by replacing the closure operator in Levine’s original definition by the semiclosure ( resp., α- closure,          θ-closure, semi- preclosure, δ- closure , ω- closure ) operator.
Definition : 1.1.6
             A space (X,) is called
(a) locally countable [10] if each point x ∈ X has a countable open
      neighborhood;
(b) anti-locally countable [1] if each nonempty open set is uncountable;
(c) T1/2-space [26] if every g-closed set is closed (equivalently, if every
      singleton is open   or closed  [21]).

Definition 1.1.7
  	A function f : (X,)→(Y,σ) is called
(a)  g-continuous [13] if f −1(V) is g-closed in (X,) for every closed set V of  
      (Y,σ).
(b)  g-irresolute [13] if f −1(V) is g-closed in (X,) for every g-closed set V of 
      (Y,σ).
(c)  ω-continuous [24] if f −1(V) is ω-open in (X,) for every open set V of (Y,σ).
(d)  ω-irresolute [7] if f −1(V) is ω-open in (X,) for every ω-open set V of (Y,σ).
(e)  α-continuous [28] if f −1(V) is α-set in (X,) for every open set V of (Y,σ).
Lemma : 1.1.8 [10]
          Let A be a subset of a space (X,). Then
(a) (ω)ω = ω.
(b) (A)ω = (ω)A.
Section 1.2
Generalized ω-closed sets
Definition : 1.2.1
 	A subset A of a space (X,) is called generalized ω-closed (briefly,           gω- closed) if Clω (A) ⊆ U whenever U ∈ and A ⊆ U.
We denote the family of all generalized ω-closed (generalized closed) subsets of a space (X,) by GωC(X,)(GC(X,)).
It is clear that if (X,) is a countable space, then GωC(X,) =P (X), where P (X) is the power set of X.

Theorem : 1.2.2
Every g-closed set is gω-closed.
Proof:
The proof follows immediately from the definitions and the fact that ω is finer than  for any space (X,). However, the converse is not true in general as the following example shows.
Example : 1.2.3

Let X = {a, b, c} with the topology  = { φ, X, {a}, {a, b} } and let A={a}.Then A ∈ GωC(X,). But A GC(X,) since A ⊆ A ∈  and Cl(A) = X ⊈ A.
Lemma : 1.2.4
Let ( A,A ) be an anti-locally countable subspace of a space (X,). Then Cl(A) = Clω (A).
Proof:
 	We need to prove that Cl(A) ⊆ Clω (A). 
Suppose that there exists x ∈ Cl(A) − Clω (A)

Then, x  Clω (A), and so there exists Wx∈ω such that x ∈ Wx and Wx ∩ A=∅.
Now choose Vx ∈ such that x∈Vx and Vx −Wx=Cx is countable. 
Then ∅≠ Vx ∩ A ⊆ A ∩ (Wx ∪ Cx) = (A ∩ Wx) ∪ (A ∩ Cx)
                                                   =  A ∩ Cx  (since A ∩Wx = ∅.)
                                                                            ⊆ A ∩ Vx 
Thus Vx ∩ A = A ∩ Cx ∈ A
(i.e., Vx ∩ A is a nonempty countable open set in (A,A)), which is a contradiction A is an anti-locally countable space. 
 Therefore, Cl(A)=Clω (A).
Corollary : 1.2.5
          Let (A,A) be an anti-locally countable subspace of a space (X,). Then
 A ∈ GC(X,) if and  only if A ∈ GωC(X,).
Theorem : 1.2.6
 	Let (X,) be any space and A ⊆ X. Then the following are equivalent:
(a) A is ω-closed in (X,) (equivalently, A is closed in (X,ω)).
(b) A ∈ GC(X,ω).
(c) A ∈ GωC(X,ω).
Proof:
(a)⇒(b):
         It follows from the fact that every closed set is g-closed.
(b)⇒(c): 
         It is obvious by using Theorem 1.2.2.
(c)⇒(a): 

         We show that Clω (A) ⊆ A. Suppose that x0A. 
Then U = X −{x0} is an ω-open set containing A. 

Since A ∈ GωC(X,ω), (A) = Clω (A) ⊆ U (Lemma 1.1.8(a)), and thus             x0 clω(A). Therefore, Clω (A) = A, that is, A is ω-closed in (X,).

In the same way, it can be shown that a subset A of a space (X,) is closed if and only if Cl(A) ⊆ U whenever U ∈ ω and A ⊆ U.
Theorem : 1.2.7
              If A ∈ GC(X,ω) then A ∈ GωC(X,) but not conversely.
Example : 1.2.8
Let X = R be the set of all real numbers with the topology  = {φ, X, {1}} and put A = R−Q.

Then A is an ω-open subset of (X,) such that Clω (A) = R−{1} ⊈ A                      (i.e., A  GC(X,ω)). 
However, A ∈ GωC(X,) since the only open set in (X,) containing A is X.
In Example 1.2.8, A ∈ GC(X,) − GC(X,ω). In the following, we give an example of a space (X,) and a subset A of X such that A ∈ GC(X,ω)−GC(X,). 
In other words, for a space (X,), the collections GC(X, and GC(X,ω) are independent from each other.
Example : 1.2.9
           Consider X = R with the usual topology . Put A = (0,1) ∩ Q. Then          (A) = A (A is countable), and so A ∈ GC(R,)

On the other hand, A GC(R,) since U = (0,1) is open in (R,) such that                  A ⊆ U and   = [0,1] ⊈ U.
Note that in Example 1.2.9, (R,) is anti-locally countable and                  A = (0,1) ∩ Q  ∈ GωC(R ,) − GC(R,). Thus the condition that (A,A) is           anti-locally countable in Corollary 1.2.5 cannot be replaced by the condition that (X,) is anti-locally countable.

Theorem : 1.2.10
                Let A be a gω-closed subset of a space (X,) and B ⊆ X. Then the following hold:
(a) Clω(A)−A contains no nonempty closed set.
(b) If A ⊆ B ⊆ Clω(A), then B ∈ GωC(X,).
Proof:
 (a) Suppose by contrary that clω (A)−A contains a nonempty closed set C. 
      Then A ⊆ X −C and X −C is open in (X,). 
      Thus, Clω (A) ⊆ X −C since A is not gω-closed set, or equivalently,    
      C ⊆ X −clω (A). Therefore, C ⊆ (X −Clω (A)) ∩ (Clω (A)−A)=∅.
(b)  Let U ∈ and B ⊆ U. Then A ⊆ B ⊆ U. 
      Since A ∈ GωC(X,), Clω (B) ⊆ Clω (Clω (A)) = Clω (A) ⊆ U, and the result 
      follows. 
Theorem : 1.2.11
If (X,) is a T1/2-space, then every gω-closed set in (X,) is g-closed in (X,ω).
Proof:
Let A be a gω-closed subset of (X,). 
By Theorem 1.2.6, we show that A is ω-closed in (X,).
Suppose, to the contrary, that there exists x ∈ Clω (A)− A. 
Then, by Theorem 1.2.10(a), {x} is not closed. 
Since (X,) is a T1/2-space, {x} is open in (X,) and thus it is ω-open. 
Therefore, {x} ∩ A ≠ ∅, a contradiction. 

In the space X from Example 1.2.3, every gω-closed set is ω-closed while (X,) is not a T1/2-space. Thus, the converse of Theorem 1.2.11 is not true in general.
Theorem : 1.2.12
Let (X,) be an anti-locally countable space. Then (X,) is a T1-space if   and only if every gω-closed set is ω-closed.
Proof:
We need to show the sufficiency part only. Let x ∈ X and suppose that {x} is not closed. 
Then A = X − {x} is not open, and thus A is gω-closed (the only open set containing A is X). 
Therefore, by assumption, A is ω-closed, and thus {x} is ω-open.
So there exists U ∈  such that x ∈ U and U − {x} is countable.
It follows that U is a nonempty countable open subset of (X,), a contradiction.
Theorem : 1.2.13
 	If А = {Aα : α ∈ I} is a locally finite collection of gω-closed sets of a space (X,), then A =   is gω-closed (in particular, a finite union of gω-closed sets is gω-closed).
Proof:
 	Let U be an open subset of (X,) such that A ⊆ U.
 Since Aα ∈ GωC(X,) and Aα ⊆ U for each α ∈ I, Clω (Aα) ⊆ U. 
As ω is a topology on X finer than , А is locally finite in (X,ω). 


Therefore, Clω (A) = Clω (α∈I Aα) =  α∈I Clω (Aα) ⊆ U.
Thus, A is gω- closed in (X,).
 
             The following two examples show that a countable union of gω-closed sets and a finite intersection of gω-closed sets need not be gω-closed.
Example : 1.2.14
(a)  Consider X = R with the usual topology . For each n ∈ N, put An = [1/n,1]
      and A=. Then A is a countable union of gω-closed sets but A is not 
      gω-closed since U = (0,2) ∈ , A ⊆ U and Clω (A) = [0,1] ⊈ U.
(b)  Let X be an uncountable set and let A be a subset of X such that A and X −A 
      are uncountable. Let  = {∅, A, X}. 

      Choose x0, x1A and x0 ≠ x1. 
      Then A0 = A ∪ {x0} and A1 = A∪{x1} are two gω-closed subsets of (X,). 
      But A0 ∩ A1 = A is not gω-closed since A ⊆ A ∈  and Clω (A) ≠ A.
Theorem :1.2.15
 	If A ∈ GωC(X,) and B is closed in (X,), then A∩B ∈ GωC(X,).
Proof:
Let X be an open set in (X,) such that A ∩ B ⊆ U.
Put W = X − B. Then A ⊆ U ∪ W ∈ . 
Since  A ∈ GωC(X,), Clω(A) ⊆ U ∪ W.
Now, Clω (A ∩ B) ⊆ Clω(A) ∩ Clω(B) ⊆Clω (A) ∩ Clω(B)= Clω (A) ∩ B ⊆                    (U ∪ W) ∩ B ⊆ U. 
      
 	In [24], Hdeib has shown that if A is an ω-open subset of a space (X,) and B is an ω-open subset of a space (Y,σ), then AB need not be ω-open in    (X  Y, σ), that is, ω σω ⊈ (σ)ω. To prove that the other inclusion always holds, we need the following lemma:
Lemma : 1.2.16
(a) If A is an ω-open subset of a space (X,), then A − C is ω-open for every countable subset C of X.
(b) The open image of an ω-open set is ω-open.
Proof:
Part (a) is clear from the definition.
To prove part (b),
         Let f : (X,)→(Y,σ) be an open function and let W be an ω-open subset of (X,). 
Let y ∈ f(W). There exists x ∈ W such that y =f(x). 
Choose U ∈  such that x ∈ U and U −W = C is countable. Since f is open, f (U) is open in (Y, σ) such that y = f(x) ∈ f(U) and f(U) − f(W) ⊆ f(U − W) = f (C) is   countable. 
Therefore, f(W) is ω-open in (Y, σ). 
Theorem : 1.2.17
              Let (X,) and (Y,σ) be two topological spaces. Then (σ)ω ⊆ ω σω.
Proof: 
Let W ∈ ( σ)ω and (x, y) ∈W. 
There exist U ∈ and V ∈ σ such that (x, y) ∈ U V and U V − W = C is countable. 
Put W1 = (U ∩ PX(W))−(PX(C)−{x}) and W2 = (V ∩ PY (W)) − (PY(C)−{y}), where PX : (X  Y,  σ) → (X,) and PY : (X Y,  σ) → (Y,σ) are the natural projections.
Then W1 ∈ ω, W2 ∈ σω  (Lemma 1.2.16) and (x, y) ∈ W1 W2 ⊆W. 
Thus W ∈ ω  σω.
Definition : 1.2.18
A subset A of a space (X,) is called generalized ω-open               (briefly, gω-open) if its complement X −A is gω-closed in (X,).
             It is clear that a subset A of a space (X,) is gω-open if and only if          F ⊆ Intω (A), whenever F ⊆ A and F is closed in (X,).
Theorem : 1.2.19
 	If AB is a gω-open subset of (X Y, σ), then A is gω-open in (X,) and B is gω-open in (Y, σ).
Proof:
         Let FA be a closed subset of (X,) and let FB be a closed subset of (Y,σ) such that FA ⊆ A and FB ⊆ B. 
Then FA FB is closed in (X  Y, σ) such that FA FB ⊆ AB.
By assumption, AB is gω-open in (X Y, σ), and so 
FA FB ⊆ (AB) ⊆(A) (B) by using Theorem 1.2.17.
Therefore, FA ⊆ (A) and FB ⊆ (B), and the result follows.
        
The converse of the above theorem need not be true in general as can be seen from the following example:

Example : 1.2.20
Let X = Y = R with the usual topology . Let A = R−Q and B = (0,3).Then A and B are ω-open subsets of (R,), while AB is not g ω-open                                                                    (RR,, since  AB=∅ and {√2} [1,2] is a closed set in (RR,) contained in AB.
Theorem : 1.2.21 
 	Let (YY ) be a subspace of a space (X,) and A ⊆ Y. Then the following   hold.
(a) If A ∈ GωC(X,), then A ∈ GωC(Y,Y ).
(b) If A ∈ GωC(YY ) and Y is ω-closed in (X,), then A ∈ GωC(X,).
Proof:
(a)  Let V be an open set of (Y,Y) such that A ⊆ V. 
      By using Lemma 1.1.8(b), there exists an open set U ∈  such that 
      V = Y ∩  U. 
      Since A ∈ GωC(X,) and A ⊆ U, Clω (A) ⊆ U. 
      Now, (A) =  (A) =  (A)∩Y ⊆ Y ∩U = V. 
      Therefore, A ∈ GωC(Y,Y ).
(b) Let A ⊆ U, whereU ∈ . ThenA ⊆ Y ∩U∈Y. Since A ∈ GωC(Y,Y), (A)= (A) =  (A)∩Y ⊆ Y ∩U. 
      Finally,  (A) =  (A∩Y) ⊆ (A) ∩ (Y) = (Y is ω-closed) 
 (A) ∩ Y ⊆ Y ∩U ⊆ U. Thus A ∈ GωC(X,).

 	If we choose A = Y in Example 1.2.14(b), then A ∈ GωC(Y,Y )-GωC(X,). therefore, the condition that Y is ω-closed in Theorem 1.2.21 (b) cannot be dropped.
Section 1.3
gω-continuous functions
Definition : 1.3.1
 	A function f : (X,)→(Y,σ) is called
(a) gω-continuous  if f-1(C) ∈ GωC(X,) for every closed subset C of (Y,σ);
(b) gω-irresolute if f −1 (A) ∈ GωC(X,) for every A ∈ GωC(Y,σ).
 	It follows from the definitions that a function f : (X,) → (Y,σ) is                  gω-continuous (gω-irresolute) if and only if f −1 (V) is gω-open in (X,) for every open (gω-open) subset V of (Y,σ).
Theorem : 1.3.2
            Every g-continuous function and ω-continuous function is gω- continuous.
Proof:
            The proof follows from the definitions and Theorems 1.2.2 and 1.2.7.
Example : 1.3.3
 (a)  Let X be an uncountable set and let A be a proper uncountable subset of X. 
       Let f : (X,indis) → (X,dis) be the identity function. 
       Then f is gω-continuous(GC(X,indis) = P (X)). 
       However, f is not ω-continuous since A is closed in (X,dis) and A = f −1(A) is
       not  ω-closed in (X,indis).
 (b)  Let (X,) be as in Example1.2.3. Then, the identity function f : (X,)→(X,dis)
        is gω- continuous but not g-continuous.

        	Let f : (X,)→(Y,σ) be a function. Then a function: (X,ω)→(Y,σω) (resp., fω : (X,ω) → (Y,σ), fω : (X,) → (Y,σω)) associated with f is defined as follows: (x) =f (x) (resp., fω(x) = f (x), f ω(x) = f (x)) for each x ∈ X.
Theorem : 1.3.4 
            Let f : (X,)→(Y,σ) be a function. Then the following are equivalent.
(a) is continuous.
(b) is g-continuous.
(c) is ω-continuous.
(d) is gω-continuous.
(e) is gω-irresolute.
(f) is ω-irresolute.
(g) is g-irresolute.
Proof:
The proof follows from Theorem 1.2.6.
The following result follows immediately from the definitions, Theorem 1.2.6, and Theorems 1.2.2 and 1.2.7.
Theorem : 1.3.5 
 	Let f : (X,)→(Y,σ) be a function. Then the following hold.
(a) fω is gω-continuous if and only if it is g-continuous.
(b) If fω is gω-irresolute, then f is g-irresolute.
(c) If fω is g-continuous, then f is gω-continuous.
(d) If f ω is gω-continuous, then f is gω-continuous.

In Example 1.3.3(a), f is both gω-continuous and g-irresolute.   However, fω is neither g-continuous nor gω-irresolute ((indis)ω = coc is the cocountable topology). Therefore, the converses of parts (b) and (c) of Theorem 1.3.5 are not true in general. Example 1.3.8 also shows that the converse of part (d) is not true.
Theorem : 1.3.6
          Every gω-irresolute function is gω-continuous but not conversely.
Proof:
           The proof follows immediately from the definitions. For the converse, see Example 1.3.8.
Theorem : 1.3.7
If : (X,) → (Y,σ) is closed and f ω is gω-continuous, then f is                   gω- irresolute.
Proof:
 	Assume that A is a gω-open subset of (Y,σ) and that F ⊆ f −1(A),         where F  is closed in (X,).
Then, f (F) is closed in (Y,σ) such that f (F) ⊆ A.
Since A is gω-open in (Y,σ), f (F) ⊆ , and thus F ⊆ f −1((A)).
Since f ω is gω-continuous and (A) is open in (Y,σω), f −1((A)) is          gω-open in (X,).
Therefore, F ⊆ (f −1(Intω (A))) ⊆(f −1(A)).
This means that f −1(A) is gω-open in (X,), and thus f is gω-irresolute.

The following example shows that the condition that f ω is gω-continuous in Theorem 1.3.7 cannot be weakened to f being gω-continuous.
Example : 1.3.8

Let (X,) and A⊂ X be as in Example 1.2.14(b). Let Y = R with the topology σ = {U ⊆ R : 1 ∈ U}{∅}. 
Define f :(X,) →(Y, σ) as follows:
f (x) =
Then f is closed, open, and gω-continuous. 
To show that f is gω-continuous, let U ∈ σ and let F be any closed set in (X,) such that F ⊆ f −1(U). 
Then f −1(U) must be X, and hence f −1(U) is gω-open in (X,). 
But neither f is gω-irresolute nor f ω is gω-continuous since {0} is ω-open, hence gω-open in (Y,σ), while f −1({0}) = X −A is not gω-open in (X,) (X −A is closed but not ω-open in (X,)).
Theorem : 1.3.9.
 	If f : (X,) → (Y,σ) is gω-continuous, then for each x ∈ X and each open set V in (Y,σ) with f (x) ∈ V, there exists a gω-open set U in (X,) such that x ∈ U and f (U) ⊆ V.
Proof:
Let x ∈ X and let V be any open set in (Y,σ) containing f (x). 
Put U = f −1(V). 
Then, by assumption, U is a gω-open set in (X,) such that x ∈ U and                  f (U) ⊆ V,and the result follows.

The converse of the above proposition is not true in general as the following example shows:
.Example : 1. 3.10
Let (X,) and A ⊂ X be as in Example1.2.14(b) and let Y = {0, 1} with the topology σ = {∅,{0},Y}. 
Define f : (X,)→(Y,σ) as follows:
f (x) =
 	Then f is not gω-continuous since X − A = f −1({0}) is closed but not           ω-open in (X,). On the other hand, f satisfies the property stated in Theorem 1.3.9 because {x} is gω- open in (X,) for each x ∈ X.
Theorem : 1.3.11
 	Let f : (X,) → (Y,σ) be a function from an anti-locally countable space            (X,) onto a regular space (Y,σ). Then the following are equivalent.
(a) f is continuous.
(b) f is ω-continuous.
(c) For each x ∈ X and each open set V in (Y,σ) with f (x) ∈ V, there exists an 
     ω-openset U in (X,) such that x ∈ U and f (U) ⊆ Intσ (clσ (V)).
(d) For each x ∈ X and each open set V in (Y,σ) with f (x) ∈ V, there exists an
     ω-open set U in (X,) such that x ∈ U and f (U) ⊆ (clσ (V)).
(e) For each x ∈ X and each open set V in (Y,σ) with f (x) ∈ V, there exists an
     ω-open set U in (X,) such that x ∈ U and f (U) ⊆ Clσ (V).


Proof:
         In general, the implications (a)⇒(b)⇒(c)⇒(d)⇒(e) follow from the definitions and the fact that the topology σω is finer than σ.
(e)⇒(a).
          We show that f is continuous at each x ∈ X.
Let x ∈ X and let V be any open set in (Y,σ) such that f (x) ∈ V. 
By regularity of (Y,σ), choose two open sets W and H in (Y,σ) such that                 f (x) ∈ H ⊆ Clσ (H) ⊆W ⊆ Clσ (W) ⊆ V. 
By assumption, there exists an ω-open set U in (X,) such that x ∈ U                 and f (U) ⊆ Clσ (H). 
Now, choose an open set G in (X,) such that x ∈ G and G − U is countable.
We claim that f (G) ⊆ Clσ (W).
       If not, choose t ∈ f (G) − Clσ (W). Therefore, t = f (g) for some g ∈ G.
Now, t ∈ Y − Clσ (W) which is an open set in (Y,σ), and so there exist U1 ∈ ω and an open set G1 ∈ such that g ∈ U1 ∩ G1, f (U1) ⊆ Clσ (Y − Clσ (W)), 
and G1 − U1 is countable. 
Finally, since f (U) ∩ f (U1) ⊆ Clσ (H)∩Clσ (Y −Clσ (W)) ⊆ W ∩Clσ (Y −Clσ(W))=∅,      U ∩ U1 = ∅, and so g ∈ G ∩ G1 ⊆ (G − U) ∪ (G1 − U1), that is G ∩ G1 is a nonempty countable open set in (X,), which contradicts the fact that X is          anti-locally countable. Thus f (G) ⊆ Clσ (W) ⊆ V, and hence f is continuous at x.
The following two examples show that the conditions that X is anti-locally countable and Y is regular in Theorem 1.3.11 are essential.
Example : 1.3.12
(a) Let (Y,σ) be as in Example 1.3.10. Then the function f : (R,)→(Y,σ)    
     defined   by
      f (x) =
     is ω-continuous but not continuous. 
     Here, (R,) is anti-locally countable and (Y,σ) is not regular.
(b) Let (Y, σ) be as in (a), Z = {0,1} with the discrete topology dis and let     
     f : (Y, σ)→ (Z,dis) be the identity function. 
     Clearly, (Y, σ) is not anti-locally countable, (Z,dis) is regular, and
     f is ω-continuous but  not continuous.
Corollary : 1.3.13
 	Let f : (X,)→(Y,σ) be a function from an anti-locally countable T1/2-space (X,) onto a regular space (Y,σ). Then f is continuous if and only if it is               gω-continuous.
Proof:
The proof follows from Theorems 1.2.11 and 1.3.11.
Example 1.3.3(a) shows that the assumption that (X,) is a T1/2-space in the above corollary cannot be dropped.
Theorem : 1.3.14
Let f : (X,) → (Y,σ) be a gω-continuous function and let A be a            closed subset of (X,). Then, the restriction f |A : (A,A)→(Y,σ) is gω-continuous.
Proof:
 	Let F be a closed subset of (Y,σ). Then ( f |A)−1(F) = f −1(F)∩A. Since f                   is gω-continuous, f−1(F)∈GωC(X,) and so, by Theorem 1.2.15,                             f−1(F ) ∩ A ∈ GωC(X,).
Therefore, by Theorem 1.2.21(a), ( f |A)−1(F) ∈ GωC(A,A) and the result follows. 

Theorem : 1.3.15
Let (X,) be a topological space such that X = A∪B, where A, B are both           ω-closed in (X,). Let f : (X,)→(Y,σ) be given such that the restricions f |A and      f |B are both gω-continuous. Then f is gω-continuous.
Proof:
            Let F be a closed subset of (Y,σ).

Then, f −1(F) = ( f |A)−1(F)( f |B)−1(F). 
Since ( f |A)−1(F) ∈ GωC(A,A) and A is ω-closed in (X,), by Theorem 1.2.21(b), 
( f |A)−1(F) ∈ GωC(X,). 
Similarly, ( f |B)−1(F) ∈ GωC(X,). 
By Theorem 1.2.13, f −1(F) ∈ GωC(X,).
Thus f is gω-continuous. 
Theorem : 1.3.16
 	Let (X,) and (Y,σ) be topological spaces, where (Y,σ) is locally countable.
Then the projection px : (X Y, σ)→(X,) is gω-irresolute.
Proof:
Let A be a gω-open subset of (X,) and let F be a closed subset of            (X Y, σ) such that F ⊆ px-1(A) = AY.
For each (x, y) ∈ F, the closed set {x} is contained in A.
By assumption, {x} ⊆  
Therefore, (x, y) ∈ {x}{y} ⊆ (A)Y. 
Now, we show that (A)  Y ⊆ (A  Y). 
Let (s, t) ∈(A)  Y. 
Choose U ∈, W ∈ ω, and a countable open subset V of (Y,σ) such that           (s, t) ∈ (U ∩ W)V, s ∈W ⊆ A, and U −W is countable. 
Since U V −W Y = (U-W)V is countable,W Y ∈ (σ)ω and (s, t) ∈ W Y  ⊆ AY. Therefore, (s, t)  ∈  (AY), and hence the result follows. 
It follows that (x, y) ∈ (AY) for each (x, y) ∈ F, which means that          F ⊆ (AY). 
Therefore px-1(A)= AY is gω-open in (X Y,σ), and hence px is                    gω-irresolute. 

To show that the condition (Y,σ) being locally countable in Theorem 1.3.16 is essential, we consider the following example.
Example : 1.3.17
Consider the projection p : (RR, ) → (R,) and let A = R−Q. Then A is ω-open (and hence gω-open) in (R, ) while p−1(A) = (R − Q)  R is not           gω-open in (RR, ) (see Example 1.2.20). Thus p is not gω-irresolute.
The proof of the following theorem is left to the reader.
Theorem : 1.3.18
Let f : (X,) → (Y, σ)  and g : (Y,σ) → (Z,) be two functions. Then the following hold
(a)  g ◦ f  is gω-continuous if g is continuous and f is gω-continuous.
(b)  g ◦ f  is gω-irresolute if f and g are gω-irresolute.
(c)  g ◦ f  is gω-continuous if g is gω-continuous and f is gω-irresolute.
(d)  Let (Y,σ) be a T1/2-space. Then, g ◦ f is gω-continuous if g is gω-continuous and f ω is gω-continuous.

The following example shows that the composition of two gω-continuous functions need not be gω-continuous.
Example : 1.3.19
Let (Y, σ) and f be as in Example 1.3.12, let (Y,) be the set {0,1} with the
topology = {∅,{1},Y} and let g : (Y,σ)→(Y,) be the identity function. Then f and g are both gω-continuous but g ◦ f is not gω-continuous.
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                                                    CHAPTER II 
                 REGULAR GENERALIZED ω-CLOSED SETS
In this chapter we discuss the concept of regular generalized ω-closed  sets (briefly, rgω-closed sets) introduced by Al-Omari and Noorani  [6]. The class of rgω-closed sets is finer than that of closed sets, ω-closed sets,                               g-closed sets, gω-closed sets and rg-closed sets. Examples are given to show that an rgω-closed set need not be gω-closed and also need not be rg-closed. Regarding union, the authors [6] have shown that the finite union of open,        rgω-open and separated sets is rgω-open and finite union of rgω-closed sets is        ω-closed. Moreover, some interesting properties of rgω-closed sets are discussed. The authors [6] have introduced the concept of regular generalized    ω-T1/2 (briefly, rgω-T1/2) spaces and have proved that a space is rgω-T1/2 if and only if every singleton is either regular closed or ω-open. They [6] have also introduced the notions of a-ω-closed maps, a-ω-continuity, and obtained a characterization of rgω-T1/2 spaces using a-ω-continuity. Moreover, they [6] have introduced the notions of rgω-closed maps, rgω-continuity, rgω-irresoluteness and studied some interesting properties of these maps. Every rgω-irresolute map is proved to be rgω-continuous. They [6] have also introduced the concept of       ω-c-closed sets using which the concept of rgω-c-closed maps is introduced. Conditions on maps which preserve rgω-closedness and also under which inverse image of rgω-closed sets are rgω-closed are discussed. Apart from this some interesting and nice properties of the maps mentioned above are discussed.







Section 2.1
Regular generalized ω-closed sets
Definition : 2.1.1
Let (X,) be a topological space and A ⊂ X. A is regular open if                     A = Int(Cl(A)) and A is regular closed if its complement is regular open; equivalently, A is regular closed if A = Cl(Int(A)).
Definition : 2.1.2
A subset A ⊆ X is said to be ω-c-closed provided that there is a proper subset B for which A = Clω(B).
Definiton : 2.1.3
           A subset A of (X,) is called regular generalized closed (briefly,           rg-closed) if  Cl(A) ⊂ U whenever A ⊂ U and U is regular open.
Definition : 2.1.4
             A subset A of  (X,)  is called regular generalized ω-closed (briefly, rgω-closed)  if Clω(A) ⊂ U whenever A ⊂ U and U is regular open. A subset B of (X,) is called regular generalized ω-open (briefly, rgω-open) if the complement of B is rgω-closed.

          We have the following relation for rgω-closed set with the other known sets:
                                      ω-c-closed

                                         


                                      closed     g-closed   rg-closed 




                                                                               


                                     ω-closed  gω-closed rgω-closed

 Example : 2.1.5
A  set which is rgω-closed but not gω-closed.
               Let R be the set of all real numbers and Q be the set of all rational numbers, with the topology  = {R, φ , R-Q}
Then c={ φ , R, Q} 
Let A = R−Q.

Take x  A
Hence the only open set containing  x  is  R  and
RA=R  (R-Q) = R-Q is uncountable.

           Therefore x is a condensation point  of  A  but  x  A.
Hence A is not ω-closed.
Therefore, Clω(A) ⊈ A

Since A = R-Q, A is open  and  A  A 
But, Clω(A) ⊈ A
Hence A is not gω-closed.
Claim:
The only regular open set containing A is R
To find  the  regular open subsets  of  R.
Let A  be  any  subset  of  R. 

Then either  (1) AQ  or  (2)  A ⊈ Q.

Suppose AQ
(1) Cl(A) = {R,Q}
               =R  Q
               = Q   
      Int(Cl(A)) = φ              
     A ≠ Int(Cl(A)).

Therefore, if  A  Q then A is not regular  open.
(2)   Suppose A ⊈ Q.


 There exists  x  Q, but  x  A
           Cl(A) = R
        Int(Cl(A)) = R.
If A = R then A = Int(Cl(A)) .Hence R is  regular open
If   A≠ R then A ≠  Int(Cl(A))
Therefore, if  A ≠ R and A ⊈ Q, then A is not regular open.
Hence the claim.
Therefore A is rgω-closed
Example : 2.1.6
A set which is rgω-closed but not rg-closed.  
Let X={a, b, c, d} and  = {φ, X, {a}, {b}, {a,b}, {a,b, c}}. 
Then c = { X, φ, {b, c, d} , {a, c, d}, {c, d}, {d}}

Cl{a} = {X, {a, c, d}}.
            = {a, c, d}
Int(Cl{a}) = {a}
Therefore {a} is regular open.

Take U={a}. Then U is regular open and {a}U, but Cl{a} ⊈ U.
Hence {a} is not  rg-closed.
        Since X is finite, there are  no condensation points.
Hence every subset is ω-closed which in turn implies that every subset is          ω-open.
Hence ω is the discrete topology. Let U be a regular open set such that {a} ⊈ U.
Since {a} is ω-closed, we get Clω{a} = {a}

Hence Clω{a}  {a}.
Therefore {a} is rgω-closed .
Theorem : 2.1.7
If (X,) is a countable space, then rgω(X,) = P (X), where rgω(X,) is the set  of all  rgω-closed  subsets  of  X and P (X), is the power set of X.
Proof:


       Take any xX and U be any open set such that xU.
Since X is countable UA is countable for every subset of A.
Hence there are no condensation points.
Hence every subset is ω-closed , which in turn implies that every subset  is           ω-open.
Let A be any subset of X.

Let U be any regular openset  such that  A U.

Since A is ω-closed, Clω(A)  = A U.
Hence A is  rgω-closed.
Every subset of X is rgω-closed.
Hence rgω(X,) = P (X).
Lemma : 2.1.8

             For every subset A of (X,), Clω(A) Cl(A).
Proof:
  By definition,

 Cl(A)  = { all closed sets containing  A}

 Clω(A) = { ω-closed sets containing  A}.

 Since every closed set is a ω-closed set we get that Clω(A)  Cl(A).


Theorem : 2.1.9
Every gω-closed set and rg-closed set are rgω-closed.
Proof:
         Let A be a gω-closed set.

Let U be a regular open set such that  A  U.
Since every regular open set is open we get U is open.

Since A is gω-closed we get Clω(A)  U.
Hence A is rgω-closed.
Therefore, every gω-closed set is a rgω-closed.
Let A be a rg-closed set.

Let U be a  regular open  set  such that  A  U.

Since A is rg-closed,  Cl(A)  U.

 By Lemma 2.1.8, Clω(A)  Cl(A).

 Thus Clω(A)  U.
 Hence A is  rgω-closed.
 Therefore, every rg-closed set are rgω-closed.
Theorem : 2.1.10
Let A be an rgω-closed subset of (X,).Then Clω(A)−A does not contain any nonempty regular  closed set.
Proof:
Let F be a  regular closed  subset of (X,)  such that  F ⊆ Clω(A)−A. 
Hence F ⊆ Clω(A).
Then  F ⊆ X −A and hence A ⊆ X −F. 
Since A is  rgω-closed  and  X –F  is a regular  open  subset  of   (X,),  
Clω(A) ⊆ X –F and so  F ⊆ X −Clω(A). 

Therefore F ⊆ Clω(A)∩(X −Clω(A)) =φ.
 Hence F =  φ.
Theorem : 2.1.11
A subset A of (X,) is  rgω-open if and only if F ⊆ Intω(A) whenever F is a regular closed subset such that F ⊆ A.
Proof:
                Let A be an rgω-open subset of X and let F be a regular closed  subset  of X such that F ⊆ A. 
Then X − A is an rgω-closed set and X − A ⊆ X − F. 
Since X – A is  rgω-closed    Clω(X −A) ⊆ X –F.
Since X- Intω(A) = Clω(X −A),  we get  X- Intω(A) ⊆ X –F.
         Hence F ⊆ Intω(A).
Conversely,
           Assume that F ⊆ Intω(A) whenever F is a regular closed  subset of (X,) such that F ⊆ A.
Let U  be  any  regular  open  subset U such that X −A ⊆ U.
Then X −U ⊆ A. Hence by assumption X −U ⊆ Intω(A). 
That is, X −Intω(A) ⊆ U which implies  that  Clω(X-A) ) ⊆ U.
Therefore X-A is rgω-closed. 
        Hence A is rgω-open.
Lemma : 2.1.12 [22]
For every open set U in a topological space X and every A ⊆ X,                  Cl(U ∩A) =Cl(U∩Cl(A)).
Definition : 2.1.13
         Two nonempty sets A and B of X are  said to be separated  if          Cl(A)∩B = φ =A∩Cl(B).
Theorem : 2.1.14
 	If A and B are open, rgω-open, and separated sets then A ∪ B is           rgω-open.
Proof:
        Let F be a regular closed subset such that F ⊆ A ∪ B. 
Since F ∩ Cl(A) ⊆Cl(A), and  Cl(A) ∩B = φ (since A and B are separated sets). we get  F ∩ Cl(A) ⊆ A.
Since A is open,by  Lemma 2.1.12  we have F ∩ Cl(A) is  regular closed.
Since A is rgω-open, by Theorem 2.1.11 we get  F ∩ Cl(A) ⊆Intω(A) .
Similarly, F ∩Cl(B) ⊆ Intω(B). 
Therefore, (F ∩ Cl(A) ) ∪(F ∩ Cl(B)) ⊆Intω(A) ∪ Intω(B)
                                                           ⊆Intω(A ∪ B)
                      F ∩(Cl(A) ∪ Cl(B)) ⊆ Intω(A ∪ B).
Since    F ⊆ A ∪ B⊆ Cl(A ∪ B).
                            = Cl(A) ∪ Cl(B), 
we get  F ∩(Cl(A) ∪ Cl(B)) = F.
Therefore, F⊆ Intω(A ∪ B).
By Theorem 2.1.11 A ∪ B  is  rgω-open.
The following example shows that the union of  rgω-open sets 
need  not be rgω-open.
Example : 2.1.15
Let X be an  uncountable set and let A, B, C, D be subsets of X, such that
each of them is an uncountable set  and the family {A,B,C,D} is a partition of X. We define  the  topology  on X as  follows:
      = {φ, X, {A}, {B}, {A, B}, {A, B, C}}. 
Proof:
The regular open sets  in X  are  {φ, X, A, B}

Choose x, y  A and x  ≠ y. 
Let H =A ∪ {x} and G = A ∪ {y}.
Since the only regular open set containing H and G is X, we get that H and G are rgω-closed. 
Since {A} is not ω-closed we get Clω(A) ⊈ A.
Since H ∩ G = {A} we get that Clω(H ∩ G) ⊈ A.

Since {A} is regular open in X such that H ∩G {A} but  Clω(H ∩ G) ⊈ A
we get that  H ∩ G is not rgω-closed. 
Hence Hc ∪ gc  is not rgω-open whereas Hc and gc  are rgω-open.
Theorem : 2.1.16
             If A and B are rgω-closed sets, then A ∪ B is rgω-closed.
Proof:

            Let U  be a regular open set such that A ∪ B U. 


Then A  U  and  B  U.


Since  A  and  B  are  are  rgω-closed  sets we get Clω(A)  U and Clω(B)  U.

Since  is a topology on X, Clω(A ∪ B) =  Clω(A) ∪ Clω(B)  U.
Therefore, A ∪ B is rgω-closed.

Theorem : 2.1.17
         Let A be a rgω-closed subset of (X,). If B ⊆ X such that A ⊆ B ⊆ Clω(A), then B  is also  rgω-closed. Let   B be a subset of (X,) and let A be an rgω-open subset such that Intω(A) ⊆ B ⊆ A. Then B is also rgω-open.
Theorem : 2.1.18
If A be an rgω-closed subset of (X,), then Clω(A)−A is rgω-open set.
Proof:
Let A be an rgω-closed subset of (X,) and let F be a regular closed subset such that F ⊆ Clω(A)−A.
By Theorem 2.1.10, we get  F = φ and  thus  F ⊆ Intω(Clω(A)−A). 
By Theorem 2.1.11, Clω(A)−A  is  rgω-open set.
Let us recall the following lemmas to obtain further results on rgω-closed sets.
Lemma : 2.1.19
             If Y is an open subspace of a space X and A is a subset of Y, then             Clω|Y (A) = Clω(A) ∩ (Y).

Lemma : 2.1.20
If A is a regular open and rgω-closed subset of a space X, then A is          ω-closed in X.
Theorem : 2.1.21
 	Let Y be an open subspace of a space X and A ⊆ Y. If A is rgω-closed in X, then A is rgω-closed  in Y.
Proof:
Let U be a regular open set of Y such that A ⊆ U.
Then U = V ∩ Y for some regular open set V of X. 
Since A is rgω-closed in X, we have Clω(A) ⊆ V  and by Lemma 2.1.19, we get
Clω|Y (A) = Clω(A) ∩ (Y) ⊆ V ∩ Y = U. 
Hence A is rgω-closed in X. 

Corollary : 2.1.22
 	If A is an rgω-closed regular open set and B  is  an  ω-closed set of a space  X, then A∩B is rgω-closed.
Theorem : 2.1.23
Let A be an rgω-closed set. Then A = Clω(Intω(A)) if and only if then Clω(Intω(A)) – A is regular closed.
Proof:
If A = Clω (Intω (A)), then Clω (Intω(A)) − A = φ and hence  Clω(Intω(A)) − A is  regular closed. 
Conversely, let  Clω(Intω(A))−A  be regular closed,  since Clω(A)−A contains   the  regular  closed set Clω(Intω(A))−A. 
By Theorem 2.1.10, Clω(Intω(A))−A = φ and hence A = Clω(Intω(A)). 

Corollary : 2.1.24
In an antilocally countable subspace of  a space (X,), the concepts of rgω-closed set and  rg-closed set coincide.
Theorem : 2.1.25
 	If AB  is  an  rgω-open  subset  of  (X Y, σ), then A  is  an          rgω-open subset  in  (X,)  and  B  is an rgω-open subset  in (Y,σ).
Proof: 
 	Let FA be a regular closed subset of  (X,) and  let FB be a regular closed  subset of  (Y,σ) such that FA ⊆ A and  FB ⊆ B. 
Then FA  FB is regular closed  in (X Y, σ) such that FA FB ⊆ A  B.
      By assumption A  B   is  rgω-open   in (X  Y,  σ).
Hence by Theorem 2.1.11 FA FB ⊆ Intω(A B) ⊆  Intω(A)  Intω(B). 
Therefore FA ⊆  Intω,  FB ⊆ Intω(B). 
Hence A, B are  rgω-open, by Theorem 2.1.11.

The converse of the above need  not  be  true  in  general  as can be seen from the following example.
Example : 2.1.26 
 	Let X = Y = R with the usual topology . Let  A = {{R -Q }∪  [√2,5]} and         B = (1,7). Then  A and  B are  rgω-open  (ω-open)  subsets   of  (R,) while        A  B  is  not  rgω-open  in  (RR, ), since the  set F = [√2,3] [3,5]  is  a regular closed  set contained  in   AB  and F ⊈ Intω(AB).

The  point  (√2,4) ∈ F and  (√2,4) Intω(AB), because  if (√2,4) ∈         Intω(A B), then there exists an open set  U  containing  √2  and an open  set  V  containing 4 such that  (U  V) − (A B) is  countable  but   (U  V) − (A B) is  uncountable for any open  set U containing √2  and any open set V containing  4.

Section 2.2
Regular generalized ω-T1/2 spaces
Definition : 2.2.1 
A  space  (X,)  is  a regular  generalized  ω-T1/2  (briefly, rgω-T1/2) if every rgω-closed  set  in  (X,)  is ω-closed.
Theorem : 2.2.2
           For a space (X,) the following are equivalent:
(1) X is a rgω- T1/2 space.
(2) Every singleton is either regular closed or ω-open.
Proof: 
(1)⇒(2) 
Suppose {x} is not a regular closed subset for some x ∈ X.
Then X −{x} is not regular open and hence X is the only regular open set containing X −{x}. 
Therefore X −{x} is rgω-closed. Since  (X,) is rgω-T1/2-space, X − {x} is              ω-closed and thus {x} is  ω-open.
(2)⇒(1)
          Let A be an rgω-closed subset of (X,) and x ∈ Clω(A).
We show that  x ∈ A.

If {x} is regular closed and xA, then x ∈(Clω(A) − A).Thus Clω(A) − A contains  a  nonempty  regular  closed  set  {x}, a  contradiction  to Theorem 2.1.10. So x ∈ A.
Suppose {x} is ω-open, since x ∈ Clω(A),then for every ω-open  set U containing  x, we  have U ∩A ≠φ. 
But {x} is ω-open  then  {x}∩A ≠φ.
Therefore x ∈ A. So in both cases we have x ∈ A. 

Therefore Clω(A)A.
Hence Clω(A) = A.
Therefore A is ω-closed.
Therefore by definition , X is a rgω- T1/2  space.
Theorem : 2.2.3
              Let (X,) be an antilocally countable space. Then (X,)  is  a T1-space  if  every  rgω-closed  set is  ω-closed.
Proof: 
To prove (X,)  is  a T1 space. 
We have to show that {x} is closed for every x ∈ X.
Suppose that {x} is not closed for same x ∈ X.
Then A = X −{x} is not open, and thus A is rgω-closed (the only regular open  set containing  A is X). 
Therefore, by assumption, A  is ω-closed and thus {x} is ω-open. 
So there exists U ∈  such that x ∈ U and  U −{x} is countable. 
It follows that U is a nonempty countable open subset of x ∈ X, a contradiction. 
Hence {x} is closed for every x ∈ X.
Therefore (X,) is a T1-space.
Definition : 2.2.4
               A map f : X →Y  is said to be
(i) approximately closed [12] (a-closed) provided that  f (F) ⊆ Int(A) whenever 
     F is a closed subset of  X, A is g-open subset of  Y and  f(F)⊆A
(ii) approximately continuous [12] (a-continuous) provided that  Cl(A) ⊆ f−1(V)
     whenever V is an open subset of Y, A is a g-closed subset of  X, and
     A ⊆ f −1(V).
Definition : 2.2.5
 	A  map  f : X →Y  is  said to be approximately ω-closed (briefly, a-ω closed) provided that f (F) ⊆ Intω(A) whenever F is a regular closed  subset of X, A is an rgω-open subset of Y, and f (F) ⊆ A.
Definition : 2.2.6
 	A map f : X →Y  is said  to be approximately ω-continuous (briefly,          a-ω- continuous) provided that Clω(A) ⊆ f −1(V) whenever V is  a regular open  subset of  Y,A is an rgω-closed subset  of X, and  A ⊆ f −1(V).

 	The notions of a-closed (resp.; a-continuous) and  a-ω-closed(resp.;        a-ω-continuous) are independent as can be seen from the following examples:
Example 2.2.7
A function which is a-ω-closed but not a-closed.
Let X ={a ,b, c, d} with the topology  = {φ, X ,{a}, {b}, {a, b}, {a, b, c}}.
Let f : (X,)→(X,)  be  a  function  defined  by  f (a) = a,  f (b) = d, f (c) = b,
 f (d) = c. 
Then f   is  a-ω-closed, since X  is  finite  and  thus  ω  is  a  discrete topology. Also, f  is  not  a-closed because  the  set  A = {b, c}  is g-open  and  F = {c, d}  is  closed, f (F) ⊆ A, but  f (F) ⊈ Int(A).
Example : 2.2.8
 A function which is a-closed  but not  a-ω-closed.   
              Let X = R with the topology  = {φ,X,R−Q}. 
  Let f : (X,)→(X,)  be a function defined  by  f (x) = 0, for  all x ∈ X. Then f   is 
  a-closed, since for any closed set F of  X, the  only  g-open set containing  f (F) 
  is  X. And f is not a-ω-closed function, because the set A =Q  is rgω-open and
  F = R is regular closed, f (F) ⊆ A, but f(F) ⊈ Intω(A) = φ.
 Theorem : 2.2.9
 	A  space  X is an rgω-T1/2-space  if and only if  for every space Y, every  function f : X →Y is a-ω-continuous.
 Proof:
 Let V be a regular open subset of Y and A is an  rgω-closed subset of                  X such that A ⊆ f −1(V). Since X is an rgω- T1/2-space, by definition A is ω-closed. Thus A = Clω(A). Hence Clω(A) ⊆ f −1(V),and f is a-ω-continuous.
Let A be a nonempty  rgω-closed  subset  of  X and  let Y be the set X with the  topology {Y, A, φ}. 
Let f : X →Y  be the  identity mapping.
By assumption f is a-ω continuous. 
Since A is rgω-closed subset in X and open in  Y such that
A ⊆ f −1(A),it follows that Clω(A) ⊆  = f −1(A).
Hence A = Clω(A).
Therefore A is ω-closed  in X and  therefore X  is an rgω-T1/2-space.
Lemma : 2.2.10
 	If the regular open and regular closed sets of  X coincide ,then all subsets of X are rgω-closed (and hence all are rgω-open).
Proof:
 	Let A be any subset of X such that A ⊆ U and U is regular open.
Therefore , Clω(A) ⊆ Cl(U) = U.
Since U is also regular closed, U is closed.
Then, Clω(A) ⊆ Clω(U) ⊆ Cl(U), by Lemma 2.1.8. 
Hence Cl(U) = U.
Therefore , Clω(A) ⊆ Cl(U) = U.
Hence A is rgω-closed. 
Theorem : 2.2.11
                If the regular open and regular closed sets of Y coincide, then a function f : X →Y is a-ω-closed  if and only if f (F)is ω-open for every regular closed  subset F of X.
Proof:
            Assume f is a-ω-closed .
By Lemma 2.2.10 we get all subsets of Y are rgω-closed. 
So for any regular closed subset F of X,  f (F) is rgω-closed  in Y. 
Since  f  is  a-ω-closed, f (F) ⊆Intω(f(F)),(taking   f(F) = A  in  Definition  2.2.5) Therefore  f (F) =  Intω( (F)).
Thus f (F) is ω-open. 
Conversely  
         If f (F) ⊆ A where F is regular closed and A is rgω-open, then
 f (F) = Intω(f(F)) ⊆ Intω (A).
        Hence f is a-ω-closed. 
           The proof of the following result for a-ω-continuous function is analogous  and  is  omitted.
Theorem : 2.2.12
 	If the regular open and regular closed sets of  X coincide, then a function
f : X →Y  is a-ω-continuous  if and only if f −1(V) is ω-closed  for every regular open subset V of Y.
Section 2.3:
rgω-continuity
In  this  section, we  introduce  some  new  classes  of  maps  and  study some  of  their characterizations.
Definition : 2.3.1
A map f : X →Y is called ω-irresolute (resp., R-map [25]) if  the inverse image of every ω-closed (resp., regular closed) subset  of Y is   ω-closed (resp., regular  closed) in X.
Definition : 2.3.2
 	A map f : X →Y is called gω-closed if  the image of every closed subset of X is gω-closed inY. 


Definition : 2.3.3
A map f : X →Y is called  rgω-closed (resp., ro-preserving,                     pre-ω-closed) if  f(V) is rgω-closed (resp., regular open, ω-closed) in Y  for every closed (resp., regular open, ω-closed) subset V of X.
Example : 2.3.4
Let X = {a, b, c, d}  with  the  topology  = {φ, X, {a}, {b}, {a, b},                       {a, b, c}}.Let  f : (X,)→(X,)  be  a  function  define by f (a) = a, f (b) = b,                     f (c) = d, f (d)= c. 
         Then  f  is  ro-preserving,  since  the  family of  all  regular  open  sets  of  X  is {φ,X,{a},{b}}. But if  we  define  g : (X,) → (X,)  as  g(a) = c, g(b) = d,
 g(c) = a,  g(d) = b,  then  g  is  not an ro-preserving  function.
Definition : 2.3.5
A map f : X → Y is called rgω-continuous (resp., rgω-irresolute) if the inverse  image of every ω-closed (resp., rgω-closed) subset V of Y is rgω-closed  subset of X.
From the definitions stated above we obtain the following diagram of 
implications.

                        continuous

                                       


                         ω-continuous     gω-continuous      rgω-continuous           



                                                                                                   


                         ω-irresolute       gω-irresolute          rgω-irresolute


Theorem : 2.3.6
Let f : X → Y be a surjective, rgω-irresolute, and  pre-ω-closed map. If X is an rgω-T1/2-space, then Y is also an rgω- T1/2- space.
Proof:
 	Let A be an rgω-closed subset of Y. 
 Since f is an rgω-irresolute map, then f −1(A)  is an rgω-closed subset  of  X.
 Since X is rgω- T1/2 space, then f −1(A) is an ω-closed subset of X.
 Since f is a pre-ω-closed map, then f (f −1 (A)) =A is an ω-closed subset of Y.
 Therefore Y  is  also  rgω- T1/2-space
 Since every gω-closed set is rgω-closed, every gω-closed map is
 rgω-closed.

Next we give new characterization of gω-closed maps.
Theorem : 2.3.7 
 	A map f : X →Y is gω-closed if and only if for each A ⊆ Y and each open set U containing f −1(A), there exists a gω-open subset V of Y such that A ⊆ V and f −1(V)⊆U.
Proof: 
Let F be a gω-closed map, A ⊆ Y, and let U be an open set containing f−1(A). Then X-U is closed in X. Since f is gω-closed, f(X-U) is gω-closed in Y.
Then V = Y − f (X − U) is gω-open subset of Y containing A and f −1(V) ⊆ U.
Conversely,  
Let F be a closed subset of X and let H be an open subset of Y such that        f (F) ⊆ H. 
Then f −1(Y − f (F)) ⊆ X − F and X − F is open. By hypothesis, there exists a     gω-open subset V of Y such that Y − f (F) ⊆ V and f −1(V) ⊆ X − F.
Therefore, F ⊆ X − f −1(V) and hence f (F) ⊆ Y −V.
 Since Y −H ⊆ Y − f (F), f −1(Y −H) ⊆f −1(Y − f (F)) ⊆ f −1(V) ⊆ X − F, by taking complement, we get F ⊆ X − f −1(V) ⊆X − f −1(Y − f (F)) ⊆ X − f −1(Y − H). Therefore,  f (F) ⊆ Y − V ⊆ f(F) ⊆ H 
Since Y − V is gω-closed set and Clω( f (F)) ⊆ Clω(Y − V) ⊆ H, hence f (F) is           gω-closed. Thus f is a gω-closed map. 

             Since every ω-closed set is rgω-closed, we have the following result.
Theorem : 2.3.8
Every rgω-irresolute map is rgω-continuous map.
Definition : 2.3.9
  	A map f : X → Y is said to be gω-c-closed in Y if f (A) is gω-closed in Y for every ω-c-closed subset A ⊆ X.
             Since closed sets are obviously ω-c-closed, gω-closed maps are            gω-c-closed.
Definition : 2.3.10
 	A map f : X →Y is rgω-c-closed if f (A) is rgω-closed in Y for every               ω-c-closed subset A ⊆ X.
Theorem : 2.3.11
 	Let f : X → Y be an R-map and rgω-c-closed. Then f (A) is rgω-closed in Y for  every rgω-closed subset A of X.
Proof:
Let A be an rgω-closed subset of X and let U be a regular open subset of Y such that f (A) ⊆ U. 
Since f is an R-map, f −1(U) is a regular open subset of X and  A ⊆ f −1(U).
      As A is an rgω-closed subset, Clω(A) ⊆ f −1(U). Hence f (Clω(A)) ⊆ (U).


Because Clω(A)f(f −1(U)U is ω-c-closed and F is rgω-c-closed map, f (Clω(A))
is rgω-closed. 
Therefore, Clω(f (A)) ⊆ Clω( f (Clω(A))) ⊆U.
Hence f (A) is an rgω-closed subset of Y.
Theorem : 2.3.12 
 	Let f :X →Y be ro-preserving and ω-irresolute function. If B is rgω-closed in Y, then f −1(B) is rgω-closed in X.
Proof: 
           Let G be a regular open subset of X such that f −1(B) ⊆ G.
Since f is ro-preserving, f(G) is regular open in Y. 
Hence B ⊆ f (G) andf (G) is regular open. 
Since B is rgω-closed, then Clω(A) ⊆ f (G) and f −1(Clω(B)) ⊆ G.
         Since f is ω-irresolute, f −1(Clω(B)) is ω-closed and 
Clω( f −1(Clω(B))) = f −1(Clω(B)).
Therefore Clω( f −1((B))) ⊆ Clω( f −1(Clω(B))) =f −1(Clω(B)) ⊆ G. 
Thus f −1(B) is rgω-closed in X.
Theorem : 2.3.13
  	Let f : X →Y be an a-ω-closed map and an ω-irresolute map, If A is           rgω-closed in Y, then f −1(A) is rgω-closed in X.
Proof:
Assume that A is rgω-closed in Y and f −1(A) ⊆ U, where U is a regular open subset of X. 
Taking complements we obtain X − U ⊆ X − f −1(A) ⊆ f −1(Y − A) and
f (X − U) ⊆ Y − A. 
Since f is a-ω-closed, f (X − U) ⊆ Intω(Y − A) = Y − Clω(A).
      It follows that  X − U ⊆ X − f −1(Clω(A)) and f −1(Clω(A)) ⊆ U, 
since f is ω-irresolute, f −1(Clω(A)) is ω-closed. 
Thus we have, 
f −1(A) ⊆ f −1(Clω(A)) ⊆ U and Clω( f −1(A)) ⊆ Clω( f −1(Clω(A))) = f −1(Clω(A)) ⊆ U.
Therefore Clω( f −1(A)) ⊆ U and f −1(A) is rgω-closed in X.
Theorem : 2.3.14
 	If f : X → Y is an  R-map and rgω-closed and A is a g-closed subset of X, then f (A) is rgω-closed.
Proof:
 	Let f (A) ⊆ U, where U is regular open subset of X.
Then since f is an R-map, then f −1(U) is regular open set containing A.
Since A is g-closed, we have then Cl(A) ⊆ f −1(U) and f (Cl(A)) ⊆ U. 
Since f is rgω-closed, f (Cl(A)) is rgω-closed. 
      Therefore Clω( f (Cl(A))) ⊆ U which implies that Clω( f (A)) ⊆ U, hence f (A) is rgω-closed.
        The proof of Theorem 2.3.11 can be easily modified to obtain the following result.
Theorem : 2.3.15 
 	Let f : X → Y be an a-ω-map and rgω-c-closed. Then f (A) is rgω-closed subset of Y for every rgω-closed subset A of X.
Theorem : 2.3.16
Let f : X → Y be an R-map and pre-ω-closed. Then f (A) is rgω-closed in Y for every rgω-closed subset A of X.
Proof: 
Let A be any rgω closed subset of X and let U be any regular open subset of Y such that f (A) ⊆ U. 
Since f is R-map, f −1(U) is regular open and A ⊆ f −1(U). 
As A is rgω-closed, Clω(A) ⊆ f −1(U)rgω-closed, Clω(A) ⊆ f −1(U).
Since f is pre- ω-closed , f(Clω(A))  is ω-closed.
 Therefore  Clω(f (Clω(A)) = f (Clω(A))
Hence f (Clω(A)) ⊆ U.
Therefore Clω( f (A)) ⊆ Clω( f (Clω(A))) = f (Clω(A)) ⊆ U. 
Hence f (A) is rgω-closed in Y. 
Definition : 2.3.17
A map f : X →Y is said to be an ω-contra-R-map if for every regular open subset V of Y, f −1(V) is ω-closed. 
Example : 2.3.18
Let X = R with the usual topology  and let Y = {a, b, c, d}, with the topology σ = {φ, Y, {a}, {b}, {a, b}, {a, b, c}}. Then the function f : (X,)→(Y,σ) defined by
f(x) = 
is an  ω-contra-R-map, since Q is ω-closed. But the function f (x) defined by
 f (x) = 
is not  an ω-contra-R-map, since the family of all regular open sets in (Y,σ) is {φ, Y, {a}, {b}} and f −1({b}) is not ω-closed.
Theorem : 2.3.19
 	Let f : X → Y be an ω-contra-R-map and rgω-c-closed. Then f (A) is           rgω-closed in Y for every subset A of X.


Proof:
Let A be any subset of X and let U be any regular open subset of Y         such that f (A) ⊆U. 
Then A ⊆ f −1(U). Since f is an ω-contra-R-map, f −1(U) is ω-closed and so    Clω(A) ⊆Clω( f-1 (U)) = f -1 (U).
Hence f (Clω(A)) ⊆ U.
As Clω(A) is a  ω-c-closed subset of X and f is an rgω- c- closed map, f(Clω(A) is rgω-closed. 
Therefore Clω(f(Clω(A)) ⊆ U.
Therefore Clω(f(A) ⊆ Clω(f Clω(A))) ⊆ U.
Thus f(A) is rgω-closed in Y.
Theorem : 2.3.20
 	If a map f : X →Y is rgω-continuous (resp., rgω-irresolute) and X is      rgω-T1/2, then f is ω-continuous (resp., rgω-irresolute).
Proof:
 	Let A be any closed (resp., ω-closed) subset of Y. 
Since f is an rgω-continuous(resp., rgω-irresolute) map, f −1(A) is an rgω-closed subset of X.
As (X, is rgω-T1/2space, f −1(A) is an ω-closed subset of X. 
Therefore, f is ω-continuous (resp., rgω- irresolute).
 Theorem : 2.3.21 
  	Let f : X →Y be a bijective, ro-preserving and rgω-continuous map.Then f is rgω-irresolute.


Proof:
 	Let V be any rgω-closed subset of X and let U be any regular open subset of Y such that f −1(V) ⊆ U. 
Clearly V ⊆ f (U). 
Since f is an ro-preserving map, f (U) is regular open in Y,and  Since V is an  rgω-closed set, Clω(V) ⊆ f (U) and f −1(Clω(V)) ⊆ U.
Since f is rgω-continuous and Clω(V) is ω-closed in Y, then f −1(Clω(V)) is a         rgω-closed subset of U and so Clω( f −1(Clω(V))) ⊆ U. 
 Since Clω( f −1(V)) ⊆ Clω( f −1(Clω(V))) ⊆ U,Clω( f −1(V)) ⊆ U. 
Therefore f −1(V) is an rgω-closed subset.
Hence f is rgω-irresolute.
Theorem : 2.3.22
 	A map f : X →Y is  rgω-closed if and only if for each subset B of Y and for each open set U containing f −1(B), there is an rgω-open set V of Y such that      B ⊆ V and f −1(V) ⊆ U.
Proof:
 	Suppose f is rgω-closed, let B be a subset of Y, and U be an open set of X such that f −1(B) ⊆ U.
Since f is rgω-closed, and  f(X −U) is rgω-closed in Y. 
             Let V = Y − f −U, then V is an rgω-open set and 
f −1(V) = f −1(Y − f (X − U)) = X − (X − U) ⊆ U.
Therefore V is an rgω-open set containing B such that f −1(V) ⊆ U.
Conversely, 
Suppose that F is a closed set of X then f −1(Y − f (F)) ⊆ X −F, and X−F is open.



By hypothesis, there is an rgω-open set V of Y such that Y − f (F) ⊆ V and           f −1(V) ⊆ X –F. 
Therefore F ⊆ X − f −1(V).
Hence Y − V ⊆ f (F) ⊆ f (X − f −1(V)) ⊆ Y − V implies that f(F) = Y – V.
Thus f is rgω-closed.


















                                               




































                   SUMMARY AND CONCLUSION
                             SUMMARY AND CONCLUSION
 	In this dissertation we have concentrated our study on generalized               ω-closed sets and regular generalized ω-closed sets.
Chapter I deals with the concept of generalized ω-closed (briefly,                    gω-closed) sets. This concept is defined using the ω-closure operator. This class of sets is finer than that of g-closed sets and that of ω-closed sets. In the space (X,ω), the concepts closed set, g-closed set and gω-closed set coincide. In general, every g-closed set is rgω-closed, but not conversely. But in an              anti-locally countable space the converse is also true. Some interesting results regarding union, intersection and product of gω-closed sets are discussed. The concepts of gω-continuity and gω-irresoluteness are introduced using gω-closed sets and the following interesting results are obtained: 
1.  Every gω-irresolute function is gω-continuous.
2.  Every function which is both g-continuous and ω-continuous is gω-continuous
     but not  conversely.
3.  Composition of 
      a. continuous and gω-continuous function is gω-continuous.
      b. gω-irresolute functions is gω-irresolute.
      c. gω-continuous and gω-irresolute functions is gω-continuous.
 An example is discussed to illustrate that composition of gω-continuous
functions need not be gω-continuous. Apart from these, some nice properties of restriction maps in relation to gω-continuity are discussed.
Chapter II deals with the concept of regular generalized ω-closed (briefly, rgω-closed) sets. The class of rgω-closed sets is finer than that of closed sets, ω-closed sets, g-closed sets, gω-closed sets and rg-closed sets. Examples are given to show that an rgω-closed set need not be gω-closed and also need not be rg-closed. Regarding union, it is shown that the finite union of open, rgω-open and separated sets is rgω-open and finite union of rgω-closed sets is rgω-closed. Apart from these, some interesting properties of rgω-closed sets are discussed. The concept of regular generalized ω-T1/2- spaces is introduced and it is proved that a space is rgω-T1/2 if and only if every singleton is regular closed or ω-open. The notions of a-ω-closed maps, a-ω-continuity are introduced and a characterization of rgω-T1/2 spaces in terms of a-ω-continuity is obtained. Moreover, the notions of rgω-closed maps, rgω-continuity and rgω-irresoluteness are introduced. It is proved that every rgω-irresolute map is rgω-continuous. The concept of ω-c-closed sets is introduced which in turn is used to introduce the concept of rgω-c-closed maps. Conditions on maps which preserve                 rgω-closedness and also under which inverse image of rgω-closed sets are     rgω-closed are studied. Apart from these, some nice properties of the maps mentioned above are discussed.                                           
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