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PREFACE

The aim of this book is to present the elements of the theory of
partial differential equations in a form suitable for the use of students
and research workers whose main interest in the subject lies in finding
solutions of particular equations rather than in the general theory.
In its present form it has developed from courses given by the author
over the last ten years to audiences of mathematicians, physicists,
and engineers in the University of Glasgow and the University College
of North Staffordshire, and to members of the Research Staff of the
English Electric Company at Stafford. It therefore caters for readers
primarily interested in applied rather than pure mathematics, but it is
hoped that it will be of interest to students of pure mathematics following
a first course in partial differential equations.

A number of worked examples have been included in the text to
aid readers working independently of a teacher. The problems
which are given to test the reader’s grasp of the text contain, in some
cases, additional theorems not considered in the body of the text.
Some of them are therefore merely statements of classical results;
the remainder have been taken from examination papers of the
University of Glasgow and are reproduced here by permission of the
Secretary of the University Court.

The author is indebted to a number of colleagues and students for
critical comments on the lectures upon which this book is based and
for reading portions of the manuscript. In particular, thanks are
due to Ben Noble and Keith Fitch, who worked through the entire
manuscript and checked the problems; to Janet Burchnall and
Valerie Cook, who prepared the manuscript for the press; to John
Lowndes, who devoted a great deal of time to reading the proof sheets;
and to Elizabeth Gildart, who prepared the index.

IAN N. SNEDDON
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Chapter |

ORDINARY DIFFERENTIAL EQUATIONS IN
MORE THAN TWO VARIABLES

In this chapter we shall discuss the properties of ordinary differential
equations in more than two variables. Parts of the theory of these
equations play important roles in the theory of partial differential
equations, and it is essential that they should be understood thoroughly
before the study of partial differential equations is begun. Collected
in the first section are the basic concepts from solid geometry which
are met with most frequently in the study of differential equations.

I. Surfaces and Curves in Three Dimensions

By considering special examples it is readily seen that if the rectanguiar
Cartesian coordinates (x,p,z) of a point in three-dimensional space
are connected by a single relation of the type

f(xsy’z) =0 (l)

the point lies on a surface. For that reason we call the relation (1) the
equation of a surface S.

To demonstrate this generally we suppose a point (x,y,2) satisfying
equation (1). Then any increments (dx,dy,6z) in (x,y,2) are related by
the equation

f ol
6x-+ wéy—k 62—0
so that rwo of them can be chosen arbitrarily. In other words, in the
neighborhood of P(x,y,z) there are points P'(x + &,y 4 7, z + {) satis-
fying (1) and for which any two of &, y, { are chosen arbitrarily and the

third is given by
‘f + —/ s o

The projection of the initial dlrectlon PP’ on the plane xOy may there-
fore be chosen arbitrarily. In other words, equation (1) is, in general,
a relation satisfied by points which lie on a surface.

I
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If we have a set of relations of the form
X = Fl(ll,l’), }’ = FZ(H’D)s zZ = Fs(uyl‘) (2)

then to cach pair of values of u, v there corresponds a set of numbers
(x,y,2) and hence a point in space. Not every point in space corre-
sponds to a pair of values of u and v, however. If we solve the first
pair of equations

x = Fi(u,p), y = Fy(u,v)

we may express « and v as functions of x and y, say

w=Hxy, = puxy)

so that » and v are determined once x and y are known. The corre-
sponding value of z is obtained by substituting these values for « and v
into the third of the equations (2). In other words, the value of z is
determined once those of x and y are known. Symbolically

z = Fy{(x,p),u(x,)}

so that there is a functional relation of the type (1) between the three
coordinates x, y, and z. Now equation (1) expresses the fact that the
point (x,y,z) lies on a surface. The equations (2) therefore express
the fact that any point (x,y,z) determined from them always lies on a
fixed surface. For that reason equations of this type are called para-
metric equations of the surface.

It should be observed that parametric equations of a surface are not
unique; i.e., the same surface (1) can be reached from different forms
of the functions F,, F,, F; of the set (2). As an illustration of this fact
we see that the set of parametric equations

Xx=asinucosv, y=asinusiny, z=acosu
and the set
1 — ot I —o® . 2av
X=ap—5cosu,  y=ap—asinu, 2=

both yield the spherical surface
X2 +},2 L B

A surface may be envisaged as being generated by a curve. A point
whose coordinates satisfy equation (1) and which lies in the plane
z = k has its coordinates satisfying the equations

z=k, flxyk)=0 (3)
which expresses the fact that the point (x,y,z) lies on a curve, I, say,

in the plane z = k (cf. Fig. 1). For example, if S is the sphere with
equation x? -+ y? + 72 = @2 then points of S with z == k have

z=k, xX*4yr=a —Kk®
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showing that, in this instance, I’ is a circle of radius (a® — k%' which
isreal if k < a. As k varies from —a to +a, each point of the sphere
is covered by one such circle. We may therefore think of the surface
of the sphere as being “generated” by such circles. In the general case
we can similarly think of the surface (1) as being generated by the
curves (3).

We can look at this in another way. The curve symbolized by the
pair of equations (3) can be thought of as the intersection of the surface
(1) with the plane z = k. This idea can readily be generalized. If a
point whose coordinates are (x,y,z) lies on a surface S, then there must
be a relation of the form f(x,y,z) = 0 between these coordinates. If,
in addition, the point (x,y,z) lies on a surface S,, its coordinates will
satisfy a relation of the same type, say g(x,y,z) = 0. Points common

Yo

Figure | Figure 2

to S; and S, will therefore satisfy a pair of equations

Sixy,2) =0,  glxyz)=0 4)

Now the two surfaces S, and S, will, in general, intersect in a curve C,
so that, in general, the locus of a point whose coordinates satisfy a pair
of relations of the type (4) is a curve in space (cf. Fig. 2).

A curve may be specified by parametric equations just as a surface
may. Any three equations of the form

x=H"  y=[0, z=f0 ®
in which ¢ is a continuous variable, may be regarded as the parametric
equations of a curve. For if P is any point whose coordinates are
determined by the equations (5), we see that P lies on a curve whose

equations are
O,(x,y) = 0, Oy(x,2) == 0

where ®,(x,y) = 0 is the equation obtained by eliminating ¢ from the
equations x = fi(t), y = f5(t) and where ®,(x.z) = 0 is the one obtained
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by ehiminating ¢ between the pair x = fi(f), z = f3(f). A usual para-
meter ¢ to take is the length of the curve measured from some fixed
point. In this case we replace ¢ by the symbol s.

If we assume that P is any point on the curve

x = x(s), y = ys), z = z(s¥ 6)
which is characterized by the value s of the arc length, then s is the
distance P,P of P from some fixed
point P, measured along the curve
¥ 8s (cf. Fig. 3). Similarly if Q is a
point at a distance ds along the
P, curve from P, the distance P, will
8¢ be s -+ ds, and the coordinates of

Q will be, as a consequence,

_/ {x(s + 0s), y(s + 85), z(s + ds)}
~ The distance és is the distance from
0
X

\

0 P to Q measured along the curve
and is therefore greater than éc, the
length of the chord PQ. However,
in many cases, as  approaches the

Figure 3 point P, the difference ds — dc
becomes relatively less. We shall
therefore confine our attention to curves for which

Jim— =1 (7

On the other hand, the direction cosines of the chord PQ are

[x(s + ds) — x(s) pls + 95) — y(s) z(s + ds) — z(s))
l oc ’ bc ' dc J
and by Maclaurin’s theorem

X(s + 85) — x(s) = ds | ‘2—:) + O(s?)
so that the direction cosines reduce to
ds [dx i os {d v i Os (d= |
Rl fud bs)h — 122 y — i d
éc {ds O s)} dc ds + O(és)} oc \ds +O( S)’
As ds tends to zero, the point Q tends towards the point P, and the
chord PQ takes up the direction to the tangent to the curve at P. If

we let ds — 0 in the above expressions and make use of the limit (7),
we see that the direction cosines of the tangent to the curve (6) at the

point P are
(dx dy ziz)

ds' ds’ ds ®)
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In the derivation of this result it has been assumed that the curve (6)
is completely arbitrary. Now we shall assume that the curve C given
by the equations (6) lies on the surface S whose equation is F(x,y,z) = 0
(cf. Fig. 4). The typical point {x(s),)(s),z(s)} of the curve lies on this
surface if

Flx(s),y(s),2(s)] = 0 ®

and if the curve lies entirely on the surface, equation (9) will be an
identity for all values of 5. Differentiating equation (9) with respect
to s, we obtain the relation

3Fdx aFdy @Fdz T
ox ds oy ds } oz ds 0 (19)
Now by the formulas (8) and (10) we see that S 4
the tangent T to the curve C at the point P is ’
perpendicular to the line whose direction
ratios are

/i}f -8_1:" ﬂ: Figure 4

\ox 8y’ Bz) (an 8
The curve C is arbitrary except that it passes through the point P and
lies on the surface S. 1t follows that the line with direction ratios (11)
is perpendicular to the tangent to every curve lying on S and passing
through P. Hence the direction (11) is the direction of the normal to
the surface S at the point P.

If the equation of the surface S is of the form

z = f(x,y)
and if we write
Z_ z_ (12)
ox =P ?y =4q

then since F = f(x,y) — z, it follows that F, = p, F, = ¢, F, = —1 and
the direction cosines of the normal to the surface at the point (x,y,z) are
(P9l
| By | 13
\Wpr+ ¢ +1/ (13)
The expressions (8) give the direction cosines of the tangent to a
curve whose equations are of the form (6). Similar expressions may
be derived for the case of a curve whose equations are given in the
form (4).
The equation of the tangent plane =, at the point P(x,y,z) to the
surface S, (cf. Fig. 5) whose equation is F{x,y,z) = 0 is

2 2 3
(X—x)a—f+(Y—y)§+(Z—z)5§=o (14)

where (X,Y,Z) are the coordinates of any other point of the tangent



6 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

plane. Similarly the equation of the tangent plane =, at P to the
surface S, whose equation is G(x,y,z) = 0 is
N

oG ‘G G
X =0z (Y=g +@=7 =0 (15)

The intersection L of the planes =, and =, is the tangent at P to the curve

Figure 5

C which is the intersection of the surfaces S, and S,. It follows from
equations (14) and (15) that the equations of the line L are
X —x Y —y Z—z

8F 8G 0F oG ¢F oG oF oG oF oG oF oG (16)

dy oz 0z ¢y ¢z dx 0x 0z ox 2y dy &x

In other words, the direction ratios of the line L are
Ao(F,G) &F,G) o(F.0))
Ap.2) Wzy) Axy)l

Example 1. The direction cosines of the tangent at the point (x,y,z) to the conic

(16)

ax® + by* +c22 =1, x+y+ z -1 are proportional 1o (by — ¢z, ¢z — ax,
ax — by).

In this instance

F = ax* + byt - ¢z - |
and G=x+y+z-1
o(F,G) 2by  2cz

that - - = -

so tha 35.2) | | 2(by — c2)

etc., and the result follows from the expressions (16).
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PROBLEMS

1. Show that the condition that the surfaces F(x,y,z) = 0, G(x,y,z) = 0 should
touch is that the eliminant of x, y, and z from these equations and the equations
F,:G, — F,: G, = F, : G, should hold.

Hence find the condition that the plane /x + my + nz + p = 0 should
touch the central conicoid ax? + by + ¢z% = 1.

2. Show that the condition that the curve u(x,y,z) =0, v(x,y,z) = 0 should
touch the surface w(x,y,z) = 0 is that the eliminant of x, y, and z from these
equations and the further relation

o(u,v,w)

o(x,y,2)

should be valid.
Using this criterion, determine the condition for the line

x—a y—b z-c

! m n

to touch the quadric ax? + By + yz% — 1.

2. Simultaneous Differential Equations of the First Order and the
First Degree in Three Variables

Systems of simultaneous differential equations of the first order and
first degree of the type

dx.
g)%:f,-(xl,xz, oxd) i=12 ... .,n (1)

arise frequently in mathematical physics. The problem is to find n
functions x,, which depend on ¢ and the initial conditions (i.e., the
values of x, x5, . . . , x, when ¢ = 0) and which satisfy the set of
equations (1) identically in .

For example, a differential equation of the nth order

dx d*x d" 'x)
t/(" f\ rdrtdet T At

may be written in the form

2

dx }’1_ dy,
E_ylv df }/2, —dt——}’a,---,

dy,_
y L= ftx, )00 - - - sYncd)

showing that it is a special case of the system (1).
Equations of the kind (1) arise, for instance, in the general theory
of radioactive transformations due to Rutherford and Soddy.?

1 E. Rutherford, J. Chadwick and C. D. Ellis, “Radiations from Radioactive
Substances’ (Cambridge, London, 1930), chap. I.
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A third example of the occurrence of systems of differential equations
of the kind (1) arises in analytical mechanics. In Hamiltonian form the
equations of motion of a dynamical system of n degrees of freedom
assume the forms

dp,  oH  dg, °H .

E—-—aa W %l. l—1,2,...,ﬂ (3)
where H(q1,92, . . . ;Gwp1,P2s - - - »Pnst) is the Hamiltonian function
of the system. It is obvious that these Hamiltonian equations of motion
form a set of the type (1) for the 27 unknown functions q,, 45, . . . , g,
Pu P2 - - - » P.. the solution of which provides a description of the
properties of the dynamical system at any time ¢.

In particular, if the dynamical system possesses only one degree of
freedom, i.e., if its configuration at any time is uniquely specified by a
single coordinate ¢ (such as a particle constrained to move on a wire),
then the equations of motion reduce to the simple form

dp_ _®H  dg_oH

& "3 A @
where H(p,q,t) is the Hamiltonian of the system. If we write
9H _ Ppgn  oH _ 0(pg0)
o R(p.g.1) op  R(p.g.0)
then we may put the equations (4) in the form
dp dg dt (s)

P(pg) Qp.gt)  R(p.qh)

For instance, for the simple harmonic oscillator of mass m and stiffness
constant k the Hamiltonian is

_pr ke
T 2m 2
so that the equations of motion are
dp__dg_d
—kmg  p  m

Similarly if a heavy string is hanging from two points of support and
if we take the y axis vertically upward through the lowest point O of
the string, the equation of equilibrium may be written in the form

dx dy ds
x5 (6)
H W T

where H is the horizontal tension at the lowest point, T is the tension
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in the string at the point P(x,y), and W is the weight borne by the portion
OP of the string.
By trivial changes of variable we can bring equations (5) and (6)
into the form
b_b_ ™
Q R
where P, Q, and R are given functions of x, y, and z. For that reason
we study equations of this type now. In addition to their importance
in theoretical investigations in physics they play an important role in
the theory of differential equations, as will emerge later.

From equations (8) of Sec. 1 it follows immediately that the solutions
of equations (7) in some way trace out curves such that at the point
(x,y,2) the direction cosines of the curves are proportional to (P,Q,R).

The existence and uniqueness of solutions of equations of the type (7)
is proved in:

Theorem 1. [If the functions fi(x,y,z) and fy(x,y,z) are continuous in
the region defined by |x —a| <k, |y — bl <I, |z —c| <m, and if in
that region the functions satisfy a Lipschitz condition of the type

fiep2) — Al D] < Ay — | + Bz — {
le(x’yxZ) _fz(xﬁ%{) < Az|)’ - 77' + Bglz - Cl

then in a suitable interval |x — a| < h there exists a unique pair of
Sfunctions y(x) and z(x) continuous and having continuous derivatives in
that interval, which satisfy the differential equations

dy dz
:i; = fl(xyyaz), 3} = fz(xs}’,z)

identically and which have the property that y(a) = b, z(a) = c, where
the numbers a, b, and c are arbitrary.

We shall not prove this theorem here but merely assume its validity.
A proof of it in the special case in which the functions f; and f, are
linear in y and z is given in M. Golomb and M. E. Shanks, “Elements
of Ordinary Differential Equations” (McGraw-Hill, New York, 1950),
Appendix B. For a proof of the theorem in the general case the feader
is referred to textbooks on analysis.!

The results of this theorem are shown graphically in Fig. 6.
According to the theorem, there exists a cylinder y = y(x), passing
through the point (a,b,0), and a cylinder z = z(x), passing through the
point (a,0,c), such that dy/dx = f; and dz/dx = f,. The complete
solution of the pair of equations therefore consists of the set of points

1 See, for instance, E. Goursat, A Course in Mathematical Analysis™ (Ginn,
Boston, 1917), vol. II, pt. 11, pp. 45F.
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common to the cylinders y = y(x) and z = z(x); i.e., it consists of
their curve of intersection I'.

This curve refers to a particular choice of initial conditions; i.e.,
it is the curve which not only satisfies the pair of differential equations
but also passes through the point (a,b,c). Now the numbers a, b, and ¢
are arbitrary, so that the general solution of the given pair of equations
will consist of the curves formed by the intersection of a one-parameter
system of cylinders of which y = y(x) is a particular member with
another one-parameter system of cylinders containing z = z(x) as a

(a0.c)

(a,b,0)

Figure 6

member. In other words, the general solution of a set of equations of
the type (7) will be a two-parameter family of curves.

3. Methods of Solution of dx/P = dy/Q = dz/R

We pointed out in the last section that the integral curves of the set
of differential equations
dx _dy dz
P Q0 R
form a two-parameter family of curves in three-dimensional space. If
we can derive from the equations (1) two relations of the form

0))

ul(X,y,Z) = Cl; uZ(xyyaZ) = Cy (2)
involving two arbitrary constants ¢; and c,, then by varying these
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constants we obtain a two-parameter family of curves satisfying the
differential equations (1).

Method (a). In practice, to find the functions u; and u, we observe
that any tangential direction through a point (x,y,z) to the surface
uy(x,y,z) = c, satisfies the relation

0 0 0
e ﬁd}, ke WP
0x oy 0z

If u, - ¢, is a suitable one-parameter system of surfaces, the tangential
direction to the integral curve through the point (x,y,2) is also a tan-
gential direction to this surface. Hence

ol gy

ox oy 0z
To find u, (and, similarly, u,) we try to spot functions P, Q’, and R’
such that

PP+ QQ" +RR' =0 (3)
and such that there exists a function u; with the properties
/_aul , Oy . Oy
i.e., such that
Pdx + Q'dy + R dz S

is an exact differential du,.
We shall illustrate this method by an example:
Example 2. Find the integral curves of the equations

dx dy dz

Yx+y) taz xx 1y —az T + ) ©

In this case we have, in the above notation,
P =yx+y)+az 0 =x(x +y) — az, R=z(x +y)

If we take
1
P - g - R = —

i x+y
z z’ N

£

then condition (3) is satisfied, and the function u, of equation (4) assumes the form

4.

X &

L]

[N

Similarly if we take
P=x, Q=-y R —--a

condition (3) is again satisfied, and the corresponding function is
Uy = 30 — y%) —az
Hence the integral curves of the given differential equations are the members of the

two-parameter family
X+y=¢z, x2—-)y2-2az=q¢ 0]
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We have derived the solution in this manner to illustrate the general argument
given above. Written down in this way, the derivation of the solution of these
equations seems to require a good deal of intuition in determining the forms of the
functions P’, Q’, and R". In any actual example it is much simpler to try to cast the
given differential equations into a form which suggests their solution. For example,
if we add the numerators and denominators of the first two “fractions,”” their value
is unaltered. We therefore have

dx +dy daz
x+yPF wx+y)

which may be written in the form

d(x+y)id_z
x+y z

This is an ordinary differential equation in the variables x + y and 7z with general
solution
xX+y=c0cz (8)
where ¢ is a constant.
Similarly
xdx —ydy dz
alx + y)z Tolx + ¥)

which is equivalent to
xdx —ydy —adz -0
ie., to d3x* —}y* —az) =0
and hence leads to the solution
xt—y? ~2az =¢c, (&)
Equations (8) and (9) together furnish the solution (7).

In some instances it is a comparatively simple matter to derive one of
the sets of surfaces of the solution (2) but not so easy to derive the
second set. When that occurs, it is possible to use the first solution in
the following way: Suppose, for example, that we are trying to deter-
mine the integral curves of the set of differential equations (6) and that

we have derived the set of surfaces (8) but cannot find the second set
necessary for the complete solution. If we write

z= xty
1

in the first of equations (6), we see that that equation is equivalent to
the ordinary differential equation

dx  dy
y +aje, x—ajg

which has solution
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where ¢, is a constant. This solution may be written
. 2a
e = x+=c, (10)
1

and we see immediately that, by virtue of equation (8), the curves of
intersection of the surfaces (8) and (10) are identical with those of the
surfaces (8) and (9).

Method (b). Suppose that we can find three functions P’, Q', R’
such that

Pdx+ Qdy+ R dz an
PP 4 QQ' 4 RR’
is an exact differential, dW’ say, and that we can find three other
functions P”, 0", R” such that
Pdx + Q"dy + R" dz
PP" + QQ" - RR"
is also an exact differential, dW”say. Then, since each of the ratios (11)

and (12) is equal to dx/P, it follows that they are equal to each other.
This in turn implies that

aw’' = dw”
so that we have derived the relation
W=W +¢
between x, y, and z. As previously, ¢; denotes an arbitrary constant.
Example 3. Solve the equations
dx _ dy dz
Ytear z4Bx x+y
Each of these ratios is equal to
Adx + pdy +vdz
My +az) + p(z + Bx) +v(x +¥y)

If 4, s, and » are constant multipliers, this expression will be an exact differential if
it is of the form

1ddx + pdy +vdz
p Ax + puy +vz
and this is possible only if
—ph 4+ fu+v =0)
A—put+y=0 (13)
ol +p— pr =0
Regarded as equations in 4, #, and v, these equations possess a solution only if p
is a root of the equation

- B 1
1 —p y|=0 (14)
a I —p

which is equivalent to
P+r@+B+yp+1+afy=0 (15)
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This equation has three roots, which we may denote by p;, py, ps. If we substitute
the value p, for p in the equation (14) and solve to find A = 4,, 4 = p;, v = ¥, then
in the notation of (13)

1 Ajdx + uydy = v dz

dw’ =
oL Ax oy oz
so that W’ =log (4x + py + v2)lim
Similarly W — log (hox + tyy + v2)Mea

and (13) is equivalent to the relation

(yx + ppy + m2)en == (Rox + ppy + vp2)1e
where ¢; is a constant. In a similar way we can show that

(Ayx + pyy + v 2)Ve = ooyx A gy + v3z) e

with ¢, a constant.
A more familiar form of the solution of these equations is that obtained by
setting each of the ratios equal to dr.  We then have relations of the type

|
—dlog(Ax + py +v2) = dt
Pi

which give

Ax 4y + vz = cend
where the ¢, are constants and + = 1, 2, 3.

Method (c). When one of the variables is absent from one equation
of the set (1), we can derive the integral curves in a simple way.
Suppose, for the sake of definiteness, that the equation

dy dz
Q R
may be written in the form
dy
L= 3.2

Then by the theory of ordinary differential equations this equation has
a solution of the form
¢()/,Z’C1) =0
Solving this equation for z and substituting the value of z so obtained
in the equation
dx dy

roQ

we obtain an ordinary differential equation of type

dy _
e glx,v,0)
whose solution

W(x;yacl,CZ) = 0
may readily be obtained.
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Example 4. Find the integral curves of the equations
dx dy dz

—_— 16
x+z vy z4)t (16)
The second of these equations may be written as
dz z
dy y 4
which is equivalent to
o
_(f) =1
_ dy\y
and hence has solution
z=qyp + ) (n

From the first equation of the set (16) we have

dx x z
- + -

dy y 'y
and this, by equation (17), is equivalent to
dx x n 4
- .z 4
Y I 4

If we regard y as the independent variable and x as the dependent variable in this
equation and then write it in the form

dx ¢
—= =24
dyy y
we see that it has a solution of the form
x =cylogy + cpy + y* (18)

The integral curves of the given differential equations (16) are therefore determined
by the equations (17) and (18).

PROBLEMS

Find the integral curves of the sets of equations:
1 dx dy __ d:

Coxty—2) pz—x) z2x—y
2 adx bdy cdz

T b—oyz (c—azx (a-—buxy

dx dy dz
3. =
xz—y yz—x 1-2°

4 dx dy dz

PP =) YPE - AP - )

4. Orthogonal Trajectories of a System of Curves on a Surface

The problem of finding the orthogonal trajectories of a system of
plane curves is well known.! In three dimensions the corresponding
problem is: Given a surface

Flx,y,z) =0 )

1 M. Golomb and M. E. Shanks, “Elements of Ordinary Differential Equations”
(McGraw-Hill, New York, 1950), pp. 29-31, 64-65.
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and a system of curves on it, to find a system of curves each of which
lies on the surface (1) and cuts every curve of the given system at right
angles. The new system of curves is called the system of orthogonal
trajectories on the surface of the given system of curves. The original
system of curves may be thought of as the intersections of the surface
(1) with the one-parameter family of
surfaces
G(X,)",Z) =0 (2)
For example, a system of circles
(shown by full lines in Fig. 7) is
formed on the cone

x4+ y? Ptan’a 3)
by the system of parailel planes
z=0 4

where ¢, is a parameter. It is
obvious on geometrical grounds that,
in this case, the orthogonal trajec-
tories are the generatorsshown dotted
in Fig. 7. We shall prove this
analytically at the end of this section
(Example 5 below).

In the general case the tangential
direction (dx,dy,dz) to the given
curve through the point (x,y,z) on
the surface (1) satisfies the equations

; oF cF
—dX‘e—ydy"-a—zd. =0 (5)

ox
and
) G oG oG
Figure 7 o - I
g ™ dx % dy + = dz=10 (6)
Hence the triads (dx,dy,dz) must be such that
dx dy dz
PTO0°R @
where
__aFéG_aFE)G _cFeG Z‘_F??_G
a—sz—' ga_y ’ T 2z ox O0x 0z ®
_OF 3G _ oF oG
 ox oy dy ox

The curve through (x,y,z) of the orthogonal system has tangential
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direction (dx’,dy’,dz") (cf. Fig. 8), which lies on the surface (1), so that

oF

oF | , L OF

and is perpendicular to the original system of curves. Therefore from
equation (7) we have
Pdx' + Qdy' +- Rdz’ =0 (10)
Equations (9) and (10) yield the equations
dx'dyt gz'

— = T _ (d. ,,d ',dZ,)
o= ) @
where
, oF oF
P'=R 55)- - Q %"
(dx,dy,dz)
oF oF
r _ pZt —_,
Q' =P 2 R > (12)
s oF oF
R = Q% —P@ Figure 8

The solution of the equations (11) with the relation (1) gives the system
of orthogonal trajectories.

To illustrate the method we shall consider the example referred to
previously:

Example 5. Find the orthagonal trajectories on the cone ¥ + y? = zttan® a of its
intersections, with the family of planes parallel to z = 0.

The given system of circles on the cone is characterized by the pair of equations
xdx + ydy — tan? ez dz, dz =0

which are equivalent to

The system of orthogonal trajectories is therefore determined by the pair of equations

xdx + ydy = tan® az dz, ydx —xdy =0

be. by YTy T E

which have solutions
x2 + y? = z%tan’q, X =0y 13)
where ¢, is a parameter. Hence the orthogonal trajectories are the generators of the

cone formed by the intersection of its surface with the sheaf of planes x = ¢;y
passing through the z axis (cf. Fig. 7).



18 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

PROBLEMS

1. Find the orthogonal trajectories on the surface x* + y* + 2fyz + d = 0 of its
curves of intersection with planes parallel to the plane xOy.

2. Find the orthogonal trajectories on the sphere x® + )% + 22 = a® of its
intersections with the paraboloids xy — cz, ¢ being a parameter.

3. Find the equations of the system of curves on the cylinder 2y = x* orthogonal
to its intersections with the hyperboloids of the one-parameter system
Xy —z + c.

4. Show that the orthogonal trajectories on the hyperboloid

Xy —t=1

of the conics in which it is cut by the system of planes x + y = ¢ are its
curves of intersection with the surfaces (x — y)z = k, where k is a parameter.
S. Find the orthogonal trajectories on the conicoid

x+yz=1
of the conics in which it is cut by the system of planes

x—-y+tz=k
where k is a parameter.

5. Pfaffian Differential Forms and Equaticns

The expression

z Fi(xlyx27 e 7xn) dxi (1)
1=1
in which the F, (i = 1,2, . . . , n) are functions of some or all of the n
independent variables x,, x,, . . ., x,, is called a Pfaffian differential

Sform in n variables. Similarly the relation

> Fodx; =0 2
=1
is called a Pfaffian differential equation,

There is a fundamental difference between Pfaffian differential
equations in two variables and those in a higher number of variables,
and so we shall consider the two types separately.

In the case of two variables we may write equation (2) in the form

Plx,y)dx + Q(x,y)dy =0 (3)

which is equivalent to
dy
dx
if we write f(x,y) = —P/Q. Now the functions P(x,y) and Q(x,y) are
known functions of x and y, so that f{x,y) is defined uniquely at each

point of the xy plane at which the functions P(x,y) and Q(x,y) are
defined. In particular, if these functions are single-valued, then

= flx.y) 4)
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dy|dx is single-valued, so that the solution of equation (3) which satisfies
the boundary condition y = y, when x = x, consists of the curve which
passes through this point and whose tangent at each point is defined by
equation (4). This simple geometrical argument can be formalized! to
show that the differential equation (3) defines a one-parameter family of
curves in the xy plane. In other words, it can be shown that there
exists, at least in a certain region of the xy plane, exactly one function
#(x,y) such ihat the relation

d(x,y) = ¢ %)
in which c is a constant, defines a function y(x) which satisfies identically
the differential equation (3).

It may happen that the differential form P dx + Q dy may be written
in the form dé(x,y), in which case it is said to be exact or integrable.

Even when the form is not exact, it follows from writing equation (5)
in the differential form

cd dd

that there exists a function $(x,y) and a function u(x,y) such that
1og 10
Pax Qe "

By multiplying equation (3) by this function u(x,y), we see that it can be
written in the form

0= wPdx + Qdy) = d¢

Because of this property, the function u(x,y) is called an integrating
factor of the Pfaffian differential equation (3).

With this nomenclature, we may write the fundamental existence
theorem in the theory of ordinary differential equations in the form:

Theorem 2. A Pfuffian differential equation in two variables always
possesses an integrating factor.

When there are three variables, the Pfaffian differential equation (2)
is of the form

Pdx 4 Qdy -+ Rdz— 0 (6)

where P, 0, and R are functions of x, y, and z. If we introduce the

vectors X = (P,Q,R) and dr = (dx,dy,dz), we may write this equation
in the vector notation as

X-dr=0 (7

Before proceeding to the discussion of this equation, we first consider
two lemmas:

1 Ibid., Appendix A, p. 315.
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Theorem 3. A necessary and sufficient condition that there exists
between two functions u(x,y) and v(x,y) a relation F(uyp) =0, not
involving x or y explicitly is that

our)
Axy)
First, the condition is necessary. For since the relation
Fuyp) =0 (8

is an identity in x and y, we have as a result of differentiating with
respect to x

oFodu O0Fdv
ou 3x  ov ox
and as a result of differentiating with respect to y
0Fou O0Fdn
ou dy ov dy

Eliminating dF/dv from these two equations, we find that
OF (dudv  odudr|

au\ax 3y 3y axl
Since the relation (8) involves both u and v, it follows that ¢F/du is not
identically zero, so that
o(u,v)
— = 9)
(x,y)

Second, the condition is sufficient. We may eliminate y from the
equations

u=u(xy), v=uxy)
to obtain the relation
Fup,x)y=0
From this relation it follows immediately, as a result of differentiating
with respect to x, that
oOF 0Fdu 0Fov
ox Oudx Ovox
and as a result of differentiating with respect to y that
oF ou = OF ov
== 4 ====-0
ou dy ' odv dy
Eliminating dF/dv from these equations, we find that
0F dv o(u,p) OF
ox dy ' O(x,y) ou
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If the condition (9) is satisfied, we see that

oF dv
ox v
The function v is a function of both x and y, so that dv/@y is not identi-
cally zero. Hence
oF
ax
which shows that the function F does not contain the variable x
explicitly.
Another result we shall require later is:
Theorem 4. If X is a vector such that X -curl X = 0 and u is an

arbitrary function of x, y, z then (uX) * curl (uX) = 0.
For, by the definition® of curl we have

uX - curl pX \ (nP) [a(gR) a(g'Q)}
.ruz -

where X has components (P,Q,R). The right-hand side of this equation
may be written in the form

=0

/ﬁzp'aR 99 ,uZ{PQ——PR
PETR] 4.2
and the second of these sums is identically zero. Hence
uX -curl (uX) = {X-curl X} - p?
and the theorem follows at once.

The converse of this theorem is also true, as is seen by applying the
factor 1/u to the vector uX.

Having proved these preliminary results, we shall now return to the
discussion of the Pfaffian differential equation (6). Tt is not true that
all equations of this form possess integrals. 1f, however, the equation
is such that there exists a function w(x,y,z) with the property that
WP dx + Qdy + R dz)is an exact differential d¢, the equation is
said to be integrable and to possess an integrating factor p(x,y,z). The
function ¢ is called the primitive of the differential equation. The
criterion for determining whether or not an equation of the type (6)
is integrable is contained in:

Theorem 5. A necessary and sufficient condition that the Pfaffian
differential equation X - dr = 0 should be integrable is that X - curl X = 0.

The condition is necessary, for if the equation

Pdx + Qdy + Rdz = (6)
! H. Lass, “Vector and Tensor Analysis’ (McGraw-Hill, New York, {950), p. 45.
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is integrable, there exists between the variables x, y, z a relation of the
type

Flx,y,2)=C
where C is a constant. Writing this in the differential form
oF oF oF
adx ’%@dy + EdZ—O

we see that there must exist a function u(x,y,z) such that

oF oF oF
i.e., such that
uX = grad F

so that since

curl grad F=0
we have

curl (uX) =0
so that

#X - curl (uX) =0
From Theorem 4 it follows that
X-curl X =0

Again, the condition is sufficient. For, if z is treated as a constant,
the differential equation (6) becomes

P(x,) dx+ Q(x,y,2)dy =0
which by Theorem 2 pos.._ses a solution of the form
U(X,}’yz) = Cl

where the “‘constant” ¢, may involve z.  Also there must exist a function
u such that
oU oU
— — uP — = 10
- b3 #Q (10)

Substituting from the equations (10) into equation (6), we see that the
latter equation may be written in the form

aa—i/dx +aa—j{a’y t aa—lz]dz + (,uR —aa—f’/) dz=0
which is equivalent to the equation
dU + Kdz =0 (1)
if we write
K=ur -2 (12)

az
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Now we are given that X - curl X = 0, and it follows from Theorem 4
that
uX ccurl uX =0

Now
uX = (uP,uQ,uR) = %%% k)
= grad U + (0,0,K)
Hence
#X - curl (uX) {%ﬁ-%.%&. /\)(_%? g_f‘o)
WK au K
ox dy dy ox
Thus the condition X - curl X - 0 is equivalent to the relation
o(U,K)
Axy)

From Theorem 3 it follows that there exists between U and K a
relation independent of x and y but not necessarily of z. In other
words, K can he expressed as a function K(U,z) of U and z alone, and
equation (11) is of the form

dU
= K(Uz) =0
which, by Theorem 2, has a solution of the form
DU,z) = ¢

where ¢ is an arbitrary constant. On replacing U by its expression in
terms of x, y, and z, we obtain the solution in the form

Fxyz2)=c

showing that the original equation (6) is integrable.

Once it has been established that the equation is integrable, it only
remains to determine an appropriate integrating factor pu(x,y,z). We
shall discuss the solution of Pfaffian differential equations in three
variables more fully in the next section. Before going on to the
discussion of methods of solution, we shall first of all prove a theorem
on integrating factors of Pfaffian differential equations which is of
some importance in thermodynamics. Since the proof is elementary,
we shall state the result generally for an equation in n variables:

Theorem 6. Given one integrating factor of the Pfaffian differential
equation

X,dx, - Xpdxy - -+ { X,dx, —0

we can find an infinity of them.
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For, if wu(x;,xs ... ,x,) is an integrating factor of the given
equation, there exists a function ¢(x;,x,, . . . ,x,) with the property
that

0
/;X,=a—i i=1,2,...,n (13)

If ®(4) is an arbitrary function of ¢, we find that the given Pfaffian
differential equation may be written in the form

do

/‘d_‘ﬁ(dexl + Xpdxy + ¢ - - 4+ X,dx,)=0
which, by virtue of the relations (13), is equivalent to

do [ o¢ e R, o N

2 \ax, Do T g At g =0
. do
1.e., to —dz d¢ =db =20
with solution

D(4) ¢

Thus if 4 is an integrating factor yielding a solution ¢ = ¢ and if ®
is an arbitrary function of ¢, then w(d®/d$) is also an integrating
factor of the given differential equation. Since @ is arbitrary, there
are infinitely many integrating factors of this type.

To show how the theoretical argument outlined in the proof of
Theorem 5 may be used to derive the solution of a Pfaffian differential
equation we shall consider:

Example 6. Verify that the differential equation
O + ynydx + (xz + 2 dy + ()* —x))dz =0
is integrable and find its primitive.
First of all to verify the integrability we note that in this case
X = (?® +yz,xz + 2%, % — xp)
so that curl X =2(—x +y —z, 5, -

and it is readily verified that
Xecurl X =0
If we treat z as a constant, the equation reduces to
x Ay Ay
x+z y y+z

which has solution U(x,y,z) = c,. where

x + 2)
Ulx,y.z) P
13U 1 y 1

Now

#=pax Wy +Dyt+z (pt+zP
and, in the notation of equation (12),
¥y yx +2)
-0
y+z (y+2pP

1
K—m .y(v—x)—
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Since K -- 0, equation (1)) reduces to the simple form dU = 0 with solution
U = ¢; ie, the solution of the original equation is

Wx +2) =cly + 2)
where ¢ is a constant.

It is of interest to consider the geometrical meaning of integrability.
The functions y — y(x), z = z(x) constitute a solution of the equation

Pdc 4 Qdy+Rdz=0 (14)

if they reduce the equation to an identity in x.  Geometrically such a
solution is a curve whose tangential direction = at the point X(x,p,z)
is perpendicular to the line 2 whose direction cosines are proportional
to (P,Q,R) (cf. Fig. 9), and hence the tangent to an integral curve lies
in the disk o which is perpendicular
to 2 and whose center is (x,y,z). On A
the other hand, a curve through the
point X is an integral curve of the
equation if its tangent at X lies in o.

When the equation s integrable,
the integral curves lie on the one-
parameter family of surfaces

d(x,y,2) = ¢

Any curve on one of these surfaces
will automatically be an integral
curve of the equation (14). The Figure 9
condition of integrability may there-
fore be thought of as the condition that the disks ¢ should fit together
to form a one-parameter family of surfaces.

Another way of looking at it is to say that the equation (14) is
integrable if there exists a one-parameter family of surfaces orthogonal
to the two-parameter system of curves determined by the equations

dv _dy _d:

P 0 R

When the equation is not integrable, it still has solutions in the
following sense. It determines on a given surface S with equation

Ulx,p,2) = 0 (15)

a one-parameter system of curves. Fer, eliminating z from equations
(14) and (15), we have a first-order ordinary differential equation whose
solution

w(x,yc) =0
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is a one-parameter system of cylinders C,, C,, . . . (cf. Fig. 10) with
generators parallel to Oz and cutting the surface S in the integral
curves I';,, 'y, . . ..

Figure 10

PROBLEMS

Determine which of the following equations are integrable, and find the solution
of those which are:
1. ydx + xdy +22dz =0
2z + y)dx + z2(z + x)dy — 2xydz =0
yzdx + 2xzdy — 3xydz — 0
2xzdx +zdy —dz =0
O® + x2)dx + (X2 + yz)dy + 32%dz = 0

noh e

6. Solution of Pfaffian Differential Equations in Three Variables

We shall now consider methods by which the solutions of Pfaffian
differential equations in three variables x, y, z may be derived.

(a) By Inspection. Once the condition of integrability has been
verified, it is often possible to derive the primitive of the equation by
inspection. In particular if the equation is such that curl X = 0, then!

! Ibid., p. 46.
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X must be of the form grad v, and the equation X * dr = 0 is equivalent

to
ov ov ov
with primitive
v(x,y,z) = ¢

Example 7. Solve the equation
(x2z — ) dx + 3xy?dy + xX¥dz =0

first showing that it is integrable.

To test for integrability we note that X = (x*z — ® 3x)% x%), so that
curt X = (0,—2x% 6y*), and hence X - curl X = 0.

We may write the equation in the form

xXzdx + xdz) — yPdx + 3xy*dy =0

3 2
ie., za’x+xdz—}—§dx+-3idy=0
X x
Le., d(xz) d(-y—z) =0
x
so that the primitive of the equation is
Xz + P =cx

where ¢ is a constant.

(b) Variables Separable. In certain cases it is possible to write the
Pfaffian differential equation in the form

P(x)dx + Q(y)dy + R(z)dz =0

in which case it is immediately obvious that the integral surfaces are
given by the equation

[Py ax + [ ay + [Reydz = ¢

where ¢ is a constant.

Example 8. Solve the equation
a?y®ztdx + b22%tdy + AxPyldz =0
If we divide both sides of this equation by x%y?z%, we have
2

a b c?

showing that the integral surfaces are

& B2
—+—-+—-=k
x y oz

where k is a constant.
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(c) One Variable Separable. It may happen that one variable is
separable, z say, in which case the equation is of the form

P(x,) dx + Q(x,y) dy + R(z) dz = 0 1)
For this equation
X = {P(x,),0(x,y),R(z)}

apd a simple calculation shows that

0 oP;
curl X = (0- 0, 90 _ —P)
Ox ay.
so that the condition for integrability, X - curl X = 0, implies that
o _ 20
oy  ox

In other words, P dx 4+ Q dy is an exact differential, du say, and equation
(1) reduces to
du + R(z)dz=20
with primitive
u(x,y) + |R(2)dz = ¢
Example 9. Verify that the equation
x(f —a¥dx + y(x®* — )dy —z()? —a¥)dz =0

is integrable and solve it.
If we divide throughout by () — a®)(x* — z%), we see that the equation assumes
the form
xdx — zdz ydy R
I *yz_az_u
showing that it is separable in y. By the above argument it is therefore integrable if

aP IR

%z ox

which is readily shown to be true. To determine the solution of the equation we
note that it is
bdlog (x® — z%) + ddlog ()* —a®) =0
so that the solution is
(o~ 2R —d®) =c
where ¢ is a constant.

(d) Homogeneous Equations. The equation
P(x,y,z) dx + O(x,y,z) dy + R(x,y,z)dz = 0 2

is said to be homogeneous if the functions P, @, R are homogeneous in
x, y, z of the same degree n. To derive the solution of such an equation
we make the substitutions

y = ux, z=px 3)
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Substituting from (3) into (2), we see that equation (2) assumes the form
P(lLuw) dx + Q(Luv)udx + xdu) + R(Luv)(xdv +vdx) =0

a factor x™ canceling out. If we now write

_ O(L,u,v)
Alwr) = P(1,u,v) + uQ(l,u,w) + vR(1,u,v)
Bluw) = R(1,u,v)

P(Lu,v) + uQ(l,u,0) + vR(1,u,p)

we find that this equation is of the form
d.
% + A(u,v) du + B(u,t) dv =0

and can be solved by method (c).

It is obvious from the above analysis that another way of putting
the same result is to say that if the condition of integrability is satisfied
and P, Q, R are homogeneous functions of x, y, z of the same degree
and xP + yQ + zR does not vanish identically, its reciprocal is an
integrating factor of the given equation.

Example 10. Verify thar the equation
yz(y + z)dx + xz2(x + 2)dy + xy(x + Y)dz =0

is integrable and find its solution.

It is easy to show that the condition of integrability is satisfied; this will be left
as an exercise to the reader. Making the substitutions y — ux, z = vx, we find
that the equation satisfied by x, u, v is

u( + v)dx + v(v + Dudx + xdu) + w(u - Dvdx + xdv) =0

which reduces to
dx (v + 1)du + wu + 1) dv
X 2uv(l + u + v)

-0

Splitting the factors of du and dv into partial fractions, we see that this is equivalent to

L dx

{l 1 | '{1 1
R e —
X " 1+u+vl

d, - o —_—_—
”Flu 14 u+vwv

} dv =0
or, which is the same thing,
2£+d_u+@ cd + a4 u)=0
X u v l+u+v
The solution of this equation is obviously
x2uy = c(l + u + v)

where c is a constant. Reverting to the original variables, we see that the solution
of the given equation is
xyz=clx +y +2)
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(e) Natani’s Method._ In the first instance we treat the variable z as
though it were constant, and solve the resulting differential equation

Pdx+Qdy=0

Suppose we find that the solution of this equation is

¢’(X,}’,Z) =0 (4)
where ¢; is a constant. The solution of equation (2) is then of the form
O(¢,2) = ¢, (5)

where ¢, is a constant, and we can express this solution in the form

$(x,y,2) = y(2)
where o is a function of z alone. To determine the function y(z) we
observe that, if we give the variable x a fixed value, « say, then

$(,3,2) = 9(2) (6)
is a solution of the differential equation
O, y,2) dy + R(,y,2) dz =0 @)
Now we can find a solution of equation (7) in the form
(y,z) =c¢ 8

by using the methods of the theory of first-order differential equations.

Since equations (6) and (8) represent general solutions of the same
differential equation (7), they must be equivalent. Therefore if we
eliminate the variable y between (6) and (8), we obtain an expression
for the function y(z). Substituting this expression in equation (6), we
obtain the solution of the Pfaffian differential equation (2).

The method is often simplified by choosing a value for «, such as
0 or 1, which makes the labor of solving the differential equation (7)
as light as possible. It is important to remember that it is necessary to
verify in advance that the equation is integrable before using Natani’s
method.

Example 11.  Verify that the equation
2(z + Y dx + 2(z + x®)dy — xy(x + y)dz =0
is integrable and find its primitive.
For this equation
X = {z(z + ), 2(z + xB), —xy(x + p)}
cul X = 2(—x% —xy — 2,2 + xy + z,2x — zy)
and it is soon verified that X - curl X = 0, showing that the equation is integrable.
An inspection of the equation suggests that it is probably simplest to take dy = 0
in Natani’s method. The equation then becomes

I 1] |
ix )c%—y]x“le-FyZ zdz—O
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showing that it has the solution
x(y? +2)
2(x + y) =/» ®

If we now let z = 1 in the original equation, we see that it reduces to the simple
form
dx dy

T+ 117

0 (10)

with solution
tan ' x 4 tan 'y = const.

Writing tan™! (1/c) for the constant and making use of the addition formula

+
tan 'x + tan 'y = tan 1 XY
I —xy
we see that the solution of equation (10} is
1 —x
Y .
x +y

This solution must be the form assumed by (9) in the case z = 1; in other words,
(11) must be equivalent to the relation
x4+ 1)

X1y f (12)

Eliminating x between equations (11) and (12), we find that

SO =1~-cy
Substituting this expression in equation (9), we find that the solution of the
equation is
x(y* + 2) = z(x + )1 — cp)

(f) Reduction to an Ordinary Differential Equation. In this method
we reduce the problem of finding the sottittsi5F a Plaffian differential
=quation of the type (2) to that of integrating one ordinary differential
equation of the first order in two variables. It is necessary, of course,
that the condition for integrability should be satisfied.

If the equation (2) is integrable, it has a solution of the form

fxy2)=c (13)

representing a one-parameter family of surfaces in space. These
integral surfaces will be intersected in a single infinity of curves by the
plane

z=x+ky {14)

where k is a constant. The curves so formed will be the solytiens of
the differential equation

p(x,y,k) dx 4 g(x,y,k) dy = 0
formed by eliminating z between equations (2) and (léﬂ
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If we have found the solution of the ordinary differential equation
(15), we may easily find the family of surfaces (13), since we know their
curves of intersection with planes of the type (14). For the single
infinity of curves of intersection which pass through one point on the
axis of the family of planes obtained by varying k in (14) will in general
form one of the integral surfaces (13).

Suppose that the general solution of cquation (15) is

é(x,y,k) = const. (16)

then, since a point on the axis of the planes (13) is determined by
y = 0, x = ¢ (a constant), we must have

$(x,y,k) = $(c,0,k) (17)
in order that the curves (16) should pass through this point. When k
varies, (17) represents the family of curves through the point y = 0,
x = ¢. If ¢ also varies, we obtain successively the family of curves
through each point on the axis of (14). That is, if we eliminate &
between equations (17) and (13), we obtain the integral surfaces required
in the form

a(r v ) — (e 0.222) (18)
y Y o

The complete solution of the Pfaffian differential equation (2) is
therefore determined once we know the solution (16) of one ordinary
differential equation of the first order, namely, (15). If it so happens
that the constant & is a factor of equation (15), then we must use some
other family of planes in place of (14).

Theoretically, this method is superior to Natani’s method in that it
involves the solution of ome ordinary differential in two variables
instead of two as in the previous case. On the other hand, this one
equation is often more difficult to integrate than either of the equations
in Natani’s method.

Example 12. Integrate the equation
(y+ 2)dx + (z - x)dy (x+y)dz=0
The integration of this equation could be effected in a number of ways—by
methods (a), (d), (), for instance—but we shall illustrate method ( /') by applytng
it in this case.
Putting z — x + ky, we find that the equation reduces to the form
dy + 2+ k+2y _
dx = (k + 2x + 2ky
which is homogeneous in x and y. Making the substitution y — rx, we find that

- ) dx  {2kv +(k + ) dv
X kot~ (ko 2w+ 1
x2 {ke? + (k + 2)v - 1} = const.

$(x,y.k) = ky* + (k + Dxy + x*
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It follows immediately that

z —

(x0.252)
X,y —= ) =xy + yz + zx
¢\ y B Xy +yz+z

and ¢»‘c.0,::x) =c?

Writing C for ¢%, we obtain the solution
xy+yz+zx =C

PROBLEMS

Verify that the following equations are integrable and find their primitives:
2@ —x)dx +(z —y* + (@ — x)ldy —ydz =0

Y1+ 2)dx —x(1 + 2)dy + (x* + ) dz =0

P +yz+Dde + (2 +zx + Ddy + (x> + xy + yHdz =0

yzdx + xzdy + xydz =0

(I +y)dx + x(z —x)dy — (1l + xy)dz =0

yx + 8y + 2)dx — x(y + 32)dy + 2xydz =0

yzdx 4+ (x% — zx)dy + (x*z2 — xy)dz =0

2yzdx —2xzdy — (x* — )z — 1)dz =0

® NS YvhA W=

7. Carathéodory’s Theorem

The importance of the analysis of Sec. 5 is that it shows that we
cannot, in general, find integrating factors for Pfaffian differential
forms in more than two independent variables. Our discussion has
shown that Pfaffian differential forms fall into two classes, those which
are integrable and those which are not. This difference is too abstract
to be of immediate use in thermodynamical theory, and it is necessary
to seek a more geometrical characterization’ of the difference between
the two classes of Pfaffian forms.

Before considering the case of three variables, we shall consider the
case of a Pfaffian differential form in two variables. As a first example
take the Pfaffian equation

dx —dy=20
which obviously has the solution
x—y=c (1

where ¢ is a constant. Geometrically this solution consists of a family
of straight lines all making an angle »/4 with the positive direction of
the x axis. Consider now the point (0,0). The only line of the family
(1) which passes through this point is the line x = y. This line inter-
sects the circle x? 4 y? = &% in two points

R
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Now it is not possible to go from A to any point on the circle,
other than B, if we restrict the motion to be always along lines
of the family (1). Thus, since ¢ may be made as small as we please, it
follows that arbitrarily close to the point (0,0) there is an infinity of
points which cannot be reached by means of lines which are solutions of
the given Pfaffian differential equation.

This result is true of the general Pfaffian differential equation in two
variables. By Theorem 2 there exists a function ¢(x,y) and a function
u(x,y) such that

w(x ) {P(x,y) dx + Q(x,y) dy} = dé(x,y)

so that the equation
Pdx + Qdy=0

must possess an integral of the form

$(x,y) = ¢ @

where c is a constant. Thus through every point of the xy plane there
passes one, and only one, curve of the one-parameter system (2). From
any given point in the xy plane we cannot reach all the neighboring
points by curves which satisfy the given differential equation. We shall
refer to this state of affairs by the statement that not all the points in the
neighborhood are accessible from the given point.

A similar result holds for a Pfaffian differential equation in three
independent variables. If the equation possesses an integrating factor,
the situation is precisely the same as in the two-dimensional case. All
the solutions lie on one or other of the surfaces belonging to the one-
parameter system

#(x,p,2) = ¢
so that we cannot reach al/l the points in the neighborhood of a given
point but only those points which lie on the surface of the family passing
through the point we are considering.

By extending the idea of inaccessible points to space of n dimensions
we may similarly prove:

Theorem 7. If the Pfaffian differential equation

AX = Xydx, + Xydxy+ - - - + X, dx, =0

is integrable, then in any neighborhood, however small, of a given point
G, there exists points which are not accessible from G, along any path
Jor which AX = 0.

What'is of interest in thermodynamics is not the direct theorem but
the converse. That is, we consider whether or not the inaccessibility of
points in the neighborhood of a given point provides us with a criterion
for the integrability of the Pfaffian differential equation. If we know
that in the neighborhood of a given point there are points which are



ORDINARY DIFFERENTIAL EQUATIONS 35

arbitrarily near but inaccessible along curves for which AX = 0, can
we then assert that the Pfaffian differential equation AX = 0 possesses
an integrating factor? Caratheodory has shown that the answer to
this question is in the affirmative. Stated formally his theorem is:

Theorem 8. If a Pfaffian differential form AX = X, dx, + Xydx, +
-+ 4 X, dx, has the property that in every arbitrarily close neighbor-
hood of a given point G, there exist points G which are inaccessible from
G, along curves for which AX = 0, the corresponding Pfaffian differential
equation AX = 0 is integrable.

We shall consider the proof of this theorem in the case n — 3. The
geometrical concepts are simpler in this case, and the extension to a
higher number of independent variables is purely formal.

First of all we shall prove the theorem making use of a method
suggested by a paper of Buchdahl’'s.! This depends essentially on
noting that by means of the transformations (10) and (12) of Sec. 5 the
equation

Pdx +Qdy+ Rdz=0 3

may be written in the form

dUu
o+ KWUp2) =0 0

in which, it will be observed, the function K may be expressed as a
function of the three variables U, y, and z. If we take y to be fixed,
we may write equation (4) in the form

dU + K(U,y,z) dz = 0
which by Theorem 2 has a solution of the form
U= ¢(z,y) )

Now we showed in Sec. 5 that equation (3) was integrable if it could be
put in the form

U ks =0 (6)
dz
i.e., if, and only if,
%0 )
dy

in a certain region of the yz plane.

Suppose the point Gy(xq,y0.2,) is contained in a domain D of the
xyz space. Then if P, O, R, and u are such that Y and K are single-
valued, finite, and continuous functions of x, y, and z, there is a one-to-

1 H. A. Buchdahl, Am. J. Phys., 17, 44 (1949).
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one correspondence between the points of D and those of a domain D’
of the Uyz space. Let Hy(Ug,x,,p,) be the point of D’ corresponding
to the point G, of D. We shall now consider how the passage along a
solution curve of equation (6) from H, to a neighboring point H may
actually be effected:

(a) First pass in the plane y — y, from H, to the point H;; then by
virtue of (5) the coordinates of #; will be {#(z, -+ L', vo)s yo» 2o + ('},
where {' denotes the displacement in the z coordinate. Furthermore
since H, lies on the same integral curve as Hj, it follows that

l-“vo = ‘16(20’}/0)

(b) Next pass in the plane U = ¢(z, 4- {. y,) from H, to the point
H,. Since z is constant, it follows that the coordinates of H, are

r4
U= +Z,
( Plzo+L yD)Hz
\ t/ =377’
, 0
¢ |
AT
1 Hy H
AP (R
t s
I
v
4
o
(7 Figure |1

{d(zo + 0, yo)y Yo+1—17', zo + '}, where n —n" denotes the
displacement H,H,.

(¢) Next pass in the plane y = y, +-n — %’ to the point H;, which
then has coordinates {#(zo + ¢, yo + 2 — %), Yo + 1 — 7', 2o + L}
{ — U’ denoting the change in the z coordinate.

(d) Finally pass in the plane U = ¢(z, + {, yo + n — n’) through a
displacement %’ to the point H, which then has coordinates

U=d¢Gzo+ & yo+n—17), y=ypo+n z=2zy+¢

If the point (U, + £y, ¥o + €4 Zo + &), which is arbitrarily close to
Hy(Uy,ye.20), is accessible from H, along solutions of the equation (4),
then it is possible to choose the displacement 7, #’, { in such a way that

Hzy + &, Yo+ 1 — 7) — d’(ZO,yO) = &, n = €y {=¢ (8)

Now if all the points in the neighborhood of H, are accessible from Hj,
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it follows that the points (U, + ¢, ¥, z,) Which lie on the line x = x,,
y =y, are accessible from H,. Therefore it should be possible to
choose a displacement 5, such that

(g, Yo — n') — ‘?-”(7-'0’}’0)} =& )]

and this is so only if 9¢/dy is not identically zero, in which case, as we
remarked above, the equation is not integrabie.

On the other hand if there are points which are inaccessible from H,,
it follows that there exist values of ¢,, €,, and ¢, for which the equations
(8)—or what is the same thing, equation (9)—have no solution. To the
first order we may write cquation (9) in the form

TS 0
(82 — ) (a—f')y=l/o: T (a;j)z*_za

If this fails to give a value for #’, it can only be because

(53,00

i.e., only if the equation is integrable.

A more geometrical proof of Carathéodory’s theorem has been given
by Born.! In this proof we consider the solutions of the Pfaffian
differential equation (3) which lie on a given surface S with parametric
equations

x = x(u,v), ¥ = y(u,0), z = z(u,v)

These curves will satisfy the two-dimensional Pfaffian differential
equation

Fdu+Gdv=0 (10)
where

ox dy oz L 0x dy 0z

Now, by Theorem 2, equation (10) has a solution of the form

$u,p) =0

representing a one-parameter system of curves covering the surface S.
Let us now suppose that arbitrarily close to a given point G, there are
inaccessible points, and let us further assume that G is one of these
points. Through G, draw a line 1 which is not a solution of equation
(3) and which does not pass through G. Let = be the plane defined
by the line 2 and the point G.

! M. Born, *“Natural Philosophy of Cause and Chance” (Oxford, London, 1949),
Appendix 7, p. 144.
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If we now take the plane = to be the surface S, introduced above, we
see that there is just one curve which lies in the plane =, passes through
the point G, and is a solution of equation (3). Suppose this curve
intersects the line 4 in the point H; then since G is accessible from H
and inaccessible from G, it follows that H is inaccessible from G,.
Furthermore, since we can choose a point G arbitrarily close to G,,
the point H may be arbitrarily near to G,,.

Suppose now that the line 4 is made to move parallel to itself to
generate a closed cylinder ¢. Then on the surface o there exists a

A

[ AN

Figure 12 Figure 13

curve ¢ which is a solution of (3) and passes through G,. 1If the line
cuts the curve ¢ again in a point /, then by continuously deforming the
cylinder o we can make the point / move along a segment of the line 4
surrounding the point G,. In this way we could construct a band of
accessible points in the vicinity of G,. But this is contrary to the
assumption that, arbitrarily close to G, there exist points on the line
(such as H) which are inaccessible from G,; hence we conclude that
for each form of o the point I coincides with G,.

As the cylinder ¢ is continuously deformed, the closed curve c traces
out a surface which contains all solutions of the equation (3) passing
through the point G,. Since this surface will have an equation of the
form

$(x,,2) = $(x0,0,20)
it follows that there exist functions x4 and ¢ such that

w(Pdx + Qdy - Rdz) = d¢
and so the theorem is proved.
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8. Application to Thermodynamics

Most elementary textbooks on thermodynamics follow the historical
development of the subject and consequently discuss the basic principles
in terms of the behavior of several kinds of “‘perfect” heat engines.
This is no doubt advantageous in the training of engineers, but mathe-
maticians and physicists often feel a need for a more formal approach.
A more elegant, and at the same time more rational, formulation of the
foundations of thermodynamics has been developed by Carathéodory
on the basis of Theorem 8, and will be outlined here. For the full
details the reader is referred to the original papers.!

The first law of thermodynamics is essentially a generalization of
Joule’s experimental law that whenever heat is generated by mechanical
forces, the heat evolved is always in a constant ratio to the correspond-
ing amount of work done by the forces. There are several ways in
which such a generalization may be framed. That favored by
Caratheodory is:

In order to bring a thermodynamical system from a prescribed initial
state to another prescribed final state adiabatically, it is necessary to do
a constant amount of mechanical work which is independent of the manner
in which the change is accomplished and which depends only on the
prescribed initial and final states of the system.

It will be observed that in this axiom the idea of quantity of heat is
not regarded, as it is in the classical theory of Clausius and Kelvin, as
being an intuitive one; an adiabatic process can be thought of as one
taking place in an adiabatic enclosure defined by the property that the
inner state of any thermodynamical system enclosed within it can be
altered only by displacing a finite area of the wall of the enclosure.

Mathematically this first law is equivalent to saying that in such an
adiabatic process the mechanical work done W is a function of the
thermodynamical variables (x;,x,, . . . ,x,) and (x{"x®, . . . x{"
defining the final and initial states of the system and not of the inter-
mediate values of these variables. Thus we may write

« (0
W= W(xy,xg . . . x,;x0xP 00 XD

and if we consider a simple experiment in which the substance goes from

the initial state (x{", . . . ,x!) to an intermediate state (x{°, . . . ¢!

and then to a final state (x,, . . . ,x,), we obtain the functional equation

| i i iy,
Wixy, . . ,xx o0y 4 A, L A0 X

— - - 40 0
- W('\ly R ,.\,,,X(l )7 L ’x(n)

1 C. Carathéodory, Marh. Ann., 67, 355 (1909); Sirzber. preuss. Akad. Wiss.
Physik.-math. K., 1925, p. 39. General accounts of Carathéodory’s theory are
contained in M. Born, Physik. Z., 22, 218, 249, 282 (1921); A. Landé, “Handbuch
der Physik™ (Springer, Berlin, 1936), vol. 9, chap. IV.
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for the determination of the function W. This shows that there exists a
function U(x,, . . . ,x,), called the internul energy of the system, with
the property that

W('xla oo ’x";y(lo), v ,XS') = U(Xl’ coe ,xn) - L/(X(lm» LR ,X(,:)))
(1

If we now consider the case in which the state of the system is changed
from (x”, . . . xP)to(xy, . . . .x,) by applying an amount of work
W, but not ensuring that the system is adiabatically enclosed, we find
that the change in internal energy Lix,. . . . ,x,) — U(x?, . . . x¥),
which can be determined experimentally by measuring the amount of
work necessary to achieve it when the system is adiabatically enclosed,
will not equal the mechanical work W. The difference between the
two quantities is defined to be the quantity of heat Q absorbed by the
system in the course of the nonadiabatic process. Thus the first law
of thermodynamics is contained in the equation

0=U—-U,— W (2)

In Carathéodory’s theory the idea of quantity of heat is a derived one
which has no meaning apart from the first law of thermodynamics.

A gas, defined by its pressure p and its specific volume v, is the
simplest kind of thermodynamical system we can consider. It is
readily shown that if the gas expands by an infinitesimal amount db,
the work done by it is —p dv, and this is not an exact differential.
Hence we should denote the work done in an infinitesimal change of
the system by AW. On the other hand it is obvious from the definition
of U that the change in the internal energy in an infinitesimal change
of the system is an exact differential, and should be denoted by 4U.
Hence we may write (2) in the infinitesimal form

AQ = dU — AW 3)

If we take p and v as the thermodynamical variables and put AW =
—p dv, then for a gas

AQ=Pdp + Vdv )
where P:a‘—lj, V=ngrp
g ov

Now from Theorem 2 we have immediately that, whatever the forms
of the functions P and V, there exist functions u(p,v) and #(p,v) such
that

wAQ = db )

showing that, although AQ is not itself an exact differential, it is always
possible to tind a function « of the thermodynamical variables such
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that z AQ is an exact differential. This result is a purely mathematical
consequence of the fact that two thermodynamical variables are
sufficient for the unique specification of the system.

It is natural to inquite whether or not such a result is valid when the
system requires more than two thermodynamical varfables for its
complete specification. If the system is described by the » thermo-
dynamical variables x;, x5, . . . , x,, then equation (4) is replaced by
a Pfaffian form of the type

a0 =3 xax, (6)

in which the X,'s are functions of x;, . . ., x,. We know that, in
general, functions x and ¢ with the property u AQ = d¢ do not exist
in this general case. If we wish to establish that ail thermodynamical
systems which occur in nature have this property, then we must add a
new axiom of a physical character. This new physical assumption is
the second law of thermodynamics.

In the classical theory the physical basis of the second law of thermo-
dynamics is the realization that certain changes of state are not physically
realizable; e.g., we get statements of the kind *‘heat cannot flow from
a cold body to a hotter one without external control.” In formulating
the second law, Carathéodory generalizes such statements and then
makes use of Theorem 8 to obtain mathematical relationships similar
to those derived by Kelvin and Clausius from their hypotheses. The
essential point of Carathéodory’s theory is that it formulates the results
of our experience in a much more general way without loss of any of
the mathematical results. Carathéodory’s axiom is:

Arbitrarily near to any prescribed initial state there exist states which
cannot be reached from the initial state as a result of adiabatic processes.

If the first law of thermodynamics leads to an equation of the type
(6) for the system, then the seccnd law in Carathéodory’s-form asserts
that arbitrarily near to the point (x{%, . . . ,x!?) there exist points
(x5, . . . ,x,) which are not accessible from the initial point along
paths for which AQ = 0. It follows immediately from Theorem 8§ that
there exist functions u(x,, ... ,x,) and ¢é(x;, ... ,x,) with the
property that

nAQ=dé QU

The function ¢ occurring in this equation is called the entropy of the
thermodynamical system. It can be shown that the function u is,
apart from a multiplicative constant, a function only of the empirical
temperature of the system. It is written as 1/7, and T is called the
absolute temperature of the system. It can further be demonstrated
that the gas-thermometer scale based on the equation of state of a
perfect gas defines a temperature which is directly proportional to T;
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by choosing the absolute scale in the appropriate manner we can make
the two temperatures equal. With this notation we can write equation
(7) in the familiar form

AQ

- =d ®
Theorem 8 shows that such an equation is valid only if we introduce a

physical assumption in the form of a second law of thermodynamics.

MISCELLANEOUS PROBLEMS

1. Find the integral curves of the equations:

(@ dx _ dy _ dz
ﬁx—2x4-2y“—x3y'22(x"—y3)

4 dx _ dy _ dz
2xz_2yzmzz—x2 — 2

© dx dy - dz

x+y=x+y —(x +y+22)
2. Find the integral curves of the equations
dx dy dz

cy—bziaz—cx—bx—ay

and show that they are circles.

3. Solve the equations
dx dy dz

-
xt+a> xy—az xz-+ay

and show that the integral curves are conics.

4. The components of velocity of a moving point (x,y,z) are (2z — 4x, 2z — 2y,
2x + 2y — 3z); determine the path in the general case.
If the initial point is (5,1,1), show that as t — = the limiting point (1,2,2) is
approached along a parabola in the plane x + 2y + 2z = 9.
5. Find the orthogonal trajectories on the cylinder y* = 2z of the curves in which
it is cut by the system of planes x + z = ¢, where c is a parameter.
6. Show that the orthogonal trajectories on the cone

yz+zx +xy =0

of the conics in which it is cut by the system of planes x — y = care its curves
of intersection with the one-parameter family of surfaces

x+y—220%x+y+2)=k
7. Find the curves on the paraboloid
x? — y* =2az
orthogonal to the system of generators

2a
x —y=/hkz xt+ty=-—



8.

9.

10.

11.

12.

13.

14.
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Find curves on the cylinder x? + 2y% = 24% orthogonal to one system of
circular sections.

Show that the curves on the surface x* + y* = 2z orthogonal to its curves of
intersection with the paraboloids yz = cx lie on the cylinders

x® 4222 + zlog(kz) =0
where k is a parameter.
Verify that the following equations are integrable and determine their
primitives:
(@) zyde —zxdy — y*dz =0
® (2 +2Ddx + xydy + xzdz =0
© (+2)dex+dy+d2=0
d) Qxyz + 2Hdx + x*zdy + (xz + 1)dz =0
(&) zy*dx + zx*dy — x%2dz =0
(f) x(? — 29 dx + y(z? — xBdy + 2(x* — )P dz =0
@ PP-Dde+ (2 —2Ddv+x + P +y+22)dz =0
) P +ynde 4+ (xz +29dy + (> —xp)dz =0
() 2z2(y + 2)dx — 2xzdy + {(y + 2)* — x* — 2xz}dz =0
() P4+ xy+ydde —x(x +2)dy + x*dz =0
(k) yz(l + 4xz)dx — xz(1 + 2x2)dy — xydz =0
() (xz + 28dx + 2yzdy— 2x% + 2% + xz — 229 dz =0
(m) (ydx + xdyla —z) + xydz =0
() 2xdx + (2x%2 +2yz + 22 + DNdy +dz =0
0) 2xz(y — z2)dx — 2(x? + 22)dy + y(x® + 2y)dz =0
If 1. fa. and f 5 are homogeneous functions of the same degree in x. y, and z and
if xfi + yf; + zf3 = 0, show that the equation f, dx + fody + f3dz =0 is

integrable.
Find the general solution of the equation

(12x + 29p)zdx — (11x + 12))zdy — (2x2 + 3xy — 2% dz = 0

and determine the integral surface which passes through the curve y =0,
z = x8

If L, M, N and P, Q, R are proportional to the direction cosines of two direc-
tions tangential to the surface f (x,y,z) = 0 at the point (x,y,z) and make equal
angles with the z axis, show that

(P* + OO)(Lfy + Mf)? =(L* + MAPf, + Qf)}

and deduce that
L _PYE—fH + 2011,
M Q(fte —fj)+2Pfva
Hence find the equations of the system of curves on the paraboloid xy = z
such that each curve, at its intersection with each generator of the system
x = A, z = Ay, makes with the z axis the same angle as that generator.
Find the integral curves of the equation

ydx —xdy +dz =0

on the surface y = xz.



Chapter 2

PARTIAL DIFFERENTIAL EQUATIONS OF THE
FIRST ORDER

I. Partial Differential Equations

We now proceed to the study of partial differential equations proper.
Such equations arise in geometry and physics when the number of
independent variables in the problem under discussion is two or more.
When such is the case, any dependent variable is likely to be a function
of more than one variable, so that it possesses not ordinary derivatives
with respect to a single variable but partial derivatives with respect to
several variables. For instance, in the study of thermal effects in a
solid body the temperature 6 may vary from point to point in the solid
as well as from time to time, and, as a consequence, the derivatives

20 36 36 90 -
PP v % 3"
will, in general, be nonzero. Furthermore in any particular problem it
may happen that higher derivatives of the types
0% 0% 0%
o’ 9xor  oxto
may be of physical significance.
When the laws of physics are applied to a problem of this kind, we
sometimes obtain a relation between the derivatives of the kind

s etc.

on 0% 0%
_— s .y m—— e v . . )= l
F ‘ ox ox? Ox 0Ot ' 0 M
Such an equation relating partial derivatives is called a partial differential

equation.

Just as in the case of ordinary differential equations, we define the
order of a partial differential equation to be the order of the derivative
of highest order occurring in the equation. If, for example, we take_§
to be the dependent variable and x, y, and ¢ to be independent
variables, then the equation

o a0
ox2 ot @
#“#
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is a second-order equation in two variables, the equation

d00\% 06
(a—) +2=0 3)

is a first-order equation in two variables, while

y'“‘W): 2 o
P T T
is a first-order equation in three variables.

In this chapter we shall consider partial differential equations of the
first order, i.e., equations of the type

=0 4)

F(O‘%""'):O (5)

In the main we shall suppose that there are two independent variables x
and y and that the dependent variable is denoted by z. If we write

0z 0z

we see that such an equation can be written in the symbolic form
Jxpzpg) =0 M

2. Origins of First-order Partial Differential Equations

Before discussing the solution of equations of the type (7) of the last
section, we shall examine the interesting question of how they arise.
Suppose that we consider the equation

X2+ y 4 (z—cf =at 1)

in which the constants @ and ¢ are arbitrary. Then equation (1)
represents the set of all spheres whose centers lie along the z axis. If
we differentiate this equation with respect to x, we obtain the relation

x+pz—c)=0
while if we differentiate it with respect to y, we find that
y+aez—0c)=0

Eliminating the arbitrary constant ¢ from these two equations, we
obtain the partial differential equation

yp —xq=0 2)
which is of the first order. In some sense, then, the set of all spheres

with centers on the z axis is characterized by the partial differential
equation (2).
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However, other geometrical entities can be described by the same
equation. For example, the equation

X2 4yt =(z —¢)tan’« 3)

in which both of the constants ¢ and « are arbitrary, represents the set of
all right circular cones whose axes coincide with the line Oz. If we
differentiate equation (3) first with respect to x and then with respect to
y, we find that

p(z — o) tan® « = x, gz — ) tan*a =y 4

and, upon eliminating ¢ and « from these relations, we see that for these
cones also the equation (2) is satisfied.

Now what the spheres and cones have in common is that they are
surfaces of revolution which have the line Oz as axes of symmetry.
All surfaces of revolution with this property are characterized by an

equation of the form
z=f(x*+y? (5)

where the function f is arbitrary. Now if we write x* + y? = u and
differentiate equation (5) with respect to x and y, respectively, we obtain

the relations
p = 2xf(u), g = 2yf'(w)

where f'(u) = df /du, from which we obtain equation (2) by eliminating
the arbitrary function f(u).

Thus we see that the function z defined by each of the equations (1),
(3), and (5) is, in some sense, a “‘solution” of the equation (2).

We shall now generalize this argument slightly. The relations (1)
and (3) are both of the type

F(lx,y,z,a,b) =0 (6)

where @ and b denote arbitrary constants. If we differentiate this
equation with respect to x, we obtain the relation

oF | oF 9F _ OF
=+Ps—0 = gz =0 )

dy 0z
The set of equations (6) and (7) constitute three equations involving two
arbitrary constants @ and b, and, in the general case, it will be possible
to eliminate 4 and b from these equations to obtain a relation of the

kind
S xoyzp,g) =0 (®)
showing that the system of surfaces (1) gives rise to a partial differential
equation (8) of the first order.
The obvious generalization of the relation (5) is a relation between

X, y, and z of the type
Fup)=0 ®)



PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 47

where u and v are known functions of x, y, and z and F is an arbitrary
function of « and v. If we differentiate equation (9) with respect to
x and y, respectively, we obtain the equations

oF (ou  du } ‘ 8F(61}+av \ 0
—_—— s = -+ —_— — . =

ou iax a2 v lax a3z

oF (0 i\ OF(% 20

uldy 8z Tawlay 29T

and if we now eliminate dF/ou and dF/dv from these equations, we
obtain the equation
o(u,v) o(upv)  up)

P30, T a0 T axy)

which is a partial differential equation of the type (8).

It should be observed, however, that the partial differential equation
(10) is a linear equation; i.e., the powers of p and g are both unity,
whereas equation (8) need not be linear. For example, the equation

x—af+(y—br+z2=1

which represents the set of all spheres of unit radius with center in the
plane xOy, leads to the first-order nonlinear differential equation

(1 +pt g8 =1

(10)

PROBLEMS

1. Eliminate the constants a and b from the following equations:
(@ z=(x +a)y +b)
b) 2z =(ax + y? + b
© ax®* + by + 22 =1
2. Eliminate the arbitrary function f from the equations:
(@ z=xy+f(x*+y)
W) z=x+y+flxp

0l

@Dz=fx—-p
@ f&x*+ y* 4+ 24,22 - 2x)) =0

3. Cauchy’s Problem for First-order Equations

Though a complete discussion of existence theorems would be out of
place in a work of this kind, it is important that, even at this elementary
stage, the student should realize just what is meant by an existence
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theorem. The business of an existence theorem is to establish con-
ditions under which we can assert whether or not a given partial
differential equation has a solution at all; the further step of proving
that the solution, when it exists, is unique requires a unigueness theorem.
The conditions to be satisfied in the case of a first-order partial differ-
ential equation are conveniently crystallized in the classic problem of
Cauchy, which in the case of two independent variables may be stated as
follows:

Cauchy’s Problem. 1f

(@) xo(p), yo(p), and z,(u) are functions which, together with their
first derivatives, are continuous in the interval M defined by
1 < p< g

(b) And if F(x,y,z,p,q) is a continuous function of x, y, z, p, and ¢
in a certain region U of the xyzpq space, then it is required to establish
the existence of a function ¢(x,y) with the following properties:

(1) #(x,y) and its partial derivatives with respect to x and y are
continuous functions of x and y in a region R of the xy space.

(2) For all values of x and y lying in R, the point {x,y,¢(x,y),$.(x,»),
é,(x,»)} lies in U and

Flx,p,8(x,):d2(x,):$(x.))] = 0

(3) For all u belonging to the interval M, the point {xo(u),yo(s)}
belongs to the region R, and

B{xo(p).yo(1)} = z,

Stated geometrically, what we wish to prove is that there exists a
surface z = ¢(x,y) which passes through the curve I' whose parametric
equations are

x =X  y=ydp) z=1z(4) )

and at every point of which the direction (p,g,—1) of the normal is such
that

F(x,y,z,p,q) = 0 @

We have given only one form of the problem of Cauchy. The problem
can in fact be formulated in seven other ways which are equivalent to
the formulation above.* The significant point is that the theorem can-
not be proved with this degree of generality. To prove the existence
of a solution of equation (2) passing through a curve with equations (1)
it is necessary to make some further assumptions about the form of the
function F and the nature of the curve I'.  There are, therefore, a whole
class of existence theorems depending on the nature of these special

1 For details the reader is referred to D. Bernstein, ‘“Existence Theorems in

Partial Differential Equations,” Annals of Mathematics Studies, no. 23, (Princeton,
Princeton, N.J., 1950), chap. IL
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assumptions. We shall not discuss these existence theorems here but
shall content ourselves with quoting one of them to show the nature of
such a theorem. For the proof of it the reader should consult pages
32 to 36 of Bernstein’s monograph cited above. The classic theorem
in this field is that due to Sonia Kowalewski:

Theorem 1. If g(y) and all its derivatives are continuous for
|y — yol < 8, if x¢ is a given number and z, = g(y,), 9o = g'(yo), and if
f(xp,2,q) and all its partial derivatives are continuous in a region S
defined by

o—x <0,y =yl <d lg—ql <9
then there exists a unique function ¢(x,y) such that:

(a) ¢(x,y) and all its partial derivatives are continuous in a region R
defined by |x — x| < &y, |y — yo| < 843

(b) For all (x,y) in R, z = ¢(x,y) is a solution of the equation

0z 0z

a = (x, P < ?}})
(¢) For all values of y in the interval |y — yo| < 8y, $(xo,y) = g().
Before passing on to the discussion of the solution of first-order

partial differential equations, we shall say a word about different kinds
of solutions. We saw in Sec. 2 that relations of the type

F(x,y,2,a,b) = 0 3

led to partial differential equations of the first order. Any such
relation which contains two arbitrary constants 2 and b and is a solution
of a partial differential equation of the first order is said to be a complete
solution or a complete integral of that equation. On the other hand
any relation of the type

Fup) =0 (4)

involving an arbitrary function F connecting two known functions u
and v of x, y, and z and providing a solution of a first-order partial
differential equation is called a general solution or a general integral of
that equation.

1t is obvious that in some sense a general integral provides a much
broader set of solutions of the partial differential equation in question
than does a complete integral. We shall see later, however, that this is
purely illusory in the sense that it is possible to derive a general
integral of the equation once a complete integral is known (see Sec. 12).

4. Linear Equations of the First Order

We have already encountered linear equations of the first order in
Sec. 2. They are partial differential equations of the form

Pp+Qg=R ()
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where P, Q, and R are given functions of x, y, and z (which do not
involve p or g), p denotes 9z/dx, g denotes 9z/dy, and we wish to find a
relation between x, y, and z involving an arbitrary function. The first
systematic theory of equations of this type was given by Lagrange.
For that reason equation (1) is frequently referred to as Lagrange’s
equation. Its generalization to n independent variables is obviously
the equation

lel + X![’! + T + annz Y (2)

where X, X,, . . ., X,, and Y are functions of » independent variables
X1, Xg, . . . , X, and a dependent variable f; p, denotes df /ox, (i = 1,
2, . .. ,n). It should be observed that in this connection the term
“linear” means that p and ¢ (or, in the general case, p,, py, . . . , Pn)
appear to the first degree only but P, Q, R may be any functions of x, y,
and z. This is in contrast to the situation in the theory of ordinary
differential equations, where z must also appear linearly. For example,
the equation

0z " oz g
x ox Y oy -
is linear, whereas the equation
dz .
XE =z 4+ X

is not.
The method of solving linear equations of the form (1) is contained in:
Theorem 2. The general solution of the linear partial differential
equation

Pp+ Qg=R 0y
Flup) =0 3)

where F is an arbitrary function and u(x,y,z) = ¢, and v(x,y,z) = ¢, form
a solution of the equations

is

dx dy _dz
P O R @)

We shall prove this theorem in two stages: (a) We shall show that
all integral surfaces of the equation (1) are generated by the integral
curves of the equations (4); (b) and then we shall prove that all
surfaces generated by integral curves of the equations (4) are integral
surfaces of the equation (1).

(a) If we are given that z — f(x,y) is an integral surface of the partial
differential equation (1), then the normal to this surface has direction
cosines proportional to (p,q,—1), and the differential equation (1) is no
more than an analytical statement of the fact that this normal is perpen-
dicular to the direction defined by the direction ratios (P,Q,R). In
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other words, the direction (P,Q,R) is tangential to the integral surface
z = f(x,).

If, therefore, we start from an arbitrary point M on the surface (cf.
Fig. 14) and move in such a way that the direction of motion is always
(P,Q,R), we trace out an integral curve of the equations (4), and since
P, Q, and R are assumed to be unique, there will be only one such
curve through M. Further, since (P,Q,R) is always tangential to the
surface, we never leave the surface. In other words, this integral curve
of the equations (4) lies completely on the surface.

We have therefore shown that through each point M of the surface
there is one and only one integral curve of the equations (4) and that this
curve lies entirely on the surface. That
is, the integral surface of the equation (P.QR)

(1) is generated by the integral curves of
the equations (4).

(b) Second, if we are given that the
surface z = f(x,y) is generated byintegral
curves of the equations (4), then we
notice that its normal at a general point
{x,y,2) which is in the direction (0z/dx, -
dz/dy, —1) will be perpendicular to the
direction (P,Q,R) of the curves generat-
ing the surface. Therefore

p:’i.+ Qa_Z_R:-O
dx a}’ Figure 14
which is just another way of saying that
z=f(x,p) is an integral surface of equation (1).

To complete the proof of the theorem we have still to prove that any
surface generated by the integral curves of the equations (4) has an
equation of the form (3). Let any curve on the surface which is not a
particular member of the system

U(X,}’,Z) = Cla U(Xa_yaz) = CZ (5)

#(x,y,2) =0,  9lx,,2)=0 (6)
If the curve (5) is a generating curve of the surface, it will intersect the
curve (6). The condition that it should do so will be obtained by
eliminating x, y, and z from the four equations (5) and (6). This will
be a relation of the form

have equations

Feye9) = 0 (M
between the constants c, and ¢,. The surface is therefore generated by

curves (5) which obey the condition (7) and will therefore have an

equation of the form
Flupy)=0 3
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Conversely, any surface of the form (3) is generated by integral curves
(5) of the equations (4), for it is that surface generated by those curves
of the system (5) which satisfy the relation (7).

This completes the proof of the theorem.

We have used a geometrical method of proof to establish this theorem
because it seems to show most clearly the relation between the two
equations (1) and (4). The theorem can, however, be proved by purely
analytical methods as we shall now show:

Alternative Proof. If the equations (5) satisfy the equations (4), then
the equations

u,dx +~u,dy +u,dz=0

dx dy dz
P Q0 R
must be compatible; i.e., we must have

Pu, 4+ Qu, + Ru, =0
Similarly we must have
Pv,+ Quv, + Rv,=0

and

Solving these equations for P, Q, and R, we have
P ) R

o(u,v)/0(y,z) - o(u,v)/0(z,x) = 0(u,v)[(x,y) ®
Now we showed in Sec. 2 that the relation
Flup)y =0
leads to the partial differential equation
. Ou,p) o(u,v) _ o(u,v) ©)

! a(y,2) i z,x)  Axy)

Substituting from equations (8) into equation (9), we see that (3) is a
solution of the equation (1) if u and v are given by equations (5).
We shall illustrate the method by considering a particular case:

Example 1. Find the general solution of the differential equation
0z
P

2

9z
2 2 _— =
+y £ (x + )z

The integral surfaces of this equation are generated by the integral curves of the
equations
dx dy dz

(10)

x* —y_’ (x - y)z

The first equation of this set has obviously the integral

xtV -yl=¢ an
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and it follows immediately from the equations that

dx —dy  dz
2 -y (x+ )z
which has the integral
x—y

Y] (12)

Combining the solutions (11) and (12), we see that the integral curves of the equations
(10) are given by equation (12) and the equation

Dog (13)
and that the curves given by these equations generate the surface
F("_y, 2 =0 (14)
z :

where the function F'is arbitrary.
1t should be observed that this surface can be expressed by equations such as

-or)
Iy — v
or z = Xxyg \“ \'}‘})

(in which f and g denote arbitrary functions), which are apparently different from
equation (14).

The theory we have developed for the case of two independent
variables can, of course, be readily extended to the case of n independent
variables, though in this case it is simpler to make use of an analytical
method of proof than one which depends on the appreciation of
geometrical ideas. The general theorem is:

Theorem 3. If ufxy,xy . . . xn2)=c¢;, (i=1,2,...,n) are
independent solutions of the equations
dx, dx,  dx, dz
P, P, ~ P, R
then the relation ®(uuy, . . . u,) =0, in which the function @ is
arbitrary, is a general solution of the linear partial differential equation
oz oz 0z
- =—+ " +P,=—=R
Py 0x, + P 0x, T b 0x.,

To prove this theorem we first of all note that if the solutions of the
equations
dx, dx, ] dx, dz

R A (15)

are
U(X1,Xg o o o 3 XpyZ) = €4 i=1,2,...,n (16)
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then the n equations

0 0
o, +Zhgr=0  i=1,2,...,n a7
&y Ox, oz
must be compatible with the equations (15). In other words, we must
have

z Ou; ou;
ZP,R+R82=0 (18)
Solving the set of n equations (18) for P, we find that
P, R
OUpay o o o v e e o e JUy) - O(upldsy « . . Uy,
O(X1y o o v WX 12X 5015« - - 5Xn) (X Xs . . . WX,)
i=12,...,n (19
where d(uy,ug, . . . ,U,)/3(x1 Xy, . . . ,X,) denotes the Jacobian
ou, ou, o,
o, e,  ox,
du, ou, ou,
ax,  ax,  ox,
ou, ou, ou,
0x, Bx, T ox,
Consider now the relation
D(u,ug, . . . u,) =0 (20)

Differentiating it with respect to x,, we obtain the equation
S22y 3 Z)
= \Ou; 0x, = 0z ax,

and there are n such equations, one for each value of /. Eliminating

the n quantities 0®/du,, . . . , 0®/du, from these equations, we obtain
the relation

=\

0y, - . . Uy n "Z 0z O(uy, . . . My Mplyq . o . SUy) —0 (21)
i=1

o(xy, . - . X, a_x, Xy, « + o X 12Xt - e e $Xy)
Substituting from equations (19) into the equation (21), we see that the
function z defined by the relation (20) is a solution of the equation

0z 0z 0z

Pla—)(l‘f‘PgW‘Jr"‘“rP,,E;’::R (22)

as we desired to show.
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Example 2. If u is a function of x, y, and z which satisfies the partial differential
equation
ou du ou
(y—z)3;+(z——x)a—y+(x—y)a—:—0
show that v contains x, y, and z only in combinations x + y + z and x® + y* + z*
In this case the auxiliary equations are

dx dy dz du

y—z z—x x-—-y 0

and they are equivalent ththe three relations
du =0
dx +dy+dz=0
xdx +ydy + zdz =0
which show that the integrals are
u=¢, x+y+tz=c, xX+y+t=¢g
Hence the general solution is of the form
u=fx+y+z,x2+)2+2H

as we were required to show.

It should be observed that there is a simple method of verifying a result of this
kind once the answer is known. We transform the independent variables from x, y,
and z to & #, and {, where § = x + y + z, 7 = x® 4+ y? + 7%, and { is any other
combination of x, y, and z, say y + z. Then we have

ou  dudx ou al du 9z N
A ma  ynT nn @

and it is readily shown that

ax By_x—z 9z y—x

N N y-—z o y-—-z

so that

du ou ou ou
(z—y)-az=(y—2)a—x+(z—1)a~y+(x—y)a—z

H, therefore, the function « satisfies the given partial differential equation, we have
oufd, = 0, showing that u = f(&,7), which is precisely what we found before.

PROBLEMS

Find the general integrals of the linear partial differential equations:
s Loz(xp — yg) = y* — x*
2. px(z — 2)) =(z —gqy)z — y* = 2X%)
ydopx(x + y) =qyix +y) —(x —)2x + 2y + 2)
-4 yp — xyg = x(z — 2y) ~
5 (y+zp —(x +y2)g = xF - )F
6. x(x* + 3)%)p — y(3a® + yBg = 22(® — xP)
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5. Integral Surfaces Passing through a Given Curve

In the last section we considered a method of finding the general
solution of a linear partial differential equation. We shall now
indicate how such a general solution may be used to determine the
integral surface which passes through a given curve. We shall suppose
that we have found two solutions

u(x,y,z) = ¢y, v(x,p,2) = Cq (0
of the auxiliary equations (4) of Sec. 4. Then, as we saw in that section,
any solution of the corresponding linear equation is of the form

Flury — 0 2)
arising from a relation
F(ey,c) =0 (3)

between the constants ¢, and ¢,. The problem we have to consider is
that of determining the function F in special circumstances.
If we wish to find the integral surface which passes through the
curve ¢ whose parametric equations are
x=x(),  y=y0, = =)

where 1 is a parameter, then the particular solution (1) must be such that

u{x(),W(1,z(1)} = ¢, v{x(0),y(1),2()} = ¢,
We therefore have two equations from which we may eliminate the
single variable 1 to obtain a relation of the type (3). The solution we are
seeking is then given by equation (2).
Example 3. Find the integral surface of the linear partial differential equation
x(y2 + 2)p — p(a® + 2)g = (x* — Pz

which conrains the straight line x - y -0,z = 1.
The auxiliary equations

dx dy dz
x(p* + 2) -px? - z) T — )z
have integrals
xyz =y, 232 —2z o 4

For the curve in question we have the freedom equations
x -, y = =1, z =1
Substituting these values in the pair of equations (4), we have the pair
-2 =, 22 —2 =g,
and eliminating / from them, we find the relation
2, -0 +2=0
showing that the desired integral surface is

X2+ 2 b 2xyz —224+2 =0
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PROBLEMS

1. Find the equation of the integral surface of the differential equation
29(z = 3)p + (2x — z)g = y(2x — 3)
which passes through the circle z = 0, x* + y* = 2x.
2. Find the general integral of the partial differential equation
(2xy —Dp + (z = 2xH)g = 2x — y2)
and also the particular integral which passes through the line x — 1, y = 0.
3. Find the integral surface of the equation
(x — Y.+ (y — Xx%q = (x® + )z
through the curve xz = a3, y = 0.
4. Find the general solution of the equation
2x(y + 29p + Y2y + g = 2
and deduce that
yz(z® + yz — 2y) = x*
is a solution.
5. Find the general integral of the equation
x—yp+(y—x—-29=z
and the particular solution through the circle z = 1, x2 + ) = 1.
6. Find the general solution of the differential equation
x(z + 2a)p + (xz + 2yz + 2ay)q — z2(z + a)
Find also the integral surfaces which pass throﬁgh the curves:
(@) y -0, z? = dax
b)) y=0, 24+ x(z+aP=0

6. Surfaces Orthogonal to a Given System of Surfaces

An interesting application of the theory of linear partial differential
equations of the first order is to the determination of the systems of
surfaces orthogonal to a given system of surfaces. Suppose we are
given a one-parameter family of surfaces characterized by the equation

Sy =c )]

and that we wish to find a system of surfaces which cut each of these
given surfaces at right angles (cf. Fig. 15).

The normal at the point (x.y,z) to the surface of the system (1) which
passes through that point is the direction given by the direction ratios

(¥
won=(%2.2) @

If the surface with equation

z = ¢(x,y) 3
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cuts each surface of the given system orthogonally, then its normal at
the point (x,y,z) which is in the direction

(Bz 0z | )
ox’ dy ’

is perpendicular to the direction (P,Q,R) of the normal to the surface of
the set (1) at that point. We there-
fore have the linear partial differen-
tial equation

oz a:
% 0n=F @

for the determination of the surfaces
(3). Substituting from equations
(2), we see that this equation is
equivalent to

Conversely, any solution of the
linear partial differential equation
(4) is orthogonal to every surface
of the system characterized by equa-
tion (1), for (4) simply states that the
normal to any solution of (4) is per-
pendicular to the normal to that
member of the system (1) which
passes through the same point.

The linear equation (4) is therefore the general partial differential
equation determining the surfaces orthogonal to members of the system
(1); ie., the surfaces orthogonal to the system (1) are the surfaces
generated by the integral curves of the equations

Figure |5

dx . dy . d: (5)
offox  offoy  ofjoz N
Example 4. Find the surface which intersects the surfaces of the system
2ix+y)=c3z+ 1)
orthogonally and which passes through the circle x* + y* =1,z = 1.
In thi$ infstance

_ 2(x -+ §)
/= 3z + 1
so that the equations (5) take the form
dx dy dz

Bz+ 1) 8z+1D x+p
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which have solutions
x—y =g, x2+y2 28—zt =¢

Thus any surface which is orthogonal to the given surfaces has equation of the form
P28 -2 =f(x -y

For the particular surface passing through the circle x2 + y2 — 1, z = | we must
take fto be the constant —2. The required surface is therefore

X2yt =28 422 -2

PROBLEMS
1. Find the surface which is orthogonal to the one-parameter system
z = cxy(x® + )®
and which passes through the hyperbola x* — y* — a% z — 0.

2. Find the equation of the system of surfaces which cut orthogonally the cones
~  of the system x? + )% -+ z2 = cxy.

3. Find the general equation of surfaces orthogonal to the family given by
(a) x(x? 4yt 4 2% = )?
showing that one such orthogonal set consists of the family of spheres given by
b) xt Ly 2% = oy
If a family exists, orthogonal to both (@) and (b), show that it must satisfy
2x(x? — 2% dx + y(3x? + )2 — 2D dy + 2z(2x2 + Yy dz =0

Show that such a family in fact exists, and find its equation.

7. Nonlinear Partial Differential Equations of the First Order

We turn now to the more difficult problem of finding the solutions
of the partial differential equation
F(x,y,2,p,9) = 0 (1
in which the function Fis not necessarily linear in p and g.
We saw in Sec. 2 that the partial differential equation of the two-
parameter system
S (x.pz,ab) =0 )
was of this form. It will be shown a little later (Sec. 10) that the
converse is also true; i.e., that any partial differential equation of the
type (1) has solutions of the type (2). Any envelope of the system (2)
touches at each of its points a member of the system.! It possesses

therefore the same set of values (x,y,z,p,q) as the particular surface,
so that it must also be a solution of the differential equation. In this

! The properties of one- and two-parameter systems of surfaces are outlined
briefly in the Appendix.
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way we are led to three classes of integrals of a partial differential
equation of the type (1):
{a) Two-parameter systems of surfaces

fx,y,z,ab) =0

Such an integral is called a complete integral.
(b) If we take any one-parameter subsystem

f{xy.zada} =0

of the system (2), and form its envelope, we obtain a solution of equation
(1). When the function ¢(a) which defines this subsystem is arbitrary,
the solution obtained is called the general integral of (1) corresponding
to the complete integral (2). When a definite function é(a) is used, we
obtain a particular case of the general integral.

(¢) If the envelope of the two-parameter system (2) exists, it is also a
solution of the equation (1); it is called the singular integral of the

equation.
We can illustrate these three kinds of solution with reference to the

partial differential equation
2l +p2+¢)=1 3
We showed in Sec. 2 that
x—ap+(y—0*+z2=1 4)
was a solution of this equation with arbitrary aand b.  Since it contains
two arbitrary constants, the solution (4) is thus a complete integral of
the equation (3).
Putting & = a in equation (4), we obtain the one-parameter subsystem
x—at+(y—at+22=1
whose envelope is obtained by eliminating a between this equation and
x+y—2a=0
so that it has equation
(x—yr +222=2 )
Differentiating both sides of this equation with respect to x and y,
respectively, we obtain the relations

2zp =y — x, 2z =x —y

from which it follows immediately that (5) is an integral surface of the
equation (3). It is a solution of type (b); i.e., it is a general integral
of the equation (3).

The envelope of the two-parameter system (3) is obtained by elimi-
nating a and b from equation (4) and the two equations

x—a=0 y—b=0
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i.e., the envelope corsists of the pair of planes z = 41. It is readily
verified that these planes are integral surfaces of the equation (3);" since
they are of type (c) they constitute the singular integral of the equation.
It should be noted that, theoretically, it is always possible to obtain
different complete integrals which are not equivalent to each other, ie.,
which cannot be obtained from one another merely by a change in the
choice of arbitrary constants. When, however, one complete integral
{ has been obtained, every other solution, including every other complete
- integral, appears among the solutions of type () and (c) corresponding
to the complete integral we have found.
To illustrate both these points we note that
(y —mx — o = (1 +m?(1— 2% (6)
is a complete integral of equation (3), since it contains two arbitrary
constants 7 and ¢, and it cannot be derived from the complete integral
(4) by a simple change in the values of aand . It can be readily shown,
however, that the solution (6) is the envelope of the one-parameter
subsystem of (4) obtained by taking b = ma + c.

PROBLEMS

1. Verify that z = ax 4 by + a + b — ab is a complete integral of the partial
differential equation
z=pxrqyptq—pg
where a and b are arbitrary constants. Show that the envelope of all planes
corresponding to complete integrals provides a singular solution of the
differential equation, and determine a general solution by finding the envelope
of those planes that pass through the origin.

2. Verify that the equations

(a) z=2x +a+ V2y+b
b) 22 4+ =201 + A7H)(x + Ap)
are both complete integrals of the partial differential equation
1 1
Z = - + -
P 9

Show, further, that the complete integral (b) is the envelope of the one-
parameter subsystem obtained by taking
a n

A T

in the solution (a).

8. Cauchy’s Method of Characteristics

We shall now consider methods of solving the nonlinear partial

differential equation
' or 0z
X Ve Sy — e — ] =
f( i dx oy 0 0
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In this section we shall consider a method, due to Cauchy, which is
based largely on geometrical ideas.

The plane passing through the point P(x,,y0.2,) With its normal
parallel to the direction n defined by the direction ratios (pg,gg,—1) is
uniquely specified by the set of numbers D(x4,y9,20,P0:40). Conversely
any such set of five real numbers defines a plane in three-dimensional
space. For this reason a set of five numbers D(x,y,z,p,q) is called a
plane element of the space. In particular a plane element (x4,Y0,20,20,40)
whose components satisfy an equation

Flxy,zp,q) =0 )]
is called an integral element of the equation (2) at the point (x4,74,2¢)-
It is theoretically possible to solve

an equation of the type (2) to
obtain an expression

q= G(x,)’,z’P) (3)

from which to calculate g when x,

¥, z, and p are known. Keeping

Xg, Yo, and z, fixed and varying

p» we obtain a set of plane

elements {xq,0,20,0,G(X0,Y0:Z0:P) }»

Plane element  \hich depend on the single para-

meter p. As p varies, we obtain

a set of plane elements all of which

pass through the point P and which therefore envelop a cone with

vertex P; the cone so generated is called the elementary cone of

equation (2) at the point P (cf. Fig. 16).
Consider now a surface S whose equation is
z = g(x,y) )
If the function g(x,y) and its first partial derivatives g,(x,), g,(x,y) are

continuous in a certain region R of the xy plane, then the tangent plane
at each point of S determines a plane element of the type

{xoy}’o,g(xo,)’o),gz(xo,}’o),gy(xo’yo)} (5)
which we shall call the tangent element of the surface S at the point
{Xod’o,g(xo,}’o)}-

It is obvious on geometrical grounds that:

Theorem 4. A necessary and sufficient condition that a surface be an
integral surface of a partial differential equation is that at each point its
tangent element should touch the elementary cone of the equation.

A curve C with parametric equations

x=x(), y=y0, z=2z() (6)
lies on the surface (4) if

2(1) = g {x(), (0}

n Elementary cone

Figure 16
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for all values of ¢ in the appropriate interval 1. If P, is a point on this
curve determined by the parameters t,, then the direction ratios of the
tangent line P,P, (cf. Fig. 17) are {x'(t,),y'(¢),z'(ts)}, Where x'(t,)
denotes the value of dx/dt when t = t,, etc. This direction will be
perpendicular to the direction (pg,gy,—1) if

z'(ty) = Poxo’(to) + %}’0’(’0)
For this reason we say that any set

{x(0,p(0),2(0),p(0).4(1)} ©)
of five real functions satisfying the condition
/(1) = p()x'(1) + g0y’ (D) ®

defines a strip at the point (x,y,z) of the curve C. If such a strip is
also an integral element of equa-

tion (2), we say that it is an integral (Pg.g.~1)

strip of equation (2); i.e., the set
of functions (7) is an integral strip
of equation (2) provided they
satisfy condition(8)and the further
condition

F{x(1),(0),z(1),p(1),q(1)} =0 (9)
forall rin I.

If at each point the curve (6)
touches a generator of the elemen-
tary cone, we say that the corresponding strip is a characteristic strip.
We shall now derive the equations determining a characteristic strip.
The point (x + dx, y + dy, z + dz) lies in the tangent plane to the
elementary cone at P if

Figure 17

dz=pdx +qdy (10)

where p, ¢ satisfy the relation (2). Differentiating (10) with respect to
p, we obtain

_ dq
O—dx+dpdy (1)
where, from (2),
oF  OJFdg
2% _q
dp  dqdp (12

Solving the equations (10), (11), and (12) for the ratios of dy, dz to dx,
we obtain
dx dy dz
- =X =— 13
F, F, pF,+44qF, (13)

so that along a characteristic strip x'(¢), y'(t), z'(f) must be propo:tional

@c/

’1?-/
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to F,, F,, pF, -+ qF, respectively. If we choose the parameter ¢ in
such a way that

x'(1) = F, V(1) = F, (14)
then
2'(t) = pF, + qF, (15)

Along a characteristic strip p is a function of ¢ so that

P op
P(f)—a—xx(f)+a) (1

_ op oF v dp OF
T ox ap dy dq
op OF dqoF
dxop axdq

since dp/dy — dg/dx. Differentiating equation (2) with respect to x,
we find that

oF OF oF o oF ¢
Ox 0z op dx  0q dx

so that on a characteristic strip

pty= —(F, + pF) (16)
and it can be shown similarly that
ql(’) = _(Fv T sz) (17)

Collecting equations (14) to (17) together, we see that we have the
following system of five ordinary differential equations for the deter-
mination of the characteristic strip

xX(=F, y{OH=F, Z'(1) = pF, + qF,
P’(t): _Fa: —_pFu q,(’) = _Fv —sz

These equations are known as the characteristic equations of the differ-
ential equation (2). These equations are of the same type as those
considered in Sec. 2 of Chap. 1, so that it follows, from a simple
extension of Theorem 1 of that section, that, if the functions which
appear in equations (18) satisfy a Lipschitz condition, there is a unique
solution of the equations for each prescribed set of initial values of the
variables. Therefore the characteristic strip is determined uniquely by
any initial element (xq,)0,20,P0,§0) @and any initial value ¢, of .

The main theorem about characteristic strips is:

Theorem 5. Along every characteristic strip of the equation
F(x,y,z,p,q) = O the function F(x,y,z,p,q) is a constani.

(18)
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The proof is a matter simply of calculation. Along a characteristic
strip we have

d

= FLx(0,y(0,20,p(0),4(0)
=Fx + Fy + Fz' + Fp + Fq
=F2Fp +F1/Fq +Fz(pr +qFa)_Fp(F: +PF1)—FQ(Fv+sz)
=0

so that F(x,y,z,p,q) = k, a constant along the strip.

As a corollary we have immediately:

Theorem 6. If a characteristic strip contains at least one integral
element of F(x,y,z,p,q) =0 it is an integral strip of the equation
Fix,y,2,2,,2,) = 0.

We are now in a position to solve Cauchy’s problem. Suppose we

wish to find the solution of the partial differential equation (1) which
passes through a curve I' whose freedom equations are

x=10@), y=9¢0v), z=720) (19)

then in the solution
X = x(P6,90:X0s YosZoslst)s €LC. (20)

of the characteristic equations (18) we may take
Xo=0@),  yo=9@), zo= 1)

as the initial values of x, y, z. The corresponding initial values of
Po» 9o ate détermined by the relations

7' @) = pb'©) + g (v)
F{0(2),6(t),2(0),Porg0} = O

If we substitute these values of xq, Vo, 24, o, o and the appropriate
value of ¢, in equation (20), we find that x, y, z can be expressed in
terms of the two parameters ¢, v, to give

x= X(v,1), y= Yiv), z = Z,(v,1) (21
Eliminating v, ¢ from these three equations, we get a relation
¥(x,,2) = 0

which is the equation of the integral surface of equation (1) through
the curve . We shall illustrate this procedure by an example.

Example 5. Find the solution of the equation
z=4p*+9) +(p —x)g — p)
which passes through the x-axis.
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It is readily shown that the initial values are
Xo =V, Yo =0, zq =0, Po=0, qo = 20, to =0
The characteristic equations of this partial differential equation are
ay

dx dz
Z-Pt9y o TPra-x S=pptq-teptqg—2

P 0 _ -
ZFPTIy F=ptg-x

from which it follows immediately that
x=v+p y=q-—2
Also it is readily shown that

d d
7P FTI-0=prqg-x Z(ptg-P=ptg-y
giving
p+q—x=vet, p+gq—y=2ve
Hence we have

x = v(2et — 1), y =uv(et — 1) p =2~ 1),q =v(et + 1)
Substituting in the third of the characteristic equations, we have
dz

2,20 2t
-~ = 502 — 3ple
dr

with solution
z =50%e* — 1) — JeXe! — 1)

Now from the first pair of equations (22) we have

y — X
P

[ S N — —
e S —x v=x—12y
so that substituting in (23), we obtain the solution
z = }y(4x — 3y)
PROBLEMS

(22)

(23)

1. Find the characteristics of the equation pg = z, and determine the integral

surface which passes through the parabola x = 0, y = z.

2, Write down, and integrate completely, the equations for the characteristics of

(I + g9z = px

expressing x, y, z, and p in terms of ¢, where g = tan ¢, and determine the

integral surface which passes through the parabola x* = 22,y = 0.

3. Determine the characteristics of the equation z = p? — 4%, and find the

integral surface which passes through the parabola 4z + x* = 0, y = 0.
4. Integrate the equations for the characteristics of the equation

P+ =4z

expressing x, y, z, and p in terms of ¢, and then find the solutions of this

equation which reduce to z = x> + 1 when y = 0.
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9. Compatible Systems of First-order Equations

We shall next consider the condition to be satisfied in order that every
solution of the first-order partial differential equation

fxy,z2,p,q) =0 1))
is also a solution of the equation
gx.y,z,p,q) =0 2
When such a situation arises, the equations are said to be compatible.
If
(/.8
J=222 %0 3
a(p,q) )
we can solve equations (1) and (2) to obtain the explicit expressions
p=9dxyz), g=yxyz) C))

forpandg. The condition that the pair of equations (1) and (2) should
be compatible reduces then to the condition that the system of equations
(4) should be completely integrable, i.e., that the equation

ddx +ydy —dz=0

should be integrable. From Theorem 5 of Chap. 1 we see that the
condition that this equation is integrable is

(=) + wb) — (v —¢) =0
which is equivalent to
Yo+ by = ¢y + v, &)

Substituting from equations (4) into equation (1) and differentiating
with regard to x and z, respectively, we obtain the equations

S+ Sybe + fura =0
_fz +fp¢z +fu'/)z =0
from which it is readily deduced that
Jfo + 8. + f(ba + ¢6.) + folya + dy) =0
Similarly we may deduce from equation (2) that
g: + 98 + 8:($s + $¢.) 4 gy + dy.) = 0
Solving these equations, we find that

1/a(f.8)
— J\a(x,p)

where J is defined as equation (3).

o(£.8)
&(z,p)

Y. + Y, + ¢ 6)
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If we had differentiated the given pair of equations with respect to
y and z, we should have obtained

1(9(f.g) a( f:gN
— o —— [} —— 7
71309 " Vg @
so that, substituting from equations (6) and (7) into equation (5) and
replacing ¢, v by p, g, respectively, we see that the condition that the
two conditions should be compatible is that
[fgl=0 ®
afgy K fe)  dfp) dfg)
= ; e A : - 9
ap) Py g ey ®

Example 6. Show that the equations

¢’v + W¢z =

where irg

xp =g 2xp r)q) =2xy
are compatible and solve them.

In this example we may take [ = xp — yq, ¢ = z(xp - yq) — 2xy so that
Afg) L) ALY
20— i, D82 = _2xy, =
Wy P Hyg SAN T B

= X},

from which it follows that
/8] = xp(yg - xp) =0
since xp = yp. The equations are therefore compatible.
It is readily shown that p = y/z, g — x/z, so that we have to solve

zdz = ydx ~ xdy

which has solution

2

22 =c - 2x1v

where ¢ is a constant.

PROBLEMS
1. Show that the equations
xp - yq ~ X, xp g =xz
are compatible and find their solution.
2. Show that the equation z = px - ¢y is compatible with any equation
f(x,y,2,p,q) = 0 that is homogeneous in x, y, and z.
Solve completely the simultaneous equations
z=px+qp  2xyp'+ ¢ =:z0p + xq)
3. Show that the equations f(x,y,p,9) = 0, g(x,v,p,q) — O are compatible if
d
() A _
Ax,p)  dy.q)
Verify that the equations p = P(x,y), ¢ = Q(x,y) are compatible if
aP a0

dy ax
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4. If u, = dufdx, uy = dufdy, u3 = 9ujdz, show that the equations
[y, zupuus,) =0, g(x,y,z,up,us,u5) = 0

are compatible if
ofe) | Afe) | ALE)
ox,u)) Ay z,up)

0. Charpit’s Method
A method of solving the partial differential equation

fxyzpg) =0 0y
due to Charpit, is based on the considerations of the last section. The

fundamental idea in Charpit’s method is the introduction of a second
partial differential equation of the, first order

gx.y,z.p.q.a) = 0 @
which contains an arbitrary constant @ and which is such that:
(a) Equations (1) and (2) can be solved to give

p=pxyzna), q=qxyza)
(b) The equation
dz = p(x,y,z,a) dx + g(x,y,z,a) dy 3)
is integrable.

When such a function g has been found, the solution of equation (3)

Flx,y,z,a,b) = 0 )
containing two arbitrary constants a, b will be a solution of equation (1).
From the considerations of Sec. 7 it will be seen that equation (4) is a
complete integral of equation (1).

The main problem then is the determination of the second equation
(2), but this has already been solved in the last section, since we need
only seek an equation g — 0 compatible with the given equation f = 0.
The conditions for this are symbolized in equations (3) and (8) of the
last section. Expanding the latter equation, we see that it is equivalent
to the linear partial differential equation )

% _ 0% PN ¢ ,
fva_"ﬁ@+(pfﬂ i q./a)gz‘
N 9% _

for the determination of g.  Our problem then is to find a solution of
this equation, as simple as possible, involving an arbitrary constant g,
and this we do by finding an integral of the subsidiary equations

dx _dy dz dp dq

dx _dy _ - = 6
A AR ATy A g iy e ey S
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in accordance with Theorem 3. These equations, which are known as
Charpit’s equations, are equivalent to the characteristic equations (18)

of Sec. 8.

Once an integral g(x,y,2,p,¢,a) of this kind has been found, the problem
reduces to solving for p, g, and then integrating equation (3) by the
methods of Sec. 6 of Chap. 1. It should be noted that not all of
Charpit’s equations (6) need be used, but that p or 4 must occur in the

solution obtained.
Example 7. Find a complete integral of the equation

pPx gy =z
The auxiliary equations are

d_x _ _dl i dz _ dp dq
2px 29y Apx+ gV p-pt g—¢
from which it follows that

pidx +2pxdp q*dy + 29ydg
pix gy

and hence that
pix = agly
where a is a constant. Solving equations (7) and (8) for p, ¢, we have

e
P\T+rax)” 170 rayl
so that equation (3) becomes in this case
¥ t ]
(1 i “) dz = (f) dx + (-1) dy
z x y]
{1 + @z}t = (@)t + yt + b
which is therefore a complete integral of (7).

with solution

PROBLEMS
Find the complete integrals of the equations:
Pty =gz
. p=(z+qyP*
*3. 2% = pgxy

. xp + 3yg = 2(z — X% *
pxd — 44 4 6x%2 —2 =0
w Ay 4 2q) = qlxp + yq) »
7.2z +xp + yg) = yp* .

AL A WN -

Il. Special Types of First-order Equations

M

(8)

In this section we shall consider some special types of first-order
partial differential equations whc e solutions may be obtained easily

by Charpit’s method.
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(a) Equations Involving Only p and q. For equations of the type
flpg)=0 )
Charpit’s equations reduce to
dx _dy__dz _dp 4
S fo Photqfe O 0

An obvious solution of these equations is

p=a @
the corresponding value of ¢ being abtained from (1) in the form
flag =0 €)
so that q = Qa)
a constant. The solution of the equation is then
z=ax + Q@y + b ()]

where b is a constant.

We have chosen the equation dp = 0 to provide our second equation.
In some problems the amount of computation involved is considerably
reduced if we take instead dg — 0, leading to ¢ = a.

Example 8. Find a complete integral of the equation pq = 1.

In this case Q(a) = I/a, so that we see, from equation (4), that a complete
integral is

z=ax + 4 +b
a
which is equivalent to
ax+y—az=c
where a, ¢ are arbitrary constants.

(b) Equations Not Involving the. Independent Variables. 1If the partial
differential equation is of the type

fGepg =0 (5)
Charpit’s equations take the forms
dx _dy dz dp dg

fv Z_pfn+qﬁ__pﬁ_ _qu
the last of which leads to the relation
p=aq (6)

Solving (5) and (6), we obtain expressions for p, g from which a complete
integral follows immediately.



72 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

Example 9.  Find a complete intcgral of the equation p?z® + g = 1.
Putting p = ag,' we find that

gl 4+ a%2%) — 1, g —(l +a%D)7Y, p=a(l + a?¥
Hence (I + a2 dz — adx + dy
which leads to the complete integral
ax(l + az)t —log [az + (I + a*2%] = 2a(ax + y + b)
(¢} Separable Equations. We say that a first-order partial differential
is separable if it can be written in the form
f(xp) = 8039 ™
For such an equation Charpit’s equations become
dx  dy dz  dp dq

o —8 P & S &
so that we have an ordinary differential equation

p [ _
7,0

in x and p which may be solved to give p as a function of x and an
arbitrary constant a. Writing this equation in the form f, dp + f, dx
= 0, we see that its solution is f(x,p) = a. Hence we determine p, ¢
from the relations

flp)=a, gy =a ®)
and then proceed as in the general theory. )

Example 10.  Find a complete integral of the equation pPy(1 -- x%) = gx=.
We first observe that we can write the equation in the form

P+ xB) ¢
x? y
ax
so that p = =" qg = ay
V14 At
and hence a complete integral is
z=avT —x%+4a%? + b

where a and b are constants.

(d) Clairaut Equations. A first-order partial differential equation is
said to be of Clairaut type if it can be written in the form

z=pxtqy +f(pg) ©)
The corresponding Charpit equations are
dx  dy dz _dp _dg
X+fo yHfe Pty et 000
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so that we may take p = a,q = b. If we substitute these values in (9),
we get the complete integral

z=uax + by + f(a,h) (10)
as is readily verified by direct differentiation.
Example 11.  Find a complete integral of the equation
p gz —xp—y9 =1
Writing this equation in the form

]
z=Xxplyq - o
Pt+9q
we see that a complete integral is

z —ax -+ by + !
B YT a b

4

At bh W=

PROBLEMS
Find complete integrals of the equations:
-Ptg P9
2. z=p g -
L pg=p g

P ) = pt g
quZ N _x.:-yZ —_ x2q2(x2 ER yZ)
- P9z = pHxq 4 P + ¢0p 4 g°)

»

12. Solutions Satisfying Given Conditions

In this section we shall consider the determination of surfaces which
satisfy the partial differential equation

F(x,y,z,p,q) = 0 )

and which satisfy some other condition such as passing through a given
curve or circumscribing a given surface. We shall also consider how to
derive one complete integral from another.

First of all, we shall discuss how to determine the solution of (1)
which passes through a given curve C which has parametric equations

. x=x(n, y=xn z=:0 @

being a parameter. If there is an integral surface of the equation (1)
through the curve C, then it is:
(a) A particular case of the complete integral

fxyp.z,ab) =0 &)
obtained by giving a or b particular values; or
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(b) A particular case of the general integral corresponding to (3),
i.e., the envelope of a one-parameter subsystem of (3); or
(c¢) The envelope of the two-parameter system (3).

It seems unlikely that the solution would fall into either (a) or (¢) so
we consider the case (b), which is the one which occurs most frequently.
We suppose, therefore, that a surface, E say, of type (b) exists and
passes through the curve C. At every one of its points this envelope E
is touched by some member of the subsystem. In particular at each
point P of the curve C we may suppose it to be touched by a member,
S, say, of the subsystem, and since S, touches E at P, it also touches C
at the same point. In other words, E'is the envelope of a one-parameter
subsystem of (3) each of whose members touches the curve C, provided
that such a subsystem exists. To determine E, then, we must consider
the subsystem made up of those members of the family (3) which touch
the curve C.  The points of intersection of the surface (3) and the curve
C are determined in terms of the parameter ¢ by the equation

S {x(),y(1),z(1),a,b} =0 4

and the condition that the curve C should touch the surface (3) is that
the equation (4) must have two equal roots or, what is the same thing,
that equation (4) and the equation

ba_tf {x(Dp(,z(8),a,b} = O (5

should have a common root. The condition for this to be so is the®
eliminant of ¢ from (4) and (5),

wa,b) =0 (6

which is a relation between g and b alone. The equation (6) may be
factorized into a set of alternative equations

b=¢ya), b=¢)a),... )

each of which defines a subsystem of one parameter. The envelope of
each of these one-parameter subsystems is a solution of the problem.

Example 12. Find a complete integral of the partial differential equation
(P* + ¢)x = pz

and deduce the solution which passes through the curve x = 0, z% — 4y.
It may readily be shown that

22 = a’x® + (ay + b)? (8)

is a complete integral, and it is left to the reader to do so.
The parametric equations of the given curve are

x =0, y =1, z=2 )



PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 75

The intersections of (8) and (9) are therefore determined by
4% = (ar® + b)?
ie., by a*t + (2ab — P + b2 =0
and this equation has equal roots if
(ab — 2)? = a®b?
ie., if ab =1

The appropriate one-parameter subsystem is therefore

l'l
zz=a2x2+(ay+(—z}

Le., aAE:+y)+ a2y —2H+1=0
and this has for its envelope the surface
Qy — 29 =4(x2 +y?) (10)

The function z defined by equation (10) is the solution of the problem.

The problem of deriving one complete integral from another may be
treated in a very similar way. Suppose we know that

S Gxyzab) =0 (11)
is a complete integral and wish to show that another relation
gx,y,z,hk) =0 (12)

involving two arbitrary constants A4, k is also a complete integral. We
choose on the surface (12) a curve I' in whose equations the constants
h, k appear as independent parameters and then find the envelope of the
one-parameter subsystem of (I11) touching the curve I'. Since this
solution contains two arbitrary constants, it is a complete integral.

Example 13. Show that the equation . &
xpq + yg* =1 LY
has complete integrals é’
(a) (z + b = 4{ax + y)
b kx(z + h) = k¥ + x*

and deduce (b) from (a).
The two complete integrals may be derived from the characteristic equations.

Consider the curve ™~
yp=0 x=k(z+h (13 N
on the surface (b). At the intersections of (a) and (13) we have QQ
(z + b — 4ak(z + b) + dak(b — h) =0 -
and this has equal roots if _\,V\U\

2 2 2
t=akp ~h) P FA al’ N
ie., ifak =0or b =h + ak.
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The subsystem given by @ = 0 cannot be the desired one since its envelope does
not depend on / and k. The second subsystem has equation
(z + h + ak)® = 4lax + y)
ie., k%a® + 2a{k(z + h) = 2x} +(z+ h> —4y =0
and this has envelope
{k(z + h)y — 2x}* = {(z + h)? — 4y}k?®
which reduces to
kx(z - by — k% + x*

Next, we shall outline the procedure for determining an integral
surface which circumscribes a given surface. Two surfaces are said to
circumscribe each other if they touch along
a curve, €.g., a conicoid and its enveloping
cylinder. It should be noted that the curve
of contact need not be a plane curve. We
shall suppose that (3) is a complete integral
of the partial differential equation (1) and

that we wish to find, by using (3), an inte-
gral surface of (1) which circumscribes the
surface ~ whose equation is

‘ ' w(x,p,2) = 0 (14)

IS
-

If we have a surface E
u(x,y,z) = 0 (15)

of the required kind, then it will be one of
three kinds (a), (b), (¢) listed above. We
Figure 18 shall consider the possibility (b), since it is

the one which occurs most frequently.
Suppose that the surface E touches the given surface X along a
curve I' (cf. Fig. 18). Since E is the envelope of a one-parameter
subsystem § of the two-parameter system (3), it is touched at each of its
points, and, in particular, at each point P of I', by a member S, of
the subsystem S. Now, since S, touches E at P, it also touches X at P,
Hence equation (15) is the equation of the envelope of a set of surfaces
(3) which touch the surface (14). We now proceed to find the surfaces
(3) which touch X and see if they provide a solution of the problem.
The surface (3) touches the surface (15) if, and only if, the equations

(3), (14), and
f bt 16
wa: w‘ll wZ
are consistent. The condition for this is the eliminant of x, y, and z
from these four equations, i.e., a relation of the form

xab) =0 (17)
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between a and b. This equation factorizes into a set of relations

b=¢ia), b=dya), ... (18)

each of which defines a subsystem of (3) whose members touch (14).
The points of contact lie on the surface whose equation is obtained by
eliminating @ and b from the equations (16) and (18). The curve I' is
the intersection of this surface with X. Each of the relations (18)
defines a subsystem whose envelope E touches X along I'.

Example 14.  Show that the only integral surface of the equation
2z - px —qy) L+ g*
which is circumscribed about the paraboloid 2x -- y* -+ 22 is the enveloping cylinder
which touches it along its section by the plane y +- 1 0.
The equation is of Clairaut type with complete integral
b 41

z=ax + by —1«—2—[)— (19)

Equation (14) has the form
26 Y4 2R (20)

so that equations (16) become, in this case

b -1

(I — -
2 -2y -2
which give the relations

(2n

5]
N -

y==—-—v zZ =

Eliminating x between equations (19) and (21), we have
aby? + 2b% + abz® —2bz +- B2 L+ 1 =0
and eliminating y and z from this equation and the equations (21), we find that
b —a@p?+1=0

so that the relation b = a defines a subsystem whose envelope is a surface of the
required kind. The envelope of the subsystem

{2x v ) 4 1}a® —2az +1 =0
is obviously

22=2x+y 1 (22)
The surface (20) touches the surface (22) where
(y--12=0
proving the stated result.
PROBLEMS

1. Find a complete integral of the equation p®x ! gy = z, and hence derive the
equation of an integral surface of which the I'ne y — 1, x +z=01is a »
generator.

2, Show that the integral surface of the equation

2(1 — g% = 2(px + qy)
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which passes through the line x = 1, y = hz + k has equation
(y — kx)? = 22{(1 + B)x — 1}
3. Show that the differential equation

2xz + ¢* = x(xp + yq)
has a complete integral

z + a% = axy + bx?
and deduce that
x(y + hx)? = 4z — kx¥)

is also a complete integral.
4. Find the complete integral of the differential equation
xp(l +¢q) =(y + 2)q

corresponding to that integral of Charpit's equations which involves only
g and x, and deduce that

(z + hx + k) = dhxtk — )
is also a complete integral.
'S, Find the integral surface of the differential equation
(y + 29 =251 + p* + ¢
circumscribed about the surface x* — 22 = 2y,

6. Show that the integral surface of the equation 2y(1 + p?) = pg which is
circumscribed about the cone x* + z% = y? has equation

22 =y¥4y* +4x + 1)
13. Jacobi's Method

Another method, due to Jacobi, of solving the partial differential
equation

Fx,y,zpq) =0 m
depends on the fact that if
u(x,y,z) = 0 2
is a relation between x, y, and z, then
U Ug
=4, =t 3
)4 “ q 7 3)

where u, denotes du/dx, (i = 1, 2, 3). If we substitute from equations
(3) into equation (1), we obtain a partial differential equation of the type

f(X,y,Z,lﬁ,"zaua) = 0 (4)

in which the new dependent variable u does not appear.
The fundamental idea of Jacobi’s method is the introduction of two
further partial differential equations of the first order

g(X,}’,Zyubuz,ua,a) = 0’ h(xsy’zrul’uz’u:hb) = O (5)
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involving two arbitrary constants @ and b and such that:
(a) Equations (4) and (5) can be solved for u;, u,, u,;
(b) The equation
du= u dx + u,dy + uy du (6)

obtained from these values of u;, u,, u; is integrable.

When these functions have been found, the solution of equation (6)
containing three arbitrary constants will be a complete integral of (4).
The three constants are necessary if the given equation is (4); when,
however, the equation is given in the form (1), we need only two arbitrary
constants in the final solution. By taking different choices of our third
arbitrary constant we get different complete integrals of the given
equation.

As in Charpit’s method, the main difficulty is in the determination of
the auxiliary equations (5). We have, in effect, to find two equations
which are compatible with (4). Now in Example 4 of Sec. 9 we showed
that g and A would therefore have to be solutions of the linear partial
differential equation

%
f;,l +fu'ay+fu dz J:au f;/ jz5u—a_0 (7)

which has subsidiary equations
de dy dz duy du, du

ful _./u, fug_ —fl B —/- - —.,8
The procedure is then the same as in Charpit’s method.
To illustrate the method we shall solve Example 7 of Sec. 10 in this
way. Writing p = —u,fus, § = —u,fu,, we see that the equation

Pxtqy =z

®)

becomes
Xt + yui —zut =0
so that the auxiliary equations are
dx dy dz du, du,  du,

Jux 0y —yz |~ -2 ul
with solutions
xwi=a, yui=5»b

(@) w= () e

u = 2(ax)* + 2(by)* + 2{(a + b)z}! + ¢

Writing b = 1, ¢ = b, we see that the solution u = 0 is equivalent to the
solution derived in Sec. 10.

whence

so that
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The advantage of the Jacobi method is that it can readily be genera-
lized. If we have to solve an equation of the type

Si0Xa, o Xy L U,) =0 )

where u, denotes du/dx,(i=1,2, ... ,n), then we find n —1
auxiliary functions f,, f;, . . . , f, from the subsidiary equations
dx; dx, dx, dwy,  du, ﬁ’u_n
N

involving n — | arbitrary constants. Solving these for uy, u,, . . . , u,,
we determine u by integrating the Pfaffian equation

du = 3 u, dx;

i=1

the solution so obtained containing n arbitrary constants. On the other
hand, Charpit’s method cannot be generalized directly.

PROBLEMS

1. Solve the problems of Sec. 10 by Jacobi’s method.
2. Show that a complete integral of the equation

ou du odu
() o
u=ax -~ by + 6(a,b)z + ¢

where a, b, and c are arbitrary constants and f (4,6,0) = 0.
Find a complete integral of the equation

ou ou du  du dudu

ax 3y 8z Ira_va_z

is

3. Show how to solve, by Jacobi's method, a partial differential equation of

the type
ou u ou 81{)
X 2, =gy =, 2
f( ox az) g(' 3y oz

and illustrate the method by finding a complete integral of the equation

au\? ou du ou\?
2x3p—) —= = x2 = 1+ 2yl =
xy(ax) z " ay )(ax)

4. Prove that an equation of the “Clairaut” form

xa“+ 6’14Jr o ou du ou
ox yay zaz_ ax’ay’a_z

is always soluble by Jacobi’s method.
Hence solve the equation

du _ ou  du ./ o ) _
x oy w)\ax Yy T
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I4. Applications of First-order Equations

The most important first-order partial differential equation occurring
in mathematical physics is the Hamilton-Jacobi equation

oS as 9S8 AR

a’*‘ H(‘h,‘h,--wqma—ql'@;"“’5—%)—0 (1)
appropriate to the Hamiltonian H(q,.q,.. . . .4 prpa- - - »pa) of
a dynamical system of » generalized coordinates ¢,,¢,, . . . , ¢, and
the conjugate momenta p,, p,, . . ., p,. Thisis an equation in which

the dependent variable .S is absent, so it is of the type (9) of Sec. 13.
From the considerations of that section we see that the equations of the
characteristics are

dr_ dg, o 44,
1 9H/op, dH|dp,
__ 4 dpn )
—(0H]oq)) —(9H/dg,)
i.e., they are equivalent to the Hamiltonian equations of motion
dgq, oH dp; _ oH .
E—aa E——aq‘ l—l,2,...,n (3)
A modified form of equation (1} is obtained by writing
S=—Wt+ S5
We then find that
~dS, oo\ _ o,
H(ql,...,q",aql,....aq", H 4

Suppose, for example, that a system with two degrees of freedom has
Hamiltonian

Pp2+ Qpt &+
H —a+y 'xry )

where P, X, & are functions of x alone and Q, Y, » are functions of y
alone. Then equation (4) becomes

WPp, + Op) + (E+n) — WX + ¥)=0

Then one of the characteristic equations is

dx dn
X P,

= =0
Pp. Pp, + & — WX’

with solution
pa= QWX — & + @)}
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where ¢ is an arbitrary constant. Similarly we could have shown that
g = 2WY —n + b}

where b is an arbitrary constant. Thus since p, is a function of x alone
and g, is a function of y alone, we have

S— —Wr+ f{z(WX— 4 a)) dx + f{Z(WY—r; B} dy

showing that a solution of the Hamilton-Jacobi equation can always be
found for a Hamiltonian of the form (5).

First-order partial differential equations arise frequently in the theory
of stochastic processes. One such equation is the Fokker-Planck
equation*

oP 0 o*p

5[‘—/35;(1’)() +Das (6)
which reduces in the case D = 0 to the first-order linear equation
oP oP
rTi Bx % + pP @)

The physical interpretation of the variables in this equation is that P is
the probability that a random variable has the value x at time . For
example, P might be the probability distribution of the position of a
harmonically bound particle in Brownian movement or the probability
distribution of the deflection x of an electrical noise trace at time t.
It should be observed that this equation (6) is valid only if the randocm
process has Gaussian distribution and is a Markoff process.

Probably the most important occurrence of first-order equations is
in the theory of birth and death processes? connected with bacteria.
Suppose, for example, that at time ¢ there are exactly n live bacteria
and that:

(a) The probability of a bacterium dying in time (¢, t + 1) is u, of;

(b) The probability of a bacterium reproducing in time (¢, ¢ + d¢) is
A, ot;

(c) The probability of the number of bacteria remaining constant in
time (¢, t + o) is (1 — 4, 6t — g, 01);

(d) The probability of more than one birth or death occurring in
time (¢, t + 6¢) is zero.

If we assume P,(¢) is the probability of there being n bacteria at time ¢,
then these assumptions lead to the equation

Pt 8) = Ay 1Poy(t) 81 + s Prasa(®) 0t + (1 — 3, 8t — iy O1}P,(1)

1 For a derivation of this equation see S. Chandrasekhar, Rev. Modern Phys.,
15, 33 (1943).

2 W. Feller, “‘An Introduction to Probability Theory and Its Applications”
(Wiley, New York, 1950), p. 371.
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which is equivalent to
apP,
_—a"[_ = ln—lpn—l(t) + :un+1Pﬂ+l(t) - (}‘n + :un)Pn(t) (8)

In the general case 4, u, would depend on » and ¢; if we assume that
the probability of the birth or death of a bacterium is proportional to the
number present, we write

ho=nh, = nu 9)
where 2 and u are constants, and equation (8) reduces to

oP,
or

and if we introduce a generating function ®(z,7) defined by the relation

= Mn — DPuy(t) — (A + wnPy(1) + p(n + 1P, .1(0)

Az = 5 P2

we see that this last equation is equivalent to the first-order linear

equation
oo

= =

whose solution is readily shown (by the method of Sec. 4) to be

(= = )z — ) 2

® = f{—“l __’1: e'““‘)‘} (10)

where the function f is arbitrary. If there are m bacteria present at
t = 0, then & = z™ at t = 0, so that

1 —z

from which it follows that

1o = (=)

Hence at time ¢

»=|

#(1 _ e(l—ﬂ)l) _ Z(). —_ ”etlw)l) m
p— AeB=1t —jz(1 — et

P.(¢)1s the coefficient of z" in the power series expansion of this function.
If 2 < u, then ® -~ 1 as t — oo, so that the probability of ultimate
extinction is unity.

Similar equations arise in the discussion of trunking problems (see
Prob. 4 below), in which 4, = 4, p, = nu, and in birth and death
problems governed by different assumptions from those we have made
here (cf. Prob. 3 below).
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PROBLEMS

It may be assumed that the rate of deposit or removal of sand on the bed of a
stream is a( v/ dx), where a is a constant and v is the velocity of the water in the
x direction. If 7, A denote the heights, above an arbitrary zero level, of the
top of the sand in the bed and of the water surface, respectively, show that the
variation of 7 is governed by the first-order equation

h " y ay 0

ST T M
where m is a constant. Assuming & to be constant, show that the general
solution of this equation is
r[ mt ]
|

KO Tt ]|

where the function f is arbitrary.
If n = #, cos (2nx/A) at t = 0, find the relation between n and x at time 1.

Show that the general solution of the modified Fokker-Planck equation (7) is
|
P=- Bt
: f (xeft)

where the function f is arbitrary.
Show further that a solution of the full equation (6) is given by

20b
P=9 (’“’Bb- r__l) eft

28

where Q(£,7) is a solution of the equation
20 #Q
Br e

The individuals in a competitive community breed and die according to the
laws:

(a) Every individual has the same chance 4 ¢ of giving birth to a new
individual in any infinitesimal time interval éz;

(b) Every individual has the chance {« + f(n — 1)}ér of dying in the
interval dr, where n is the total number of individuals in the community.
(4,2, and # are nonnegative constants, and the chances of birth and death
are independent of each other). If P,(r) denotes the probability that at time
t there are n individuals in the community, show that the probability-generating
function satisfies the equation
ad o R
a—'—(z—l) (Az “)a_z_"’TaF

Show that if « = 0 and 2 and B are positive, it is possible for the probability
distribution of the number of individuals to have a stable form (independent
of r) with zero chance of extinction.  Find P,(r) explicitly in this case, and show
that the mean number of individuals is then

AlB
1 —exp(—4/8)

The probability distribution of telephone conversations carried on over a
certain number of lines may be thought of as governed by the laws:
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(a) Ifaline is occupied, the probability of a conversation which started at
time 1 = 0 ending in the interval (s, r + 0r) is u 0, where p is a constant;

(b) The probability of an incoming call in the interval (¢, ¢ ¢ df) is 4 6¢,
where 1 is a constant;

(¢) If &¢is small, the probability of two conversations stopping in time &t
is negligible.
If P,(1) is the probability that u lines are being used at time r and ©(z,¢) is the
corresponding probability-generating function, show that

P ab)

7,=<Z—”{’-‘”"‘51

If m lines are occupied at + = 0, show that at time ¢

[

d(z,1) = {l +(z e #}™exp lj—t(z - D = et

MISCELLANEOUS PROBLEMS

Show that any surface of revolution whose axis passes through the origin
satisfies the equation

u v w
U, vy w, =0
u, vy w,

where u = x -+ zp, v =y + 29, w = xq — yp.
Show that the integral surfaces of the differential equation
a: 2z
Vo bz —X)— + (x + 3y =
(z+3))ax (z x)ay4(xi— y) =0
are of revolution about the line x = —3y = z, and find the integral surface
through the curve
x2 -2+ 22=d’ x-ytz=2a
If the expression
O + 2)dx + (x* + 2)dy
is an exact differential in x and y, show that z = 2xy + f(x + 3), where fis
arbitrary. Find fif z = 2y -+ | when x = 0.

The equation P dx* + Q dx dy -+ Rdy* = 0, in which P, Q, R are functions of
x and y, represents the projection on z = 0 of a network of curves on a surface
u(x,y,z) = 0. Show that the curves are orthogonal if
PO + u®) — Quzu, + Ru? + u?) =0
Find the partial differential equation of the first order of which a complete
integral is
(x —a)? + (y — b2 = ztcoty

where a, b are constants.

Prove that another complete integral can be found which represents all
planes making an, angle ¢ with the plane z = 0.
Find the family of surfaces which represents the solution of the partial differ-
ential equation

0z 0z
(x+z)3;+(y+z)3)-'+z=0

and obtain the integral surface which contains the circle x*> + y* — 0%, z = a.
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Find the equation of the integral surface of the differential equation
[ éz
— e _— = 2
x* Friaa Y32 + y) E z2(2x® + y)

which passes through the parabola x =1, y* =z — y.
Solve the equation
p—9px+y) =z

and determine the equation of the surface which satisfies this equation and
passes through the curve

x+y+z—-0  x=7z*%
Show that the integral surfaces of
(xp + y)x® + y2 — @) = z2(x* + yH)
are generated by conics, and find the integral surface through the curve
x =2z, x* + )F = 4d%

Find the general solution of

in the domain 0 < y < x. Find the solution which equals x when y = ix.
Find the general integral of the equation

{my(x + y) — nz%} :—‘; — {Ix(x + y) — nzZ}—Z—i =(Ix — my)z

and deduce the equation of the integral surface which passes through the curve
2x =z + 25, Qy=z-2°

Prove that for the equation
z+px+qy—1—pgx’y* -0

the characteristic strips are given by

1 1
“Biee YT AT D
p = AB + Ce™¥)?, q = B(A + De )2

where 4, B, C, D, and E are arbitrary constants. Hence find the integral
surface which passes through the line z = 0, x = y.

x z =E — (AC + BD)e™¢

Find a complete integral of the equation
4x + )z =(p + Plx + y)* + 2p — Ox* ~ y*) —4(p* — ¢
Show that the characteristic equations of the differential equation
(g* + DZ* = 2pxz + x*
have an integral gz = ax, and find the corresponding complete integral of the
differential equation, showing that it represents a set of conicoids of revolution.

The normal to a given surface at a variable point P meets the coordinate planes
XOY and YOZ in 4 and B, respectively. If ABis bisected by the plane ZO X,
show that the surface satisfies the differential equation

x 2y

Z == — ==

P 9
Find a complete integral of this equation.
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The normal to a given surface at a variable point P meets the sphere
x?+ y* + 22 =1 in the points A and B. If AB is bisected by the plane
z = 0, show that the surface satisfies the differential equation

2p*+ ¢ +px + gy =0
Find a complete integral of this equation.
Show that the characteristic equations of the differential equation

72+ xp — x%q* — x°pg — 0

have an integral gx = a, and find the corresponding complete integral of the
differential equation.

Find a complete integral of the equation pPx 4 qy = z, and hence derive the
equation of an integral surface of which the line y =1, x +z=01is a
generator.

Find the complete integral of the differential equation
PPx + pgy = 2pz + x

corresponding to the integral of the characteristic equations involving ¢ and
y alone, in the form

2z = ay® + bx? —})

Deduce the integral surface through the line y = 1, x = 2.

Show that a necessary and sufficient condition that a surface should be
developable is that it satisfies a differential equation of the form f(p,g) = 0.

Deduce that a necessary and sufficient condition that a surface should be
developable is that its second derivatives r(x,y), s(x,y), t(x,y) satisfy the
equation rt = s2.

Show that the only integral surfaces of the differential equation
29(z —xp —2yg) + x =0
which are developable are the cones
(z + ax)? = 2y(x + b)
Find the integral surfaces through the curve z = 0, x* 4+ 2y = 0.

At any point P on a surface the normal meets the plane z = 0 in the point N.
Show that the differential equation of the system of surfaces with the property
that OP? = ONZ, where O is the origin, is

2(p* + gB) + 2(px + qy) =z

Obtain a complete integral of this equation, and hence find the two surfaces
with the above property which pass through the circle x* + 22 =1, y = 0.

If any integral surface of a partial differential equation of the first order
remains an integral surface when it is given an arbitrary screw motion about
the z axis, prove that the equation must be of the form

Flxp + yg,xg — yp, x> + y*) = 0
If a differential equation of this type admits the quadric
ax® + by® + cz? =1

as an integral surface, show that the characteristic curves which lie on this
quadric are its intersections with the family of paraboloids z = kxy.



Chapter 3

PARTIAL DIFFERENTIAL EQUATIONS OF
THE SECOND ORDER

In the last chapter we considered the solution of partial differential
equations of the first order. We shall now proceed to the discussion
of equations of the second order. In this chapter we shall confine
ourselves to a preliminary discussion of these equations, and then in
the following three chapters we shall consider in more detail the three
main types of linear partial differential equation of the second order.
Though we are concerned mainly with second-order equations, we shall
also have something to say about partial differential equations of order
higher than the second.

I. The Origin of Second-order Equations
Suppose that the function z is given by an expression of the type
z=flu) +gv) +w (n

where fand g are arbitrary functions of « and v, respectively, and u, v,
and w are prescribed functions of x and y. Then writing

0z _ 0z 9’z _ 0%z t__fz_' @
= q_ay' TN S—axay. ~oy?
we find, on differentiating both sides of (1) with respect to x and y,

respectively, that
p=r(wu, +gw, +w,

g =f"(wu, +g@w, +w,
and hence that

r '=.f”(u)u;27 —+ g”(l))l)g +fl(u)uzz + g'(U)Uu + Waz
s — [ (Wugu, + g 0w, + f (Wi, + g - Way
t=f"wuy + g + [y, + g0, + w,

We now have five equations involving the four arbitrary quantities /*,
88
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[, g, g" If weeliminate these four quantities from the five equations,
we obtain the relation

p—w, u, v, 0 0

q — w, U, v, 0 0

r— Wee Uze Uze uz U: =0 (3)
§ — Wy Uzy Vay uzly Uy

I —w, Uy Uy u;z/ l'lzl

which involves only the derivatives p, g, r, s, t and known functions of
x and y. It is therefore a partial differential equation of the second
order. Furthermore if we expand the determinant on the left-hand side
of equation (3) in terms of the elements of the first column, we obtain an
equation of the form

Rr+Ss+Tt+Pp+Qqg=W @)

where R, S, T, P, Q, W are known functions of x and y. Therefore the
relation (1) is a solution of the second-order linear partial differential.
equation (4). It should be noticed that the equation (4) is of a par-
ticular type: the dependent variable z does not occur in it.

As an example of the procedure of the last paragraph, suppose that

z=f(x+ ay) + glx — ay) (5)
where f and g are arbitrary functions and a is a constant. If we
differentiate (5) twice with respect to x, we obtain the relation

r =fll <+_ gll
while if we differentiate it twice with regard to y, we obtain the relation
t =a*"+ a’g"
so that functions z which can be expressed in the form (5) satisfy the
partial differential equation
t = a® (6)
Similar methods apply in the case of higher-order equations. It is
readily shown that any relation of the type

2= f) 1)

where the functions f, are arbitrary and the functions v, are known,
leads to a linear partial differential equation of the nth order.

The partial differential equations we have so far considered in this
section have been linear equations. Naturally it is not only linear
equations in which we are interested. In fact, we have already en-
countered a nonlinear equation of the second order; we saw in Example
20 of Chap. 2 that if the surface z — f(x,y) is a developable surface,
the function f must be a solution of the second-order nonlinear equation

rt—s2=0
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PROBLEMS

1. Verify that the partial differential equation

22z 2z 2z

axt -

B o x
is satisfied by

z =

¢y — 0 + ¢y —x)

W=

where ¢ is an arbitrary function.
2, If u=f(x+1iy) +g(x — iy), where the functions f and g are arbiirary,

show that
a2y B 2y =0
ax? 6}/! a

3. Show that if fand g are arbitrary functions of a single variable, then
u=f(x—uovt+iay) + glx — vt — iay)

is a solution of the equation

By w1 Pu
P ¥

provided that o® = 1 — v?/c2,
4. If
z=f(x* -y +g(x*+ )
where the functions f, g are arbitrary, prove that

?z 1oz

2

= = 4x2?
ox

Txm dy
5. A variable z is defined in terms of variables x, y as the result of eliminating ¢
from the equations
z =tx + yf (1) + g(1)

0 =x+ yf (1) + g0
Prove that, whatever the functions fand g may be, the equation
rt—s52=0

is satisfied.
¥

2. Second-order Equations in Physics

Partial d:fferential equations of the second order arise frequently
in mathematical physics. In fact, it'is for this reason that the study of
such equations is of great practical value. The next three chapters will
be devoted to the study of the solution of types of second-order equation
occurring most often in physics. For the moment we shall merely
show how such equations arise.

As a first example we consider the flow of electricity in a long insulated
cable. We shall suppose that the flow is one-dimensional so that the
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current { and the voltage E at any point in the cable can be completely
specified by one spatial coordinate x and a time variable . If we
consider the fall of potential in a linear element of length dx situated
at the point x, we find that

Py
—6F = iR dx +L6xa—: (1)
where R is the series resistance per unit length and L is the inductance
per unit length. If there is a capacitance to earth of C per unit length
and a conductance G per unit length, then

—0i = oF

@

The relations (1) and (2) are equivalent to the pair of partial differential
equations

6
= TR+ L? =0 3)
% +GE + C a—E =0 (4)
Differentiating equation (3) with regard to x, we obtain
2 0i 0%
PE RI L Py (5)

axt ' Tax ' Toxor
and similarly differentiating equation (4) with regard to ¢, we obtain

02 oE 02E
——axat+Ga—t+Ca =0 6)
Eliminating di/dx and 9%/dx 0t from equations (4), (5), and (6), we
find that E satisfies the second-order partial differential equation

*_ 0%
P Lc FT3 + (RC + LG) + RG¢ @)
Similarly if we differentiate (3) with regard to ¢, (4) with regard to x,
and eliminate 9°E/dx 0t and 0E/dx from the resulting equations and
equation (3), we find that i is also a solution of equation (7).
Equation (7), which is called the telegraphy equation by Poincaré and
others, reduces to a simple form in two special cases. If the leakage to
ground is small, so that G and L may be taken to be zero, equation (7)

reduces to the form

op 1 d¢

P ®
where k = (RC)™! is a constant. This equation is also sometimes
called the telegraphy equation; we shall refer to it as the one-dimensional

diffusion equation.
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On the other hand, if we are dealing with high-frequency phenomena
on a cable, the terms involving the time derivatives predominate. If we
look at equations (3) and (4), we see that this is equivalent to taking G
and R to be zero in equation (7), in which case it reduces to

6104
ox? ¢ or

where ¢ = (LC)~%.  This equation is sometimes referred to, in this
context, as the radio equation; we shall refer to it as the one-dimensional
wave equation.

A simple partial differential equation of the second order, different
in character from either equation (8) or (9), arises in electrostatics. By
Gauss’ law of electrostatics we know that the flux of the electric vector
E out of a surface S bounding an arbitrary volume V is 4« times the

charge contained in V. Thus if p is the density of electric charge, we
have

(9)

J E'dS=47TJ pdr
v

»
Using Green’s theorem in the form

fE-ds= [ div E dr
Js v

and remembering that the volume V is arbitrary, we see that Gauss’ law
is equivalent to the equation

divE = 4nmp (10)

Now it is readily shown that the electrostatic field is characterized by

the fact that the vector E is derivable from a potential function ¢ by the
equation

E = —grad ¢ (1)

Eliminating E between equations (10) and (11), we find that ¢ satisfies
the equation

V% + dnp =0 (12)

where we have written V2 for the operator div (grad), which in rect-
angular Cartesian coordinates takes the form

2 o2
Fe + W -‘-a—zz (13)

Equation (12) is known as Poisson’s equation. In the absence of charges,
p is zero, and equation (12) reduces to the simple form

V24 =0 (14)

This equation is known as Laplace’s equation or the harmonic equation.
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If we are dealing with a problem in which the potential function ¢ does
not vary with z, we then find that V is replaced by
v — 9 &

1= 352 " E (15)
and that Laplace’s equation becomes

Vig =10 (16)
a form which we shall refer to as the rwo-dimensional harmonic equation.
The Laplacian operator V2 occurs frequently in mathematical physics,

and in a great many problems it is advantageous to transform from
Cartesian coordinates x, y, z to another orthogonal curvilinear system

given by the equations
U = ul(x’y7z)’ Uy = uz(X,_}’,Z), Ug = ua(X,y,Z) (17)

The transformation of the Laplacian operator in these circumstances is
best cffected by the aid of vector calculus,' which shows that in the
Uy, Uy, Uy System

. 1 [0 236V a(hah1 GRAY 23(!1112 V)
vy = A I 7 —)
hy O\ by 31(1) T\ hy tuy) T Fa\h om))
(18)
where
. ox\? 9y \* 0z\? .
h; (a_ul) +- (—éu—‘) + (a—ul) i=1,2,3 (19)

PROBLEMS

1. Show that Maxwell's equations
divE — 4mp, divH =0

1 8H 1 oE
curtE = — - —, cutH =4, 2 &
c ot c c o
governing the behavior of the electric and magnetic field strengths E and H
possess solutions of the form

1 6A
H = curl A, E=—-— —grad¢

where the vector A and the scalar ¢ satisfy the inhomogeneous equations

1 ?A  4n 1 o2
2 oA ar. g . el dmp =0
VA 2 9 c i=0 v o P
respectively.
2. A heavy chain of uniform line density is suspended vertically from one end.
Taking the origin of coordinates at the position of equilibrium of the lower

1 H. Lass, “Vector and Tensor Analysis” (McGraw-Hill, New York, 1950),
pp. 51-54.
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(free) end and the x axis along the equilibrium position of the chain, pointing
vertically upward, show that in small oscillations about the equilibrium
position the horizontal deflection y of the chain satisfies the equation

2y @ ay
T Em\ T

where g is the acceleration due to gravity.
By changing the independent variables to 7 and i, where §* = 4x/g, show
that this equation is equivalent to
2y 1oy &y

Tt o

Plane sound waves are being propagated in a gas of normal average density

po contained in a pipe whose cross-sectional area A4 varies along its length. If

p, p denote the pressure and density at any point in the plane whose coordinate

is x and if during the motion the plane normally at x is displaced to x + &, show
that if the disturbance is smalf,

*: ap : 1 e |

, ~po {1l — = — {43
P~ Po y ax‘ )’

PO T 2
Hence show that & satisfies the equation
228 2t 3 |
—_ =2 — (A4
ar ax iA o ¢ ’)9
where ¢ = dp/dp.
If A = Ay*?, show that the equation possesses a solution of the form
& = e~ ¥, where
ay 1 &y
= M=o
ax? 2 a2
and that if 4 = Apx®™1, it has a solution £ = x1=™{, where
92 1oy m® LA
ax xox x° &L ar
Show that in cylindrical coordinates p, z, ¢ defined by the relations
X = pcCos ¢, y =psing, z=1z
Laplace's equation V¥ = 0O takes the form
a2V 1V 1 62V+ 4
%'  pp P 3P

5. Show that in polar coordinates r, 0, ¢ defined by the equations

3.

x = rsin 6 cos ¢, y = rsinfsin g, z=rcos0
Laplace’s equation V2V = 0 takes the form
l(i,nﬂ’u_’i(sinoﬂ‘) ey
A\ar o) T TPsing @ 0 rEsin® 0 9g*

Higher-order Equations in Physics

The differential equations in the physical problems we have so far

considered, and indeed most of those considered in a first course, are all
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second-order equations and are all linear. It is therefore significant
to show that not all physical problems lead to partial differential
equations which are either linear or of the second order.

For example, if we consider the state of stress in a two-dimensional
solid,! we find that it is specified by three stress components g, 6, 74
which satisfy the equilibrium conditions

oo, 07, .
a—x + ay +pX =0 (1)
or,, , Oo, .
Fx + a—y 4+ pY =0 2

where X and Y are the components of the body force per unit mass.
Suppose, for simplicity, that there are no body forces, so that we may
take X and Y to be zero; then it is obvious that the expressions

% o 4
7T Taxaey T 3

satisfy the equilibrium equations for any arbitrary function ¢.

So far we have not specified the nature of the material of which the
body is composed. If the body is elastic, i.e., if the relation between
the stresses and strains is a simple generalization of Hooke’s law, then
it is known that the components of stress satisfy compatibility relations
of the form (v denoting Poisson’s ratio)

o0t a
3y2 {U: o, + 0,)} + FI%] {Uv o, + 0'1/)} =2

alrzv
ox dy “
Substituting from the equations (3) into equation (4), we see that ¢
must satisfy the fourth-order linear partial differential equation

% 0 LI

= 2 5a e + 5 0 (%)
which may be written symbolically as
Vig =0 (6)

Because of its relation to Vi = 0, this is called the two-dimensional
biharmonic equation. The same equation arises in the discussion of the
slow motion of a viscous fluid.2

If, instead of assuming that the solid body was elastic, we had
assumed that it was ideally plastic, so that the stresses satisfy a Hencky-
Mises condition of the form

(1o, — 10,0 + 7 = K* ()

! A. E. H. Love, “A Treatisec on the Mathematical Theory of Elasticity,” 4th ed.
(Cambridge, London, 1934), p. 138.

% H. Lamb, “Hydrodynamics,” 6th ed. (Cambridge, London, 1932), p. 602.
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instead of equation (4), we find that ¢ satisfies the second order non-
linear partial differential equation

a2¢ 82¢ 2 82¢ \‘.' _ .

(5 - éy—) {5 57) = ®

PROBLEMS
1. Show that

2
Vilxy) = xVip + 4 P (Vi)

and deduce that if yy, ¥, sy, v, are arbitrarysolutions of V3w = 0, the function
Y= Xyt Yy oYy oy
is a general solution of Viy = 0.

2. Tranform the equation V1V = 0 to plane polar coordinates r and 6, and show
that if ¥ is a plane biharmonic function which depends on r alone, then

V =crtlogr + c,logr + cr® + ¢

where ¢, ¢,, €3, ¢, are constants.

3. Prove:
Ay
(a) Vi) = Vi + 4y - dr
z'aw)_la'zz
(b) Vi (‘I‘ a—r/ = ;a—r(" vx‘#)

Deduce that if V3p = 0, then Vi(r3y) = 0.

4. Verify that ¢ = (I + £x)e—$2-%¥ js a solution of the biharmonic equation
vié = 0if & is a constant.

Hence derive expressions for components of stress o, ,, 74, which satisfy

the equilibrium and compatibility relations and are such that all the com-

ponents tend to zero as x - « and o, = —p, cos ($y), 7., = 0 when x = 0.

5. Show that the equations of plastic equilibrium in the plane are equivalent to
the equation

& (k% — 24 = gl 321-” 627”‘

ax oy S |

and verify that ¢; -- ¢,y is the only solution of this equation of the form f(y).
Taking 7,, = —ky/a, calculate a,, 0,.

4. Linear Partial Differential Equations with Constant Co-
efficients

We shall now consider the solution of a very special type of linear
partial differential equation, that with constant coefficients. Such an
equation can be written in the form

F(D,D)z = f(x,) )]
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where F(D,D’) denotes a differential operator of the type
FD,D") = 2 2 ¢, ;,D'D" 2

in which the quantities c,, are constants, and D = 9/dx, D' — d/dy.
The most general solution, i.e., one containing the correct number
of arbitrary elements, of the corresponding homogeneous linear partial
differential equation
F(D,D')z =0 3

is called the complementary function of the equation (1), just as in the
theory of ordinary differential equations. Similarly any solution of the
equation (1) is called a particular integral of (1).

As in the theory of linear ordinary differential equations, the basic
theorem is:

Theorem 1. If u is the complementary function and z, a particular
integral of a linear partial differential equation, then u + z, is a general
solution of the equation. v

The proof of this theorem is obvious. Since the equations (1) and (3)
are of the same kind, the solution ¥ + z, will contain the correct number
of arbitrary elements to qualify as a general solution of (1). Also

FD,Dyu=0, F(D,D")z; = f(x,9)
so that F(D,D'Yu + z;) = f(x,y)

showing that u 4 z; is in fact a solution of equation (1). This com-
pletes the proof.

Another result which is used extensively in the solution of differential
equations is:

Theorem 2. If wu,, uy, . . ., u,, are solutions of the homogeneous
linear partial differential equation F(D,D")z = 0, then
n
Z C"‘uT
r—1

where the c,’s are arbitrary constants, is also a solution.
The proof of this is immediate, since

F(D’D/)(Crur) = CTF(D’D,)MT
and FD,D) 2 v,= 2 F(D,D"),
r—1 r=1
for any set of functions »,. Therefore

F(D,D') S cou, = SFD,D'Ycu,)
r—1 r=1

= 2 ¢,F(D,D')u,

r=

=0
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We classify linear differential operators F(D,D’) into two main types,
which we shalil treat separately. We say that:
(@) F(D,D’) is reducible if it can be written as the product of linear
factors of the form D + aD’ + b, with a, b constants;
(b) F(D,D’) is irreducible if it cannot be so written,
For example, the operator
D* — D

which can be written in the form
(D + DYXD — D)
is reducible, whereas the operator
D* — D

which cannot be decomposed into linear factors, is irreducible.

(a) Reducible Equations. The starting point of the theory of reducible
equations is the result:

Theorem 3. If the operator F(D,D’) is reducible, the order in which
the linear factors occur is unimportant.

The theorem will be proved if we can show that

(aTD + ﬂTDI + VT)(aSD + ﬂSD’ + y-‘i‘)
= (a,D + B,D" + yNa,D + B,D" +v,) (4

for any reducible operator can be written in the form
FD,D) = [l («,D + 8,D" + v,) )
r=1

and the theorem follows at once. The proof of (4) is immediate, since
both sides are equal to

a,0,D + (a8, + 0, 8)DD" + B.8.D" + (ya, + y,2)D
+ (b, + 7.BID + vy,

Theoremd. [f«,D + 5,D" + y,is a factor of F(D,D’) and ¢(£) is an
arbitrary function of the single variable &, then if o, # 0,

U, = exp ( ',;‘) ¢7(ﬁrx - cxr,V)

is a solution of the equation F(D,D") z = 0.
By direct differentiation we have

XY,
Dur = _;"ur +ﬂrexp (— ;) ¢(ﬂrx - “r}’)

D'ur = —a exp (_ y"'x) d’l(ﬂr'x - °‘r}’)

o

so that (¢,D + 8,0 + yJu, =0 (6)
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Now by Theorem 3
n
F(D7D’)uf = H, (a‘l[) + BSDI + y!) (aTD + ﬂTDI + yf)uf (7)
1=1

the prime after the product denoting that the factor corresponding to
s = r is omitted. Combining equations (6) and (7), we see that

F(D,D'YWw, =0
which proves the theorem.
By an exactly similar method we can prove:
Theorem 5. If 8,.D' + v, is a factor of F(D,D) and $,.%) is an
arbitrary function of the single variable &, then if 8, # 0,

u, = exp (— yﬂy ) $(Bx)

is a solution of the equation F(D,D") = Q.

In the decomposition of F(D,D’) into linear factors we may get
multiple factors of the type («,D + #,D" + y,)*. The solution corre-
sponding to a factor of this type can be obtained by a simple application
of Theorems 4 and 5. For example, if n = 2, we wish to find solutions
of the equation

(D + B, D" + )z =0 ®
If we let

Z= (D +8.D + )z
then («,D +8,.D +y,)Z =0

which according to Theorem 4 has solution
v'xA
z=exp(—12) 4.px — )

if «, # 0. To find the corresponding function z we have therefore to
solve the first-order linear partial differential equation

" ox
Using the method of Sec. 4 of Chap. 2, we see that the auxiliary

equations are
de _dy dz

r ﬂr V2 + e—v,zla, ¢r(ﬂrx - U‘r.y)

0
+ B, —a; +y,z = eTT 4 (B, x — a,y) ©)

with solution

fx —oy=oq
Substituting this in the auxiliary equations, we get the
dx dz
@ —yzte gl
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which is a first-order linear equation with solution
1
2L lbdeay s ede
3, | |

Equation (9), and hence equation (8), therefore has solution
z = {X¢r(ﬁrx - ar}‘.) - u'r(ﬂr-\‘ - 1,}')}6’ g

where the functions ¢,, v, are arbitrary.

This result is readily generalized (by induction) to give:

Theorem 6. If (2,D - B,D" + y,)" (x, = 0) is u fuctor of F(D,D")
and if the functions ¢,,, . . ., é,, are arbitrary, then

u

I)Zthamx—a»
is a solution of F(D,D") -- 0.

Similarly the generalization of Theorem § is:

Theorem 7. If (f,D" + y )" is a factor of F(D,D') and if the functions
$ae . . ., bymare arbitrary, then

( ans
exp| —
e

7V .\" .
eXP( - 73:) — A8,
is a solution of F(D,D")z -- 0.
We are now in a position to state the complementary function of the
equation (1) when the operator F(D,D’) is reducible. As a result of
Theorems 4 and 6, we see that if

FD.D) TTGuD +B.D +y)m (10)
=1

§=1

and if none of the «,’s is zero, then the corresponding complementary
function is

m,

D 8 b8t — ) (1)

[

. , ‘
; X

u= 2 exp (— -

'  x

r-

where the functions ¢, (s=1,...,n,; r=1, ... ,n) are arbi-
trary. If some of the a’s are zero, the necessary modifications to the
expression (11) can be made by means of Theorems 5 and 7. From
equation (10) we see that the order of equation (3) is m, + m, - .
-+ m,; since the solution (11) contains the same number of arbitrary
functions, it has the correct number and is thus the complete comple-
mentary function.

To illustrate the procedure we consider a simple special case:

Example 1. Solve the equation

#z iz *z

A — >

axi S F%
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In the notation of this section this equation can be written in the form
(D i DD — D)z =0
so that by the rule (11) the solution of it is
z = xdy(x — y) + dolx — ) - xy(x +3) + polx + p)
where the functions ¢,, ¢,, ¥,, v, are arbitrary.
Having found the complementary function of equation (1), we need
only find a particular integral to complete the solution. This is found

by a method similar to that employed in the proof of Theorem 6. If
we write

7=11GD + 5,0 +7) (12)

then equation (1) is equivalent to the first-order linear equation

0z 0z
) a_‘l + B —éi b 2T 4t —f(X,}’)

a particular integral of which can easily be found by Lagrange’s method.
Substituting this particular value of z; in (12), we obtain an inhomo-
geneous equation of order » 1. Repeating the process, we finally
arrive at a first-order equation for z. To illustrate the process we

consider:
Example 2. Find the solution of the equation
9%z 2
e _ 2, '
aX'Z a.},'z

This equation may be written in the form
(D DYD Dz=x-—y
so that the complementary function is
$ilx - y) -l — )
where ¢, and 4, are arbitrary. To determine a particular integral we write

7z, =(D - D)z (13)
Then the equation for z, is
(D —-DY 2y =x-y

which is a first-order linear equation with solution
n=Hx -+ flx+ )

where fis arbitrary. Since we are seeking only a particular intcgral, we may take
f 0. Substituting this value of z, into (13), we find that the eauation for-the -
particular integral is

az N 2

T
ax Ty MY

which has solution

z=4x(x — 2+ f(x =)
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in which f'is arbitrary. Taking f = 0 we obtain the particular integral
z = }x(x — y)?
Hence the general solution of the equation may be written in the form
z=ix(x =y = di(x + )+ dylx — )
where the functions ¢, and ¢, are arbitrary.

(b) Irreducible Equations. When the operator F(D,D’) is irreducible,
it is not always possible to find a solution with the full number of
arbitrary functions, but it is possible to construct solutions which con-
tain as many arbitrary constants as we wish. The method of deriving
such solutions depends on a theorem which we shall now prove. This
theorem is true for reducible as well as irreducible operators, but it is
only in the irreducible case that we make use of it.

Theorem 8. F(D,D")e*+* = F(a,b)e=+%

The proof of this theorem follows from the fact that F(D,D’) is made
up of terms of the type

c,,D"D’*
and Dr(ea:cHw) — areﬂz+by, D’s(eaerby) — bseaz+by
so that (¢, D D)€" *%) = ¢, @be?=+"

The theorem follows by recombining the terms of the operator F(D, D).
A similar result which is used in determining particular integrals is:
Theorem 9. F(D,D"){e**™¢(x,y)} — e+ F(D + a, D' + b)d(x,p).
The proof is direct, making use of Leibnitz’s theorem for the rth

derivative of a product to show that

Dr(e**d) = gﬂ "C(D*e**)( D"~ *¢)

= e”( 20 ’CPaPD"P) ¢

— eaz(D + a)rd)
To determine the complementary function of an equation of the type (1)
we split the operator F(D,D’) into factors. The reducible factors are
treated by method (4). The irreducible factors are treated as follows.
From Theorem 8 we see that e**** is a solution of the equation

F(D,D)z =10 (14)
provided F(a,b) = 0, so that

z= 3 c,exp(ax + b,y) (15)

in v»:hich &,, byyc, are all constants, is also a solution provided that a,,
b, are connecte‘g by the relation
4! Fa,b,) =0 (16)
’
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In this way we can construct a solution of the homogeneous equation
(14) containing as many arbitrary constants as we need. The series (15)
need not be finite, but if it is infinite, it is necessary that it should be
uniformly convergent if it has to be, in fact, a solution of equation (14).
The discussion of the convergence of such a series is difficult, involving
as it does the coefficients c,, the pairs (a,,b,), and the values of the
variables x and y.

Example 3. Show that the equation

possesses solutions of the form

[+¢]
> ¢, cos (nx + e)e*nt
s

This follows immediately from the fact that ¢**+¢ is a solution only if

b
2.2
CTE
and this relation is satisfied if we take @ = +in, b = —kn?.

To find the particular integral of the equation (l) we write it sym-
bolically as

2= F(T],D,—)f(x,y) a7

We can often expand the operator F-! by the binomial theorem and then
interpret the operators D%, D’ ? as integrations.

Example 4. Find a particular integral of the equation
(D> — D)z =2y —xt
We put the equation in the form

=Dt

1 i _ DA\ 1
D —D D] D
1 D* Dt
D' D? D73

Now we can write

I I
z = —F(Zy—xz) —sz(Zy—xz)

1
= —y2+x2y+m(2)
= x2y

When f(x,y) is made of terms of the form exp (ax + by), we obtain



104 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

(as a result of Theorem 8) a particular integral made up of terms of the
form

1 :
m exp ((l.\ - b.\ )

except if it happens that F(a,b) = 0.
Example 5.  Find a particular integral of the equation
(D% — D)z = g2ty
In this case F(D,D) = D* — D', a =2, and b = |, so that F(a,h) = 3, and

the particular integral is
Le2xty

In cases in which F(a,b) 01t is often possible to make use of Theorem
9. If we have to solve
F(D,D")z = ce®*+%

where ¢ is a constant, we let
z = weirtty
then by Theorem 9 we have
FD - a, D +bw=c (18)

and it is sometimes possible to obtain a particular integral of this
equation.

Example 6. Find a particular integral of the equation

(D?> — D)z = ™t
In this case F(D,D") = D> - D’,a — 1,6 I and F(a,b) — 0. However,
F(D~a, D 4b)y=(D+ 1% — (D +1)=D?=2D =D
and so equation (18) becomes in this case
(D?* + 2D — D)w =1

which is readily seen to have particular integrals x and —y. Thus }xe*¥ and
—ye**V are particular integrals of the original equation.

When the function f(x,y) is of the form of a trigonometric function,
it is possible to make use of the last two methods by expressing it as a
combination of exponential functions with imaginary exponents, but
it is often simpler to use the method of undetermined coefficients.

Example 7. Find a particular integral of the equation
(D% — DYz = Acos (Ix 4 my)
where A, [, m are constants.
To find a particular integral we let
z = ¢, cos (Ix + my) + ¢z 5in (Ix + my)

and substitute in the left-hand side of the original equation. Equating the
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coefficient of the sine to zero and that of the cosine to 4, we obtain the equations
me, — I, =0
—l%, + mey, = A

for the determination of ¢; and c,. Solving these equations for ¢, and ¢,, we obtain
the particular integral

z ='ﬁ {msin(Ix + my) + P cos(Ix : my)}
PROBLEMS
1. Show ti.at the equation
Fy oy,
6—’5 <+ 2k a—( = C rz

possesses solutions of the form
o0
> c,ev*cos (x,x + ) cos (wd + 0))
r=0
where ¢,, ,, ¢, d, are constants and v? = «2c® — k2.
2. Solve the equations
(@ r+s =2t =e*t?
) r—s+2g—z=x3"
© r+s—2t—p—-29=0
3. Solve the equation
3z 3z 3z . 3z
o “axay  ox o)t 38

= TtV

4. Find the solution of the equation
Viz =e%cosy
which tends to zero as x — o0 and has the value cos y when x = 0.

5. Show that a linear partial differential equation of the type

\‘ o ez f(x)
) X = f(x.¥
- e a.l" a}- .'
r.8

may be reduced to one with constant coefficients by the substitutions
§=logx, 7n=logy
Hence solve the equation

xXr —y* 4+ xp — yq = log x

5. Equations with Variable Coefficients
We shall now consider equations of the type
Rr + S8s + Tt + f(x,p,2,p,9) = 0 (1)
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which may be written in the form

L(2) + f (x.p.2.p,9) = 0 @)
where L is the differential operator defined by the equation
o2 02 02
L=R— +S— +T A3)

ox? ox dy ay?
in which R, S, T are continuous functions of x and y possessing con-
tinuous partial derivatives of as high an order as necessary. By a
suitable change of the independent variables. we shall show that any
equation of the type (2) can be reduced to one of three canonical forms.
Suppose we change the independent variables from x, y to &, #, where

E=¢&xy), n=nxy)
and we write z(x,y) as {(£,7); then it is readily shown that equation (1)
takes the form

7y N
A(Emfv) 5'6—2 + 28( 5:v€v "ln’)v) 55_‘6,1
0%
+ A(nm"]v) m = F(fﬂ’],C,Ce,ln) (4)
]
where A(u,w) = Ri2 + Suv + Tv? (5)
Bluy,vy5u,05) = Ruguy + 3S(uty + ugvy) + Tow, (6)

and the function F is readily derived from the given function f.

The problem now is to determine & and 7 so that equation (4) takes
the simplest possible form. The procedure is simple when the dis-
criminant $* — 4RT of the quadratic form (5) is everywhere either
positive, negative, or zero, and we shall discuss these three cases
separately.

Case (a): S* —4RT > 0. When this condition is satisfied, the
roots 4,, 4, of the equation

Re? + Sa +T=0 @)
are real and distinct, and the coefficients of 92{/9£% and 8%(/dn? in
equation (4) will vanish if we choose £ and % such that

o0& . o0& on 1 on

M R,
From Sec. 4 of Chap. 2 we see that a suitable choice would be
5 =f1(X,}’), n zfz(X,}’) (8)

where f; = ¢;, f; = ¢, are the solutions of the first-order ordinary
differential equations

d d
FHuE =0 Zraxp=o0 ©)

respectively.
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Now it is easily shown that, in general,

A(EZ)EV)A(nmnv) - Bz(fzvév;nz’nv) = (4RT - S2)(£:7]v - Ev’qz)z (10)

so that when the A4’s are zero
B = (8% — 4RT) ¢, — E.)°

and since S — 4RT > 0, it follows that B?> > 0 and therefore that we
may divide both sides of the equation by it. Hence if we make the
substitutions defined by the equations (8) and (9), we find that equation
(1) is reduced to the form

L
af a'l - ﬂftnvng:tgq) (l l)
Example 8. Reduce the equation
22z ' 2z
=

to canonical form.
In this case R = 1, § = 0, T = —x?, so that the roots of equation (7) are 1x
and the equations (9) are
dy
= - =0
ax + x
so that we may take £ = y + 4x%, n = y — kx% It is then readily verified that
the equation takes the canonical form

ki ( 14 0(‘\

€0 A€ —n —n) \% " %)

Case (b): S? —4RT =0. In such circumstances the roots of
equation (7) are equal. We define the function & precisely as in case (a)
and take 7 to be any function of x, y which is independent of £. We
then have, as before, A(£,,£,) =0, and hence, from equation (10),
B(£,,&,mzm,) = 0. On the other hand, A(n,,n,) # 0; otherwise 5
would be a function of £. Putting A(£,,¢,) and B equal to zero and
dividing by A(n.,n,), we see that the canonical form of equation (1) is,
in this case,

9%

?’ #5""; ;{';q) (12)
Example 9. Reduce the equation
2 92 2
T 2 22

e ax dy  3y?

to canonical form and hence solve it.
In this example R = 1, § = 2, T = 1, so that it is case (b), with

1 +2a+a2=0
in place of equation (7). We thus have 4, = —1, so that we may take § = x — y,
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n = x + y. We then find that the equation reduces to the canonical form
92 _
o

which is readily shown to have solution

L =fi(&) + fo(&)

where the functions f; and f, are arbitrary. Hence the original equation has
solution

2=+ filx =P+ follx —))

Case (c): S* —4RT < 0. This is formally the same as case (a)
except that now the roots of equation (7) are complex. If we go through
the procedure outlined in case (a), we find that the equation (1) reduces
to the form (11) but that the variables &, n are not real but are in fact
complex conjugates. To get a real canonical form we make the further
transformation

a=HE+m), B=1i(n—19
and it is readily shown that
0% 1 /020 o\
FECT A )
so that the desired canonical form is
o 0% ,
— e = | 3
S g = WALLL) (13)
To illustrate this procedure we consider:

Example 10.  Reduce the equation

22z 4 9%z
— - X7 —— =
ext dy?
to canonical form.
In this instance 4, =ix, A = —ix, so that we may take & =iy + 3x%
7 = —iy + §x% and hence « = §x2 B = y. Itisleft as an exercise to the reader to
show that the equation then transforms to the canonical form
2r oy 1 3¢
W T T 2a0a

We classify second-order equations of the type (1) by their canonical
forms; we say that an equation of this type is:

(a) Hyperbolic if S — 4RT > 0,
(b) Parabolic if S* — 4RT =0,
(c) Ellipticif  S? —4RT < 0.
The one-dimensional wave equation
0%z 0%

. gt
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is hyperbolic with canonical form

0y

Loy
The one-dimensional diffusion equation
o
oxt  dy

is parabolic, being already in canonical form, and the two-dimensional
harmonic equation
0’z 0%z 0
PR A

is elliptic and in canonical form.

PROBLEMS

1. Show how to find a solution containing two arbitrary functions of the equation
s = f(x,)).
Hence solve the equation
s—=4xy + 1

2. Show that, by a simple substitution, the equation
Rr - Pp — W

can be reduced to a linear partial differential equation of the first order, and
outline a procedure for determining the solution of the original equation.
Iliustrate the method by finding the solutions of the equations:

(a) xr +2p = 2y
(0) s —g =ty

3. If the functions R, P, Z contain y but not x, show that the solution of the
equation N

Rr - PpvZz =W

can be obtained from that of a certain second-order ordinary differential

equation with constant coefficients.
Hence solve the equation

yr+0P+Dp +yvz=¢"
4. “Reduce the equation

#: #: 2
— 1) —— an 5 o opgtnl 25
- De gty

to canonical form, and find its general solution.
5. Reduce the equation

22z , 0%z Yoz xtoz

%z
225 9y e ryz 2z
¥ ax? *) ox dy +x y*t xo0x y ¥y

to canonical form, and hence solve it.
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6. Characteristic Curves of Second-order Equations

We shall now consider briefly the Cauchy problem for the second-
order partial differential equation

Rr+Ss+Tt + f(x,yzpq) =0 n

in which R, S, and T are functions of x and y only. In other words, we
wish to consider the problem of determining the solution of equation (1)
such that on a given space curve I' jt takes on prescribed values of z
and 0z/on, where n is distance measured along the normal to the curve.
This latter set of boundary conditions is equivalent to assuming that the
values of x, y, z, p, g are determined on the curve, but it should be noted
that the values of the partial derivatives p and ¢ cannot be assigned

arbitrarily along the curve. For if we take the freedom equations of
the curve I to be

X = xO(T)’ )’ = _yO(T)s zZ= ZO(T) (2)
then we must have at all points of " the relation

Zo = Po¥o + 4oYo 3)
(where z, denotes dz/dt, etc.), showing that p, and ¢, are not indepen-
dent. The Cauchy problem is therefore that of finding the solution of
equation (1) passing through the integral strip of the first order formed
by the planar elements (x4,y0,25,20,40) Of the curve I'.

At every point of the integral strip p, = po(7), g5 = go(7), so that if
we differentiate these equations with respect to =, we obtain the relations

Po = rEg + 5y, Go = SZq + 1Y, C))
If we solve the three equations (1) and (4) for r, s, t, we find that
r_—s_t_-
AT A, A, A
where
S T f R S T
A=y, 0 —PDo |, etc. and A=z, Yo 0
j"O yO —q'O 0 z.0 yO

If A # 0, we can therefore easily calculate the expressions for the second-
order derivatives r,, 5o, and ¢, ,along the curve I.

The third-order partial differential coefficients of z can similarly be
calculated at every point of I' by differentiating equation (1) with
respect to x and y, respectively, making use of the relations

7:0 = z:zéi’o + zzzuyo
etc., and solving as in the previous case.
Proceeding in this way, we can calculate the partial derivatives of
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every order at the points of the curve I'.  The value of the function z
at neighboring points can therefore be obtained by means of Taylor’s
theorem for functions of two independent variables. The Cauchy
problem therefore possesses a solution as long as the determinant A
does not vanish. In the elliptic case 4RT — §% >0, so that A # 0
always holds, and the derivatives, of all orders, of z are uniquely
determined. It is reasonable to conjecture that the solution so obtained
is analytic in the domain of analyticity of the coefficients of the differ-
ential equation being discussed; constructing a proof of this conjecture
was one of the famous problems propounded by Hilbert. The proof
for the linear case was given first by Bernstein; that for the general
case (1) was given later by Hopf and Lewy.

We must now consider the case in which the determinant A vanishes.
Expanding A, we see that this condition is equivalent to the relation

Ryt — Sxoyp + Tx =0 (5)

If the projection of the curve I' onto the plane z = 0 is a curve y with
equation

E(X,}’) = CO (6)
then we find that, as a result of differentiating with regard to -,
§40 + £Yo=0 @)

Eliminating the ratio X,/p, between equations (5) and (7), we find that
the condition A = 0 is equivalent to the relation

A(¢,,6) =0 ®)

where the function 4 is that defined by equation (5) of Sec. 5. A curve
y in the xy plane satisfying the relation (8) is called a characteristic
base curve of the partial differential equation (1), and the curve I' of
which it is the projection is called a characteristic curve of the same
equation. The term characteristic is applied indiscriminately to both
kinds of curves, since there is usually little danger of confusion arising
as a result.

From the arguments of Sec. 5 it follows at once that there are two
families of characteristics if the given partial differential equation is
hyperbolic, one family if it is parabolic, and none if it is elliptic.

As we have defined it, a characteristic is a curve such that, given values
of the dependent variable and its first-order partial derivatives at all
points on it, Cauchy’s problem does not possess a unique solution.
We shall now show that this property is equivalent to one which is of
more interest in physical applications, namely, that if there is a second-
order discontinuity at one point of the characteristic, it must persist at
all points.

To establish this property we consider a function ¢ of the independent
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variables x and y which is continuous everywhere except at the points
of the curve C whose equation is

Hay) -c 9)

where &(x,y) is any function (not necessarily the function & defined
above) with as many derivatives as necessary. If P, is any point on
this curve and P, and P, are neighboring points on opposite sides of
the curve (cf. Fig. 19), then we define the discontinuity of the function ¢
at the point P, by the equation

Blr, = lim (4P - $(P)) (10)
If the element of length along the directed tangent to the curve C at
the point P, is da, then the tangen-
1 c tial derivative of the function ¢ is
defined to be
v db 0P N 99 ,
T Be cos (0,x) -+ 8_1 cos (a,y)
: and it is readily shown that this is
equivalent to the expression

\” 0 PI ﬁ . ‘]s:c’f)y(P()) - ‘{yfr(Po) (I ])
do — {8(Pg) ~ &Py}

The tangential derivative at P, is
» therefore continuous if the expres-
sion on the right-hand side of this
Figure 19 equation is continuous at P, and
we say that dé/do 1s continuous on

the curve C if this holds for all points P, on C.

Now let us suppose that the function z(x,)) is a solution of the
equation (1), where, for simplicity, we shall suppose that the function f
is linear in p and g. We shall assume in addition that the function
z(x,y) 1s continuous and has continuous derivatives of all orders re-
quired except that its second derivatives are not all continuous at all
points of the curve C defined by equation(9). Inparticularitisassumed
that the first-order partial derivatives z, and z, have continuous tan-
gential derivatives at all points of the curve C. It follows immediately
from equation (11) that if the tangential derivative dz,/do is continuous
at the point Py, so also is the expression

zufy”’o) Z,,E,(PO)

Now another way of saying that a function is continuous is to say that

its discontinuity is zero at the point in question. We may therefore
write

[Zzz]‘fv(PO) - [sz]E:(PO) =0



PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 13

By considering the other tangential derivative dz,/do, we may similarly
prove the relation
[zzv]é:v(PO) - [ZVV]EI(PO) =0
and hence that )
2 I 2 I -
(P EAPE(PY  E(Py v

Letting each of the ratios in the equations (12) be equal to 4, we may
write these equations in the form

[Z:J:] = )“E:{i(PO)’ [Z.rv] = }'fz(Po)fv(Po), [zw] = }‘E:(PO) (13)

If we now transform the independent variables in our problem from
xand y to & and 5, where ¢ is the function introduced through the curve
C and 7 is such that, for any function y(£,n), dy/ds = dy/dn. The
quantity A occurring in equations (13) will then be a function of # alone;
we shall now proceed to determine that function.

Since

zxa: = ZEESI;‘; + 2ZEqE::77$ + ani + zéfzz + znnzz
and since z, and z, are continuous (a result of the continuity of z, and
z,) and z,, and z,, are tangential derivatives, we find that [z,,], which
by definition is equal to
lim {zzz(PZ) - Z:z(Pl)}

Py PyoPy

im  {z,(Pp)é(Py) — ze(P)EXPy)}

JE ]

so that [22d) = [2:J6(Po) (14)

A comparison of equation (14) with the equations (13) shows that the
value of the quantity A occurring in these equations is [z,]. We
began by assuming that there was a discontinuity in at least one of the
second derivatives; so i cannot be zero, and hence neither can [z}
at the point P,

If we transform the equation to the new variables & and #, we get the
equation (4) of Sec. 5, and applying the above argument to it, we see
that

reduces to

[ZES]A(E:aSV) = 0
showing that
A(£:,6,) =0 (15)

and thereby proving that the curve C is a characteristic of the equation.
If we differentiate the transformed equation with regard to &, take
equation (15) into account, and note that only the terms in z, and
Z4, can be discontinuous, we can use a similar argument to show that

2B(E:a£vmmnv)[zéén] + {Aé(fzafv) - Fé’}[zé.‘] =0
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Remembering that [z.] is 4 and that 4 is a function of 7 alone, we see
that this last equation is equivalent to the ordinary differential equation

dA
pi ig(n)

which has a solution of the form
L]
) = o exp | [ 0 at)
o

So far we have considered only single characteristic curves; now let
us consider briefly all the characteristic curves on an integral surface %
of the differential equation (1). If the equation is hyperbolic at all
points of the surface, there are two one-parameter families of character-
istic curves on Z. It follows that two integral surfaces can touch only
along a characteristic, for if the line of contact were not a characteristic,
it would define unique values of all partial derivatives along its length
and would therefore yield one surface, not the postulated two. Along
a characteristic curve, on the other hand, this contradiction does not
occur. In the case of elliptic equations, for which there are no real
characteristics, the corresponding result would be that two integral
surfaces cannot touch along any line.

PROBLEMS
1. Show that the characteristics of the equation
Rr + Ss + Tt = f(x,y,2,p.9)
are invariant with respect to any transformations of the independent variables.
2. Show that the characteristics of the second-order equation

2z 2z %z
A e \ 2B ox 3y + C;y-z = F(x,y,z,p,q)

are the same as the projections on the xy plane of the Cauchy characteristics
of the first-order.equation

Ap® -+ 2Bpg + Cg* =0

3. In the one-dimensional unsteady flow of a compressible fluid the velocity # and
the density p satisfy the equations
ou du 1 a/) 0 ap ap ou

X oud,LF R oo
7R PR PRI PR PR P

If the law connecting the pressure p with the density p is p = kp?, show that

du du ac ac dc ou
— 4 u=—+4+2c— =0, 2— - 2u—+c¢c— =0
x x at ox ax
where ¢* = dp[dp. Prove that the characteristics are given by the differential
equations dx = (« + ¢) dr and that on the characteristics « + 2c are constant.
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If there is a family of straight characteristics x = mt satisfying the differ-
ential equation dx/dr = u + c, prove that

21\:+ . x
U = , == —n
3 3!

where s is a constant. Determine the equations of the other family of
characteristics.

4. Intwo-dimensional steady flow of compressible fluid the velocity (#,0) and the
density p satisfy the equations

-] Q
-a(up) + a—y(vp) =0

where ¢ = dp/dp. Show that the condition that the curve &(x,y) = constant
should be a characteristic, i.e., such that ug, vg, p; are not uniquely determined
along it, is that

(ufz + vE (ks + 08,2 — XE + D)) =0

Show that the second factor has real linear factors if, and only if,
uw? + v* > c% Interpret these results physically.

7. Characteristics of Equations in Three Variables

The concept of the characteristic curves of a second-order linear
differential equation which was developed in the last section for
equations in two independent variables may readily be extended to the
case where there are n independent variables. In this section we shall
show how the analysis may be extended in the case » = 3. The general
result proceeds along similar lines, but the geometrical concepts are
more easily visualized in the case we shall consider.

We suppose that we have three independent variables x;, x,, x; and
one dependent variable u, and we write p,, for 9%/0x, dx;, p, for
du/ox,. The problem we consider is that of finding a solution of the
linear equation

i,j=

3 3
L) = 2 aupy 2 bip, +cu=0 8}

for which u and 0u/0n take on prescribed values on the surface S whose
equation is
f('xlrxbxa) = 0 (2)

If we suppose that the freedom equations of S are

x; = X(711,73) i=1,2,3 3)
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then we may write the boundary conditions in the form
1= F(7,.7g), dujon = G(r,,7,) @]

the bar denoting that these are the values assumed by the relevant
quantity on the surface S.
From equation (2) we have the identity
3

Z af (a;\’id‘r1 + a;:;d‘rz) =0

< Ox, \or, F)
so that equating to zero the coefficients of dr; and dr,, we have
3
2 0P;=0 j:1,2 (5)
1=1

where 6, = 9df [ox,, P,, = Ox,/0r,. Solving these equations, we find
that

hl,_ézi”n_
578750 ©

where A, denotes the Jacobian 9(x,,x,)/0(r;,7,) and the others are
defined similarly.
Taking the total derivative of &, we find in a similar way that

3 2
di= 3% 3> pP,;dr,
1—1 j=1
from which it follows that the first of the conditions (4) is equivalent to

3
oF }
;mm=;,/—hz @
The second condition gives
S pde=G(& + & + ) ®)
1=1

Equations (7) and (8) are sufficient for the determination of p,, ps, ps
at all points of the surface S, it being easily verified that the determinant
of their coefficients does not vanish.

We can determine the second derivatives of u at points of § by
applying the same procedure to p; (the value of p, on S) as we have just
applied to 7. We obtain the pair of equations

ip B 9
ripir - a’r. _/ - b
—1 3

for each value of i. This pair of equations is not sufficient for the
solution of p,;, pia, pis, S0 that we add the equation

S o pir = A (10)
r=1

where 4; is a parameter in terms of which all the p,, are expressed
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linearly and the «’s are numerical constants chosen in such a way as to
ensure that the determinant
Pll P21 P31
A= Py, Psy Py, (11
%y %g %3
1s nonzero.

Suppose now that the quantities p;, constitute a set of solutions of
the equations (9); then

3
lerj(pir _P’:T):O j= 132
Pt — Pi __ P2 — P2 _ P — Pis
so that v A, A,
which can be written in the form
Pii = P;j + pi4; (12)

where the p, are constants. Now p,; = p,, and p, = p;;, so that we
must have

Pl = p,A; (13)
But p,/p, = AJA; = 8,/8;, so that p, = ud,, where u is a constant,
and from (6) A; = ¢,/p. Therefore p,A, = 46,6,, where 4 = u/p is a
constant.

Hence we find
Pis = Py + 40,0;
the value of 4 being given by
H K1

i 3
i Z aijéi(sj + Z anp;j + Z bz])t + cu= 0 (14)
1 .

=1 7,]= i=1
as found by substituting in the differential equation (1). This equation
has a solution for 2 unless the characteristic function
Ry

O =3 a,5 (15)
i,

vanishes, i.e., unless f'is such that
k]

N n ?_f ?_r = (16)
Lt ox, 0X;
When @ # 0, we can solve equation (14) for 4, so that then all the
second derivatives can be found and the procedure repeated for higher
derivatives of w on S. The complete solution can then be found by a
Taylor expansion.

The equation (16), i.e., ® = 0, defines the characteristic surfaces. 1f
Jf (x1,x5,x;5) is a solution of (16), then the direction ratios (8y,6,,8;) of
the normal at any point of the surface satisfy

> a6, =0 (17)
L3
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which is the equation of a cone. Therefore at any point in space the
normals to all possible characteristic surfaces through the point lie on a
cone. The planes perpendicular to these normals therefore also
envelop a cone;! this cone is called the characteristic cone through
the point. The characteristic cone at a poin* therefore touches all
the characteristic surfaces at the point.

Now according to equations (8) of Sec. 13 of Chap. 2, the Cauchy
characteristics of the first-order equation (16) are defined by the
equations

dx; db;

ol L 1,23
a0/30, 3d/ax,

The integrals of these equations satisfying the correct initial conditions
at a given point represent lines which are called the bicharacteristics of
the equation (1). These lines in turn generate. a surface, called a
conoid, which reduces, in the case of constant a;’s, to the characteristic
cone.

We may use the quadratic form (15) to classify second-order equations
in three independent variables:

(a) If @ is positive definite in the &'s at the point P(x{,x3,x}), the
characteristic cones and conoids are imaginary, and we say that the
equation is elliptic at P.

(b) If @ is indefinite, the characteristic cones are real, and we say
that the equation is hyperbolic at the point.

(c) If the determinant

an 2P a3y
ayp 22T Asp
a3 Aoy (4

of the form ® vanishes, we say that the equation is parabolic.

This classification is in line with the one put forward in Sec. 5 for
equations in two variables and has the advantage that it is readily
generalized to equations in n variables.

PROBLEMS
1. Classify the equations:
@) e + uyy = u,
(0 Ugg - Uy = uy,
(©) by t uyy, +1u,, =0
(d) gy A 2y, - Uy, = 2uyy b 2uy,
(€) bz + Uy + sy + 2uy, =0
! In solid geometry this second cone is called the reciprocal cone of the first.

See, for example, R. J. T. Bell, ““An Elementary Treatise on Coordinate Geometry
of Three Dimensions,” 2d ed. (Macmillan, London, 1931), p. 92.
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2. Determine the characteristic surfaces of the wave equation
Upg 4 Uy — Uy,

Show that the bicharacteristics are straight lines, and verify that they
generate the characteristic cone.

8. The Solution of Linear Hyperbolic Equations

Before describing Riemann’s method of solution of linear hyperbolic
equations of the second order in two independent variables, we shall
briefly sketch the existence theorems for two types of initial conditions
on the equation

0%z
m‘}'} _f(x:}’,Z,Zmzv),

which, as we have seen, includes the most general linear hyperbolic
equation. 1In the first kind of initial condition the integral surface is
defined by two characteristics, one of each of the two families of
characteristics on the surface; in the second kind (which corresponds
to Cauchy’s problem) the integral surface is defined by one space
curve which nowhere touches a characteristic curve, p and ¢ being
prescribed along this curve.

For both kinds of initial condition it is assumed that the function
f(x,y,z,p,9) is continuous at all points of a region R defined by « < x
< B, y <y < d for all values of x, y, z, p, g concerned and that it
satisfies a Lipschitz condition

|f(X,}’yzz,P2,qz) _f(x’yazl,[’l,‘h)l < M{lzz - le
+pa = pilt |92 — qil}
in all bounded subrectangles r of R.

Initial Conditions of the First Kind. If o(x) and =(y) are defined in the
open intervals («,f), (y,6), respectively, and have continuous first
derivatives, and if (£,7) is a point inside R such that o(£) = (7)), then the
given differential equation has at least one integral z = p(x,y) in R
which takes the value o(x) on y = » and the value 7(y) on x = £.°

Initial Conditions of the Second Kind. 1f we are given (x,y,z,p,q)
along a strip €, i.e., we have x = x(4), etc., in terms of a single para-
meter 4, and if C, is the projection of this curve on the xy plane, then
the given equation has an integral which takes on the given values of
z, p, q along the curve C,. This integral exists at every point of the
region R, which is defined as the smallest rectangle completely enclosing
the curve C,,.

For proofs of these results the reader is referred to D. Bernstein,
“Existence Theorems in Partial Differential Equations,” Annals of
Mathematics Studies, no. 23 (Princeton, Princeton, N.J., 1950).

We shall now pass on to the problem of solving the general linear
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hyperbolic equation of the second order. The method, due to Riemann,
which we shall outline, represents the solution in a manner depending
explicitly on the prescribed boundary conditions. Although this
involves the solution of another boundary value problem for the
Green's function (to be defined below), this often presents no great
difficulty.

We shall assume that the equation has already been reduced to
canonical form

L) = /() (1)

where L denotes the linear operator

02 d b é

— . a [I— . —_—

ox 9y ox dy

Now let w be another function with continuous derivatives of the first
order. Then we may write

+c 2

\ Pz , *w i ‘éf) a (_ aw)
‘3xay  oxar ay (‘ ax! " ax ( 3y

" 0z daw) i(‘_

o T T Tox ax e

wb—i ~z 8_(b_»1) i (bwz)

oy dy dy
so that wbkz -- zMw — ?i/ - a—V ?3)
Ox dy

where M is the operator defined by the relation
2w d(aw)  o(bw) 7

Mw = 3x oy x 3 S ow 4)
, ow oz
and U = anz —za—y.‘ V=>bwz w 3 (5)

The operator M defined by equation (4) is called the adjoint operator

to the operator L. If M = L, we say that the operator L is self-adjoint.
Now if I' is a closed curve enclosing an area Z, then it follows from

equation (3) and a straightforward use of Green’s theorem? that

J.f(w Lz zMw)dxdy = ’ (Udy - Vdx)

~ * lr 3

: = ' {U cos (n,x) ~ Vcos{ny)}ds (6)
Jr

where n denotes the direction of the inward-drawn normal to the curve T'.

L P. Franklin, *‘Methods of Advanced Calculus’ (McGraw-Hill, New York, 1944),
p. 201.
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Suppose now that the values of z and 9z/dx or 9z/dy are prescribed
aleng a curve Cin the xy plane (cf. Fig. 20) and that we wish to find the
solution of the equation (1) at the point P({,n) agreeing with these
boundary conditions. Through P we draw PA parallel to the x axis
and cutting the curve C in the point 4 and PB parallel to the y axis and
cutting C'in B. We then take the curve I {o be the closed circuit PABP,
and since dx - 0 on PBand dy = 0 on PA, we have immediately from
equation (6)

‘.J.(sz—zMw)dxdy:f (U dy de)+f Udy—f Vdx
an BP 4

¥

Now, integrating by parts, we find 4¥
that ]
fA
L 4 P(E.7)
f Vdx = [zw]}
P4

ow

+ ], b =) e

so that we obtain the formula

[w]p = [zw], + f z(bw _ @') B¢
‘ PA ox .
, " ow o
X dx — Lpz(aw —5—};) dy Figure 20

_LB Udy —Vdx) + fJ. (wLz — zMw) dx dy

So far the function w has been arbitrary. Suppose now that we choose
a function w(x,y;&,7) which has the properties

(1) Mw = 0

(ii) %" — b(x,yw  when y =7

(iiif) g—’: —a(x,yw  when x =&

(iv) w=1 when x = & y =5

Such a function is called a Green's function for the problem or sometimes
a Riemann-Green function. Since also Lz = f, we find that

. ow 0z
[z2]lp = [2w]( — anz(a dy — bdx) + LB(z-é; dy +w -ad.r)

+ f: [onacay @
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which enables us to find the value of z at the point P when 0z/dx is
prescribed along the curve C.  When 0z/dy is prescribed, we make use
of the following calculation

o(zw 0
[zw]y — [zw]4 = LB {(BL:) dx + ((.;yw) dy}

to show that we can write equation (7) in the form
ow or
[z]p = {zw]g — Luwz(a dy —bdx) — .[43 {z adx + wa;'dy}
+ f J (wf)dxdy (8)

Finally, by adding equations (7) and (8), we obtain the symmetrical
result

e = $ew) + oWl [ welady — by

I oz, __ajdv}

1 fow ow
2" |'6._v"} dx ax __d}}

~ 2087 \ox oy
+ ff (wf)dxdy (9)

By means of whichever of the formulas (7), (8), and (9) is appropriate
we can obtain the solution of the given equation at any point in terms
of the prescribed values of z, p, and g along a given curve C. We
shall find that this method of Riemann’s is of particular value in the
discussion of the one-dimensional wave equation. A reader seeking a
worked example is referred forward to that section (Sec. 3 of Chap. 5).

PROBLEMS

1. If L denotes the operator
02 ? 22

2 a
and M is the adjoint operator defined by

RUSw) | FTw)  APw) _AQw)
xdy | R ax ay <"

9%(Rw)
= )

Mw

ax
show that!

ff (nkz — zMw) dx dy =f {Ucos (n,x) + ¥ cos (n,y)} ds
v
b3

! This equation is known as the generalized form of Green's theorem.
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where T is a closed « ‘e enclosing an area Z and
. 3(Rw) _ A(Sw)

U=Rw?x P 3 I % + Pzw,
2 4 (T
V—Sw,—z+Tw —z(w)+sz
ox o, ay

If R, +48, =P, 1S, + T, = Q, sho. hat the operator L is self-adjoint.

Determine the solution of the equation s =y | v) which satisfies the boundary
conditions z and ¢ prescribed on a curve C.

Obtain the solution, valid when x, y > 0, xy > 1, 0. “e differential equation
9%z _ 1

oxdy x-+y
such that z = 0, p = 2y/(x + y) on the hyperbola xy = 1.
Prove that, for the equation

a—jz—;y +3z=0
the Green’s function is

wx,y3Em) = Jo(Vix — Oy —m)

where Jy(z) denotes Bessel’s function of the first kind of order zero.
Prove that for the equation

2z 2 {iz+az “o
dxdy x+y\ox ay_ %

the Green’s function is
(x + y2xy + (& — (x — y) + 2&n}
¢ +n)?

Hence find the solution of the differential equation which satisfies the
conditions z = 0, 3z/9x = 3xon y = x.

w(x,y;én) =

9. Separation of Variables

A powerful method of finding solutions of second-order linear
partial differential equations is applicable in certain circumstances.

If, when we assume a solution of the form

z = X(x)¥(y) )
for the partial differential equation
Rr+Ss+Tt+Pp+Qq+2Zz=F ¥))

it is possible to write the equation (2) in the form

1 l ,
7/ (DX = 3 5(D)Y ®
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where f (D), g(D") are quadratic functions of D = 8/dx and D' = 9/dy,
respectively, we say that the equation (2) is separable in the variables
x, y. The derivation of a solution of the equation is then immediate.
For the left-hand side of (3) is a function of x alone, and the right-hand
side is a function of y alone, and the two can be equal only if each is
equal to a constant, 4 say. The problem of finding solutions of the
form (1) of the partial differential equation (2) therefore reduces to
solving the pair of second-order linear ordinary differential equations

f(D)X =iX, gD)Y =21y (4)

The method is best illustrated by means of a particular example.
Consider the one-dimensional diffusion equation

%z 1oz
ko ©)
If we write
z = X(x)T(1)
we find that
L d®x  1dT
X dx* kT di
so that the pair of ordinary equations corresponding to (4) is
darx dT
-~ = -
dx? X dt kAT

so that if we are looking for a solution which tends to zero as ¢ — o0,
we may take
X = A cos (nx + ¢), T = Be ™
where we have written —n? for A, Thus
2(x,t) = ¢, cos (nx + &,)e” "

where ¢, is a constant, is a solution of the partial differential (5) for

all values of n.  Hence expressions formed by summing over all values
of n

z(x,1) = i ¢, cos (nx + e, )e™ "M (6)

n=0
are, formally at least, solutions of equation (5). It should be noted
that the solutions (6) have the property that z — 0 as t — o0 and that

2(x,0) = 5 ¢, cos (nx + £,) M
n=0

The principle can readily be extended to a larger number of variables.
For example, if we wish to find solutions of the form

z = X(0)Y()T(1) ®)
of the equation

S 9)
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we note that for such a solution equation (9) can be written as

Ld*X 1dY 14T
Xd Y d? kTd

so that we may take

dT dxx y d*Y .
Y s iy, L Y
7 n'kT, e ?X e m

provided that

24 m? — n?

Hence we have solutions of equation (9) of the form

o
Zx ) - Y S cpcos(Ix &) cos (my + eye M (10)
I1=0 m=0

PROBLEMS
By separating the variables, show that the one-dimensional wave equation

9%z 1 9%z
ox>  ¢? o

has solutions of the form A4 exp (i inx { inct), where 4 and r are constants.
Hence show that functions of the form

ract . ract l . rmx
z(x,t) - ?'A cos — - B.sin —  sin —
a

‘74l a a )

where the A4.'s and B,’s are constants, satisfy the wave equation and the
boundary conditions 2(0,7) = 0, z(a,r) = 0 for all 1.

By separating the variables, show that the equation Vi} = 0 has solutions of
the form Aexp (-tnx - iny), where 4 and n are constants. Deduce that
functions of the form

A
Vix,y) = E Ao gin 7’ x>00<y<a
T

where the A,’s are constants, are plane harmonic functions satisfying the
conditions ¥(x,0) =0, V(x,a) =0, V(x,y) -0asx > co.

Show that if the two-dimensional harmonic equation V3V = 0 is transformed
to plane polar coordinates r and 6, defined by x — rcos 0, y = rsin g it takes
the form
>V 1 oV 1 2V
W OTH RW
and deduce that it has solutions of the form (4r™ + Br Me=8 where A4, B,
and n are constants.
Determine I if it satisfies Vi) Ointheregion0 <r <a,0 < 6 < 2wand
satisfies the conditions:

(i) ¥V remains finite as » -~ 0;

(i) V=73 c,cos(nh) onr =a.
r
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4. Show that in cylindrical coordinates p, z, ¢ Laplace’s equation has solutions of
the form R(p)e =™zt "¢ where R(p) is a solution of Bessel's equation

d2R+ldR N ., M R
ar o ran et _
de*  pdp ! I

If R -~ 0as z —» w and is finite when p = 0, show that, in the usual notation
for Bessel functions' the appropriate solutions are made up of terms of the
form J,(mp)e-mz+iné,

5. Show that in spherical polar coordinates r, 0, ¢ Laplace’s equation possesses
solutions of the form

(A n o4 ﬁ:@(COS 0),. .1
where A4, B, m, and n are constants and O(y) satisfies the ordinary differential
equation

20

o d do it
(1 —;x)B‘u—z—Z;t-a;+ n(n+1)—l

[0. The Method of Integral Transforms

The use of the theory of integral transforms in the solution of partial
differential equations may be simply explained by an example which
possesses a fair degree of generality. Suppose we have to determine a
function x which depends on the independent variables x;, x5, . . . , X,
and whose behavior is determined by the linear partial differential
equation

02y ou
a(x,) a-;_ + b(xl)g;: +oelxpu 4+ Lu = f(xpxg - .. ,X,) )
in which L is a linear differential operator in the variables x,, . . . , x,

and the range of variation of x; is « < x; < . If we let
¥
W ) = [ U ) KED A Q)

then an integration by parts shows that

o) 24 1 b 244 et d
J; la(x,) a + b(x,) o + ((.\l)u’ K(§,x)) dx,

A 02 0
= g(f,xz, N ,X,,) + J; u a_xf (GK\ —a—xl(bK) + CK} dxl
ou { d 14
where  g(&,x, . . . ,x,) = Fry K(&,x) + u ibK —E(aK) Iu
If therefore we choose the function K(¢,x;) so that
8
St (aK) — = AK 3

! M. Golomb and M. E. Shanks, “Elements of Ordinary Diflerential Equations”
(McGraw-Hill, New York, 1950), p. 298.
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where 1 is a constant, then multiplying. equation (1) by K(§,x,) and
integrating with respect to x; from « to §, we find that the function

(&,x, . . . ,Xx,), defined by equation (2), satisfies the equation
(L + Da(é,xy . v ox) = F(&,xg, o 004Xy )
Where F(frx% L 7xn)=f(£’x25 e ’xn) _8(5’)‘72, oo sxn)vfbeing

defined by an equation of type (2).

We say that @ is the integral transform of u corresponding to the kernel
K(&,x,). The effect of employing the integral transform defined by the
equations (2) and (3) is therefore to reduce the partial differential
equation (1) In n independent variables x;, x5, . . . , X, to one in
n — | independent variables x,, . . . , x, and a parameter §. By the
successive use of integral transforms of this type the given partial
differential equation may eventually be reduced to an ordinary differ-
ential equation, or even to an algebraic equation, which can be solved
easily. We are, of course, left with the problem of solving integral
equations of the type

a(faxm L ’-Xn) = [ u(thZ, L ,xn)K(S’xl) dxl
if we are to derive the expression for w(x,,x,, . . . ,x,) when that for
a(é,xy, . . . ,x,) has been determined. For certain kernels of frequent

use in mathematical physics it is possible to find a solution of this
equation in the form

A
U(X, X9, o o . \Xy) = f w(&,x,, . . . x)H(Ex)) dE ()

A relation of this kind is known as an inversion theorem. The inversion
theorems for the integral transforms most commonly used in mathe-
matical physics are tabulated in Table 1. These theorems are not, of
course, true for all functions u, for it is obvious that some u's would
make the relevant integrals divergent. Proofs of these theorems for
the classes of functions most frequently encountered in mathematical
physics have been formulated by Sneddon;' those appropriate to
wider classes of functions have been given by Titchmarsh.?

The procedure to be followed in applying the theory of integral
transforms to the solution of partial differential equations therefore
consists of four stages:

(a) The calculation of the function f(£,x, ... ,x,) by simple
integration;

(b) The construction of the equation (4) for the transform ;

(¢) The solution of this equation;

(d) The calculation of v from the expression for it by means of the
appropriate inversion theorem.

1I. N. Sneddon, ‘‘Fourier Transforms’’ (McGraw-Hill, New York, 1951).
2 E. C. Titchmarsh, “The Theory of Fourier Integrals” (Oxford, London, 1937).
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Table 1. Inversion Theorems for Integral Transforms

Name of .
4 £ ty
transform () K(x) 9 H{:x)
1 f
Fourier (— w0, ) e 1z ’ (— o, ) " p-ibz
2 2
Fourier cosine (0, ) /_ cos (éx) (0, ) /_ cos (Ex)
N 7T LN
3 5o
Fourier sine (0, ) = sin (¢x) (0, ) /: sin (£x)
m N T
1
Laplace 0,0) |[eZRE) >c | (y —io,y+ix) i—l_eﬂ, v >c
]
Mellin 0, ) xi1 (y — iz, y + o) =t
&l
Hankel 0,)  [xJ,(éx), v = -} (0, c¢) ’ ET(Ex)

To illustrate this procedure we shall consider:
Example 11.  Derive the solution of the equation:
Fv v g _
ot oy 9 a2
for the region r > 0, z > 0, satisfying the conditions:
(i V-0 asz - o and asr - ©
(i) V=/[(r) onz=0,r =0

If we introduce the Hankel transform
V= f rV(r,2)Jo(&r) dr
0

then, integrating by parts and making use of (i), we find that
I‘w (v 1y

la—rz R } rJyérydr = -8 7

because of the fact that Jy(ér) is a solution of Bessel's differential equation

&f 1df
@t Tra S0
Hence the equation satisfied by the Hankel transform ¥ is
v,
e — 827 =
P § 0

where, as a result of the boundary conditions, we know that V +0asz— o and
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that ¥ = f(&) on z = 0, f() denoting the Hankel transform (of zero order) of
(r). The appropriate solution of the equation for V is therefore

V=f(®et

From the inversion theorem for the Hankel transform (last row of Table 1) we
know that

V(r,z) = f EV(&,2)To(er) dE
[
so that the required solution is

Vir,z)

[

“ ef(Be-ta(&r) dt
0

If the form of f(r) is given explicitly, (&) can be calculated so that V(r,z) can be
obtained as the result of a single integration.

The method of integral transforms can, of course, be applied to
linear partial differential equations of order higher than the second, as
is shown by the following example:

Example 12. Determine the solution of the equation

a“z+azz_0
S

(—o <x < o,y > 0) satisfying the conditions:
(i) z and its partial derivatives tend to zero as x - +©;
(i) z=f(x), dzfoy =0 ony =0.

In this case we may take

1 a:
Z(S,y) = —\/E f Z(x,_y)elfz dx

for which, as a result of an integration by parts taking account of (i), we have

1 (e &z
17 = &t
\2_”-’_: ax.e‘ dx = &2
so that the equation determining the Fourier transform Z is
d*zZ
-— iZ=0
P + &

with Z = F(§), dZ|dy = 0 when y = 0. Therefore
Z = F(&) cos (¢%)
By the inversion theorem for Fourier transforms (first row of Table 1) we have

1 L4 .
2(x,y) = Vin J“ Z(& y)e-tr dE
so that finally
1 =
2(x,¥) = ﬁ F(&) cos (£2y)e~ ¢

where F(£) is the Fourier transform of f(x).
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PROBLEMS

1. The temperature 6 in the semi-infinite rod 0 < x < o is determined by the

differential equation
o6 3%

= ——
at ox?
and the conditions

()6 =0 whent =0,x >0
(i) 6 = 6, = const. whenx =0andr >0

Making use of sine transform, show that

2 © si
6(x,1) = =8, lr an géx) (1 — e &y de
" ) s
2. If in the last question the condition (ii) is replaced by (ii") 96/ox = —p, a

constant, when x = 0 and ¢ > 0, prove that

2 O
60xt) = = Jr CONED (1 — ety
0 ~

3. Show that the solution of the equation

oz _ 9%z
ox W
which tends to zero as y - o and which satisfies the conditions
) z=f(x) when y =0, x > 0
(i) z=0 when y > 0, x =0
may be written in the form
1 r+ie

2 f(rete=vVE e

Jy—1e0
Evaluate this integral when f(x) is a constant k.
4. The function V{(r,6) satisfies the differential equation
Fv 13V 1 &V
T o 2967

in the wedge-shaped region r > 0, || < = and the boundary conditions
V = f(r) when 6 = +o. Show that it can be expresscd in the form

J‘H'”’ cos (£6)

1
Virnd) =7 i COs(§3)

2mi

f©ride

-

where [ = J ] fr-tar
0

5. The variation of the function z over the xy plane and for > 0 is determined

by the equation
2

Qx

N

Tiz =

”

Tl —~
>

t
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If, when t = 0, z = f(x,y) and 3z/3t = 0, show that, at any subsequent time,
1 (‘m [ .
2x)) =57 | Jl F(&,n) cos (ct VEE + np) e"i6z+m) dt dy

’ oo «©
where Fisn) = Z_nf f f xp)ertésm) dx dy
— —

['l. Nonlinear Equations of the Second Order
It is only in special cases that a partial differential equation
Flx,y,z,p,q,rs1t) =0 (0

of the second order can be integrated. The most important method of
solution, due to Monge, is applicable to a wide class of such equations
but by no means to them all. Monge’s method consists in establishing
one or two first integrals of the form

n=f(&) (2

where £ and 7 are known functions of x, y, z, p, and g and the function f
is arbitrary, i.e., in finding relations of the type (2) such that equation (1)
can be derived from equation (2) and the relations

Ue + Mp 4+ mr + s =[O, + Ep + Er + ES) )
Ny + 1.9 + 05 + 0t = (O + &g + &5 + &t} @

obtained from it by partial differentiation.

It should be noted at the outset that not every equation (1) has a first
integral of the type (2). In fact by eliminating f’(£) from equations (3)
and (4), we see that any second-order partial differential equation which
possesses a first integral of the type (2) must be expressible in the form

Rir + 85 + Tqt + Ulrt —s%) =V, (5

where R,, S, Ty, U, and V; are functions of x, y, z, p, and g defined by
the relations

G ) ) _a&m 9
B T T amg Pee P
e L A&m) | AEm) e
=3 g0 ) L Apa) (65)
. 9Em) | () I C7)  C)

A LLILLAN = 6c
W 0 T Paya T

The equation (5) therefore reduces to the form
Ryr + Sys + Tyt — V; @)

if and only if the Jacobian &, — £, vanishes identically. An
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equation of the type (7) is nonlinear, since the cocfficients R,, §,, T3, V;
are functions of p and ¢ as well as of x, y,and z. It has a certain formal
resemblance to a linear equation, and for that reason js often referred
to as a quasi-linear equation; it is also called a wniform nonlinear
equation. An equation of the type (5) is, by contrast, known as a
nonuniform equation.

We shall assume that a first integral of the equation

Rr- Ss+Tt+Ulrt —s) =V 8)

exists and that it is of the form (2). Our problem is, having postulated
its existence, to establish a procedure for finding this first integral.
For any function z of x and ' we have the relations .

dp =rdx + sdy, dg sdx - tdy C)]

so that eliminating r and ¢ from this pair of equations and equation (8),
we see that any solution of (8) must satisfy the relation

Rdpdy | Tdgdx + Udpdg — Vdydy - s(Rdy* —Sdxdy + T dx?
4 Udpdx + Udgdyy (10)
If we suppose that
Eoy,zpq) = ¢, npnp,g) = ¢

are two integrals of the set of equations

Rdpdy +Tdgdx + Udpdg Vdxdy —0 (an
Rdy* 4-Tdx* 4 Udpdx + Udgdy Sdxdy (12)
dz=pdx + qdy (13)

then the equations
ds=0, dp=0 (14)

are equivalent to the set (11) to (13). Eliminating dz from equations
(13) and (14), we get the pair

T, 1 [eEm  oEm )

@Poogh Uﬂa%m @ (15)
RLCONE TN

U o) | azp?

where R,, T}, U, are defined by the equations (6). Substituting for dp,
dq from these equations, we see that
I .

- ) -1 . I(l 2 ,l, ’8(55)])
dpdx -- dgdy U dx 7, oy U, 3

CoEm) o oEm) oEm) |
2(g,z) d a(p.x)  d(p,z) PJ

R,
w—a@ (16)

dx dy
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a relation which is equivalent to the equation

Ridy* +Tydx? + Updpdx - Uydgdy = S,dxdy amn
Similarly we can show that
Ridpdy + Tydgdx 4- Uydpdg — V,dxdy =0 (18)

Comparing equations (17) and (18) with (I11) and (12), we see that

B_l_ﬂzzl:ﬂ:b (19)
R s T U V¥V
so that the equation (8), which we have to solve, is equivalent to the
equation (5), which we know has a first integral of the form (2). The
first integral (2) is therefore derived by making one of the functions 7
obtained from a solution 5 = ¢, of the equations (11) to (13) a function
of a second solution & The procedure of determining a first integral
of the equation (8) thus reduces to that of solving this set of equations.
In many cases it is possible to derive solutions of these equations by
inspection, but when this cannot be done, the following procedure may
be adopted. From equations (I1) and (12) we obtain the single
equation

Rdy* — (S + AV)dxdy + Tdx®* + Udpdx + Udgqdy + AR dp dy
- ATdgdx + AU dpdg =0

where 1 is (for the moment) an undetermined multiplier, and it is readily
shown that this equation can be written in the form

(Udy +AT'dx + AU dp)YARdy + Udx + iUdq) =0  (20)
provided that 1 is chosen to be a root of the quadratic equation
ART +-UV) +AUS + U*=0 21

Apart from the special case when S$* = 4(RT -+ UV), this equation
will have two distinct roots 4;, 4,, and the problem of solving equations
(11) and (12) will reduce to the solution of the pairs

Udy 4+ 4, Tdx + 4 Udp =0, LRdy + Udx + 2,Udg =0 1(22)
and
Udy + AT dx + 3,Udp =0, MRdy + Udx + L,3Udg=0 (23)

From each of these pairs we shall derive two integrals of the form
&(x,y,2,p.q) = ¢y, 7(x,y,2,p.q) = ¢, and hence two first integrals

T :ﬁ(gl)a N 7° /-'.'(52)

which can often be solved to determine p and ¢ as functions of x, y,
and z. When we substitute these values into the equation

dz =pdx + qdy
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it is found! that this equation is integrable. The integral of this
equation, involving two arbitrary functions, will then be the solution
of the original equation.

When it is possible to find only one first integral 7 = f(£), we obtain
the final integral by the use of Charpit’s method (Sec. 10 of Chap. 2).

Example 13. Solve the equation
r+4s+t+r—st=

For this equation we have, in the above notation, R =1, 5§ =4,T =1, U =1,
V =2, so that equation (21) becomes

322 4+414+1=0
with roots 4 = —1, 4, = —1. Hence equations (22) become
3y —dx —dp =0, dy —dx +dg =0
ieading to the first integral
Yy—x—p=fy—-x+9 (24)
where the function f is arbitrary. Similarly equations (23) reduce to
dy —dx —dp =0, dy —3dx +dg =0
and yield the first integral
y—3x+qg=g(y —x-p) (25)

the function g being arbitrary.
It is not possible to solve equations (24) and (25) for p and ¢; so we combine the
general integral (24) with any particular integral of (25), e.g.,

y-3x+qg=¢ (26)
where ¢, is a constant. Solving equations (24) and (26), we find that
g=c+3x—-y p=3y—x-fQx+q)
from which it follows that
dz =3y —x — fQ2x + )Y dx + {¢; + 3x — y}dy (04)]
and hence that
z=3xy -3+ )+ Fex +tc) + oy + ¢ (28)

where ¢, is an arbitrary constant. Equation (28) gives the complete integral.
To obtain the general integral we replace ¢, by ¢, ¢, by G(c), where the function G
is arbitrary, and the required integral is then obtained by eliminating ¢ between the
equations

z =3xy — 3x® +)8) + FQx + ¢) + ¢y + Glo)

0=FQ2x-+c)+y+ G
It was mentioned above that in a great many cases it is possible to
derive solutions of equatjons (11) and (12) directly. This is particularly

! For a proof that this equation is always integrable see A. R. Forsyth, “A
Treatise on Differential Equations’ (Macmillan, New York, 1885), pp. 365-368.
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so in the case of uniform equationsin which U = 0. Forsuch equations
the pair of equations (11) and (12) reduces to

Rdpdy + Tdgdx = Vdxdy (119
and Rdy* — Sdxdy +Tdx*=0 (129
We shall illustrate the solution of these equations by the particular
example:

Example 14. Solve the equation ¢*r — 2pgs + p*t = 0.
In this case the equations (11°) and (12°) become

g*dpdy + p*dgdx =0 (i)
(pdx +gdy)t =0 (ii)
From equation (ii) and equation (13) we have dz = 0, which gives the integral

z = ¢,. From equations (i) and (ii) we have g dp — pdg, which has solution
P = cq. We therefore have the first integral

P =4/

where the function fis arbitrary. We can regard this as a linear equation of the
first order and solve it by Lagrange’s method. The auxiliary equations are

d_ 4y
I —f@» ©

with integrals z = ¢;, y + xf(¢;) = ¢, leading to the general solution
Y+ xf(z) =g2)

where the functions fand g are arbitrary.

PROBLEMS

Solve the wave equation r = t by Monge’s method.
2. Show that if a function z satisfies the differential equation

ox* 3y ax 3y ax
it is of the form f{x + g())}, where the functions f and g are arbitrary.

3. Solve the equation
2gs —pn) = pq*
4. Solve the equation
Pg = xps —qr)
5. Solve the equation
rq® —2pgs + 1p* = pt — gs
6. Find an integral of the equation
2t — 5B + 200 +g8r —2pgzs + z(1 + pHt + 1+ p* +¢2 =0
involving three arbitrary constants.

Verify the result and indicate the method of proceeding to the general
solution.
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MISCELLANEOQUS PROBLEMS

The equation z3 4 3xyz + &% = 0 defines z implicitly as a function of x and y.
Prove that

The variables x, y, and z are related through the equations
x=fw rv;, y=gw +u z=u +uf G+ vg) - fw) - gl)
Show that, whatever the form of the functions fand g,

#2727 | 22\ 9%z

Bx? ? \ dx 9y, " ax ay

In plane polar coordinates the equations of equilibrium of an elastic solid
become

1 érg o, —0p _ o, éryg N | 309 2714
or r a0 r or ro80 r

1 2% 1oy 2y 3 /1 aw‘)
o= = — — —— —_— T -
TR % o7 v or \r 80
It can be shown that the compatibility conditions lead to Viy = 0; verify

that v = (Ax -~ By)0 is a solution of this equation, and calculate the
corresponding components of stress.

In plane polar coordinates the Hencky-Mises condition is
(0, — og)? 1 4r% = 4k?
Show that the shearing stress 7, satisfies the equation
%74 301y 1 2%r) 2 a2

L LT 2 i
i Ak paah ol

Determine the solution of this equation of the form f(r) and satisfying the
boundary conditions 7,3 = —konr =a, ry — konr = b,

Find the general solution of the equation
xys —xp —yqg 1 z=0

and determine the solution of this equation which satisfies the conditions
z=x"andp = Owhen y = x.

Solve the equation
(x — Px¥r = 2xys -+ Y1) = 2x0(p — q)
Find the general solution of the equation
r+ 4t = 8xy
Find also the particular solution for which z = y? and p = 0 when x = 0.
Show that the linear equation

stapt+bgtez+d=0
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may be reduced to a first-order equation if
9
Ztab-c=0
ox
Use this method to find the solution of the equation
S+ pet—g-=0

Appell’s first hypergeometric function of two variables is defined by the
double power series

Y @B B
Fi(a;8,87:x,0) = Z z e
m=0n=0
where («), = a(e + 1) - - - (« + r — 1). Show that this function is a solu-

tion of the second-order linear partial differential equations
(I =)+ 31 —x)s +{y ~(@+ B+ Dxlp - Byg —afz =0
W=+l =ps+{y —(@+p +1)ylg—Fxp—afz=0

Show also that Appell’s second hypergeometric function

SN @nenl®nlB

> ™ z
o= () (¥ )n

Faa B850y xy)

is a solution of the second-order equations
x(l—x)y—xys+{y —(@+ B+ Dxjp —Byg —«pz =0
=t —xys +{y —(x+ B+ 1}g —Fxp —apz=0
Express the equation
div (« grad V) =0

where « and V are scalar point functions, in cylindrical coordinates p, ¢, z. I
x = ulp, where u is a constant, use the method of separation of variables to
obtain a solution of the above equation independent of z and periodic in ¢.
Show that the equation

62
at

b

Viy =

|

has solutions of the form y = S(6,4)R(r,r), where r, 6, ¢ are spherical polar
coordinates and

—_— in6 — s _
sin 6 96 ‘snn 60) + sin? 6 o¢? +nn+ 1HS =0
12 (3R nint1) @R
2a\" o 2 =3z

n being a constant integer. Verify that the last equation is satisfied by the
function
a\n -1+
R(r,y = (l .—) {f———————(’ 0+ gt + 0
ror r ]

where the functions f and ¢ are arbitrary.
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Schrodinger’s equation for the motion of an electron in a central field of
potential ¥(r) is, in atomic units,
Vi + 2{W — V(N)y =0

where W is a constant. By transforming this equation to polar coordinates
r, 6, ¢, show that it possesses solutions of the form

v = LROSOP

where S(0,¢) is defined in the same way as in the last problem and R is a
solution of the ordinary differential equation

d’R
i

Coordinates £ and 7 are defined in terms of x and y by the equations

+ 2{W — V(r) — in(n + 1)}R =0

x = acosh £ cos 7, y =asinhsing
and z is unaltered. Show that, in these coordinates, Laplace’s equation
V2V = 0 takes the form
*2V n 2V
™
and deduce that it has solutions of the form f (i€)f (n)e-7%, where y is a constant,
f () is a solution of the ordinary differential equation
d?
‘T"g+ (G + 16gcos 2x)f =0
G is a constant of separation, and 329 = —a**.
Show that if

x = Veigcos$, y=Vensing, z=134E—1)
Laplace’s equation assumes the form

*y
+ a®(cosh? & — cos? i) Fr i 0

a'/saV)+a/aV\ E+n @V
) wm\"y) T T e T

Deduce that it has solutions of the form F,(&)F_.(y)e 2'™¢, where F,(x) is a
solution of the ordinary differential equation

x‘jz—FngF-F n—12 F =
dx?  dx B

If /(&) and g(£) are the Fourier transforms of f(x)and g(x), respectively, prove
that

J{' fEg&ertz dt = J'{ gl)f (x — w)du

If the function z(x,y) is determined by the differential equation
9z 9%
T
forx >0, —o < y < o, and if z = f(y) when x = 0, show that
1 © S8 wly
e J._wf(s)c d
where f(&) is the Fourier transform of f(y).

2(x,y) =
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18.
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20.

PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER
Making use of the result obtained in the last problem, show that
L_[" Flue= =9 g
Vinx J_ o
The function y(x,y) is defined by the equations

2(x,p) =

(M) Viv = fxp) —w<x< ©y>0
. Bw_ _
(11)5—0 y=0

Show that it can be expressed in the form

1 @ a: F( E. '7) —iex
[ e

F¢En = lfm dx fmf(x,y)e“’ cos (ny) dy
)= 0

where

Show that the solution of the diffusion equation

220 20 0 [ >0
W <x<a

which satisfies the conditions
a6

BH—=0 when x = 0
ox

(ii) 6 = 6, = const. when x = a
(iii)) 6 =0 whent =0,0 < x <a
can be written in the form
N II'V“"’ ett cosh (xVv &) 4t
27l )i cosh (aVE) &
Hence show that
g — 4_99 i (-Hr+
" 2r + 1
0

-

e—(r+H2ndt/a?

(r + Prx
0§ —————
a
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The free symmetrical vibrations of a very large membrane are governed by the

equation
#?z 1oz 1 3%

wmire a2

with z = f(r), 9z/0t = g(r) when ¢ = 0. Show that, for ¢ > 0,

2(r,0) =f mEf(E) cos (£ct)J(&r) d§ + IF {wg(f) sin (EcnJ(ér) dE
¢ Jo

where f (&), g(¢) are the zero-order Hankel transforms of f(r), g(r), respectively.

The potential V{(p,z) of a flat circular electrified disk of conducting material
with center at the origin, unit radius, and axis along the z axis satisfies the

differential equation
a2V 1V 4

AT A
ap2 p Op 9z%
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(p » 0, z > 0) and the boundary conditions
iy V-0 asz, p > ©
i) V =V, z=0 0<p<l
b’}
(11‘1)—;K=0, z=0 p>1
oz

Prove that
Vipz) = f [ (et Io(tp) de
(4

where the function f satisfies the relations
| reoueda=v, o<p<1
Jo

| “er@uende =0 p>1
Jo

Verify that f(£) = (2V, sin £)/(n¢) is a solution of these equations, and hence
evaluate V(p,z).



Chapter 4

LAPLACE’'S EQUATION

In the last chapter we saw how second-order linear partial differential
equations could be grouped into three main types, elliptic, hyperbolic,
and parabolic. The next three chapters will be devoted to the considera-
tion in a little more detail of examples of equations of the three types
drawn from mathematical physics. We shall begin by considering
Laplace’s equation, V¥ = 0, which is the elliptic equation occurring
most frequently in physical problems. Because the function y, which
occurs in Laplace’s equation, is frequently a potential function, this
equation is often referred to as the potential equation.

I. The Occurrence of Laplace’'s Equation in Physics

We saw in Sec. 3 of Chap. 3 that problems in electrostatics could be
reduced to finding appropriate solutions of Laplace’s equation V2 = 0.
This is typical of a procedure which is adopted frequently in mathe-
matical physics. We shall not give such a derivation for the most
frequently occurring physical situations, but since in discussing Laplace’s
equation it is useful to be able to illustrate the theory with reference to
physical problems, we shall summarize here the main relations in some
of the branches of physics in which the field equations can be reduced
to Laplace’s equation.

(@) Gravitation. (i) Both inside and outside the attracting matter
the force of attraction F can be expressed in terms of a gravitational
potential v by the equation

F - grad

(i1) In empty space y satisfies Laplace’s equation V2 == 0.

(iii) At any potnt at which the density of gravitating matter is p the
potential y satisfies Poisson’s equation V¥ = —d4np.

(iv) When there is matter distributed over a surface, the potential
function y assumes different forms y,, y, on opposite sides of the
surface, and on the surface these two functions satisfy the conditions

dv,  Ow 3
¥ ¥ O on na
141
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where o is the surface density of the matter and » is the normal to the
surface pointing from the region ! into the region 2.
(v) There can be no singularities in v except at isolated masses.

(b) Irrotational Motion of a Perfect Fluid. (i) The velocity q of a
perfect fluid in irrotational motion can be expressed in terms of a
velocity potential by the equation

q= —grad vy

(ii) At all points of the fluid where there are no sources or sinks the
function y satisfies Laplace’s equation VZp = 0.

(iii) When the fluid is in contact with a rigid surface which is moving
so that a typical point P of it has velocity U, then (@ —U) -n =0,
where n is the direction of the normal at P. The condition satisfied by
y is therefore that

= = —(U-n)
at all points of the surface.

(iv) If the fluid is at rest at infinity, y -> 0, but if there is a uniform
velocity V in the z direction, this condition is replaced by the condition
py~ —Vzasz-> 0.

(v) The function y has no singularities except at sources or sinks.

(¢c) Electrostatics. (i) The electric vector E can be expressed in
terms of an electrostatic potential v by the equation E = —grad y.

(i) In empty space y satisfies Laplace’s equation Viy = 0.

(iii) In the presence of charges yp satisfies Poisson’s equation V3y =
—4mp, where p is the density of electric charge.

(iv) The function yp is constant on any conductor.

(v) If n is the outward-drawn normal to a conductor, then at each
point of the conductor

dy
% = —471'0

where o is the surface density of the electric charge on the conductor.
The total charge on the conductor is therefore

1 [ dy
4n J. on as
where the integral is taken over the surface of the conductor.

(vi) With a finite system of charges the function y — 0 at infinity,
but if there is a uniform field E, in the z direction at infinity, then
v~ —FEgzasz > oc.

(vii) There can be no singularities in y except at isolated charges,
dipoles, etc. Near a charge g, y — g/r is finite, r being measured from
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the charge. Similarly in the neighborhood of a dipole of moment m
in a vacuum y — (m - r)/r* is finite.

(d) Dielectrics. In the presence of dielectrics the electrostatic
potential y defined as in c(i) above satisfies the conditions:
(i) In the presence of charges div (« grad y) = —4mp, where « is
the dielectric constant.
(ii) If we have two media in contact, we have two forms yp,, v, for
the potential on opposite sides of the surface, but on the surface we have
_ Oy, - Oy,
Y1 = VYo Ky on Ko on
where n is the common normal.
(iii) At the surface of a conductor ¢(v) is replaced by the equation

(e) Magnretostatics. (i) The magnetic vector H can be expressed in
terms of a magnetostatic potential y by the equation H = —grad y.
(i) If u is the magnetic permeability, v satisfies the equation

div (x grady) = 0
which reduces to Laplace’s equation when u is a constant.
(iii) At a sudden change of medium
oy oy
R P

(iv) In the presence of a constant field H, in the z direction at infinity
we have y ~ —Hyz as z -» co.

(v) In the neighborhood of a magnet of moment m in a vacuum
v — (m - r)/r? is finite, r being measured from the center of the magnet.

(f) Steady Currents. (i) The conduction current vector j may be
derived from a potential function y through the formula

j= —ogrady
where ¢ is the conductivity.
(i1) The function y satisfies the equation
div (o grady) =0

which reduces in the case ¢ = constant to Laplace’s equation.

(iii) At the surface of an electrode at which a battery is providing
charge at a definite potential the function y is constant. If the total
current leaving the electrode is , then

(a-a,-'fdsz —
R on
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(iv) Atthe boundary between a conductor and an insulator or vacuum
there is no normal flow of current, so that

oy
7 =0

(g) Surface Waves on a Fluid. The velocity potential y of two-
dimensional wave motions of small amplitude in a perfect fluid under
gravity satisfies the conditions:

(1) Vi =0;

(i) O%y/ort — g(dy/dy) = 0 "on the mean free surface, y being
measured to increase with depth;

(iii) Jy/dn = O on a fixed boundary.

(h) Steady Flow of Heat. 1In the case of steady flow in the theory of
the conduction of heat the temperature y does not vary with the time.
It satisfies the conditions:

(i) div(xgrady) =0, where « is the thermal conductivity, or
V2p = 0 if « is a constant throughout the medium;

(ii) Oy/dn = 0 if there is no flux of heat across the boundary;

(iii) Oy/on + h(y — y,) = 0, where h is a constant, when there is
radiation from the surface into a medium at constant temperature

Yo-
PROBLEMS

1. Prove Gauss’ theorem that the outward flux of the force of attraction over
any closed surface in a gravitational field of force is equal to —4= times the
mass enclosed by the surface.

Deduce that (a) the potential cannot have a maximum or a minimum value
at any point of space unoccupied by matter; (b) if the potential is constant
over a closed surface containing no matter, it must be constant throughout the
interior.

2. The function ¢ is defined inside a closed surface S; the function y, is defined
outside S, and V%, = 0. What other conditions must be satisfied by %, and
¥y in order that they should be the internal and external gravitational
potentials of a distribution of matter inside S of density —v?yp, /4= ?

Verify that the conditions are satisfied by the potential of a uniform sphere

. @ N .
Wo =135 ¥ =37 (Oa® — %)

3. Find the distribution which gives rise to the potential

a? — 3x? F<a
w = {a5(}? v 22 — 2%

= r>a
{ r

where r2 = x? 4 2 + 22
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4. Find a distribution which gives rise to the potential
_firlogR R =1
Clrlog R+ 5(5 9K 4R R< |
where R? = x2 -- )%
5. Find the distribution of electric charge which gives rise to the potential

y - {o xr<O0
kf(x +a)® + 32 + 2% —{(x ~a)? +)2 + 22t x>0

and calculate the total charge present on the plane x = 0.
6. Show that the velocity potential
v = Vadr2cos 0

satisfies all the conditions associated with the rectilinear motion of a sphere of
radius @ moving through a perfect incompressible fluid which is moving
irrotationally and is at rest at infinity.

2. Elementary Solutions of Laplace’s Equation

If we take the function y to be given by the equation

= T e = O
L R N e R G
where ¢ is a constant and (x",y",z") are the coordinates of a fixed point,
then since

"

dy _ glx —x)
ax = m, etc.
*w q 3g(x —x')?
= — . elc.
ox? e —r r —rp? ete
it follows that
Vip =0

showing that the function (I) is a solution of Laplace’s equation
except possibly at the point (x',y",z’), where it is not defined.

From what we have said in (¢) of Sec. 1 it follows that the function
p given by equation (1) is a possible form for the electrostatic potential
corresponding to a space which, apart from the isolated point (x',y’,z"),
is empty of electric charge. To find the charge at this singular point
we make use of Gauss’ theorem (Problem | of Sec. I). If S'is any
sphere with center (x’,y",z'), then it is easily shown that

dy

from which it follows, by Gauss’ theorem, that equation (1) gives the
solution of Laplace’s equation corresponding to an electric charge 4.
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By a simple superposition procedure it follows immediately that

p=> 4 )

d
L

1=1
is the solution of Laplace’s equation corresponding to n charges ¢,
situated at points with position vectorsr, (i = 1,2, . . . , n).

In electrical problems we encounter the situation where two charges
+¢ and —q are situated very close together, say at pointsr’and r’ + dr’,
where or" = (/,mm)a. The solution of Laplace’s equation corre-
sponding to this distribution of charge is

N 9
= fr —r| N ff —r — or]

Now
1 1
F—r —or]  Jr—r]
I = x) + m(y —'y) +n(z — 2 a i Ofa?)
r—rp
so that if @ - 0, ¢ > o in such a way that ga — u, i.e., an electric
dipole is formed, it follows that the corresponding solution of
Laplace’s equation is

Ix —x) +m(y —y) +n(z —2)
n &)
Ir—r’
a result which may be written in other ways: If we introduce a vector
m = u(/,m,n), then

y=u

m:(r —r’)
- r =+ )
Also since
G 1 _x-x
ox' jr —r| B r —rp » ete.

it follows that (3) may be written in the form

, 1 /0 ] 0 1

y:_(m grad)m—y(la—)c,-+nxw >"5;) |l‘—'lf'l (5)

In reality we usually have to deal with continuous distributions of

charge rather than with point charges or dipoles. By analogy with

equation (2) we should therefore expect that when a continuous distri-

bution of charge fills a region V of space, the corresponding form of
the function y of (c) of Sec. 1 is given by the Stieltjes integral!

- dq

'P——L Ir —r| )

! For a discussion of the analytical properties of such Stieltjes potentials the

reader is referred to G. C. Evans, Fundamental Points of Potential Theory, Rice

Inst. Pamph., 7 (4), 252-293 (October, 1920).



LAPLACE'S EQUATION 147

where ¢ is the Stieltjes measure of the charge at the point r’, or if
p denotes the charge density, by
r' ’
wr) = f d)_df
Jv [r —r
By a similar argument it can be shown that the solution corresponding
to a surface S carrying an electric charge of density ¢ is

o) = ['a(r')dS’

Js |r — r'l

()

®)

Example 1. If p > 0 and y(r) is given by equation (7), where the volume V is
bounded, prove that

limryp(r) = M
AR ]
where M = J- o{r) dr’
"

Let ry, r, be the maximum and minimum values of the distance |[r — r’| from the
point r to the integration points r’ of the bounded volume V. Then by a theorem
of elementary calculus

M_f par M
i Jvlr=r|
an equality which may be written in the form

(’5;) M < ry(r) < (’il) M

Now as r —+ o, r/r, and r/r, both tend to unity, so that

Iim rp(r) = M
PROBLEMS

1. Prove that r cos 8 and r 2cos 0 satisfy Laplace’s equation, when r, 0, & are
spherical polar coordinates.

An electric dipole of moment x is placed at the center of a uniform hollow
conducting sphere of radius a which is insulated and has a total charge e.
Verify that V;, the potential inside the sphere, and V,, the potential outside the
sphere, are given by

e wucosl ur e

Vi=-+ >— — —= cos 0, Vo =-
a r a ’

where r is measured from the center of the sphere and 6 is the angle between
the radius vector and the positive direction of the dipole.

2. Assurface S carries an electrical charge of density ¢. In the negative direction
of the normal from each point P of S there is located a point P, at a constant
distance 4, thus forming a parallel surface S,. Assuming that corresponding
points P and P, have the same normal and that corresponding elements of
area carry numerically equal charges of opposite sign, show that the potential
function of the system is

1 1 , ,
w_L{|r-r’|_|r—r’+hn| o) dS
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By letting & - 0, p >  in such a way that oh -» u everywhere uniformly on
§, obtain the expression

v = f pin-(r —r)} ds
S

F— T
for the potential of an electrical double layer.

3. A closed equipotential surface $ contains matter which can be represented by
a volume density o. By substituting ¥’ = |r — r/|! in Green’s theorem!

2 oy’
f A w_w) ds = | (p'Vi% — yV¥) dr
S aﬂ an, Vv

prove that
3 . oo
f(l)i+4n A dr
s \on/ |r — 1 vle—r]

Deduce that the matter contained within any closed equipotential surface §
can be thought of as spread over the surface S with surface density

1 éy
4n on

at any point.?

4. By applying Green’s theorem in the above form to the region between an
equipotential surface § and the infinite sphere with " =|r — r’|™* and ¢
the potential of the whole distribution of matter, prove that the potential
inside S due to the joint effects of Green's equivalent layer and the original
matter outside S is the constant potential of S.

5. Show that
d’ v\t
—< 2 | —
ylr — 1| 4
irrespective of whether the point with position vector r is inside or outside the
volume V or on the surface bounding it.
6. Prove that the potential
[ o(r)dv
y(r) = | ;
Jyr =1
and its first derivatives are continuous when the point P with position vector r

lies inside or on the boundary of V.
Show further that V%y = —4=p if Pe V and that V2 = 0if P¢ V.

3. Families of Equipotential Surfaces
If the function y(x,y,z) is a solution of Laplace’s equation, the one-
parameter system of surfaces
¥x,pz) = ¢
is called a family of equipotential surfaces. It is not true, however,
that any one-parameter family of surfaces

SGpz)=c (1

1 H. Lass, “Vector and Tensor Analysis™ (McGraw-Hill, New York, 1950), p. 118,
% This distribution is known as Green's equivalent layer.
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is a family of equipotential surfaces. This will be so only if a certain
condition is satisfied; we shall now derive the necessary condition.

The surfaces (1) will be equipotential if the potential function y is
constant whenever f(v,y,7) is constant. There must therefore be a
functional relation of the type

y = F{f(.\',/',:)} (2)
between the functions y and £, Differentiating equation (2) partially
with respect to x, we obtain the result

oy _dF of

ax @ ox ¥
and hence the relation
Zo_ (o) dr oy @
ox2  dfr\ox/ ' df ox?
from which it follows that
Vi = F'(fXgrad f)* + F'(/)Vf (5)

Now, in free space. V3 = 0, so that the required necessary condition
is that
A (1) ”
Toad 72 VY {6)
(grad 1) F'(f)
Hence the condition that the surfaces (1) form a family of equipotential
surfaces in free space is that the quantity

vy

lgrad /*
is a function of falone.
If we denote this function by x( /), then equation (6) may be written

as
d*F dr
— 1 - —— ==
df? - 2(f) dar 0
from which it follows that
dF
Y fe—tunds
- ¢
where A is a constant, and hence that
y = Afe " 4f - B )

where 4 and B are constants.
Example 2. Show that the surfaces
x4 y? o 2% = exd

can form a family of equipotential surfaces, and find the general form of the correspond-
ing potential function.
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In the notation of equation (1)

f=xt+ x4y + Y

so that grad f = §x7%(2x* — y* — 2% 3xy, 3x2)

0
Hence Vi = %x‘3(4x2 + )2+ 29

and

lgrad f1* = gx“f @x? 4 )2 + 2 + ) + 20

so that V& |grad f|? = x(f), where x(f) — 5/(2f). The given set of surfaces
therefore forms a family of equipotential surfaces.
Substituting 5/(2f) for x(f) in equation (7), we find that

v=Af%+ B

from which it follows that the required potential function is

vy =Ax(x* + y* + 21 4+ B

where 4 and B are constants,

PROBLEMS

Show that the surfaces
P+ -2 -y +at=c¢

can form a ramily of equipotential surfaces, and find the general form of the
corresponding potential function.

Show that the family of right circular cones
xt + ) =zt
where ¢ is a parameter, forms a set of equipotential surfaces, and show that the

corresponding potential function is of the form A4 log tan 46 + B, where 4 and
B are constants and 8 is the usual polar angle.

Show that if the curves f(x,y) = ¢ form a system of equipotential lines in free
space for a two-dimensional system, the surfaces formed by their revolution
about the x axis do not constitute a system of equipotential surfaces in free

space unless \ \
5(3) 16+ B);

is a constant or a function of ¢ only.

Show that the cylinders x? + y* = 2¢x for a possible set of equipotential
surfaces in free space but that the spheres x* + y? + z2 = 2¢x do not.

Show that the surfaces
X2+ )2 —2cx+a®=0
where a is fixed and ¢ is a parameter specifying a particular surface of the
family, form a set of equipotential surfaces.
The cylinder of parameter c; completely surrounds that of parameter
¢, and ¢; > a > 0. The first is grounded, and the second carries a charge
E per unit length. Prove that its potential is

(¢ + a)c; — a)

—Elog (¢, — a)cg + a)
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4. Boundary Value Problems

In Sec. I of this chapter we have seen that in the discussion of certain
physical problems the function y whose analytical form we are seeking
must, in addition to satisfying Laplace’s equation within a certain
region of space V, also satisfy certain conditions on the boundary S of
this region. Any problem in which we are required to find such a
function y is called a boundary value problem for Laplace’s equation.

There are two main types of boundary value problem for Laplace’s
equation, associated with the names of Dirichlet and Neumann. By
the interior Dirichlet problem we mean the following problem:

If fis a continuous function prescribed on the boundary S of some
finite region V, determine a function y(x,y,z) such that V% = 0 within
Vand y = fon S.

In a similar way the exterior Dirichlet problem is the name applied to
the problem:

If /is a continuous function prescribed on the boundary S of a
finite simply connected region V, determine a function (x,y,z) which
satisfies V2 = 0 outside ¥ and is such that y = fon S.

For instance, the problem of finding the distribution of temperature
within a body in the steady state when each point of its surface is kept
at a prescribed steady temperature is an interior Dirichlet problem,
while that of determining the distribution of potential outside a body
whose surface potential is prescribed is an exterior Dirichlet problem.

The existence of the solution of a Dirichlet problem under very
general conditions can be established. Assuming the existence of the
solution of an interior Dirichlet problem, it is a simple matter to prove
its uniqueness. Suppose that g, and y, are both solutions of the interior
Dirichlet problem in question. Then the function

Y=¥% — ¥
must be such that V* = O within and y = 0on S. Now by Prob. 1
of Sec. 1 of this chapter we know that the values of y within V' cannot
exceed its maximum on S or be less than its minimum on S, so that we
must have p == 0 within V; 1.e., y, = y, within V. It should also be
observed that the solution of a Dirichlet problem depends continuously
on the boundary function (cf. Example | below).

On the other hand, the solution of the exterior Dirichlet problem is
not unique unless some restriction is placed on the behavior of y(x,y,z)
as r -= co. In the three-dimensional case it can be proved! that the
solution of the exterior Dirichlet problem is-unique provided that

Wl <7

1 See Sec. 8.
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where C is a constant. In the two-dimensional case we require the
function y to be bounded at infinity.

In cases where the region V is bounded the solution of the exterior
Dirichlet problem can be deduced from that of a corresponding interior
Dirichlet problem. Within the region ¥ we choose a spherical surface
C with center O and radius a. We next invert the space outside the
region V with respect to the sphere C; i.e., we map a point P outside ¥
into a point Il inside the sphere C such that

OP - Oll = g

In this way the region exterior to the surface S is mapped into a region

7

Figure 21

V* lying entirely within the sphere C (cf. Fig. 21). It can be easily
shown that if

S0 = S5 /(P)

and if y*(IT) is the solution of the interior Dirichlet problem

Vip* = 0 within V'*, yp* = {*(I]) for [T e S*

A

OPF
is the solution of the exterior Dirichlet problem

V3 = 0 outside V, y=f(PyforPeS

Lebesgue has shown by a specific example that in three-dimensional
regions whose boundaries contain certain types of singularities the
Dirichlet problem may not possess a solution assuming prescribed
values at all points of the boundary. Consider, for example, the

then w(P) = (1)
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potential due to a charge kz on the segment 0 <z <1, x=y=0.
It is readily proved by the methods of Sec. 1 that the requisite potential is

Vrp,z) = J“ z dz'
A ,}’,~ 0 \/xz +y2 + (Z __Z/)Z
which can be expressed in the form

vo(x,0,2) — z log (x* + %)
where y,(x,y,z) is continuous at the origin and takes the value 1 there.
The second term takes the value ¢ at each point of the surface whose
equation is
(XZ + yZ) = e -cl2z

which passes through the origin whatever value ¢ has. In other words,
any equipotential surface on which v = 1 4 ¢ passes through the
origin, so that the potential at the origin is undefined.

The second type of boundary value problem is associated with the
name of Neumann. By the interior Neumann problem we mean the
following problem:

If fis a continuous function which is defined uniquely at each point
of the boundary S of a finite region V, determine a function u(x,y,2)
such that V2y = 0 within ¥ and its normal derivative dy/dn coincides
with f at every point of S.

In a similar way the exterior Neumann problem is the name given to the
problem:

If fis a continuous function prescribed at each point of the (smooth)
boundary S of a bounded simply connected region ¥, find a function
w(x,y,2) satisfying V¥ = 0 outside V" and dy/dn = fon S.

We can readily establish a necessary condition for the existence of the
solution of the interior Neumann problem. Putting a = grad y in

Gauss’ theorem
f a,,dSzf div a dr
K v

oy
2 N I 4
J;V v dr Lan das

oy

we find that

Now on the boundary

so that f Vi dr = jf(P) as
v s

Hence if V2p = 0, we have

[rmras=o ()



154 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

showing that a necessary condition for the existence of a solution of the
problem is that the integral of f over the boundary S should vanish.

It is possible to reduce the exterior Neumann problem to the interior
Neumarin problem just as in the case of the Dirichlet problems (see
Prob. 3 below).

In the two-dimensional case it is possible to reduce the Neumann
problem to the Dirichlet problem. Suppose that a solution y of the
Neumann problem

@) Vi =0 within §
. oy
(i) n = f(P) forPeC

exists and is such that y and its partial derivatives with respect to x, y
can be extended continuously to the boundary C of the plane region §S.
We can now construct a function ¢ which, within S and on C, satisfies
the Cauchy-Riemann equations!

oy _ 0 dy_ 94

Erial rA v N
so that v -+ i$ is an analytic function of the complex variable x + iy.
The function ¢ is therefore defined uniquely apart from a constant term.
Now it is well known that

op _ Oy
a5~ on

so that if P, Q are two points on the boundary curve C, then

[o o J fo ,
HO) — 4Py = | Sods=| fl5)ds @
Since, by an argument analogous to that leading to equation (1),

J;f(s)ds =0

it follows that equation (2) defines ¢ on C as a continuous and single-
valued function, and it is readily shown that if v is harmonic, then so
also is 4. Hence knowing the value of ¢ on C, we can determine ¢
within S. Using the Cauchy-Riemann equations then, apart from a
constant term, we can determine the function y within S. ~

Recently Churchill? has analyzed a boundary value problem of a
type different from those of Dirichlet and Neumann. By the interior
Churchill problem we shall mean the problem:

1 See Sec. 10.
2 R. V. Churchill, J. Math. and Phys., 33, 165 (1954).
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If f'is a continuous function prescribed on the boundary S of a finite
region V, determine a function v(x,y,z) such that V% = 0 within V and

dy
5 Fh+ly=f

at every point of S.
An exterior Churchill problem can be defined in a similar manner.

PROBLEMS

1f vy, v, are solutions of the Dirichlet problem for some region ¥V corresponding
to prescribed boundary values f,, f;, respectively, and if | f, ~ f;| < ¢ at all
points of S, prove that [y, — w, | < ¢ at all points of V.

Deduce that if a given sequence of functions which is harmonic within V
and is continuous in ¥ and on S converges uniformly on S, then this sequence
converges uniformly within V.

Prove that the solutions of a certain Neumann problem can differ from one
another by a constant only.

Prove, with the notation of this section, that if
on
ane

and if y*(I1) is the solution of the interior Neumann problem

g e

e
V% — 0 within V%, T4 %l for MesS*

then y(P) = yp*(II) is the solution of the exterior Neumann problem

N £(P)for PeS

Viy = 0 outside V, — =
on

Prove that the solution y(r,0,¢) of the exterior Dirichlet problem for the unit
sphere
Vi =0,r > 1, yv=fO¢onr=1

is given in terms of the solution o(r,6,4) of the interior Dirichlet problem

Vo =0,r <11, v=f(0Og¢)onr =1
by the formula

wr.04) = }u ("0¢)

Prove that the solution ¥(r,0,$) of the interior Neumann problem for the unit
sphere

Vi =0,r <1, t_;ﬂr,=f(0,¢)onr=l

is given in terms of the solution v(r,6,4) of the last question by the formula

|
w(r,0,8) = f v(rf,9,¢)d7' +C
0

where C is a constant.
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6. Prove that the solution y(r,8,¢) of the interior Churchill problem for the unit
sphere

Vip =0 r o<l
a.
S+ y—fO08) onr=1k> -l

is given in terms of the function v(r,0,¢) defined in Prob. 4 by the formula

L
w(r,0,4) = f u(r,0,)F dr
3}

5. Separation of Variables

We shall now apply to Laplace’s equation the method of separation of
variables outlined in Sec. 9 of Chap. 3.

In spherical polar coordinates r, 6, ¢ Laplace’s equation takes the
form

Py 20y 1%y coth oy 1y o
ort T ror 0% % 90 ' r2sin?0o4®
and it was shown in Example 5 of Sec. 9, Chap. 3 that this equation is
separable with solutions of the form

B, |
A + i | ©(cos B)e* ™ @

where A,, B,, m are constants and O(u) satisfies Legendre’s associated
equation
d*0 de m?
1 ) — — 2y — 1) - ——
( # )d/ﬁ " du * ln(n +D 1 —u?
If we take m = 0, we see that equation (3) reduces to Legendre’s
equation

0=0 (3

do
"
In the applications we wish to consider we assume that » is a positive

integer. In that case it is readily shown® that this equation has two
independent solutions given by the formulas

&0
(1= 35 — 2 + nln + DO =0 (4)

1 dn
Pu) = Tl T et = (5)

ptl S 2 —4 =]
PR A T M

where p = 4(n — 1) or 4n — | according as n is odd or even. The
general solution of equation (4) is thus

0 = C.Py(p) + D, Qu(w) @

! For the proof of this and other results about Legendre functions see I. N.
Sneddon, “The Special Functions of Mathematical Physics” (Oliver & Boyd,
Edinburgh, 1956), chap. 111

Qn(u) = 1P, (n) log
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where C, and D, are constants. In a great many physical problems,
especially those connected with concentric spherical boundaries, we
know on physical grounds that the function © remains finite along the
polar axis § = 0. Now when 6 =0, x -- I, and it follows from
equation (6) that Q,(u) is infinite, so that if @ is to remain finite on the
polar axis, we must take the constant D, to be identically zero.! In
these cases we therefore obtain solutions of Laplace’s equation (1) of
the form

B,
p= ( A+ r_ﬂ) P (cos 0) ®)
In the general case in which m + 0 we find that when 0 < m < n,
equation (3) possesses solutions of the type
da™P (u)
du™

dm Q. (1)
—_— 10
dn (10)

P () = (u2 — 1y ©)

) = (ut — 1

When # = 41, Oy(u) is infinite, so that in any physical problem in
which it is known that 0, i.e., y, does not become infinite on the polar
axis we take P)'(u) to be the solution of equation (3). In this way we
obtain solutions of Laplace’s equation (1) of the form

p= 3 5 (Apt" + Bpr"Y)Pl(cos fe*m? (11)

n=0m<n

which may be written as

=2 ()

-t

AP, (cos 0) + Z (A4,,,cosm¢ + B,,, sin m¢) P'(cos 6)
- w -\
(12)

We shall illustrate the above remarks by considering first a very
elementary problem in the irrotational motion of & perfect fluid.

Example 3. A rigid sphere of radius a is placed in a stream of fluid whose velocity
in the undisturbed state is V.. Determine the velocity of the fluid at any point of the
disturbed stream.

We may take the polar axis Oz to be in the direction of the given velocity and take
polar coordinates (r,0,¢) with origin at the center of the fixed sphere.

From Sec. 1(b) we see that the velocity of the fluid is given by the vector
g = —pgrad v, where

(i) Vi =0
2
(i) & _ onr =a
or
(iii) y ~ —Vrcos & = —VrP(cos 6) asr —» ©

1 It should be noted that this is not always true. As an example of a proble m
in which D,, # 0 see Prob. 1 below.



158 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

The axially symmetrical function

B
y = Z (A,,r" + ,nil) F, (cos 9)

n=0

satisfies (i). Condition (ii) is satisfied if we take
8.,

arte

nAa" ! —(n + 1) 0

i.e,if B, = na®*t14,/(n + 1). Asr — co, this velocity potential has the asymptotic
form

@
y~ > Ar"P,(cos8)
n=90

so that to satisfy (iii) we take Ay = — ¥ and all the other A4's zero. Hence the
required velocity potential is

V( a 9
= — r+2—r2 cos

The components of the velocity are therefore

dp a®
qr=——a—r=V(1—;§)C059
1 ay at\ .
= -1 —__ Rl 9
9, peT: V(l <+ 2r3) sin

A similar problem from electrostatics is:

Example 4. A uniform insulated sphere of dielectric constant x and radius a
carries on its surface a charge of density AP,(cos 6). Prove that the interior of the
sphere contributes an amount

8n22%a3«n
@n + Yen +n + 1)2

to the electrostatic energy.
The electrostatic potential y takes the value y; inside the sphere and y, outside,
where by virtue of Sec. 1(d) we have:

(i) Vi, =0,Vy, =0
(i) w, is finiteatr =0; 9, >0asr - ©;
(i) ¥, = y, and «(dy,/dr) — dy,/or = 4nAP,(cos ) on r = a.

Conditions (i), (ii), and the first of (iii) and the condition of axial symmetry are
satisfied if we take

r " a\"*
v, =A z P,(cos 6), v, = A - P, (cos 6)
and the second of (iii) is satisfied if we choose A4 so that

i 3 (n+1)

]A = 47
. a

Hence the required potential function is
4mal ( r

i TR\

) P, (cos 6)
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The energy due to the interior of the sphere is known from electrostatic theory to be
K Blpl) * 16022 n_ , [7.
— — —_—— - 6 0 0) db
i f v (a"’ das o P — 2na X sin 6P, (cos 0) P,(cos 0) d
and the result follows from the known integral®
2
n -1
A similar procedure holds when Laplace’s equation is expressed in
cylindrical coordinates (p,$,z). In these coordinates Laplace’s equation
becomes

1
" : LR i ~

2. 2
Py 10  lply Oy (13)

% pdp PO O
and it was shown in Example 4 of Sec. 9 of Chap. 3 that this equation
possesses solutions of the form

R(p)er™etms (14)
where R(p) is any solution of Bessel’s equation
d*R  1dR . n2)
@ %2t 2R = 1
e =+ o dp + (m p 0 (15)

In the usual notation for Bessel functions the general solution of this
equation is
R = Aann(mP) T an Yn(mp) (16)

where 4., and B,,,areconstants. The function Y,(mp) becomes infinite
as p — 0, so that if we are interested in problems in which it is obvious
on physical grounds that y remains finite along the line p = 0, we must
take B,,, = 0. In this way we obtain a solution of the type

v = 3 3 ApaJu(mp)erneznd (17)

m n
For problems in which there is symmetry about the z axis we may
take n = 0 to obtain solutions of the form

y = 2 A,Jo(mp)e*m (18)

In particular if we wish a solution which is symmetrical about Oz
and tends to zero as p —> 0 and as z —» oo, we must take it in the form

= % A o(mp)e=™ (19)

Example 5. Find the potential function y(p,z) in the region 0 <p <1,z >0
satisfying the conditions

(i) y >0 asz —» ©
(ii) py =0 onp = |
(iii) v =f(p) onz=0for0<p <1

! Sneddon, op. cit., equation (15.7).
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The conditions (i) and (ii) are satisfied if we take a function of the form
wip,2) = X A Jofiple tet (20)

where 4 is a root of the equation
Jo() =0

Now it is a well-known result of the theory of Bessel functions! that we can write
fo) = 3 AJo(Ap)

2 s-l

A= e s

Hence the desired solution is (20), with 4 given by the formula (21).

where pf(p)./o(lsp) dp (21

The method of separation of variables can also be applied to Laplace’s
equation in rectangular Cartesian coordinates (x,y,z). It is readily
shown that the function

exp (fax + ipy + yz) (22)
is a solution of V2y provided that
yr=at 4 2 (23)

The use of solutions of this kind is illustrated by:

Example 6. Find the potential function y(x,y,z) in the region 0 < x < a,
0 <y <b,0 <z < csatisfying the conditions

6) y =0 onx=0x=ay=0y=56z=0
(ii) y=f(x)) onz=c,0<x<alb<y<bh

The conditions (i) are satisfied if we assume

mex _nAmy
y = z Z Ay, sin s sinh 1} o, (2)
m n

-where, because of equation (23),
2 n2\?
Ymn =7 (? + p) (24)

Now by the theory of Fourier series we can write

. . ommx . onmy
flx,y) = Z z fon sin — - sin—=
m=1n=1
4 [*[* . mmx . nmy
where Sran = s f(x,p) sin — - sin =~ dx dv (25)
0 Jo

Thus to satisfy (ii) we take
Amn =fmn cosech (ymnc)
to obtain the solution

VR = DD fnsin T sin T sinh (7,,,2) cosech ()

m=1n=1

where f,., and y,,, are given by equations (25) and (24), respectively.

1 G. N. Watson, “A Treatise on the Theory of Bessel Functions™” 2d. ed.
(Cambridge, London, 1944), p. 576.
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PROBLEMS

1. If y is a harmonic function which is zero on the cone 8§ = « and takes the value
Sa,r® on the cone ¢ = f, show that when « < 6 < 8,

_ S . | Qalcos 2)Palcos 6) — Py(cos x)Q.(cos B)]
v z " | 0,.(cos @) P,(cos B) — P,(cos x)Q,(cos )

Nt
2. A small magnet of moment m lies at the center of a spherical hollow of
radius @ in medium of uniform permeability 4. Show that the magnetic
field in this medium is the same as that produced by a magnet of moment
3m/(1 + 2u) lying at the center of the hollow.
Determine the field in the hollow.

3. A grounded nearly spherical conductor whose surface has the equation
un

r=a {1 . Z e Py(cos 0)}

Ne=z

is placed in a uniform electric field E which is parallel to the axis of symmetry
of the conductor. Show that if the squares and products of the &’s can be
neglected, the potential is given by

N a\? r e n n+1
V=Ea{(l + &) ; —;=P1+3Z m—1" 7 2n+3€"+1>
n=2.
n+l
X(‘_J) P'1 ’l=0‘
r

4. Heat flows in a semi-infinite rectangular plate, the end x = 0 being kept
at temperature 6, and the long edges y — 0 and y = a at zero temperature.
Prove that the temperature at a point (x,y) is

—(2m+linz/a

-4
ﬂ‘.' (‘ i Sin(.’.m + l)ﬂ_ye
e 2m + 1 a

m=0

5. Vs a function of r and 6 satisfying the equation

2y 1y 1@y
P iw R

within the region of the plane bounded by r = a,r = b, 6 =00=4%r Its
value along the boundary r — a is 6(3= — 6), and its value along the other
boundaries is zero. Prove that

2 <& (7jB)E = (b]r)*™ sin (4n — 2)9

V= LG T Gl an 7

6 Problems with Axial Symmetry

The determination of a potential function y for a system which has
axial symmetry can often be considerably simplified by making use of
the fact that it is sometimes a simple matter to write down the form of y
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for points on the axis of symmetry. It is best in such cases to use
spherical polar coordinates r, 6, ¢ and to take the axis of symmetry to
be the polar axis 6§ = 0. Suppose that we wish to determine the
potential function (r,8,$) corresponding to a given distribution of
sources (such as masses, charges, etc.) and that we have been able to
calculate its value y(z,0,0) at a point on the axis of symmetry. If we
expand ¥(z,0,0) in the Laurent series ’

w0

w200 = > (4 + —B—“) (1)

a=n"
then it is readily shown that the required potential function is
. B,
W) = > (4 + 55| Palcos ) @

n=g
for

(i) V=0

(ii)  (r,0,¢) takes the value (1) on the axis of symmetry, since there
P (cosB)=1,r=z;

(i) (r,0,4) is symmetrical about Oz as required.

The simplest example of the use of this method is the determination
of the potential due to a uniform circular wire of radius a charged with
electricity of line density e. At a point on the axis of the wire it is
readily seen that

2mea

Vaé + 2
(%)n(_f)" s ea

[2776‘ Z )
so that »(2,0,0) = "2e 2ntl
2me Z @, (=" (‘_‘) z>a

¥(2,0,0) =

n! z
n=0 ’
where we have used the notation (@), =a(a + 1) - -+ - (@ + n — 1).
Hence at a general point we have
< (b, L
) [re 2, v € WG Patenn - r<a
V’ rv - ©
2n+1
2me > (—&( -I')"E,—,,:P,,, {cos 1) r a
i ! r

Fead
The solution of a direct problem of this kind presents little difficulty.
Where the method is most useful is in the combination with that of
Sec. 3. as in the following example:
Example 7. A uniform circular wire of radius a charged with electricity of line

density e surrounds grounded concentric spherical conductor of radius c.  Determine
the clectrical charge density at any point on the conducior.
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By the last result and the method of Sec. 5 we see that we take for the forms of the
potential function

2 2n on Re LT
y, = 2ne Z {(-l)"%: (:',) + A, (2) + B, (2) :Pg,,(cos 0) c<r<a

n=t)
and

ty = N S‘ —1)
va =2 > =D

o8 (f)m} , (‘_’)*} Pu(cos0) r>a
n! \r r

The boundary conditions

(i) y, =0 onr =¢
.. oy, oy,
(i1) Y = ¥, = = onr =a

yield the equations

(—1)"% (E)'"+A,. (5)2"+ B, =0

C oy 2n41
A, + B, (i) -C,
a,

2n+1
2n4, - @n + DB, (‘) — —@n+ )G,
a)

from which it follows that
e C)“"
4, =0, B = —(-irp|(
Hence when ¢ < r < a,

(&)n ‘,!n At

“nl T W‘x’ Ppa(cos 0)

x
v = 2me > (-1

The surface density on th:'z.s(;)herical conductor is given by the formula
7= 4l—77 ‘\aav—:)fﬂc
5o that o - —;—ci(—l)"(i—)fﬂn%— l)g‘l’,,,(cos(i)
n=0
PROBLEMS

1. Prove that the potential of a circular disk of radius a carrying a charge of
surface density o at a point (2,0,0) on its axis § = 0 is
2n0[(z2 + a®)t — Z]
Deduce its value at a general point in space.

2. A grounded conducting sphere of radius a has its center on the axis of a
charged circular ring, any radius vector ¢ from this center to the ring making an
angle o with the axis. Show that the force pulling the sphere into the ring is

2 2. 2nel
- % l (r + 1) Py, (cos 2)Pylcos 0) (‘.(')

n=9
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3. A grounded conducting sphere of radius a is placed with its center at a point
on the axis of a circular coil of radius b at a distance ¢ from the center of the
coil; the coil carries a charge e uniformly distributed. Prove that if a is
small, the force of attraction between the sphere and the coil is

ac [\ a3 1 ﬂs)'
f4 [1 ‘fZ lf: ll O(fs
where f2 = b + %

4. A dielectric sphere is surrounded by a thin circular wire of large radius b
carrying a charge E.  Prove that the potential within the sphere is

E d - .\ dM
£ z C 1y 4n 4 1 I'(n + %) ’_) Pzn(COS 6)
b =~ 1+ 2n(1 + <) /) b

7. Kelvin's Inversion Theorem

It is a well-known result in the elementary theory of electrostatics
that the solution of certain problems may be derived from that of
simpler problems by means of a transformation of three-dimensional
space known as inversion in a sphere. The points P, Il with position
vectors I, p, respectively, are said to be inverse in a sphere .S of center

with position vector ¢ and radius

P 4 if the points P, II, C are col-
linear and if a is the mean propor-
tional between the distances CP,
CIl. We must therefore have

r
Ac t ur —vp =0
o Aa-pud+rv=1
Figure 22 and a=rp

This transformation has the property that it carries planes or spheres
into planes or spheres and carries a sphere S” into itself if and only if
S’ is orthogonal to S.

We now consider the effect of such a transformation on a harmonic
function. If we write p = (£,7,0), r = (x,y,2), so that

ax a’

» n =
r? I r

<

a’z

o= M

.

& =

o

then by the well-known rule! for the transformation of the Laplacian
operator it follows that

|0 /a®dp\ 0 [a° ay,) d [a® oy

2y — — o — ==

Vv 0z \rz 0z/ |

— = =)+ = — 2

a® 1 0x\r* 0x/ Oy \r2 dy @

1 P. M. Morse and H. Feshbach, ‘**Methods of Theoretical Physics” (McGraw-
Hill, New York, 1953), pt. I, p. 115.
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Now as a result of direct differentiations it is readily shown that
d {a*dyy a O® a"\| ay 0* [a\
ox \r2 ax)— roxt\r’)  raxtr
so that since 1/r is a harmonic function, the right-hand side of equation
(2) reduces to
e o2 4 0* +82){a)
B \oxt | 9yr 922 \r v
Hence we have Kelvin’s inversion theorem that if w($,9,0} is a harmonic
function of &, #, { in a domain R, then

)=t () ®

a (a2x ay a%z
;

N

) ,.’.‘ ,.! re

r

is a harmonic function of x, y, z in the domain R into which R is
carried by the transformation (1).

By the principle of superposition of solutions of a linear partial
differential equation it follows from equation (3) that the functions

; f:l% (;‘ri:)di, ‘;Llf(;,)% ('&:;)dl )

are also solutions of Laplace’s equation for any function /(2) such that
the second of integrals (4) exists.

Kelvin’s inversion method has been adopted by Weiss' to yield
solutions of potential problems which are neat and readily adaptable to
numerical computation. For instance, suppose that y(r) denotes the
potential of an electric field having no singularities within r — a and
that a grounded conducting sphere S of radius a is then introduced into
the field with its center at the origin. To describe the disturbed field
we must find a function y satisfying

(1) () ~ y(r) for large values of r

(i) y=0 onr=a

(i) Vi =0 forr>a

By the above argument it is readily shown that the required function is
given by the equation

a 7
WO = v — v (S 1) )
The charge induced on the conducting sphere is
_ 1 [ aw)
o= -7 ) (5) s
LN
ar I\ ). —

1 P, Weiss, Proc. Cambridge Phil. Soc., 40, 259 (1944); Phil. Mag., (7) 38, 200
(1947).
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where yy(0) denotes the value of y4(r) at the origin. Since y,(r) is
regular and harmonic within the sphere S, it follows from Gauss’
theorem that the first term on the right-hand side of this equation
vanishes, and we have

Q = —ayy(0) (6)

If the conducting sphere is not grounded but insulated, the solution is
a (dr\ a

P = vol®) = o (53] + - vl0) (7)

In the corresponding hydrodynamical problem we have to determine
a function y satisfying the conditions

(1) w(r) ~ () for large values of r
(u) aw onr=a

(iii) V¥ =0 forr >a
These conditions are satisfied by the function
afry 2 Ar
w0 = vl) + 20 (%) = 2 i () ®

Condition (iii) follows from the fact that if yp, satisfies Laplace’s
equation, then so do the functions (3) and (4). To verify that condition
(i) is satisfied we expand w(r) into a Taylor series near the origin.
We then find that as r —» oo,

3 e
WO ~po) +ve® |2 - 2 ["2aa) + 09

showing that ¢(r) ~ ye(r) as r > 0. To prove that condition (ii)
is satisfied we note that

a av ar a
(2~ (), o)~ S wmava]
2 A2y 't N
_[ ’,Vo( ) F(r-grad wo)Jrzadl
0 1
= (22) a0 — (e gradvo)
1[*d [42 (2r)
A
aJo di “2W0\a2/] d
( Oy'o

= 6r )r=a_£_1(r.grad IPO)

=0
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The results obtained by means of Kelvin’s inversion theorem may be
given a quasi-physical interpretation through the language of the
method of images well known in the elementary theory of electrostatics.
The “image system” of the problem whose solution is given by equation
(5) is the distribution of electric charge which leads to a potential

a (a2 r)
r ’Po rz

PROBLEMS

1. A grounded conducting sphere of radius a is placed at the origin in an electric
field whose electrostatic potential in the undisturbed state is V,(x,y,2), a
homogeneous function of degree n in x, y, z. Show that the electrostatic
potential is now given by the equation

prres)
y = (l —;m) Valx,y,2)

Hence determine the electrostatic potential of the field surrounding a
grounded conducting sphere placed in a uniform electric field of strength E.

2. A point charge g is placed at a point with position vector f outside a grounded
conducting sphere of radius a. Find the electrostatic potential of the field,
and show that the image system consists of a charge —gqa/f situated at the
inverse point a?f/f2.

3. If the velocity potential of the undisturbed flow of a perfect fluid V,(x,y,2) is a
homogeneous function of x, y, z of degree n, show that the velocity potential of
the disturbed flow due to the insertion of a sphere of radius a at the origin is

n a2n+]
y = {1 + n—:—lm} V,,(x,y,z)

Deduce the velocity potential corresponding to the flow of a perfect fluid
round a sphere placed in a uniform streanr. oot

> AN
4. A sphere of radius a is placed at the origihﬁ flow produced by a
point source of strength /n situated at the poin, vector f(f > a).

Determine the velocity potential and show that The image system consists of a
source ma/f at the point f* = a*/f? and a uniform sink of line density mfa
extending from the origin to the point f".

8. The Theory of Green’s Function for Laplace’s Equation

We return now to the consideration of the interior Dirichlet problem
formulated in Sec. 4. Suppose, in the first instance, that the values of
v and 0y/0n are known at every point of the boundary S of a finite
region ¥ and that V2 = 0 within V. We can then determine y by a
simple application of Green's theorem in the form (Lass, loc. cit.)

oy’ ayr)
2.0 T2 — L
L(W v — y'Viy) dr L (w Fri A ds (D

where Z denotes the boundary of the region Q.
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If we are interested in determining the solution (r) of our problem
at a point P with position vector r, then we surround P by a sphere C
which has its center at P and has radius ¢ (cf. Fig. 23) and take Z to be
the region which is exterior to C and interior to S. Putting

1
V=
and noting that
Vi = Vip =0
within Q, we see that

L{w(f’)-a%ﬁ,—l_;l
1 91/'} ,

—l"——l'|5l7
T RO
s wr onir’ — r

1 51,9} .
— lr_'——ﬂ n as’'=0 (2)
where the normals n are in the

directions shown in Fig. 23. Now,
on the surface of the sphere C,

1 1 0 1
r’—rlzz’ onjr —r

dS’ = e¥sin § df do

1
¥

Figure 23

. , . 0 . .
and (') = y(r) 1{51n0@s¢%+5m05m¢% +coseg—lf=

vy T )
o~

1
5o that L ‘”('/)a_n]r'——ﬂ dS’ = dmy(r) - O(e)

and

I dy o,
Ll—lr,_ r%ds = Ofe)

Substituting these results into equation (2) and letting ¢ tend to zero,
we find that

l ’
W= o [ |20yl Les @

r' —r| on onlt’ —rl

so that the value of y at an interior point of the region ¥ can be deter-
mined in terms of the values of y and dy/dn on the boundary S.
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A similar result holds in the case of the exterior Dirichlet problem.
In this case we take the region Q occurring in equation (1) to be the
region bounded by S, a small sphere C surrounding P, and £’ a sphere
with center the origin and large radius R (cf. Fig. 24). Taking the
directions of the normals to be as indicated in Fig. 24 and proceeding
as above, we find, in this instance, that

, f 1 op(r’) .0 | | ’
) + 00 - | g T ) 5 ) 95

L s

+ ), \ram ¢ a0

Letting £ —> 0 and R — o0, we see that the solution (3) is valid in the
case of the exterior Dirichlet prob-
lem provided that Ry and R®
dy/dn remain finite as R — co.
This explains the remark made in
Sec. 4.

Equation (3) would seem at first
sight to indicate that to obtain a
solution of Dirichlet’s problem we
need to know not only the value
of the function w but also the
value of dy/dn. That this is not
in fact so can be shown by the
introduction of the concept of a

Green’s function. We define a Figure 24
Green’s function G(r,r’) by the
equation Glrr') = HiEr) - — — ()
=

where the function H(r,r’) satisfies the relations

{ 0% 0* 0?

‘mﬁ—m%—m) Har)=0 )
and H(rx') -+ Ir—l—r—l =0 on S (6)
Then since, just as in the derivation of equation (3), we can show that

1 . Oyp(r’) L 0G| ..
o) = - [ o 2400 ey 2800 4 )

it follows that if we have found a function G(r,r’) satisfying equations
(4), (5), and (6), then the solution of the Dirichlet problem is given by
the relation

1 oG(rr') .,
w0 = — = [ e 0 g ®
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The solution of the Dirichlet problem is thus reduced to the deter-
mination of the Green'’s function G(r,r’).

It is readily shown (Prob. 1 below) that the Green's function G(r,r’)
has the property of symmetry

G(ry,ry) = G(ry,ry) 9)

i.e., if P, and P, are two points within a finite region bounded by a
surface S, then the value at P, of the Green's function for the point P,
and the surface S is equal to the value at P, of the Green’s function for
the point P, and the surface §.
The physical interpretation of
the Green’s function is obvious.
m(p) If § is a grounded electrical
conductor and if a unit charge is
situated at the point with radius
vector r, then

, I ,
.20 G(r,r)—m—FH(r,r)

is the value at the point r’ of the
potential due to the charge at r and
the induced charge on S. The
first term on the right of this equa-
tion is the potential of the unit
charge, and the second is the
vx potential of the induced charge.
Figure 25 By the definition of fi(r.r’) the total

potential G(r,r’) vanishes on S.

We shall conclude this section by deriving the Green's function
appropriate to two important cases of Dirichlet’s problem.

(a) Dirichler’s Problem for a Semi-infinite Space. If we take the
semi-infinite space to be x > 0, then we have to determine a function y
such that V% = 0inx >0,y = f(y,z)onx = 0,and v > 0as r - co.
The corresponding conditions on the Green’s function G(r,r’) are that
equations (4) and (5) should be satisfied and that G should vanish on
the plane x = 0.

Suppose that IT, with position vector g, is the image in the plane
x = 0 of the point P with position vector r (cf. Fig. 25). If we take

—

P(r)

1
p—r’

then it is obvious that equation (5) is satisfied. Since PQ =1T1Q
whenever Q lies on x = 0, it follows that equation (6) is also satisfied.

Hirr)= — (10)
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The required Green’s function is therefore given by the equation

, I 1
G(r’r):m_h’—r’i (11
ll 1] -
where, if r = (x,3,2), p = (—x,3,2).
The solution of the Dirichlet problem follows immediately from
equation (8). Since

oG(r,r') a | 1

on W IVE=XP O =) =2

1
va+xy+@—yf+u—fA
it follows that on the plane x’ = 0
aG(rr) 2x
o 2+ —y»+@E— Z' PR
Substituting this result and w(r') = f(y',2') into equation (8), we find
that the solution of this Dirichlet problem is given by the formula

B S (O
oy = | ) amr o+ = 12
(b) Dirichlet’s Problem for a Sphere. We shall consider the interior

Dirichlet problem for a sphere, i.e., the determination of a function
w(r,0,4) satisfying the conditions

Viy =0 r<a (13)

v — f(0,4) onr=a (14)

The corresponding conditions on the Green’s function G(r,r’) are that

equations (4) and (5) should be satisfied and that G should vanish on
the surface of the sphere r — a.

Suppose that II, with position vector p, is the inverse point with
respect to the sphere r = a of the point P with position vector r (cf.
Fig. 26). Then if we take

a a

H{rr) = —rlp—_;rl = —

(15)

r

’
—El'—l'

it is obvious that equation (5) is satisfied, and it is a well-known
proposition of elementary geometry that if Q lies on the surface of the
sphere, PQ =(r/a)I1Q,so that equation(6)is also satisfied. The Green’s
function appropriate to this problem is therefore given by the equation

ajr

G(rr) = o , (16)
— I —F
r2

r—r]
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Now oG _ 1 [ oR ,OR’
- ke 2R
, at .. 2a%
where R%2=r% 4+ r't — 2rr’ cos G, R’2=ﬁ+r2 . r' cos ©
a7
and cos ©@ = cosfcos O + sinfOsinb cos (¢ — ¢') (18)
G r(a® —1rd
Thus 5= T T AR
and when r' = a,
L e (19)
on  or a(r® + a® — 2ar cos @)

Hence if y = f(0,4) on r = q, it follows from equations (8) and (19)

(a}r.6.9)

Figure 26

that the solution of the interior Dirichlet problem for a sphere is given
by the equation

Lp O Ay — a(a®> — %) fz" ,f" S8 ,¢") sin 6" db’ 20
Y = dé o (@ + r* = 2ar cos Q)2 (20)

where cos @ is defined by equation (18).
Making use of the result of Prob. 4 of Sec. 4, we see that the solution
of the corresponding exterior Dirichlet problem is
a(r* — a?) {'2" f” (0 ,¢")sin b do
D)= ———- ' T
¥(r09) Jo dé o (@ + rt — 2ar cos O

4n D

The integral on the right-hand side of the solution (20) of the interior
Dirichlet problem is called Poisson’s integral. It is interesting to note
that Poisson’s solution of this problem can also be obtained by means
of the method of separation of variables outlined in Sec. 5. The
function

w(r.0,6) = 20 (2) {ZO(A,,,_ COS mM$ + By sin m@)PR(cos e)\l 22)
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is a solution of Laplace’s equation which is finite at the origin.

If
this function is to provide a solution of our interior Dirichlet problem,
then the constants 4,,,, B,,, must be chosen so that

f,¢) = § § (A, cOs mép + B,,, sin m¢) P(cos 0)
n=0m=0

It is known from the theory of Legendre functions that we must then
take
A, _2n -1

i {.f( (0,4 )P, (cos 6")sin 0" dO" dp

L ) T U 1) L I O,
A, = )(m—m)'ﬁ Lf(e,g‘))P,_(cosO)smGcos(md:)d@ d
B _Qn - D my!

g f fo" £(6',¢")P(cos 0') sin 6’ sin (me’) db’ d’

27

Substituting these expressions into equation (22) and interchanging the
orders of summation and integration, we find that

l " i ’ » ’ ’ t
W) = | [ JO' g sin 0 do’ dip 23)
where

g= 2(2'1 + 1 (:—l)n {P,,(cos 6)P,(cos 0)
n=0

< ((n = m)® ’
DA m " 0 .

! 2,..2, ((n + m)!) P (cos ) Pii(cos ') cos m($ — ¢)

From the well-known relations

1 — A ad

5 = (2n = DAL (cos O)
(1 —2hcos @ + p2)*2 “Z)

Po(cos ©) = P.(cos O)P(cos 0) + 2 5 L puicas )
. = P, (cos O)P,(cos 8') Z(n ) w (COS

X P¥(cos 8") cos m(¢ -— ¢')
where O is defined by equation (18), we see that

B a(a® —r?)
7 @ —2arcos© + PP

(24)
Substituting from equation (24) into equation (23), we obtain Poisson’s
solution (21).
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PROBLEMS

1. Suppose that P, and P, are two points with position vectors r, and r,
respectively, which lie in the interior of a finite region ¥ bounded by a surface
S. By applying Green’s theorem in the form (1) to the region bounded by .§
and two spheres of small radii surrounding P, and P, and taking ¢(r’) =
G(r,,r), v(r) = G(r,r), prove that

G(r,ry) = Gr,rn,)

2. If the function y(x,y,z) is harmonic in the half space x > 0, and if on x =0,
y = 1 inside a closed curve C and y = 0 outside C, prove that 2my(x,y,z) is
equal to the solid angle subtended by C at the point with coordinates (x,y,z).

3. If w(x,y,z) is such that V2% =0 for x > 0, y =f()onx =0 and y -0 as
r — o, prove that
x f= fO) ady
wJ_mxz +(—y)»r
4. The function (r) is harmonic within a sphere S and is continuous on the

boundary. Prove that the value of y at the center of the sphere is equal to the
arithmetic mean of its values on the surface of the sphere.

w(x,y,2)

5. Use Green’s theorem to show that, in a usual notation, if at all points of space

V2 - —dmp
where p is a function of position, and if ¢ and r grad ¢ tend to zero at infinity,
then
dv
4= [ pav
R r

9. The Relation of Dirichlet’s Problem to the Calculus of
Variations

The interior Dirichlet problem is closely related to a problem in the
calculus of variations. It is a well-known result in the calculus of
variations! that the function y(x,y,z), which makes the volume integral

{V FOo,y,2,9,909,%,) dr 1)

an extremum with respect to twice-differentiable functions which

assume prescribed values at all points of the boundary surface S of ¥,
must satisfy the Fuler-Lagrange differential equation

oF o (9oF 9 (OF 6{6F)

—= (== — =) + == 2

By ox (aw,) 3y (a%, T2\, )

It follows from this result that the function, among all the functions

which have continuous second derivatives in ¥ and on S and take on
the prescribed values f on S, which makes the integral

19 = | (grad pra- ®

' R. Weinstock, “Calculus of Variations’” (McGraw-Hill, New York, 1952),
pp. 132-135.
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an extremum is the solution of the Dirichlet problem
V?y = 0 within ¥, p=fonS )

The Dirichlet variational problem, that of minimizing the integral (3)
subject to the conditions stated, and the interior Dirichlet problem
are therefore equivalent problems. If a solution exists, then they have
the same solution.

Since [ is always positive, the integrals /(y) formed for admissible
functions y are a set of positive numbers which has a lower bound, from
which Riemann deduced the existence of a function making the integral
a minimum.! It was pointed out by Weierstrass that Riemann’s
argument was unsound, and he gave an example for which no solution
existed, but Hilbert showed later that provided certain limiting con-
ditions on § and on f are satisfied, Dirichlet’s variational problem
always possesses a solution. The value of the method lies in the fact
that in certain cases ‘“direct methods,” i.e., methods which do not
reduce the variational problem to one in differential equations, may
produce a solution of the variational problem more easily than the
classical methods could produce a solution of the interior Dirichlet
problem. The variational method is also of great value in providing
approximate solutions, especially in certain physical problems in which
the minimum value of 7 is the object of most interest; e.g., in electro-
static problems, [ is closely related to the capacity of the system.

[0. “Mixed” Boundary Value Problems

In the problems of Dirichlet, Neumann, and Churchill the function
v or its normal derivative dy/dn or a linear combination of them is
prescribed over the entire surface S bounding the region V in which
V2% = 0. In “mixed” boundary value problems conditions of
different types are satisfied at various regions of S. A typical problem
of this kind is illustrated in Fig. 27. In this problem we have to deter-
mine a function y which satisfies

@ Vi =0 within V
(i) y=/f onS

0

(iit) 6_1:: =g on S,

where S, + S, = S, the boundary of ¥, and the functions f and g are
prescribed.

As an example of a boundary value problem of this type consider the
classical problem of an electrified disk.2 If, in polar coordinates

! This is known as Dirichlet’s principle.
2 G. Green, *‘Mathematical Papers” (Cambridge, London, 1871), p. 172.
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(0.$,2), v(p,$,2) is the potential due to a perfectly conducting uniform
thin circular disk of unit radius which is kept at a prescribed potential,
then the boundary value problem to be solved is

o lady %y N 1 9%

bl Tk Gk (T il 1
0p* .+ pOp 022  p? 02 )

y = g(p.d) onz=0,0<p <l (2)

oy .

B—'i=0 onz=0,p>1 (3)

In equation (2) the function g(p) is prescribed. This equation expresses
the fact that the potential is prescribed on the surface of the disk, while
the equation (3) is equivalent to assuming that there is no surface
density of charge outside the disk. The problem is to determine ¢ or,
more usually, to find the surface of the disk. It is also assumed
that v — 0 as V2 + 22 - oo.

¥=(  Suppose that

g(p,$) = G(p) cos n(¢p — &) (4)

Then we may write y = ¥(p,2) cos
n(¢ — ¢), where

oY 1oY nt oY

T e e
(5)
%Q=g and
" ¥Y=G((p) onz=0,0<p<1
X (6)
Figure 27 %j:o onz=0,p>1 (7)

The form (4) is more general than it appears, since it is possible to

derive a solution for functions of type g(p,$) by a Fourier superposition
of functions of type (4).

To derive a solution of equation (5) we note that
e U, (p1)

is a solution of the equation. By the superposition principle it follows
that

F(p,2) = J;wf (D)e™¥,(pt) di (8)

is also a solution for any arbitrary f(z) such that the integral on the
right exists.  Substituting from equation (8) into equations (6) and (7),
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we see that the function f(f) is determined by the pair of dual integral

equatlons .
@

| JOTedr=Glp) 0 <p<lI ©9)

J e di =0  p> 1 (10)
0

Using the fact that

aw\ i aw \
(a—z) T \3_2) n+ 4n0 =0
we see that the total surface density o on the two faces of the disk is
s(p) cos n(¢ — ¢), where
1 /=
= 11
s0) =5 | Y 0IGe0) di ()

A general solution of the dual integral equations (9) and (10) has been
given by Titchmarsh.* It is found that

27 1 .MIG( .)d,
= /2| Yy )a
S ,/; "r.l,,-,(t) [) \/1__}‘

{1 w" Y du

Jo vT — g2

[ G | a2

Substituting from equation (12) into equation (11), we then get the
expression for s(p).

Solutions of the dual integral equations (9) and (10) in various special
cases had been given prior to Titchmarsh’s analysis by Weber [n = 0,
G(p) constant], Gallop [n =0, G(p) = Jo(cp)], Basset [n =1, G(p)
= Jy(cp)]. MacDonald [ arbitrary, G(p) = J,(cp)], and King [» integral,
G(p) arbitrary]. 1In all the cases considered the analysis was difficult
and long, but the surprising thing was that the final results were simple.
This suggested to Copson? that we might give a simpler derivation of
the solution by starting with a more suitable form of potential function.
Copson took, instead of the form (8), the form

2
0

0 r

(13)

where r is the distance of a general point (p,4,2z) from a point (p',¢',0)
on the disk. To give the correct boundary conditions on z = 0 we

L E. C. Titchmarsh, “Introduction to the Theory of Fourier Integrals’ (Oxford,
New York, 1937), p. 334.  The form of solution given here is due to I. W. Busbridge,
Proc. London Math. Soc., 44, 115 (1938).

*E. T. Copson, Proc. Edinburgh Math. Soc., (iii) 8, 14 (1947).
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must have o(p’,¢") = s(p’) cos n(¢' — ¢€), where s(p’) is chosen so that
1 2r o ’
{ ()’ dp’ f co,s n(d ,E) dé ’
Jo Jo Vp? + p —2pp’cos (¢ — ¢)
= G(p)cos n(¢ —¢) (14)

when 0 < p < 1.
Now it is readily shown (cf. Prob. 1 below) that the inner integral has
the value

4 cos n($ — ¢) (“”"“’"‘" 7 dr
(pp)" Jo Vet ) —1?)
so that equation (14) becomes
4 [ f M 4 12 dr
— S " du
Ly st an [ — e

. 1" dt |
e
s To=e=nl =

Inverting the order of integration, we find that
e [Pt (Vs(p)p i dp
{emGlp) = = ,
oVt — 2 Vpr g2
To solve equation (15) we let

_ [ts(p)e ™ dp’
S(P)—le ﬁ 0<P<1 (16)

+ [ st do

0<p<l (15

and obtain

° 122 S(1) dt
0 1/P2 _ f2
If G(p), G'(p) are continuous, it follows by a trivial transformation of

the well-known solution of Abel's integral equation® (cf. Prob. 2 below)
that

1r"G(p) = 0<p<l (17

1 d (" "H1G(1) dt

18
2mp* dp Jo A/ p? — 12 (1%

S(p) =

It only remains to derive the expression for s(p) from this expression
for S(p). If S(p) and its first derivative are continuous in any closed
interval [n,1] for any positive value of 5 < I, then, by an application
of the solution of Abel’s integral equation (cf. Prob. 3 below), we have
2 . 4 [t S(nde

= —Z — 0<p<l 19
s(p) ) Y g p (19

which solves the problem.

1 M. Bocher, “‘An Introduction to the Study of Integral Equations” (Cambridge,
London, 1929), p. 8.
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Hence we have:

Copson’s Theorem. If the potential on the surface of the circular disk
z=0,0 <p <1 isG(p)cos n(¢ — &), where ¢ is a constant, n is zero
or a positive integer, and G(p) is continuously differentiable in 0 < p <1,
then if S(p), defined by (18), is continuously differentiable in [n,1] for
any positive n < 1, the surface density of electric charge on the surface
of the disk is s(p) cos n($ — ¢), where s(p) is defined by equation (19).

Example 8. Find the surface density of charge on a disk raised to unit potential
with no external field.

Here n = 0, and G(p) = I.

(@) Dual Integral Equation Method. From equation (12) we find that

f([) =§w

!
so that, by equation (11),
l ay .
s(p) = —ZJ. sin t Jo(pt) ar
™ Jo
From the known value of this integral® we see that
1

s(p) = I
(b) Copson’s Method. From equation (18) we have
| d fo_ tdi 1
S(p) = —2_"FPJ0 VE-f 2.
so that, from equation (19), we obtain the solution
1 tdl 1
s(p) = _%Pdi:’)[; N T —

Mixed boundary value problems occur in the theory of elasticity in
connection with “punching” and “crack”™ problems. For a discussion
of these problems the reader is referred to I. N. Sneddon, “Fourier
Transforms” (McGraw-Hill, New York, 1951), Secs. 47, 48, 52, 54, 55,
where the dual integral equation approach is used, and to N. L
Muskhelishvili, “Singular Integral Equations” (Noordhoff, Groningen,
1953), Chap. 13, where an approach rather similar to Copson’s method
is used.

PROBLEMS

1. If nis zero or a positive integer and if both @ and b are positive, prove that

[‘2‘" eind di 4  rminab) 25 dt
o V& T B — 2abcosg (@b JO Vit =5 =1

where both square roots are taken to be positive.

! Watson, “A Treatise on the Theory of Bessel Functions,” p. 405.
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2. If f(x) and f'(x) are continuous in the closed interval [0,a], show that the
solution! of the integral equation

"f gt dr
f(x) = '0 g—

T 0<x<a
vl -

2 d J" @ at

rdx Jo vxt -2

gx) =

3. If f(x) and f'(x) are continuous in ¢ < x < a, prove that the solution® of the

integral equation
® g(r)de
S = Awom c<x<a

_ 24 [T W
W =Tk, ve==

4. A disk of unit radius is grounded in a uniform external field of strength E
parallel to its surface. Prove that the surface density of electric charge is
given by the equation

2Epcos ¢

o) = T

5. Show that in Gallop’s case n = 0, G(p) = Jy(cp) the problem of the electrified
disk has a solution of the form

_c 1 t cos (ct)
o) z“m’ﬁﬁ w—

I'l. The Two-dimensional Laplace Equation

In some problems of potential theory the physical conditions are
identical in all planes parallel to a given plane, say the plane z = 0.
In that case the potential function y does not depend on z, so that
dy/0dz and 9%y/0z* vanish identically, and Laplace’s equation reduces to
the form

Py Oy =
Eri i W
If we introduce the operator
. O 02
ViTa T @

1 In the solution of Probs. 2 and 3 use is made of the fact that the solution of
Abel’s integral equation

z w(f) dé
f(X)—E(T_—f)i 0<d1<l

u(x)
Cf. Bocher, op. cit., p. 8.

dx (x — )14

_sin (nz)if’ f(nyar



LAPLACE'S EQUATION 181
we may write this equation simply as
Vig=0 &)

We shall refer to equation (3) as the two-dimensional Laplace equation.

The theory of the two-dimensional Laplace equation is of particular
interest because of its connection with the theory of functions of a
complex variable. We shall give a brief account of this relationship
in the next section. In the remainder of this section we shall indicate
how methods similar to those employed in the case of the three-dimen-
sional equation yield information about the solutions of equation (3).

It is a well-known result of elementary calculus® that if P(x,y) and
Q(x,y) are functions defined inside and on the boundary C of the closed
area K, then

" (2Q aP ) ) '
JK (B_x — X ds = J‘.(P dyv 4+ Q dy) (4
If, in this result, we substitute
oy oy
VAR = —
oy 0 ox
and make use of the fact that
op , Oy , Oy
EERU L

where dy/dn denotes the derivative of y in the direction of the outward
normal to C, we find that

R C Oy
720 = | X4 5
L(vﬂ) as J(,‘ on ds (5)

Hence if the function y(x,y) is harmonic within a region K and is
continuous with its first derivatives on the boundary C, then

© 3y
| =0 (6)
This result is sometimes known as the theorem of the vanishing flux.

It is immediately obvious from equation (5) that the converse of this
theorem is also true; i.e., if ¥(x,p) is a function which is continuous
together with its partial derivatives of the first and second orders
throughout the interior of K and if

fﬂds’:ﬂ
C

v On

ot

where C’ is the boundary of any arbitrary region K’ contained in K, then
y is harmonic in K.

* R. P. Gillespie, “Integration” (Oliver & Boyd. Edinburgh, 1939), p. 54.
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Similarly it follows from equation (5) that if Viy = —4mp throughout
K, then

oy ( ,
f'. F ds = —4= . p(x,y) dS @)

Laplace’s equation in two dimensions when written in plane polar
coordinates r, # assumes the form

; 10/ oy 1 %
2 )} == - — N — —_
Viy ror (r ar) * rt 062 0

so that if y is a function of r alone,

d dv,u)_
E(’Z =0

from which it readily follows that
y=Alogr+ B

where 4 and B are constants. If we write
I
y=24q log; (8)

with g a constant, then Viy = 0 except possibly at the origin, where v is
not defined. This solution has the property that if C is any circle with
center at the origin, the flux of p through that circle is —dng. It
therefore corresponds to a uniform line density g along the z axis which
appears as a point singularity in the two-dimensional theory.

In a manner similar to that employed in the three-dimensional case
(Sec. 2) we could construct potential functions of the type

1
W) = |, g€ log oy ©)

where r = (x,y), etc. Because of this form of y a two-dimensional
potential function is referred to as a logarithmic potential. It is
readily shown that if C has a continuously turning tangent and if
q(x',y') is bounded and integrable, ¥(x,y), defined by (9), is continuous
for all finite points of the plane including passage through the curve C.
If g(x’,y’} is continuous on C, which itself has continuous curvature,
then, in the notation of Fig. 28,

s _ Oy
_on on |

= —2ng(4) (10)

A

Oy, a%] _ f :[a 1 ] ,
o T on A—2 Cq(l‘) an1°g Ir—r| Ads (D
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Similarly the potential of a doublet distribution on a line C is given
by an expression of the form

N 1 .
V’—Lﬂ(l’)a—nlf’gmds
COS(n,p)dy,

P

If the tangent to the curve C turns continuously and if 4 is continuous
on C, then

y2 — = 2mu(A), w2+ v, = 29(A) (12)
We shall now make use of these results to show how the interior
Dirichlet problem
V2 = 0 within V, y=fonC (13) 2

may be reduced to a problem in the theory
of integral equations. If we assume that

o) = [ uts) 20 g

where the function u is unknown, then it
follows from equations (12) that

v = w(A) — wu(A) c
so that from equation (13) Figure 28

16 = Ju6) |22 a5 = ruy)

If we write
| s ,
L6 _ gy, A[eos@e)] _ g
™ 7L p 14
then the problem reduces to that of solving the nonhomogeneous integral

equation of the second kind ,
W) +86) = | ueIKGss) ds'

for the unknown function .

For a full discussion of the applications of the theory of integral
equations to Dirichlet’s problem the reader is referred to Chap. 7 of
Muskhelishvili’s “Singular Integral Equations” cited above.

PROBLEMS

1. Prove that if y is continuous within and on the circumference of a circle and is
harmonic in the interior, then the value of y at the center is equal to the mean
value on the boundary.
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Prove that if y is harmonic inside a region S and is continuous on the boundary
C, then y takes on its largest and its smallest value on C. Furthermore that
if  is not a constant, then it cannot have an absolute maximum or minimum
inside S.

Show that if a, and b, are constants,
x n
w(r,0) = 3a, + Z (5) (a,cosnb + b, sin n0)
a
n-1

is a solution of V¥ = 0 in the interior of the sphere r = a.
If y = f(0) when r = a, determine the constants and show that

at —r? f?w £ ds’

6) =
Yl =) Edwcos@ — BT 7

If v =0 for x > 0 and v = f(y) on x = 0, show by using the method of
Fourier transforms that

[

I e
= — Se-Wlx-1ty ¢
w(x,p) 75 ' F(He ds

7 J

where F(£) is the Fourier transform of f(y).
Deduce that
x [ fO)dy
= - —_—
W(x.y) - J_, X2 ¥ (y _yA)z

Reduce the solution of the exterior Dirichlet problem to that of an integral
equation.

By taking

wr) = f q(s") log ——; ds’
c |

1
r—r
show that the solution of the interior Neumann problem
2 Lo oy
Vi = 0 inside S, a—”=fonC
reduces to that of the integral equation

q(s) + ( K(s',5)q(s") ds” = g(s)

SO
2 | 1
R

where gs) = ﬁi) . K(s',5) = 1
m w A

Relation of the Logarithmic Potential to the Theory of

Functions

There is a close connection between the theory of two-dimensional
harmonic functions and the theory of analytic functions of a complex
variable. The class of analytic functions of a complex variable

x + iy consists of the complex functions of z which possess a
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derivative at each point. It can be shown! that if ¢ and y are the
real and imaginary parts of an analytic function of the complex variable
x + iy, then ¢ and p must satisfy the Cauchy-Riemann equations

o Oy op Oy )

ox  dy ’ dy T ox (
Now it can be proved that the derivative of an analytic function is
itself analytic, so that the functions ¢ and % will have continuous
partial derivatives of all orders and, in particular, Schwartz’s theorem

2 o Py Py o
axay—ayax, axay_ayax

will hold. Combining the results (1) and (2), we then find that
Vig =Vip=0 3

i.e., the real and imaginary parts of an analytic function are harmonic
Sfunctions. The functions ¢, v so defined are called conjugate functions.

The converse result is also true: If the harmonic functions ¢ and y
satisfy the Cauchy-Riemann equations, then ¢ + iy is an analytic function
of z=x +iy.

If either ¢(x,y) or y(x,y) is given, it is possible to determine the
analytic function w = ¢ + iy, for, by equations (1),

dw _ 0 n Oy

o =y T ig, = $ilxy) — idux,y)

where ¢, = 94/0x, b, = 0¢/0y. Putting y = 0, we have the identity

B = $20) — ige(=0) @

from which wmay be derived by a simple integration. If y is given,
then, in a similar notation,
dw .
F’ = Wz(Z,O) + 11)01(2!0) (5)

Example 9. Prove that the function

x
R
is @ harmonic function, and find the corresponding analytic function ¢ + iy.
For this function
% x2 —y? ¥ 2xy
x T @ oy &+ P
ana « further pair of differentiations shows that V3¢ = 0. Puttingy =0, x = zin
1 See, for instance, L. V. Ahlfors, “Complex Analysis” (McGraw-Hill, New York,
1953), pp. 38-40.
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these equations, we find that ¢,(z,0) = 1 — z7%, $,(2,0) = 0, so that

dw 1 1
dz z? .
from which it follows that
w=2z+ -
z

The conjugate function y is therefore given by the equation

—y 2
vEY T e s ¥y
In the notation of vector analysis the Cauchy-Riemann equations (1)
can be written in the form

grad ¢ = (grad y) x k (6)

where k = (0,0,1) is the unit vector in the z direction, from which
we conclude that the sets of curves
¢ = constant and y = constant inter-
sect orthogonally. Also if s is a unit
vector in any direction and n is a unit
vector perpendicular to s measured anti-
clockwise from s (cf. Fig. 29), we get
the general results

dp Oy o0 Oy
= ama
We consider now the application of these results to the motion of an

incompressible fluid in two dimensions.  If (4,0) denote the components
of velocity at a point (x,y) in the fluid, then if the fluid is incompressible,

n s

Figure 29

ou Oov

'a—)'c + 3}’ =0 (8)
and

dv  du

a a_y =4t (9)

where { denotes the vorticity. If, therefore, a fluid is incompressible,
it follows from equation (8) that there exists a function » such that

oy Oy
U= — @, v = a—x (10)
and, from equation (9),
{=Viy (1

If, in addition, the motion is irrotational, then
Vipg =0 (12)
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On the other hand if the fluid is incompressible,

b _H_y
ox dy
so that there exists a function ¢ such that
o _ 9
u= — a—x ’ V= — T}’ (13)
and
ou Ov 2
Ec + a_y = —Vi¢
If, in addition, the fluid is incompressible, then
Vi =0 (14)

Hence for the irrotational motion of an incompressible fluid both y and
¢ exist and satisfy Laplace’s equation. The function y is called the
stream function and ¢ the velocity potential. From the equations (10)
and (11) we have immediately that

@ _ B __ W

x 9 ¥y  ox
so that the Cauchy-Riemann conditions are satisfied and

w=¢ + iy (15)

is an analytic function of the complex variable z = x + iy. The
function w is called the complex potential of the motion. Since

dv 0 v
dz x| 'ox
it follows that
dw .
5= + v (16)
showing that
dw —_
= 2 2 — 17
pe Vi 4 v q )

is the magnitude of the resultant velocity at a point in the fluid.

The stream function y is constant along a streamline.

If the motion is steady, the pressure p at a point in the fluid may
be derived from Bernoulli’s theorem which states that along a streamline

}l—;+%q2+V

is a constant whose value depends on the particular streamline chosen;
V denotes the potential energy in the field.
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It is sometimes convenient to use relations of the kind

z=f(w)
instead of w = f(z). It is readily shown that
lo|® (18)
q dw
Example 10. Show that the relation
= —U(z + a;)

gives the motion of a fluid round a cylinder of radius a with its origin fixed at the
origin in a stream whose velocity in the direction Ox is U.
Separating the complex function

L _ax =iy
¢+ iy = _U(x+1y+—xfz+—y.:)

into its real and imaginary parts we find that
a2

Ux|1 ) (1-52 )
Q"—— X( +m . w————Uy\ _Xz—’b'g

The components of velocity are therefore given by the equations
a*(y? — XZ)) a*xy
= U "2
o+ P v U o* + PP
It follows therefore that y = O on the circle with equation x? + y® = 4? and that at

a great distance from the origin w = U, v = 0. The given complex potential
therefore satisfies the stated conditions.

u=U(1+

Two-dimensional  problems in

electrostatics can be tackled in a

similar way. In this case ¢ denotes

the electrostatic potential, so that

B the lines in the xy plane with equa-

tions ¢ = constants are the equipo-

tential surfaces. The lines y = con-

stant cut these lines orthogonally,

_ and so they must correspond to the

A lines of force. A potential function

¢ derived in this way could solve the

problem of the distribution of electric

force in a condenser formed by two

@=0 $=c conductors, one of which has equa-

Figure 30 tion ¢ = 0, and the other of which

has equation ¢ = c¢. The charge

distribution in such a problem can be calculated easily. If o is the
charge density at a point, then

4 an 47 Os
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by the second of equations (7). Hence the total charge between A and
B per unit length perpendicular to the xy plane is

B 1
q=f 0ds=4—ﬂ(w3—w,1) (19)

A

a result which is of great use in the calculation of capacities.

For instance, if the normal sections of two infinite conducting
cylinders are given by the closed curves ¢ = ¢, and ¢ = c,, where
é + iy = f(x + iy), then the capacity per unit length of the cylinders is

1
Pt (20)

where the integral is taken round the curve ¢ = ¢, in the positive sense.
b

P(xy)

Figure 31

Example 11.  An infinite conducting cylinder C of small radius a is placed parallel
to an infinite plane conducting sheet and at a distance ¢ from it. Show that the
equation
z—c
z+c

é + iy = log

(¢ real) gives approximately the equipotentials and lines of force if the plate is grounded
and the cylinder is at potential —log (2c/a).
Show that the capacity of this system per unit length is [2 log Qcla)™
If
z—c
z+c

é + iy = log
then writing z — ¢ = r€®%, z + ¢ = r*s, we see that
L4 .
$ =log=, y =i — 0
£

Now on the plane x = 0, r; = ry, so that ¢ = 0 while on the cylinder if a - ¢,
rg ~2c, and r; = a, so that

¢ = -—Iogz‘:
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As we go round C in the positive sense, 6, changes by an amount —2n, while the
total change in 6, is zero. We therefore have

§dw = =2

Substituting these results in equation (20), we get the answer stated for the capacity
of the system.

The main advantage of the method of conjugate functions is that
the theory of conformal representation can sometimes be employed to
reduce one problem to a simpler one whose solutionisknown. Toshow
how this may be effected we consider the transformation

i=1 @n

in which the function f(z) is an analytic function of z, which maps
the z plane on to the { plane.! Since df = f'(z) dz, it follows that
any small element of area A4 in the z plane in the neighborhood of
the point z = a becomes an element of area | f'(a)[2A4 in the neighbor-
hood of the point { = f(a) turned through an angle arg f'(a). It can
also be shown that if two curves C;, C, in the z plane intersect at an
angle «, then the images I';, I', of these curves in the { plane intersect
at the same angle, the sense of rotation as well as the magnitude of «
being preserved. For this reason the transformation (21) is said to be a
conformal transformation.

The importance of conformal transformations in potential theory
arises from the fact that if &€ + ip = f(x + iy) is a conformal mapping
which takes a function ¢(x,y) into a function ®(&,7), then

b 2Dy |dz|? (0% 9%\
(szi*a—qz =t (8_x2+6_yz) 22)

so that if [dz/dl] is not infinite, and if

0% 0%

e
it follows that

0*d 920

-— L —=0

PR

so that the function ®(&,n) is harmonic in the & plane. Furthermore
any curve in the xy plane along which the function é(x,y) is constant is
mapped into a curve in the &7 plane along which the function ®(&,n) is
constant.
If there is a charge ¢ at the point ¢ in the z plane, then the complex
potential is
w= —2glog(z —¢)

! Ibid., pp. 69-81.
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In the transformed problem the complex potential
d
W= —2qlog 7 ({ —7)

= —2qlog({ —7) + @
where (Q is analytic at the point { = y = f(c). In the transformed
problem there is an equal charge g at the point { = y into which the
point z = ¢ is transformed.
In any two-dimensional electrostatic problem the potential function
for prescribed boundaries and distribution of charges in the z plane is
equivalent to the potential function for the transformed boundaries and

7

charges in the { plane. If the solution of the problem in the { plane
is known, then by transforming back to the z plane we can derive the
solution of the original problem. We shall illustrate the procedure by
means of an example.

y |

7

2 plane Flgure 32 T plane

Example 12. Midway between the grounded conducting planes 6 = +w[(2n) there
is placed at a distance a from the origin a point charge q. Show that the lines of force
have polar equations

rn — g = 2ka"r" sin (n6)
where k is a parameter.
If we make the transformation
{=2" = rreind
then the boundaries 8 — +=/(2n)go into the imaginary axis § = 0 in the { plane,and
the point P(a,0) goes into the point Il(a",0). Now the solution corresponding to a
point charge ¢ opposite a grounded conducting plane { = 0 is readily seen to be

W) = 2qlog +o
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Transforming to the original variables, we therefore have the complex potential

w(2) = 2qlog T2

If we write z = rei® then

" + @ — g®" — 2ig"r™ sin (nB)

= = [l
2" —a® ™= g™ — 2a™r" cos (nf)
2a™r" sin (nf)
where tan @ g
Thus y = —2¢©, so that the lines of force y = constant have equations of the
form

rin - g*™ — 2ka"r™ sin (nf)
where k is a parameter.

For a complete account of the theory of conformal mappings the
reader is referred to ‘“Conformal Representation,” by Z. Nehari
(McGraw-Hill, New York, 1952). In the application of the theory to
the solution of particular problems it will be found useful to consult
H. Kober's “Dictionary of Conformai Representations” (Dover,
New York, 1952).

PROBLEMS

1. Prove that the function
# =sinxcoshy + 2cos xsinh y + x2 — 2 + 4xy
is a harmonic function, and find the corresponding analytic function & -+ iy.

2. If the two-dimensional motion of a fluid consists of outward radial flow from a
point such that the rate of emission per volume per unit time is 2=m, we say
that the point is a simple source of strength m. Show that the complex
potential of such a source at a point (a,b) is given by

w —mlog(z —y)
where y = a 1 ib.

3. Show that the relation
22 _ g2
w —mlogH5——=
22+ a®

gives the motion in the quadrant of a circle due to equal sources and sinks at
the ends of its bounding radii.

4.! Suppose that the irrotational two-dimensional flow of incompressible inviscid
fluid in the z plane is described by a complex potential f(z). If there are no
rigid boundaries and if the singularities of f (z) are ali at a distance greater than
a from the origin, show that when a rigid circular cylinder z = a is introduced
into the field of flow, the complex potential becomes

w=f(z)+f(§)

! This is Milne-Thomson’s circle theorem. See L. M. Milne-Thomson, Proc.
Cambridge Phil. Soc., 36 (1940).
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5. Prove Blasius’ theorem that if, in a steady two-dimensional irrotational
motion given by the complex potential w = f(z), the hydrodynamical pressures
on the contour of a fixed cylinder are represented by a force (X,Y) and a
couple N about the origin, then

X—-iY=4% [ (dw)zd
—iY = 31p - z
Jeo dz

dw\2
and N = _%PRJ‘ z (F) dz
o z

where the integrations are round any contour which surrounds the cylinder.
6. Show that the transformation
z = aitkw + 1 — k%)
determines the potential and stream functions for a conductor at potential
¢ = 0, of which the boundary is given by the freedom equations
x = a(® — sin 6), y =a(l — cos 6)

Show that at points where y is large and negative the field is uniform and of
strength (ak)™1.

7. The motion of a sheet of liquid in the infinite strip of the z plane between the
lines y = O and y = a is due to a unit source and a unit sink at the points
(0,a/3) and (0,2a/3), respectively. Prove that the motion of the liquid can be
determined by the transformation

2(coshnzla) — 1

v=re 2(coshnzfa) + 1

and find the pressure at any point on the x axis.

I3. Green’'s Function for the Two-dimensional Equation

The theory of the Green’s function for the two-dimensional Laplace
equation may be developed along lines similar to those of Sec. 8. If
we put

oy’ oy
P=—y @ ’ O=v Tx
in equation (4) of Sec. 11, we find that
o [ [dpoy Oy 5w') dy’
2 ([ (et SRRk .o = b4
(1\ pViv'ds -+ Jr \9x 9x dy dy as cw on as 0

If we interchange y and v’ and subtract the two equations, we find that
o o . aw)
2,07 Loy —_ -r ’r

_l.K (wViy' — v’ Viy) dS L (w p O ds ()

Suppose that P with coordinates (x,y) is a point in the interior of the
region S in which the function y is assumed to be harmonic. Draw a
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circle I' with center P and small radius ¢ (cf. Fig. 33), and apply the
result (2) to the region K bounded by the curves C and I" with

' — Jog
[Py

Since both y and o’ are harmonic, it follows that if s is measured in the
directions shown in Fig. 33,

2 ! 1 By,
(L * fc){“" Nty a1 =0 O
Proceeding as in the three-dimensional case, we can show that

eraa | lds = 2mp(x,y) + O(s)

and that

< —2nMeloge

i 1 oy,
I, log =13 @

where M is an upper bound of dy/or.
Inserting these results into equation
(3), we ﬁnd that

1 ow(x',y
V,(“’),) =5 “ { og—— w(;n,}’)

r—r

Figure 33 — w(x',y') logI ,l_ l] ds’ (4)

analogous to equation (3) of Sec. 8.
If we now introduce a Green’s function G(x,y;x’,y’), defined by the
equations

Gx,y;x',y") = wlx,y;x',y") + IOghl—ﬁ %)

where the function w(x,y 'x’,y’) satisfies the relations
( 6?:’2 T3 ,’ w(x,yix' ) —~ 0 (6)
w(x,y;x",y’) = log|r —r’|on C @)

then just as in the three-dimensional case the solution of the Dirichlet
problem

Viy = 0 within S, y=f(xy)onC 8)
is given by the expression
3(' (x.y5x's
W) = — o [ vy EELXD) 4 ©

where n is the outward-drawn normal to the boundary curve C.



LAPLACE'S EQUATION 195

We consider two special cases:

(a) Dirichlet’s Problem for a Half Plane. Suppose that we wish to
solve the boundary value problem Viy = 0 for x >0, vy = f(y) on
x=20,and y >0 as x > co. If P is the point (x,y) (x >0), I is
(—x,y), and Q is (x",y"), then

ey’ ) — QH

G(x)y WX ’y) - log QP

(cf. Fig. 25) satisfies both equation (6) and equation (7), since [1Q = PQ
on x = 0. The required Green's function is therefore

+xP 4+ —y)r

Glx,y;x',y)=1%lo - - 10
Gy =t =y a0
Now on C
6_ (6 2x
on X'y X2+ (y—))

so that substituting in equation (9), we find that

 [* L)Y
y) =— - 11
R I (1)

This is in agreement with what we found in Prob. 3 of Sec. 8 and Prob. 4
of Sec. 11.

(b) Dirichlet’s Problem for a Circle. In this instance we wish to find
a solution of the boundary value problem

Viy=0,r <a, y=f(@)onr=a

We take P to be the point (r,6), Q to be (+',8"), and I to be the inverse
point to P and therefore to have coordinates (a?/r, 6) (cf. Fig. 26).
We see that

r-11Q

a-PQ

is harmonic within the circle except at the point Q, where it has the
right kind of singularity. Further, G vanishes on the circle r’' = a.
We therefore have

G(r0;r',0") = § log

G(r,6,',6") = log

a® + rir'¥fa® — 2rr' cos (0’ — 0)
r'®+r* —2rr'cos(® —90)

Now on C
oG _ (a_G) —(a® —r?)
on  \or),_, a(a® —2arcos (6 —0) + r¥)
so that
. a? _ rz 2m f(ol) dol
wrf) = 2m J:) a® —2arcos (6" —6) + r? (12

in agreement with what we found previously in Prob. 3 of Sec. 11.
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Equation (12) is known as Poisson’s integral solution of the two-dimen-
sional problem.

We shall conclude this section with a theorem about the two-dimen-
sional Dirichlet problem which has no counterpart in three-dimensional
space. It concerns the relation between conformal mapping and
Green’s function. Suppose that the function

w = f(z2)
maps the region S in the xy plane on the unit circle in the uv plane in
such a way that f(a) = 0. Then the function f must be of the form

F@) =z — @er»

where g is regular and f(z) = 1 on C. Hence

log f(z) = log (z — a)+ g(2)

vanishes on C, is harmonic in S, and has a singularity like log r, so that

log | f(z)] = —G(x,y;u,p)

On the other hand, log|/f(z)| is determined by G(x,y;u,v), and
therefore so is Rg(z), and hence g(z) is determined within a constant.
The problem of the conformal mapping of a region S in the xy plane on
the unit circle in the uv plane is equivalent to that of finding the Green’s
function of §, i.e.,, to solving an arbitrary Dirichlet problem for the
region S.

PROBLEMS

1. Use Poisson’s integral formula to show that if the function y is harmonic in a
circle S and continuous on the closure of S, the value of y at the center of §
is equal to the arithmetic mean of its value on the circumference of S.

2. If the function (x,y) is harmonic within a circle of radius a with center the
origin, prove that

W) 4 300) = R— [ 2
- mia 01 —_Z

where C denotes the circle | 2| — « in the complex « plane.
Deduce that every harmonic function w(x,y) is analytic in x and y.

3. If the function ¥(x,v) is harmonic in the interior of a region S and if 4 is an
interior point of § at which the value of v is equal to the least upper bound of
tts values in S and on its boundary, prove that ¢ is a constant.

4. Provethatify(x,3) (i = 1,2, . . .)is a sequence of functions each of which is
harmonic in the interior of a finite region § and continuous in § and on its
boundary and if this sequence converges uniformly on the boundary of S, then
it also converges uniformly in the interior of S to a limit function which is
harmonic in the interior of S.t

5. Prove that if a series of nonnegative functions y,(x,y), harmonic in the interior
of §, converges at some interior point of S, then this series converges to a
harmonic function at every point of S.

t This is known as Harnack’s first theorem.
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Show also that the convergence is uniform in every closed bounded region
of S.t

Prove that if a nonconstant function w(x,y) is harmonic in the whole plane, it
cannot be bounded from above or from below (Liouville’s theorem).

MISCELLANEOUS PROBLEMS
Prove that if ¥, is a homogeneous function of x, y, z of degree n and
rt=xt 4% 4z
V™V, = mim + 2n + Dr™2V, + rmviy,
Deduce Kelvin’s theorem that if ¥, is a harmonic function, so also is

prnly
Prove that if ¥, is a homogeneous function of x, y, z of degree n which
satisfies Laplace’s equation, then

gptats V.,,

axPay% 0z
is a homogeneous function of degree n — p— g — s satisfying Laplace’sequation.

Prove that if V,(x,y,z) is a homogeneous rational integral function of degree
n, the function

2 s

[1 t £ - ...
[ 2(2n — 1) 242n — D20 — 3)

32 a2 52
axE ayfs ° 7%

Valx,,2)

where Ve =

is a harmonic function.

A number of point charges e, are placed in positions having rectangular
coordinates (£,7,,0,). Show that inside any sphere around O in which there
are no charges the electrostatic potential is given by

©

dlx,y,z) = 3 S,
n=0

L3
where Sy % nTkH Py
'k

_Gx oy + Lz
Pyt

Show that if ¢ is a symmetrical function of x%, y?, and z%, then S, = 0 for

n=1,2, and 3.

Find expressions for the potential near O, correct to terms in r4, for:
(a) six equal charges e at the six points (£4a,0,0); (0,+4,0); (0,0,+a);
(b) eight equal charges —e at the eight points (b, 3-b,+b).

Show that to the order considered the electric intensities are the same if
8a% = 81V3h. [P, = 4(3u? — 1) and P, = §(35u4* — 30u® + 3) may be
assumed.]

r=0r+ 2+ Y =l DY

A mass m is at a point whose displacement from the origin is a. Show that
its potential at a sufficiently great distance r from the origin is
| 1 m
l—@Vv)+ 5@ V)-r5@v)+ - 77
where ¥ is the vector operator with components 9/dx, 9/dy, 0/ dz.
t This is known as Harnack’s second theorem.
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Eight masses m are placed at the points +1, +1, £1. Show that at large
distances from the origin the potential is
i 8ym  14yml*

r r®

{5(x* + y* + z% — 3r*} + smaller terms

Deduce, or otherwise prove, that near the origin

_ 8ym _ 14ym

V3 3

Show that the gravitational potential produced by a given distribution of
matter at a distant point P is given approximately by

ym YA+ B+ C -3
R 2R3

where m is its mass, 4, B, and C are its principal moments of inertia at its
mass center G, [ is the moment of inertia about GP, and R is the distance GP.

Relative to polar coordinates with G as pole, the surfaces of equal density
arer = a + &(a)5,(0,4) where £(a) is a small quantity whose square is negligible
and §, is a surface harmonic of second order; the boundary of the matter is
the surface of equal density given by @ = 5. Show that the second term in the
expression for ¥ reduces to

{5(x* + * + 2% — 3r%} + smaller terms

V=

.
x)*a f @) (;ia (a*) da f f S, Py(cos 67 sin 0 db dé
(1]

where 8" is the angle between r and R.

If the electrostatic potential of a system is given by
A2+ V2 + 29732 z tan! d

show that the lines of force lie on the surfaces )
x* + )2 + 2% = B(x® 4 )23

The density at any point of a thin spherical shell of total mass M varies
inversely as the distance of the point from a point C inside the shell at a
distance ¢ from its center O. Denoting OP by r and the angle POC by 6,
prove that the potential at an external point P is

M < /f\‘" P,(cos 6)
r \r] 2n+1
n=0
Prove that this result can be written in the form

M [c dx
2+/¢ o x¥(x? — 2xrcos 6 + r¥)t

and express the potential at a point inside the shell in a similar form.

A small magnet is placed at the center of a spherical shell of iron of radii 2 and
b and permeability #. Show that the field of force outside the shell is reduced
by the presence of the iron in the ratio

2(u — 1)2 A\
{' *‘é—r(‘ —,,—s)}
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A nearly spherical grounded conductor has an equation
r = afl + eP,(cos 0)]

where ¢ is small. Show that if a point charge is placed at =0, r = ¢ > q,
the total induced charge is

e[ )]

A grounded nearly spherical conductor whose surface has the equation

o

r=a {1 + Z £, P, (cos 6)}

n=2

is placed in a uniform electric field E which is parallel to the axis of symmetry
of the conductor. Show that if the squares and products of the &'s can be
neglected, the potential is given by

Ea [:(l + ge,)(‘-:)z— ‘—:} P(cos 6)

© .
n n+1 ayne!
+3 Z (-Z—n-—_—l- oyt m“ml) (;) Py(cos 6)}- e =0
ne?2

A spherical conductor of internal radius b which is uncharged and insulated
surrounds a spherical conductor of radius a, the distance between their
centers being ¢, which is small. The charge on the inner conductor is E.
Show that the surface density at a point P on the inner conductor is

E I/ 1 _ 3c cos 0\'

e \& B~
where 6 is the angle that the radius through P makes with the line of centers
and terms in ¢? are neglected.

A point charge e is placed at a point Q distant ¢ from the center O of two
hollow concentric uninsulated spheres of radii @, b (b > ¢ > a). Show that
the charge induced in the inner sphere is

eab —¢

cb—a

If a thin plane conducting disk bounded by two concentric circles of radii
a, b is placed between the spheres touching them along great circles in a plane
perpendicular to OQ, show that if a € ¢, the charge induced on the inner

sphere is approximately
_ ea? (1 _ cs)
=\ 5

A grounded conducting sphere of radius a is placed with its center at the origin
of coordinates in a field whose potential is

(-]
§ = D AnPi(cosd)
n=1

Determine the charge distribution induced on the sphere, and show that the
total induced charge is zero.
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Prove also that there is a force acting on the sphere in the direction 8 = 0
of amount

Z (n + A A, a1
n=1
Deduce the force on the sphere if the initial field has intensity components
2x) E E
EI=—E(I‘—1)’ E, =2, E ==
a a a
at the point (x,y,z) referred to rectangular Cartesian axes, E being a constant.

That portion of a sphere of radius a lying between 6 =« and 0 =7 — o is
uniformly electrified with a surface density 6. Show that the potential at an
external point is

fa o {a\n+1
4rac v cos o + Z T [Pynyy (cOs o) — Py, _; (cOS :)]";’ Py, (cos 0)
- :

V(r,8,¢) is the potential of an electrostatic field in free space due to a given
charge distribution. If there are no charges within r < a and if the volume
r < a is then filled with a homogeneous dielectric of dielectric constant x
prove that the potential functions inside and outside the sphere become

1

2 s f
Vo = P Virb,e) + m .}|0 MV (re,0,9) dt r<a
v —1 « o= "|M,
Vi=Vr0e) — —— = V(ub¢) + ——= - | "V $)dr r-a
k-1 a (« + 12 aJg

where n — «/(x + 1yand u = a¥/r.

A sphere of dielectric consists of a spherical core and n — 1 concentric layers,
the radii of the boundaries being a;, a5, . . . ,a,. The dielectric constants in
the n regions are k,, ky, . . ., k,, where each is constant throughout the
corresponding region. Write down the equations which determine the
potential at any point when the sphere is placed in a uniform field of electric
force.

Deduce that when a sphere of radius a in which the dielectric constant k(r)
is a differentiable function of the distance r from the center is placed in a
uniform field, the potential at any point may be expressed in the form

{rA(r) - r=2B(r)} cos 6

where 0 is the angle between the radius through the point and the direction of
the field and A(r), B(r) satisfy the differential equations

dA 1 dB d(k A) 2 d(kB)
Z 2= o, - = )
dr  r®dr dr roodr

together with certain boundary conditions which should be stated.

A solid sphere of radius a is composed of magnetizable material for which the
permeability at the center is 4 and at the surface is unity. When the sphere is
placed in a uniform field H in the direction 0 = 0, the scalar potential inside
the sphere is of the form (Ar =~ Br?) cos 8. where 4 and B are constants.
Find the permeability at distance r ( <a).
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Show that at a point on the diameter of symmetry the magnetic induction is
of magnitude 12aH/5(a + r).

Show that the potential at external points due to a layer of attracting matter
distributed over the surface of radius a with surface density §, is
n+2

4ra .
Q2n + Lyt S
where S, is a surface spherical harmonic of degree n.
Show that a distribution of matter of surface density kz® over the hollow

sphere r = a produces a potential

4m kat N 4r ka®(22% ~ X2 — B

3 15 r®
in the surrounding space.

A uniform hollow conducting sphere of radius a and conductivity ¢ and small
thickness ¢ has two spherical terminals of radius r and infinite conductivity
with their centers at opposite ends of a diameter of the sphere. The terminals
are maintained at a constant potential difference V. Show that the current
which passes is

2natV

log (4a%/r® — 1)
Current flows through a medium of uniform conductivity ¢ between two
nearly concentric spheres of radii b, a (b > a) whose centers are a small

distance ea apart. The potential difference between the electrodes is V.
Prove that the current density. at the outer electrode is

oVa ‘1 3ab% cos 6
(b —ap b — o

where 0 is the angle between the line of centers and the radius vector to the
point where the current density is specified.

A uniform infinite metal sheet of conductivity o, contains a spherical inclusion
of radius a and conductivity o,. The current enters the medium by two small
electrodes of radius 6, whose centers are on a diameter of the sphere at equal
distances b > a from the center of the sphere and on opposite sides of it.
Show that the equivalent resistance is

* An+3
! " T]) 2—2(2n+1) (g) A,,}+0(r§)
n=0 s

2n01
Oy )

2(n + Doy, + 2n -+ 1o,

where

n

A nonconducting plane lamina bounded by two concentric circles of r. ¢ 1
a, and a, (@; < ap) is charged with electricity to a uniform surface density o
electrostatic units and made to rotate in its own plane with constant angular
velocity w about its center. A soft iron sphere of radius b (b < a;) and
permeability u is placed with its center at the center of the lamina. Find the
magnetic intensity H at the center of the sphere, and show that at a great
distance from the sphere the field of the sphere is the same as (hai-ot==TTRTRS
of moment -
2rowb¥a, — a)u — 1)
clp +2)
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A sphere of radius a is fixed in a perfect incompressible fluid which is flowing
past it in such a manner that at a great distance from the sphere the velocity is
constant. A colored particle of fluid is started upstream at a point which lies
on the axis of the system, and its motion is observed. If, while the particle is
upstream, its distance changes from z, to z, (measured from center) in time T,
show that the maximum value of the velocity of slip on the sphere is

30 _a (2} — &Nz, — a)®
2T _(zl —7) glog (23 — &)z, — a)®

a _ \/3_a(z1 —zy)
— — tan™!
V3 2zyz; + a®) + a(zy + 22)_

A uniform solid sphere of radius a and mass M is surrounded by perfect
incompressible fluid of uniform density p; the fluid is enclosed by a spherical
shell of radius b concentric with the solid sphere. The system is set into
motion by an impulse applied to the shell, the initial velocity of which is V.
Prove that the initial velocity U of the solid sphere is given by

M. 2mpa®(2a® + b%)) . 2mpa®b® "
3B -a) [ b -a®
A sphere of radius a moves with velocity U in a liquid of which the only

boundary is an infinite rigid plane. If the liquid is at rest at a great distance
from the sphere, show that its kinetic energy when the sphere is moving

normal to the boundary is
a
U G + —)

843

where d is the distance of the center of the sphere from the plane and terms of
order a*/d* are neglected.

A plane annulus of matter is bounded by concentric circles of radii @ and
b (b > a) and is of constant surface density . Show that its gravitational
potential at a point on its axis at a distance z from its center is

2myof(b® + 22t — (@® + zH)i]

Obtain an expression for the potential at a point distant r (<a) from the
center. Show that the direction of the attraction at a point in the plane of the
disk distant r ( <a) from the center is in the plane of the disk, and obtain an
expression for its magnitude in the form of an infinite series.

28. The potential near the origin of a distribution of matter on a circular plate is
given by the series
> A.r"Pp(cos 6)
n=0
Show that the surface density at a point of the plate is
1 1-3 ., 1:3-5
2—"A1*—2‘—A3f+ 7.4 Aﬁr—...}
29, Show that if r = @ + x® — 2ax cos 6%,
LTI TR @ — 2 /1y 1
T, Ve d [V =~ = — - -
ahbo - '-‘_-'\-“5\ {a® + x* — 2ax cos 6} 2xax\r) r
and hence .exl;é.nd the expression in ascending powers of 1/x.
- \“‘,'\
Yoyed Vs %
. . ]
TS
(] - \«. EY »*
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A line charge of density k/x? is set along the x axis extending from x — f'to
x = o, A grounded conducting sphere of radius a (<f) is placed with its
center at the origin. Show that the surface density at any point (r,0) on the
sphere is
k241 a
. vel
4”“1:6 r=-2 J’
A sphere of soft iron of radius @ and of uniform permeability s is placed with
its center at a point on the axis distant b from the center of a circular coil of
radius ¢ carrying a current /. If a® < b® + ¢%, show that the field at the
center of the coil is

P (cos 6)

=
] _ (n 4 1A, ot qnti
2n1{c + (u 1)’2 TETER O ])!( D™
ro| b
where An — ALY

The functions y,(r) and y,(r) are determined by the conditions:
(i) w.(r) is harmonic and regular outside the sphere S, r <a, and
we(r) ~ por) as r - oo, where yy(r) is harmonic;
(i) w,(r) is harmonic and regular inside S;
(i)  y,(r) = y(r), and p,(9y,/0r) = pdy,/0r) on S,
where y1; and u, are positive constants.
Prove that

2 _ 1 'l
pu®) = pol) — (1 — 20 % wo(“—;) , Kl = 2ha J' wo(‘l,-') 300 g
r r 0 ] r

r
wir) = 2kyy(r) + k(I — 2k) f: Wo(AD)A- 1 ¥ g4
[

where k = p,/(u; + py) sothat0 < k < 1.

A magnetic sphere of radius a and permeability 4 is placed at the origin in a
vacuum in which the undisturbed magnetic field has potential V,(x,y,2), a
homogeneous function of degree » in x, y, and z. Show that the potential
of the disturbed field is given by
[_2n+1
|n+ np+1
v = l .l 3 n(u — a2t
(n + np + Drntl
A magnetic dipole of moment m is situated in a vacuum at a point with
position vector f outside a sphere of radius @ and permeability u. Show
that the magnetic potential in the interior of the sphere is
2 m'(r—f)v n—1 Im+«(ir — f)
u+1 Jr—1 e+ 12 ), | —1p

and determine the potential at an external point.

Va(x,y,2) r<a

] Vu(xyyrz) r>a

A~=ullu+1) 42

The irrotational steady flow of a perfect fluid is symmetrical about the x axis.
If @ = ()% + 2%}, show that the components of fluid velocity in the directions
of x and @, respectively, can be expressed in the form

w1
Fr

® x

v
@
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where the function vy (called Stokes’ stream function) satisfies the partial
differential equation

2 /1 oy 3 (1 ag"

il _IP) . ( ~ %Y -o

ox ‘w ox !

Show that the stream function
{ .o
y=—(—a%sin®6
2r

where (r,6) are spherical polar coordinates, determines an irrotational flow
outside a rigid spherical boundary r = a, the velocity at a large distance being
uniform and of magnitude U, and that

3Ur? .

Yy = — % (a® —r?sin%0

4a°
determines a flow inside the same boundary. Find the vorticity in the interior
flow.

Show by considering the continuity of velocity and pressure at r = a that

the two flows can coexist in the same liquid without a rigid boundary at r — a.

Prove that the equation satisfied by the stream function in cylindrical
coordinates (x,®), with the x axis as axis of symmetry, is transformed by the
conformal transformation

z=x+i6 =), {=§f+in

into
S(Lawy /Ly _,
&\ 5 a_g) In\® ar;) =Y

Show that
4 Ub%cosh & + sinh? £ log tanh §£) sin? 3

DN ETET:
¢ a L-c
where x + io = ccosh (¢ + in)

satisfies all the conditions required of a stream function which describes the
flow when a prolate spheroid of semiaxes a = ¢ cosh &, b = sinh £, moves
with constant velocity U in the direction of its axis of symmetry through
unbounded liquid otherwise at rest..

If a conducting medium has the form of a circular sheet of radius b and small
thickness 1, and if the electrodes are coplanar circles of small radii a with their
centers at the ends of a diameter, prove that the resistance between the
‘electrodes is approximately

Two sources each of strength m exist at the points z = +c (c real), together
with a sink —2m at z = 0. Determine the complex potential of the fluid
motion on the assumption that it is two-dimensional, and prove that the
streamlines are the curves

(% + Y = Ax? — )2 + Axy)
where 4 is a real parameter.

Show also that the fluid speed at any point P is 2mc?/r ryrg, where ry, r,, and
ry are the distances of P from the sources and the sink.
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Four equal circular perfectly conducting electrodes of small radius are placed
with their centers at the corners of a square of side a in an infinite sheet of metal
of thickness ¢ and uniform conductivity o. One pair of opposite corners is at
one potential, and the other pair at a different potential; show that the
resistance between the pairs is

io a
Zror '8 533

Show that the streamline that touches a side at the middle point leaves the
electrode at an angle tan~! % with the side.

A line source is in the presence of an infinite plane on which is fixed a semi-
circular cylindrical boss of radius g, the line source being parallel to the axis of
the boss. If the source is at a distance ¢ ( >a) from the plane and the axis of
the boss, find the velocity potential of the fluid motion. Show that the radius
to the point on the boss at which the pressure is a minimum makes an angle 6
with the radius to the source, where

2 2

tan 8 = ¢ a

2+ a?

A long circular cylinder of radius a is fixed with its axis parallel to, and at a
distance ¢ from, an infinite plane wall. The space outside the cylinder is
filled with liquid, and there is a circulation « about the cylinder. Prove that
the resultant of fluid pressure on the cylinder is a force toward the wall of
magnitude

«3p

4n /T — a2

A cylinder whose normal section is the ellipse x*/a® -+ y?/b? = 1 moves in an
infinite fluid at infinity. Find the appropriate  functions when: (a) the
cylinder is rotating about its axis with a constant angular velocity o; (b) it is
moving with a constant velocity of translation perpendicular to its axis;
(¢) the cvlinder rotates with constant angular velocity about a line parallel to
the axis and passing through the point (x,,y,).

If at any moment the axis of rotation is transferred from the axis of the
cylinder to the parallel line through (xo,y,) without altering the angular
velocity, show that the increase of the kinetic energy of the fluid is

dmpw®(a®xg + bHf)
per unit length of axis.

A uniform stream of incompressible perfect liquid is disturbed by an infinite

strip placed broadside on to the stream; the stream is in the direction Oy, and

the strip occupies the region y =0, lx| < a. By using the transformation

{2 = z2 — @?, or otherwise, find the w function for the disturbed motion.
Prove (a) that the velocity at a point on the axis Oy is

2 ¥
v
(y2 + az)

where Vis the velocity of the undisturbed stream, and (b) that the equation of a
streamline is

2 2

2 v
z T V2
where 1 is a constant.
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Show that the transformation z = (2 — } maps the part of the z plane to the
right of the parabola x = —)? on the part of the { plane to the right of the
line & = §.

Hence, or otherwise, show that the complex potential

R N
is compatible with the parabola as boundary and represents a flow which is

uniformly in the —x direction, as x — + <o, in the presence of the parabolic
obstacle.

Show that the transformation w = sin (=z/2a), where z = x + iy, w = u -+ iv,
transforms the region S in the z plane, defined by —a < x <aq, y > 0, into
the upper half of the w plane.  State which portions of the « axis correspond to
each of the three lines bounding S.
Show also that the transformation w = log {(z — 1)/(z + 1)} transforms the
upper half of the z plane into the infinite strip 0 < v < = of the w plane.
Deduce, or show otherwise, that the imaginary part of

Vo o sin (#z/2a) — 1
T sin (rz/2a) + 1
satisfies Laplace’s equation in the region § and is equal to zero on the infinite
boundaries and to ¥, on the finite boundary of S.

Show that the conformal representations r = ¢/ and r = cosh #z/b can be
used to map an infinite strip of width & in the z plane and a semi-infinite
strip of the same width in the z plane, respectively, onto the upper half of a
t plane.

pFind the velocity potential in a semi-infinite strip bounded by x = 0,y =0,
¥y —~ b due to the existence of a source at the origin from which a volume mm
of liquid flows into the region per unit time.

Two semi-infinite conducting plates y =0, x <0 and y =a, x <0 are at
potentials O and ¥, respectively. Show that the electrostatic field in their
neighborhood is given by the complex potential function w, whose real part is
the electrostatic potential ¥, where

2nz i 2miw ex 2niw Xt
= jmidbddop - 7=

Prove that the line of force passing between the extreme edges of the plates has
the form of a cycloid.

Show that the domain outside the circle |Z]| = ain the Z plane is transformed
into the domain outside a circular arc of equal radius in the z plane by the
conformal relation

z —aet® (7 — iae™ 2
z — ge % Z + ige™**

where the circular arc subtends an angle 4« at its center. Show also that z/Z

tends to sin « at infinity.

A cylinder whose section is the above circular arc is placed in a stream of
fluid in which the velocity at a great distance from the cylinder is V. This
velocity is perpendicular to the generators and makes a positive angle f with
the radius from the center to the middle point of the arc. If in addition there
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is a circulation k& round the cylinder in the positive sense, show that the
complex potential w can be derived from

&
Ze P

© — Vsi T \ ik
= sma\Ze + )—.__}ogZ
T

by eliminating Z between this equation and the above relation.
Prove that the velocity at the upper edge is finite when, and only when,
k = 2maV{sin § + sin 2a — f)].

In the conformal transformation

(=) - (=)
{+a)  \z+4c¢

a and c are real and positive, and {, z are connected with ry, r,, 8 by the relations

|
"’“=<51\ et ITC T
{+a rs) ’ z4+c¢ rp

where r;, r, are the distances of the point z from the points +¢ and
—m <0 <= Show that the transformation transforms the region outside
the figure formed by two minor arcs (6 = +#u) of orthogonal circles through
the points z = +¢, which are symmetrical to the line joining these points, into
the region outside the circle { = a.

Hence show that if a conducting cylinder whose normal section is formed
by these arcs is freely charged with electricity, the density at any point of the
arcs is proportional to

ritrte e )”
Prove that the transformation

n L]
B AT[ @ =2y, S ap=2n
dz r=1 r=1

where z, are real numbers such that z, < z,,,, maps conformally the interior
of a polygon of n sides with exterior angles «,, in the { plane ({ =& + in)
onto the upper half of the z plane. What emendations are necessary if a
vertex of the polygon corresponds to the point at infinity on the real axis in the
z plane?

I;=ind the transformation which maps conformally the interior of the semi-
infinite strip bounded by £ = 0, 7 = «, # = —o onto the upper half of the
z plane.

In the plane of two-dimensional motion, liquid flows from a vessel whose sides
are defined by

y—c+mx=0, y+tc—mx=0 x<0
where m = tan (n/2n). If the internal angle of the vessel is =/n, obtain an
equation giving implicitly the compiex potential of the liquid motion.

Fluid is introduced to the half space z < 0 through a circular aperture r < a
of the rigid plane z = 0. State the conditions to be satisfied by the velocity
potential in these circumstances, and show that it may be expressed in the form

2 (750 ) ey er) e
n Jo &

where y is a constant. Hence determine the components of the velocity at any
point in the fluid.
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52. Two axially symmetrical functions y,(p,z), ¥a(p,z) satisfy the conditions
(i) V% =0,z<0; Vi,=0,2z>0

i _ dy; _ dny _
@) v, =v, and 5 "% forz=0,p <1

(i) y, >0 asp? + 22+ ©

(iv) "jil =0 forz=0p>1
(v) -al! -V as z > @
az
Show that

~

fo @
v = JI EAet T (Epy ds,  yp =« + Uz + J EB(8)e 2] (£p) dE
0 0

where « is a constant and

f AE) — BOVp)dé =« p <1
0
f ‘52[14(5) + BOVEpdt=U p<1
0

[ SAE)bpyde =0 p>1
]

v

Verify that these conditions are satisfied by choosing

wsiné  UJE) __xsiné  UJKO)
T PO =-—m g

A@) =
and that

K

[m] =[312] Y.
9z J pmo 9z | p=0 WLl mEA+D




Chapter 5

THE WAVE EQUATION

In this chapter we shall consider the wave equation
1 %

20y - T
v c* or

which is a typical hyperbolic equation. This equation is sometimes
written in the form
O =0
where [ |2 denotes the operator
0? 02 L o2 1 o2
Ox? @2- 92 2o
If we assume a solution of the wave equation of the form
y= l}l‘(x’y’z)e:tlkd
then the function ¥ must satisfy the equation
(V2 + kY =0

which is called the space form of the wave equation or Helmholtz’s
equation.

I. The Occurrence of the Wave Equation in Physics

We shall begin this chapter by listing several kinds of situations in
physics which can be discussed by means of the theory of the wave
equation.

(a) Transverse Vibrations of a String. 1f a string of uniform linear
density p is stretched to a uniform tension 7, and if, in the equilibrium
position, the string coincides with the x axis, then when the string is
disturbed slightly from its equilibrium position, the transverse dis-
placement y(x,¢) satisfies the one-dimensional wave equation

=3 ()
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where ¢ = Tfp. At any point x = a of the string which is fixed
Na,t) = 0 for all values of .

(b) Longitudinal Vibrations in @ Bar. If a uniform bar of elastic
material of uniform cross section whose axis coincides with Ox is
stressed in such a way that each point of a typical cross section of the
bar takes the same displacement &(x,?), then

0% 1 0%

W aor @
where ¢ = E/p, E being the Young’s modulus and p the density of the
material of the bar. The stress at any point in the bar is

0é
For instance, suppose that the velocity of the end x = 0 of the bar
0 < x < ais prescribed to be 1(¢), say, and that the otherend x = a is
frec from stress. Suppose further that at that time ¢ = O the bar is at
rest. Then the longitudinal displacement of sections of the bar are
determined by the partial differential equation (2) and the boundary and
initial conditions

. 0f
6)] Ezv(t) forx =20

.. 0¢
(ii) a—x—O forx=a

a¢
or

(¢) Longitudinal Sound Waves. If plane waves of sound are being
propagated in a horn whose cross section for the section with abscissa
x is A(x) in such a way that every point of that section has the same
longitudinal displacement &(x,t), then & satisfies the partial differential
equation

Gii) {=5=0 atf=0for0 < x<a

Jd (1 o 1 0%
%Bﬁ“d=§ﬁ @)

which reduces to the one-dimensional wave equation (2) in the case in
which the cross section is uniform. In equation (4)

&:%L 3)

where the suffix 0 denotes that we take the value of dp/dp in the equili-
brium state. The change in pressure in the gas from the equilibrium
value p, is given by the formula
e
P—Po=—Cros (6)
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where p, is the density of the gas in the equilibrium state. For instance,
if we are considering the motion of the gas when a sound wave passes
along a tube which is free at each of the ends x = 0, x = a, then we
must determine solutions of equation (4) which are such that

as
— =0 atx=0andatx=a
ox

(d) Electric Signals in Cables. We have already remarked (in Sec. 2
of Chap. 3) that if the resistance per unit length R, and the leakage
parameter G are both zero, the voltage F(x,f) and the current z(x,?)
both satisfy the one-dimensional wave equation, with wave velocity ¢
defined by the equation

!
=— 7
¢ LC M
where L is the inductance and C the capacity per unit length.

(e) Transverse Vibrations of a Membrane. If a thin elastic membrane
of uniform areal density o is stretched to a uniform tension 7, and if,
in the equilibrium position, the membrane coincides with the xy plane,
then the small transverse vibrations of the membrane are governed by
the wave equation

. 1 0%z
Vie=5-3 ®)

where z(x,y,t) is the transverse displacement (assumed small) at time ¢
of the point (x,y) of the membrane. The wave velocity c is defined by
the equation

T

== ©9)

g
If the membrane is held fixed at its boundary T', then we must have z = 0
on I for all values of ¢.

(f) Sound Waves in Space. Suppose that because of the passage of a
sound wave the gas at the point (x,y,2) at time ¢ has velocity v = (u,v,w)
and that the pressure and density there and then are p, p, respectively;
then if p,, p, are the corresponding values in the equilibrium state, we
may write

p=rl +3), p=po+ oS (10)

where s is called the condensation of the gas and ¢ is given by equation
(5). If we substitute these expressions in the equations of motion

Dy
Por = —grad p (1)

where —D—z—}— a—l— a+va
) A TR PR I
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and restrict ourselves to small oscillations of the gas, we find that

0
Po 51 = —c?pygrad s (12)
Similarly, the continuity equation
Do
Dr +pdivy=0

is equivalent, in this approximation, to the equation
0 .
po-a—": +podivy =0 (13)

If the motion of the gas is irrotational, then there exists a scalar function
¢ with the property that
v= —grad ¢ (14)

Substituting from equation (14) into equation (12), we find that for
small oscillations

grad (g—f - czs) =0 (15)
Similarly, equation (13) is equivalent to
os
3= Ve (16)

Eliminating s between equations (15) and (16), we find that ¢ satisfies
the wave equation

1 0%
24 = T
v ¢ or an
(g) Electromagnetic Waves. If we write
1 0A

H = curl A, E=——z—ét——grad¢
then Maxwell’s equations
divE = 4np, divH=20

curlE=—-1-a—H, cur]H=4_"iJ_121§
c ot ¢ c ot

are satisfied identically provided that A and ¢ satisfy the equations

1PA  4n 1 9%

AR T

"2 A
vA ctort

Therefore in the absence of charges or currents ¢ and the components of
A satisfy the wave equation.
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(h) Elastic Waves in Solids. If (u,v,w) denote the components of the
displacement vector v at the point (x,y,z), then the components of the
stress tensor are given by the equations

( )_A(6u+av+aw) (811 @ aw)
023010} = . 5. E 1 éx’ ay; aZ

dx = dy
(FansaasTas) = (8_w+a,,@+.a_wa_v‘@
Ty Tz Taw) — H ay oz ’ oz ox ' ox ay}

where A and u are Lamé’s constants. The equations of motion are

da, Or, 07, X = ﬂ ete

ax oy ez P TPaE T
where F = (X,7,Z) is the body force at (x,y,2). If we write
F = grad ® + curl ¢

then it is easily shown that the displacement vector can be taken in the
form

v=grad ¢ + curl ¢
provided that ¢ and ¢ satisfy the equations

9% *Y
— W% = —_— — Vi =
gr Tave=D Gpoavd=4
where the wave velocities ¢;, ¢, are given by
s A+2 2
i = + L ’ C = f.‘
P p

Hence, in the absence of body forces, ¢ and the components of $ each
satisfies a wave equation.

PROBLEMS

1. Prove that the total energy of a string which is fixed at the points x = 0, x =/
and is executing small transverse vibrations is

e () A

y=f(x—ct) 0<x <!

Show that if

then the energy of the wave is equally divided between potential energy and
kinetic energy.
2. Show that
y= A(P)eiﬁ(‘:‘/f)
is a solution of the wave equation for arbitrary forms of the function 4 which
depends only on p.
Interpret these solutions physically.
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A string of length I, + I, is stretched to a tension pc? between two points O
and 4. A point mass m is attached to the string at a point distant /, from O.
Write down the conditions to be satisfied by the function describing the
transverse displacement of such a string, and, making use of the result of the
last problem, show that the periods of possible oscillations of the system are
given by n({; + ly)/c{, where [ is any positive root of the equation

cot 2 + cot A _2m
L+ L+l e+ 1)
A uniform stretched string of great length lies along the axis Ox fromx = —/
tox = +o; theend at x = —/is attached to a fixed point, and a particle of

mass m is attached to the string at x = 0. A train of transverse waves in
which the displacement is

y=acosa(t+§)

travels along the string from x = + o and is reflected. Show that stationary
waves are set up in each part of the string and that in particular the dis-
placement for —/ < x < Qs

cos B /
¢ =2a = sin t%{ + a)cos (ot — B)

where a = olfc and

am
tan 8 = — — cota
cp

A uniform straight tube of length 2/ and cross-sectional area A is closed at one
end and open at the other end. A quantity of gas is imprisoned by a piston of
mass M free to slide along the tube, and the piston 1s in equilibrium when at
the middle of the tube, The density of the enclosed gas is then o, while the
density of the atmosphere is p. Show that the frequencies p of the oscillations
of the piston about its position of equilibrium are given by
M’ = co cot ,il — ¢’p tan 'ZI
A c c

where ¢, ¢’ are the velocities of propagation of sound in the enclosed gas and
the atmosphere, respectively.

A particle P of mass m rests on a smooth horizontal table. It is attached toa
point 4 by a uniform heavy string of mass 7//c? and to a point B by a light
inextensible string. The points 4 and B are on the table; in the equilibrium
position AP = [, BP — a, and the tension of the strings is 7.  Prove that the
normal frequencies p of the transverse vibrations of the heavy string are
solutions of the equation
pl _c emy,

p cot z p + 7 ¥4
A uniform inelastic string of length / and line density p lies on a smooth
horizontal plane. One end is attached to a fixed point A on the plane, and the
other end is attached to a mass M which can slide freely along a horizontal
line at a distance / from A and perpendicular to the mean position of the string.
The string is subject to a tension pc®.. Show that if the system performs small
vibrations with period 2#/p, the equation to determine p is

pl pc

tan?=pT{
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Deduce that for large values of the integer » the values of p are approximately
4 ]p
7 (nﬂ + mrM)

2. Elementary Solutions of the One-dimensional Wave Equation

We saw in Sec. 1 of Chap. 3-that a general solution of the wave
equation

d%y 1 o
P o
is
y=f({x+ct) + glx —ci) )

where the functions f and g are arbitrary. In this section we shall
show how this solution may be used to describe the motion of a string.

In the first instance we shall assume that the string is of infinite
extent and that at time ¢ — O the displacement and the velocity of the
string are both prescribed so that

y = n(x), g_{ = v(x) att =20 (3)

Our problem then is to solve equation (1) subject to the initial con-
ditions (3). Substituting from (3) into (2), we obtain the relations
n(x) =f(x) +g(x),  vx) = f"(x) —cg'(x) 4)

Integrating the second of these relations, we have

£ —g) = L[ ey as

where b is arbitrary. From this equation and the first of the equations
(4) we obtain the formulas

S0 =40 + 5 [ ue) e

800 = blx) — 5 [ o9y d

Substituting these expressions in equation (2), we obtain the solution
z+tet

y=41nlx+c) +n5lx —cn} + 2_1( Jlr;_d v(&) dé (5)

The solution (5) is known as d’ Alembert’s solution of the one-dimensional
wave equation. If the string is released from rest, v = 0, so that
equation (5) becomes

y = tn(x + ct) + n(x —en} (6)

showing that the subsequent displacement of the string is produced by
two pulses of “shape” y = in(x), each moving with velocity ¢, one to
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the right and the other to the left. Such a motion is illustrated by
Fig. 34, in which the jnitial displacement is

(0 X < —a
7(x) = [ |x| <a
lO X >a

The motion may be represented by a series of graphs corresponding to
various values of ¢ as in this figure. Another method of representing

y
=0 -————
—-a (0] \t+a > x
I y /\
I\ / \
a / \
t=7 ‘7_"_“
\ / x
j-a V0, a
/ v yl \
\
/ \
a { \ l/ \1
t=% f K 1
+ - X
[ e 0 @
/ iy \
I M \
3a / < / \ ¢ \
= i
Z | iy \ ox
! -a | (0] ‘a
/ / \ \
/ T A \
2 I/ ¢ // \\ ¢ \
t=T“ l_] I——\]
1 > x
-a O a
Figure 34

the motion graphically is to construct a surface from these profiles, as
shown in Fig. 35.

We shall now consider the motion of a semi-infinite string x > 0 fixed
at the point x — 0. The conditions (3) are now replaced by

ady

y = n(x), = v(x) x>=0attr=0 (7a)
v=0, %20 t>0atx=20 (7b)

The solution (5) is no longer applicable, since #(x — ct) would not have
a meaning if ¢ > x/c. Suppose, however, we consider an infinite
string subject to the initial conditions

y = Y(x), —g% = V(x) att =20
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(n(x) ifx>0

where Y= 9 ifx<o
ELE) ifx>0

and o) = 1—0( —X) ifx <0

Then its displacement is given by
x4l

y=#¥x + c) + Y(x — ct)} +% [»“ V(&) dé 8)

ct
Figure 35
so that when x = 0
y=#{¥(et) + Y(—cn)} + 2—”[ V(&) d& 9
and % = c{Y'(ct) — Y’(—ct)} + 3 {Mct) + V(—ct)}

It is obvious from the definitions of ¥ and ¥ that both these functions
are identically zero for all values of ¢ and that therefore the function (9)
satisfies the condition (7b) as well as the differential equation (1). Itis
easily verified that it also satisfies the condition (72). In particular,
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if the string is released from rest so that v, and consequently V, is
identically zero, we find that the appropriate solution is

[${n(x + cf) + n(x — ct)] x = ct
15[);(4\' + ct) — n(ct — x)) x o oct

The graphical representation of such a solution is shown in Fig. 36. It
may be obtained directly from the analytical form of the solution or,
more easily, from the graphical solution for an infinite string subject to
an initial displacement Y(x).

A similar procedure is applicable in the case of a finite string of

Figure 36

length 7 occupying the space 0 <{ x </ The initial conditions may
then be written in the form

y = n(x), ?—':zu(x) O0<x<latt=0
o

y=0, Z—’::O t=0atx=0and x=1
and by a method similar to the one above it is readily shown that the

solution of the wave equation (1) satisfying these conditions is the
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expression (8), where now the function Y(x) is defined by the relations
[n(x) if 0g<x<!
Y(x) =, .
l—n(—x) if -I<x<0
Y(x +2r)) = Y(x) if ~I<x</landr= +1, £2,...
In other words, Y(x) is an odd periodic function of period 2/. The
relation between #(x) and Y(x) is shown graphically in Fig. 37. ¥(x)is

defined in terms of v(x) in a precisely similar fashion.
It is well known from the theory of Fourier series' that such an odd

n(x)
A,_i
e} I
Y(x)

\/ /\ N f/\
-3l -2 =1 (4] 1 /21 3!
\V4

£

Figure 37
periodic function has a Fourier sine expansion of the form
o . mmx
Y(x) =MZ’“ M i == (10)

where the coefficients #,, are given by the formula

» ;S
me =3 [ n@sin (%) e )
Similarly V(x) = vpsin ('"—;'—‘) (12)
mel
1 &
where Uy = gf v(€) sin (mr’) dé (13)
!lJo I

Substituting the results
< . (mmwX mmct
H{Y(x + ct) + Y(x —ct)} =WZO 7, SIN (T) cos (——1—

<

T+cl had
[ 5 () )
m=0

2¢ Joca

1 R. V. Churchill, “Fourier Series and Boundary Value Problems,” (McGraw-
Hill, New York, 1941), p. 75.
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which follow from these expressions, into the solution (8), we find that
the solution of the present problem is

=S sin (1) cos (7)1 LS 0 gy (1) i ()
) — N SIN ] cos ] ) + e "Z; o sin ] sin ]
(14)
where 7,, and v, are defined by equations (11) and (13), respectively.

Example 1.  The points of trisection of a string are pulled aside through a distance ¢
on opposite sides of the position of equilibrium, and the string is released from rest.
Derive an expression for the displacement of the string at any subsequent time and
show that the mid-point of the string always remains at rest.

In this case we may take / = 3a and

X4
— O0<x<a
a
n(x) = l(__3a:2x) a<x<2a
&
‘(x;fia) 2a < x < 3a
a

and v(x) = 0. Thus the Fourier coefficients are

2 [[* . mmx 2 . mmx b . mnx |
Mm =2 x sin —dx + (3a — 2x)sin —ax + (x = 3a)sin —dx
3a%\Jo 3a a 3a 2a 3a ’
18 .
n,—n'r,, " (=)™ sin (bmm)
and O =0
so that the displacement is given by the expression
18¢ -— 1= (=™ mn mmx cos mnct
— —————— SIn —— SIn ——
Yooz 2 m? 3 3a 3a
m=
which is equivalent to
e (O‘;‘ 1 2nm 2nmx . 2nnct
Voo — sin — sin co
” Lent 3 3a 3a

"=l
The displacement of the mid-point of the string is obtained by putting x = 3a/2 in
this expression. Since sin (2nwx/3a) would then equal sin #n, and this is zero
for all integral values of n, we see that the displacement of the mid-point of the
string is always zero.

PROBLEMS

1. A uniform string of line density p is stretched to tension pc? and executes a
small transverse vibration in a plane through the undisturbed line of the string.
The ends x = 0, / of the string are fixed. The string is at rest, with the point
x = b drawn aside through a small distance ¢ and released at time ¢ = 0.
Show that at any subsequent time ¢ the transverse displacement y is given by
the Fourier expansion

26k : 1 in I/sn-b) i (mx) cos (:ncl
Y= ma = B &\ ) \T
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2. If the string is released from rest in the position
4e
Y=g x(l — x)

show that its motion is described by the equation

32¢ < 1 2n + Nnx (2n + Dmet
sin cos

YR L an iy I 1
n=0

3. If the string is released from rest in the position y = f(x), show that the total
energy of the string is

2
mT
s%k2

4/
=1
2 ! Srrx\
where k, = —f f(x)sin (— dx
I 0 X I

The mid-point of a string is pulled aside through a small distance and then
released. Show that in the subsequent motion the fundamental mode con-
tributes 8/n% of the total energy.

Ms

3. The Riemann-Volterra Solution of the One-dimensional Wave
Equation

In Chap. 4 we saw that for Laplace’s equation Viy = 0 it is not
possible to give independent prescribed values to both y and dy/on along
a boundary curve, since if either y or dy/dn is prescribed, that alone
is sufficient to determine the potential function y uniquely. In the
last section we saw that the corresponding situation for the one-dimen-
sional wave equation

Freha Wz y=orc N
is quite different; i.e., that y and dy/dy can be prescribed independently
along the line y = 0. We noted previously (Sec. 8 of Chap. 3) that if
we are given the values of (x,y,z,p,q) along a strip C, then the equation

0%z 0z az)

=[xy === 2
ox dy f(r,y, ox dy (2)
has an integral which takes on the given values of z, p, g along the
curve I' which is the projection of C on the xy plane, and a simple
change of variable reduces equation (1) to the type (2). In this section
we shall use the method of Riemann-Volterra outlined in Sec. 8 of Chap.
3 to determine the solution of the Cauchy problem

dy Py
- (3)
dy
Y :f(X,}’), E’l = g(x,y) onC (4)

where I' is a curve with equation u(x,y) = 0.
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Suppose that we wish to find the value y(§,7) of the wave function y
at a point P with coordinates (£,). Then it is readily shown that the
characteristics of the equation (3) through the point P have equations

x+y=§&+79 (5
and x—y=§&—1 (6)
and we may assume that the second of these lines intersects the curve C
in the point 4 and that the first intersects C in the point B (cf. Fig. 38).
If we let
0? 0?
l==— - —
oxt  ayt M
then, since this operator is self-adjoint, it follows from the generalized

AY

Y=

Figure 38
form of Green’s theorem (Prob. 1 of Sec. 8 of Chap. 3) that
J f(wLy; —ylw)dxdy = f [Ucos (n,x) + Vcos (n,y)lds (8)
.

dy ow
where U=w 5 Vo ©)

ow ow

V=—wa—y+1p$ (10)

C is the closed path 4BPA, and I is the area enclosed by it. From the
discussion of Sec. 8, Chap. 3 we see that the Green’s function w must
satisfy the conditions

@) Lw=0
.. ow
(ii) Fri 0 on AP and BP

(iii) w=] at the point P
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These conditions are satisfied if we take w = 1. Using this and the
fact that Ly = 0, we see that equation (8) reduces to

(o Lo L[5

=2 cos (n,x) — a_w cos (n,y)
dy 7
On the characteristic P4, which has equation (6), we have

ds=0 (Il
PP s (11)

_1 _ _
cos (n,x) =3’ (ny) = ds = —y/2dx = —+/2dy

V",i ’
so that

oy 2 4oy 0
fu {53"{- cos (n,x) — —a%) cos (n.y)} dy = f' ‘a—t dx + a—l; d}') = Y4 —¥p

[

P({y)

0 "A(E-7.0) B(E+7,0)
Figure 39
Similarly we have

1 1 — —
cos(n,x)=75, cos(n,y)=v—,§, ds= —V2dx =+V2dy
along the characteristic PB, so that the value of the integral along the
line BP is yg — yp. Substituting these values in the equation (11),
we get

i 0 0
vp = 3(vq +vp) — 3 J;B<£cos(x,n) — 8_;) cos(n,_y)) ds (12)

as the solution of our Cauchy problem.
For instance, if we are given that

v=/f(x), Z—t=g(x) ony=0 (13)

then if P is the point (&,7), it follows that 4 4s (¢ —#,0) and B is
(¢ + n, 0) (cf. Fig. 39). We have
va=f(—m), vg=f(+n)

+n

dy oy _
J:w ( EN cos(x,n) — ?y cos(y.n)) ds = — o g(x) dx
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If we substitute these expressions into equation (12), we obtain
d’Alembert’s solution (cf. equation (5) of Sec. 2).

It follows from the Riemann-Volterra solution (12) that if an initial
disturbance, either a displacement or a velocity, is concentrated near
the point (x,,,), it can influence only that infinite sector of the half
plane y > y, formed by the two lines of gradient 41 passing through

N

influence

(x9,59)

Figure 40

the point.  This sector is called the initiat domain of influence of (x, )
(cf. Fig. 40). Ina similar way we can construct the domain of influence
of another point (x,,y;), and a simple diagram, e.g., Fig. 40, shows that
all domains of influence intersect for y > 0. In a similar way we define

"4

(xg.yz)

Domain of
dependence

\ B

Figure 41

the domain of dependence of a point (x,,,) as the set of all points with
y > 0 whose domain of influence includes the point (x,,y,) (cf. Fig. 41).
It is easily seen that the domain of dependence of a point is the triangle
cut off from the upper half of the xy plane by the two downward-drawn
lines through (x,,y,) of gradient +-1. These lines if produced upward
would bound the domain of influence of the point (x,,y,). Since we
do not, in general, consider points with y < 0, i.e., events in the past,
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it follows that it is possible to have nonintersecting domains of depen-
dence. Consider two points (x,y) and (x’,y) whose time coordinates
are equal. If their domains of dependence do not intersect. then the
displacements at the points will be incoherent: they will be caused by
initial displacements and velocities which are completely independent
of one another.

PROBLEMS

My
v =1 a—l =50

at a point which is moving with constant velocity fc (8 < 1) starting at
x = 0 at y = 0, show that this implies that

dy ,
Y =10 — By
and show that

[ qn — % | 2 b o0 d
P -pr(I) cha -m | smra
where b = (£ + /(1 + ), a =(n — H/(1 — B).

2. Using the results of the last problem show that the wave function corresponding
to a traveling source of sound of frequency p is

w(Em) = §(1 + ﬂ)f(

sin ple s x/e)l - sin 'p(l - x/c)

i -p | 1 -5

W = 5 (1= )

Interpret the result physically.

3. A function y satisfies the nonhomogeneous wave equation

Py Ry
T +fGey) =0
and the initial conditions
2
v = F_o wheny =0
dy

Show that
Ly
y(x,y) = ifJ S (u,) du dv
T
where T is the triangle cut out from the upper half of the «v plane by the two
characteristics through the point (x,y).
4. If y s determined by the differential equation

. Py Py
1 Hy = ——
Sl hy P

where a and b are constants, and by the conditions

3111
y =0, v = f(x), 5;; = g(x)
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show by the Riemann-Volterra method? that

vy = Hf(x + ap) + f(x —ap)}

U 3 (b 2 zz\dc
5 Y ——
2a), 7.’!5'(5)-]0 I\a (¢~ x) a)/)/l S

fetav Jolbla)yvVE — )2 — 722 &
| @2 V€& - 0 - )
sz —ay \/(E — )()2 — azyz

4. Vibrating Membranes: Application of the Calculus of
Variations

We saw in subdivision (e) of Sec. 1 that the transverse vibrations of a
thin membrane S bounded by the curve I' in the xy plane could be
described by a function z(x,y,?) satisfying the wave equation

o 1 9%
Viz=—8 M
the boundary condition
z=0 on I for all ¢ 2)
and the initial conditions
or
z=fxy), 5 =gE). =0 (r)es 3

The two main techniques for the direct solution of this boundary
value problem are the theory of integral transforms and the method of
separation of variables. The first of these methods is particularly
useful when the membrane is of infinite extent, and the second is
useful when the boundary curve I' has a simple form.

We shall illustrate the use of the theory of integral transforms to
problems of this kind by:

Example 2. A thin membrane of great extent is released from rest in the position
z = f{(x,y). Determine the displacement at any subsequent time.
Here we have to solve equation (1) subject to the conditions

v

P
z = f(x,), %= 0 )

at t = 0 for all (x,p) of the plane. To solve this initial value problem we multiply
both sides of equation (1) by exp{i(éx + ny)} and integrate over the entire xy
plane. Then using the results

[ (= /& & o2\ [

e ’ | (373 Xﬁ'??l""’ cWdedy = ‘ -8 8, T,:\’Z

ra

‘l a
where Z(&Eqt) = 7 f J 2(x,p;0)€i6z + ) dx dy

1 Cf. Prob. 4, Sec. 8, Chap. 3.
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is the two-dimensional Fourier transform of Z(x,y,!), we see that equation (1) is
equivalent to

d*Z
=T A +9Z =0 (%
and¢ the conditions (4) arc equivalent to the pair
zZ
/ = F — = = 6
4 (CRIR 7 0 =0 ()]

Solving (5) subject to (6), we find that
Z = F(&n) cos [c(£2 + 791

By a double application of Fourier’s inversion theorem (see p. 128) we have therefore
l (=] @

P35 f f FEm) cos [e(@ + wP)brje Wz +mdedy (D)
—® J—o

so that the problem is reduced to two double integrations, the evaluation of F(£,n)
and the evaluation of (7) (cf. Prob. 1 and 2 below).

The use of the method of separation of variables will be illustrated
in two cases, when I' is a rectangle and when it is a circle.
When T is the rectangle formed by the lines x =0, x =a, y = 0,
y = b, it is natural to assume solutions of equation (1) of the form
z = X(x)Y(y)et
We then find, on substituting into equation (1), that

Y e
vty Tt k=0
showing that the ordinary differential equations for X, Y are

X' +kX=07Y"+ki¥=0

where k% + k= k? (8)
We therefore get solutions of the form
z = Ak ' eif("nz + koy + ket) (9)

Since z must vanish when x = 0, x = a, y = 0, y = b, we must take
solutions of the form

. (mnx\ . (nm
z= Z Ay 8in (———) sin (—y) g Ekmnct
1 b
mn

where m, n are integers and

m nt
For instance, if
z = f(xy), g§=0 at?1=0

then the appropriate solution is
mnx )
a

20600) = . Ay sin (— sin (?) cos (kpact) (11)
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where k,,, is given by equation (10) and the coefficients 4,,, are chosen
so that

f(x,y)=z.4msin(?)sin (""T‘) 0<x<a0<y<bh

. . 4 o0 . m . nrr_y)
ie, A, = EJ; fof(x,y) sm( - )sm (T dx dy (12)

The complete solution is therefore given by equations (10), (11), and
(120 The frequencies of possible oscillations are given by equation
(10;. These quantities are known as the eigenvalues of k. It is only
when k takes one of that set of values that the problem has a solution
of the form (9).

When the boundary curve T is a circle of radius g, it is best to trans-
form to plane polar coordinates r, 6, in which case equation (1) assumes
the form

?z 10z 10%2 1| 0%
ort " rdr | r2olt &Ear (3)

and the curve I' can be taken as r = a. If we assume a solution of this
equation of the form
z = R(r)O(f)ex i

we find that the functions R, ® must be such that

. 1 420
0 do?

d*R  1dR
= i@ KR

rt

= —0

showing that the ordinary differential equations for R, © are
d*o

e +m*@ =0 (14)
d*R 1dR 2 Mh o
and Tz - k=) r=0 (15)
The solutions of (14) are of the form
@ = eiimo

If the displacement z(r,0,f) is to have the obvious physical property
that z(r, 0 + 2=, 1) = z(r,0,r), then we must choose m to be an integer.
Furthermore, since for physical reasons we are interested only in
solutions which remain finite at r = 0, we must take the solution of (15)
to be of the form

R = J, (kr)

where J,(x) denotes the Bessel function of the first kind of order m and
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argument x.T  In this way we build up solutions of the equation (13) of

the form
z = Z Amk‘]m(kr)etimetikct (16)
m.k

If z vanishes on the circle r = g, then the numbers & must be chosen so
that

Jm(ka) =0 )

and we finally get solutions of the type
2 =3 AppImlkmar) exp {£im0 £ ik, .ct} (18)
where A4,,, are constants and k,,;, k5, . . . are the positive roots of the

transcendental equation (17). In the symmetrical case in which z is a
function of r and ¢ alone the corresponding solution is

2(r,t) = S A Jolk,r)et ikt (19)
where k,, k,, . . . are the positive zeros of the function Jy(ka).
For instance, if we are given that

z = f(r), g—fzo att =20

then the solution of the problem is
z =3 A, J(k,r) cos (k,ct) 20)

where the constants 4, are chosen so that
_f(r) = Z AnJO(knr)

From the theory of Bessel functions® we see that this implies that

2 a

=y O d ey
The complete solution of our problem is therefore given by the equations
(20) and (21). -

Solutions of problems of these kinds relating to vibrating membranes
with rectangular and circular boundaries can also be derived by means
of the theory of “finite” transforms. For details of the derivation of
these solutions the reader is referred to Sec. 19.5 and 19.6 of Sneddon’s
“Fourier Transforms” (McGraw-Hill, New York, 1951).

These methods are appropriate only when the boundary curve I" has

t Cf. I. N. Sneddon, “The Special Functions of Physics and Chemistry” (Oliver
& Boyd, Edinburgh, 1956), p. 103.

1 G. N. Watson, ““A Treatise on the Theory of Bessel Functions,” 2d. ed.
(Cambridge, London, 1944), chap. XVIII.
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a simple form. When I' is a more complicated boundary, approximate
values of the possible frequencies of the system can be found by making
use of certain results in the calculus of variations. According to the
calculus of variations,! if the solution of f equation (1) in the case in which
I' is fixed is of the form f (x,p)e" Yithen the nth eigenvalue 4, is
the minimum of the integral

= [HE (3 o @

with respect to those sufficiently regular functions ¢ which vanish en I’
and satisfy the normalization condition

a”¢2dxdy=1 (23)
S
and the n — 1 orthogonality relations
f f b dx dy = 0 (24)
S

where ¢, is the minimizing function which makes / equal to .
This provides us with a method of determining approximate solutions
to our problem.? If

z = yp(x,y)e’n" (25
is an approximate solution of the problem stated in equations (1) and (2),
then if &, . . ., ®, are »n functions which are continuously differ-

entiable in S and which vanish on I', an approximate solution is

Palry) = 3 GO (x) 26)

where the coefficients Ci™ are the solutions of the linear algebraic
equations

Z (0,65 — T, )C™ =0 i=12...,n 27N

with — o, = f f ®.0, dx dy (28)
_ _ jod, 00, D, ad,) '

ro= = 155 - 3 3y (29)

and the first n approximate eigenvalues k,, k,, . . . , k, are given by

1 R. Weinstock, “Calculus of Variations (McGraw-Hill, New York, 1952),
pp. 164-167.
% Ibid., pp. 188-191.
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the n positive roots of the determinantal equation

opk? — Ty 010k* — Ty, Tt oy,k? — Ty,
0k — oy 0g0k? — T'py v 0g.k? — Ty

! ) ) =0 (30)
ankt — T, 0,ok? — T <. okt =T,

In addition the coefficients must be chosen to satisfy the normalization
condition

oY CMCMo,; =1 €2))
1,j=1
If the boundary curve T" of the membrane S has equation u(x,y) = 0,
a simple choice of the approximate functions ®, (i = 1,2, . . . , n)is
to take
&, = u(x,y), O, = xu(x,y), b, = yu(x,y)

D, = xu(x,y), O, = xyu(x,y), &, = y2u(x,y), etc.

The variational approach to eigenvalue problems is useful not only in
the derivation of approximate solutions but also in the establishing of
quite general theorems about the eigenvalues of a system. For details
of such theorems the reader is referred to Chap. 9 of the book by
Weinstock mentioned above and also to Chap. 6 of Vol. I of “Methoden
der mathematischen Physik™ (Springer, Berlin, 1924), by R. Courant
and D. Hilbert.

Example 3. Find approximate values for the first three eigenvalues of a square
membrane of side 2.
Suppose we take the membrane to be bounded by the lines x = %1, y = %1;
then we may assume
Py =(1 = xH(1 — ), O, = x(1 — x2(1 — ), Dy = (1 — (1 —yD)
and we find that

a 256 Top = Ogq = 256 Gyp = @ 04y =0
11 - 225‘ 22 — “»3 T 1575 ’ 12 23 31
256 3328 .
T T Fn:ru:—”-’s' 12 Tyg=T3 =0

In this case the determinantal equation (30) reduces to
(k2 — S}k — 138 =0
so that the first three approximate eigenvalues of the square are
ky = v§=2236, ky=ky =13 =3.606

From equation (10) we see that the exact results are

=2221, ky=ky=
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PROBLEMS
1. Show that the solution of Example 2 can be put in the form
fo = 3 [ (a.p) do df
Il) = — 35— =,
2xp0) ch_'_c J:w U VIR — (x — aff —(y—pp

2. A very large membrane which is in its equilibrium position lies in the shape
z = f(r) (r* = x* + y%). Show that its subsequent displacement is given by
the equation

2(rf) = f "EF (&) cos (ctnIo(&r) dt
[

where © = J‘ o (e dr
0

3. A square membrane whose edges are fixed receives a blow in such a way that
a concentric and similarly situated square area one-sixteenth of the area of the
membrane acquires a transverse velocity v without sensible displacement, the
remainder being undisturbed. Find a series for the displacement of the
membrane at any subsequent time,

4. A membrane of uniform density o per unit area is stretched on a circular frame
of radius a to uniform stress oc2.
When ¢ = 0, the membrane is released from rest in the position
x = e(a® — r?), where ¢ is small, and r is the distance from the center. Show
that the displacement of the center at time ¢ is

= cos (&ctfa)
8 2
“* 2 “EE
where &, is the nth positive zero of the Bessel function J,.
S. Using the approximations

Dy =1- V¥ )2 Oy=x-xvixy2 P=y—yviliy

show that the first three approximate values of the constant k in the solution
[f(r)etket,describing the transverse vibrations of a circular membrane of unit
radius, are

K, =Vv6 K,=K,=V15

5. Three-dimensional Problen -

In this section we shall consider some of the simple solutions of
the three-dimensional wave equation

1 %
2y = —
V'”_czazz )

It is a simple matter to show that this equation has solutions of the form

exp {Li(lx + my + nz + ket)} )
provided that

k?=1% + m? 4 n? 3



THE WAVE EQUATION 233

Example 4. A gas is contained in a cubical box of side a. Show that if c is the

velocity of sound in the gas, the periods of free oscillations are
2a
cVn + nd + nd

where ny, ny, ny are integers.

In this problem we are looking for solutions of the wave equation (1) valid in the
space 0 < (x,y,2) < a and such that dy/dn = 0 on the boundaries of the cube.
The form of y will therefore be

nymx Nam) Nyt
w(x,p,z,1) = Z Apowom cos( 7} cos { 2= cos [ 2=
ety \ a a a

n.on_. n
[ ]

cos

I et
(n? + n} + ndt -

where ny, n,, ny are integers. It follows immediately that the periods of the free
oscillations of the gas are
2a

Vn} + n2 + nd

In spherical polar coordinates r, 8, ¢ the wave equation (1) assumes
the form

Frr ARy - A Barery oy Rl r )
If we let
w(r,0,4) = V(r)P™ (cos H)etimeLike )

where W(r) is a function of r and PZ (cos ) is the associated Legendre
function, then on substituting from equation (5) into equation (4) we
find that W(r) satisfies the ordinary differential equation

dz‘}”*gﬁ_n(n+l)

— 2 ==

dart " r odr rt Ty =0 ©)
Now, putting

Y = r iR(r)

we see that equation (6) reduces to

d*R 1dR  (,, (n+3y ,

R Al G LRl O
from which it follows that if n + } is neither zero nor an integer,

R(ry = AJ, \(kr) + BJ_,_,(kr) t)

where 4 and B are constants and J,(z) denotes the Bessel function of the
first kind of order » and argument z.  If on physical grounds we require
the solution (5) to have the symmetry properties

wr, 6 + 7 ¢) = y(rb,4), (0,4 +2m)= y(rb,4)
then we must take m and n to be integers.
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Hence the function
'P("ﬂ#’) = r“Ji(,,H)(kr)P;:' (COS G)eiiméilkcl (9)

is a solution of the wave equation (4). The functions J . ;,(kr), which
occur in the solution (9), are called spherical Bessel functions.! They
are related in a simple fashion to the trigonometric functions, for
it can be shown that if # is half of an odd integer

Ju(x) = (”—i)i[f,,(x) sin x — g.(x) cos x]

273\ .
J_(x) = (;;) (—1* g (x) sin x + f,(x) cos x]

where f,(x) and g.(x) are polynomials in x~1, e.g., in the case n = },
i) =1, gx) =0 and for n =%, f(x)=1/x and gyx)=1. It
follows from these facts that

wr) = ;ed:ikrﬂ:ikcl (10)

wrh) = 1, EHT(rk—r) — cos (kr)| cos 6 et (1

are particular solutions of the wave equation (1).2

The solution (10) is a particular case of a more general solution which
can be derived directly from equation (1). If the solution of the wave
equation is assumed to have spherical symmetry, i.e., if  is a function
only of r and ¢, then it must satisfy the equation

v 20y 12y 1
ot " ror cor e
If we put p = ¢/r, we find that
7 _12¢
ot 2 or
so that d=f(r—ct) +glr+c1)

where the functions fand g are arbitrary. In other words, the general
solution of the equation (12) is

wz%[f(r.—ct)-}—g(r—{—ct)] (13)

where the functions fand g are arbitrary.

1. N. Sneddon, “The Special Functions of Physics and Chemistry™ (Oliver &
Boyd, Edinburgh, 1956), sec. 31.

2 For applications of the wave functions (9) to electromagnetic theory the reader
is referred to J. A. Stratton, “‘Electromagnetic Theory” (McGraw-Hill, New York,
1941), chap. VII.
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The function r~1f (r — ct) represents a diverging wave. If we take

s=7s(t-) (14)

4nr c

to be the velocity potential of a gas, then the velocity of the gas is

0 1 ( r) 1 ,( r)
A A = U
so that the total flux through a sphere of center the origin and.small
radius e is

4netu = f(1) + O(e)

For this reason we say that there is a point source of strength f(r)
situated at the origin; the expression (14) therefore represents the
velocity potential of such a source. The difference between the pressure
at an instant f and the equilibrium value is given by

% o ( r)

P=Po=P% " am \' 75 (1)
Example 5. A gas is contained in a rigid sphere of radius a. Show that if c is the
velocity of sound in the gas, the frequencies of purely radial oscillations are ct,la,

where &y &s . . are the positive roots of the equation tan & = £.
The conditions to be satisfied by the wave function y are that it satisfies equation
(12), that ¥ remains finite at the origin, and that ¥ — dy/or =0 at r = a. From
equation (10) we see that the first two of these conditions is satisfied if we take

w=A sin (kr) giket
r

where A4 is a constant. For this function

iked

U= ——=

oy 4 k cos (kry  sin(kr) .
ar o o

so that u = 0 on r = a if k is chosen so that

tan (ka) = ka
The possible frequencies are therefore given by the expression céifa (i = 1,2, . . ),
where §,. &;, . . . are the positive roots of the transcendental equation
tan é = & (16)

Similar solutions of the wave equation (1) can be found when the
coordinates are taken to be cylindrical coordinates (p,$,2). The wave
equation then takes the form

oy 1oy 1% Py I (17)
dapt  pop ptedt | 82 A en

If we write

wp,$,2,1) = R(NV(H)Z(2)T(1)
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we see immediately that the equation (17) separates into

d*R 1dR ( N m’)
— _—— —_— R =
dr? + r dr te p? 0
d*® 427 4T
d—d)g + m* = 0, F -+ )’22 = O, 7 + k**T =0
where 7=k — ot (18)
We therefore have solutions of the form
Wpabd) = Jp(wp)ein=ivsimt (19)

where y is related to k and w through the equation (18). If kK > w, so
that y is real, we can think of the solution (19) as representing a wave of
amplitude J, (wp)e* ™ moving along the z axis. The phase velocity of
such a wave is

V=—
Y
and the group velocity! is

d ey =
W—-E'(,\C)—T

Example 6. Harmonic sound waves of period 2n[kc and small amplitude are
propagated along a circular wave guide bounded by the cylinder p = a. Prove that
solutions independent of the angle variable ¢ are of the form

y = eithet—2) _]0( .EL'E)
. a

where £, is a zero of J\(£) and y* = k* — (£2/a?).
Show that this mode is propagated only if k > &,/a.
Since y is independent of &, it follows that we must take m = 0 in equation (19)
to obtain
v = Jo(wp)eitket =)

where »* = k* — w® The boundary condition is that the velocity of the gas
vanishes on the cylinder; i.e.,

o
oo onp=a (20)
%
Since Jo(x) = —Jy(x), it follows that this condition is satisfied only if @ is chosen to
be such that J,(wa) = 0; w = £,/a, where £, &,, . . . are the zeros of J,(§). We
therefore have
ket &ap!
p - entet yn g, (508 @1
a

where y? = k? — (£}/a?).
For the mode given by equation (21) to be propagated we must have y real;
ie., k > &,lat

1 C. A. Coulson, “Waves” (Oliver & Boyd, Edinburgh, 1941), p. 130.

t For the application of the theory of cylindrical waves in electromagnetic theory
the reader is referred to Stratton, op. cit., chap. VI.
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The solution (19) is useful in applications to problems in which the
physical conditions impose the restriction that w must remain finite when
p =0. In problems in which there is no such requirement we must
take as our solution

wphod) = [4,J,(0p) I B, Y, (wp)let-irtime (22)

where Y, (wp) denotes Bessel's function of the second kind' and 4,,, B,
denote complex constants. The most convenient solutions of Bessel’s
equation to use in this connection are Hankel functions

H(wp) = J,(wp) + iY,(wp),  HP(wp) = J,(wp) — i¥,(wp)
so that we may write the solution (22) in the form
wpbait) = (A, H i (wp) |- B, HP(wp)lete~rEmé (23)

For instance, in the case of axial symmetry (m = 0) we obtain
solutions of the form

wp.z,1) = [AH(wp) + BH N wp)le™~ 29

Now for large values of p

2 \%. NN 2 \+ .
H{P(wp) ~ (—) eiwr i, H2(wp) ~ (——) g~ Hwe=in  (25)
WP WP

SO as p —> o0,
20\ . 4 .
W(P,ZJ) —~ (Trwp) [Aer(kct+mp—:yz—in) -4 Bev(kct—wp—wz-i-}n)]

Thus the solution

volp.z,t) = H(wp)e™ = (26)
represents waves diverging from the axis p — 0, while the solution
vip.z,t) = HP(wp)ee 1 @n

represents waves converging to this axis.
In the two-dimensional case (8/9z = 0) it follows from equation (16)
of Sec. 4 that the analogue of equation (23) is

Wpihit) = [AH P (kp) + B, HP(kp)jerrtim? (28)

while those of equations (26) and (27) are
wolp,t) = H(kp)e (29)
and vdpst) = H§(kp)e™ (30)

respectively. The functions (29) and (30) play the same role in the
theory of cylindrical waves as do the solutions (10) in the theory of
spherical waves.

! I. N. Sneddon, “The Special Functions of Physics and Chemistry™ (Oliver &
Boyd, Edinburgh, 1956), p. 105.
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PROBLEMS

A wave of frequency v is propagated inside an endless uniform tube whose
cross section is rectangular. (a) Calculate the phase velocity and the wave-
length along the direction of propagation. (b) Show that if a wave is to be
propagated along the tube, its frequency cannot be lower than

cfl 1\t
vmln=i a—"’+b_2

where g and b are the lengths of the sides of the cross section. (c) Verify that
the group velocity is always less than c.  Show that the group velocity tends to
zero as the frequency decreases to vmip.

Show that the flux of energy through unit area of a fixed surface produced by
sound waves of velocity potential v in a medium of average density p is

op ¢
P at on

A source of strength A cos (or) is situated at the origin. Show that the
average rate at which the source loses energy to the air is

pA%c*
8nc

where c is the velocity of sound in air.

A symmetrical pressure disturbance p,4 sin k¢t is maintained over the surface
of a sphere of radius a which contains a gas of mean density po. Find the
velocity potential of the forced oscillation of the gas, and show that the radial
velocity at any point of the surface of the sphere varies harmonically with

amplitude
A1
" (k_a — cot ka)

Air is contained between concentric spheres, the outer being of fixed radius b
and the inner of oscillating radius a(l + e sin kct), where ¢ is small. Prove
that the velocity potential of the forced oscillations of the air is

eakc cos a sin(kb — 8 — kr)

sin(kd — f — ka + a) . cos ket

where « and B are the acute angles defined by tan « = ka and tan § = kb.

A rigid spherical envelope of radius a containing air executes small oscillations
so that its center is at any instant at the point » = bsinnr, 6 = 0. Prove that
the velocity potential of the air inside the sphere is

cos kr  sinkr
2 9
C! e e ] cos 8 cos nt
nk2a®b

where C = Ffacoska — (2 — K% sin ka

Show that the wave equation has solutions of the form

¥ = SOHR()
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where 8, ¢, r are spherical polar coordinates, / is a constant integer, and

[ (2 sn 6 L& i+

lsin6 \30°" %) " sinte ae.* ¢+ nps
13,8 Wvb 13|
|r‘ar P P -r_"aT’IR_O

Verify that the last equation is satisfied by

R(r.1) —r‘( = ) flr—ct)y + glr + )

r

where f'and g are arbitrary functions.

6. General Solutions of the Wave Equation

In this section we shall derive general solutions of the wave equation
associated with the names of Helmholtz, Kirchhoff, and Poisson. The
solutions of Helmholtz and Kirchhoff' deal with wave problems in
which the values of the wave function y(r,f) and its normal derivative
oy/on are prescribed on a surface S. From Kirchhoff’s form of
solutions of this problem we deduce Poisson’s solution to the initial
value problem in which y and 8y/or are prescribed at time ¢ = 0.

Suppose that ‘¥ is a solution of the space form of the wave equation

VIE 4 kY — 0 0

and that the singularities of ¥" all lie outside a closed surfacz S bounding
the volume V. Then putting

eik Ir =1}

Vo= 2)

=]
and this value of ¥ in Green’s theorem in the form of equation (1) of
Sec. 8 of Chap. 4, we find that if the point with position vector r lies
outside S, then

f{ A it Bl {9

on v —r| r—r| on

} ds' =0 3)

On the other hand, if P lies inside S, by applying Green’s- theorem to
the region bounded externally by S and internally by C, a small sphere
with center r and radius ¢ (cf. Fig. 23), we find that

2 ezl Ir ~rt 'Hl - a\}/-(rr) i
W(r
f{ ()Bn Ir —r] |r—r'| on as
. ¥ iklr —-r)
= lim {(,k - ) - (')] ds’
=0 JCLL Ir —r| e —r|

and by a process similar to that employed in Sec. 8 of Chap. 4 we can
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show that the value of the limit on the right-hand side of this equation
is —4mrW¥(r).

Hence we have:

Helmholtz’s First Theorem. [f 'V(r) is a solution of the space form
of the wave equation V2t + k™' - 0 whose partial derivatives of the
first and second orders are continuous within the volume V on the closed
surface S boundind V, then

0 ciklr —-r) ]

l r thr —r ‘\|' '
Ll D)y 2
4n Js\ir — 1’ ©on n g —r|!

ds

(RNT{] ifreV
"o itrer @
where n is the outward normal to S.

Helmholtz’s first theorem is applicable in the case when all the
singularities of the function W¥(r) lie outside a certain volume V. We
now consider the case in which all the singularities of ¥ lie within a
closed surface S. If we now apply Green’s theorem to the region V
bounded internally by § and externally by X, a sphere of center the
origin and very large radius R, we find, on letting R — co:

Helmholtz’s Second Theorem. [f Y (r) is a solution of the space form
of the wave equation whose partial derivatives of the first and second
orders are continuous outside the volume V and on the closed surface S
bounding V, if r'¥(r) is bounded, and if

o
r (— — ik‘l”) -0
or
uniformly with respect to the angle variables as r —» oo, then

U (e, @ fetf=rt g ekt vy
4_'-"[“'(”;—"'("' l"|)— on Ir—r/lfds

[¥(r) ifr¢ Vv
to ifreV

= )
where n is the outward normal to S.

It would appear from Helmholtz’s formulas that the values taken by
¥ and 9¥/on on the surface S can be assigned arbitrarily and indepen-
dently of each other. By use of a Green’s function G(r,r’) with
singularity at P (see Sec. 7 below) we can express ¥(r) in terms of ¥'(r’)
alone through the equation

1 [ - 0G
Uy L gy 49
F(ry = o N F(r') pw ds
so that knowing the value of ¥ on the surface S, we can, in general,
determine W(r) uniquely and, in particular, calculate the value of
0¥/on on S. It can also be shown that if 9¥/0n is prescribed on S,
W(r) is in general determined uniquely so that its value on S can be



THE WAVE EQUATION 241

determined. The values of ¥ and 2¥/on on S are therefore related.
If the functions f(r) and g(r) are defined in an arbitrary way, then the
function
1 etlr—rl o ettt
\};- _— N nN_ - ’
@) 4z L{f(r )|r —r] 8(r') on|r — r|i as
satisfies the space form of the wave equation, but it does not necessarily
follow that W(r') = g(r’), 0¥/on = f(r') on S.
Similarly in the two-dimensional case by taking

V' = HP (ke — o))

where p = (x,y), in the two-dimensional form of Green’s theorem, we
can readily establish the two-dimensional analogue of Helmholtz’s
first theorem:

Weber’s Theorem. If ¥(p) is a solution of the space form of the
two-dimensional wave equation ViV + k*¥" = 0 whose partial derivatives
of the first and second orders are continuous within the area S and on the
closed curve T' bounding S, then

I 2 , , a‘F(p')} ,
_ N (1) _ — (1) _
e 2 g o — e ~ Hi e — o) T s
Y(p) ifpeS
“lo ife¢sS

where n is the outward normal to T'.  The proof is left as an exercise to
the reader.!

Helmholtz's first theorem can be expressed in another way by intro-
ducing the idea of a retarded value. If w(r’,f) is a function of the
coordinates of a variable point with position vector r’, then we define
the retarded value [y] of y by the equation

[z,p]:tp(r’,l—-g), A= —r (6)

where r is the position vector of some fixed point. If

W', 1) = W(r)e e
then it is obvious that

= wre #, [2] = —ikety) ™

If, now, we multiply both sides of the equation which occurs in Helm-
holtz’s first theorem by e™**, we find that if the point with position

! See Weber, Math. Ann., 1, 1(1869), and B. B. Baker and E. T. Copson, “The

Mathematical Theory of Huygens' Principle,” 2d ed. (Oxford, London, 1950),
pp. 50-51.



242 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS
vector r is inside the surface S, then that equation can be written in the
form
1 J’{ aliik d(l)l 1 [ép])
e =g i ¥Maia tail T alal e

which, because of the second of equations (6), can be written in the form

1 [ o /1y 1 oAfow 1
W =g [ G G L5
Now an arbitrary wave function y(r,f) can be expressed, either by a
Fourier series or by a Fourier integral, as a linear combination of wave
functions of the type W, (r)e****,and since the equation (8) does not
contain k explicitly, it follows that it is true for any wave function. It
can also be shown that if the point with position vector r lies outside
S, the right-hand side of equation (8) is equal to zero. We therefore
have:
Kirchhoff’s First Theorem. [f y(r,t) is a solution of the wave equation
whose partial derivatives of the first and second orders are continuous
within the volume V and on the surface S bounding V, then

1 24 1 [oy
471 { En() ¢ on J—sz—r}.

oy’
on.

ds’  (8)

ds’

(w(r,0) if P(r)e V °
lo if P(r) ¢ V )

where A = |r — x| and v is the outward normal to S.

For a direct proof of Kirchhoff’s first theorem the reader is referred
to pages 38 to 40 of “The Mathematical Theory of Huygens’ Principle,”
by Baker and Copson. In the case where the singularities of y(r,t) all lie
outside a given closed surface we have:

Kirchhoff’s Second Theorem. J[f w(r,t) is a solution of the wave
equation which has no singularities outside the region V bounded by the
surface S for all values of the time from —oo to t, and if as r — o,

pir ~ L=
. r
where f (u), f(u) are bounded near u = — oo, then
IIV’] 2 (1)_12A[ay 1 &y _ v ifPmeV
41r sV n\A/  cionlor on. 10 ifP(r) ¢ V

where n is the outward normal to S.
We get a special form of these results if we take the surface S to be
the sphere with equation

A=r'—r1=ct (11)
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Then at any point of S
[y} = w(r',0) = f(r)

where f'is the value of y at t = 0. Similarly
QI _ op(r',0) _
o

B} ot = &(r)

where g is the value of ¢y/of at 1 = 0. If we substitute this result in
equation (9), we find that

oz [ Ea@le o

where S has the equation (11). Now if we denote by the symbol M.( f)
the mean value of the function f over the sphere (11), then

= | &5 i)
Substituting these expressions in equation (12), we find that
WD) = 2 UM(S)] + 1 (g) (3
is the solution of the wave equation which satisfies the initial conditions
v=f T=g =0 (14

The solution (12) is Poincaré’s solution of the initial value problem (14).
Equation (13) expresses Poisson’s solution. For a direct proof of
Poisson’s solution see Prob. 2 below.

PROBLEMS

1. If w(p,r) = W(p)ei*<t is a two-dimensional function in which W(p) does not
depend on ¢, prove that

' _ 1 a\}/-(P,) e a} oueik(ufchdu.
ven AZJ‘F “ @ o Vid — pE.

if p lies within the closed contour T', where p, =|p —¢’|.

ds’

Show that if we write
a/ _aia_x 3fa_y 5_[_ of 8p;

on  Ox dn  dy on on  9p; on
this result becomes

- LA ru'w(P,f—u/c)dul %
wpd) = —Z;J.l {(a—n On) J': 7—7?, i
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2. Using the principle of superposition, show that if g and F are arbitrary,

wr) -%f g Fi'r—""‘)df
4nct Jy [4

[e—r] " A

is a solution of the wave equation provided r is not the position vector of a
point of V.
Taking F(u) to be ¢! when —e < u < 0 and zero otherwise, prove that
y(r,n) = tM(g)

and deduce that when ¢t = 0,

0 o _
Yy =4y T

3. The function y(r ) satisfies the wave equation. Ifat time+ = 0,y = 0 for all
rand v
w ‘k 0<r<a
a 10 r>a
where & is a constant, use Poisson’s solution to determine the values of y and
dy[dt at any subsequent time.
Determine the solution also by making use of equation (13) of Sec. 5.

7. Green’s Function for the Wave Equation

In this section we shall show how the solution of the space form of
the wave equation under certain boundary conditions can be made to
depend on the determination of the appropriate Green’s function.

Suppose that G(r,r’) satisfies the equation

(ﬁ + il + -2—) G(r,r) + kKG@r,r’) =0 (1
ox'? ¢y ez ’ ’
and that it is finite and continuous with respect to either the variables
x, y, z or to the variables x’, y’, z' for points r, r’ belonging to a region
V which is bounded by a closed surface S except in the neighborhood
of the point r, where it has a singularity of the same type as

eu Jt=tf

T (2)
F—rl

asr’' —r. Then proceeding as in the derivation of equation (4) of the
last section, we can prove that, if r is the position vector of a point
within V, then

Y(r) = 4% L {G(r,r’) 6‘};

where n is the outward-drawn normal to the surface S.
It follows immediately from equation (3) that if G,(r,r’) is such a
function and if it satisfies the boundary condition

Gy(rr’) =0 4

) N EGIHN

r
n
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if the point with position vector r” lies on S, then

¢Gy(r

cn

" 1 n 1 ¥ ’ 4
‘}(r):——f\f(r) ) gs )
4 Js
by means of which the value of V" at any point r within S can be cal-
culated in terms of the values of ¥ on the boundary.
Similarly if G(r,r’) is a function of this kind satisfying the boundary
condition
0
G2 forres 6)
cn
then we obtain

o L[
) = o L ‘C—L’) Gyr,r') dS )

a formula which enables us to calculate 4" at any point within S when
the value of ¢''/2n is known at every point of S.

Similar results can be obtained in the case of a more general boundary
condition (cf. Prob. 1 below) and in the two-dimensional case (cf.
Prob. 2 below).

We shall consider the special cases in which the surface S is a plane:

Green's Functions for the Half Space z > 0. It is obvious that in

this instance
iklr —t| 1k|P —r1']
e e
Gy(rr) = T = ; (8)
! k—r] e —r]

where p = (x,y,—2) is the position vector of the image in the plane
z = 0 of the point with position vector r = (x,p,z). For this function
it is easily shown that if the point with position vector r’ lies on II,
the xy plane, then

A

3G, 2G, 2 (e”"*‘
27 %)
R

where R? = (x — x')* + (y — y')? 4+ z% It follows from equation (5)
that if ¥ = f(x,y) on z = 0, then when z > 0,

W( )——laf (”)ﬁdx’d' ©)
X)) = =5 )R Y
Similarly it can be shown that

G , rkjr—r’| ezklp -l 10

Z(rsr)—lr_rzl"|9_r:| ( )
so that on the plane I1
tkR
Golrr) = %

R
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It follows from equation (7) that if 8¥/9z = g(x,y) on the plane II,
then when z > 0,
1 e:kl(
Wwﬂ=—%LAWW7hJV (1
We shall now indicate how the solution (11) may be applied in the
theory of diffraction of ““monochromatic” sound waves by an infinite
plane screen which is assumed to be perfectly reflecting but which
contains holes of arbitrary size and shape. We shall assume that the
screen lies in the xy plane, and, for convenience, we shall denote the
holes in the screen by S, and the material screen itself by S,. If we
assume that monochromatic waves which in the absence of the screen
have velocity potential 'I"(r)e*** are incident on the positive side of the

AZ

i i

///L%///////

/
LS

Figure 42

screen (cf. Fig. 42), then the reflected and diffracted wave produced by
the screen will have a velocity potential of the form ¥g(r)e**<!, and the
total velocity potential of the sound waves will be ¥(r)e’t, where
() = ¥(r) + ¥s(r) (12)
The boundary conditions of the problem are that, on the material
of the screen, the normal component of the velocity of the gas must
vanish, i.e., that
Vs oY,
0z oz
and that, in each aperture, the total velocity potential must be equal
to the incident velocity potential, i.e., that
¥Ys=0 onS, (14)
To solve this problem we suppose that on S,

(). (5 + %)= 9

on S, (13)

o Y
Ca
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If we substitute the value for (0¥/0z),., obtained from equation (15)
into equation (11), we find that

1 J' (B‘P',-) e kR
l}j‘ —_ -t - ’ s
s(0) 2nJn\ @8z’ /z=0 R dx’ dy
o= kR

1 ? ’ s ’
—Z-Tj;lf(x,y) R dx’ dy (16)

Now if we put f(x’,y’) =0 in equation (16), we get the solution
appropriate to the problem in which the screen has no holes, and this
must yield the velocity potential of the waves reflected by an unper-
forated screen occupying the entire xy plane. It is readily shown that
if z >0, this velocity potential has the space form W,(p), where
p = (x,y,—2z) is the position vector of the image in the plane z = 0 of
the point with position vector r = (x,y,z). Hence if z > 0, we must
have

—ikR

) =Y + VA — e | S Sy (D)

We have still to ensure that the condition (14) is satisfied. To achieve
this we must choose f'(x,y) so that when (x,y,0) belongs to S,
- ki

fs Sy e o dx' dy’ = 2n¥(x,y.0) (18)

where A = +V(x — x)? + (y — y)2

Hence when z > 0, the solution of our diffraction problem is given
by equation (17), where the function f (x,y) satisfies the integral equation
(18).

We can deduce the solution in the case z < 0 very easily. If we
superimpose the solution of the problem in which waves with velocity
potential W (p)e*<* are incident on the negative side of the screen,
we find that the resulting solution [V (r) + ¥ (p)le**** automatically
satisfies the boundary conditions (13) and (14). Hence we have the
relation

¥(r) + ¥(p) = ¥i(r) + ¥.(p)
from which it follows that if z < 0,

e—ikk

W) = o [ 1) T ' dy (19)

where f(x,y) again satisfies the integral equation (18).

PROBLEMS

1. The function G,(r,r’) satisfies (V2 + k2)G = Oand is finite and continuous with
respect to x, y, z or x’, y’, z’ in the region } bounded by the closed surface S
except in the neighborhood of the point r, where it has a singularity of the same
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type as e*Ir—rl/lr —r| as r —r. It also satisfies the condition that
9G4/ 9n + hG, vanishes on S, k being a constant.
If W(r)e*<t is a wave function satisfying the condition

3
—a—;+h‘lf=f

for points on §, show that

Y¥(r) = 4%1 Lf(r')G3(r,r’) ds’

If G,(e,p ) is such that
e 82 \
2 —

7 3= #la-o
with p = (x,), o’ = (x’,y’) and is finite and continuous in the plane region §
bounded by the curve I" except that it has a singularity of type H'§’(k o — p7])
asp’ - p, and if G, = 0 on I, prove that

1 oG
Ye) = — | W) ==2dS
®) ¥ JF () o
If Gx(p,p") obeys the same conditions as G,(p,p ) except that 3G,/on = 0 and
G, - Oon I, prove that
1 ' (p)
Y(o) = — ~ ,

® & J; n Golp,p") ds
Monochromatic sound waves of velocity potential ¥ (r)e***! are incident on the
positive side of a perfectly conducting screen in the xy plane which has a small
aperture ., at the point (0,0,0). The dimensions of the aperture are small in-
comparison with the wavelength 2n/k of the incident wave. Show that at a
great distance r from the aperture on the negative side of the screen the velocity
potential is given approximately by

At,—ik(rfc!)
Y, = E—
1
where A= [ flxyydxdy
bid QISY'
and f f(x’,y') dx’ d}" = 27¥,(0,0,0)
s Vx —xP +(y—y»r

Deduce that 4 = C'¥,(0,0,0) where C is the capacity of a conducting disk
which has the size and shape of the aperture S,.

Monochromatic waves of velocity potential ¥(r)*<! are incident on the
positive side of an infinite perforated screen occupying the plane z = 0 of such
material that the total velocity potential vanishes on the screen.  Show that the
velocity potential W(r)e*<! is given everywhere by

c‘l

ik R
R dx' dy’

Y(r) = ¥,(r) 2‘—" qu (x5

where R = V(x —x)2 4 (y — y)® % and f(x,p) satisfies the integral
equation

" -1
Fy) S dx dy = 20 (. 0)
'S,

when (x,y,0) is a point of §,, the screen itself, and 1 = v{x — x') t G — e
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8. The Nonhomogeneous Wave Equation

The second-order hyperbolic equation

Ly = f(r,0) (1
1 o
where L= S350 . v ()

which arises in electromagnetic theory and other branches of mathe-
matical physics is called the nonhomogeneous wave equation. It is
readily seen that if u, is any solution of the nonhomogeneous equation
(1) and vy, is any solution of the wave equation, then

Y =19 + ¥ 3)

is also a solution of equation (1).

Suppose that a function y satisfies equation (1) in the finite region
bounded by a closed surface S and that we wish to find the value of the
function at a point P, with position vector r, which lies within S. If
we denote by Q the region bounded by S and the sphere C of center P
and small radius ¢, we may write Green’s theorem in the form

Loms—smnar— ([ + [Jo2-sZes

where the normals n are in the directions shown in Fig. 23. In equation
(4) we take p(r’) to be a solution of equation (1), so that

I a’ ’ ’
VEpE) = g W) — [0 s)
and assume that
_ | e =
¢ﬂ|r—r'|F(’ e+ =20 ©)

where t' is a constant and the function F is arbitrary. It follows that
Lé = 0, so that

1 0%
T oot

Substituting from equation (5) and (7) into equation (4), we find that

T4 6]

S N P R W T

@3 la
(L oo 3 as

If we now integrate with respect to ¢ from —oo to + o0 and assume that
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v, op/0t vanish for t = + oo, we find, on interchanging the order of the
integrations, that

(T s ([ - )02 sZalis o

It is readily shown that

B o U e vE
L:f_w(’*’ég— ) df}dS = 4n | Wr0F0 = () dr + O()

)
and that
oy } )
LU_JW’ as
B das’ © op(r',1) (_ , |r——r’) }
= s|r~r’|”—eo P Flt 0t dtp (10)
and
L{f_w'*’a—n"’ as
_ N N R S N () 1
—fsds;f_m[‘”(”’)%|r_r'| cTa =7
8|r—r’]] (_, r—r’) }
X == F|lt t+—c drp (1)

So far the function F has been arbitrary. Suppose we now assume that

] .
= -y . XE "

F(x) = ‘ 27
0 otherwise

Then, using the mean value theorem of the integral calculus, we find that

: . _ 1 N
f—cuf(r,t)¢dt—!rir’gf(r’t _—C_ +017]) _1<01<1
so that

([T re _ ;=1 ) ds’
Jn dr (J_mf(’ e d’) —fﬂf(f,! ra ) A
(12)

Similarly, from (9) we have

L{f_m (’p;_j: - 2—1:) dt} dS’ = 4ny(x, t' 4 0,m) (13)
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where —1 < 6, < 1, and from equations (10} and (11) we have

R
Yir)ds' = | ,

TN L g Jsir o or on (14)

and

/‘ 1 '_r.l a 1
=J;dS ilp‘r,l - ‘ 0"[) am
1o (, , |r—r| ) 1 o —r| )
cRvlr == ) =y T ™

where —1 < 63, 0, < 1. Substituting from equations (12), (13), (14),
and (15) into equation (8) and letting % -0, we find, on replacing ¢’
by ¢, that

L[ fldr
ver) - 4n Jo v — 1
N A
dnds\ Ul r—r1 " Mo —r]
1 an 1 olr—r)|)
Tclal k=7 on ldS (16)

where [ f] denotes the value of the function f at time ¢ —|r — r'|/c.
In particular the solution of equation (1) satisfying the conditions

oy
Y = —d; =0 on S
is
1 [ [f1dr
wed =g | (17

Because of its physical interpretation [ f] is known as the retarded
value of f, and the expression on the right-hand side of equation (17)
is called a retarded potential. It will be observed that by a simple
change of variable in the integral on the right equation (17) can be
written in the form

_l{' fir 4, —
47 Jn |l"|
The equation (17) may be established by means of the theory of

Fourier transforms; for a proof by this method the reader is referred
to Sec. 39.2 of Sneddon’s “Fourier Transforms.”

w(r,t) - rlje) 4, (18)
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It should be emphasized here that the derivation of equation (17)
which we have given is not rigorous. Among other things, we have
supposed the arbitrary function F to be differentiable and have then
taken a form for F which does not satisfy this condition. In fact the
final F we have chosen is not a function at all in the ordinary sense of the
word but a Dirac delta function.! We shall give a rigorous derivation
of this formula in the next section. In the remainder of this section we
shall merely indicate how the solution may be applied to the solution of
specific problems.

We saw in Prob. 1 of Sec. 2 of Chap. 3 that Maxwell’s equations of
the electromagnetic field possess solutions of the form

H = curl A, E= —Cl—aé—gradd’) (19)

where the vector potential A and the scalar potential ¢ satisfy the
nonhomogeneous wave equations

LA = t—ﬂi (20)
L¢=4nmp (2D

respectively. In these equations i denotes the current density, and p is
the space-charge density. It follows immediately from equation (17)
that if A, ¢, A/0t, and 9¢/¢¢ vanish on the infinite sphere, then

I e
A f|r—r| (22)
[¢) dr
and 4= [ — (23)

where the integrals are taken throughout the whole of space.

Example 7. Determine the vector potential and scalar potential at a point v due
fo a point charge q at the point vy moving with velocity v (v c).

We may suppose that a point charge ¢ is distributed uniformly throughout the
volume of a small sphere of radius e.  We may therefore write

i(r,1) = g f(r)v(1), p(r,n) =g f(r) (24)
_dry . _|r—r0|
where Y = F, =1t ——c—— (25)
3 .
and £(6) = |Fndd ifjr —rg| <

0 iflr —ry| >
Substituting in equation (22), we find that

y v(t |r—r|

4nce® Jg ror |

1 1. N. Sneddon, “*Fourier Transforms” (McGraw-Hill, New York, 1951), p. 32
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where S is the sphere |r' — r| < e. If we make the transformation
Ap)y =A =1 —14
in this integral, then since

aA dxq A1’ x" — x)v,
—_ = - —_—— = —— s etc.
el i dr — | e
we find that for small values of v/c
py) . v (@—r)
ax'y'\z" N r‘!r —r
dr dA du dv
so that =
a dr—r| er—rp—A —v(@®—ry—2)
and
v(t—w’dldydv 42
R c
%ﬁJSCTr —L—A —v (-1 — ) &

S having equation |A| = ¢ in these coordi-
nates. Making use of the mean-value
theorem and letting € -~ 0, we find that

v(t)

253

¥
_ qv(tr) 0
ARD = FR-vo) 26) y
where we have written R =ry - r, ¢' = ¢ 0 »>
— Rfe.
Similarly we have, for the scalar potential,
4 = 3qc dA du dv %
4 Jg o —rg —A ~ve(r —rp —2) Figure 43
which becomes in the limit ¢ — 0
A ('q (27)

FER—R V)

In the nonrelativistic range of velocities v < ¢ we have the approximate expressions

_ay _19
A= cR ¢_§

(28)

The potentials given by equations (26) and (27) are known as the Lienard-Wichert

potentials.

PROBLEMS

1. A current is suddenly started at time ¢ = 0 in an infinitely long straight

conducting wire, and its magnitude at a subsequent time ¢ is i(r).

Show that

at a point P distant r from the wire the vector potential A at time ¢ is zero if

r > ct but that if r < ct, A is directed along the wire and has magnitude

_2 ft=rie (=) dr
¢, Voooroma

2. If f(r) is the limit as £ - 0 of the function

|r| <

3
fup) = {4

0 | >¢
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show that
etklr—ct)

v (r,h - o

is a solution of the equation Ly = f(r)e~ ¢,

3. The D function of quantum electrodynamics satisfies (L + kD = 0
and the initial conditions D(r,r) = 0, D/t = f(r) at t = 0, where f(r) is
the function defined in the last problem. Show that

1 a
D(r,0) ot ARG

where the function F(r,r) is defined by the equations

[ Jolk(c2r? — r?)t) ct > r

F(r,) = |0 —r<ct<r

|~ —Jolk(c?? — rii] ct < —r

9. Riesz’s Integrals

It was observed in the last section that the derivation of equation (17)
of that section was not rigorous. In this section we shall give a brief
account of a method due to Marcel Riesz which provides a rigorous
proof of this formula and also of the corresponding two-dimensional
problem. We shall also indicate how the method can be applied to the
solution of Poisson’s equation.

In two short papers® read at the Oslo congress in 1936, Riesz intro-
duced two generalizations of the Riemann-Liouville integral of fractional
order. The first generalization associated with the operator

82
—_ _ 2
L =7V (N
is
M
n, _ - (e 1 " - ’ ’
Iy(r,t) = TETGn = 1) fD w(r' )R < dr' dt (2

where dr' =dx'dy'dz’, R®=( — 1t —|r—r'|’, and D is the
hypervolume bounded by the hypersurface R = 0 and the hyperplane
t" = 0. The time variable ¢ is always reckoned ‘o be positive.

The fundamental properties of the integral (2) were stated without
proof by Riesz, but brief indications of proofs of these results under
conditions sufficiently general for their use in theoretical physics have
been given by Copson.2  If the function ¢ is continuous the integral I"y
is an analytic function of the complex variable n for R(n) > 2. The

1 M. Riesz, Compt. rend. congr. intern. math., Oslo, 1936, vol. ii, pp- 45 and 62.
2E. T. Copson, Proc. Roy. Soc. Edinburgh, 59A, 260 (1943).
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characteristic properties of the Riesz integral (2) are expressed by the
equations

Iy = ™ty 3)

LIty = Iy ()]
If v and oy/or vanish when ¢ = 0, then

"2y = [y (5

lim Iy =y (6

Comparing equations (3) and (4), it appears that, in some sense, the
operator L is 72

In the particular case n = 2 it can be shown by simple changes of

variable that
Py(r,t) = - f et = %)
47 Ir'|
where the integration is taken over 0 < |r| < 1.

As an example of the use of these results we consider the problem of
solving the nonhomogeneous wave equation

by =f() >0 (8)

subject to the initial conditions y = dy/or =10 at ¢t =0, it being
assumed that f and 9f/9¢ are continuous. It follows from equation
(5) that

Iy = [™*2f
If, now, we let # -- 0 and make use of equations (6) and (7), we find
that

'/_sz 4ﬂjf(r lrl)d/ (9)

in agreement with equation (18) of the last section. It will be observed
that this is precisely the solution we should have obtained if we had
interpreted L as /=% and proceeded symbolically.
For the corresponding two-dimensional problem associated with the
operator
o2

L =25~ Vi (10)
Riesz introduced the integral
1 ‘. -3 ’ ’ ’
n - "R? d 11
BY(00) = 5o =y |, #eH R ' dy de (1)

where p denotes the plane vector (x,y),
Ri=(@—1p—]e—¢f
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and D, is the volume in the x"y’t’ space bounded by the plane ' = 0 and
the cone

le —el=+(—1)
This integral has the properties

Ny = Iy (12)
LIty =1y (13)
limI{y =y (14)
n—0

from which it follows that a solution of the nonhomogeneous two-
dimensional wave equation

At’

Figure 44

Liv(e,) =f(pt) >0 (15)

w(p ,t)t;’: dy' dz (16)
)

The second Riesz integral, associated with the operator V2, is defined

by the equation
ny) — LG _— 1) f W)
J V‘(T) = Zﬂ”gr(én) |l‘ — rlla_n
the integration being taken over the whole of space. If yis a continuous

function such that J"y exists in a strip 0 << R(n) < k of the complex
n plane, then

w(p,t) = 5!;7 .‘-"'

d’ (17)

JrJry = Jmny (18)
Virtly = —Jy (19)
lim Jp =y (20

n—+0
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Thus if we have to solve Poisson’s equation

Vip(r) = —dmp(r)

then operating on both sides of the equation by J"+2 and letting n — 0,
we find that
plr) = 4nJ2p(r)

which from equation (10) becomes

_ [ p(r)dr
PROBLEMS

1. Show that the solution of the equation
(L + kPw(r,0) = f(r,0)
with y = dy/dt = 0 when t = 0, can be written symbolically in the form

@
!P(l',f) —_ Z (_1)rk2r127+2f
* r=0
Deduce that

L[ fa = —ehdr _.k_J‘ fa.r) L
w(r,) = pm JVT— ), R Ji(kR) d= dt

where R? = (t — )% — |r — r'[?, Vis the volume for which0 < |r — 1] < 1,
and D is the hypervolume bounded by R= 0 and +'= 0.

2. Show that the solution of the equation
(L; — Ku(e.)) = f(p,1)

with y = 9y/dr = 0 when ¢ = 0, can be written symbolically in the form

@

vip,1) = ZO KPR (p,1)

7=

Deduce that

cosh(kR,) dx’ dy d
R,

1
vie,) =5 | fler
2m |,

where R: = (¢t — ') — | — ¢’|* and D, is the volume in the x'y’t’ space
bounded by the plane 1 = 0 and the cone R} = 0.

[0. The Propagation of Sound Waves of Finite Amplitude

The problems of wave propagation which we have been considering in
this chapter have been concerned with linear partial differential
equations. We shall conclude this chapter by considering an important
nonlinear problem, that of describing the motion of a gas when a
sound wave of finite amplitude is being propagated through it. We
shall consider only the one-dimensional problem, since it lends itself
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to a simple linearization procedure and provides a useful illustration
of the use of the Riemann-Volterra method and of a complex variable
method due to Copson. Even this simple problem has important
applications in aerodynamics and astrophysics.

The one-dimensional motion of a gas obeying the adiabatic law

p=ke (1)
is governed by the momentum equation

ou au  laép

T + llg} - - ; x (2)

and the continuity equation

8,0 ap ou

5 +u o +p x 0 ©)
If we introduce the local velocity of sound ¢ through the relations
. gy 4)
dp
we find that equation (2) becomes
u ou 2c oc
ER R b ®
and that equation (3) becomes
2 qéc ac) ou
il ) tem =0 ®)
If we let
r=— v s=—2" %)
Y — y—1
i.e., if we put
c=H#y —Ir+s), wu=r—s ®)
then the equations (5) and (6) reduce to the pair
cr or o ] s
L) =0, = —Gs )= =0 (9

where o = Ly + 1), 8 = &y — 3).

The quantities » and s defined by the pair of equations (7) are called
Riemann invariants. 1f one of the Riemann invariants is a constant,
then one equation of the pair (9) is an identity, and the other is a first-
order equation of Lagrange type, by means of which the other invariant
may be determined. The gas flow corresponding to the solution so
obtained is called a simple wave. For instance, if r is constant, then

X + (as + BNt =f(s)
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where the function f'is arbitrary, and if s is constant,

x — (ar + fs)t =g(r)
where g is arbitrary.
Riemann showed that if r and s are taken as independent variables,
the problem can be linearized. 1If x and ¢ are expressed in terms of r
and s, then it is readily shown that

or ot or 0x os ot os 0x

n'n v 7w wT e w T w
where J = 9(r,s)/2(x,r). If we substitute these expressions in equations
(9), we find that these equations may be written in the form

(%[x—(ar+ﬂs)l]+ﬂt=0, a%[x—l»(as%—ﬂr)]—ﬂt:O

from which it follows that these equations are satisfied if we express the
original independent variables x and ¢ in terms of r and s by the
equations

-‘ * a
x — (ar + ﬂs)t:‘_—qs, x+(cxs+ﬂr)t=—£ 10)
or os
where the function ¢ satisfies the equation
o2 N (845 AN
+ 2 o2 =0
ores r+s\or Z*s/l an
. . g 33—y
in which N T P =D (12)
2N +3
so that Y — Z]V—-H (13)

If N is a positive integer, a solution of equation (11) can be obtained
in closed form. Consider the expression

4, = ¥ f(n
YT (e £+ 9)Y
where the function f(r) is arbitrary. By direct differentiation it is
readily shown that

¢y N (o 0y
8r8s+r+s(8—r+_3s_)

N f(n N { LN (5] N -t f(n )
L s\ Ve Lot
Now if we write

=—N

S fl)
r+9% (¢ +s)N“(r +9)
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and make use of Leibnitz’s theorem for the nth derivative of a product,
we find that
* _fn S L f)
a_rﬁ(7+—_,~)1v =(r+ s)a—r‘V(r PR ET I NarN—l(r + g H
from which it follows that ¢, is a solution of equation (11). A similar
solution can be obtained by interchanging r and s. We therefore have

aN—l f(r) aN -1 g(s)
#(rs) = or=l(r + 5 "1 (r + 5)Y (14)
where f(r) and g(s) are arbitrary, as the solution of the linear equation
(13) in the case in which N is a
‘ positive integer. Inthecase N =1
we have the simple solution

_S(r) + g(s)
A P $r.s) = T v

For general values of the con-
stant y, N is not an integer, and
so recourse has to be made to
some other method of solution,

¢ such as the Riemann-Volterra
s method. It follows from the
0 analysis of Sec. 8 of Chap. 3
Figure 45 that, in the notation of Fig. 45,
the solution of equation (11) is
(04 N ow Nw } r’.
j

$p = bpWy — J;B [V' |35 +mé] ds +dl{i7—m

where ¢, 6¢/0r, and 9¢/0s are prescribed along a curve C in the rs plane
and the Green’s function w(r,s;r’,s") is determined by the equations

. 0%w 0 W) ¢ W
- — —_ _— —_— = 0
) or os or (r + s/ as \r + s/
. ow N ,
(ii) 8_r_r+sw when s = s
0 N .
(1) aL:—r+sw whenr = r
(iv) w=1 whenr =r'and s =5
It can be shown that
. A\ N
wrsirs) = (C5S VR - NN L ()
ris
(r—ri)is—ys")

where &= (16)

T+ )
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Analternative method of solution has been devised by Copson,’ using
the theory of functions of a complex variable. It is easily proved that

the function
~2N

M) ==+ o

is a solution of Riemann’s equation (11). Furthermore if r and s are
real and N is not an integer, this solution is an analytic function of the
complex variable z, which is regular if the z plane is cut along the
segment of the real axis which joins the points 0, r, —s. We may then
consider the branch of this function which is real and positive when z
is real and greater than 0, r, and —s. Therefore, if f(z) is an analytic
function which is regular in a region containing the real axis, and if C
is a simple closed contour surrounding the cut, then

1 2¥f(2) dz

= | — 17

$(r>9) 2riJe(z — )™z + )Y (in

is also a solution of the partial differential equation (11). Substituting
this expression in equations (10), we find that

N [ Y (2) dz
2mi ez — DYz + s)F
N 22¥f(z) dz
2ride(z — ¥z + sV !

(18)

x — (ar + fis) =

(19)

X + (as + fBr) =—

from which it follows that

N Z*Nf(z2) dz

@ty =g | T LDE

2aiJe(z — YT (z + 3)
Now in a state of rest the velocity u is zero so that r = 5. Hence if
the solution (17) is to represent a motion of the gas in which the initial
state is a state of rest, the function f(z) must be chosen to satisfy the
integral equation

22¥f(2) dz
where T is a simple closed contour surrounding the cut [R(z)] < r. It
is readily shown that this implies that f(z) is an even function, and
conversely.
Suppose that when ¢ = 0, x = x,(r); then equations (18) and (19)
show that

=0

xo(r) =2 J‘ 22¥f(2) dz _N 2?Nf(2) dz .
2aidr(z — ¥z + ¥ 2midr(z — )Y@ + !
from which we obtain by addition the symmetrical expression
N[22 dz
2miJr (22 — ¥ !

VE.T. Copson, Proc. Roy. Soc. London, 216A, 539 (1953).

x(r) = (20)
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Equation (20) can be regarded as an integral equation for the deter-
mination of f(z) when xy(r) is known. Copson has shown that the
solution of this equation is

221 (z) = 2J: (22 — r)¥ " 1xy(r) dr Q1

provided that x(r), regarded as a function of the complex variable r, is
an even function regular in a region containing the real axis. Equation
(17) then gives the required function ¢(r,s).

PROBLEMS

1. In the problem of the expansion of a gas cloud into a vacuum the initial con-
ditions are
r=s = ryx) x <0, r(0) =0
Show that

du _ _ d_r“
(7’)[=0 = =2y — Dry(x) ac

Hence show that if rg(x) < 0, the cloud expands into the vacuum.

2. If the face of the expanding cloud has advanced into the vacuum and is at
x = x,(t), show that the conditions r = —s = r (1) hold there. Deduce that

N [ 292 dz
2mi c (z — rl)ZN'H

N 22N (2) dz

2ri Jo, (z — r)PN +2

x; — 2t =

where (o + f)t

and C, is a simple closed contour surrounding O and r,.
Prove that x; = 2r,; i.e., the velocity with which the face of the cloud
advances is equal to the particle velocity at the face.

3. If N =}, prove that
1 d 1 ¢
Xy =2t - 3ar, [r f (D) r- - merlf(’l)]
4. If initially r = s = (—ux)}, x < 0, prove that
1 1
x = —[Nr2 — 2(N + Drs + Ns?), t=— QN+ D) —3s)
2u 2u
Deduce that the position x, of the face of the cloud at time ¢ is given by

pt?
-
LN+ 1

MISCELLANEOUS PROBLEMS

1. Two very long uniform strings are connected together and stretched in a
straight line with tension T; they carry a particle of mass m at their junction.
A train of simple harmonic transverse waves of frequency » travels along one
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of the strings and is partially reflected and partially transmitted at the junction.
Find the amplitude of the transmitted wave, and prove that its phase lags
behind that of the incident wave by an amount

tan-1 2mvmec’ }
T(c + ¢)

where ¢ and ¢’ are the velocities of propagation in the two strings.
Verify that the mean energy of the incident wave is equal to the sum of the
mean energies of the reflected and transmitted waves.

A uniform straight rod of mass m and length / is free to rotate in a horizontal
plane about one end A, which is fixed on a smooth horizontal table. The
other end of the rod is tied to one end of a heavy string. The other end of
the string is tied to a fixed point B on the table so that 4B = 2/, [Initially
the rod and the string are in a straight line, in which position the tension in
the string is F, and its density is p per unit length. The system is set in motion
so that it performs small transverse vibrations in a horizontal plane.

Show that the periodic times of normal modes of vibration are given by
2nl/ct, where & satisfies the equation

35l

ftan§ = —

A uniform string of line density p and length / has one end fixed and the other
attached to a bead of mass m free to move on a rough rigid wire perpendicular
to the string. The rough wire exerts a frictional force on the bead equal to
u times its velocity. If x = 0 is the fixed end of the string, and if the effect
of gravity can be neglected, show that the displacement of any point of the
string in transverse vibration can be expressed as the real part of e¥Pf+#)y(x),

where p satisfies the equation
. !
mp — in = cp coté

If 4 is small, show that the approximate value of p is
in

i —_—
m + pl cosec? nlfc

where mn = cp cot nlfc.

A cylindrical tube of small radius, open at both ends, is divided into two parts
of lengths /,, /, by a piston of small thickness ¢ and density ¢ attached to a
spring such that in vacuo the period of vibration is 2=/m. Show that when the
tube is in air of density p, the period of vibration becomes 2r/n, where

nl nl
o(m® — n*)6 = pen tan —C—l + tan 72

and c denotes the speed of sound.

Show that the only solution of the one-dimensional wave equation which is
homogeneous of degree zero in x and ¢ is of the form

Alog (i;z:) + B

where 4 and B are arbitrary constants.
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Find a solution of a%y/2r% = ¢%(9%y/3x?) such that:
(i) y involves x trigonometrically;

(ii) y = 0 when x — 0 or =, for all values of 1,

(iii) dy/@t = 0 when r = 0, for all values of x;

(iv) y =sinx fromx —0to x = n/2

y—0ffomx =n2t0x — = when ¢ = 0.

Two equal and opposite impulses of magnitude 7 are applied normally to the
points of trisection of a string of density p per unit length stretched to a tension
T between two points at a distance / apart. Derive an expression for the
displacement of the string at any subsequent instant, and show that the mid-
point of the string remains at rest.

Find a solution of the equation
18y &V
T
such that ¥ = 0 when x = 0 or x = g for all values of  and that é¥V/dr =0

when t = 0 and V = E when t = 0 for all values of x between 0 and a. The
quantities a, ¢, and E are constants.
Find a solution of
2y % .
i
satisfying the conditions 4 = du/dt = 0 when t = 0.

One end of a strirtg (x = 0) is fixed, and the point x = a is made to oscillate
so that at time r its displacement is Y(r). Prove that the displacement of the
point x at time ¢ is

flet —x) = flct + x)

where f is a function which satisfies the relation

[z +2a) = f(z) — Y(" : “)

4
for all values of z.
A string is constrained to move in two different ways; in case 1 the point
x = a is given a displacement Y(r), and in case 2 the point y = b is given
an identical displacement. It is found that the shape of the string in case 1
is identical with that in case 2 at all times; show that the displacement at
x = bin case 1 is equal to that of x = g in case 2.

Show that the equation governing small transverse motions of a nonuniform
string is of the form

oty
axt  or?

where ¢ is a function of x.
Show that a solution of this is y = f(x,£) + F(x,r), where
I 1Y 1 ac F 1 3F
b e e f— F)= — — -—
ax e T2 L PR 7
and interpret this, in a region in which 2/3x is small, as the sum of two
progressive waves whose form is slowly altering.
An infinite string is such that c is constant if x <0 or x > a; between
x =0 and x = q, (a/c)dc/dx is everywhere small. A wave y = fy(t — x/c)
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is propagated along the string from x = — . Show that a first approxima-
tion to the form of the string is given by f(x,1) = fy(t — 0), F(x,t) = 0, where
rz
6 = | ¢ Ydx, and that a second approximation is given by
0

[ =1t —6){1 + Hloge(x) — logc®}, F=alr +6,x)
where ¢(u,x) is given by
1 a C/
Hlu,x) =5 f folu — 20) —dx
2 ) ¢
A string of nonuniform density p(x) is fixed at two points x = 0 and x = q,
the tension of the string being c%p,. If the density p(x) varies only slightly

from the value p,, show that, to the first order of small quantities, the normal
periods of vibration are

- a
2 . o FTX
— f [po + p(x)}sin? — dx
rcpo Jo a
and the normal functions (apart from a normalizing factor) are

. rex N 2 5 r2 . SnX
sin— + = E o sin -—
a a S 52 - 2 !
ser

where r, s are positive integers and

o, = [ {ix_} — l‘ sin (s—ﬂf)sin (ﬁ) dx
Jo \ po ' a a

A uniform string of mass M is stretched between two fixed points at distance
a apart, and carries a small mass eM at a distance b from one end. Show
that, to the first order in ¢, the periods of the normal modes are

2a freb
— {1l + egsin? |—
re a
and the normal functions are proportional to
. [rx . {rmb r? . [smbY . [smx
sin | — | + 2esin{ — 5 38N | — J sin{ —
a a ) szrst —r a a

Deduce that if the particle is attached to the mid-point of the string, the
period of the rth normal mode is unaltered if r is even.

A uniform string of line density p is stretched at tension pc* between two
fixed points at distance @ apart. If the mid-point is constrained to vibrate
transversely so that its displacement is ¢ cos nt, where ¢ is small compared with
a and na/c is not a multiple of 2, find the displacement at any time of all
points of the string in the resulting forced vibration.

Also show that the mean kinetic energy of the string is

2 na . na 2 ha
$nce? | — — sin— |} cosec?® | —
c c 2c

A string of length /, with its extremities fixed, is initially at rest and in the form
of the curve y = Asin mnx/l. At t = 0 it begins to vibrate in a resisting
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medium. Given that the differential equation governing damped vibrations is
02 22 ay
LA A YA

2  — —— e "\ —
Cae o 3

show that, after time ¢,

N k. ] . mnx
y =Ae "'{cosmt + —sinm't; sin ——
m J !
where
2. 2.2
ménéc
m B — k2

A string of length / is vibrating in a resisting medium. The end x =0
is fixed, while the end x =/ is made to move so that its displace-
ment is A cos (wct{l). With the notation of the last problem prove that if
kifc is small, the forced oscillation of the string is described by the equation

y = A cosech (k?I)

X {sin ’i‘) cosh kx sin (711 — cos Tr—x) sinh kx cos ("—”)}
/ ¢ ! ! ¢ /
Flexural vibrations of a uniform rod are governed by the equation

2
Q} 1L _1 2) =0
axt k% or?
where k is a constant. Show that if y = X7, where X is a function of x alone
and T a function of ¢ alone, then T may take the form A4 sin (k1 + «), where

A, A, « are constants.
Show that if y = dy/dx = 0 when x = 0, then

X = B(cos px — cosh px) + C(sin px — sinh px)

where pz = 4 and B, C are constants, and that if also y = dy/ax — 0 when
X = a, then
B(sin pa + sinh pa) = C(cos pa — cosh pa)

and cos pa cosh pa = 1.
By means of a rough sketch, show that this last equation gives an infinite
number of values of 4.

If H(r) denotes Heaviside's unit function

fo t <0
! >0

and if $(£) is the Laplace transform of a function y(r), show that e ~2¢y(£) is the
Laplace transform of the function y(t — a)H(t — a).

In the equation defining the current 1 and the voltage E in a cable [equations
(3) and (4) of Sec. 2 of Chap. 3] R/L = G/C = k, where k is a constant.
Both E and i are zero at time t = 0, and E = E(t) for x =0, + > 0. If V
remains finite as x tends to infinity, show that

X .. X
Eg\t —=) e¥wie r>=
C c

X
4

H(r) =

E(x,n) =
l 0 1<
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A membrane is in the form of a right-angle isosceles triangle of area 4 with
fixed boundary. If T is the (uniform) tension and o is the density per unit
area, show that the frequency of the fundamental mode of oscillation is
m(5T/20A)}. What is the frequency of the first harmonic?

A rectangular membrane of sides 2a, 2b is subjected to a small fluctuating
force P sin wt acting at its center. If P and w are constants and transients are
ignored, show that if the axes are chosen symmetrically, the transverse dis-
placement is given by

(Zr +1 0\ /2s + 1\
. o ® cos ) myl
P sin wt V \—* /
pah = = l-rol (qv }

T2

A very large membrane, which in its equilibrium position lies in the plane
z =0, is drawn into the shape
€

V1 + r¥la®
where ¢ is small, and then released from rest at the instant 1 = 0. Show that
at any subsequent instant the transverse displacement is

rt — 22 }
£ I a? 1

-— +
=\7 2 _ 2,2\ 2 2 G
a : a a a

A uniform thin elastic membrane is subjected to a normal external force per
unit area p(x,y,r). Prove that the equation governing transverse vibrations is

L&z, plxyt)
Eoar Vit

A circular membrane of radius a is deformed by the application of a uniform
pressure Pgy(1) to a concentric circle of radius b (<a). 1f the membrane is set
in motion from rest in its equilibrium position at time ¢ = 0, prove that at
any subsequent time the transverse displacement of the membrane is

2Pob T 1 (BED o)

ol Ly U Ea)E lP(ll) sin [c&,(r — u)] du

If f(z) is a twice-differentiable function of the variable z, prove that the
functions f(x + ky — vr) are solutions of the two-dimensional wave equation
provided that k% = v?/c? — .
Deduce that
wlx,y,0) = J 1(@) f(x £ ysinha — cf cosh «) d
where y is arbitrary, is also a solution.

Show that the equations of motion of a two-dimensional elastic medium in
the absence of body forces may be reduced by the substitutions

L% %

dx Fy' vra—y-a_x

to two wave equations.
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Making use of the result of the last problem, determine the components of
stress in a semi-infinite solid y > 0 when a moving pulse of pressure of
magnitude

$F(x —ovr) + F*(x — o]

is applied to the boundary y = 0. (F* denotes the complex conjugate of the
complex function F, and F* denotes the second derivative.)

A solid sphere performs small radial pulsations in air of density p so that its
radius at time ris R + « sin pr.  Show that the velocity potential of the sound
waves produced is

Y apR? cos {plt — (r — R)/c] — ¥}
VT + (pRjc) r

where ¢ is the velocity of sound in air and tan ¥y = pR/c, and that the approxi-
mate average rate at which the sphere loses energy to the air is

2n0a¥(pRlc)t
1 + (pR/c)?

The radius of a sphere at time # is a(l + & cos wt), where ¢ is small. Show that
to the first order in ¢ the pressure amplitude of the sound waves is

pow’cae
V& ¥ ola?
at a distance r from the center of the sphere.

Air is contained inside a spherical shell of radius a, and there is a point source
of sound, of strength A4 cos a¢, at the center. The acute angle « is defined by
the equation tan « = ka, where k = g/c. Show that the velocity potential
inside the sphere is

sin(ka — o« — kr)

A
— cos ot
dur sin (ka — «)

provided that ka — « is not an integral multiple of ». What is the significance
of this condition?

Prove that a particular solution of the wave equation is
a {1
8 — I - —
C cos P f(nt kr)}

where n is a real constant and & = n/c.

A sound wave is produced by the small vibrations of a rigid sphere of
radius a which is moving so that its center moves along the line § = 0 with
velocity U cos (nf).  Determine the velocity potential, and show that at a great
distance from the sphere the radial velocity of the fluid is approximately

2
—ﬂ—cosﬂcos(m — kr + ka — &)
rvi4 4 gt

where tan ¢ = 2ka/(2 — k®a?).

A uniform elastic sphere of radius @ and density p is vibrating radially under
no external forces. The radial displacement u satisfies the equation

Pu  208u 2 2%y
A ( Pu 20w 2w\ O
@+ 20 | or? s rz) Por
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where A and u are elastic constants, and the radial component of stress is
ou u
o = (A +2)— + 2%
ar r

Prove that the periods of the normal modes of vibration are 27a/c,é, where
¢} = (2 + 2p)/p and the &’s are the positive roots of the transcendental equation
4t cot &t =4 — pue

in which 2 = (1 + 2u)/u.

Monochromatic sound waves of velocity potential ¥.(r)et*ct are incident on
the positive side of a screen in the xy plane which has a small aperture .S,
at the origin. The boundary condition is the vanishing of the total wave
function on the screen. The dimensions of the aperture are small compared
with the wavelength 2x/k of the incident wave. Show that at a great distance
r from the aperture on the negative side of the screen the velocity potential is
given approximately by

Pl e—ik(r‘cl)
W) = A {—}
oz

’
where 4 = L [y dx dy’
2m s,

and the function f'(x,y) is such that the function
I [y dx’ dy
* T s, Vix = xR+ (p — yP
vanishes on the boundary of S, and satisfies on §, the equation

vV, + C=0

where C is the value of 3'¥,/dz at the origin.
If S, is a circular disk of radius a and center 0, verify that

fop =K vam—y
m
and that

- M ptkte—ct)

3ar2

¥(r,t)

Monochromatic sound waves of velocity potential ¥,(x,y)e!** are incident on
the positive side of an infinite perfectly reflecting screen lying in the plane

y = 0 which contains apertures bounded by straight lines parallel to the z

axis so that the apertures cut the plane z = 0 in a set of straight lines L, lying
on the x axis. Show that if y > 0, the total velocity potential is given by

W(x,y) = Vilx,y) + ¥ilx,—y) + 3i ’r f(NHP(kp) dx’
Ji,
where p = v/(x — x)% + )2 and f(x) satisfies the integral equation
f [HPK|x — x]) dx = 2i¥,(x,0)
Ll

where the point (x,0,0) belongs to L,.
Deduce the solution for y < 0.
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32. If, in the last problem, the material of the screen instead of being perfectly
reflecting had been such that the total velocity potential vanished on it, show
that the velocity potential is given everywhere by

W(ry) = W) + 4 | £OOBP ke dx
Ji,

where L, is the set of lines on the x axis in which the screen cuts the plane
z=0,p=v(x—x)¥+ P and f(x) satisfies the integral equation

[ [ONH@(k|x' — x|) dx’ = 2i¥ (x,0)
JIL,
where the point (x,0) belongs to L,.
33. Show that if E and H satisfy Maxwell’s equations
divE =0, divH =0
u dH e E

curlE = — - — curl H = - —
c ' u c ot

for a medium of dielectric constant ¢ and permeability x, then

. 1 o2
(V -2 6_12) (EH) =0
where 1* = ¢%/v/¢y,
Deduce that

E =eetfi + eetRs, H = N/i {(n x e)etBs — (n x ey)e*Rs}
73

is a solution with R; = p[r — (n* r)/v], R, = plt + (n* r)/v}, and the vectors
e;, €,, n constant vectors. Prove that

H = h,eiR) = hethy, E- — A/E{(n x hpetRy — (n x hy)e'Re}
£

is also a solution of Maxwell’s equations.
34. The electric force in a plane electromagnetic wave in vacuo has the components

[ xsina + zcos a
E, =0, 1‘=a<:osp‘|l-+

} ’ Ez = 0
Find the magnetic force.

The wave is incident on the plane face of a uniform dielectric, in which the
dielectric constant is ¢ and the magnetic permeability is unity, occupying the
region z > 0. Find the amplitude of the reflected wave.!

35. The magnetic force in a plane electromagnetic wave in vacuo has the
components
ysina + zcosa

p , H,=H,=0

H,=acosp{1t

Find the electric force.

1 The boundary conditions are that the normal components of ¢E and xH are
continuous and that the tangential components of E and H are continuous.
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The wave is incident on the plane face of a uniform dielectric, in which the
dielectric constant is ¢ and the magnetic permeability is unity, occupying the
region z > 0. Find the amplitude of the reflected wave, and show in par-
ticular that it vanishes if the angle of incidence o is tan™! ¢t

Prove that a possible electromagnetic field in vacuo is given by
1 0k
E=-— : curl (0k), H = grad (k- grad 0) — i

where k is a constant vector and 6 is a scalar function of position and time
which satisfies the wave equation V20 = 6/c2,

Taking k to be the unit vector in the direction of the z axis of a rectangular
coordinate system and 0 to be of the form 0 = f(x, y, z — at), where a is a
positive constant, prove that the rate of transmission of energy across an
area S which lies in a plane z = constant can be expressed in the form

[ 55) (G5 o

Show also that E* H = 0 and E * k = 0 whatever the value of g but that
H:k =0onlyifa =c.

Establish the existence of an electromagnetic field of the form

du u
E1=5';7 v=—-a_xs Ez=0
1 du
H, =0, H, =0, H’:Za_r
where = exp (xiky — iken) f(r £ ), (rr =xt+ )Y

and determine the functions f(r -+ y).

Show that if I is a vector function of space and time coordinates which at a
fixed position in space is proportional to exp (ikcr) (k constant) and which
satisfies the equation

VI + K1 =0

then the electric and magnetic fields
E=—ikcurlll and H = curlcurl 1

satisfy Maxwell’s equations for free space.

By considering the case in which the direction of IT is uniform and its
magnitude is spherically symmetrical, show that a nonzero simple harmonic
electromagnetic field of period 2n/(ck) can exist in a sphere of radius a with
perfectly conducting walls if ka satisfies the equation

tan ka = ka

Show that in cylindrical coordinates p, 6, z Maxwell’s equations for empty
space have a solution

1 2f
H, -0, Ho =735 H.=0
7 13/ o)
E= o ® T pap\" %)

and find the differential equation satisfied by f.
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Show that there is a solution of Maxwell’s equations for electromagnetic
waves in vacuo in which the components of the magnetic intensity are

S 8
Hz=mv H1=*mr Hz=0
where r§ = f(ct — r), r is the distance from the origin, ¢ the speed of light,
and f an arbitrary function.
Obtain the corresponding formulas for the components of the electric
intensity, and prove that the lines of electric force are the meridian curves of
the surfaces

LAY
p=— = const.
%
where p = (x2 + yyt

Prove that Maxwell’s equations
1 3H ,
curlE + Pl 0, div [u¥r)E] =0

*(r) 3E
ol O E divH =0
c ar

for an inhomogeneous spherically symmetrical medium of index of refraction
#(r) have solutions

i
{a) E = Pl ket curl curl (ruf), H = —ike™**** curl (ruf)

where f satisfies the scalar wave equation
d (1 \
-3 2,2 e = _
Vf#{/tu e (ﬂ)'f—o

ik curl (rulg)
) E = 2T curl (ru2g), H = curl -

where ¢ satisfies the scalar wave equation
V% + k%l =0
A scalar wave function y satisfies the wave equation

Wy
Vv =a ot

where 4, the refractive index, is a function of x, y, z.  We define a wave front
as any continuously moving surface that contains discontinuities of y and
assume the existence of one wave front only. Taking y,, y, to be the wave
function on either side of the wave front and writing

v =y —yy ¥ =y HE) + v ()
where H(¢) denotes Heaviside’s unit function defined to be 1 for ¢ > 0 and
0 for ¢ < 0, prove Bremmer’s relations
(a) lgrad S| = £
2u? Jup*

b) Y*VIS + 2grad S - grad p*) + T & = 0
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Denoting differentiating along the normals to the surfaces S — constant
by 9/dn, show that the variation of any function fin the ray direction is given by

df 1 )
i /—1 (grad f - grad §)

Hence prove that (b) can be written in the form
2u (%'- (logp*) = —ViS
and that the change of y* along a trajectory is related to that of u and that of
the cross section o of a small beam according to the relation
nop*? = const.
43. The electric and magnetic vectors E and H satisfy Maxwell’s equations

2 1 0F
cnH -1 2 gy 40 1 F
c or c

c ot
2
curlE+£,—(yH)=0
c ot
d (2 E 4 E)‘— ad F
1vl-é’—r(s)+ nai——a v

div(uH) =0

where (1/4=)(9F/d1) represents the enforced current density and o, ¢, and u
may be any functions of x, y, z, and t. If V* = V; — V, represents the jump
of ¥ on the wave fronts ¢ = 0, show that

O

H* x grad ¢ = —5{(3[2)“ + F“}%S
1 ad
E* x grad¢ = ;(,uH)‘-a—,

aEE)\* aF\1*
{( (; )) + 4m(cE)* + (E)} -gradé =0

(uH)* x grad¢é =0




Chapter 6

THE DIFFUSION EQUATION

In this last chapter we shall consider the typical parabolic equation
o o0

o o
and its generalizations to two and three dimensions. Because of its
occurrence in the analysis of diffusion phenomena we shall refer to this
equation as the one-dimensional diffusion equation arid to its generaliza-
tion
a0
AV - —

=

t

(where k is a constant) as the diffusion equation.

We shall illustrate the theory of these equations mainly by reference
to the theory of the conduction of heat in solids, but we shall begin by
outlining other circumstances in which the solution of such equations is
of importance.

I. The Occurrence of the Diffusion Equation in Physics

We have already seen in Sec. 2 of Chap. 3 how the one-dimensional
wave equation arises in the theory of the transmission of electric
signals along a cable. We shall now indicate further instances of the
occurrence of diffusion equations in theoretical physics.

(a) The Conduction of Heat in Solids. 1f we denote by 6 the tem-
perature at a point in a homogeneous isotropic solid, then it is readily
shown that the rate of flow of heat per unit area across any plane is

°
= k2 (1)
on

where k is the thermal conductivity of the solid and the operator 9/0on
denotes differentiation along the normal. Considering the flow of
heat through a small element of volume, we can show that the variation
of 6 is governed by the equation

pcg—? = div (k grad 0) + H(r,0,1) . )

274
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where p is the density and ¢ the specific heat of the solid, and H(r,6,t) dr
is the amount of heat generated per unit time in the element dr situated
at the point with position vector r.

The heat function H(r,0,f) may arise because the solid is undergoing
radioactive decay or is absorbing radiation. A term of this kind
exists also when there is generation or absorption of heat in the solid
as a result of a chemical reaction, e.g., the hydration of cement.

If the conductivity & is a constant throughout the body, and if we write

k=%, o = Ml
pc pc

equation (2) reduces to the form

-

&
i «V¥ + O(r,0,1) 3)

The fundamental problem of the mathematical theory of the con-
duction of heat is the solution of equation (2) when it is known that the
boundary surfaces of the solid are treated in a prescribed manner.
The boundary conditions are usually of three main types:?

(i) The temperature is prescribed all over the boundary; i.e., the
temperature 6(r,t) is a prescribed function of ¢ for every point r
of the bounding surface;

(ii) The flux of heat across the boundary is prescribed; i.e., 90/0n is
prescribed ;

(iii) There is radiation from the surface into a medium of fixed
temperature 8,; ie.,

0
n +h(0 —0) =0 4

where 4 is a constant.
If we introduce the differential operator
A= Cot G + Cote 4 €y 2 (5)
=G 155 1Ty 3%,
where C,, C;, C,, C; are functions of x, y, z only, we see that the
general boundary condition

A0(r,t) = G(r,0) reS (6)
embraces all three cases.

(b) Diffusion in Isotropic Substances. Another example of the occur-
rence of the diffusion equation arises in the analysis of the process of
diffusion in physical chemistry. This is a process leading to the

! For the discussion of more complicated types of boundary conditions see H. S.

Carslaw and J. C. Jaeger, “‘Conduction of Heat in Solids” (Oxford, New York,
1947).
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equalization of concentrations within a single phase, and it is governed
by laws connecting the rate of flow of the diffusing substance with the
concentration gradient causing the flow ! If ¢ is the concentration of
the diffusion substance, then the diffusion current vector J is given by
Fink’s first law of diffusion in the form

J= —Dgradc @)

where D is the coefficient of diffusion for the substance under con-
sideration. The equation of continuity for the diffusing substance
takes the form

< 1divi=0 ®)
ot

Substituting from equation (7) into equation (8), we find that the
variation of the concentration is governed by the equation

de .
Fri div (D grad ¢) C)]

In the most general case the coefficient of diffusion D will depend on
the concentration and the coordinates of the point in question. If,
however, D does happen to be a constant, then equation (9) reduces to
the form

éc

— = DV 10

ot (10)

(c) The Slowing Down of Neutrons in Matter. Under certain

circumstances? the one-dimensional transport equations governing the
slowing down of neutrons in matter can be reduced to the form

o 0%
0 o

where 0 is the “‘symbolic age” and z(z,6) is the number of neutrons per
unit time which reach the age 6; i.e., y is the slowing-down density.
The function 7T is related to S(z,u), the number of neutrons being
produced per unit time and per unit volume, by the relation

+ T(z,9) (11)

T(z,6) = 4wS(z,u)Z—; (12)

where u = log (E,/E)is a dimensionless parameter expressing the energy
E of the neutron in terms of a standard energy E,,.
(d) The Diffusion of Vorticity. In the case of a viscous fluid of
! For a thorough discussion of particular cases the reader is referred to W. Jost,
“Diffusion in Solids, Liquids, Gases™ (Academic Press, New York, 1952).

2 See 1. N. Sneddon, ‘“‘Fourier Transforms™ (McGraw-Hill, New York, 1951),
p- 212.
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density p and coefficient of viscosity » which is started into motion from
rest the vorticity &, which is related to the velocity q in the fluid by the
equation

€ =curlg (13)
is governed by the diffusion equation
;_,‘ — (14)

where v = u/p is the kinematic viscosity.

(e) Conducting Media. Maxwell's equations for the electromagnetic
field in a medium of conductivity o, permeability 4, and dielectric
constant « may be written in the form

div (xE) = 0
div (uH) =0
_ 4no 138
curl H —TE + zgt»(xE)
12 .

'(uH)

curlE = — - —
cc

If we make use ol the identity
curl curl = grad div — V2

then it follows from these equations that when o, u, « are constant
throughout the medium
xku *E  4mou CE

T2F —
' ct o ¢t ot

If we are dealing with problems concerning the propagation of long
waves in a good conductor, the first term on the right-hand side of this
equation may be neglected in comparison with the second. We
therefore find that the components of the vector E satisfy the equation

V2 = 1f—6 (15)
v cl
where v = c?/(4mruo).
PROBLEMS

1. Suppose that the diffusion is linear with boundary conditions ¢ = ¢; at
x =0, c =c, at x =/ and that the diffusion coefficient D is given by a
formula of the type D = Dy[l + f(c)], where D, is a constant. Show that
if the concentration distribution for the steady state has been measured, the
function f(c) can be determined by means of the relation

lle + F(c) — ¢; — F(c))) = xlcy + F(cy) — ¢; — F(ey)}

where F(c) = J‘c f(u) du
()



278 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

Show further that if s is the quantity of solute passing per unit area during
time r, then
sl

Dy = fle, + Fley) = ¢5 — Flepl

2. Show that diffusion in a linear infinite system in which the diffusion coefficient
D depends on the concentration c is governed by the equation

dc ?2c dD |ac )2
o T ax?  dc \ox

If initially ¢ = ¢, for x << 0 and ¢ = 0 for x > 0, and if ¢ is measured as a
function of x and ¢, show that the variation of D with ¢ may be determined by
means of the equation

¢
D(c) = —-%%ﬁ [ &dc

where § = xt— 1,
3. Show that the equation

an
i «CH0 - p(n6 + @tr,r)

may be reduced to the form

a
a—f =«Vu + 2(r,0)
by the substitutions

f

]
u = 6exp { — Iu w(t) dt’} ' x(r,0) = ¢(r,1) exp {— f w(1) dt’:

0

2. The Resolution of Boundary Value Problems for the Diffusion
Equation

We shall now describe a method due to Bartels and Churchill' for
the resolution of complicated boundary problems for the generalized
diffusion equation.

If we assume that the function H(r,6,r) occurring in equation (2)
of the last section is a linear function of the temperature  of the form

H(r,0,1) = pc[Co(r)f + F(r,1)] (1)

where C, is a function of r only, introducing the linear differential
operator

A= icdiv (k grad) + Co(r) @
p

and denoting by r the position vector of a point in the solid and by r’
that of a point on its boundary, it follows from equations (2) and (6)

1R, C. F. Bartels and R. V. Churchill, Bull. Am. Math. Soc., 48, 276 (1942).
See also Sneddon, op. cit., pp. 162-166.
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of the last section that the boundary value problem for the temperature
6(r,?) in the solid can be written in the form

a
n 0(r,t) = A6 + F(r,t) t>0

A0(r',0) = G(x',t) t>0 (A)
6(r,0) = J(r)

The third equation of this set merely expresses the fact that at the instant
t = 0 the distribution of temperature throughout the solid is prescribed.

We shall now show that the complicated boundary value problem (A)
may be resolved into simpler problems.

Suppose that the function ¢(r,t,¢) depending on the fixed parameter
t' is a solution of the boundary value problem (A) in the case in which
the source function F and the surface temperature G are functions of
the space variables and of the parameter ' but not of the time ¢, so that
&(r,1,t') satisfies the equations

28000 = Ad 4 Fe)

Ad(r,t,t) = G(x',t)) (B)
&(r,0,t") = J(r)

Then it is readily shown that once the solution of the boundary value
problem (B) is known, the solution of the boundary value (A) can be
derived by a simple calculation. The method is contained in:

Theorem 1: Duhamel’s Theorem. The solution 0(r,t) of the boundary
value problem (A) with time-dependent source and surface conditions is
given in terms of the solution ¢(r,t,t") of the boundary value problem (B)
with constant source and surface conditions by the formula

a t
6(r,t) = a_tﬁ) H(r, t — ', tYydt

We shall give in outline a direct proof of Duhamel’s theorem. For
an ingenious proof making use of the theory of Laplace transforms the
reader is referred to the paper by Bartels and Churchill mentioned
above.

If the boundary condition is
0 t>0
(') =
Grr,t) t<0
it follows that the corresponding solution of (A) is
6=¢rst) >0
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Similarly if the boundary condition is
[0 <t
[G(r’,t’) t>t
the corresponding temperature is

6 =d¢(r,t —1t',1) t >t

A6(r' 1) =

’

Further if

fo t<t +dt

A(r'y1) =

LG(r,t) t>1 4 dt’
then 0=¢@,t —t —d', 1) t >t +d’
and it follows that if the boundary condition is

0 t <t
(') = 1G(rt) <<t +dr
10 t>t +d’

the solution of the boundary value problem is
6=9¢r t —1,t)—¢x,t — 1t —dt', t)

’ a¢(ry t — '.v t,)
=di ot
By breaking up the interval t = 0 to ¢ = ¢ into small intervals in this
way and integrating the results obtained we find that the solution of the
boundary value problem (A) is

i Jo' $x, 1 — ', ydr 3)

This theorem is of great value in the solution of boundary value
problems in the theory of the conduction of heat, since it is often easier
to derive the solution in the case of constant source and boundary
conditions.

It can further be shown that the solution of the boundary value
problem (B) can be written in the form

A(r,0,t') = d(r.1") + do(r,t,t") + Jr‘an(r,f,t’) dr 4)
0

where the functions ¢,, ¢,, and ¢, are solutions of the boundary value
problems

b(r,t) = <

of

Ady(r,r) =0,  A(r',r') = G(r',r") (By)
(—;—’ - A) 4’2("717[’) = 07 }‘¢2(rl’r)’!) = O’ ¢2(l',0,fl) = J(l') - d’l(r)tl)
(Bs)

(ait - A) ¢3(r’f,tl) = Oa A‘#s(rl’till) = Or ¢3(r)0’t,) = F(l',t’)

(Bs)
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From Duhamel’s theorem it follows that the solution of the boundary
value problem is

@
6(r,t) = $ylr,t) ~ E

* ]

dolr, t — 1, tydl’ +J dq(x, t — 1,1) dt" (5)

JO 0

The solutions of the three simpler boundary value problems (B,), (B,),
and (Bj), of which the first is a steady-state problem, may therefore
be used to derive the solution of the general boundary value problem

(A).

PROBLEMS
1. If0Lx,0)r =1, 2, 3 is the solution of the one-dimensional diffusion equation
?6, 100,

v T - a, <x, <b,t>0
oxy k Ot

satisfying the initial condition 6,(x,,0) = f.(x,) and the boundary conditions

a6,
a,a—x’fz;(?,:o, X, == a, t>0

r

an,
ﬁ,-ax+/3',9,:0, x, =b, >0

.

then the solution of
#0200 1
P T Rl v R
in the rectangular parallelepiped a, < x; < by, @y < x5 < by, @3 < x3.< by
satisfying the boundary conditions
20

x,— o0 =0, x, a, t>0,r=1,213,
x,

26
B,— + B6 =0, x, = b, t>0,r=1,2,3
ax

r

and the initial condition & = f,(x) fy(x,) f3(xy) is
0k y,XayX3u) = 0,(x 1,105 5, 1)05(x5.1)
2. If R(r,t) is the solution of the boundary value problem
0 d d
l—lrj :l—R t>0,a<r<b
ror\ or x 0Ot

3R R,
N R, r =a, ﬂla—r =MR r=b; R(r0) — f(r)

and if Z(z,1) is the solution of the boundary value problem

*Z 14z
—_ ==, t>0,c<z<d
3z x Ot

oz ., 0Z
’x?‘ -2,z =c; 5,5 =pZ,2 =d; Z(z,0) = g(2)

then 6(r,z,t) = R(r,nNZ(z,1)
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is the solution of the boundary value problem

af{ o 30 20
l_n_ —=1— a<r<bc<z<dt>0
ror\ or 9z k3t

satisfying the initial condition 6 = f(r)g(z) and the boundary conditions

» W,
g, =abr=a Ay =pbr=>
o %
uua—z=a:0,z=c, ﬂ2a—z;52...—d

3. Elementary Solutions of the Diffusion Equation
In this section we shall consider elementary solutions of the one-
dimensional diffusion equation
o9 196
xE xet
We begin by considering the expression

1 o x2
§ = —exp | — —
Lo (- )

(M

For this function it is readily seen that
0% x? I

e -t
ox2  di?5 2 232

2
@ p— x 6_22/4“ — l_ e -2/ 4xt
ot 4ut*? 243 2

showing that the function (2) is a solution of the equation (1).
It follows immediately that

efzz/ht

and

1
24/ et
where & is an arbitrary real constant, is also a solution. Furthermore,

if the function ¢(x) is bounded for all real values of x, then it is possible
that the integral

e ~{2—)%4nt (3)

1
2Vt

is also, in some sense, a solution of the equation (1).

It may readily be proved that the integral (4) is convergent if ¢+ > 0
and that the integrals obtained from it by differentiating under the
integral sign with respect to x and ¢ are uniformly convergent in the
neighborhood of the point (x,r). The function 8(x,f) and its derivatives
of all orders therefore exist for ¢ > 0, and since the integrand satisfies

["s@ep|-C— T @
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the one-dimensional diffusion equation, it follows that 6(x,t) itself
satisfies that equation for ¢ > 0.

Now
1 oo
o | HO o |- § —H
=L+ 1 +1,— 1]
where I, = 'l J. {$(x + 2u\'xp) — $(x)}e=" du

v
1 e - .

I, = ﬁ J'N d(x + 2u\/ e du

ho= | 6+ 2uy/mge da

I, = 2(\*}(;—:) ¢ ' du

If the function f{x) is bounded, we can make each of the integrals I, I,
I, as small as we please by taking N to be sufficiently large, and by the
continuity of the function ¢ we can make the integral /, as small as we
please by taking ¢ sufficiently small. Thus as ¢t — 0, 6(x,t) - $(x).
Thus the Poisson integral

2
0e) = g | @ enp |- T a )
is the solution of the mmal value problem
0%0 106 e <x<®
XXt x 6)
0(x,0) = 4(x)

It will be observed that by a simple change of variable we can express
the solution (5) in the form

0(x,0) = \/1 J $(x + 2uVrxhe " du %)
We shall now show how this solution may be modified to obtain the

solution of the boundary value problem

o* 106 0<x< oo
ox*  «xor -

0x,0)=f(x) x>0 (®)
0(0,1) =0 t>0



284 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

If we write
f(x) forx >0

#lx) = {—f(—x) for x < 0

then the Poisson integral (4) assumes the form
1 fe o o
O(X,f) = ‘ /(5){84:7;1"1.{ —p 1t /hl}dE (9)

2y et Jo

!
KL~

and it is readily verified that this is the solution of the boundary value
problem (8). We may express the solution (9) in the form

60xt) = —— o O 2uV D
VT YTV g
1 [ —
_— —x + 2uVkfe du 10
Vot nava J( 1) (10)

Thus if the initial temperature is a constant, 6, say, then

X'

O(x,0) = By erf | 1
’ 2vil (D
2 [ .,
where erfz=— f e~ ¥ du (12)
AV Jo
The function
x
B(X,t) = 90 [1 _ Crf (m):l (13)

will therefore have the property that 0(x,0) = 0. Furthermore
6(0,) = 6,. Thus the function

8(x,1,t") = g(t") [1 —erf (Wx;)]

is the function which satisfies the one-dimensional diffusion equation
and the conditions 0(x,0,t"y =0, 6(0,t')=g(+). By applying
Duhamel’s theorem it follows that the solution of the boundary value
problem

6(x,0) = 0, 6(0,1) = g(1) (14)
1s

28t (™ u?

0.0 = Vo Ot .[) gy ar J‘;/z(.z—.z')i e du

X J't ) e—zzm(z—l)
2V 7k og(l) (t — )"

Changing the variable of integration from ¢’ to u where

dar

x?
4y’

¢ =t —
P =
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we see that the solution may be written in the form

2 (* x? . x
6 (x.1) == g(l —;‘K—u,)e"‘ du, W (15)

PROBLEMS

1. The surface x = 0 of the semi-infinite solid x > 0 is kept at temperature 6,

during 0 < ¢ < T and is maintained at zero temperature for f > 7. Show
thatif ¢+ > T,

‘ x x
O(X,I) = 00 |Cl'f2\/m — eer\/K—l
and determine the value of 8 if + < T.

Prove that the expression!

ke —s)

Q

represents the temperature in an infinite solid due to a quantity of heat Qpc
instantaneously generated at + = 0 at a point with position vector a.

If heat is liberated at the point a in an infinite solid at a rate pcf (1) per unit
time in the interval (0,r), show that the temperature in the solid is given by

1 (= a[’} f()dr
8t Jo SPA\ar — ) (1 — 1t

If (1) = ¢, a constant, show that
q {1 fr —a

o(r,1) = 3

m<|r - a| —erf \/47!

Show that the temperature due to an instantaneous line source of strength Q
at + = 0 parallel to the z axis and passing through the point (a,b) is

Q o G-ar+@ —b)z:
4muct p 4xt

b(x,y,0) =

If heat is liberated at the rate pcf (1) per unit time per unit length of a line
through the point (a,b) parallel to the z axis, and if the supply of heat starts at
t = 0 when the solid is at zero temperature, show that if 1 > 0,

1 rt ir
Kx.,0) =Z;<J;f(f') CXP=— =0 } ‘

where r2 = (x —a)® -+ (y — b)%

t =

Deduce that if f(¢) = ¢, a constant,
A2
Bxy.n 4rma Ei ‘ oy
ro
where —Ei(—x) = ’ e dufu.

v

1 This is called the temperature due to an instantaneous point source of strength
Qata attimer =0.
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4. Separation of Variables

The method of the separation of variables can be applied to the
diffusion equation
1 06
3 = - — 1
v x Ot )
in a manner similar to those employed in the similar problems of
potential theory and wave motion. If we assume that the time and
space variables can be separated, so that equation (1) has solutions of
the form

6 =HnT(0) )]

then it follows from the fact that equation (1) can be written in the form
1 1 dT
V2= —
¢ Vi «T dt

that the equations determining the functions 7 and ¢ must be of the
forms

‘g+wr: 0 3)

(V2 + 286 =0 @

where 4 is a constant which may be complex.  Since the solution of (3)
is immediate, we see that solutions of (1) of the type (2) assume the form

0(r,r) = $(r)e (%)

where the function ¢ is a solution of the Helmholtz equation (4), which
may itself be solved by the method of separation of variables.
We have already used this method in Sec. 9 of Chap. 3 to obtain
solutions of the one-dimensional diffusion equation
0% 100
D ©
of the form
0(x,t) = 5 {c, cos (Ax) + d, sin (Ax)]e~** 0

where ¢; and d, are constants.
We shall now consider the use of this form in the solution of a
typical boundary value problem.

Example 1. The faces x =0, x = a of an infinite slab are maintained at zero
temperature. The initial distribution of temperature in the slab is described by the
equation 6 = f(x) (0 < x < a). Determine the temperature dt a subsequent time t.

Our problem is to find a function 6(x,r) which satisfies the differential equation
(6) and the conditions

6(0,1) = &a,r) =0, 6(x,0) = f(x) (8)
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In order that a solution of the type (7) should vanish identically at x = 0, we must
choose ¢; = 0 for all values of 4, and in order that 6(a,f) = 0, we must choose 4
so that

sin (da) =0

i.e., 1 must be taken to be of the form rn/a, where n is an integer. Hence the first
two of the three conditions (8) are satisfied if we take

@
0(x,t) = Z A, sin (?)e_ﬂ:,,:x”a.

n=4

To satisfy the third conditions we must choose the constants A4,, in such a way that

a0
&

f(x)=LA,,sin%x 0<x<a
n=1

The coefficients A4,, must therefore be taken to be

2 [° . nnu
A, =;Jl0 f(u)sdeu
and the required solution is
0(x,1) _2 5 e —wlallad g (ﬂ) f‘f(u) sin (ﬂ) du )
’ a —~ - a (. a .

The solution

6(x,p,t) = > 3 €4 cOs (Ax + &) cos (uy + g, )~ + wet (10)
A owu

of the two-dimensional equation
0% o 100
axt | r ko
which we derived in Sec. 9 of Chap. 3 may be treated in a precisely
similar way (cf. Prob. 3 below).

(1

If we assume a solution of the form
8 = R(p)®($)Z(2)T(?)
of the diffusion equation
920 120 1 3% 9% 106

W pe S oA xa
we find that T satisfies equation (3) and that R, ®, Z satisfy equations of -
the form

(12)

d*R  1dR y?
—+——+(P+ 2——)R=0
dp*  pdp B

2 20

dZ= 27 d_,+,y2q)=0

= T
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so that the equation (12) has solutions of the form
Y Ay (VA 4 p? pletrr—Ptive (13)
Apy.

To illustrate the use of solutions of this kind we consider:

Example 2. Determine the temperature 0(p,1) in the infinite cylinder 0 < p < a
when the initial temperature is 8p,0) = f(p) and the surface p = a is maintained at
zero temperature,

In this instance the solution (13) reduces to the much simpler form

8p,1) = 3 ApJy(Ap)e— At (14)
1
In order that 6(a,r) = 0, the constants A must be chosen so that J(ia) = 0; i.e.,
A takes the values &;, &5 . . . . & . . ., the roots of the equations
Joléa) =0 (15)
We therefore have
0p,t) = 3 AnJolpknde < (16)
n

To satisfy the condition 0(p,0) = f(p) the constants 4,, must be chosen so that
fe) = 2 A Jy(ptn)

It follows from the theory of Besse! functions! that

2 3
A" = mj; uf(u)lo(f,,u) du

Substituting this expression into equation (16), we find that the required solution is

2N I J
0(p,0) = p Z_—”!(‘:"‘" e X uf (o8 ) du 7
where the sum is taken over the positiveroots §,, &, . . . ,$y . . . , of the equation
(15).
Finally if we write the diffusion equation
dy
2y — ¥
V=

in polar coordinates (r,,¢) and assume a solution of the form
v = R(NOO)D($)e

we find that
( —y=)$-2p£+{n(n+1)—lﬁ”yz 0@=0 u=cosf
‘;T’jf»’ md =0

1 G. N. Watson, “The Theory of Bessel Functions,” 2d ed. (Cambridge, London,
1944), chap. XVIIIL
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so that we have solutions of the form
me%Muﬂ_UFHu”Pﬂﬂk!m%'&l U&

This solution is used in:

Example 3. Find the temperature in a sphere of radius a when its surface is
maintained at zero temperature and its initial temperature is f(r,0).
In order that a solution of the type (18), i.e.,

2. Caa(Ar) =1 4 y(Ar)Py(cos O)e A<t 9
nd
should vanish when r = a, each 2 must be chosen to be one of the roots 4, 4,,,
< s An . . . of the equations

Jnyj(da) =0 (20)
and in order that v(r, 0 + 2=, 1) — w(r,0,1), n must be an integer. We therefore
have the solution

(=] (=]
W0 =3 S CollAyit) g y(Agir) Py(cos O)e = At
n=11=1

where the constants C,, must be chosen so that
[0 = 21 ZlCm(lm'r)‘UnH(lmr)Pn(COS 6)
n=11=

From the theory of Bessel functions and Legendre polynomials we find that

o _ n o [" TD !flp( 0)d
" A Jy e ] B0

PROBLEMS

1. Solve the one-dimensional -diffusion equation in the region 0 < x <,
t > 0, when

(i) 6 remains finite as t - ®;
(i) 6 =0if x =0 or =, for all values of ¢;

Giy Atr=o0, 0% 0<x<hn
B=n—x {jr<x<m

2. Solve the one-dimensional diffusion equation in the range 0 < x < 2m,f > 0
subject to the boundary conditions

8(x,0) = sin® x for0 < x < 2rm
80,0) = 62m,1) =0  fort >0

3. The edges x =0, a and y — b of the rectangle 0 < x <a, 0 <y < b are
maintained at zero temperature while the temperature along the edge y =0
is made to vary according to the rule 6(x,0,f) = f(x), 0 < x <a, + >0.
If the initial temperature in the rectangle is zero, find the temperature at any
subsequent time ¢, and deduce that the steady-state temperature is

2 {%‘ sinh [mm(b — y)al . [max\ [* .
a £ sinh (mmbja) o (T) J;f(u) sin (T) du
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4. A circular cylinder of radius a has its surface kept at a constant temperature
;. If the initial temperature is zero throughout the cylinder, prove that for
1t >0

4 i ,
B(r,1) = 0, il _‘2' S Joléna) 8_5..,}

= &)

where +&,, +&, ..., +&, . . . are the roots of Jy(¢a) = 0.

5. The Use of Integral Transforms

We shall now consider the application of the theory of the integral
transforms to the solution of diffusion problems. First of all we shall
indicate the use of the Laplace transform. Suppose that we have to
find a function {r,7) which satisfies the
diffusion equation

Vi - - = )
in the region bounded by the two surfaces
Sy and S, the initial condition

6=f(r) whent=0 (2)

and the boundary conditions

06
a0 + by el &1(r,1) onS;, (3)

o6
a8 + b, i g«r,0) onS, (4

where the functions f, g;, and g, are pre-
scribed. The quantities ay, a,, by, b, may be functions of x, y, and z,
but we shall assume that they do not depend on .

To solve this system of equations we introduce the Laplace transform
6(r,s) of the function 6(r,?) defined by the equation

fi(r,s) — ’f “O(r,0)e * dt
Jo
If we make use of the rule for integrating by parts, we find that
a 60
f — e~ dt = [0(r,)e " + s6(r,5)
o Ot
Substituting from (2) into this expression, we find on multiplying both

sides of equation (1) by e=* and integrating with respect to ¢ from 0
to co that 0(r,s) satisfies the nonhomogeneous Helmholtz equation

(V2 — k2)0(r,s) =+ £ (6) ®)
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with k* = s/«. Similarly the boundary conditions (3) and (4) can be
shown to be equivalent to

_ 06
a0 + by o £:(2,5) on S 6)

- 00 _
af + b, P Z:(r,5) on S, )

The method is particularly appropriate when equation (5) can readily
be reduced to an ordinary differential equation, as in the case considered
below. When the function 6(r,s), which forms the solution of the
boundary value problem expressed by the equations (5), (6), and (7), has
been determined, the temperature 6(r,) is given by Laplace’s inversion
formula

CREL
o(r,t) = sz J;m 6(r, 5)e* ds (8)

In the case where the solid body is bounded by one surface only, .S,
say, we only have an equation of type (3), but we have in addition the
condition that 8, and hence 6, does not become infinite within §,.

Example 4. Determine the function 0(r,t) satisfying

# 100 100 )
T T t>0,0<r<a &)
and the conditions 6(r,0) = 0, 8(a,t) = [(1).
To solve equation (9) we multiply both sides by e~*¢ and integrate with respect to
t from 0 to . Making use of the conditions 6(r,0) = 0, we see that
%1 db
S (10)

art  rdr x
where 0(r,s) is the Laplace transform of 6(,1). Since 6(a,f) = f(¢), it follows that
6=f() onr=a (11

where f(s) is the Laplace transform of the function f(¢)." If we make use of the
physical condition that 6(r,r), and, hence, 6(r,s), cannot be infinite along the axis
r = 0 of the cylinder, we see that the solution of equation (10) appropriate to the
boundary condition (11) is

Totkr)
o — L)
(r,s) = f(5) To(ka)
where k* = s/«, so that, by the result (8),
M fe+io
i . Aykr)
1] 1) = — [ 0T st
0 == JH-_. I G €

Now if Iy(kr)/Io(ka) is the Laplace transform of the function g(1), i.e., if
1 r“’iw Igkr)

- at 12
2mi Joiw lolktl)c ds (2

£ =

it is readily shown that

f
0(r,1) = f [t =ty dr (13)
0
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To evaluate the contour integral (12) we note that the integrand is a single-valued
function of s, so that we may make use of the contour shown in Fig. 47. The poles
of the integrand are at the points

s =5, = -8 n=12 ...
where the quantities &,, §,, . . ., §,. ., . . are the rvots of the transcendental
equation
Jo(@at) =0 (14)

From the theory of Bessel functions we know that the roots of equation (14) are
all real and simple. If we take the radius of the circle MNL to be «(n + })?n%/a?,
there willbe no polesof the integrand on the circumference of the circle, and from the
asymptotic expansions of the modified
Bessel functions Iy(kr), Iy(ka) it is readily
M shown that the integral round the circular
_T arc MNL tends to the value 0 asn — . We
may therefore replace the line integral for g(¢)
by the integral of the same function taken
round the complete contour of Fig. 47, and
hence we may replace it by the sum of the
N residues of the ‘function /y(kr)et/I,k®) in the
(.0 plane R(s) < ¢. Now the residue of this
' function at the pole s = s, is

Iirg)e ¥ 2k J(rk,)e K5
af(Zin€ )1 (1ak,) aly(ak,)

— L since J(x) = I(x).. Hence we have

N 2ol ey
Figure 47 gt -—'“-’1(_”57:)( o

Substituting from equation (15) into equation (13), we obtain finally

2 %‘*’ﬂ"““’f e - xE=1) g 16
6(r,1) _'E:f‘ T ety Of(l)e dt (16)

where the sum is taken over the positive roots of the transcendental equation (14).

We shall give a further example of the use of Laplace transforms
at the end of the next section.

Other integral transforms may be used in a similar way. To illustrate
the use of Fourier transforms in the solution of three-dimensional
diffusion problems we consider:

Example S. Find the solution of the equation

o
« V2% = —9 (7
ot

for an infinite solid whose initial distribution of temperature is given by

6(r,0) = f(r) (18)

where the function f is prescribed.
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We reduce the equation (17) to an ordinary differential equation by the intro-
duction of the Fourier transform of the function 6(r,r) defined by the equation

Op,n) = (2m) -1 f o(r,))e' P " dr )

where p = (§,n,0), dr = dxdydz, and the integration extends throughout the
entire xyz space. Multiplying both sides of equation (17) by exp [i(p " )] and
integrating throughout the entire xyz space, we find, after an integration by parts
(in which it is assumed that 6 and its space derivatives vanish at great distances
from the origin), that equations (17) and (18) are equivalent to the pair of equations

de
= + kp?@ =0 20)
O(p,0) = Flp) @n

where F(p) is the Fourier transform of the function f(r). The solution of equation
(20) subject to the initial condition (21) is

Op,1) = F(p)e—*e™ (22)
Now it is readily shown by direct integration that the function
Glp) = e~ wo" (23)
is the Fourier transform of the function
() = (2rt)~F g riiint (24)

and it is a well-known result of the theory of Fourier transforms! that if F(g), G(p)
are the Fourier transforms of f(r), g(r), respectively, then F(p)G(p) is the Fourier
transform of the function

@m-t ff(r’)g(r —r’)dr

It follows from equations (22), (23), and (24) that the required solution is

o, = (2,(1)-3 ff(r')e‘ll—:’]’/le dr (25)
where the integration extends over the whole x’y’z’ space. If we let
u = (4,0,w) = (4ct)~ ¥’ — 1)
we find that the solution (25) reduces to the form
"‘a “x: » I .
ow,) =n—3 | f f+ 2vene” @D gy dydw  (26)
J—w J-o J-

which is known as Fourier’s solution.

PROBLEMS

1. Use the theory of the Laplace transform to derive the solution of the boundary
value problem:
% 190

W Tw
6(0,) = f(1), 6a,t) =0, 6(x,0) =0

1 Sneddon, *‘Fourier Transforms,” p. 45.

0<x<a,t>0
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2. If 6(r,r) satisfies the equations
#0100 10

() a—r_q‘f';a—r-—:a’ 0<r<a,t>0
(ii) 6(r,0) = f(r) 0<r<a
(iif) (ae ho) 0 0
111 = + = >
or r—a
show that
2 gl Mlyysny [°

0(r,0y = = i O uf (u)g(&u) du

1) a* - (h - BNt Jo ACESR
where the sum is taken over the positive roots &, &,, . . ., &, . . . of the

equation
holat)) = §:J,(aé;)

3. Using the theory of the Fourier exponential transform to eliminate the x
variable from the diffusion equation, derive the solution (5) of Sec. 3.

4. Using the Fourier sine transform

] *
Oy&,1) = (é) f 0(x,1) sin (£x) dx
0

derive the solutions (9) and (13) of Sec. 3.

S. A plane electromagnetic pulse is propagated in the positive z direction in an
unbounded medium of constant permeability 4 and conductivity 0. At the
instant ¢ = O the electric vector E is given by

1 z®
EI=3exp(—ﬁ), E,=E, =0

Determine the value of E, at a later instant r.

6. The Use of Green’s Functions

We saw in Sec. 8 of Chap. 4 how Green’s functions may be employed
with advantage in the determination of solutions of Laplace’s equation.
‘We proceed now to show how a similar function may be used con-
veniently in the mathematical theory of diffusion processes.

Suppose we are considering the solution 6(r,r) of the diffusion
equation

o6
— (VU2
Py «kV (1)

in the volume ¥, which is bounded by the simple surface S, subject to
the boundary condition

0(r,t) = ¢(r,t) ifreS (9))
and the initial condition

0(r,0) = f(r) ifreV 3)
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We then define the Green’s function G(r,r',t — ') (¢ >t') of our
problem as the function which satisfies the equation
G
T v
3 VG @)
the boundary condition
Gr,r,t —t)=0 ifreS &)
and the initial condition that 1’121 G is zero at all points of V except at

the point r where G takes the form

1 r—r? ]
s eXp | — 6
8[mr(t — ) Py 4r(t — 1) ©®
Because G depends on 7 only in that it is a function of t — ¢', it follows
that equation (4) is equivalent to
oG
— + VG =0 )
ot
The physical interpretation of the Green’s function G is obvious from
these equations: G(r, r', t — (') is the temperature at r’ at time ¢ due
to an instantaneous point source of unit strength generated at time ¢’
at the point r, the solid being initially at zero temperature, and its
surface being maintained at zero temperature.
Since the time ¢’ lies within the interval of ¢ for which equations (1)
and (2) are valid, we may rewrite these equations in the form

o6
~ = V2 ’
a7 «V20 t <t (8)
e’y — &(r'.t') ifreS )
It follows immediately from equations (7) and (8) that
o G a0 R .
W(GG) = Ba—t, + GE—I’ = «[GV?20 — VG]

so that if ¢ is an arbitrarily small positive constant,

J‘H“-Vai;'wc’ d"} dr’ = “J" UV [GV* — 6V2G] df'} ' (10)

0 0

If we interchange the order in which we take the integrations on the
left-hand side, we find that it takes the form

fv (0G)y—,_. dr" — fy (6G),—, d='

= 6(r,1) J.v [Gr, ¥yt — )y dr’ — fv G,y 0 f(') d
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Now from the expression (6) for G(r, r’,  — t') we can readily show that

| 1601, 1 = heyodr’ =1

[a}

so that if we let ¢ — O, the left-hand side of equation (10) becomes

O(r,t) — f f(HG(rr' 1) d’

On the other hand, if we apply Green’s theorem to the right-hand side
of equation (10) and make use of equations (2) and (5), we find that it

reduces to
*t
—K l dar [
Jo

inthe imitas e — 0. It will be recalled that 8/ on denotes differentiation
along the outward-drawn normal to S. We therefore obtain finally

o o G
O(r,t) = | fEGEr, ) dr —« | db’ f é(’r',!)—.—GdS’ (11)
v ol J S o

as the solution of the boundary value problem formulated in equations
(1), (2), and (3).

To illustrate the use of a Green’s function in a very simple case
we consider:

Example 6. If the surface z = O of the semi-infinite solid z > 0 is maintained at
temperature ¢(x,y,t) for t > 0, and if the initial temperature of the solid is f (x,y,z),
determine the distribution of temperature in the solid.

It is. readily shown that the appropriate Green’s function for this problem is

S e B L 4 el
8t — IV P | Tar = 1) -1
where p’ = (x',y’,—z’) is the position vector of the image of the point r’ in the
plane z = 0. For this function
oG _a_G o 2 ex
an 0z )20 8mkd(r — 1)t P )

so that, from equation (11), we obtain the solution

Glr,r',t — 1) = — exp

x=—x2+—yr+ 22]
4t — 17)

0(r, ) 8—(”1”)3 f [ e lr= It — o=l —p2faxt] e

ff ey |>_(X—X')2+(_V—}")2+zz
8(’”‘)3 oGy P 4t — 1)

where V denotes the half space z > 0 and Il the entire xy plane.

dx’ dy’ dr’

In this problem we have been able to guess readily the form of the
Green’s function. For more complicated types of boundary this may
not be possible, and so it is desirable to have available a tool for the
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determination of the Green’s function. The most powerful analytical
tool for this purpose is the theory of Laplace transforms. We shall
illustrate its use by considering:

Example 7. Determine the Green's function for the thick plate of infinite radius
bounded by the parallel planes z = 0 and z = a.

From equations (4), (5), and (6) we see that we have to determine a function G
which vanishes on the planes z = 0, z = g and has a singularity of the type (6).
We write

! ¢ ]t
Wﬂ exp ‘7- —I4K—’|| + G,y(r,r',1) (12)

where, by virtue of equation (4)

G(r,r',t) =

G
«ViG, = a—l' 13)
If we multiply both sides of equations (12) and (13) by e %, integrate with respect to
t from 0 to o, and make use of the fact that the Laplace transform of
[r —rf? |
4kt

€Xp

8mir?
* o

! J e-uP-r‘l‘Ml‘u
dne Jo n

where R? = (x — x)? + (y — y’)® and u® = #* + s/«, we find that these equatjons
are equivalent to

can be written in the form

L 2
s A
Grr',s) = L ( enlz=2 Jol2R) Add + Gy(r,r,s) (14)
4me Jo u
2, 2, 2
—-361413—0—1+—ac‘+l-———acl=561 (15)
9p? p 9 9z2 p? 9¢? x

where G, G, are the Laplace transforms of G, G, and, as usual, p, z, ¢ denote
cylindrical coordinates. Equation (15) has a solution of the form

1 {®a
— 0 L i i - i
o J'o a JAAR){F sinh (uz) + H sinh [ufa — 2)]} d

where the functions F(4) and H(A) must be chosen so that G vanishes on the planes
z =0,z =a. We must therefore have

F = —e 4o~} cosech (ua), H = —e#¢ cosech (ua)
Thus if 0 < z < z’, we find that
oL {® J(AR) sinh [u(a — z")] sinh (u2) P
2w Jo 4 sinh (sa)
1f we make the substitution 2 = i£ in this integral, we obtain the form

6-_! fm ¢14(¢R) sinh [l — 2] sinh (nz)
=l 7 sinh (na)

dé

where 72 = s/x — £2. Now it is readily shown by the calculus of residues that

Lo~ , :
G = e Zl sin ("—Zi) sin (":—t)KQ(E.R)
" -
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where &, = VnPn?/a® + s/c. Using the fact that K[x V3/x] is the Laplace trans-
form of (2t)~le—2"/4xt and that the Laplace transform of e=2Yf (1) is f(s + a), we find

that
—RY4xt .
G=" 3 IK E sin (E) sin (E\’ e~ nieikfa? (16)
el a a
L

This expression could have been obtained by the method of separation of variables
if we had been prepared to assume the possibility of the expansion of an arbitrary
function in the form (16). One of the advantages of using the theory of the Laplace
transform is that it avoids making such an assumption; each Green’s function so
derived yields an expansion theorem (or an integral theorem).

PROBLEMS
1. Derive the linear analogue of equation (11) for the segment a < x < b.
Hence solve the boundary value problem
a6 _ 220
ETRrT
8(0,) =40, t >0, 0(x,0) = f(x), x >0
2. By using the theory of Laplace transforms derive the Green’s function for the
segment 0 < x < a.

x>»0,t>0

3. Show that the Green’s function for problems with radial symmetry, in which
the temperature vanishes on r = g, can be expressed in the form

G(r,r',t) = 5 ! . Z sin ("—"r\ sin (ﬂ) e —nintullul
Zmarr’ £ va) a
4. Show that the two-dimensional analogue of equation (11) is
12
oyt = f S y)Gx,ysx',y i) dS — "f a f $(x',y'i0 28 av
s 0 c on
where C is the boundary of the region S, and where G has a singularity of the

type
)2 2
1 exp[—(x P+ (y y)]

4t 4t

at the point (x,y).
Determine the Green’s functions for the regions

(i) —w<x<w y>0
(i) x >0, y >0
(iii) 0<x <a, O<y<bd

5. Show that the Green’s function for the cylinder 0 <z < 4, p <a'is
Glp.$,z;0'8',2°30)

> hd v -
- —mbatiht i (72N i (T Z — &
T Zle sm( P’ )sm( W ) cos n(p — ¢')
me

ne —
o Ju(empuu(emp')
x et Gl

L]
where £,;, &5, . . ., éai - . . are the positive roots of the transcendental
equation J,(éa) = 0.
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7. The Diffusion Equation with Sources

In the previous sections of this chapter we have considered the
solution of problems relating to diffusion in 2 medium in which there
are no sources. We shall now consider briefly the solution of the
more general equation (3) of Sec. 1 when the source function Q(r,0,r)
assumes a simple form. In many cases of practical interest the function
Q(r,0,7) may be taken to be a linear function of the temperature of the
form

Q(r,0,0) = Hr.t) + Oy(t) (D
and we have seen in Prob. 3 of Sec. 1 that the solution of problems of
this type can be deduced readily from solutions of the equation

20
7 = KV A+ x(r) (2

We shall consider therefore only this simple equation.

The analysis of problems of this kind can be further simplified.
Suppose that we have to solve equation (2) in a region ¥ bounded by a
simple surface S subject to the conditions

6(r,0) = f(r)ifre V; O(r,t) = p(r,t)ifreS 3)

then if we find a function 0,(r,t) which satisfies the homogeneous
equation
3 = «V¥ @
!
and the boundary and initial conditions (3) and a function y(r,f)
which satisfies the equation (2) and the boundary and initial conditions

0,r,0) =0ifreV; Oy(r,t) =0ifreS (5)

then it is immediately obvious that the solution of the problem posed
by equations (2) and (3) is given by the equation

O(r,t) = 0,(r,1) + 0,(r,2) 6)

The methods availatle for the solution of equation (4) are also
available for the solution of the nonhomogeneous equation (2). For
instance, if the method of separation of variables has been applied to
determine the function 6,(r,t), the same type of expansion may be
employed in the determination of 0,(r,r), or if a particular kind of
integral transform has been used to find 8,(r,s), it may also be used to
determine ,(r,?).

For instance, if we wish to solve the equation

06 026
o Ta T x(x,0) )
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in the region 0 < x < g, we know that the solution of
o0 0%
T e

which vanishes when x = 0, x = g, is of the form

]

Catedatigt i NTX
ZAne nhabatia? 1o
a
ne=i

Therefore we assume a solution of equation (7) of the form

< nmx
Oax,t) = (r) sin — 8
A1) Zl $,i1) sin — ®)
We also employ the expansion
1xt) = 3 gal0)sin == ©)
n=1
where o) =2 | ¢ty sin "% ax (10)
alo a

Substituting from equations (8) and (9) into equation (7), we see that the
functions #,(r) must satisfy the first-order ordinary differential equation

dé, nPnik

puiit = 11
- T b = 10 (1
and, since 6,(x,0) = 0, must also satisfy the initial condition

$.0) =0 (12)

When we have found the functions #,(¢) satisfying the equations (11)
and (12), we have only to substitute them as coefficients in the expansion
(8) to obtain the desired result.

To illustrate this method we consider:

Example 8. The faces x =0, x = a of a finite slab are maintained at zero

temperature. A saurce of strength Q is situated at x = b. Determine the distribution
of temperature within the slab.

We have to solve the equation (7) in which the function x(x,7) is Q(x), where
Q(x) = lirr(; Q.(x)
[—g— jx =8 <=
where Qe(x) = (2,p€
0 Jx — b > ¢
The Fourier coefficients of Q,(x) are

b+e
iur annltdx:Q ! Esinnlb
peac Jy. ., a ec (nme)
If we let ¢ - 0, we find that for this y(x,)
2Q . nnb

Za{t) = —sin —
pca a
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Substituting this constant value in equation (11), we see that the approximate form
for é,(1) is

2
WQ:z (1 — e—n*ntfa?)sin "—Zb 13)

$ul1)

where, it will be remembered, k = pcx. Substituting from equation (13) into
equation (8), we find that the desired solution is

20a < 1 . nmx , nnb
B(x,1) = % Z ;(1 — e~ ninixlia?) sin —= sin —
ne]

When the range of the space variables is infinite, it is more appropriate
to make use of the theory of integral transforms. Consider, for
instance, the problem of solving the equation (7) for the infinite range
—o << x < 00 subject to the initial condition 0(x,0) =0. If we
multiply both sides of equation (7) by (2m)~!¢'** and integrate with
respect to x from —oo to co, we find that the Fourier transform

O(&,1) = .—1—3: (m 6(x,0)e* dx (14)

V LT Vv T
satisfies the ordinary differential equation

)
‘f,—,+ 80 = X(&,1) (15)

where X(&,1) denotes the Fourier transform of x(x,7). The solution
of equation (15) we are seeking must satisfy the initial condition
O(£,0) = 0, so that we have

t
(&, = Jf e " OX(E) dr
0
Making use of Fourier’s integral theorem
[ it
0x,1) = —= 1 O e " d¢
v2rnJ -

and interchanging the order of the integrations, we find that

1

‘v2—7r

6(x,1) =

2 [
f dr f e—ifz-xf’(l—l’)X(f’t’) dj,_
Q0 — - '

Now .
F(E) — —« 1)

is the Fourier transform of the function

1 -84«
1) =gy N
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so that using the convolution theorem for Fourier transforms

[" rox@eeas = [ e —mutny dn

we find that
o(x,1) = l LA IS ) d
= oy = ). € 2.t dn

is the final solution of our problem.

PROBLEMS

1. The function 6(x,t) satisfies the equation

a6 220

2T

forx > 0,t > 0and 6(x,0) =0, 6(0,) = 0. Show that

MHx,t) = A/ﬂ

where X (&,t) is the Fourier sine transform of the function x(x,t).

L T

t @
' dr J. X&) - =) sin (Ex) ot
Jo 0

2. The function u(p,t) satisfies the differential equation

du (6214 1 6u\
=«l=5 + -5 + 1o))
%t ' pop/

for p > 0, and the initial condition u(p,0) — 0. Prove that, for r > 0,

¢ ® | ]
u(p,r)—fo =y g e bl =D

dn

3. The function 6(p,r) satisfies the equation of Prob. 2 in the finite cylinder
0<p<a. Ifb(ar) =0for: >0, and if 6(p,0) — 0, show that

2 Jo(Péti) t Y

= =N 4y

@ L @EP J, Xene @

where the sum is taken over the positive roots of the equation Jy(a$,) = 0 and
where

0(p,1)

XiEn = J; px(p,1) olp&:) dp

Show that, in particular, if y(p,t) = f(t), then

" 2 Joled) [
Mpg) = = Rl lle yp — S —1)EY gpr
[ )' al é,l,(aé.)_[,f")e Ydr
Sty
. 4. The .slowing-downt density 6 of neutrons in the infinite pile 0 < x <a,
0<y'< b —o <z <:o satisfies an equation of the type
4o S

)
R
e 5 = Vi + SOUO

4
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If 6 vanishes on the faces of the pile and is initially zero, show that

oo a0
2 2 mrx | mmy
o) = — /= E E mrx in ™Y
(r,7) ab/; sin 2 sin b

n—1m=1

¢
xj u(r) d:'J.m e~ (&8 miatiat e b EIXE ) Sie m me ~tt2 gt
0 —

where

= 1 “ . ® nx nrry) .
=—= in (— | sin [=2 ) e
A VZ—#J; dx fo dy f_mS(r) sin ( p ) sin ( 3 e dz

Deduce the solution corresponding to a point source U(r) situated at the
geometrical center (§a,45,0) of the pile.

MISCELLANEOUS PROBLEMS

Heat is flowing along a thin straight bar whose cross section has area 4 and
perimeter p. The conductivity of the material of the bar is K, and the rate
at which heat is lost by radiation at the point x of the surface is H(6 — 6,) per
unit area, where 8(x,f) is the temperature at a point in the bar and 6, is the
temperature of its surroundings. If p, ¢ are, respectively, the density and
specific heat of the material of the bar, show that 6 satisfies the equation

a0 20

%
where « = K/pc, h = Hp/cpA.
Show that the substitution

0 — 00 — ¢‘. ht

— K6 - 6y)

reduces this equation to the one-dimensional diffusion equation.

Heat is flowing steadily along a thin straight semi-infinite bar one end of which
is situated at the origin and maintained at a constant temperature. The bar
radiates into a medium at zero temperature. Prove that if temperatures 8,,
0,, 85, . . . are measured at a series of points on the bar at equal distances
apart, then the ratios (6,_, + 0,.,)/6, are constant.
A spherical shell of internal and external radii ry, r,, respectively, has its inner
and outer surfaces maintained at constant temperatures 8,, 8,; the conductivity
of the material of the shell is a linear function of the temperature. Show that
the heat flowing through the shell in unit time in the steady state is the same
as if the conductivity were independent of temperature and had the value
appropriate to the temperature (6, + 65).
Prove that the diffusion equation

Gl 2] 4

oF T

possesses solutions of the type
°
= A - —n——
V=A™ F, ( n4; 4,)

where A and n are constants and ,Fy(x;8;z) denotes the confluent hyper-
geometric function of argument z and parameters a and f.
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Prove that every solution of the one-dimensional diffusion equation defined
and continuous in the space-time region 0 < x </, 0 <t < T takes on its
least and greatest valuesont = 0oron x =0, x = /. Deduce that: (a) the
boundary value problem

%0 1 a6
ST 00 =e0), 00N =f(, 60 = g0)

has a unique solution in the region 0 < x < 1,0 <t < T; (b) the solution of
the above boundary value problem depends continuously on the functions

#(x), (1), g(0).

If the concentration ¢ of one component diffusing in a two-phase medium is
determined by the equations

dc 2c ac 2c

— =D;-—+x <0, — D,— x>0

a - Ut aF e

the boundary conditions

dc dc)
¢, = key, Di\2x) =D a_x) atx O
-0 T +o

and the initial condition

{co x <0

c =

0 x>0

at ¢t = 0, show that when x > 0,
kDi

€ - Cyg—F—
"kpi . Dt

A r x)
b et 50t

and derive the corresponding expression for x < 0.

Assuming the temperature at a point on the earth’s surface (assumed plane)
to show a periodic variation from day to day given by

6 =0y + 0, cos wrt

investigate the penetration of these temperature variations into the earth’s
surface, and show that at a depth x the temperature fluctuates between the
limits

0y + 9, exp (—xVw/2)

The conducting core of a long cable whose capacity and resistance per unit
length are C and R, respectively, is grounded at one end, which may be taken
to be infinitely distant.  The other end x = 0 is raised to a potential V, in
the interval 0 < 7 < = and then lowered again to 1ts initial zero value. If the
interval = is short, prove that the current in the cable is

’VO ,/L ICRXZ _ l} e—('l(:'c“
Rmt 742 1

Hence show that the maximum value of the current at a point with co-
ordinate x is proportional to x3.

The sphere r = b is maintained at zero temperature, and the sphere r = a < b
is heated in such a way that its temperature at time ¢ is ge*, sand g being
constants. The space between the two spheres is filled with a conducting
material. Find the temperature at time ¢ at any point between the spheres.
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a6 20
Show that the solution of the eguation = Rairn satisfying the conditions:

(i) 0 —->0ast— x,
(ii) 6 =0 when x = +a for all values of t > 0,

(iii) 6 =xwhent=0and —a <x <a
is

By use of Fourier series, or otherwise, find a solution of the one-dimensional
diffusion equation satisfying the following conditions:

(i) 6isbounded as ¢ — «;
(i) 38/dx = O for all values of t when x = 0 and when x = a;
(iii) 8 =x(a —x)whent =0and0 < x <a.
Solve 36/3r = a%(9%0/3x?) given that:
(i) 0is finite when t = + o;
(i) 0 =0 when x =0and x = =, for all values of ¢;
(iti) 6 =xfromx =0tox ==whent =0.
A uniform rod of length a whose surface is thermally insulated is initially at
temperature @ = 6,. Attime ¢ = 0 one end is suddenly cooled to temperature
6 = 0 and subsequently maintained at this temperature. The other end
remains thermally insulated; show that the temperature at this end at time ¢
is given by

o
40, S‘ =" | 2n + )22

g -2
” Q2n+lexpl 4q%
n-0

where « is the thermometric conductivity (diffusivity).

The boundaries of the rectangle 0 < x < a, 0 < y <-b are maintained at
zero temperature. If at ¢ = O the temperature 6 has the prescribed value
f(x,y), show that for ¢ > 0 the temperature at a point within the rectangle is

given by
4 o i m2 e\, [emx) mry)
P _4 Z - m o oy nmy
(x,p,1) ”bm=lgl F(m,n) exp ‘ ktm? (a2 t bz)]sm( P )sm( A
o)
where F(m,n) = J [ F(x,y) sin mmx sin Y dx dy
o Jo a b

The faces of the solid parallelepiped 0 < x <a, 0 <y <bh 0<z<c
are kept at zero temperature. If, initially, the temperature of the solid is given
by 8(x,y,2,0) = f(x,y,z), show that at time 1 > 0

® ® @

O(x,y,z;t) = — Z z Z F(mnq)e # sin— sm"%bysmq—’;—z

abe v Yo et
where
) sin (‘Z’;_z) dx dy dz

b
F(m,nq) = f f fCeoy.2) sm( )

and M\?+f+%)
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If the face x = a is kept at a constant temperature 8, the other faces being
maintained at zero temperature, and if the initial temperature is zero, show that
the steady-state temperature is

g _ 165 v - 1 sinh (vx) sin @ F Dy 25 + Dz
TTE 'L‘“ (2r + 1)(2s + 1) sinh (va) b P)
where
Qr+ 1?2 (25 + 1)?
W2 = .
- [ 7 = ]

Show that the solution 8(p,z,1) of the diffusion equation for the semi-infinite
cylinder 0 < p < @, z > 0 which satisfies the boundary conditions

6 =0, z=0 0<p<at>0
8 =0, p=a z >0, t>0
and the initial condition

0(p,2,0) = f(2)

23t (s J(EJem Y [ uz ’
v i | e—u¥tx
? it Zt atJ(&a) J;) f(“) sinh (th) e —u¥ext gy

where the sum is taken over all the positive roots of the equation Jy(éa) = 0.

is

The outer surfaces p — a, p = b (a > b) of an infinite cylinder are kept at zero
temperature, and the initial temperature is 6(p,0) — f(p) (b < p < a). Show
that at time ¢ > O the temperature is given by

J(';(c'.h)j (8
0p,) =2 ) & Jo(p£)G Jolat, \
(o1 Z Tt Jo(bs)[ PEIGHat) ot )Golpt,)]

where fis deﬁned to be

s
/= [ of (D[ To(pE)Go(ad)) — Jo(ad)Golpt)] dp

and &, &, .. . are the positive roots of the transcendental equation

Jo(bff)Go(aEi) — Jo(ad)Gy(bs) =0
Find the solution of
920 a6
Py Rl t>0,0<x <o
for which
0(x,0) = e—= x>0

00,) =0 t >0
(Note that e ~*¥# is the Laplace transform of
xe -4t
W)
The space x > 0 is filled with homogeneous material of thermometric con-
ductivity «, the surface boundary x =0 being impervious to heat. The

temperature distribution at time 1 = 0 is given by 6 = 6,(1 — e~%'*"). Find
the temperature distribution at time ¢.
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If 6(x,r) is the solution of the one-dimensional diffusion equation for the
semi-infinite solid x > 0 which satisfies the conditions 6(0,r) = 6, cos (nr),
0(x,0) = 0, show that

L4
du
8 = 6e=*rcos (mt — Ax) — = | e~wsin | [%x)
0 ~*% cos (n X) = e~ sin phad B

where 1 = Vv n/2«.

The function 6(x,t) satisfies the one-dimensional diffusion equation and is
such that 6(x,0) = 0,, a constant, and

a
(3_x)z - = h0(0,1)

2] 9 f L % > M (x4 At g,
= Uger 2\/’:’) + \/K—‘n; Jo (4 u

Show by means of the Laplace transform 0(x,r) that the solution of the one-
dimensional diffusion in the region 0 < x < a satisfying the conditions
600, =f(), 0an=0  6(x0)=0

is given by the formula

Prove that

°f
'E ! f(.r)e—n’rr’x(l—-r) dr
a

Jo
The boundaries x = 0, y == 0 of the semi-infinite strip 0 < y < b, x > 0 are

kept at zero temperature while the boundary y = b is kept at temperature 6.
If the initial temperature is zero, show that

® @
0 — iy 20 —
Bx.p0) = -——2: E %—sin (EZ—y) + TO E e*""’/“(—"L sin ("—ZZ)
n=1

n=1

o
2 c
O(x,t) = —:7" Z nsin

n-1

-
40, oy [P ktET a0 gin (Ex) dE
T ZM rsin == | N )
=

Show that the solution 8(r,r) of the boundary value problem

20 2 20 1 90
= t-==-= 0<r<at>0
ar ror K ot
6(r,0) = 0, = const. 0<r<a
20
l,7—+h0=0 whenr =a,t >0
”

may be expressed in the form

2420, % (L tynet L (b — DY sin (8, Ja) -ttt

6 =

() =— L F 1 ah(ah — DE,
where the sum is taken over the positive roots &, &, . . . , &y . . . Of the
equation

§+(ah —1)tané =0
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26. The distribution of temperature in an infinite solid is governed by the equation
20

i kV20 + wf + $le,p)

Transforming the equation (cf. Prob. 3 of Sec. 1) and making use of the theory

of Fourier transforms, show that if initially = 6(r), then at time ¢t > 0

_ (L F -ty
O(r,1) = (4mct)~exp . w(t) dt Og(r) exp | — T) dr
-
- ot 7 reexp | - Jn w(t") d’”l
i dr
Jyrod ), —a = ‘
Ir -«

.

x f P | ar =)

27. A point source of heat of strength Q is moving with velocity v(¢) along the line

x = a, z = 0 in an infinite solid. If initially the temperature of the solid is
zero, show that at time ¢t > 0

+ (4mxt)—1 exp

(') dr’

¢ o — RY4u(t—t)
o f e ar
8pc(me)t Jy  (t — 1)
with R? = (x — a)? + [y — r'o(+)]? + 2%

If the point source moves in the same way in the interior of the semi-infinite
solid x » 0 whose boundary is kept at zero temperature, show that

O(r,t) =

0 [‘t e~ Rt =1)
6 =—= | —e-a@a(t—t)1 _— 4y
©0 = Boetmar Jo!' 7 ° M=



APPENDIX

SYSTEMS OF SURFACES

In Chap. 2 we made use of some of the properties of systems of surfaces. The
object of this appendix is to provide a brief outline of such systems for the benefit
of readers unacquainted with them. For a fuller account the reader is referred to
R. J. T. Bell, “An Elementary Treatise on Coordinate Geometry of Three
Dimensions,” 2d ed. (Macmillan, London, 1931), pp. 307-325.

I. One-parameter Systems

If the function f (x,y,z,a) is a single-valued function possessing continuous partial
derivatives of the first order with respect to each of its variables in a certain domain,
then in xyz space the equation

fx,y,z,a) =0 1)

represents a one-parameter system of surfaces.

We now fix attention on the member of this system which is given by a prescribed
value of @ and on the member corresponding to the slightly different value a + da,
which will have equation

fx,y,z,a + da) =0 )

These two surfaces will intersect in a curve whose equations are (1) and (2), and it
is easily seen that the curve may also be considered to be the intersection of the
surface with equation (1) with the surface whose equation is

i {f(x,y,z,a + da) — f(x,y,2,0)} =0 3)

As the parameter difference da tends to zero, we see that this curve of intersection
tends to a limiting position given by the equations

fx,y,z,0) =0, a—i f(xy.z8) =0 (C))

This limiting curve is called the characteristic curve of the system on the surface (1)
or, more loosely, the characteristic curve of (1). Geometrically it is the curve on
the surface (1) approached by the intersection curve of (1) and (2) as éa — 0.

As the parameter a varies, the characteristic curve (4) will trace out a surface
whose equation

glx,y,2) =0 5

is obtained by eliminating a between the equations (4). This surface is called the
envelope of the one-parameter system (1).
For example, the equation
X4y +(z—-af =1
309
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is the equation of the family of spheres of unit radius with centers on the z axis.
Putting f = x® + y® + (z — a)? — 1, we see that f, = z — a, so that the character-
istic curve to the surface a is the circle
z =a, XX+ y+z—at=1
and it follows immediately that the envelope of this family is the cylinder
x4+ yE =1
(cf. Fig. 48). In this particular case it is obvious that the envelope touches each

member of the family along the appropriate characteristic curve. We shall now
prove that this is true in general.

| _—x?4y2+(z-a)?=1

| Characteristic curve
z=a, x2+y2 +(2z-a)?=1

Envelope —
x2+y?=]

e

Figure 48

Theorem 1. Apart from singular points, the envelope touches each member of the
one-parameter system of surfaces along the characteristic curve of the system on that
member.

To prove this theorem consider the one-parameter system (1). Since it is a one-
parameter system it follows that through any point P of the envelope there is one
member of (1) whose characteristic curve passes through P(x,y,z). The direction
cosines of the normal to this surface are proportional to (£, f,, f;). Now we may
consider the envelope to be the surface

f{xy.z,a(xyz2)} =0 ®

where a(x,y,z) is determined from the equation
of
L = 7
da M
Now the direction cosines of the normal to the surface (6) are proportional to

(¥ o= ¥ ofa _"’£+ﬂﬁ)

\0x  dadx 9 dady oz 0adz
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which, on account of (7), reduce to (f, f,. f;). Hence the tangent planes to the
surface and the envelope coincide.

We have proved that along the appropriate characteristic curve the surface a
and the envelope have the same values of (x,y,z,p,9). In Sec. 8 of Chap. 2 we saw
that these numbers specify the characteristic strip of the surface a. We may there-
fore think of the characteristic strip as being the set of small elements of tangent
planes which the surface and the envelope have in common along the characteristic
curve.

The argument given above breaks down at singular points, i.e., at points at which
fz =fy = f, = 0, but it is not difficult to show that such points lie on the locus (4).
As a consequence singular loci appear in the result.

2. Two-parameter Systems

In a similar way we may discuss the two-parameter system of surfaces defined by

the equation
fey,z,ab) =0 (D
in which a and b are parameters. We consider first the one-parameter subsystem

Characteristic
curve Envelope

V

Surface
Figure 49
obtained by taking b to be a prescribed function of a; e.g.,
b = ¢(a) 03]
This in turn gives rise to an envelope obtained by eliminating a, 4 from equations
(1) and (2) and the relation
of fdb

The characteristic curve of the subsystem on the surface (1) is given by equations
(1) and (3), in which b has been substituted' from (2).

It should be observed that for every form of function #(a) the characteristic curve
of the subsystem on (1) passes through the point defined by the equations

f=0  fa=0 f,=0 @

This point is called the characteristic point of the two-parameter system (1) on the
particular surface (1). As the parameters a and b vary, this point generates a
surface which is called the envelope of the surfaces (1). Its equation is obtained by
eliminating a and b from the three equations comprising the set (4).

As an example consider the equation

x-—a?+(y-b*+222=1 5
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where g and b are parameters. The two-parameter family corresponding to this
equation is made up of all spheres of unit radius whose centers lie on the xy plane.
In this instance the equations (4) assume the forms

x—a?+(—-b2+z2=1, x—-a=0, y—-b=0

so that the characteristic points of the two-parameter system on the surface (1) are
(a,b, £1). In other words, each sphere has two characteristic points. The envelope
is readily seen to be the pair of parallel planes z = +1.
A subsystem of the two-parameter system (5) is obtained by taking & = 2a;
the equation of this subsystem is
x—al+(y-—2a+22=1 6)
The characteristic curve of this subsystem is the intersection of the sphere (6) with
the plane
x + 2y =5a (@)
It is therefore a great circle through the center C(a,2a,0) of the sphere normal to
the line OC. Its center lies on the line

T=2=2 ®)

The equation of the envelope of this subsystem is obtained by eliminating a from
equations (6) and (7). We find that the envelope is a right circular cylinder with
axis (8) and unit radius.

Corresponding to Theorem 1 for one-parameter families of surfaces we have:

Theorem 2. The envelope of a two-parameter system is touched at each of its
points P by the surface of which P is the characteristic point.

The proof is a simple extension of that for Theorem 1. We may consider the
envelope to be the surface

fixy.z,a(x,y,2),b(x,y,2)} =0 ()]
where the functions a(x,y,z) and b(x,y,z) are defined by the relations
fa=0, f,=0 (10)

The direction cosines of the tangent plane to the envelope at the point P(x,y,z) are
therefore proportional to
(o o oy of Yoa Yk o Y k)

\9x adx bax 9y dady obdy 0z odadz  0bdz)

and, as a result of equations (10), these reduce to ( £, f;, f;), showing that the tangent
plane to the envelope coincides with the tangent plane to the surface (1) at P, as we
had to prove.

3. The Edge of Regression

We shall return now to a consideration of the one-parameter system of surfaces
with equation

foyz,a) =0 o
Then, as we showed in Sec. I, the characteristic curve on (1) has equations
fxpza) =0, é$lxyza) =0 2

where ¢(x,y,z,a) = % f(x,y,z,a). The characteristic curve on a neighboring
surface has equations
fx,y,z,a+8a) =0, $x,y,2z,a+0da)=0 (€)]
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These two characteristic curves will intersect if the four equations (2) and (3) are
consistent or if the equations (2) and

-(%1 {fx,y,2,a + da) — f(x,y,z,0)} =0 @)

;;—la {#(x, y, 2, a + da) — ¢(x,y,z,@)} =0 (5)

are consistent.

Both characteristic curves lie on the envelope of the system (1). If they intersect,
the locus of their limiting point of intersection as da -» 0 is called the edge of
regression of the envelope of (1). It should be noted that this locus is a curve on

the envelope.
Letting da — 0 in equations (4) and (5), we see that the characteristic curves will

possess a limiting point of intersection if the equations
f=0 4=0 fo=0, 4,=0

are consistent; i.e., if
, £=0 fa-=0, fu=0 ©
are consistent.

Since there are only three equations to be satisfied, it follows that in general
there is always a solution. For this reason we say that ‘“‘consecutive characteristic
curves intersect’” at a point given the equations (6). As the parameter a varies,
this point generates the edge of regression; its equations are obtained by eliminating
the parameter 2 in two different ways from the equations (6). The edge of regression
has the property that it touches each of the characteristic curves of the system.

To illustrate these remarks we consider the one-parameter system of planes

whose equation is
3a’x —3ay +z - a @)

in which a is a parameter. The characteristic curve of the system on the surface
(7) has for its equations the equation (7) and

a —2ax +y=0 8)

The envelope is found by eliminating a between equations (7) and (8). If we
multiply equation (8) by a and subtract it from equation (7), we find that

ax =2ay —z 9)
and eliminating a from equations (8) and (9), we obtain the equation

_ Xy -z
4 2x —y)

Substituting this value for a in equation (7), we see that the envelope has equation
(xy — 2 = 4x* — y)(* - x2)

For the edge of regression we have, in addition to equations (7) and (8), the
equation @ — x = 0, so that the edge of regression has freedom equations

x = a, y=at, z=a%
Alternatively it can be thought of as the intersection of the surfaces

y=xz, xy=1z
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4. Ruled Surfaces

We shall now consider briefly some of the properties of a ruled surface. A ruled
surface is one which is generated by straight lines, which are themselves called
generators. Typical examples are cones, cylinders, the hyperboloid of one sheet,
the hyperbolic paraboloid. We distinguish between two kinds of ruled surface.
A developable surface is a ruled surface of which “‘consecutive generators intersect;”
a ruled surface which is not developable is called a skew surface. Cones are develop-
able, though they are not typical examples, since any two generators intersect, not
merely two consecutive generators. Hyperboloids of one sheet and hyperbolic
paraboloids are skew surfaces.

A developable surface is so called because it can be *‘developed” into a
plane in the sense that it can be deformed into a part of a plane without
stretching or tearing. To see this we
consider a set of “‘consecutive genera-
tors” 4;, 4,, 45, . . . on a developable
surface. They intersect as shown in
Fig. 50, and the surface consists of
small plane elements wj, mp, my, . . . .
The element =; can be rotated about
the line 4, until it is coplanar with =,.
The area =; + m, can now be rotated
about 4, until it is brought into the plane
3. We can proceed thus until the whole
surface is developed into part of a plane.

There are two results about develop-
able surfaces which are of value in the
theory of partial differential equations:

Theorem 3. The envelope of a one-
parameter family of planes is a develop-
able surface.

To prove this theorem we note that
the equation of a one-parameter family
of planes may be written in the form

xt+ay +fl@z+g@=0 (1)

The characteristic curve is determined

Figure 50 by

y+flaz+g(@=0 (2)
together with equation (1). Since the characteristic curve is the intersection of the
planes (1) and (2), it is a straight line. The envelope which is generated by it is
therefore a ruled surface. This straight line intersects its consecutive in a point
given by the equations (1), (2), and

f@z +g"@ =0 3)

Since “‘consecutive generators intersect™ at this point, the envelope is a developable
surface.
Theorem 4. The edge of regression of a developable surface touches the generators.
This theorem follows from the fact that a developable surface consists of two
sheets which meet one another at a cuspidal edge, one sheet being generated by the
forward tangents to the edge of regression, the other sheet by backward tangents.



SOLUTIONS TO THE
ODD-NUMBERED PROBLEMS

Chapter 1 Section 1

Section 3
Lx+y+z=c¢, Xyz = Cy
. (x+ )z + 1) =cy, x =z -1 =c,

Section 4

1. The orthogonal trajectories are the intersections of the system fyz + d = kx
(k a parameter) with the surface x2 + y® + 2fyz + d = 0.
3. The orthogonal trajectories are the curves

l. 2
32+2(x—;)—cl, 2y =x

5. The orthogonal trajectories are the curves

1 1 _1
x+c1=z+z—:—§3, x+ yz =
Section 5
1. Integrable; xy + 22 = c.
3. Integrable; x)? = ¢z
5. The equation is not integrable.
Section 6

L@—x+z=yc—-y)
Jyz+zx +xy=clx+y+ 2)
S5.yz4+ 1 =y + 1)y + 1)

7. 92 + 22 — %z =C
Miscellaneous Problems
1. (@) xBy*2® = ¢y, 4+ y2B3 =c,
®) y = cyx, X2+ 422 =opx
& x—y=cy Xy + yz +zx =cy
3. The integral curves are given by the equations
xz + ay = c\(az — xy), (xz + ap)y = (c; — z)az — xy)

from which it follows that they are the intersections of the quadrics xz + ay
= ¢,(az — xy) by the planes ¢,y + z = ¢, and are therefore conics.
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5.)°)=2z, y=ce"
T.x* -2 =22z, (x—-yP+22%=¢
13 x(32~ ) =¢,, xy =z

Chapter 2 Section 2
1. (@) pg =2
®) px +qy =4
© zpx +qp) =22 — |
Section 4
L x4y + 2% = f(xy)
3 (x +yx +y +2) = fxy)
5. Fx® + 2 — 2%, xy +2) =0
Section 5

Loxt 4y —2x =22 —4z
328303 + )R =a(x — P
5x—y+2+Ax+y+22—2Hx—y+z2) -2 +y+2)=0

Section 6
L (x2 + )2 + 423(x% — *? = a¥(x® + )P

3. The general equation is
2x% + 2
x4y + 22 =zf(-—,:_——)

The case quoted is obtained by taking f(£) to be constant.
2+ 2+ ) = (2 + D)

Section 7
L(x+y—2?%=4xy

Section 8
1. Characteristics:
x =2 —1), y=13ve+1), z = v2e?;
16z = (dy + x)?
3. Characteristics:
x =202 —eY), y=2V2et -1, = —pe ¥,

4z + (x + \/iy)2 =0

Section 9
Lz=x+c¢( +xp

Section 10
L (x +5°+)*=na
3. z = bxfyl/e

th

1 1
.z=§(y+a)i+§+ﬁ+be3/"

7z—x+£>—iz
Ty aB



SOLUTIONS TO THE ODD-NUMBERED PROBLEMS k1))

Section 11
1.z =ax + o + b
a—1

3. zz=2(a+l)(x +§)+b

5.1 =32 +a + (P - +b

Section 12
1 (x +ay —z + b)® = 4bx, xy =z(y — 2)
5. (x—al +)2+22 -2y =0,

Section 13
3 u=(ax2—b)*+ay2+§+c
Section 14
IL.p= o] 27 {x L_m
B N W
__ @pr
3. P(t) = T
Miscellaneous Problems
L fO=20+1
5. p® + 4% = tan’y
7. (&% + y)xz — y) = zy
9. The integral surfaces are generated by the curves

Xt + 2 —a® =,
which are obviously conics;

322(x2 + ) = xHx2 + yE — a%)

1L fl(x + y)z, Ix2 + my2 + n2?] =0

Y =G

02 + 4y + 2272 = Bx%?

I+ my? 4+ nz? = (x + y)zlH + tm +n) + 34 — m)(x + )z

13. z —ax + ay = b[(x + y)* — 84]
15. 2:Vx® —a + b = x? + 2 + 22
17. xz = ay + b(1 — ax)

19. 22 = X*(2)% — 1)

21. 4x222= (24 2°

Chapter 3 Section 3
b}
k
5.a,=c+k—x:I:2k(l—y—:)a a,=c+—x
a a a
Section 4

oz=filx + )+ folx — ) + fs(2x + ) — dxesty

8. z=3§(logx) + f; (;) + fulxy)

+ 3 + m)(x + y)iz%)
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Section §
"x d {v ( (y)
1.z = 3 En)ydn + filx) +
Jo Jo fGEmdn + /i Sy

z =xy(xy + 1) + fi(x) + f2(y)
3. If the equation

dz dz
R(c) I + P(c) = + Z(0)z = W(x,0)
has solution z = ¢, f(x,c) + cyg(x,c), then the given equation has solution
z =f1(}’)f(xv)’) + fo(p)g(x,y);
x -z/
(1 ¥ y)z+fl(}')e v +f2(}’)e v
5.2 =(x% - ) fix® + ) + filx? + D)

Section 6
3. (x — 3ut)® = Ct, where C is a constant.

Section 7
1. (a) Parabolic; (b) hyperbolic; (c) elliptic; (d) elliptic; (e) parabolic.

Section 8

s S NI L LI +y)
z+1 >+

5.z =2 — 3x%y + 3x)% — 2)8

3. V= Z c, ((-:) cos (n6)

3 z2(xy) =k [ — erf 3 \/—]

2 ¢
where etf () = 7 f e~%du,
7 Jo

Jz=x log

Section 9

Section 10

Section 11
3.y =¢2) + 2(x)
Ly =flx +2) +g(2)

W

Miscellaneous Problems

2
3 o, = ;(Bx — Ay), T =0g =0

8 z= Xfl(y) + yfz(x)
(n = Dxy™! —xm1y
n—-2
T z=4xP +f(y + 2ix) + gy — 2ix)

z =y —4x + ty



SOLUTIONS TO THE ODD-NUMBERED PROBLEMS

Chapter 4 Section 2

3. The potential is due to: (a) a uniform density p = 3/(2n) of matter within the
sphere r =a; (b) a surface density ¢ = —3(4x® — )2 — z%)/(4na) on the

27.

3.

sphere r = a.

.Mk + 1)

Section 3

. Alog {(x* + )t — 28%(x® — ) + a'} + B

Section 6

.If0<0<§1rr<a

vy = 2moa z (_l)"(_b)" (;) P,.(cos 0) — 2noz

n=0
but if r > q,
B (=D (=P /a)
y = 2noa z TR \r Py, (cos 6)
where (@), =al@a + 1) - - - (@a+n—1).
Section 7

. If the polar axis is taken along the direction of the field,

v = —E(l —;i)rcosﬂ

. If the polar axis is taken along the direction of the uniform stream,

a’ P
-U (1 + 27) r cos

Section 12

.p+iy =1 — 2)(sin z + z%), z=x+1iy

Miscellaneous Problems
6row(a, — a,)

o +2)

The potential at a point distant r ( <a) from the center is

2myo Z(—l)ﬂ(_’l?" (52—:; ~ L) ropy(cos 6)
n=0

a"t ]

3i9

0 <r <a <b. The magnitude of the attraction at a point in the plane of

the disk distant r ( <a) from the center is

(=B — %)..1/ 1 1\ .
4myo 2 ,,V(;+1)|+ \az"ﬁ—b_ I'z

The potential at an external point is

+

m'(r—f) (@w-—-Dam:(e—1M) (ﬂ—l)aJ‘ "o — D) uiwrn gy

Ir —f? T+ Dr le —f] (u + 1)

where p = a'r/r?.

e —1]
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39. The complex potential is
w= —mlog(z* — ) — mlog (z2 —:—:) + 2mlog z
41. (@) y = jwce==8 cos 27, where x = ¢ cosh & cos 7
y = csinh &sin g, = ccosh a, b =csinha
(b) w = ce*= (¥ cosh a cos 7 — U sinh « sin 1)
(©) v = jocteX*—8 cos 217 + cwe*~¥(x, cosh a cos n + y, sinh « sin 7)

45. The complex potential is w = 2m log (e~#/% — 1).

49. z =sinh (;—i)

51 4 __Q zcos 6 + a sin @ _ 2ysinf
s sy R Y% T IR
where Rt = (2 + 2% — a@®)? + da’r? tan 20=—2—ar——
! rr+z2-a

Chapter 5 Section 4
o L
—1yrts
3 7= 16va 0 <V (-1 ; 2r + ) sin (2s + l)ﬂsin 2r + =x
n3c '/:6,/_-6 (2r + )25 + Do, 8 8 a
x sin (25 + Dy sin (m"ﬂ)
a a
where o, =Qr +1)2 + (25 + 1)
Section 5
3 _ aA sin (kr) cos (kct)
- ¥ ker sin (ka)
Section 6
0 r—ct>a
— — 2
R I i k) ¢ SRRV
4cr
0 r—ct < —a
[0 r—ct>a
A4 «or — ct)
i —a<r—ct<a
L0 r—ct<-a
Miscellaneous problems
1 2acp

llep + o P + *mi]t



SOLUTIONS TO THE ODD-NUMBERED PROBLEMS

41 hed 1. ” K d X in sact
R (?)(5)(1) (7
-

|
—ixt(x — 1%

o ()

3. —§i J' fH @ ko) dx’

9. u=

35. The amplitude of the reflected wave is

sin 2« — sin 28
sin 2a + sin 28
where Ve sin f — sin «.

vE )
37. /&) = 2Cf vie— ' gy
o

Chapter 6 - Section 4
4 =1y i —(% o102
1. 0=;Z—x(7’+l)a sin (2r + 1)x.e '

Section §
[ ”” smh [«~bsda - x))
1. =— ‘. RPN 2RE ANt
2mi ), sinh (« —tsta) etds
5. (& i -z
. (&2 +4v)texp - 4")
Section 6

1. (a) If a,r) = ¢,(n), Kb,1) = (1), 9(x,0) = f(x), then

" ! (3G {6 ,
0(x,1) = J; G(x,0) f(x)dx + « J; {%(!) (3‘)r-.- By(t7) (a'):'-o} dt

where the Green's function G(x,?) satisfies
Gy = G, G(a,) = Gb,) =0 t>0
G(x 0) =0 a<x<b

{ fx) ez~ —ZMat _ p—(2+2)4xl] dx*
VTrKl Jo

® 0(x,n) =
2

+
2V

Miscellaneous Problems
3. Ifk =k, + k9, then the flux of heat through the shell is
0 - 4n(0, — O9)lky + 3ky(8; + Ba)liry

ry—ry

X ol § X e—:’/lx(!—t')
J#0 =
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] +
7. 6 =26+ 6, exp ~(23K) x]cos [wt - (;) x]
K

_qae™sinh [s(b — r)x—1]
"~ rsinh (s(b — a)x— 1]

@< | dmrx
1. 6(x,0) = — = Z  cos (*"" ) o~ bt int/a?
" = r

a

9. 6(r.)

t
19. 00x,) = et= — X0 (" gmrmztar -1 4,
% Jo



INDEX

Abel’s equation, 178, 180n.

Absolute temperature, 41

Absorption of heat, 275

Accessible points, 34

Adiabatic law, 258

Abhlfors, L. V., 185n.

d’Alembert’s solution, 215, 224

Analytical mechanics, 8

Appel’s functions, 137

Arc length, 4

Axially symmetrical potengial problems,
161

Baker, B. B, 241n.
Bars, vibrations of, 210, 266
Bartels, R C. F,, 278n.
Basset, G., 177
Bell, R. J. T., 118n., 309
Bernoulli's theorem, 187
Bernstein, D., 48n., 119
Bessel functions, 127, 159
spherical, 234
Bessel s equation, 126, 159
Bicharacteristics, 118
Biharmonic equation, 95
Birth and death processes, 82
Blasius’ theorem, 193
Bocher, Y., 178n., 180n.
Born, M., 37n.
Boundary value problems,
175-179, 278-282
Bremmer's relations, 272
Buchdahl, H. A., 35n.
Busbridge, . W., 177n.

151-155,

Cable, 90, 211, 304

Calculus of variations, 174, 226, 230
Canonical forms, 106

Capacity of condenser, 189
Caratheodory, C., 39x.
Carathéodory’s axiom, 41
Carathéodory's theorem, 33

k7 k]

Carslaw, H. S., 275n.
Cauchy’s method, 61
Cauchy’s problem, for first-order
equations, 47

for second-order equations, 110

for wave equation, 221
Cauchy-Riemann equations, 154, 185
Central conicoid, 7
Chadwick, J., 7n.
Chain, 93
Chandrasekhar, S., 82n.
Characteristic, 111
Characteristic base curve, 111
Characteristic cone, 118
Characteristic curve, 111, 309

of second-order equations, 110

in three variables, 115

Characteristic equations, 64
Characteristic point, 311
Characteristic strip, 63, 311
Characteristic surfaces, 117
Charpit’s method, 69, 134
ChurchityR. V., 154, 219a., 278n.
Churchill problem, 154, 155
Circle theorem, 192
Clairaut equations, 72
Compatibie systems, 67
Complementary function, 97
Complete integral, 49, 60
Complex potential, 187
Compressible fluid, 114
Conductance, 91
Conducting media, 277
Conduction of heat, 274
Conduction vector, 143
Conductivity, 274
Confluent hypergeometric function, 303
Conformal transformation, 190
Conoid, 118
Convolution theorem, 302
Copson, E. T,, 177, 241n., 254, 258, 261
Copson’s method, 179
Copson’s theorem, 179
Coulson, C. A., 236n.
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Courant, R., 231
Crack problems, 179
Curves, 3, 10

systems of, 15
Cylindrical waves, 236

D function, 254
Damped oscillations, 266
Developable surface, 314
Dielectric constant, 143
Dielectrics, 143
Diffraction, 246
Diffusion of vorticity, 276
Diffusion coefficient, 276
Diffusion equation, 91, 139, 275-308
elementary solution of, 282
Green'’s function for, 294-298
with sources, 299-302
Dipole, 143
Dirac delta function, 252
Direction cosines, 4
Dirichlet’s principle, 175
Dirichiet’s problem, 151, 169, 174
for circle, 195
for half plane, 195
for semi-infinite space, 170
for sphere, 171
for two dimensions, 193-196
Discriminant, 106
Diverging wave, 235
Domain, of dependence, 224
of influence, 224
Dual integral equations, 179
Duhamel’s theorem, 279
Dynamical systems, 8

Earth’s temperature, 304

Edge of regression, 313

Eigenvalue, 228

Eigenvalue problems, 231

Elastic solid, 95, 136, 213

Electrical double layer, 148

Electrified disk, 175

Electrode, 143

Electromagnetic pulse, 294

Electromagnetic waves, 212, 234, 236,
249, 252, 270-273

Electrostatic energy, 158

Electrostatic field, 92

Electrostatic potential, 142

Electrostatics, 141, 158, 162, 167, 188

Elementary solutions, of diffusion equa-
tion, 282
of Laplace’s equation, 145
of wave equation, 215
Elliptic equation, 108, 118
Ellis, C. D., 7n.
Envelope, 309, 312
Equations, with constant coefficients,
96-104
with variable coefficients, 105-109
(See also specific equations)
Equipotential surfaces, 148
Error function, 284
Euler-Lagrange equation, 174
Evans, G. C., 146n.
Exact equation, 19
Existence of solutions, 9, 48
Expanding gas cloud, 262

Feller, W., 82n.

Feshbach, H., 164n.

Finite transforms, 229

Fink’s law, 276

First law of thermodynamics, 39
Flexural vibrations, 266

Flux of heat, 275
Fokker-Planck equation, 82
Forsyth, A. R., 134n.

Fourier cosine transform, 128
Fourier series, 160, 219, 242
Fourier sine transform, 128
Fourier transform, 128
Fourier’s solution, 293
Fourier-Bessel series, 160, 229
Franklin, P., 120

Gallop, 1., 177

Gas-thermometer scale, 41

Gauss’ law, 92

Gauss’ theorem, 144

General integral, 49, 60

General solution, 49

Generalized form of Green’s theorem,
122

Generation of heat, 275

Generator, 314

Gillespie, R. P., 181n.

Golomb, M., 9, 151., 126

Goursat, E., 9n.

Gravitation, 141

Green, G., 175n.

Green's equivalent layer, 148
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Green's function, 120, 121
for diffusion equation, 294-298
for Laplace’s equation, 167-174
for two-dimensional equation,
193196
for wave equation, 222, 244-248
Green'’s theorem, 92, 148, 167
generalized form, 122
Group velocity, 236

Hamilton-Jacobi equation, 81
Hamiltonian function, 8, 81
Hankel functions, 237
Hankel transform, 128
Harmonic equation, 92

(See also Laplace’s equation)
Harmonic oscillator, 8
Harnack’s theorems, 196, 197
Heat function, 275
Heaviside’s unit function, 266
Heavy string, 8
Helmbholtz’s equation, 219
Helmholtz's solution, 239
Helmholtz’s theorems, 240
Hencky-Mises condition, 95, 136
Hilbert, D, 111, 231
Homogeneous equations, 28
Hydration of cement, 275
Hyperbolic equation, 108, 118

Image system, 167
Incompressible fluid, 187
Inductance, 91
Integrable equations, 19, 21
Integral equations, 178, 183
Integral strip, 63, 110
Integral surface, circumscribing given
surface, 76
passing through curve, 56, 73
Integral transforms, 126-131
Integrating factor, 19, 21
Internal energy, 40
Inversion, 152, 164
Inversion theorem, 127
Kelvin's, 164
Irreducible equations, 102
Irreducible operator, 98
Irrotational motion, 142, 157

Jacobi’s method, 78
Jaeger, J. C,, 275n.

Jost, W., 276n.
Joule’s law, 39

Kelvin's inversion theorem, 164

Kelvin’s theorem on harmonic functions,
197

King, L. V., 177

Kirchhoff's solution, 239

Kirchhoff’s theorems, 242

Kober, H., 192

Kowalewski, S., 49

Lagrange’s equation, 50
Lamb, H., 95n.
Lame’s constants, 213
Lande, A., 39n.
Laplace transform, 128, 290, 297
Laplace’s equation, 92, 109, 141-208
elementary solution of, 145
Green'’s function for, 167-174
Laplacian operator, 93, 164
Lass, H., 21in., 934, 148n.,
Laurent’s series, 162
Legendre functions, 156
Legendre polynomials, 156
Legendre series, 157, 162, 173
Legendre’s associated equation, 156
Legendre’s associated functions, 157
Legendre’s differential equation, 156
Lienard-Wichert potentials, 253
Linear equations, 47, 89
of first order, 49
Linear hyperbolic equations, 119
Liouville’s theorem, 197
Lipschitz’s condition, 9, 119
Love, A. E. H., 95n.
Logarithmic potential, 182
Longitudinal sound waves, 210, 257

MacDonald, H. M, 177

Magnetostatics, 143

Markhoff process, 82

Maxwell’s equations, 93, 212, 252, 270,
271, 277

Mean value, 243

Mechanical work, 39

Membrane, vibrations of, 139, 211,
226-232

Milne-Thompson, L. M., 192n.

Mixed boundary value problems,
175-179
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Monge’s method, 131

Monochromatic sound waves, 246, 248,
269

Morse, P. M., 164n.

Muskhelishvili, N. I., 179, 183

Natani’s method, 30, 32
Nehari, Z., 192
Neumann’s problem, 153
Neutrons, 276
Nonhomogeneous wave equation, 249
Nonlinear equations, of first
order, 59

of second order, 131

uniform, 132
Normal to surface, 5

One variable separable, 28
Order of equation, 44
Orthogonal surfaces, 57
Orthogonal trajectories, 15

Parabolic equation, 108, 118

Parametric equations, 2, 37

Partial differential equation, 44

Particular integral, 97

Pfaffian differential equation, 18-33

Pfaffian differential form, 18

Phase velocity, 236

Pile, 302

Plane element, 62

Plastic body, 95

Poincare, H., 91

Poincaré’s solution, 243

Poisson’s equation, 92, 141, 257

Poisson’s integral, 172, 196, 283

Poisson’s ratio, 95

Poisson’s solution, 239, 243

Potential of a disk, 139

Potential equation (see Laplace’s
equation)

Primitive, 21

Punching problems, 179

Quantity of heat, 40
Quantum electrodynamics, 254
Quasi-linear equation, 132

Radiation from surface, 144, 275
Radioactive decay, 7, 275
Reciprocal cone, 118n.

Reducible operator, 98

Reduction to an ordinary equation, 31
Riemann invariants, 258

Riemann’s method, 119
Riemann-Green function, 121
Riemann-Liouville integral, 254
Riemann-Volterra solution, 221-226,258
Retarded potential, 251

Retarded value, 251

Riesz, M., 254

Riesz’s integrals, 254-257

Ruled surface, 314

Rutherford, E., 7

Scalar potential, 212, 252
Second law of thermodynamics, 41
Second-order equations in physics, 90
Self-adjoint operator, 123, 222
Separable equations, 72
Separation of variables, 123, 156, 227
Shanks, M. E., 9, 15n., 126
Simple wave, 258
Simultaneous differential equations, 7
Singular integral, 60
Singular integral equations, 179, 183
Singular points, 310
Skew surface, 314
Slow motion of viscous fluid, 95
Stowing down of neutrons, 276
Slowing-down density, 276
Sneddon, I. N, 127x., 156a., 1592., 179,
229, 234n., 251, 276n., 278n., 293n,
Soddy, F., 7
Solutions, elementary (See Elementary
solutions)
existence of, 9, 48
general, 49
satisfying given conditions, 73
(See also specific solutions)
Sound waves, 94, 210, 211, 233, 235,
236, 246, 257
longitudinal, 210, 257
monochromatic, 246, 248, 269
Source function, 275, 299
Space form of wave equation, 209
Spherical Bessel functions, 234
Steady currents, 143
Steady flow of heat, 144
Stieltjes measure, 147
Stieltjes potentials, 146
Stochastic processes, 82
Stratton, J. A., 234
Stream function, 187
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Streamline, 187
Stress, 95
String, vibrations of, 209, 215-220, 265
Subsidiary equations, 69
Surface waves, 144
Surfaces, I, 15, 309
characteristic, 117
developable, 314
integral 56, 75, 76
orthogonal, 57
radiation from, 144, 275
skew, 314
systems of, 309, 3 11
Symbolic age, 276
Systems, of curves, 15
dynamical, 8
of surfaces, one-parameter, 309
two-parameter, 311

Tangent to curve, 4
Telegraphy equation, 91
Theory of functions, 184
Thermal conductivity, 274
Thermodynamical variables, 40
Thermodynamics, 39-42
Titchmarsh, E. C, 127n., 177n.
Transport equations, 276
Trunking problems, 83

Uniform nonlinear equation, 132
Uniqueness theorem, 9, 48

Vanishing flux, 181
Variables, separation of, 123, 156, 227
thermodynamical, 40
Variables, separable, 27
Variational methods (see Calculus of
variations)
Vector potential, 212, 252
Velocity potential, 142, 187
Vibrations, of bar, 210, 266
flexural, 266
of heavy chain, 93
of membrane, 139, 211, 226-232
of string, 209, 215-220, 265
Viscous fluid, 95, 276
slow motion of, 95
Vorticity, 186, 276

Watson, G. N., 160n., 179n., 229n., 288n.

Wave equation, 92, 135, 209-273
Cauchy’s probiem for, 221
elementary solution of, 215
Green's function for, 222, 244-248
nonhomogeneous, 249
space form of, 209

Waves of finite amplitude, 257
(See also Electromagnetic waves)

Weber, H., 177

Weber's theorem, 241

Weinstock, R., 174n., 230n.

Weiss, P., 165

Young's modulus, 210
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