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P R E F A C E

The aim of this book is to present the elements of the theory of 
partial differential equations in a form suitable for the use of students 
and research workers whose main interest in the subject lies in finding 
solutions of particular equations rather than in the general theory. 
In its present form it has developed from courses given by the author 
over the last ten years to audiences of mathematicians, physicists, 
and engineers in the University of Glasgow and the University College 
of North Staffordshire, and to members of the Research Staff of the 
English Electric Company at Stafford. It therefore caters for readers 
primarily interested in applied rather than pure mathematics, but it is 
hoped that it will be of interest to students of pure mathematics following 
a first course in partial differential equations.

A number of worked examples have been included in the text to 
aid readers working independently of a teacher. The problems 
which are given to test the reader’s grasp of the text contain, in some 
cases, additional theorems not considered in the body of the text. 
Some of them are therefore merely statements of classical results; 
the remainder have been taken from examination papers of the 
University of Glasgow and are reproduced here by permission of the 
Secretary of the University Court.

The author is indebted to a number of colleagues and students for 
critical comments on the lectures upon which this book is based and 
for reading portions of the manuscript. In particular, thanks are 
due to Ben Noble and Keith Fitch, who worked through the entire 
manuscript and checked the problems; to Janet Burchnall and 
Valerie Cook, who prepared the manuscript for the press; to John 
Lowndes, who devoted a great deal of time to reading the proof sheets; 
and to Elizabeth Gildart, who prepared the index.

Ian  N . Sneddon
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Chapter I

ORDINARY DIFFERENTIAL EQUATIONS IN 
MORE THAN TW O  VARIABLES

In this chapter we shall discuss the properties of ordinary differential 
equations in more than two variables. Parts of the theory of these 
equations play important roles in the theory of partial differential 
equations, and it is essential that they should be understood thoroughly 
before the study of partial differential equations is begun. Collected 
in the first section are the basic concepts from solid geometry which 
are met with most frequently in the study of differential equations.

I. Surfaces and Curves in Three Dimensions
By considering special examples it is readily seen that if the rectangular 

Cartesian coordinates (x,y,z) of a point in three-dimensional space 
are connected by a single relation of the type

f(x,y,z) =  0 (1)

the point lies on a surface. For that reason we call the relation (1) the 
equation of a surface S.

To demonstrate this generally we suppose a point (x,y,z) satisfying 
equation (1). Then any increments (dx,by,dz) in (x,y,z) are related by 
the equation

<5* 4 dy -f %  6z =  0
OX 'T ot

so that two of them can be chosen arbitrarily. In other words, in the 
neighborhood of P(x,y,z) there are points P'(x +  £, y  4 77, z +  0  satis­
fying (1) and for which any two of f, ?/, £ are chosen arbitrarily and the 
third is given by

.1C  4  *1* T '/ ~  CV 'U'
The projection of the initial direction PP' on the plane xOy may there­
fore be chosen arbitrarily. In other words, equation (1) is, in general, 
a relation satisfied by points which lie on a surface.

1



2 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

If we have a set of relations of the form

.v =  F^u, v), y  =  Fr,(u,v), z =  F3(u,v) (2)

then to each pair of values of u, v there corresponds a set of numbers 
(x,y,z) and hence a point in space. Not every point in space corre­
sponds to a pair of values of u and v, however. If we solve the first 
pair of equations

x =  Fx{u,v), y  =  F2(u,v) 

we may express u and v as functions of x and y, say 

u =  A(x,j), v =  p{x,y)

so that u and v are determined once x and y are known. The corre­
sponding value of z is obtained by substituting these values for u and v 
into the third of the equations (2). In other words, the value of z is 
determined once those of x and y  are known. Symbolically

z =  F3{?.(x,y),fj{x,y}}

so that there is a functional relation of the type (1) between the three 
coordinates x, y, and z. Now equation (1) expresses the fact that the 
point (x,y,z) lies on a surface. The equations (2) therefore express 
the fact that any point (x,y,z) determined from them always lies on a 
fixed surface. For that reason equations of this type are called para­
metric equations of the surface.

It should be observed that parametric equations of a surface are not 
unique; i.e., the same surface (1) can be reached from different forms 
of the functions Fu F2, F3 of the set (2). As an illustration of this fact 
we see that the set of parametric equations

x =  a sin u cos v, y  — a sin u sin v, 
and the set

1 — t>2 1 — v2 .
x =  a — — - cos u, y  a — — - sin u,

1 +  v2 ' I f  v2
both yield the spherical surface

x2 +  y 2 -■ z2 - a2
A surface may be envisaged as being generated by a curve. A point 

whose coordinates satisfy equation (1) and which lies in the plane 
z =  k has its coordinates satisfying the equations

z =  k, f(x,y,k) =  0 (3)

which expresses the fact that the point (x,y,z) lies on a curve, I\. say, 
in the plane z =  k (cf. Fig. 1). For example, if S is the sphere with 
equation x2 +  y 2 +  z2 =  a2, then points of S with z =  k have

z =  k, x2 +  y 2 =  a2 — k2

z =  a cos u

lav 
1 -r v 2
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showing that, in this instance, r t is a circle of radius (a2 — k2)1 which 
is real if k <  a. As k varies from —a to +a,  each point of the sphere 
is covered by one such circle. We may therefore think of the surface 
of the sphere as being “generated” by such circles. In the general case 
we can similarly think of the surface (1) as being generated by the 
curves (3).

We can look at this in another way. The curve symbolized by the 
pair of equations (3) can be thought of as the intersection of the surface
(1) with the plane z =  k. This idea can readily be generalized. If a 
point whose coordinates are (x,y,z) lies on a surface Su then there must 
be a relation of the form f(x,y,z) =  0 between these coordinates. If, 
in addition, the point (x,y,z) lies on a surface S 2, its coordinates will 
satisfy a relation of the same type, say g(x,y,z) =  0. Points common

to Sj and S 2 will therefore satisfy a pair of equations

f(x,y,z) =  0, g(x,y,z) =  0 (4)

Now the two surfaces Sx and S 2 will, in general, intersect in a curve C, 
so that, in general, the locus of a point whose coordinates satisfy a pair 
of relations of the type (4) is a curve in space (cf. Fig. 2).

A curve may be specified by parametric equations just as a surface 
may. Any three equations of the form

y = f 2(t), z = f 3(t) (5)
in which t is a continuous variable, may be regarded as the parametric 
equations of a curve. For if P  is any point whose coordinates are 
determined by the equations (5), we see that P  lies on a curve whose 
equations are

<h,(.v.v) =  0, <t>2(*,z) -  0

where =  0 is the equation obtained by eliminating t from the
equations y =  y  =  / 2(r) and where 0 2(x,z) =  0 is the one obtained
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by eliminating t between the pair x z =  / 3(0- A usual para­
meter t to take is the length of the curve measured from some fixed 
point. In this case we replace t by the symbol s.

If we assume that P is any point on the curve
x =  x(s), y  =  y(s), z =  z(sf (6)

which is characterized by the value s of the arc length, then s is the
distance P 0P of P  from some fixed 
point P 0 measured along the curve 
(cf. Fig. 3). Similarly if Q is a 
point at a distance ds along the 
curve from P, the distance P0Q will 
be s +  ds, and the coordinates of 
Q will be, as a consequence,

{x(.y +  ds), y(s +  5s), z(s +  5s)}

The distance ds is the distance from 
P  to Q measured along the curve 
and is therefore greater than dc, the 
length of the chord PQ. However, 
in many cases, as Q approaches the 
point P, the difference ds — dc 
becomes relatively less. We shall 

curves for which
iV

lim — =  1
is->- o ds

On the other hand, the direction cosines of the chord PQ are 

|x(s +  ds) — x(s) +  ds) — y(s) z(s -4- As) — z(i)| 
I dc dc dc I

and by Maclaurin’s theorem

x(s +  ds) — x(s) =  ds j +  O(ds2)

so that the direction cosines reduce to

(dx

dc Ws H -  Va 0(5 j)|, s ! ' l +0H

(7)

As 5̂  tends to zero, the point Q tends towards the point P, and the 
chord PQ  takes up the direction to the tangent to the curve at P. If 
we let <5s -> 0 in the above expressions and make use of the limit (7), 
we see that the direction cosines of the tangent to the curve (6) at the 
point P are

dx dy dz
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In the derivation of this result it has been assumed that the curve (6) 
is completely arbitrary. Now we shall assume that the curve C given 
by the equations (6) lies on the surface 5  whose equation is F(x,y,z) =  0 
(cf. Fig. 4). The typical point {x(.s),y(.r),z(.s)} of the curve lies on this 
surface if

f l W # ) ]  =  0 (9)
and if the curve lies entirely on the surface, equation (9) will be an 
identity for all values of 5. Differentiating equation (9) with respect 
to s, we obtain the relation

S F d x ^ d y i dFdz =  () 
dx ds 3y  ds Sz ds

Now by the formulas (8) and (10) we see that 
the tangent T  to the curve C at the point P is 
perpendicular to the line whose direction 
ratios are

idF dF 3F\ 
I s * ’ 0y’ Sz/ ( 11)

The curve C is arbitrary except that it passes through the point P and 
lies on the surface S. It follows that the line with direction ratios (11) 
is perpendicular to the tangent to every curve lying on S  and passing 
through P. Hence the direction (11) is the direction of the normal to 
the surface S at the point P.

If the equation of the surface S is of the form

and if we write
z = f t x>y)

Sz Sz
T x = p ' ty  =  q

(12)

then since F  =  f(x,y) — z, it follows that Fx =  p, Fv =  q, Fz =  — 1 and 
the direction cosines of the normal to the surface at the point (x,y,z) are

/  1 ) | -- |
\V > 2 + q 2 +  1/

(13)

The expressions (8) give the direction cosines of the tangent to a 
curve whose equations are of the form (6). Similar expressions may 
be derived for the case of a curve whose equations are given in the 
form (4).

The equation of the tangent plane n1 at the point P(x,y,z) to the 
surface S, (cf. Fig. 5) whose equation is F{x,y,z) =  0 is

3 F 3 F S F
( X - x ) -  +  { Y - y ) -  +  (z - z ) -  =  0 (14)

where (X, Y,Z) are the coordinates of any other point of the tangent
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plane. Similarly the equation of the tangent plane n2 at P to the 
surface .9, whose equation is G(x,y,z) =  0 is

{ x ~ x ) Tx ( Y - ^ T y + { z - z ) T z = 0  (l5)
The intersection L of the planes v l and tt2 is the tangent at P to the curve

Figure 5

C which is the intersection of the surfaces Sy and S 2. It follows from 
equations (14) and (15) that the equations of the line L are 

X - x  Y - y  Z - z
dFdG dF ?G ~  dF dG dF dG ~  dF dG dF dG (16)
3y  dz dz dy dz dx dx dz dx dy dy dx

In other words, the direction ratios of the line L are

j d(F,G) ?(F,G) d(F,G)\ 
\d(y,z) ’ d(z,x) ’ d(x,y)l

(16)

Example 1, The direction cosines o f the tangent at the point ix,y,z) to the conic 
ax2 + by2 + cz2 = 1, x  + y  -I z 1 are proportional to (by — cz, cz — ax, 
ax — by).

In this instance
F  =- ax2 + by2 - cz1 -  I 

and G = x + y  + z - \

so that d(F,G)

d(y,z)
2 by 

1
2rz

1 = 2 (by — cz)

etc., and the result follows from the expressions (16).
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PROBLEMS
1. Show that the condition that the surfaces F{x,y,z) = 0, G(x,y,z) = 0 should 

touch is that the eliminant of x, y, and z from these equations and the equations 
Fx : Gx — Fy : Gv =  Fz : Gz should hold.

Hence find the condition that the plane lx + my + nz +  p  = 0 should 
touch the central conicoid ax2 + by2 + cz2 = 1.

2. Show that the condition that the curve u(x,y,z) = 0, v(x,y,z) = 0 should 
touch the surface w(x,y,z) ^ 0 is that the eliminant of x, y, and z from these 
equations and the further relation

s(u,v,w) 0
d(x,y,z)

should be valid.
Using this criterion, determine the condition for the line 

x — a y  — b z — c 
l m n

to touch the quadric ax2 + fiy2 +  yz2 — 1.

2. Simultaneous Differential Equations of the First Order and the 
First Degree in Three Variables

Systems of simultaneous differential equations of the first order and 
first degree of the type

dx,
~dT =  fi(x  1,X2, . . i =  1, 2, . . . , n (1)

arise frequently in mathematical physics. The problem is to find n 
functions x„ which depend on t and the initial conditions (i.e., the 
values of x u x 2, . , . , xn when t =  0) and which satisfy the set of 
equations (1) identically in t.

For example, a differential equation of the nth order

d nx /  dx d 2x d" ',v\
J F  =  - ' l ' *  V’ Tt 1 I t 2' '  ’ ~dr~') (2)

may be written in the form

dx
~ i t= y *

dyi
dt =  T3.

dy„-1  
dt • ■ ,yn-1)

showing that it is a special case of the system (1).
Equations of the kind (I) arise, for instance, in the general theory 

of radioactive transformations due to Rutherford and Soddy.1
1 E. Rutherford, J. Chadwick and C. D. Ellis, “Radiations from Radioactive 

Substances” (Cambridge, London, 1930), chap. I.
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A third example of the occurrence of systems of differential equations 
of the kind (1) arises in analytical mechanics. In Hamiltonian form the 
equations of motion of a dynamical system of n degrees of freedom 
assume the forms

dpi __ dH dqt dH
dt dqi ’ dt cpt (3)

where H(qltq2, . . . ,qn,p\,Pi, ■ ■ ■ ,p„,t) is the Hamiltonian function 
of the system. It is obvious that these Hamiltonian equations of motion 
form a set of the type (1) for the In unknown functions qu q2, . . . , q„, 
p lt p 2, . . the solution of which provides a description of the
properties of the dynamical system at any time t.

In particular, if the dynamical system possesses only one degree of 
freedom, i.e., if its configuration at any time is uniquely specified by a 
single coordinate q (such as a particle constrained to move on a wire), 
then the equations of motion reduce to the simple form

dp dH dq SH
dt dq dt dp

where H(p,q,t) is the Hamiltonian of the system. If we write

dH =  P(p,q,t) dH _  Q(p,g,t)
dq R(p,q,t) ’ dp R(p,q,t)

then we may put the equations (4) in the form

dP =  d(l  =  dt f5)
P(p,q,t) Q(p,q,t) R(p,q,t )

For instance, for the simple harmonic oscillator of mass m and stiffness 
constant k the Hamiltonian is

H = r _
2m

ka2j
2

so that the equations of motion are

dp dq dt
—kmq p  m

Similarly if a heavy string is hanging from two points of support and 
if we take the y  axis vertically upward through the lowest point O of 
the string, the equation of equilibrium may be written in the form

dx dy ds
(6)

where H  is the horizontal tension at the lowest point, T  is the tension



ORDINARY DIFFERENTIAL EQUATIONS 9

in the string at the point P(x,y), and W is the weight borne by the portion 
OP of the string.

By trivial changes of variable we can bring equations (5) and (6) 
into the form

dx dy dz
T ’- q k

where P, Q, and R are given functions of jc, y, and z. For that reason 
we study equations of this type now. In addition to their importance 
in theoretical investigations in physics they play an important role in 
the theory of differential equations, as will emerge later.

From equations (8) of Sec. 1 it follows immediately that the solutions 
of equations (7) in some way trace out curves such that at the point 
(x,y,z) the direction cosines of the curves are proportional to (P,Q,R).

The existence and uniqueness of solutions of equations of the type (7) 
is proved in:

Theorem 1. If the functions ffx ,y ,z )  and f fx ,y ,z )  are continuous in 
the region defined by \x — a\ <  k, \y -  b\ <  /, \z — c| <  m, and if in 
that region the functions satisfy a Lipschitz condition of the type

|fi(x,y,z) - f (x , r ]£ ) \  <  Ai\y -  n\ +  Bfz -  £|

\ffx ,y ,z )  - f f x , r j £)| <  A 2\y -  p\ +  B2\z -  £|

then in a suitable interval \x — a\ < h  there exists a unique pair o f  
functions y(x) and z(x) continuous and having continuous derivatives in 
that interval, which satisfy the differential equations

J~x =  A(x,y,z), J  =  f fx ,y ,z )

identically and which have the property that y(a) =  b, z(a) =  c, where 
the numbers a, b, and c are arbitrary.

We shall not prove this theorem here but merely assume its validity. 
A proof of it in the special case in which the functions / x and / 2 are 
linear in y  and z is given in M. Golomb and M. E. Shanks, “Elements 
of Ordinary Differential Equations” (McGraw-Hill, New York, 1950), 
Appendix B. For a proof of the theorem in the general case the reader 
is referred to textbooks on analysis.1

The results o f this theorem are shown graphically in Fig. 6. 
According to the theorem, there exists a cylinder y  =  y(x), passing 
through the point (a,b,0), and a cylinder z =  z(x), passing through the 
point (a,0,c), such that dy/dx =  f  and dzjdx =  / 2. The complete 
solution of the pair of equations therefore consists of the set of points

1 See, for instance, E. Goursat, “A Course in Mathematical Analysis” (Ginn, 
Boston, 1917), vol. II, pt. II, pp. 45ff.
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common to the cylinders y  — y(x) and z =  z(x); i.e., it consists of 
their curve of intersection f .

This curve refers to a particular choice of initial conditions; i.e., 
it is the curve which not only satisfies the pair of differential equations 
but also passes through the point (a,b,c). Now the numbers a, b, and c 
are arbitrary, so that the general solution of the given pair of equations 
will consist of the curves formed by the intersection of a one-parameter 
system of cylinders of which y  =  _y(x) is a particular member with 
another one-parameter system of cylinders containing z =  z(x) as a

member. In other words, the general solution of a set of equations of 
the type (7) will be a two-parameter family of curves.

3. Methods of Solution of dx/P = dy/Q = dz/R
We pointed out in the last section that the integral curves of the set 

of differential equations
dx dz
~P = Q = ~R ( 1)

form a two-parameter family of curves in three-dimensional space. If 
we can derive from the equations (1) two relations of the form

Ui(x,y,z) =  <V, u2(x,y,z) =  c2 (2)

involving two arbitrary constants Cj and c2, then by varying these
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constants we obtain a two-parameter family of curves satisfying the 
differential equations (1).

Method (a). In practice, to find the functions and «2 we observe 
that any tangential direction through a point (x,y,z) to the surface 
Ui(x,y,z) =  c1 satisfies the relation

3
dx

dx du' i S“i j n- dy , - z dz =  Q

If tv, Cj is a suitable one-parameter system of surfaces, the tangential 
direction to the integral curve through the point (x,y,z) is also a tan­
gential direction to this surface. Hence

p d- ^ + 0 ^
dx V dy dz

To find ux (and, similarly, zv2) we try to spot functions P', Q , and R ' 
such that

PP’ +  QQ’ +  RR’ =  0 (3)
and such that there exists a function ux with the properties

du1P , =
0JC ’ Q’ = dy

Q' dy

R ' - Pdz
i.e., such that

P' dx +  Q' dy +  R ‘ dz
is an exact differential duv 

We shall illustrate this method by an example: 
Example 2. Find the integral curves o f the equations

dx dy dz
y(x  + y) + az x(x + y) — az z(x + y) 

In this case we have, in the above notation,

(4)

(5)

(6)

P = y(x + y) + az,
If we take

1
P' -•z

Q = x(x + y) — az, R = z(x + y)

Q' -  ~z R ’ = x + y

then condition (3) is satisfied, and the function w, of equation (4) assumes the form

x 4 »
"i — —

Similarly if we take
P' = x, Q' = —y, R' — - a  

condition (3) is again satisfied, and the corresponding function is

«2 = K*2 -  / )  -  az
Hence the integral curves of the given differential equations are the members of the 
two-parameter family

x  + y  = cyz, x 2 -  y 2 — 2az = c% (7)
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We have derived the solution in this manner to illustrate the general argument 
given above. Written down in this way, the derivation of the solution of these 
equations seems to require a good deal of intuition in determining the forms of the 
functions P \ Q \ and R '. In any actual example it is much simpler to try to cast the 
given differential equations into a form which suggests their solution. For example, 
if we add the numerators and denominators of the first two “fractions,” their value 
is unaltered. We therefore have

dx + dy dz
(x +  y f  ~  z(x + y)

which may be written in the form

d(x + y) dz
x + y  z

This is an ordinary differential equation in the variables x + y  and z with general 
solution

where r, is a constant. 
Similarly

which is equivalent to

x + y = <v

x dx — y  dy dz 
a(x + y)z z(x + y)

x dx — y  dy — a dz — 0

(8)

i.e., to d(\x* -  ly2 — az) = 0

and hence leads to the solution

x2 — y2 — 2az = c2 (9)

Equations (8) and (9) together furnish the solution (7).

In some instances it is a comparatively simple matter to derive one of 
the sets of surfaces of the solution (2) but not so easy to derive the 
second set. When that occurs, it is possible to use the first solution in 
the following way: Suppose, for example, that we are trying to deter­
mine the integral curves of the set of differential equations (6) and that 
we have derived the set of surfaces (8) but cannot find the second set 
necessary for the complete solution. If we write

z  =
x +  y

Cl

in the first of equations (6), we see that that equation is equivalent to 
the ordinary differential equation

dx _  dy 
y  +  ajcx x  -  a/cj

which has solution

(‘ =  r»
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where c2 is a constant. This solution may be written

.v2 - r - - (* + > ' )  =  c2 (io)
ci

and we see immediately that, by virtue of equation (8), the curves of 
intersection of the surfaces (8) and (10) are identical with those of the 
surfaces (8) and (9).

Method (b). Suppose that we can find three functions P', Q', R' 
such that

P dx +  Q dy +  R' dz 
PP’ +  QQ' T RR' ’

is an exact differential, dW' say, and that we can find three other 
functions P", Q", R“ such that

P" dx -r Q" dy +  R" dz . ^
~PP" +  QQ" -! RR" (

is also an exact differential, d W ” say. Then, since each of the ratios (11) 
and (12) is equal to dx{P, it follows that they are equal to each other. 
This in turn implies that

dW' =  dW"
so that we have derived the relation

W  =  W" +  cl
between x, y, and z. As previously, ty denotes an arbitrary constant.

Example 3. Solve the equations 
dx dv dz

+ fix x  + yyy  + az
Each of these ratios is equal to

A dx 4 n dy + v dz
’t.(y + txz) + /j (z + fix) + v(x + yy)

If X, n, and v are constant multipliers, this expression will be an exact differential if 
it is of the form

1 X dx +  n dy +  v dz 
p Xx +  py +  vz

and this is possible only if
— pX + (Ifi + v = 0 \

X — pn + yv = 0 } (13)
aA +  ft — pv = 0

Regarded as equations in X, p, and 
is a root of the equation

-  p 
1 
a

v, these equations possess a solution only if p

P 1
- p  y

1 - p
-  0 (14)

which is equivalent to
P3 + (a + P + y)p + 1 + a Py = 0 (15)
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This equation has three roots, which we may denote by px, p2, p3. If we substitute 
the value pl for p in the equation (14) and solve to find A = A], /i = /q, v = q , then 
in the notation of (13)

d w . = 1  3, dx + /ij dy dz 
Pi  +  Mi V +  viZ

so that W' =  log (A,* + fily  + Vjz)bPi

Similarly W’ — log (Kx + n2y  + v2z)il<‘i

and (13) is equivalent to the relation

Ui* + t‘iy  + r1r)1''’. -  Ci(A2jt + fi2y  4- 

where cq is a constant. In a similar way we can show that

(A,* + /qy + qzj'/p 1 -  c2(A3jt 4- /i3y  + iqz)1̂  

with c2 a constant.
A more familiar form of the solution of these equations is that obtained by 

setting each of the ratios equal to dt. We then have relations of the type

— e/ log (A,zc + PjV + v;z) = dt 
Pi '

which give
A,* +  /i,-y +  v,z =  c le’‘‘l

where the c, are constants and j = 1,2,3.

Method (c). When one of the variables is absent from one equation 
of the set (1), we can derive the integral curves in a simple way. 
Suppose, for the sake of definiteness, that the equation

may be written in the form

dy _  dz 
Q =  R

dy
dz f(y<z)

Then by the theory of ordinary differential equations this equation has 
a solution of the form

<f>(y,z,ci) =  o
Solving this equation for z and substituting the value of z so obtained 
in the equation

dx dy
T  =  ~q

we obtain an ordinary differential equation of type

d \

whose solution
v{x,y,cx,c2) =  o

may readily be obtained.
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Example 4. Find the integral curves o f the equations 
dx dy dz

x + z v z J- y l
The second of these equations may be written as

dz z
ydy y

which is equivalent to
•* t z \ - i

d y \ y ) 1

and hence has solution
z = c, y + y 2

From the first equation of the set (16) we have
dx x  z

(16)

(17)

dy y  y
and this, by equation (17), is equivalent to

dx x
~r -  + ci + ydy y  '

If we regard y  as the independent variable and x as the dependent variable in this 
equation and then write it in the form

d x
dy y  y

we see that it has a solution of the form

= + 1

x =  cty  log y  + c2y  + y2 (18)
The integral curves of the given differential equations (16) are therefore determined 
by the equations (17) and (18).

PROBLEMS
Find the integral curves of the sets of equations:

1.

2.

3.

4.

dx dy dz
xt Y -  z ) N 1 1

z(x -  y)
a dx b dy c dz

(b -  c)yz (c — a)zx (a -  b)xy
dx dy dz

xz — y yz — x  1 -  z2
dx dy dz

V  -  z3) y2(z3 -  X3) z2(x3 -  y3)

4. Orthogonal Trajectories of a System of Curves on a Surface 
The problem of finding the orthogonal trajectories of a system of 

plane curves is well known.1 In three dimensions the corresponding 
problem is: Given a surface

F(x,y,z) =  0 (1)
1 M. Golomb and M. E. Shanks, “Elements of Ordinary Differential Equations” 

(McGraw-Hill, New York, 1950), pp. 29-31, 64-65.
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and a system of curves on it, to find a system of curves each of which 
lies on the surface (1) and cuts every curve of the given system at right 
angles. The new system of curves is called the system of orthogonal 
trajectories on the surface of the given system of curves. The original 
system of curves may be thought of as the intersections of the surface

(1) with the one-parameter family of 
surfaces

G{x,y,z) =  cl (2)
For example, a system of circles 

(shown by full lines in Fig. 7) is 
formed on the cone

x2 +  y2 z2 tan2 a (3) 
by the system of parallel planes

z =  Ci (4)
where Ci is a parameter. It is 
obvious on geometrical grounds that, 
in this case, the orthogonal trajec­
tories are the generators shown dotted 
in Fig. 7. We shall prove this 
analytically at the end of this section 
(Example 5 below).

In the general case the tangential 
direction (dx,dy,dz) to the given 
curve through the point (x,y,z) on 
the surface (1) satisfies the equations

W  .t-  axdx
dF , dF , 
—  d y +  — d:
cy '  dz

0 (5)

and

dx ”” dy 
Hence the triads (dx,dy,dz) must be such that

dx dy dz

^ d x - ? Z dy  +  ™ dz =  0 (6)
dx dv >:

where

P =
dF iG 
dy dz

dF 3 G
dz dy

dF dG

cF dG dF dG
dz dx dx dz ’

(7)

(8)
R -

dF dG 
dx 3y dy dx

The curve through (.v,y,z) of the orthogonal system has tangential
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direction (dx',dy',dz') (cf. Fig. 8), which lies on the surface (1), so that

dF , , dF J , dF J „
—  dx — dy +  —  dz =  0
ox cy J dz (9)

and is perpendicular to the original system of curves. Therefore from 
equation (7) we have

Pdx' +  Q dy' +  Rdz' =  0 (10)

Equations (9) and (10) yield the equations

where

The solution of the equations (11) with the relation (1) gives the system 
of orthogonal trajectories.

To illustrate the method we shall consider the example referred to 
previously:

Example 5. Find the orthogonal trajectories on the cone xF t  y 2 = z2 tan2 a. o f its 
intersections, with the family o f planes parallel to z = 0.

The given system of circles on the cone is characterized by the pair of equations

x dx +  y  dy — tan2 az dz, dz — 0

which are equivalent to
dx _ dy dz
y  —x 0

The system of orthogonal trajectories is therefore determined by the pair of equations 

x  dx + y  dy tan2 az dz, y  dx — x dy — 0

i.e., by

which have solutions

dx dy z tan2 ol dz
x  y  x 2 + y 1

x2 + y 2 — z2 tan2 a, x  = Crf (13)

where cy is a parameter. Hence the orthogonal trajectories are the generators of the 
cone formed by the intersection of its surface with the sheaf of planes x  = c,y 
passing through the z axis (cf. Fig. 7).
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PROBLEMS
1. Find the orthogonal trajectories on the surface x2 + y2 + 2fyz + d = 0 of its 

curves of intersection with planes parallel to the plane xOy.
2. Find the orthogonal trajectories on the sphere x2 + y 2 + z2 = a2 of its 

intersections with the paraboloids xy — cz, c being a parameter.
3. Find the equations of the system of curves on the cylinder 2y  = x2 orthogonal 

to its intersections with the hyperboloids of the one-parameter system 
xy — z + c.

4. Show that the orthogonal trajectories on the hyperboloid

x2 + y 2 - z 2 = 1

of the conics in which it is cut by the system of planes x + y  -z c are its 
curves of intersection with the surfaces (x — y)z = k, where A: is a parameter.

5. Find the orthogonal trajectories on the conicoid

U  + y)z = 1

of the conics in which it is cut by the system of planes 

x  — y  + z = k
where A: is a parameter.

5. Pfaffian Differential Forms and Equations
The expression

n

2  F ix i,x2, . . . ,x„)dx, (1)
1 =  1

in which the Ft (i =  1,2,  . . . , ri) are functions of some or all of the n 
independent variables xIt x 2, . . . , x„, is called a Pfaffian differential 
form in n variables. Similarly the relation

2  F, dXi =  0 (2)
i=l

is called a Pfaff an differential, equation
There is a fundamental difference between Pfaffian differential 

equations in two variables and those in a higher number of variables, 
and so we shall consider the two types separately.

In the case of two variables we may write equation (2) in the form

P{x,y) dx +  Q(x,y) dy =  0 (3)

which is equivalent to

(4)

if we write f(x,y) =  —PjQ . Now the functions P(x,y) and Q(x,y) are 
known functions of x and y, so that f(x,y) is defined uniquely at each 
point of the xy plane at which the functions P(x,y) and Q(x,y) are 
defined. In particular, if these functions are single-valued, then
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dyjdx is single-valued, so that the solution of equation (3) which satisfies 
the boundary condition^' =  y a when x =  x 0 consists of the curve which 
passes through this point and whose tangent at each point is defined by 
equation (4). This simple geometrical argument can be formalized1 to 
show that the differential equation (3) defines a one-parameter family of 
curves in the xy plane. In other words, it can be shown that there 
exists, at least in a certain region of the xy plane, exactly one function 
<f>(x,y) such that the relation

<t>(x,y) =  c (5)

in which c is a constant, defines a function y(x) which satisfies identically 
the differential equation (3).

It may happen that the differential form P dx 4 Q dy may be written 
in the form d<f>(x,y), in which case it is said to be exact or integrable. 
Even when the form is not exact, it follows from writing equation (5) 
in the differential form

36 , 36 , n
— dx +  — dy =  0dx

that there exists a function f(x,y) and a function fx(x,y) such that

1 3<f> __ 1 3<j> _
P dx Q dy ^

By multiplying equation (3) by this function fi(x,y), we see that it can be 
written in the form

0 =  ,u(P dx +  Q dy) =  df

Because of this property, the function /x(x,y) is called an integrating 
factor of the Pfaffian differential equation (3).

With this nomenclature, we may write the fundamental existence 
theorem in the theory of ordinary differential equations in the form: 

Theorem 2. A Pfaffian differential equation in two variables always 
possesses an integrating factor.

When there are three variables, the Pfaffian differential equation (2) 
is of the form

P dx Q dy 4- R dz — 0 (6)

where P, Q, and R are functions of x, y, and z. If we introduce the 
vectors X =  (P,Q,R) and dr =  (dx,dy,dz), we may write this equation 
in the vector notation as

X • dr =  0 (7)

Before proceeding to the discussion of this equation, we first consider 
two lemmas:

1 Ibid., Appendix A, p. 315.
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Theorem 3, A necessary and sufficient condition that there exists 
between two functions u(x,y) and v(x,y) a relation F(u,v) =  0, not 
involving x or y  explicitly is that

9(u,v) =  - 
3(x,y)

First, the condition is necessary. For since the relation

F(u,v) =  0 (8)

is an identity in x and y, we have as a result of differentiating with 
respect to x

dF du dF dv
du dx dv dx

and as a result of differentiating with respect to y

dF du dF dv
du dy dv dv

Eliminating dFjdv from these two equations, we find that

dF ( du dv du dr 1 
du Idx dy dy dxl

0

Since the relation (8) involves both u and v, it follows that dF/du is not 
identically zero, so that

d(u,v)
d(x,y)

=  0 (9)

Second, the condition is sufficient. We may eliminate y  from the 
equations

u =  u(x,y), v =  v(x,y)
to obtain the relation

F(u,v,x) =  0

From this relation it follows immediately, as a result of differentiating 
with respect to x, that

dF dF du dF dv
dx du dx dv dx

and as a result of differentiating with respect to y  that 

dF du  ̂ dF dv 
du dy ' dv dv

Eliminating dFjdv from these equations, we find that 

dF dv d(u,v) dF 
dx dy ' d(x,y) du
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If the condition (9) is satisfied, we see that

dF dv _ 
dx dy

The function v is a function of both x and y, so that dv/dy is not identi­
cally zero. Hence

dF
dx

=  0

which shows that the function F does not contain the variable x 
explicitly.

Another result we shall require later is:
Theorem 4. If X is a  vector such that X • curl X == 0 and ft is an  

arbitrary function of x, y, z then (/<X) • curl (ftX) =  0.
For, by the definition1 of curl we have

ftX ■ curl /iX t t I
where X has components (P , Q,R). The right-hand side of this equation 
may be written in the form

£  \ dyX.1/.2 s

£C |
d:t I PQ f - - P p f -

dz dy.X.v,z
and the second of these sums is identically zero. Hence 

ftX ■ curl (/tX) =  {X ■ curl X} • ffi 

and the theorem follows at once.
The converse of this theorem is also true, as is seen by applying the 

factor 11 ft to the vector ftX.
Having proved these preliminary results, we shall now return to the 

discussion of the Pfaffian differential equation (6). It is not true that 
all equations of this form possess integrals. If, however, the equation 
is such that there exists a function ft(x,y,z) with the property that 
ft(P dx +  Q dy +  R dz) is an exact differential d<j>, the equation is 
said to be integrabie and to possess an integrating factor ft(x,y,z). The 
function <j> is called the primitive of the differential equation. The 
criterion for determining whether or not an equation of the type (6) 
is integrabie is contained in:

Theorem 5. A necessary and sufficient condition that the Pfaffian 
differential equation X • dx =  0 should be integrabie is that X • curl X =  0.

The condition is necessary, for if the equation

P dx -f- Q dy +  R dz =  0 (6)
1 H. Lass, “Vector and-Tensor Analysis" (McGraw-Hill, New York, 1950), p. 45.
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is integrable, there exists between the variables x, y, z a relation of the 
type

F(x,y,z) =  C

where C is a constant. Writing this in the differential form

dF J dF J dF J n
—  dx +  —  dy -t- -r- rfz =  0ox ay dz

we see that there must exist a function fi(x,y,z) such that

i.e., such that 

so that since 

we have 

so that

n Q  =
dF
dy

i“X =

curl grad F =  

curl (,uX) =

grad F 

0

0

/uX ■ curl (/iX) =  0 

From Theorem 4 it follows that

X • curl X =  0

Again, the condition is sufficient. For, if z is treated as a constant, 
the differential equation (6) becomes

P(x,) dx +  Q(x,y,z) dy =  0

which by Theorem 2 pos_„jes a solution of the form

U(x,y,z) =  cY
where the “constant” c, may involve z. Also there must exist a function 
fi such that

d u  „ 
Tx ^  ^ -3 -  =  f Qdy

( 10)

Substituting from the equations (10) into equation (6), we see that the 
latter equation may be written in the form

W  . , dU 
j ; d x  +  - ^ d>'

dU , /  dU\ ,
—z dz +  v R - - d i ) dz ==  0

which is equivalent to the equation

dU +  K dz =  0
if we write

K =  iiR
dU
dz

( 11)

( 12)
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Now we are given that X ■ curl X =  0, and it follows from Theorem 4 
that

juX • curl ffX =  0
Now

/ x - w . r e . n o - +  k )

Hence
=■ grad U +  (0,0,A:) 

t dU di  dUv  , ,  v . tdU  d i dU  ,  \ ,
f j \  ■ curl (juX)  ̂ M  ■ ( +  dy

dK dK£•»)
d U d K  dU dK  
dx dy dy dx

Thus the condition X • curl X — 0 is equivalent to the relation

d(x,y)

From Theorem 3 it follows that there exists between U and K  a 
relation independent of x and y  but not necessarily of z. In other 
words, K  can be expressed as a function K(U,z) of U and z alone, and 
equation (11) is of the form

^  +  K(U,z) =  0

which, by Theorem 2, has a solution of the form

(l>(t/,z) =  c

where c is an arbitrary constant. On replacing U by its expression in 
terms of x, y, and z, we obtain the solution in the form

F(x,y,z) =  c

showing that the original equation (6) is integrable.
Once it has been established that the equation is integrable, it only 

remains to determine an appropriate integrating factor n(x,y,z). We 
shall discuss the solution of Pfaffian differential equations in three 
variables more fully in the next section. Before going on to the 
discussion of methods of solution, we shall first of all prove a theorem 
on integrating factors of Pfaffian differential equations which is of 
some importance in thermodynamics. Since the proof is elementary, 
we shall state the result generally for an equation in n variables:

Theorem 6. Given one integrating factor of  the Pfaffian differential 
equation

Xj dxt -  X 2 dx2 - - • • ) Xn dxn — 0 

we can find an infinity o f  them.
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For, if p{xux 2, . . . ,x„) is an integrating factor of the given 
equation, there exists a function </>(.r1,x2, . . . ,x„) with the property 
that

d6
(13)

If $(</>) is an arbitrary function of <f>, we find that the given Pfaffian 
differential equation may be written in the form

d<S>
P-dt

(A\ dxx +  X 2 dx2 +  ■ ■ ■ +  Xn dx„) =  0

which, by virtue of the relations (13), is equivalent to
d® td £
!<£ lax, 1 +  —̂ dx2 +

df  ,
+  —̂ dxKdxn

i.e., to

with solution

d<t>
—  d<j> =  d® =  0 d(p

-  0

Thus if (i is an integrating factor yielding a solution <j> =  c and if ® 
is an arbitrary function of <f>, then p{dd)jd<l>) is also an integrating 
factor of the given differential equation. Since is arbitrary, there 
are infinitely many integrating factors of this type.

To show how the theoretical argument outlined in the proof of 
Theorem 5 may be used to derive the solution of a Pfaffian differential 
equation we shall consider:

Example 6. Verify that the differential equation
O'2 +  y z) dx + (xz + z2) dy + (y2 — xy) dz = 0 

is integrable and find its primitive.
First of all to verify the integrability we note that in this case 

X =: (y2 + yz, xz f  z2, y* — xy) 
so that curl X = 2( - x + y - z , y ,  - y )
and it is readily verified that

X • curl X = 0
If we treat z as a constant, the equation reduces to 

dx + dy  _  _ d y_  =  Q 
x  +  z y  y  +  z 

which has solution U(x,y,z) = c1, where

U(x,y,z) y(x  +  z)
y  + z

Now 1 dU
 ̂ ~P~dx

1
y(y + z )y  +  z 

and, in the notation of equation (12),
(y +  z)2

K = I
(.y + z)'

yiv  -  x)
y  y(x  + z) 

y + z (y + z f
-  0
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Since K -- 0, equation 01) reduces to the simple form dU = 0 with solution 
U = c; i.e., the solution of the original equation is

vU + z) = c(y + z)
where c is a constant.

It is of interest to consider the geometrical meaning of integrability. 
The functions y  ~  v(x), z =  z(x) constitute a solution of the equation

P d x  +  Q d y  +  R d z  =  0 (14)

if they reduce the equation to an identity in ,v. Geometrically such a 
solution is a curve whose tangential direction r at the point X(x,y,z) 
is perpendicular to the line X whose direction cosines are proportional 
to (P,Q,R) (cf. Fig. 9), and hence the tangent to an integral curve lies 
in the disk a which is perpendicular 
to X and whose center is {x,y,z). On 
the other hand, a curve through the 
point X  is an integral curve of the 
equation if its tangent at X  lies in a.

When the equation is integrable, 
the integral curves lie on the one- 
parameter family of surfaces

<j>{x,y,z) =  c

Any curve on one of these surfaces 
will automatically be an integral 
curve of the equation (14). The 
condition of integrability may there­
fore be thought of as the condition that the disks a should fit together 
to form a one-parameter family of surfaces.

Another way of looking at it is to say that the equation (14) is 
integrable if there exists a one-parameter family of surfaces orthogonal 
to the two-parameter system of curves determined by the equations

dx dy dz 
~ P ^ ~ Q = ~R

When the equation is not integrable, it still has solutions in the 
following sense. It determines on a given surface S  with equation

U(x,y,z) =  0 (15)

a one-parameter system of curves. For, eliminating z from equations
(14) and (15), we have a first-order ordinary differential equation whose 
solution

y(x,y,c) =  0
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is a one-parameter system of cylinders C1( C2, . . . (cf. Fig. 10) with 
generators parallel to Oz and cutting the surface S  in the integral 
curves I \, r 2, . . . .

Determine which of the following equations are integrable, and find the solution 
of those which are:

1. y  dx +  x  dy + 2z dz = 0
2. z(z + y) dx + z(z + x) dy — 2xy dz = 0
3. yz dx +  2x z  dy — 3xy dz — 0
4. 2xz dx + z dy — dz = 0
5. (y2 + xz) dx + (x 2 +  yz) dy + 3z2 dz = 0

6. Solution of PfafFian Differential Equations in Three Variables
We shall now consider methods by which the solutions of Pfaffian 

differential equations in three variables x, y, z may be derived.
(a) By Inspection. Once the condition of integrability has been 

verified, it is often possible to derive the primitive of the equation by 
inspection. In particular if the equation is such that curl X =  0, then1

1 Ibid., p. 46.
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X must be of the form grad v, and the equation X • dr =  0 is equivalent 
to

with primitive

d v  dv  dv
- -  d x  +  — d y  +  3- d z  =  0 
o x  o y  d z

v(x,y,z) =  c
E x am p le  7. Solve the equation

(.x2z — y 3) dx + 3 xy2 dy +  x3 dz =  0

first showing that it is integrable.
To test for integrability we note that X =  {x2z — y3, 3xy2, x3), so that 

curl X = (0, — 2x2, 6y2), and hence X • curl X = 0.
We may write the equation in the form

x2(z dx + x dz) — y3 dx + 3xy1 dy = 0

i.e.,
y3

z dx  +  x  dz — - 5 dx  +
3v2 , 
—  dy

X2 X

i.e., d(xz)

so that the primitive of the equation is

*2z + f
where c is a constant.

cx

(b )  V a r ia b le s  S e p a r a b le .  In certain cases it is possible to write the 
PfaffiarT'diflerential equation in the form

P(x) dx +  Q(y) dy +  R(z) dz =  0

in which case it is immediately obvious that the integral surfaces are 
given by the equation

j'P(x) dx J  Q(y) dy +  j R(z) dz =  c

where c is a constant.
E x am p le  8. Solve the equation

a2y 2z2 dx +  b2z2x 2 dy +  c2* 2/*  dz =  0

If we divide both sides of this equation by x 2y 2z2, we have

a2 b c
d x + - . d y  + - d z  = 0  

x1 y 2 z2

showing that the integral surfaces are

a2
----h
X

b2 c2--- 1---
y z

=  k

where A: is a constant.
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(c) One Variable Separable. It may happen that One variable is 
separable, z say, in which case the equation is of the form

P(x,y) dx +  Q(x,y) dy +  R(z) dz =  0 (1)
For this equation

X  =  {P(x,y),Q(x,y),R(z)}
apd a simple calculation shows that

dP\

« • * - ( * * ! ? - *
so that the condition for integrability, X • curl X

dP dQ

0, implies that

dy dx

In other words, P dx +  Q dy is an exact differential, du say, and equation
(1) reduces to

du +  R(z) dz =  0
with primitive

u(x,y) +  R(z) dz =  c

Example 9. Verify that the equation

xiy2 — a2) dx +  y(x2 -  z2) dy — z(y2 — a2) dz = 0 

is integrable and solve it.
If we divide throughout by (y2 — a2)(x2 — z2), we see that the equation assumes 

the form
x dx — z dz y dy „ 

x2 -  z2 + f  -  a2 ~  V

showing that it is separable in y. By the above argument it is therefore integrable if

dP _  3R  

d z d x

which is readily shown to be true. To determine the solution of the equation we 
note that it is

\d  log {x2 — z2) +  \d  log (y2 — a2) = 0  
so that the solution is

(x2 -  z2)(y2 -  a2) = c
where c is a constant.

{d) Homogeneous Equations. The equation

P(x,y,z) dx +  Q(x,y,z) dy +  R{x,y,z) dz =  0 (2)

is said to be homogeneous if the functions P, Q, R are homogeneous in 
x, y, z of the same degree n. To derive the solution of such an equation 
we make the substitutions

y  =  ux, z  — vx (3)
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Substituting from (3) into (2), we see that equation (2) assumes the form 

P(\,u,v) dx +  Q(l,u,v)(u dx +  x du) -+ R(\,u,v){x dv +  v dx) =  0 

a factor xn canceling out. If we now write

Q(l,u,v)A(u,v) =  

B(u,v) -

P(l,u,v) +  uQ(\,u,v) +  vR(l,u,v) 

R(l,u,v)
P(l,u,v) +  uQ(\,u,v) +  vR(\,u,v) 

we find that this equation is of the form

dx
----- b A(u,v) du +  B(u,v) dv =  0

and can be solved by method (c).
It is obvious from the above analysis that another way of putting 

the same result is to say that if the condition of integrability is satisfied 
and P, Q, R are homogeneous functions of x, y, z of the same degree 
and xP +  y Q  +  zR  does not vanish identically, its reciprocal is an 
integrating factor of the given equation.

E x am p le  10. Verify that the equation

yz(y  +  z )d x  +  xz(x  +  z) dy +  xy(x +  y) dz =  0 

is integrable and find its solution.
It is easy to show that the condition of integrability is satisfied; this will be left 

as an exercise to the reader. Making the substitutions y  — ux, z = vx, we find 
that the equation satisfied by x, u, v is

uv(u +  v) dx  +  v(v +  1)(m dx +  x  du) +  u(u +  l)(y  dx +  x  dv) =  0 

which reduces to
dx v(v +  1) du +  u(u +  1) dv _  ^  

x  2uv(l +  u +  v)

Splitting the factors of du and dv into partial fractions, we see that this is equivalent to

2 ^ + 1
x I n

, 1
1 +  u ^ v\ \v

1 )
1+11 +  v I

dv = 0

or, which is the same thing,

^ d x ^ d u  dv d(\ +  u +  v) ^

X  U V 1 +  U +  V

The solution of this equation is obviously

x 2uv =  r ( l  + «  +  !;)

where c is a constant. Reverting to the original variables, we see that the solution 
of the given equation is

xyz =  c(x +  y  +  z)
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(e\ Natani's Me t h o d In the first instance we treat the variable z as 
though it were constant, and solve the resulting differential equation

P dx +  Q dy =  0

Suppose we find that the solution of this equation is

<t>{x,y,z) =  cx (4)

where c1 is a constant. The solution of equation (2) is then of the form

<D(<£,z) =  c2 (5)

where c2 is a constant, and we can express this solution in the form

<!>(x,y,z) =  yi(z)

where is a function of z alone. To determine the function ip(z) we 
observe that, if we give the variable x a fixed value, a say, then

<K*,y,z) =  v (z ) (6)

is a solution of the differential equation
Q(a,j,z) dy +  R(<*,y,z) dz =  0 (7)

Now we can find a solution of equation (7) in the form

K(y,z) =  c (8)

by using the methods of the theory of first-order differential equations.
Since equations (6) and (8) represent general solutions of the same 

differential equation (7), they must be equivalent. Therefore if we 
eliminate the variable y  between (6) and (8), we obtain an expression 
for the function tp(z). Substituting this expression in equation (6), we 
obtain the solution of the Pfaffian differential equation (2).

The method is often simplified by choosing a value for a, such as 
0 or 1, which makes the labor of solving the differential equation (7) 
as light as possible. It is important to remember that it is necessary to 
verify in advance that the equation is integrable before using Natani’s 
method.

Example 11. Verify that the equation

z(z +  y 2) dx +  z(z +  x2) dy — xy(x +  y) dz =  0

is integrable and find its primitive.
For this equation

X -  {z(z + / ) ,  z(z + x2), —xy(x + y)} 
curl X =  2( ~ x 2 — xy — z, y 2 + xy  + z, zx — zy) 

and it is soon verified that X • curl X =  0, showing that the equation is integrable.
An inspection of the equation suggests that it is probably simplest to take dy = 0 

in Natani’s method. The equation then becomes

I , I 1
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showing that it has the solution

* ( /  + *)
z ( x  + y ) /O ') (9)

If we now let z =  1 in the original equation, we see that it reduces to the simple 
form

with solution

d x  d y
1 +  x 2 1 1 + /

tan 1 a- 4 tan 1 y  — const.

W riting tan-1 (1 jc )  for the constant and m aking use of the addition formula

( 10)

tan 1 x  +  tan 1 y  =  tan 

we see that the solution of equation (10) is

x  + y  

1 — x y

1 — x y  
--------- — c
* + y

This solution must be the form assumed by (9) in the case z =  1; in other words, 
(11) must be equivalent to the relation

x ( y 2 +  1) 
x  +  y /(>’) ( 12)

Eliminating x  between equations (11) and (12), we find that

/O ')  =  1 ~  cy

Substituting this expression in equation (9), we find that the solution of the 
equation is

x ( y 2 +  z) =  z ( x  + y ) ( \  -  cy)

( f )  Reduction to an Ordinary Differential Equation. In this method 
we reduce the problem of finding the so!fflft5YToFaTTaffian differential 
equation of the type (2) to that of integrating one ordinary differential 
equation of the first order in two variables. It is necessary, of course, 
that the condition for integrability should be satisfied.

If the equation (2) is integrable, it has a solution of the form

f (x ,y ,z )  =  c (13)

representing a one-parameter family of surfaces in space. These 
integral surfaces will be intersected in a single infinity of curves by the 
plane

z =  x -\- ky (14)

where k is a constant. The curves so formed will be the solutions '0^“ 
the differential equation

p(x,y,k) dx q(x,y,k) dy =  0

formed by eliminating z between equations (2) and (M l
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If we have found the solution of the ordinary differential equation
(15), we may easily find the family of surfaces (13), since we know their 
curves of intersection with planes of the type (14). For the single 
infinity of curves of intersection which pass through one point on the 
axis of the family of planes obtained by varying k in (14) will in general 
form one of the integral surfaces (13).

Suppose that the general solution of equation (15) is
<t>(x,y,k) =  const. (16)

then, since a point on the axis of the planes (13) is determined by 
y  =  0, .v =  c (a constant), we must have

4>{x,y,k) =  <Kc,0,k) (17)
in order that the curves (16) should pass through this point. When k 
varies, (17) represents the family of curves through the point y  =  0, 
x =  c. If c also varies, we obtain successively the family of curves 
through each point on the axis of (14). That is, if we eliminate k 
between equations (17) and (13), we obtain the integral surfaces required 
in the form

* ( jp—) =  <t> ( 0 .  Z- y ^ )  (IB)

The complete solution of the Pfaffian differential equation (2) is 
therefore determined once we know the solution (16) of one ordinary 
differential equation of the first order, namely, (15). If it so happens 
that the constant A: is a factor of equation (15), then we must use some 
other family of planes in place of (14).

Theoretically, this method is superior to Natani’s method in that it 
involves the solution of one ordinary differential in two variables 
instead of two as in the previous case. On the other hand, this one 
equation is often more difficult to integrate than either of the equations 
in Natani’s method.

Example 12. I n t e g r a t e  th e  e q u a t io n

( y  -i z )  d x  -r ( z  -  x) d y  (x  -- y )  d z  = 0
The integration of this equation could be effected in a number of ways—by 

m ethods (a ) ,  ( d ) ,  (e), for instance—but we shall illustrate method ( f )  by applying 
it in this case.

Putting z -  x  + k y ,  we find that the equation reduces to the form 

d y  . 2 x  + ( k  + 2)y■ -t- ---------------- — - 0
d x  ( k  + 2)x + 2 k y

which is homogeneous in x  and y. Making the substitution y  —  l x , we find that 

- d x  {2k v  ( k  2)} d v

x k v 2 -*■ ( k  ! 2 )v  + 1 
x2 { k v 2 + ( k  1 2 ) v  • 1} =  const.

4>(x,y ,k) = k y 2 r (k  -r 2) x y  + x2
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It follows immediately that

*1 x , y -----------
\ y

and

: ) x y  + y z  + z x

Writing C for c2, we obtain the solution
x y  + y z  + z x  =  C

P R O B L E M S

Verify that the following equations are integrable and find their primitives:
1. 2y ( a  — x )  d x  +  [z — y 2 +  (a — x)2] d y  — y  dz  =  0
2. y (l +  z2) d x  — x(l +  z2) dy  +  ( x 2 +  y 2) dz  — 0
3. ( y 2 +  y z  +  z2) d x  +  (z2 +  z x  +  x 2) d y  +  ( x 2 +  x y  +  y 2) d z  =  0
4. y z  d x  +  x z  d y  +  x y  dz  =  0
5. (1 +  y z )  d x  +  x ( z  — x )  d y  — (1 +  x y )  d z  — 0

6. y ( x  +  4) (y  +  z )  d x  — x ( y  +  3z) d y  +  2x y  d z  =  0
7. y z  d x  +  (x 2y  — z x )  d y  +  ( x 2z  — x y )  d z  =  0
8. 2y z  d x  — 2x z  d y  — ( x 2 — y 2) (z  — 1) d z  = 0

7 .  C a r a t h e o d o r y ’s  T h e o r e m

The importance of the analysis of Sec. 5 ,is that it shows that we 
cannot, in general, find integrating factors for Pfaffian differential 
forms in more than two independent variables. Our discussion has 
shown that Pfaffian differential forms fall into two classes, those which 
are integrable and those which are not. This difference is too abstract 
to be of immediate use in thermodynamical theory, and it is necessary 
to seek a more geometrical characterization' of the difference between 
the two classes of Pfaffian forms.

Before considering the case of three variables, we shall consider the 
case of a Pfaffian differential form in two variables. As a first example 
take the Pfaffian equation

dx — dy =  0
which obviously has the solution

x - y  =  c (1)

where c is a constant. Geometrically this solution consists of a family 
of straight lines all making an angle tt/4 with the positive direction of 
the x axis. Consider now the point (0,0). The only line of the family 
(1) which passes through this point is the line x — y. This line inter­
sects the circle x2 +  y 2 =  e2 in two points
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Now it is not possible to go from A to any point on the circle, 
other than B, if we restrict the motion to be always along lines 
of the family (1). Thus, since e  may be made as small as we please, it 
follows that arbitrarily close to the point (0,0) there is an infinity of 
points which cannot be reached by means of lines which are solutions of 
the given Pfaffian differential equation.

This result is true of the general Pfaffian differential equation in two 
variables. By Theorem 2 there exists a function <j>(x,y) and a function 
p{x,y) such that

fi(x,y){P(x,y) dx +  Q(x,y) dy} =  df>(x,y) 

so that the equation
P dx +  Q dy =  0

must possess an integral of the form

<t>(x,y) =  c (2)

where c is a constant. Thus through every point of the xy plane there 
passes one, and only one, curve of the one-parameter system (2). From 
any given point in the xy plane we cannot reach all the neighboring 
points by curves which satisfy the given differential equation. We shall 
refer to this state of affairs by the statement that not all the points in the 
neighborhood are accessible from the given point.

A similar result holds for a Pfaffian differential equation in three 
independent variables. If the equation possesses an integrating factor, 
the situation is precisely the same as in the two-dimensional case. All 
the solutions lie on one or other of the surfaces belonging to the one- 
parameter system

<t>(x,y,z) =  c

so that we cannot reach all the points in the neighborhood of a given 
point but only those points which lie on the surface of the family passing 
through the point we are considering.

By extending the idea of inaccessible points to space of n dimensions 
we may similarly prove:

Theorem 7, I f  the Pfaffian differential equation

AT =  X l dx1 +  T 2 dx2 +  ■ ■ ■ +  Xn dx„ =  0

is integrable, then in any neighborhood, however small, of a given point 
G0, there exists points which are not accessible from G0 along any path 
for which AT =  0.

What' is of interest in thermodynamics is not the direct theorem but 
the converse. That is, we consider whether or not the inaccessibility of 
points in the neighborhood of a given point provides us with a criterion 
for the integrability of the Pfaffian differential equation. If we know 
that in the neighborhood of a given point there are points which are
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arbitrarily near but inaccessible along curves for which &.X =  0, can 
we then assert that the Pfaffian differential equation AJf =  0 possesses 
an integrating factor? Caratheodory has shown that the answer to 
this question is in the affirmative. Stated formally his theorem is:

Theorem 8. If a Pfaffian differential form A2f =  dx1 +  X2 dx2 +
■ ■ ■ +  Xn dxn has the property that in every arbitrarily close neighbor­
hood o f a given point G0 there exist points G which are inaccessible from 
Ga along curves for which \ X  — 0, the corresponding Pfaffian differential 
equation AA" =  0 is integrable.

We shall consider the proof of this theorem in the case n — 3. The 
geometrical concepts are simpler in this case, and the extension to a 
higher number of independent variables is purely formal.

First of all we shall prove the theorem making use of a method 
suggested by a paper of Buchdahl’s.1 This depends essentially on 
noting that by means of the transformations (10) and (12) of Sec. 5 the 
equation

P dx +  Q dy +  R dz — 0 (3)

may be written in the form

^  +  K(U,y,z) =  0 (4)

in which, it will be observed, the function K  may 
function of the three variables U, y, and z. If we 
we may write equation (4) in the form

be expressed as a 
take y  to be fixed,

dU +  K(U,y,z) d z =  0

which by Theorem 2 has a solution of the form

V =  f{z,y) (5)

Now we showed in Sec. 5 that equation (3) was integrable if it could be 
put in the form

^  +  AU'.z) =  0 (6)dz
i.e., if, and only if,

f * = ody (7)

in a certain region of the yz  plane.
Suppose the point G0(x0,y0,z0) is contained in a domain D of the 

xyz space. Then if P, Q, R, and p  are such that Y and K  are single­
valued, finite, and continuous functions of x, y, and 2 , there is a one-to-

1 H. A. Buchdahl, A m .  J . P hys . ,  17, 44 (1949).
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one correspondence between the points of D and those of a domain D' 
of the Uyz space. Let H 0(U0,x0,y0) be the point of D' corresponding 
to the point G0 of D. We shall now consider how the passage along a 
solution curve of equation (6) from H 0 to a neighboring point H  may 
actually be effected:

(a) First pass in the plane y  — y 0 from //„ to the point //]; then by 
virtue of (5) the coordinates of H , will be {</>(z0 +  £', y0), Jo. z o +  £'}, 
where £' denotes the displacement in the z coordinate. Furthermore 
since H0 lies on the same integral curve as Hlt it follows that

iU =  <Mwo)
(b) Next pass in the plane U =  <£(z0 -f £'. y 0) from H1 to the point 

H 2. Since z is constant, it follows that the coordinates of / / 2 are

{<j>(z0 +  y„), y 0 +  V — V, Zo +  £'}, where v ~  v' denotes the
displacement H j i 2.

(c) Next pass in the plane y  =  y 0 +. rj — rj' to the point H3, which 
then has coordinates {<jS(z0 +  £, y 0 +  — rj'), y 0 +  rj — rj', z 0 +  {}.
£ — f' denoting the change in the z coordinate.

(id) Finally pass in the plane U =  4>(z0 +  £, j 0 +  >y — n )  through a 
displacement rj' to the point H, which then has coordinates

u  =  cj>(z0 +  L j o  +  v -  n'), y  =  y o + n ,  z  =  z 0 +  £

If the point ( t /0 +  rlt y 0 +  es, z0 +  s3), which is arbitrarily close to 
H 0(U0,y0,za), is accessible from H 0 along solutions of the equation (4), 
then it is possible to choose the displacement rj, rj', £ in such a way that

^(z0 +  t , y o + y — v ' ) — ^(z0,jo) =  «i, n =  h , l  =  h  (8) 

N o w  if all the points in the neighborhood o f  H 0 are accessible from  H 0,
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it follows that the points (UQ +  e, y 0, z0) which lie on the line x =  x 0, 
y  =  y 0 are accessible from / / u. Therefore it should be possible to 
choose a displacement >, such that

M - o . To — n)  —  0(^o>To)} =  £ (9 )

and this is so only if dtfr/dy is not identically zero, in which case, as we 
remarked above, the equation is not integrable.

On the other hand if there are points which are inaccessible from H a, 
it follows that there exist values of sy, e2, and e3 for which the equations 
(8)—or what is the same thing, equation (9)—have no solution. To the 
first order we may write equation (9) in the form

If this fails to give a value for r{, it can only be because

=  0
v~y„

i.e., only if the equation is integrable.
A more geometrical proof of Caratheodory’s theorem has been given 

by Born.1 In this proof we consider the solutions of the Pfaffian 
differential equation (3) which lie on a given surface S with parametric 
equations

x =  x(u,v), y  =  y(u,v), z =  z(u,u)

These curves will satisfy the two-dimensional Pfaffian differential 
equation

F du +  G dv =  0 (10)
where

dx dv dz
f = p t u +  q £  +  r ih;

Now, by Theorem 2, equation (10) has a solution of the form

4>iii,v) =  0

representing a one-parameter system of curves covering the surface S. 
Let us now suppose that arbitrarily close to a given point G0 there are 
inaccessible points, and let us further assume that G is one of these 
points. Through G0 draw a line A which is not a solution of equation
(3) and which does not pass through G. Let -n be the plane defined 
by the line A and the point G.

1 M. Born, “Natural Philosophy of Cause and Chance” (Oxford, London, 1949), 
Appendix 7, p. 144.
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If we now take the plane -n to be the surface S, introduced above, we 
see that there is just one curve which lies in the plane -n, passes through 
the point G, and is a solution of equation (3). Suppose this curve 
intersects the line A in the point H; then since G is accessible from H  
and inaccessible from G0, it follows that H  is inaccessible from G0. 
Furthermore, since we can choose a point G arbitrarily close to G0, 
the point H  may be arbitrarily near to G0.

Suppose now that the line A is made to move parallel to itself to 
generate a closed cylinder a. Then on the surface a there exists a

curve c which is a solution of (3) and passes through G0. If the line A 
cuts the curve c again in a point /, then by continuously deforming the 
cylinder a we can make the point /  move along a segment of the line A 
surrounding the point G0. In this way we could construct a band of 
accessible points in the vicinity of G0. But this is contrary to the 
assumption that, arbitrarily close to G0, there exist points on the line A 
(such as H) which are inaccessible from G0; hence we conclude that 
for each form of a the point /  coincides with G0.

As the cylinder u is continuously deformed, the closed curve c traces 
out a surface which contains all solutions of the equation (3) passing 
through the point G0. Since this surface will have an equation of the 
form

<j>{x,y,z) =  4>(x0,y0,z0)

it follows that there exist functions n and <f> such that 

n(P dx +  Q dy R dz) =  d<f> 

and so the theorem is proved.
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8. Application to Thermodynamics
Most elementary textbooks on thermodynamics follow the historical 

development of the subject and consequently discuss the basic principles 
in terms of the behavior of several kinds of “perfect” heat engines. 
This is no doubt advantageous in the training of engineers, but mathe­
maticians and physicists often feel a need for a more formal approach. 
A more elegant, and at the same time more rational, formulation of the 
foundations of thermodynamics has been developed by Caratheodory 
on the basis of Theorem 8, and will be outlined here. For the full 
details the reader is referred to the original papers.1

The first law of thermodynamics is essentially a generalization of 
Joule’s experimental law that whenever heat is generated by mechanical 
forces, the heat evolved is always in a constant ratio to the correspond­
ing amount of work done by the forces. There are several ways in 
which such a generalization may be framed. That favored by 
Caratheodory is:

In order to bring a thermodynamical system from a prescribed initial 
state to another prescribed final state adiabatically, it is necessary to do 
a constant amount of mechanical work which is independent of  the manner 
in which the change is accomplished and which depends only on the 
prescribed initial and final states o f  the system.

It will be observed that in this axiom the idea of quantity of heat is 
not regarded, as it is in the classical theory of Clausius and Kelvin, as 
being an intuitive one; an adiabatic process can be thought of as one 
taking place in an adiabatic enclosure defined by the property that the 
inner state of any thermodynamical system enclosed within it can be 
altered only by displacing a finite area of the wall of the enclosure.

Mathematically this first law is equivalent to saying that in such an 
adiabatic process the mechanical work done IT is a function of the 
thermodynamical variables (x1,x2, . . . , x „ )  and ( a -<10 ) , a -<20 ) ,  . . . , x („0 ) )  

defining the final and initial states of the system and not of the inter­
mediate values of these variables. Thus we may write

W =  W(x„x2, . . . ,x„;x<nW f \  . . . ,<»)

and if we consider a simple experiment in which the substance goes from 
the initial state (x(f ,  . . . ,x(n0)) to an intermediate state (.y<1',) . . . ..xj,") 
and then to a final state ( x j ,  . . . ,xn), we obtain the functional equation

IV(Xl, . . . ,x„;xf, . . . ,x«>) +  W{xf, . . . , x f ^ \  . . . ,x<u>)
=  W(XU . . . ,A - ,i ; x < ° > , --------------- X < ° > )

1 C. Caratheodory, Math. Ann., 67, 355 (1909); Sitzher. preuss. Akad. H ns. 
Physik.-math. Kl., 1925, p. 39. General accounts of Caratheodory’s theory are 
contained in M. Born, Physik. Z., 22, 218, 249, 282 (1921); A. Lande, “Handbuch 
der Physik” (Springer, Berlin, 1936), vol. 9, chap. IV.
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for the determination of the function W. This shows that there exists a 
function U(xu . . . ,x„), called the internal energy of the system, with 
the property that

W{Xl, . . ,xn; r (0)I I • • ,*» ) =  U(Xi, • • • ,xn) -  U(x[m, X 0))
( 1)

If we now consider the case in which the state of the system is changed 
from (x ° \  . . . ,x(„0)) to (xl5 . . . ,x„) by applying an amount of work 
W, but not ensuring that the system is adiabatically enclosed, we find 
that the change in internal energy < '| T|. . . . ,x„) — U(x(°\ . . . ,.x(l0)), 
which can be determined experimentally by measuring the amount of 
work necessary to achieve it when the system is adiabatically enclosed, 
will not equal the mechanical work W. The difference between the 
two quantities is defined to be the quantity of heat Q absorbed by the 
system in the course of the nonadiabatic process. Thus the first law 
of thermodynamics is contained in the equation

Q = U - U 0 - W  (2)

In Caratheodory’s theory the idea of quantity of heat is a derived one 
which has no meaning apart from the first law of thermodynamics.

A gas, defined by its pressure p  and its specific volume v, is the 
simplest kind of thermodynamical system we can consider. It is 
readily shown that if the gas expands by an infinitesimal amount dv, 
the work done by it is —p dv, and this is not an exact differential. 
Hence we should denote the work done in an infinitesimal change of 
the system by AiV. On the other hand it is obvious from the definition 
of U that the change in the internal energy in an infinitesimal change 
of the system is an exact differential, and should be denoted by dU. 
Hence we may write (2) in the infinitesimal form

AQ =  d U - \ W  (3)

If we take p  and v as the thermodynamical variables and put AIT =  
—p dv, then for a gas

A Q =  P d p  +  Vdv  (4)

where
op

Now from Theorem 2 we have immediately that, whatever the forms 
of the functions P and V, there exist functions p(p,v) and 4>{p,v) such 
that

n A Q  =  d<t> (5)

showing that, although AQ is not itself an exact differential, it is always 
possible to rind a function u of the thermodynamical variables such
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that /j AQ is an exact differential. This result is a purely mathematical 
consequence of the fact that two thermodynamical variables are 
sufficient for the unique specification of the system.

It is natural to inquife whether or not such a result is valid when the 
system requires more than two thermodynamical variables for its 
complete specification. If the system is described by the n thermo­
dynamical variables xu x 2, . . .  , xn, then equation (4) is replaced by 
a Pfaffian form of the type

A Q =  2  Xt dx, (6)
t = l

in which the T /s  are functions of xlt . . . , xn. We know that, in 
general, functions /< and <j> with the property p AQ =  d<f> do not exist 
in this general case. If we wish to establish that all thermodynamical 
systems which occur in nature have this property, then we must add a 
new axiom of a physical character. This new physical assumption is 
the second law of thermodynamics.

In the classical theory the physical basis of the second law of thermo­
dynamics is the realization that certain changes of state are not physically 
realizable; e.g., we get statements of the kind “heat cannot flow from 
a cold body to a hotter one without external control.” In formulating 
the second law, Caratheodory generalizes such statements and then 
makes use of Theorem 8 to obtain mathematical relationships similar 
to those derived by Kelvin and Clausius from their hypotheses. The 
essential point of Caratheodory’s theory is that it formulates the results 
of our experience in a much more general way without loss of any of 
the mathematical results. Caratheodory’s axiom is:

Arbitrarily near to any prescribed initial state there exist states which 
cannot be reached from the initial state as a result o f  adiabatic processes.

If the first law of thermodynamics leads to an equation of the type
(6) for the system, then the second law in Caratheodory’s form asserts 
that arbitrarily near to the point (x<10), . . . ,j<40>) there exist points 
(*!, . . . ,xn) which are not accessible from the initial point along 
paths for which AQ =  0. It follows immediately from Theorem 8 that 
there exist functions p(xlt . . . ,x„) and ^(xl5 . . . ,xn) with the 
property that

^ A Q =  d4> (7)

The function </> occurring in this equation is called the entropy of the 
thermodynamical system. It can be shown that the function p  is, 
apart from a multiplicative constant, a function only of the empirical 
temperature of the system. It is written as l/T, and T is called the 
absolute temperature of the system. It can further be demonstrated 
that the gas-thermometer scale based on the equation of state of a 
perfect gas defines a temperature which is directly proportional to T\
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by choosing the absolute scale in the appropriate manner we can make 
the two temperatures equal. With this notation we can write equation
(7) in the familiar form

^  ( 8)

Theorem 8 shows that such an equation is valid only if we introduce a 
physical assumption in the form of a second law of thermodynamics.

MISCELLANEOUS PROBLEMS
l. Find

(a)

(M

the integral curves of the equations:

dx dy dz
f x  -  2x* = 2 /  -  Xs}' ~  2z(x3 -  f )

dx dy dz
7 l z ^ t y z ~  z2 -  x2 -  f

, . dx dy dz
( e )  ----------  =  — - —  = ---------------------------

x  + y  x  + y  —(x + y  +  2z)

2. Find the integral curves of the equations

dx dy _  dz
cy — bz az — cx bx — ay

and show that they are circles.
3. Solve the equations

dx dy dz
x2 + a2 xy — az xz  + ay

and show that the integral curves are conics.
4. The components of velocity of a moving point (x,y,z) are (2z -  4x, 2z — 2y, 

2x + 2y  — 3z); determine the path in the general case.
If the initial point is (5,1,1), show that as I ->■ oo the limiting point (1,2,2) is 

approached along a parabola in the plane x  + 2y + 2z =  9.
5. Find the orthogonal trajectories on the cylinder y 2 = 2z of the curves in which 

it is cut by the system of planes x + z = c, where c is a parameter.
6. Show that the orthogonal trajectories on the cone

yz + zx + xy = 0

of the conics in which it is cut by the system of planes x — y  = c are its curves 
of intersection with the one-parameter family of surfaces

(.r t  y 2z)2(x + y  + z) = k

7. Find the curves on the paraboloid

x 2 - y 2 = 2az

ortnogonal to the system of generators
, 2 ax -  y  = 2z, x  + y  = -j-
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8. Find curves on the cylinder x2 + 2y2 = 2a2 orthogonal to one system of 
circular sections.

9. Show that the curves on the surface x2 + y2 =  2z orthogonal to its curves of 
intersection with the paraboloids yz = cx lie on the cylinders

x2 +  2z2 + z log (kz) = 0

where k  is a parameter.
10. Verify that the following equations are integrable and determine their 

primitives:
(а) zy dx — zx dy — y2 dz = 0
(б) (y2 +  z2) dx + xy dy + xz dz = 0
(c) (y + z)d x  +  dy + dz = 0
(d) (2xyz + z2) dx + x2z dy + (xz + 1) dz =  0
(e) z f  dx + zx2 dy -  x 2y2 dz = 0
( / )  x ( f  -  z2) dx +  y(z2 -  x2) dy + z(jc2 -  f )  dz = 0
(g ) (y2 — z2) dx + (x2 — z2) dy + (x  + y)(x  + y  + 2z) dz = 0
(h) (y2 +  yz) dx + (xz + z2) dy + (y2 -  xy) dz = 0
(i) 2z(y + z)d x  — 2xz dy + {(y +  z)2 — x2 — 2xz} dz = 0
(j)  (x2 + xy + yz) dx — x(x + z) dy + x2 dz = 0
(k) yz( 1 + 4xz) dx — xz( 1 + 2xz) dy — xy dz = 0
(/) (2jtz + z2) dx + 2yz t/zj — (2x2 + 2y2 + xz — 2a2) dz — 0
(m) (y dx + x  dy)(a — z) + xy dz — 0
(n) 2x dx + (2x 2z 4- 2yz +  2-f +  1) dy +  dz =  0
(o) 2xz(y — z) dx — z(x2 + 2z) dy +  y(x2 + 2y) dz = 0

11. I f f t, and f 3 are homogeneous functions of the same degree in x .y , and z and 
if x fx + y /2 +  z /3 =  0, show that the equation f 1 dx + / 2 dy + f 3 dz = 0 is 
integrable.

12. Find the general solution of the equation

(1 2jc + 29y)z dx -  (U x  + 12y)z dy -  (2x2 + 3xy -  2y 2) dz = 0

and determine the integral surface which passes through the curve y  = 0,
z = x6.

13. If L, M ,  N  and P, Q, R  are proportional to the direction cosines of two direc­
tions tangential to the surface f(x ,y ,z )  = 0 at the point (x,y,z) and make equal 
angles with the z axis, show that

(P2 + Q2)(L fx + M fy)2 = (L2 + M 2)(Pfx + (2/„)2

and deduce that
L P(fx — fy)  + 2Q fxf v
M G</v "ZD + Wxfy

Hence find the equations of the system of curves on the paraboloid xy = z 
such that each curve, at its intersection with each generator of the system 
x  = 2, z =  Ay, makes with the z axis the same angle as that generator.

14. Find the integral curves of the equation
y  dx — x dy + dz = 0

on the surface y  = xz.



Chapter 2

PARTIAL DIFFERENTIAL EQUATIONS OF THE 
FIRST ORDER

I .  P a r t ia l  D i f fe r e n t ia l  E q u a t io n s

We now proceed to the study of partial differential equations proper. 
Such equations arise in geometry and physics when the number of 
independent variables in the problem under discussion is two or more. 
When such is the case, any dependent variable is likely to be a function 
of more than one variable, so that it possesses not ordinary derivatives 
with respect to a single variable but partial derivatives with respect to 
several variables. For instance, in the study of thermal effects in a 
solid body the temperature 0 may vary from point to point in the solid 
as well as from time to time, and, as a consequence, the derivatives 

90 90 90 90 “
dx dy 9z dt

will, in general, be nonzero. Furthermore in any particular problem it 
may happen that higher derivatives of the types 

920 920 930
dx2 ’ dx dt dx2 dt ’ CtC’

may be of physical significance.
When the laws of physics are applied to a problem of this kind, we 

sometimes obtain a relation between the derivatives of the kind
r  < BO 920

’ 9,v dx2
920 

dx dt
) = 0 ( 1)

Such an equation relating partial derivatives is called a partial differential 
equation. ~

Just as in the case of ordinary differential equations, we define the 
order of a partial differential equation to be the order of the derivative 
of highest order occurring in the equation. If, for example, we takej) 
to be the dependent variable and x, y, and t to be independent 
variables, then the equation

920 _  90 
dx2 dt ( 2 )

44



PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 45

is a second-order equation in two variables, the equation

(3 )

is a first-order equation in two variables, while 

, dfT~ d~0 dd n
i x r x + y ^  +  ^  =  0dt (4 )

is a first-order equation in three variables.
In this chapter we shall consider partial differential equations of the 

first order, i.e., equations of the type

(5 )

In the main we shall suppose that there are two independent variables x 
and y  and that the dependent variable is denoted by z. If we write

dz dz
p =  d~x’ q =  ~dy (6)

we see that such an equation can be written in the symbolic form

f(x,y,z,p,q)  =  0 (7 )

2. O r ig in s  o f  F ir s t- o rd e r  P a r t ia l D if fe re n t ia l E q u a t io n s

Before discussing the solution of equations of the type (7) of the last 
section, we shall examine the interesting question of how they arise. 
Suppose that we consider the equation

x2 +  y 2 +  (z — c)2 =  a2 (1)

in which the constants a and c are arbitrary. Then equation (1) 
represents the set of all spheres whose centers lie along the z axis. If 
we differentiate this equation with respect to x, we obtain the relation

x +  p(z — c) =  0

while if we differentiate it with respect to y, we find that 

y  +  q{z — c) =  0
Eliminating the arbitrary constant c from these two equations, we 
obtain the partial differential equation

yp — xq — 0 (2)

which is of the first order. In some sense, then, the set of all spheres 
with centers on the z axis is characterized by the partial differential 
equation (2).
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However, other geometrical entities can be described by the same 
equation. For example, the equation

x2 -f y 2 =  (z — c)2 tan2 a (3)

in which both of the constants c and a are arbitrary, represents the set of 
all right circular cones whose axes coincide with the line Oz. If we 
differentiate equation (3) first with respect to x and then with respect to 
y, we find that

p(z — c) tan2 a =  x, q(z — c) tan2 a =  y  (4)

and, upon eliminating c and a from these relations, we see that for these 
cones also the equation (2) is satisfied.

Now what the spheres and cones have in common is that they are 
surfaces of revolution which have the line Oz as axes of symmetry. 
All surfaces of revolution with this property are characterized by an 
equation of the form

z = f ( x 2 + y 2) (5)

where the function f  is arbitrary. Now if we write x2 +  y 2 =  u and 
differentiate equation (5) with respect to x andy, respectively, we obtain 
the relations

P =  2xf'(u), q =  2yf'(u)

where f'{u) =  df  fdu, from which we obtain equation (2) by eliminating 
the arbitrary function f(u).

Thus we see that the function z defined by each of the equations (1), 
(3), and (5) is, in some sense, a “solution” of the equation (2).

We shall now generalize this argument slightly. The relations (1) 
and (3) are both of the type

F(x,y,z,a,b) =  0 (6)

where a and b denote arbitrary constants. If we differentiate this 
equation with respect to x, we obtain the relation

dF
dx

dF „ 
+  P T z ~ ° ’

dF dF n 
Ty + q l z ~ ° (7)

The set of equations (6) and (7) constitute three equations involving two 
arbitrary constants a and b, and, in the general case, it will be possible 
to eliminate a and b from these equations to obtain a relation of the 
kind

f(x,y,z,p,q) =  0 (8)

showing that the system of surfaces (1) gives rise to a partial differential 
equation (8) of the first order.

The obvious generalization of the relation (5) is a relation between 
x, y, and z of the type

F ( u , v )  =  0 (9)
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where u and v are known functions of x, y ,  and z and F is an arbitrary ' 
function of u and v. If we differentiate equation (9) with respect to 
x and y, respectively, we obtain the equations

dF I du du \ dF I dv dv }
du (dx dzH  dv Id* dz^i

dF (du du 1 dF f dv dv 1
du I dy dz q) dv 1 dy dz q)

and if we now eliminate dFjdu and dFfdv from these equations, we 
obtain the equation

S(u,v) d(u,v) =  d(u,v) 
P d(y,z) +  q d(z,x) d{x,y)

( 10)

which is a partial differential equation of the type (8).
It should be observed, however, that the partial differential equation

(10) is a linear equation; i.e., the powers of p  and q are both unity, 
whereas equation (8) need not be linear. For example, the equation

(x -  a f  + ( y  -  by  + z 2 =  1

which represents the set of all spheres of unit radius with center in the 
plane xOy, leads to the first-order nonlinear differential equation

z2(l + / > * + ? * ) = !

PROBLEMS
1. Eliminate the constants a and b from the following equations:

(a) z =  (x + a)(y + b)
(b) 2z =  (ax + y)2 + b
(c) ax2 + by2 + z2 = 1

2. Eliminate the arbitrary function /from  the equations:
(a) z = x y  + f ( x 2 + y 2)
(b) z = x  + y  + f ( xy )

« - / ( ? )
(d) z = f ( x  -  y)
(e) f ( x 2 + y2 + z2, z2 -  2xy) = 0

3. Cauchy’s Problem for First-order Equations
Though a complete discussion of existence theorems would be out of 

place in a work of this kind, it is important that, even at this elementary 
stage, the student should realize just what is meant by an existence
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theorem. The business of an existence theorem is to establish con­
ditions under which we can assert whether or not a given partial 
differential equation has a solution at all; the further step of proving 
that the solution, when it exists, is unique requires a uniqueness theorem. 
The conditions to be satisfied in the case of a first-order partial differ­
ential equation are conveniently crystallized in the classic problem of  
Cauchy, which in the case of two independent variables may be stated as 
follows:

Cauchy's Problem. If
(a) x 0(p), y and z 0(p) are functions which, together with their 

first derivatives, are continuous in the interval M  defined by 
Mi <  fl <  M2 ;

(b) And if F(x,y,z,p,q) is a continuous function of x, y, z, p, and q 
in a certain region U of the xyzpq space, then it is required to establish 
the existence of a function <f>(x,y) with the following properties:

(1) <(>{x,y) and its partial derivatives with respect to x and y  are 
continuous functions of x and y in a region R of the xy space.

(2) For all values of x and y  lying in R, the point {x,y,<l>(x,y),(j>x(x,y), 
<f>„(x,y)} lies in U and

F[x,y,<Kx,y),4x(x,y),<t>v{x,y)] =  0

(3) For all p belonging to the interval M, the point {x0(p),y0(p) } 
belongs to the region R, and

<i>{x0(Mlyo(M)} =  z 0
Stated geometrically, what we wish to prove is that there exists a 

surface z =  ^(x,y) which passes through the curve T whose parametric 
equations are

*  =  *„(/<).  y =  y M , z =  z0(p) ( l )

and at every point of which the direction (p,q, — \ ) of the normal is such 
that

F(x,y,z,p,q) =  0 (2)

We have given only one form of the problem of Cauchy. The problem 
can in fact be formulated in seven other ways which are equivalent to 
the formulation above.1 The significant point is that the theorem can­
not be proved with this degree of generality. To prove the existence 
of a solution of equation (2) passing through a, curve with equations (1) 
it is necessary to make some further assumptions about the form of the 
function Fand the nature of the curve T. There are, therefore, a whole 
class of existence theorems depending on the nature of these special

1 For details the reader is referred to D. Bernstein, “ Existence Theorems in 
Partial Differential Equations,” Annals of Mathematics Studies, no. 23, (Princeton, 
Princeton, N .J., 1950), chap. II.
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assumptions. We shall not discuss these existence theorems here but 
shall content ourselves with quoting one of them to show the nature of 
such a theorem. For the proof of it the reader should consult pages 
32 to 36 of Bernstein’s monograph cited above. The classic theorem 
in this field is that due to Sonia Kowalewski:

Theorem 1. I f  g{y) and all its derivatives are continuous for 
|y — J 0| <  ^ f  x o ^ a given number and z0 =  g(y0), q0 =  g'(y0), and if  
f(x,y,z,q) and all its partial derivatives are continuous in a region S  
defined by

\x — * 0| <  <5, |y — J>0| <  <5, |q ~  q0\ <  4 5
then there exists a unique function <f>(x,y) such that:

(a) <̂ (x,y) and all its partial derivatives are continuous in a region R 
defined by \x — x 0| <  <3,, |y  — y 0\ <

(b) For all (x,_y) in R, z =  4>(x,y) is a solution of the equation
d z  /  d z

d y

(c) For all values of y  in the interval \y — j 0| <  <3i, <i>(x0,y) =  g(y)- 
Before passing on to the discussion of the solution of first-order 

partial differential equations, we shall say a word about different kinds 
of solutions. We saw in Sec. 2 that relations of the type

F(x,y,z,a,b) =  0 (3)
led to partial differential equations of the first order. Any such 
relation which contains two arbitrary constants a and b and is a solution 
of a partial differential equation of the first order is said to be a complete 
solution or a complete integral of that equation. On the other hand 
any relation of the type

F(u, v) =  0 (4)

involving an arbitrary function F  connecting two known functions u 
and v of x, y, and z and providing a solution of a first-order partial 
differential equation is called a general solution or a general integral of 
that equation.

It is obvious that in some sense a general integral provides a much 
broader set of solutions of the partial differential equation in question 
than does a complete integral. We shall see later, however, that this is 
purely illusory in the sense that it is possible to derive a general 
integral of the equation once a complete integral is known (see Sec. 12).

4. Linear Equations of the First Order
We have already encountered linear equations of the first order in 

Sec. 2. They are partial differential equations of the form
Pp +  Qq =  R (1 )
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where P, Q, and R are given functions of x, y, and z (which do not 
involve p  or q), p  denotes dz/dx, q denotes dzjdy, and we wish to find a 
relation between x, y, and z involving an arbitrary function. The first 
systematic theory of equations of this type was given by Lagrange. 
For that reason equation (1) is frequently referred to as Lagrange's 
equation. Its generalization to n independent variables is obviously 
fhe equation

X 1P1 +  A\ p t -4- ■ ■ ■ +  Xnp n =  Y (2)

where Xu X 2, . . . , Xn, and Y are functions of n independent variables 
x1; x 2, . . . , xn and a dependent variable/ ;  p , denotes df /dx, (/ =  1, 
2, n). It should be observed that in this connection the term
“linear” means that p and q (or, in the general case, p lt p 2, . . .  , p n) 
appear to the first degree only but P, Q, R may be any functions of x, y, 
and z. This is in contrast to the situation in the theory of ordinary 
differential equations, where z must also appear linearly. For example, 
the equation

dz dz
x - — h y  — =  zz +  xzdx dy

is linear, whereas the equation

dz
X d i

— z2 +  X 2

is not.
The method of.solving linear equations of the form (1) is contained in: 
Theorem 2. The general solution of the linear partial differential 

equation
Pp +  Qq =  R (1)

is
F(u, v) =  0 (3)

where F is an arbitrary function and u(x,y,z) =  cl and v(x,y,z) =  c2form 
a solution of the equations

dx dy dz
T - Q - - R  (4)

We shall prove this theorem in two stages: (a) We shall show that 
all integral surfaces of the equation (1) are generated by the integral 
curves of the equations (4); (b) and then we shall prove that all 
surfaces generated by integral curves of the equations (4) are integral 
surfaces of the equation (1).

(a) If we are given that z — f  ix,y) is an integral surface of the partial 
differential equation (1), then the normal to this surface has direction 
cosines proportional to (p,q, — \), and the differential equation (1) is no 
more than an analytical statement of the fact that this normal is perpen­
dicular to the direction defined by the direction ratios (P,Q,R). In
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other words, the direction (P,Q,R) is tangential to the integral surface
z = f i x<y)•

If, therefore, we start from an arbitrary point M  on the surface (cf. 
Fig. 14) and move in such a way that the direction of motion is always 
(P,Q,R), we trace out an integral curve of the equations (4), and since 
P, Q, and R are assumed to be unique, there will be only one such 
curve through M. Further, since (P,Q,R) is always tangential to the 
surface, we never leave the surface. In other words, this integral curve 
of the equations (4) lies completely on the surface.

We have therefore shown that through each point M  of the surface 
there is one and only one integral curve of the equations (4) and that this 
curve lies entirely on the surface. That 
is, the integral surface of the equation 
( 1) is generated by the integral curves of 
the equations (4).

(b) Second, if we are given that the 
surface z =  f(x ,y )  is generated by integral 
curves of the equations (4), then we 
notice that its normal at a general point 
(x,y,z) which is in the direction (9z/5x, 
dz/dy, —1) will be perpendicular to the 
direction (P,Q,R) of the curves generat­
ing the surface. Therefore 

rl 2  3z
P-.~ \ Qzz-----R — 0bx By Figure 14

which is just another way of saying that 
z =  f (x ,y )  is an integral surface of equation ( 1 ).

To complete the proof of the theorem we have still to prove that any 
surface generated by the integral curves of the equations (4) has an 
equation of the form (3). Let any curve on the surface which is not a
particular member of the system

u(x,y,z) =  cl5 v(x,y,z) =  c2 (5 )
have equations

<Kx,y,z) =  o, ip(x,y,z) =  0 (6 )
If the curve (5) is a generating curve of the surface, it will intersect the 
curve (6 ). The condition that it should do so will be obtained by
eliminating x, y, and z from the four equations (5) and (6 ). 
be a relation of the form

This will

F(Cj,c2) =  0 (7 )

between the constants Cj and c2. The surface is therefore generated by 
curves (5) which obey the condition (7) and will therefore have an 
equation of the form

F ( u , v )  =  0 (3)
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Conversely, any surface of the form (3) is generated by integral curves 
(5) of the equations (4), for it is that surface generated by those curves 
of the system (5) which satisfy the relation (7).

This completes the proof of the. theorem.
We have used a geometrical method of proof to establish this theorem 

because it seems to show most clearly the relation between the two 
equations (1) and (4). The theorem can, however, be proved by purely 
analytical methods as we shall now show:

Alternative Proof. If the equations (5) satisfy the equations (4), then 
the equations

ux dx +  uv dy +  uz dz =  0

and
dx dy dz
T = ~ Q = R

must be compatible; i.e., we must have

Pux +  Quv +  Rut =  0
Similarly we must have

Pvx +  Qvv +  Rvt =  0

Solving these equations for P, Q, and R , we have

P _ Q _  R
d(u,v)/d(y,z) d(u,v)ld(z,x) d(u,v)jd{x,y) 

Now we showed in Sec. 2 that the relation

(8)

F(u,v) =  0

leads to the partial differential equation

n d(u,v) d(u,v) _  d(u,v)
' d(y,z) ' " d(z,x) d(x,y)

Substituting from equations (8) into equation (9), we see that (3) is a 
solution of the equation (1) if u and v are given by equations (5).

We shall illustrate the method by considering a particular case:

E x am p le  1. Find the general solution of the differential equation

2 dz 2 3z t _L 1 ^
x  r x + y  Yy  =  { x + y )z

The integral surfaces of this equation are generated by the integral curves of the 
equations

dx dy dz
3 ?  =  7  =  (x  L y)z ■ (10)

The first equation of this set has obviously the integral

x - ‘ - y ~  1 =  c, (11)



and it follows immediately from the equations that

dx — dy dz
x2 -  y 2 (x + y)z

which has the integral
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( 12)

Combining the solutions (11) and (12), we see that the integral curves of the equations 
(10) are given by equation (12) and the equation

5? -  r—- -  fj (13)

and that the curves given by these equations generate the surface

F ^ - l ,  X- ^ I )  = 0  (14)

where the function F is arbitrary.
It should be observed that this surface can be expressed by equations such as

(in w hich /andg  denote arbitrary functions), which are apparently different from 
equation (14).

The theory we have developed for the case of two independent 
variables can, of course, be readily extended to the case of n independent 
variables, though in this case it is simpler to make use of an analytical 
method of proof than one which depends on the appreciation of 
geometrical ideas. The general theorem is :

Theorem 3. I f  m/ x^Xj, . . . ,x„,z) =  c, (i =  1, 2, . . . , n) are 
independent solutions of the equations

dx1 dx2 dxn _  dz
1 \ = ~K  =  ' ' ~~R

then the relation <I)(tr1,«2, . . . ,un) =  0, in which the function <1> is 
arbitrary, is a general solution of the linear partial differential equation

P i
dz dz
3-----1“ P 2 -----b
O X j  O X  2

dz
+  P n te l

=  R

To prove this theorem we first of all note that if the solutions of the 
equations

dx1 dx2 dxn dz
~  P* “ ' ’ '' Pn =  ~R

(15)

are
u t( x i ,x 2, . . . , x „ , z ) =  c ( i — 1, 2, . . . , n (16)
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then the n equations

^  dXj +  ^  dz =  0 / =  1, 2, . . . , n (17)

must be compatible with the equations (15). In other words, we must 
have

dU: SUi
2  P> a7. +  R ITz =  0 ( 18)

Solving the set of n equations (18) for P,, we find that
P. R

9(mi,m2, ............ ■ , " n ) d(uuu2, . . . ,U„)
d(xu . . . ,x, ,■z,xin , . . ■ ,x„) 9(x1,xa . . . X„)

i =  1 2,
where d(uuu2, ■ . ■ ,u„)ld(x1x 2, • ■ . ,.v„) denotes the Je

dul 9i/x
dx2 dxn

du2 du2 du2
dxr dx2 dx„

dun dun du„
dx1 dx2 *

,n  (19)

Consider now the relation
$(«!,«2, ■ • ■ ,w„) =  0 (20)

Differentiating it with respect to x„ we obtain the equation

■sr' i d<l> diij duj dz \ „
— \duj dxt ^  dz d x j  U

and there are n such equations, one for each value of /. Eliminating 
the n quantities d^jdu^ . . . , d<t>jdun from these equations, we obtain 
the relation

d(»n ■ ■ • .«n) y  d(ult . . . ■ • • ,u„) = Q
d(Xi, . . . ,x„) £  dxj d(x^ . . . z,xJ+1, . . . ,x„)

Substituting from equations (19) into the equation (21), we see that the 
function z defined by the relation (20) is a solution of the equation

dz
P l d71 + P *—  +

dz
dx<>

p  R
"  dx.

(22)

as we desired to show.
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E x a m p le  2. I f  u is a function o f x, y , and z which satisfies the partial differential 
equation

du du du
o  ~ z) m  +  (z - x) Ty  + {x -  T z = 0

show that u contains x, y, and z only in combinations x + y  + z and x2 + y 2 + z2. 
In this case the auxiliary equations are

dx dy dz du
y  — z z — x  x  — y  0

and they are equivalent tcy the three relations
du = 0

dx +  dy + dz = 0 

x  dx + y  dy + z dz = 0 

which show that the integrals are

u = clt x  +  y  +  z =  c2, x2 + y 2 +  z2 = q3 

Hence the general solution is of the form

u = / ( *  + y  + z ,x 2 + f  + z2) 

as we were required to show.
It should be observed that there is a simple method of verifying a result of this 

kind once the answer is known. We transform the independent variables from x, y, 
and z to f, n, and l„ where f  = x  + y  + z, rj = x 2 + y2 +  z2, and £ is any other 
combination of x, y, and z, say y  + z. Then we have

du du dx du dy du dz
3i dx 3£ dy d£ dz di

and it is readily shown that

dc ’
dy x  — z dz y  — x
di y  -  z d( y  -  z

so that
v du , du , v du✓ . 

(r - y ' d j  = (y - 2 )Tx + ( z - x ) Ty + { x ~ y ) Tz

(21)

If, therefore, the function u satisfies the given partial differential equation, we have 
duj 3£ = 0, showing that u = f(i,rj), which is precisely what we found before.

PROBLEMS
Find the general integrals of the linear partial differential equations: 

-  1 . z{xp -  yq) =  f  -  x2
2. px(z -  I f )  = (z -  qy)(z -  f  -  2X3)

, 3. px(x  +  y) = qy(x + y) -  (x -  y)(2x + 2y  + z)
■ 4 . f p  -  xyq  = x(z -  2y) -  
~ 5. (y + zx)p -  (x + yz)q = x2 -  f  

6. x U 2 +  3f ) p  -  y(3jr* 4- f ) q  =  2 z ( f  — x2)



56 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

5. Integral Surfaces Passing through a Given Curve
In the last section we considered a method of finding the general 

solution of a linear partial differential equation. We shall now 
indicate how such a general solution may be used to determine the 
integral surface which passes through a given curve. We shall suppose 
that we have found two solutions

u(x,y,z) =  cq, v(x,y,z) =  c2 (1)

of the auxiliary equations (4) of Sec. 4. Then, as we saw in that section, 
any solution of the corresponding linear equation is of the form

arising from a relation
F(u,v) -  0

T(cq,c2) =  0

(2)

(3)

between the constants cq and c2. The problem we have to consider is 
that of determining the function Tin special circumstances.

If we wish to find the integral surface which passes through the 
curve c whose parametric equations are

,y  =  ,y ( / ) ,  y  =  y(t), :  = r ( r )

where / is a parameter, then the particular solution (1) must be such that

u{x(t),y(t),z(t)} =  c i> v{x{t),y{l)Al)} =

We therefore have two equations from which we may eliminate the 
single variable t to obtain a relation of the type (3). The solution we are 
seeking is then given by equation (2).

Example 3. Find the integral surface o f the linear partial differential equation 

x(y2 T z)p — y(x2 z)q = (x2 — y2)z

which contains the straight line x  ■ y 0, z =  1.
The auxiliary equations

dx dv dz
x(y2 + z) -y(x2 -  z) (x2 — y2)z

have integrals
x y z  =  cq, x 2 -v y 2 — 2z  c2 

For the curve in question we have the freedom equations 

x  -  l, y  — — t, z r- 1

Substituting these values in the pair of equations (4), we have the pa 

- t 2 = r„ 2t2 -  2 =  c2 

and eliminating / from them, we find the relation

2<q • 2 0
showing that the desired integral surface is

x 2 + y2 F 2*>’z -  2z +  2 = 0

ir

(4)
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PROBLEMS
1. Find the equation of the integral surface of the differential equation

2y ( z  -  3)p +  ( 2 x  -  z )q  =  y ( 2 x  -  3) 
which passes through the circle z = 0, x 2 + y* =  2x .

2. Find the general integral of the partial differential equation
(2TV -  1 )p  +  (z -  2 x 2)q =  2 ( x  -  y z )

and also the particular integral which passes through the line x  — 1, y  — 0.

3. Find the integral surface of the equation
( x  -  y ) y 2p. + ( y  -  x ) x 2q =  ( x 2 + y 2)z  

through the curve x z  = a 3, y  — 0.

4. Find the general solution of the equation
2 x ( y  + z 2)p + y ( 2 y  + z 2)q = z3

and deduce that
y z ( z 2 +  y z  -  2y) =  x 2

is a solution.
5. Find the general integral of the equation

( x  -  y ) p  +  ( y  -  x  -  z )q  =  z

and the particular solution through the circle z =  \ , x 2 + f  = 1.

6. Find the general solution of the differential equation
x ( z  + 2a)p  + ( x z  + 2y z  + 2ay)q  -  z(z + a)

Find also the integral surfaces which pass through the curves:
(a) y  — 0, z 2 = Aax

(b) y  =  0, z3 +  x ( z  +  a)2 — 0

6. Surfaces Orthogonal to a Given System of Surfaces
An interesting application of the theory of linear partial differential 

equations of the first order is to the determination of the systems of 
surfaces orthogonal to a given system of surfaces. Suppose we are 
given a one-parameter family of surfaces characterized by the equation

f (x,y,z)  =  c ( l )

and that we wish to find a system of surfaces which cut each of these 
given surfaces at right angles (cf. Fig. 15).

The normal at the point (x,y,z) to the surface of the system (1) which 
passes through that point is the direction given by the direction ratios

(P,Q,R) =  (

If the surface with equation
^  =  < K x ,y ) (3)
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cuts each surface of the given system orthogonally, then its normal at 
the point (x,y,z) which is in the direction

( ! ■ ! - )
is perpendicular to the direction (P,Q,R) of the normal to the surface of

the set (1) at that point. We there­
fore have the linear partial differen­
tial equation

f=c i

f=c 2

- f = c 3

" I Q Y  =  Rdy (4 )

for the determination of the surfaces 
(3). Substituting from equations 
(2), we see that this equation is 
equivalent to

Sfdz_
dx dx dy dy dz

Conversely, any solution of the 
linear partial differential equation 
(4) is orthogonal to every surface 
of the system characterized by equa­
tion (1), for (4) simply states that the 
normal to any solution of (4) is per­
pendicular to the normal to that 
member of the system (1) which 
passes through the same point.

The linear equation (4) is therefore the general partial differential 
equation determining the surfaces orthogonal to members of the system 
(1); i.e., the surfaces orthogonal to the system (1) are the surfaces 
generated by the integral curves of the equations

dx dy  dz
dfjdx df/dy dfjdz

Example 4. Find the surface which intersects the 
z(x + y) = c(3z + 1)

orthogonally and which passes through the circle x2 +  /  =  l , z  = 1.

z(x + / )

l<\
k->;

surfaces o f the system

In this instance

3z + 1
so that the equations (5) take the form

dx dy dz
z(3z + 1) z(3z + 1 )  {x + y)
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which have solutions
x  -  y  = clt x 2 + f  -  2z3 -  z2 =  c2

Thus any surface which is orthogonal to the given surfaces has equation of the form

x 2 + y 2 -  2z3 -  z2 = f ( x  - y )

For the particular surface passing through the circle x2 +  y 2 -  1, z =  1 we must 
take f  to be the constant —2. The required surface is therefore

x 2 + y 2 =  2z3 +  z2 -  2

P R O B L E M S

1. Find the surface which is orthogonal to the one-parameter system

z =  cxy(x2 +  y2)

and which passes through the hyperbola x 2 — y 2 -  a2, z -  0.

2. Find the equation of the system of surfaces which cut orthogonally the cones 
'  of the system x 2 +  y2 t z2 =  cxy.

3. Find the general equation of surfaces orthogonal to the family given by

(a) x (x2 + f  i z2) =  ciy2

showing that one such orthogonal set consists of the family of spheres given by

(b) x2 +  y 2 +  z2 =  cyz

If a family exists, orthogonal to both (a) and (6), show that it must satisfy 

2x(x2 -  z2) dx + y(2x2 + y 2 -  z2) dy F 2z(2*2 +  / )  dz = 0 

Show that such a family in fact exists, and find its equation.

7 .  N o n l i n e a r  P a r t i a l  D i f f e r e n t i a l  E q u a t i o n s  o f  t h e  F i r s t  O r d e r

We turn now to the more difficult problem of finding the solutions 
of the partial differential equation

F{x,y,z,p,q) =  0 (1)
in which the function F is not necessarily linear in p  and q.

We saw in Sec. 2 that the partial differential equation of the two- 
parameter system

f(x,y,z,a,b)  =  0 (2)

was of this form. It will be shown a little later (Sec. 10) that the 
converse is also true; i.e., that any partial differential equation of the 
type (1) has solutions of the type (2). Any envelope of the system (2) 
touches at each of its points a member of the system.1 It possesses 
therefore the same set of values (x,y,z,p,q) as the particular surface, 
so that it must also be a solution of the differential equation. In this

1 The properties of one- and two-parameter systems of surfaces are outlined 
briefly in the Appendix.
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way we are led to three classes of integrals of a partial differential 
equation of the type (1):

(a) Two-parameter systems of surfaces

/  (x,y,z,a,b) =  0

Such an integral is called a complete integral.
(b) If we take any one-parameter subsystem

/  {x,y,z,a,<f>(a)} =  0

of the system (2), and form its envelope, we obtain a solution of equation 
(1). When the function <f>(a) which defines this subsystem is arbitrary, 
the solution obtained is called the general integral of (1) corresponding 
to the complete integral (2). When a definite function is used, we 
obtain a particular case of the general integral.

(c) If the envelope of the two-parameter system (2) exists, it is also a 
solution of the equation (1); it is called the singular integral of the 
equation.

We can illustrate these three kinds of solution with reference to the 
partial differential equation

z2(l +  p 2 +  q2) =  1 (3)

We showed in Sec. 2 that

(x -  a)2 +  { y - b ) 2 + z 2 = \  (4)

was a solution of this equation with arbitrary a and b. Since it contains 
two arbitrary constants, the solution (4) is thus a complete integral of 
the equation (3).

Putting b =  a in equation (4), we obtain the one-parameter subsystem 

(x — a)2 +  (y  — a)2 +  z2 =  1

whose envelope is obtained by eliminating a between this equation and

x +  y  — 2a =  0
so that it has equation

( x - y ) 2 +  2z2 =  2 (5)

Differentiating both sides of this equation with respect to x and y, 
respectively, we obtain the relations

2 zp =  y  — x, 2 zq =  x — y

from which it follows immediately that (5) is an integral surface of the 
equation (3). It is a solution of type (b); i.e., it is a general integral 
of the equation (3).

The envelope of the two-parameter system (3) is obtained by elimi­
nating a and b from equation (4) and the two equations

x — a =  0 y  — b =  0



i.e., the envelope consists of the pair of planes z =  ±  1. It is readily 
verified that these planes are integral surfaces of the equation (3);' since 
they are of type (c) they constitute the singular integral of the equation.

It should be noted that, theoretically, it is always possible to obtain 
different complete integrals which are not equivalent to each other, i.e., 
which cannot be obtained from one another merely by a change in the 
choice of arbitrary constants. When, however, one complete integral 

( has been obtained, every other solution, including every other complete 
_ integral, appears among the solutions of type (b) and (c) corresponding 

to the complete integral we have found.
To illustrate both these points we note that

(y  — mx — c)2 =  (1 +  m2){ 1 — z2) (6)
is a complete integral of equation (3), since it contains two arbitrary 
constants m and c, and it cannot be derived from the complete integral
(4) by a simple change in the values of a and b. It can be readily shown, 
however, that the solution (6) is the envelope of the one-parameter 
subsystem of (4) obtained by taking b — ma +  c.

P R O B L E M S

1. Verify that z  = a x  + b y  + a + b — ab  is a complete integral o f the partial 
differential equation

z = p x  + q y  ^  p  +  q -  p q

where a  and b  are arbitrary constants. Show that the envelope of all planes 
corresponding to complete integrals provides a singular solution of the 
differential equation, and determine a general solution by finding the envelope 
of those planes that pass through the origin.

2. Verify that the equations
(a) z  =  V 2 x  + a +  \ / 2 y  +  b

(b) z 2 +  ft -  2(1 +  A- 1 ) 0  F Ay)

are both complete integrals of the partial differential equation
1 1 Z = -  -j---
P ?

Show, further, that the complete integral (b) is the envelope of the one- 
param eter subsystem obtained by taking
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in the solution (a).

8 .  C a u c h y ’ s  M e t h o d  o f  C h a r a c t e r i s t i c s

We shall now consider methods of solving the nonlinear partial 
differential equation

'1 x. y .
dx ( 1)
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In this section we shall consider a method, due to Cauchy, which is 
based largely on geometrical ideas.

The plane passing through the point P(x0,y0,z0) with its normal 
parallel to the direction n defined by the direction ratios (p0,qo,— 1) is 
uniquely specified by the set of numbers D(x0,yQ,zQ,p0,q0). Conversely 
any such set of five real numbers defines a plane in three-dimensional 
space. For this reason a set of five numbers D(x,y,z,p,q) is called a 
plane element of the space. In particular a plane element (x0,j;0,z0,/>0,^0) 
whose components satisfy an equation

F(x,y,z,p,q) =  0 (2)
is called an integral element of the equation (2) at the point (x 0,y0,z0).

It is theoretically possible to solve 
an equation of the type (2) to 
obtain an expression

q =  G(x,y,z,p) (3) 
from w'hich to calculate q when x, 
y, z, and p  are known. Keeping 
x0, y 0, and z0 fixed and varying 
p, we obtain a set of plane 
elements {x0,y0,z0,p,G(x0,y0,z0,p)}, 
which depend on the single para­
meter p. As p  varies, we obtain 
a set of plane elements all of which 

pass through the point P  and which therefore envelop a cone with 
vertex P\ the cone so generated is called the elementary cone of 
equation (2) at the point P (cf. Fig. 16).

Consider now a surface S  whose equation is
2 =  g(x,y) (4)

If the function g(x,y) and its first partial derivatives g x(x,y), g„(x,y) are 
continuous in a certain region R of the xy plane, then the tangent plane 
at each point of S  determines a plane element of the type

{Wo>&( W o),£x(W o)>g»(-W o)} (5)
which we shall call the tangent element of the surface S  at the point 
{W o,g(W o)}-

It is obvious on geometrical grounds that:
Theorem 4. A necessary and sufficient condition that a surface be an 

integral surface of a partial differential equation is that at each point its 
tangent element should touch the elementary cone of the equation.

A curve C with parametric equations
x =  x(/), y  =  y(f), z =  z(t) (6)

lies on the surface (4) if
z(t) =  g{x(0,y(t)}
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for all values of t in the appropriate interval /. If P0 is a point on this 
curve determined by the parameters t0, then the direction ratios of the 
tangent line P^  (cf. Fig. 17) are {x'(ta),y'(t^,z'(ta)}, where x'(t0) 
denotes the value of dxjdt when t =  t0, etc. This direction will be 
perpendicular to the direction (p0,^0> —1) if

z'Oo) =  P0*0 0o) +  qoyoUo)
For this reason we say that any set

{x(t),y(t),z(t),p(t),q(t)) (7)

of five real functions satisfying the condition

z'O) =  P(t)x'(t) +  q(t)y'(t) (8)

defines a strip at the point (x,y,z) of the curve C. If such a strip is 
also an integral element of equa­
tion (2), we say that it is an integral 
strip of equation (2); i.e., the set 
of functions (7) is an integral strip 
of equation (2) provided they 
satisfy condition (8) and the further 
condition

F{x(t),y(t),z(t),p(t),q(t)} ^  0 (9) 
for all t in I.

If at each point the curve (6) 
touches a generator of the elemen­
tary cone, we say that the corresponding strip is a characteristic strip. 
We shall now derive the equations determining a characteristic strip. 
The point (x +  dx, y  +  dy, z +  dz) lies in the tangent plane to the 
elementary cone at P  if

dz =  p  dx +  q dy (10)

F ig u r e  17

where p, q satisfy the relation (2). Differentiating (10) with respect to 
p, we obtain

where, from (2),

Solving the equations (10), 
we obtain

dx

T,

0 =  dx +  ^  dy 
dp (ID

dF , dFdq 
dp dq dp

(12)

(11), and (12) for the ratios of dy, dz to dx,

dy dz
(13)

F„ pFv +  qF„

so that along a characteristic strip x'(t), y'(t), z'(t) must be proportional
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to Fv, Fq, pFp +  qFQ, respectively. If we choose the parameter t in 
such a way that

x'(t) =  F„ y'(t) =  F„ (14)
then

z'(i) =  pF„ +  qF„ (15)

Along a characteristic strip p  is a function of / so that

P \ t )  =
dp

yV)

dp dF dp dF
3.v dp dy dq

dp dF dq dF
dx dp dx dq

since dpjdy _  dq/dx. Differentiating equation (2) with respect to x, 
we find that

dF dF dFdp , dFdq
dx ^  dz ^ dp dx dq dx

so that on a characteristic strip

p'(t) =  - { F x +  pF.) (16)

and it can be shown similarly that

q f )  =  - ( F ,  +  qFz) (17)

Collecting equations (14) to (17) together, we see that we have the 
following system of five ordinary differential equations for the deter­
mination of the characteristic strip

x'(t) =  F„, y'(t) =  F„, z'(t) =  pFp +  qF„
p'(t) =  - F x - p F „  q \ t )  =  - F y — qFz K )

These equations are known as the characteristic equations of the differ­
ential equation (2). These equations are of the same type as those 
considered in Sec. 2 of Chap. 1, so that it follows, from a simple 
extension of Theorem 1 of that section, that, if the functions which 
appear in equations (18) satisfy a Lipschitz condition, there is a unique 
solution of the equations for each prescribed set of initial values of the 
variables. Therefore the characteristic strip is determined uniquely by 
any initial element (x0,j'0,z0,/)0,9 0) and any initial value t0 of t.

The main theorem about characteristic strips is:
Theorem 5. Along every characteristic strip o f  the equation 

F(x,y,z,p,q) =  0 the function F(x,y,z,p,q) is a constant.
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The proof is a matter simply of calculation. Along a characteristic 
strip we have

=  F^x' +  Fvy' +  F,z +  Fvp' +  Fqq'

=  FiFv +  FyFQ +  FfpFv +  qFQ) — FV{FX +  pFz) — Fq(Fy +  qFt) 

=  0

so that F(x,y,z,p,q) — k, a constant along the strip.
As a corollary we have immediately:
Theorem 6. If a characteristic strip contains at least one integral 

element of F(x,y,z,p,q) =  0 it is an integral strip of the equation 
F(x,y,z,zx,zy) =  6.

We are now in a position to solve Cauchy’s problem. Suppose we 
wish to find the solution of the partial differential equation (1) which 
passes through a curve T whose freedom equations are

X =  0(y), y  =  <K v), Z =  x(v) (19)
then in the solution

x =  x(pa,qa,xa,y 0,z0,t0,t), etc. (20)

of the characteristic equations (18) we may take

*o =  0(i’), To =  z0 =  x(o)

as the initial values of x, y, z. The corresponding initial values of 
/>„, q0 are determined by the relations

X'(v) =  p o0'(v) +  q0<f>'(v)

If we substitute these values of x 0, y 0, z0, p 0, q0 and the appropriate 
value of t0 in equation (20), we find that x, y, z can be expressed in 
terms of the two parameters t, v, to give

x =  Xfv,t), y  =  Yfv,t), z =  Z x{v,t) (21)

Eliminating v, t from these three equations, we get a relation

w(x,y,z) =  0

which is the equation of the integral surface of equation (1) through 
the curve T. We shall illustrate this procedure by an example.

Example 5. Find the solution o f the equation
z = Up2 + q2) + (p -  x)(q -  y) 

which passes through the x-axis.



66 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

It is readily shown that the initial values are

*o = ». yo = 0, z0 = 0 , p a = 0, q0 = 2v, 

The characteristic equations of this partial differential equation are
dx dy
J t = p + q - y ,  7t =P + q ~ :
dp da
j i - p  + q - h  ^ = P + q - x

from which it follows immediately that 

x  = v + p,

Also it is readily shown that

- ( p  + q  - x )  = p  + q x.

p  + q — x  = ve’,
giv ing

Hence we have
x = v(2e* -  1), y  = v(e‘ — 1),

dz
j t =p(p + q -  y) +q(p  +  q -  x)

y  = q - 2 v

Jt (p + q -  y) = p  + q -  y

p + q ~ y “ 2ve‘

p  =  2v(e‘ ■- \) ,q  = p(e( +  1) (22)

Substituting in the third of the characteristic equations, we have

with solution

£  = -  3uV
di

= 1) -  3 1 ^  -  1) (23)

Now from the first pair of equations (22) we have

, y -  x
2y  -  x

so that substituting in (23), we obtain the solution

z = \y(4x  -  3y)

v = x — 2y

t0 — 0

PROBLEMS
1. Find the characteristics of the equation pq =  z, and determine the integral 

surface which passes through the parabola x  -  0, y 2 = z.
2. Write down, and integrate completely, the equations for the characteristics of

(1 + q*)z = p x

expressing x, y, z, and p in terms of 4>, where q = tan </>, and determine the 
integral surface which passes through the parabola x 2 — 2z, y  — 0,

3. Determine the characteristics of the equation z =  p 2 — q2, and find the 
integral surface which passes through the parabola 4z + x2 = 0, y  = 0.

4 . Integrate the equations for the characteristics of the equation

p2 + q2 = 4 z

expressing x, y, z, and p in terms of q, and then find the solutions of this 
equation which reduce to z = x2 + 1 when y  = 0.
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9. Compatible Systems of First-order Equations
We shall next consider the condition to be satisfied in order that every 

solution of the first-order partial differential equation

f(x,y,z,p,q) =  0 (1)

is also a solution of the equation

g{x,y,z,p,q) =  0 (2)
When such a situation arises, the equations are said to be compatible. 

If
, =  d(/>g)
' %p,q)

(3)

we can solve equations (1) and (2) to obtain the explicit expressions

p  =  <f>(x,y,z), q =  v(x,y,z) (4)

for p  and q. The condition that the pair of equations (1) and (2) should 
be compatible reduces then to the condition that the system of equations
(4) should be completely integrable, i.e., that the equation

<f> dx +  f  dy — dz =  0

should be integrable. From Theorem 5 of Chap. 1 we see that the 
condition that this equation is integrable is

<K—y>z) + — (y>z — 4>v) =  0

which is equivalent to
f x  +  4 > f z  =  4>v +  f 4 > z  (5)

Substituting from equations (4) into equation (1) and differentiating 
with regard to x and z, respectively, we obtain the equations

fx  “b fpfPx +  fztVx 
fz  + fvfyz + f„Vz =  0

from which it is readily deduced that

fx  + <!>fz +fM>x +  44 z) +f (Vx  + 4>y>z) =  0

Similarly we may deduce from equation (2) that

g x  +  4 > g z  +  g f 4 x  +  4 4 > z ) +  g f v x  +  4> V z) =  o 

Solving these equations, we find that

t J  1 \ d(f>g) , j d(f>g)\

where J  is defined as equation (3).

(6)
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If we had differentiated the given pair of equations with respect to 
y  and z, we should have obtained

4>* +  W1* = 1 j d ( f g )
J  \ d ( y , q ) d(z,q)l (7)

so that, substituting from equations (6) and (7) into equation (5) and 
replacing <j>, y  by p , q, respectively, we see that the condition that the 
two conditions should be compatible is that

where

Ifg] =  o

d( /.£) ?( /,,g)
d ( x , p )  ' P  d ( z , p )  +  d ( y , q )

Example 6. Show that the equations

f.p)
q  d( z , q )

xp = yq, z(xp - yq) = 2xy

( 8)

(9 )

are compatible and solve them.
In this example we may take /  — xp — ycj,g = z(xp yq)

w
t(x,p) 2 xy. I

d(z,p)
- x - ’p,

s(y,q)
=  - 2  xy,

from which it follows that
l.f,g] = xp(yq - xp) = 0

2xy so that

d(~,q) xyp

since xp — yp. The equations are therefore compatible.
It is readily shown that p = yjz, q — xfz, so that we have to solve

which has solution 

where Cj is a constant.

z dz = y dx - x dy 

z2 — c, - 2xi'

P R O B L E M S

1. Show that the equations

xp yq — x, x2p t  q = xz 

are compatible and find their solution.
2. Show that the equation z = px ~ qy is compatible with any equation 

f(x,y,z,p,q) = 0 that is homogeneous in x, y, and z.
Solve completely the simultaneous equations

z = px + qy, 2 xy(p2 + q2) = z(yp + xq)

3. Show that the equations f(x,y,p ,q) = 0, g(x,v,p,q) — 0 are compatible if

W  + W  = 0
S(x,p) d(y,q)

Verify that the equations p = P(x,y), q — Q(x,y) are compatible if

BP BQ 
By Bx

/
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4. If iq =  Bui Sx, h2 =  Bui By, u3 = Bu/Bz, show that the equations 

/Ox,y,z,w1,i/2(«3,) = 0, g{x,y,z,u3,u2,u3) = 0

are compatible if
, M s l + W  = 0

3(-V ,«l) B(y,u2) B ( z , u 3)

tO. Charpit’s Method
A method of solving the partial differential equation

f(x,y,z,p,q) =  0 (1)
due to Charpit, is based on the considerations of the last section. The 
fundamental idea in Charpit’s method is the introduction of a second 
partial differential equation of the,first order

g{x,y,z,p,q,a) =  0 (2)
which contains an arbitrary constant a and which is such that:

(a) Equations (1) and (2) can be solved to give
p  =  p(x,y,z,a), q =  q(x,y,z,a)

(,b) The equation
dz =  p(x,y,z,a) dx +  q(x,y,z,a) dy (3)

is integrable.
When such a function g has been found, the solution of equation (3) 

F(x,y,z,a,b) =  0 (4)
containing two arbitrary constants a, b will be a solution of equation (1). 
From the considerations of Sec. 7 it will be seen that equation (4) is a 
complete integral of equation (1).

The main problem then is the determination of the second equation
(2), but this has already been solved in the last section, since we need 
only seek an equation g  0 compatible with the given equation/ =  0. 
The conditions for this are symbolized in equations (3) and (8) of the 
last section. Expanding the latter equation, we see that it is equivalent 
to the linear partial differential equation '

| | f = °  (5)
for the determination of g. Our problem then is to find a solution of 
this equation, as simple as possible, involving an arbitrary constant a, 
and this we do by finding an integral of the subsidiary equations

dx _  cQ _  dz _  dp _  dq
fp ~  / .  ~  pfv +  <7/» ~  - ( / *  +  pf.) ~  - i f v  +  qfz)
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in accordance with Theorem 3. These equations, which are known as 
Charpit’s equations, are equivalent to the characteristic equations (18) 
of Sec. 8.

Once an integral g(x,y,z,p,q,a) of this kind has been found, the problem 
reduces to solving for p, q, and then integrating equation (3) by the 
methods of Sec. 6 of Chap. 1. It should be noted that not all of 
Charpit’s equations (6) need be used, but that p  or q must occur in the 
solution obtained.

Example 7. Find a complete integral o f the equation
p2x  + q2y  = z

The auxiliary equations are
dx dy dz dp dq
2px  2qy 2(p2x + q2y) p  -  p? q -  q2

from which it follows that
p 2 dx + 2 px dp _ q 2 dy + 2 qy dq

and hence that
p 2x

p 2x = aq2v
where a is a constant. Solving equations (7) and (8) for p, q, we have

P = |(1 +  a)x)
so that equation (3) becomes in this case

H = (1 + a)yl

with solution
{(1 + a)z}l = (ax)* +  y* +  b 

which is therefore a complete integral of (7).

(7)

( 8)

PROBLEMS
Find the complete integrals of the equations:

■■ 1. (p2 +  c?)y = qz 
2. p  = (z + qy?  • 

x 3. z* =  pqxy
4 . xp +  3yq = 2(z -  x2q2) ‘
5. px* — Atfx2 +  6x2z — 2 = 0
6. 2(y ■+ zq) = q(xp + yq) ,
7. 2(z +  xp  + yq) = yp2 ,

11. Special Types of First-order Equations
In this section we shall consider some special types of first-order 

partial differential equations who e solutions may be obtained easily 
by Charpit’s method.
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(a) Equations Involving Only p  and q. For equations of the type

f(p ,q )  =  0 (1)

Charpit’s equations reduce to

dx _ d y  dz _  dp dq
pfv + q f ~  o  “  o

An obvious solution of these equations is

p  =  a (2)

the corresponding value of q being obtained from (1) in the form

f  ifl,q) =  0 (3)
so that q =  Q(a)

a constant. The solution of the equation is then

z =  ax +  Q(a)y +  b (4)

where b is a constant.
We have chosen the equation dp =  0 to provide our second equation. 

In some problems the amount of computation involved is considerably 
reduced if we take instead dq — 0, leading to q =  a.

Example 8. Find a complete integral o f the equation pq — 1.
In this case Q(a) = I/a, so that we see, from equation (4), that a complete 

integral is

z = ax +  i  + b a
which is equivalent to

a2x  +  y  — az =  c 

where a, c are arbitrary constants.

(b) Equations Not Involving the. Independent Variables. If the partial 
differential equation is of the type

f iz ,p ,q)  =  0 (5)

Charpit’s equations take the forms

dx dy dz dp dq
fv  ~  f ,  ~  pfv + q f  ~  -p fz  ~  -q fz 

the last of which leads to the relation

p =  aq (6)

Solving (5) and (6), we obtain expressions forp, q from which a complete 
integral follows immediately.
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Example 9. Find a complete integral o f the equation p 2z2 + q2 = 1.
Putting/) = aq.'we find that

q2( I ) a2z2) -  I, q -  (I f  a2z2)~-, p = a( 1 + a2z2)~i 

Hence (1 + a2z2)J dz — a dx — dy

which leads to the complete integral

oz(l f  a2z)l — log [az f  (I -f a2z2)*] = 2a(ax + y  i- b)

(c) Separable Equations. We say that a first-order partial differential 
is separable if it can be written in the form

f (x ,p)  =  g(y,q) (7)

For such an equation Charpit’s equations become

dx dy dz dp dq

f , ~  g, Pfv qga -fx -gv
so that we have an ordinary differential equation

0dx f„

in a' and p which may be solved to give p  as a function of a and an 
arbitrary constant a. Writing this equation in the form f t dp +  f x dx 
— 0, we see that its solution is f (x ,p)  =  a. Hence we determine p, q 
from the relations

f (x ,p)  =  a, g(y,q) =  a (8)

and then proceed as in the general theory.
Example 10. Find a complete integral of the equation p2y( I x2) = qx2.
We first observe that we can write the equation in the form

p H  1 t a 2) q
x2 v

, aX r,so that p — — i q = a~v
V 1 + a-2 *

and hence a complete integral is

z = as  | ■ a2 + Ja2y 2 -  b 

where a and b are constants.

(d) Clairaut Equations. A first-order partial differential equation is 
said to be of Clairaut type if it can be written in the form

z -  px +  qy +  f  (p,q) (9)

The corresponding Charpit equations are

dx dy dz dp dq
x + L  y  + /«  p x +  qy + pf* + ?/«-  o  “  o
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so that we may take p  =  a, q =  b. If we substitute these values in (9), 
we get the complete integral

z =  ax +  by +  f(a ,b)  (10)

as is readily verified by direct differentiation.
Example 11. Find a complete integral o f the equation 

ip q)(z -  xp -  yq) = 1 

Writing this equation in the form
1^ x p y y q  —  

we see that a complete integral is

z — ax -f by H-----—Ta f  b

PROBLEMS
Find complete integrals of the equations:

» 1. p + q pq
_ 2. z = p 2 — ql

' -PH = P  * ?
'  4. p lqixi + y 2) = p 2 + q 
, 5. p2q2 -! x~y2 x 2q2(x2 + y2)

J 6. pqz =  p \x q  -i p 2) + q2(yp H q2)

12. Solutions Satisfying Given Conditions
In this section we shall consider the determination of surfaces which 

satisfy the partial differential equation

F(x,y,z,p,q) =  0 (1)

and which satisfy some other condition such as passing through a given 
curve or circumscribing a given surface. We shall also consider how to 
derive one complete integral from another.

First of all, we shall discuss how to determine the solution of (1) 
which passes through a given curve C which has parametric equations

x =  x(t), y  =  y(t), z  =  z{t) (2)

/"being a parameter. If there is an integral surface of the equation (1) 
through the curve C, then it is:

(a) A  particular case of the complete integral

/  (x,y,z,a,b) =  0 (3)

obtained by giving a or b particular values; or



(b) A particular case of the general integral corresponding to (3),
i.e., the envelope of a one-parameter subsystem of (3); or

(c) The envelope of the two-parameter system (3).
It seems unlikely that the solution would fall into either (a) or (c) so 
we consider the case (b), which is the one which occurs most frequently. 
We suppose, therefore, that a surface, E say, of type (b) exists and 
passes through the curve C. At every one of its points this envelope E 
is touched by some member of the subsystem. In particular at each 
point P of the curve C we may suppose it to be touched by a member, 
Sv say, of the subsystem, and since Sv touches E at P, it also touches C 
at the same point. In other words, E is the envelope of a one-parameter 
subsystem of (3) each of whose members touches the curve C, provided 
that such a subsystem exists. To determine E, then, we must consider 
the subsystem made up of those members of the family (3) which touch 
the curve C. The points of intersection of the surface (3) and the curve 
C are determined in terms of the parameter t by the equation

f  {x(t),y(t),z(t),a,b} =  0 (4)

and the condition that the curve C should touch the surface (3) is that 
the equation (4) must have two equal roots or, what is the same thing, 
that equation (4) and the equation

j tf  {x(t),y(t),z(t),a,b} =  0 (5)

should have a common root. The condition for this to be so is the * 
eliminant of t from (4) and (5),

f(a,b) =  0 (6)

which is a relation between a and b alone. The equation (6) may be 
factorized into a set of alternative equations

b =  4>x(a \  b =  4>2{a), . . .  (7)

each of which defines a subsystem of one parameter. The envelope of 
each of these one-parameter subsystems is a solution of the problem.

Example 12. Find a complete integral o f the partial differential equation 

{p2 + q2)x = pz

and deduce the solution which passes through the curve x  = 0, z2 — 4y.
It may readily be shown that

z2 -  a2x2 + (ay + b f  (8)

is a complete integral, and it is left to the reader to do so.
The parametric equations of the given curve are

x = 0, y = i2,
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z = 2t (9)
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The intersections of (8) and (9) are therefore determined by

4t2 =  (at2 +  b f

i.e., by a2/4 + (lab — 4)t2 +  ft2 = 0

and this equation has equal roots if

(ab — 2)2 =  a2b2

i.e., if ab =  1

The appropriate one-parameter subsystem is therefore

z2 = a2x2 +   ̂ ay + ^ )

i.e., o4̂ 2 + y2) + a \2 y  — z2) + 1 = 0

and this has for its envelope the surface

( ly  -  z2)2 =  4(x2 + y 2) (10)

The function z defined by equation (10) is the solution of the problem.

The problem of deriving one complete integral from another may be 
treated in a very similar way. Suppose we know that

f{x,y,z,a,b) =  0 (11)

is a complete integral and wish to show that another relation

g(x,y,z,h,k) =  0 (12)

involving two arbitrary constants h, k is also a complete integral. We 
choose on the surface (12) a curve T in whose equations the constants 
h, k appear as independent parameters and then find the envelope of the 
one-parameter subsystem of (11) touching the curve T. Since this 
solution contains two arbitrary constants, it is a complete integral.

Example 13. Show that the equation

xpq + yq2 = 1
has complete integrals

(a)
0b)

and deduce (b) from  (a).
The two complete integrals may be derived from the characteristic equations.

(z + b f  = 4 (ax + y) 

kx(z + h) = k2y  + x 2

Consider the curve
y  =  0, x = k(z + h)

on the surface (b). At the intersections of (a) and (13) we have 

(z + b f  -  4ak(z + b) + 4ak(b -  h) =  0 

and this has equal roots if , i  1

( 1 3 )

is

r
> 0
V

a2k 2 = ak(b — h) b 1 *
K

kT

i.e., if ak = 0 or b = h + ak.

‘V
'w

,
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The subsystem given by a = 0 cannot be the desired one since its envelope does 
not depend on h and k. The second subsystem has equation

(z + h + a k f  = 4 (ax + y)
i.e., k2a2 + 2a{k(z + h) — 2x} 4- (z + h)2 — 4y =  0
and this has envelope

{k(z + h) -  2x}2 = {(z +  h)2 -  4yjk2
which reduces to

kx(z !- h) -  k2y + x2

Next, we shall outline the procedure for determining an integral 
surface which circumscribes a given surface. Two surfaces are said to 

circumscribe each other if they touch along 
a curve, e.g., a conicoid and its enveloping 
cylinder. It should be noted that the curve 
of contact need not be a plane curve. We 
shall suppose that (3) is a complete integral 
of the partial differential equation (1) and 
that we wish to find, by using (3), an inte­
gral surface of (1) which circumscribes the 
surface £  whose equation is

v(x,y,z) =  0 (14)

If we have a surface E

u{x,y,z) =  0 (15)

of the required kind, then it will be one of 
three kinds (a), (b), (c) listed above. We 
shall consider the possibility (b), since it is 
the one which occurs most frequently.

Suppose that the surface E touches the given surface £  along a 
curve T (cf. Fig. 18). Since E  is the envelope of a one-parameter 
subsystem S' of the two-parameter system (3), it is touched at each of its 
points, and, in particular, at each point P  of F, by a member Sv of 
the subsystem S. Now, since S„ touches E  at P, it also touches £  at P. 
Hence equation (15) is the equation of the envelope of a set of surfaces
(3) which touch the surface (14). We now proceed to find the surfaces 
(3) which touch £  and see if they provide a solution of the problem.

The surface (3) touches the surface (15) if, and only if, the equations 
(3), (14), and

/*  = f jL = I±
V* % Vz

(16)

are consistent. The condition for this is the eliminant of x, y, and z 
from these four equations, i.e., a relation of the form

% {a,b)  =  0 (17)
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between a and b. This equation factorizes into a set of relations 

b =  U a ) ,  b =  U a ) , . . .  (18)

each of which defines a subsystem of (3) whose members touch (14). 
The points of contact lie on the surface whose equation is obtained by 
eliminating a and b from the equations (16) and (18). The curve T is 
the intersection of this surface with X. Each of the relations (18) 
defines a subsystem whose envelope E touches X along E.

Example 14. Show that the only integral surface o f the equation 
2q(z - px -  qy) 1. -! q2

which is circumscribed about the paraboloid 2x y 2 1 z2 is the enveloping cylinder 
which touches it along its section by the plane y  H I 0.

The equation is of Clairaut type with complete integral

z =  ax + by + ( ,9)

Equation (14) has the form
2x y 2 + z2 (20)

so that equations (16) become, in this case

which give the relations

a b — 1 
2 = ^2y  = ~ z

_ b _
( 21)

Eliminating ,v between equations (19) and (21), we have

aby2 + 2b2y  -I abz2 — 2bz +  b2 4- l = 0  

and eliminating y  and z from this equation and the equations (21), we find that

(b -  a)(b2 + 1) =  0

so that the relation b = a defines a subsystem whose envelope is a surface of the 
required kind. The envelope of the subsystem

is obviously
{2(x ; y) + 1 }d‘2 — 2az + 1 = 0  

z2 = 2(x +  y) -I 1 ( 22)

The surface (20) touches the surface (22) where

proving the stated result.
(y i- l)2 = 0

PROBLEMS
1. Find a complete integral of the equation p 2x  ■■ qy = z, and hence derive the 

equation of an integral surface of which the 1-ne y — 1, x +  z =  0 is a 
generator.

2. Show that the integral surface of the equation

z(l -  q2) = 2(px + qy)



which passes through the line x  = 1, y  = hz + k has equation 

(y -  kx)2 = z2{(l + h2)x -  1}

3. Show that the differential equation

2 xz + q2 = x(xp + yq)
has a complete integral

z + a2x = axy + bx2
and deduce that

x(y  + bx)2 = 4(z -  kx2) 

is also a complete integral.
4. Find the complete integral of the differential equation

xp{ 1 + q) = (y + z)q

corresponding to that integral of Charpit’s equations which involves only 
q and x, and deduce that

(z + hx + k)2 = 4hx(k -  y)

is also a complete integral.
5. Find the integral surface of the differential equation

(y + zq)2 = z2(l + p2 + q2) 

circumscribed about the surface x2 — z2 ^  2y.
6. Show that the integral surface of the equation 2 (̂1 + p2) = pq which is 

circumscribed about the cone x2 + z2 = y 2 has equation
z2 = y 2(4y2 + 4jc + 1)
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13. Jacobi’s Method
Another method, due to Jacobi, of solving the partial differential

equation
F(x,y,z,p,q) =  0 (1)

depends on the fact that if
u(x,y,z) =  0 (2)

is a relation between x, y, and z, then

“lp  = ----- . q = -------1 1! 1 H (3)

where u, denotes duldxt (i =  1, 2, 3). If we substitute from equations 
(3) into equation (1), we obtain a partial differential equation of the type

f{x,y,z,Ui,u2,Ui) =  0 (4)
in which the new dependent variable u does not appear.

The fundamental idea of Jacobi’s method is the introduction of two 
further partial differential equations of the first order

g(x,y,z,uuu2,u3,a) =  0, h(x,y,z,uv u2,u3,b) =  0 (5)
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involving two arbitrary constants a and b and such that:
(a) Equations (4) and (5) can be solved for u„ u2, u3;
(b) The equation

du — u, dx +  u2 dy +  u3 du (6)

obtained from these values of ult u2, u3 is integrable.
When these functions have been found, the solution of equation (6) 

containing three arbitrary constants will be a complete integral of (4). 
The three constants are necessary if the given equation is (4); when, 
however, the equation is given in the form (1), we need only two arbitrary 
constants in the final solution. By taking different choices of our third 
arbitrary constant we get different complete integrals of the given 
equation.

As in Charpit’s method, the main difficulty is in the determination of 
the auxiliary equations (5). We have, in effect, to find two equations 
which are compatible with (4). Now in Example 4 of Sec. 9 we showed 
that g and h would therefore have to be solutions of the linear partial 
differential equation

*s +  f  dA  +  f   ̂ _
f u' dx +  3v +  A . 37 *z1 dy dz : dul dut

<■
J t du3

=  0 (7 )

which has subsidiary equations

dx dy dz du, du2 du3

/«, /u, / . ,  ~f* ~f* ~y«
(8)

The procedure is then the same as in Charpit’s method.
To illustrate the method we shall solve Example 7 of Sec. 10 in this 

way. Writing p — —uju3, q =  —u2/u3, we see that the equation

p 2x 4- q2y  77 7
becomes

xu\ +  yu\ — zu3 =  0

so that the auxiliary equations are

dx dy _  dz _  du, _  du2 du3
2 u,x 2u2y  —2 u3z — —t% u|

with solutions

whence

so that

x u\ =  a, yu\ =  b

u =  2(ax)i +  2 (byY +  2{(a +  b)z}l +  c

Writing b =  1, c =  b, we see that the solution u =  0 is equivalent to the 
solution derived in Sec. 10.
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The advantage of the Jacobi method is that it can readily be genera­
lized. If we have to solve an equation of the type

/ i(* i> * 2 > -  ■ ■ - M i -  ■ • , h „) =  0  ( 9 )

where u, denotes du/dxt (i =  1,2,  . . . , ri), then we find n — 1 
auxiliary functions/2, / 3, . . . ,/„  from the subsidiary equations

dx} dx2 dxn du} du2 dun
fu , _  fu, ~  ~  fu. ~  - A ,  “  - / « ,  _  _  - / « .

involving n — 1 arbitrary constants. Solving these for ult u2, 
we determine u by integrating the Pfaffian equation

n

du =  2  ui dxt
i = i

the solution so obtained containing n arbitrary constants. On the other 
hand, Charpit’s method cannot be generalized directly.

PROBLEMS
1.
2 .

Solve the problems of Sec. 10 by Jacobi’s method. 
Show that a complete integral of the equation

= 0

u — ax -I- by + 8(a,b)z + c
where a, b, and c are arbitrary constants and/ ( a,b,0) =  0. 

Find a complete integral of the equation
Bu Bu Bu Bu 3u Bu

3x By Bz Bx By Bz

3. Show how to solve, by Jacobi's method, a partial differential equation of 
the type

J \  Bx B z /  S y  By B z /

and illustrate the method by finding a complete integral of the equation

4. Prove that an equation of the “Clairaut” form

Bu Bu Bu l  Bu Bu 3 u \

X Tx + ■y 3y + Z B z = f x T x ' l y ’ Bz)

is always soluble by Jacobi’s method.
Hence solve the equation

( Bu Bu 3n\ /  Bu Bu Bu\ , 
Tx + Ty + TzJ \ X Tx +  y  Ty Z Tz) ~
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14. Applications of First-order Equations
The most important first-order partial differential equation occurring 

in mathematical physics is the Hamilton-Jacobi equation

dS
Bt T u{q i ,  <72,

as
3?i

BS
dq*

£ ) - o
d q j

(i)

appropriate to the Hamiltonian H(qx,q2,. . . ,q„; p x.p2,. . . ,p„) of 
a dynamical system of n generalized coordinates qx, q2, . . .  , qn and 
the conjugate momenta p x, p 2, . . .  , p„. This is an equation in which 
the dependent variable S is absent, so it is of the type (9) of Sec. 13. 
From the considerations of that section we see that the equations of the 
characteristics are

dt dqx
BHj dp1

dqn
BHfBpn

dpi dpn (2)

(3 )

- ( dHIBqx) -(BH/Bq  J

i.e., they are equivalent to the Hamiltonian equations of motion 

dqx BH dPi BH . .
—j------ -5— , - j -  =  —  -5—  ( = 1 , 2 ,  . . . , ndt Bp dt dq,

A modified form of equation (1) is obtained by writing

S =  -  Wt +  Sx
We then find that

* ( * > • • • •  ............... w ) ~ " '  <4)

Suppose, for example, that a system with two degrees of freedom has 
Hamiltonian

P p ¥  4 Q p *  , S + qH
2(X +  Y) X  +  Y (5 )

where P, X, f  are functions of x alone and Q, Y, p are functions of y  
alone. Then equation (4) becomes

¥ f p x +  QpJ +  (f +  v) ~  W(X +  Y) =  0

Then one of the characteristic equations is
sIy sin

0
Ppx iP'px +  S' -  WX'

with solution
Ppx \P'px +  S ' - W X '  

p x =  (2 ( w x - S + a ) } *
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where a is an arbitrary constant. Similarly we could have shown that

q , =  {2 ( W Y - r i + b ) } '

where b is an arbitrary constant. Thus since p x is a function of x  alone 
and qy is a function of y  alone, we have

5  =  ~ W t  +  | {2(fVX -  f  +  a)}! dx +  | {2( WY  -  q +  b)}i dy

showing that a solution of the Hamilton-Jacobi equation can always be 
found for a Hamiltonian of the form (5).

First-order partial differential equations arise frequently in the theory 
of stochastic processes. One such equation is the Fokker-PIanck 
equation1

dP
Jt

d d2P
(6)

which reduces in the case D — 0 to the first-order linear equation

dP dP
97 = ^ + ^ (7)

The physical interpretation of the variables in this equation is that P  is 
the probability that a random variable has the value x at time t. For 
example, P  might be the probability distribution of the position of a 
harmonically bound particle in Brownian movement or the probability 
distribution of the deflection x of an electrical noise trace at time t. 
It should be observed that this equation (6) is valid only if the random 
process has Gaussian distribution and is a Markoff process.

Probably the most important occurrence of first-order equations is 
in the theory of birth and death processes2 connected with bacteria. 
Suppose, for example, that at time t there are exactly n live bacteria 
and that:

(a) The probability of a bacterium dying in time (/, t +  dt) is un dt;
(b) The probability of a bacterium reproducing in time (t, t +  <5/) is 

K  dt;
(c) The probability of the number of bacteria remaining constant in 

time (/, t +  dt) is (1 — k^dt — pn dt);
(d) The probability o f  more than one birth or death occurring in 

time (t, t +  dt) is zero.
If we assume Pn(t) is the probability of there being n bacteria at time t, 
then these assumptions lead to the equation

P J j  T- d t )  =  2n_ 1/>„ _ 1(/ ) d t  +  P n + l P n + l i 1 )  +  {1 —  d t  —  p n  d t } P „ ( t )

1 For a derivation of this equation see S. Chandrasekhar, Rev. Modern Phys., 
15 , 33 (1943).

2 W. Feller, “An Introduction to Probability Theory and Its Applications” 
(Wiley, New York, 1950), p. 371.
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which is equivalent to

+ + — ( K  +  Pn)Pn (0  (8)

In the general case A„, fi„ would depend on n and t\ if we assume that 
the probability of the birth or death of a bacterium is proportional to the 
number present, we write

K  =  "h /“« =  «!“ (9)

where A and n are constants, and equation (8) reduces to

^  =  A(h -  \)Pn- y(t) -  (A +  n)nPn(t) +  pin +  1)P„+1(0

and if we introduce a generating function 0(z,t) defined by the relation

®(z.O =  I
n =  0

we see that this last equation is equivalent to the first-order linear 
equation

-  1)(^

whose solution is readily shown (by the method of Sec. 4) to be

<P = / | ^ ~  (10)

where the function /  is arbitrary. If there are m bacteria present at 
t =  0, then 4> =  zm at t =  0, so that

from which it follows that

/ ( f )
Hence at time t

\ p{[  - e^ - ^ ) - z ( A
l p -  Ac'*-'0' -  Az(l -  I

/*„(0 is the coefficient of zn in the power series expansion of this function. 
If A <  ft, then O 1 as t -> oo, so that the probability of ultimate 
extinction is unity.

Similar equations arise in the discussion of trunking problems (see 
Prob. 4 below), in which A„ =  A, p„ =  np, and in birth and death 
problems governed by different assumptions from those we have made 
here (cf. Prob. 3 below).
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1.

2.

3.

4.
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PROBLEMS
It may be assumed that the rate of deposit or removal of sand on the bed of a 
stream is a(Bvjdx), where a is a constant and v is the velocity of the water in the 
x  direction. If rj, h denote the heights, above an arbitrary zero level, of the 
top of the sand in the bed and of the water surface, respectively, show that the 
variation of rj is governed by the first-order equation

(h " T ,
la
Bx 0

where m is a constant. Assuming h to be constant, show that the general 
solution of this equation is

>> x ml  | 
Ih - i()s|

where the function /“is arbitrary.
If V — '/u cos (2ttjt/A) at t = 0, find the relation between jj and x at time l. 

Show that the general solution of the modified Fokker-Planck equation (7) is

P = I f  (xel>‘)

where the function /Ts arbitrary.
Show further that a solution of the full equation (6) is given by

P = Q e&> c et“

where £)(f,r) is a solution of the equation 

3Q B2Q
17 ~ I p

The individuals in a competitive community breed and die according to the 
laws:

(a) Every individual has the same chance A St of giving birth to a new 
individual in any infinitesimal time interval Sr,

(b) Every individual has the chance {a + fl(n — l)}<5r of dying in the 
interval Si, where n is the total number of individuals in the community.
(A,a, and ft are nonnegative constants, and the chances of birth and death 
are independent of each other). If Pn(t) denotes the probability that at time 
t there are n individuals in the community, show that the probability-generating 
function satisfies the equation

34> I M> , a2o)
^ - ( z - l )  [ ( A r - « ) - - * _ * ]

Show that if a = 0 and A and  ̂are positive, it is possible for the probability 
distribution of the number of individuals to have a stable form (independent 
of t) with zero chance of extinction. Find Pn(l) explicitly in this case, and show 
that the mean number of individuals is then

m
1 — exp(—A//1)

The probability distribution of telephone conversations carried on over a 
certain number of lines may be thought of as governed by the laws:
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(a) If a line is occupied, the probability of a conversation which started at 
time t — 0 ending in the interval (r, t +  Sr) is /< Sr, where /i is a constant;

(b) The probability of an incoming call in the interval (I, t ! <51) is X Sr, 
where X is a constant;

(cj If Sr is small, the probability of two conversations stopping in time Sr 
is negligible.
If P J.I)  is the probability that n lines are being used at time I and <I>(z,f) is the 
corresponding probability-generating function, show that

— = (z  -  i)
i t

;.<i> M*|
dz j

If m lines are occupied at t = 0, show that at time !

<I>(z,t) = {1 + (z l)e-"'}m kexp 1)(1

MISCELLANEOUS PROBLEMS
l.

2.

3.

4.

5.

6 .

Show that any surface of revolution whose axis passes through the origin 
satisfies the equation

u V w

“ X. " ,
v v

= 0

where u ^  x + zp, v =  y -r zq, w =  xq — yp.
Show that the integral surfaces of the differential equation

(z + 3y) ^  ! 3(z -  x) + (x + 3y) = 0

are of revolution about the line x =  —3y  = z, and find the integral surface 
through the curve

x2 — y 1 + z2 = a2, x -  y  + z = 2a 
If the expression

( /  + z ) dx  + (x 2 +  z) dy
is an exact differential in x  and y, show that z =  2 xy + f ( x  + y), where / i s  
arbitra'y. F in d /if  z =  2y  -I- 1 when x  =  0.
The equation P dx2 + Q dx dy f  R d f  = 0, in which P, Q, R are functions of 
x  andy, represents the projection on z =  0 of a network of curves on a surface 
u(x,y,z) = 0. Show that the curves are orthogonal if 

P(u\ + w?) -  Quxitv +  -R(«.2 + u\) = 0 
Find the partial differential equation of the first order of which a complete 
integral is

(x — a)2 +  (_y — b)2 =  z2 cot2 y 
where a, b are constants.

Prove that another complete integral can be found which represents all 
planes making aa angle y with the plane z =  0.
Find the family of surfaces which represents the solution of the partial differ­
ential equation

dz dz{x + z )— + (y + z ) -  + z = 0

and obtain the integral surface which contains the circle x 2 + y 2 - a \ z =  a.
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7.

8.

9.

10.

11.

Find the equation of the integral surface of the differential equation

x 3 ^  +  y(3x2 + y ) ^ -  = z(2 x 2 + v) 
ex ' °Y '

which passes through the parabola x  =  I, y 2 =  z  — y .

Solve the equation
(p  -  q ) (x  +  y )  =  z

and determine the equation of the surface which satisfies this equation and 
passes through the curve

x  + y  + z  — 0, x  =  z 2

Show that the integral surfaces of
(xp + yq)(x2 4 y2 — a'-) = z(x2 4- y 2)

are generated by conics, and find the integral surface through the curve 
x  = 2z, x2 + y2 = 4a2.
Find the general solution of

Bu Bu .>’ t-  +  ̂— = 1
Bx By

in the domain 0 < y  < x .  Find the solution which equals x  when y  = lx . 
Find the general integral of the equation

dz{my(x + y) -  nz2} — — {lx(x 4- y) — nz2} —  = (lx -  my)z

12.

13.

14.

15.

and deduce the equation of the integral surface which passes through the curve 
2 x  = z 4- z3, 2y  — z  — z 3

Prove that for the equation
z  +  p x  +  q y  — \ — p q x 2)!2 — 0 

the characteristic strips are given by
1 1

B  4- C e ~ ‘ ^  A  +  D e ~ (
z  =  E  -  ( A C  +  B D )e ~ ‘

p  =  A ( B  4- C e ~ ‘)2, q =- B (A  + D e  ‘)2 
where A ,  B ,  C, D , and E  are arbitrary constants. Hence find the integral 
surface which passes through the line z =  0, x  =  y .

Find a complete integral of the equation
4(x + y ) z  =  (p  + q ) (x  4- y ) 2 4- 2(p  -  q ) ( x 2 -  y2) -  4(p2 -  q2)

Show that the characteristic equations of the differential equation 
(q2 4- l)z2 =  2p x z  + x 2

have an integral q z  = a x ,  and find the corresponding complete integral of the 
differential equation, showing that it represents a set of conicoids of revolution.
The normal to a given surface at a variable point P  meets the coordinate planes 
X O  Y  and Y O Z  in A  and B, respectively. If A B  is bisected by the plane Z O X ,  
show that the surface satisfies the differential equation

_ x  2y
Z ~P  9

Find a complete integral of this equation.
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16 . The normal to a given surface at a variable point P  meets the sphere 
x 2 + y2 + z2 = 1 in the points A and B. If AB  is bisected by the plane 
z — 0, show that the surface satisfies the differential equation

z(p2 + q2) + px  + qy — 0
Find a complete integral of this equation.

17. Show that the characteristic equations of the differential equation
z + xp — x2yq2 — y?pq — 0

have an integral qx = a, and find the corresponding complete integral of the 
differential equation.

18. Find a complete integral of the equation p2x  + qy = z, and hence derive the 
equation of an integral surface of which the line y =  ), x +  r =  0 i s a  
generator.

19. Find the complete integral of the differential equation
p 2x + pqy = 2pz + x

corresponding to the integral of the characteristic equations involving q and 
y  alone, in the form

’ 2 z = ay2 + bx2 — jh
Deduce the integral surface through the line y  = 1, x = z.

20. Show that a necessary and sufficient condition that a surface should be 
developable is that it satisfies a differential equation of the form f (p,q)  = 0.

Deduce that a necessary and sufficient condition that a surface should be 
developable is that its second derivatives r(x,y), s(x,y), t(x,y) satisfy the 
equation rt = s2.

21. Show that the only integral surfaces of the differential equation

2q(z — xp — 2yq) + x  = 0 

which are developable are the cones
(z + ax)2 = 2y(x  +  b)

Find the integral surfaces through the curve z = 0, x2 + 2y =  0.
22. At any point P on a surface the normal meets the plane z = 0 in the point N. 

Show that the differential equation of the system of surfaces with the property 
that OP2 = ON2, where O is the origin, is

zip2 + tf)  + 2 ipx + qy) = z

Obtain a complete integral of this equation, and hence find the two surfaces 
with the above property which pass through the circle x2 + z2 = 1, y  — 0.

23. If any integral surface of a partial differential equation of the first order 
remains an integral surface when it is given an arbitrary screw motion about 
the z axis, prove that the equation must be of the form

Fixp + yq, xq — yp, x2 + y2) = 0 

If a differential equation of this type admits the quadric 

ax2 +  by2 F cz2 = 1

as an integral surface, show that the characteristic curves which lie on this 
quadric are its intersections with the family of paraboloids z =  kxy.



Chapter 3

PARTIAL DIFFERENTIAL EQUATIONS OF 
THE SECOND ORDER

In the last chapter we considered the solution of partial differential 
equations of the first order. We shall now proceed to the discussion 
of equations of the second order. In this chapter we shall confine 
ourselves to a preliminary discussion of these equations, and then in 
the following three chapters we shall consider in more detail the three 
main types of linear partial differential equation of the second order. 
Though we are concerned mainly with second-order equations, we shall 
also have something to say about partial differential equations of order 
higher than the second.

I. The Origin of Second-order Equations
Suppose that the function z is given by an expression of the type

z =  f(u) +  g(v) +  w (1)

w here/and g  are arbitrary functions of u and v, respectively, and u, v, 
and w are prescribed functions of x  and y. Then writing

dz dz d2z d2z d2z
P ^ T x ’ q =  W  =  d ^ d y ' t = = dy2 ^

we find, on differentiating both sides of (1) with respect to x  and y, 
respectively, that

P =  / ' ( “K  +  g'(v)vx +  wx

q = / ' ( m)m, +  g'(v )v, +  wv
and hence that

r  =f"{u)ul  +  g"(v)vl + f ' (u )u xx +  g'(v)vxx +  v t ’„

S -  f"(u)uxuv +  g"{v)vxuy +  f'{u)uXy • g'(r)rxy -1- wxt

t =f"(u)U2y +  g"(v)vl + f ’(u)Uvy +  g ’(v)Vy, T Wy ,

We now have five equations involving the four arbitrary quantities/  ,
88
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/" ,  g', g". If we eliminate these four quantities from the five equations, 
we obtain the relation

p -  Wx W* Vx 0 0
q - Uy Vy 0 0
r -  Wxx vxx Wx v*
s — Wxv Uxv Vxy UXUy vxv,
t -  wtv Uyy Vyy ul '•2

0 (3)

which involves only the derivatives p, q, r, s, t and known functions of 
x  and y. It is therefore a partial differential equation of the second 
order. Furthermore if we expand the determinant on the left-hand side 
of equation (3) in terms of the elements of the first column, we obtain an 
equation of the form

Rr +  Ss +  Tt +  Pp +  Qq =  W  (4)
where R, S, T, P, Q, W are known functions of x: and y. Therefore the 
relation (1) is a solution of the second-order linear partial differential, 
equation (4). It should be noticed that the equation (4) is of a par­
ticular type: the dependent variable z does not occur in it.

As an example of the procedure of the last paragraph, suppose that
z = f ( x  +  ay) +  g(x -  ay) (5)

where f  and g are arbitrary functions and a is a constant. If we 
differentiate (5) twice with respect to x, we obtain the relation

r = f ' +  g"
while if we differentiate it twice with regard to y, we obtain the relation

t =  a2f  ” +  ay
so that functions z which can be expressed in the form (5) satisfy the 
partial differential equation

t =  a2r (6)
Similar methods apply in the case of higher-order equations. It is 

readily shown that any relation of the type

*  =  2  friPr) (? )r — 1

where the functions f r are arbitrary and the functions vr are known, 
leads to a linear partial differential equation of the nth order.

The partial differential equations we have so far considered in this 
section have been linear equations. Naturally it is not only linear 
equations in which we are interested. In fact, we have already en­
countered a nonlinear equation of the second order; we saw in Example 
20 of Chap. 2 that if the surface z —f(x ,y )  is a developable surface, 
the function f  must be a solution of the second-order nonlinear equation

rt — s2 =  0
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PROBLEMS
1. Verify that the partial differential equation 

32z 32z 2  z
Jx2 ~ I f  = ~x

is satisfied by

z = -  v -  x) + j>'iy — x) 
x  ' -

where <j> is an arbitrary function.
2. If u = f ( x  + iy) + g{x — iy), where the functions f  and g  are arbitrary, 

show that
32« 32w
1 ?  + 3? ~ °

3. Show that if/  and^ are arbitrary functions of a single variable, then

u = f  (x — vt + ioty) +  g(x  — vt — iay) 

is a solution of the equation

32u i 32a 1 32«
dx2 ?  3/®

provided that a2 = 1 — v2f .

4.

5.

If
z = f ( x 2 - y ) +  g{x2 + y) 

where the functions f  g  are arbitrary, prove that
32z 1 3z 2 32z
d f  ~  x  Tx = X h f

A variable z is defined in terms of variables at, y  as the result of eliminating t 
from the equations

z = tx + y f  (/) + git)

ir

°  = x + yf'(t) +  <?'(')
Prove that, whatever the functions f  and g  may be, the equation

is satisfied.
rt -  s2 = 0

2. Second-order Equations in Physics
Partial differential equations of the second order arise frequently 

in mathematical physics. In fact, it is for this reason that the study of 
such equations is of great practical value. The next three chapters will 
be devoted to the study of the solution of types of second-order equation 
occurring most often in physics. For the moment we shall merely 
show how such equations arise.

As a first example we consider the flow of electricity in a long insulated 
cable. We shall suppose that the flow is one-dimensional so that the
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current i and the voltage E  at any point in the cable can be completely 
specified by one spatial coordinate x and a time variable t. If we 
consider the fall o f potential in a linear element of length <5* situated 
at the point x, we find that

— 6E =  iR 6x
Bt ( 1)

where R is the series resistance per unit length and L  is the inductance 
per unit length. If there is a capacitance to earth of C per unit length 
and a conductance G per unit length, then

BE
- 6i = G E d x  +  C 6x —  (2)

The relations (1) and (2) are equivalent to the pair of partial differential 
equations

BE
Bx

3i
+  R i +  L -  =  0 at (3 )

+  G E + C ^  =  0 Bx Bt (4 )

Differentiating equation (3) with regard to x, we obtain 
32E 3i_ _3*i_ _
Bx2 ' Bx ^  Bx Bt (5 )

and similarly differentiating equation (4) with regard to t, we obtain
32i 

Bx Bt
BE B2E

G Tt  + c ^ “ ° (6)

Eliminating BijBx and B2ij3x Bt from equations (4), (5), and (6), we 
find that E satisfies the second-order partial differential equation

B2d> 324> 3d>
3l 2 = L C - £  +  { R C + L G ) { t +RG<j> (7 )

Similarly if we differentiate (3) with regard to t, (4) with regard to x, 
and eliminate B2E/Bx Bt and BEjdx from the resulting equations and 
equation (3), we find that i is also a solution of equation (7).

Equation (7), which is called the telegraphy equation by Poincare and 
others, reduces to a simple form in two special cases. If the leakage to 
ground is small, so that G and L may be taken to be zero, equation (7) 
reduces to the form

a v  _  i j t t
Bx2 k Bt (8)

where k =  (7?C)_1 is a constant. This equation is also sometimes 
called the telegraphy equation; we shall refer to it as the one-dimensional 
diffusion equation.
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On the other hand, if we are dealing with high-frequency phenomena 
on a cable, the terms involving the time derivatives predominate. If we 
look at equations (3) and (4), we see that this is equivalent to taking G 
and R to be zero in equation (7), in which case it reduces to

dx2 c2 at2 ’
where c =  (LC)~i. This equation is sometimes referred to, in this 
context, as the radio equation; we shall refer to it as the one-dimensional 
wave equation.

A simple partial differential equation of the second order, different 
in character from either equation (8) or (9), arises in electrostatics. By 
Gauss’ law of electrostatics we know that the flux of the electric vector 
E out of a surface S  bounding an arbitrary volume V is 4n times the 
charge contained in V. Thus if p is the density of electric charge, we 
have

J E • ds =  471- j  p dr 

Using Green’s theorem in the form

E • ds =  j" div E dr

and remembering that the volume V is arbitrary, we see that Gauss’ law 
is equivalent to the equation

div E =  4rrp (10)

Now it is readily shown that the electrostatic field is characterized by 
the fact that the vector E is derivable from a potential function cj> by the 
equation

E =  —grad </> (11)

Eliminating E between equations (10) and (11), we find that <j> satisfies 
the equation

'v 2</> +  4ttP =  0 (12)

where we have written V2 for the operator div (grad), which in rect­
angular Cartesian coordinates takes the form

a 2 a 2 a 2
dx2 ' dy2 dz2

(13)

Equation (12) is known as Poisson’s equation. I n the absence of charges, 
p is zero, and equation (12) reduces to the simple form

v 24> =  o (14)

This equation is known as Laplace’s equation or the harmonic equation.
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If we are dealing with a problem in which the potential function <j> does 
not vary with z, we then find that V is replaced by

V:'l1 dx2 + d f

and that Laplace’s equation becomes

v f t  =  0

(15)

(16)

a form which we shall refer to as the two-dimensional harmonic equation.
The Laplacian operator V2 occurs frequently in mathematical physics, 

and in a great many problems it is advantageous to transform from 
Cartesian coordinates x, y, z to another orthogonal curvilinear system 
given by the equations

Mi =  m̂ x.j .z), u2 =  u2(x,y,z), u3 =  u3(x,y,z) (17)

The transformation of (he Laplacian operator in these circumstances is 
best effected by the aid of vector calculus,1 which shows that in the 
tq, u2, u3 system

1 i d i h2h3 3L\ 3  ̂ /z3/i1 dV\  3 / hj i2 3K\)
h1h2h3 \du1\ h3 d u j  du2' h2 du2J d u3\ h3 du3/j

where

1, 2, 3

(18)

(19)

PROBLEMS
1. Show that Maxwell's equations

div E — 47ip, div H =  0

curl E =
1 aH
c dt

curl H =  —  + -  4 ^
c c ci

governing the behavior of the electric and magnetic field strengths E and H 
possess solutions of the form

1 d \  J
H =  curl A, E ------------- — grad <f>

c dt °

2.

where the vector A and the scalar 4> satisfy the inhomogeneous equations

V2A
_1_ a2A
c 2 dt2

i a2a, 
7 ‘  J d

4 TTp =  0

respectively.
A heavy chain of uniform line density is suspended vertically from one end. 
Taking the origin of coordinates at the position of equilibrium of the lower

1 H. Lass, “ Vector and Tensor Analysis” (McGraw-Hill, New York, 1950), 
pp. 51-54.
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(free) end and the x  axis along the equilibrium position of the chain, pointing 
vertically upward, show that in small oscillations about the equilibrium 
position the horizontal deflection y  of the chain satisfies the equation

B2y  3 
& ix

where g  is the acceleration due to gravity.
By changing fhe independent variables to t and S. where £ 2 = 4x/g, show 

that this equation is equivalent to
d2y  1 dy B2y
W2 + 1 11 = h?

3. Plane sound waves are being propagated in a gas of normal average density 
p0 contained in a pipe whose cross-sectional area A varies along its length. If 
p, p denote the pressure and density at any point in the plane whose coordinate 
is x  and if during the motion the plane normally at x  is displaced to x  + f , show 
that if the disturbance is small,

P o
a2! _ »p
Hi2 ~ T x ’ P 0

i a
1 ~ 1 T i A A ix

Hence show that f satisfies the equation
b2$ >
1 ? *Tx

i)1
1

where c2 = dpjdp.
If A = Atf''*, show that the equation possesses a solution of the form 

{ =  e ~ ^ xi, where
f i
Sx2

A*.,
1 4 C2 3/a

4 .

5 .

and that if A = A0x2m~1, it has a solution f  = x1-,n£, where 

d2£ I _  m2 _ 1 d2C 
dx2 x Bx x 2  ̂ c2 d/2

Show that in cylindrical coordinates p, z, defined by the relations 

x — p cos <p, y  = p sin <f>, z =  z
Laplace’s equation V2K =  0 takes the form

B2V 1 BV 1 32V B2 V _
dp2 p Bp p2 Brf>2 Bz2

Show that in polar coordinates r, 0, 4> defined by the equations 

x = r sin 6 cos <(>, y  = r sin 0 sin 4>, z = r cos 0 

Laplace’s equation V2L =  0 takes the form
1 I i  ,  3V \ I * /  d V \ 1 B2V

r2 '  Br )  + r2 sin 0 BO \ Sin ° 36 j  + r2 sin2 0 Bj,2 = 0

3. Higher-order Equations in Physics
The differential equations in the physical problems we have so far 

considered, and indeed most of those considered in a first course, are all
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second-order equations and are all linear. It is therefore significant 
to show that not all physical problems lead to partial differential 
equations which are either linear or of the second order.

For example, if we consider the state of stress in a two-dimensional 
solid,1 we find that it is specified by three stress components ax, ay, r „  
which satisfy the equilibrium conditions

5t», +  do,
ox dy +  PY =  0 (2)

where X  and Y  are the components of the body force per unit mass. 
Suppose, for simplicity, that there are no body forces, so that we may 
take X  and Y  to be zero; then it is obvious that the expressions

d2̂
dy2 '

d2<f> _  d2̂
dx dy ’ °v dx2

(3)

satisfy the equilibrium equations for any arbitrary function <f>.
So far we have not specified the nature of the material of which the 

body is composed. If the body is elastic, i.e., if the relation between 
the stresses and strains is a simple generalization of Hooke’s law, then 
it is known that the components of stress satisfy compatibility relations 
of the form (v denoting Poisson’s ratio)

d f
32

K  -  4- a,)} 4- K Hff, +  <yv)} =  2 dx dy (4)

Substituting from the equations (3) into equation (4), we see that 4> 
must satisfy the fourth-order linear partial differential equation

a y  a y  a y  _
dx4 dx2 dy2 dy4 (5)

which may be written symbolically as
v y  =  o (6)

Because of its relation to V\<f> =  0, this is called the two-dimensional 
biharmonic equation. The same equation arises in the discussion of the 
slow motion of a viscous fluid.2

If, instead of assuming that the solid body was elastic, we had 
assumed that it was ideally plastic, so that the stresses satisfy a Hencky- 
Mises condition of the form

< K  -  K ) '  +  T£  =  k 2 (7)

1 A. E. H. Love, “A Treatise on the Mathematical Theory of Elasticity,” 4th ed. 
(Cambridge, London, 1934), p. 138.

2 H. Lamb, “Hydrodynamics,” 6 th ed. (Cambridge, London, 1932), p. 602.
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instead of equation (4), we find that <j> satisfies the second order non­
linear partial differential equation

\3 x 2 (8)

PROBLEMS
1. Show that

VtUv) = xV \v 4 T-(Vfy) ox

and deduce that if yq, y>2, y3, w are arbitrarysolutions of Vfy = 0 , the function

v = XVi t- yv2 -F v3 + Vi
is a general solution of Vjy> = 0 .

2. Tranform the equation Vj V = 0 to plane polar coordinates r and 0, and show 
that if V is a plane biharmonic function which depends on r alone, then

V = c,r2 log r + c2 log r + c3r2 + c4

where cq, c2, c3, c4 are constants.
3. Prove:

( a ) V2(r2y) = r2V\v  + 4y Ar P r

4.

5.

(«  V f ( r 5 )  - ^ ( ^ )

Deduce that if V2y> =  0, then Vj(r2y) = 0.
Verify that <f> = (1 +  ^x)e~(z~ i(v is a solution of the biharmonic equation 
V\<j> =  0  if f is a constant.

Hence derive expressions for components of stress o x , <j v , t xv  which satisfy 
the equilibrium and compatibility relations and are such that all the com­
ponents tend to zero as x -* o o  and cr̂  = — p a cos (iy), rxy — 0  when x  = 0 .
Show that the equations of plastic equilibrium in the plane are equivalent to 
the equation

d2
d x  dy

Ck2 1 / 32tj> _ d2rn \
2 ( d x2 d y2 j

and verify that c1 ■!■ c2y  is the only solution of this equation of the form f{y). 
Taking txv = —kyja, calculate ov. 4

4. Linear Partial Differential Equations with Constant Co­
efficients

We shall now consider the solution of a very special type of linear 
partial differential equation, that with constant coefficients. Such an 
equation can be written in the form

F(D,D')z =  f (x ,y ) (1)
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where F(D,D’) denotes a differential operator of the type

F(D,D') -  2  2  crsDrD'° (2)
r s

in which the quantities crs are constants, and D =  d/dx, D' — d/dy.
The most general solution, i.e., one containing the correct number 

of arbitrary elements, of the corresponding homogeneous linear partial 
differential equation

F(D,D')z — 0 (3)

is called the complementary function of the equation (1), just as in the 
theory of ordinary differential equations. Similarly any solution of the 
equation (1) is called a particular integral of (1).

As in the theory of linear ordinary differential equations, the basic 
theorem is:

Theorem 1. If u is the complementary function and z1 a particular 
integral o f  a linear partial differential equation, then u +  zx is a general 
solution of the equation. t

The proof of this theorem is obvious. Since the equations (1) and (3) 
are of the same kind, the solution u +  z 1 will contain the correct number 
of arbitrary elements to qualify as a general solution of (1). Also

F(D,D’)u =  0, F(D,D')Zl = f ( x , y )

so that F(D,D')(u +  Zj) =  f (x ,y )

showing that u +  Zl is in fact a solution of equation (1). This com­
pletes the proof.

Another result which is used extensively in the solution of differential 
equations is:

Theorem 2. If ult u2, . . .  , un, are solutions o f  the homogeneous 
linear partial differential equation F(D,D')z =  0, then

n
I  crur

r — 1
where the cfs  are arbitrary constants, is also a solution.

The proof of this is immediate, since

F ( D , D ' ) { c tu t )  =  crF{D,D')ur 

and F {D ,D ')Z v r =  lF (D ,D ')v r
r— 1 r=l

for any set of functions vr. Therefore

F(D,D’) 2  crur =  ZF(D,D')(cTuT)
r — 1 r=1

=  V cTF(D,D')uT
T  =  1  

=  0
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We classify linear differential operators F(D,D') into two main types, 
which we shall treat separately. We say that:

(a) F(D,D ) is reducible if it can be written as the product of linear 
factors of the form D -f aD' +  b, with a, b constants;

(b) F(D,D') is irreducible if it cannot be so written.
For example, the operator

D2 -  £>'2

which can be written in the form

(D +  D'){D -  D') 

is reducible, whereas the operator

D2 -  D'

which cannot be decomposed into linear factors, is irreducible.
(a) Reducible Equations. The starting point of the theory of reducible 

equations is the result:
Theorem 3. If the operator F(D,D’) is reducible, the order in which 

the linear factors occur is unimportant.
The theorem will be proved if we can show that

(a rZ) +  (3rD' +  yr)(a.sD +  psD' +  ys)
=  (a SD +  fisD' +  ys)(arZ) +  prD' +  yr) (4) 

for any reducible operator can be written in the form

F ( D ,D ' ) = f l ( a i rD +  pTD' +  yr) (5)
T -  1

and the theorem follows at once. The proof of (4) is immediate, since 
both sides are equal to

a ,a ,D 2 +  ( a A  +  a f,)DD'  +  PJ.D'2 +  (ysa r +  yras)D
+  (yA  +  yfs)D'  +  yTy,

Theorem 4. If  a.rD +  /SrZ)' +  yr is a factor o f  F(D,D') and is an
arbitrary function of the single variable tj, then if  ar -£■ 0,

wr =  exp ( — ) 0r(/?r a: — ary)

is a solution of the equation F{D,D') z =  0.
By direct differentiation we have

Dur =  — — ur +  Pr exp ( -  — ) f  A *  — <xry)
* r

D'ur =  -  <xr exp 4>'{ifx -  ary)

(prD +  jlrD' +  yr)ur — 0so that (6)
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Now by Theorem 3

F(D,D')ur =  | r r  +  P*D' +  y»)|(ar'D +  PrD' +  yrK  (7)

the prime after the product denoting that the factor corresponding to 
s =  r is omitted. Combining equations (6) and (7), we see that

F{D,D')ur =  0
which proves the theorem.

By an exactly similar method we can prove:
Theorem 5. If f irD' +  yT is a factor o f  F(D,D') and 4>r(i) is an 

arbitrary function of the single variable then if Pr sc 0,

ur =  exp ( -  tffirX)

is a solution of the equation F(D,D') =  0.
In the decomposition of F(D,D’) into linear factors we may get 

multiple factors of the type (arD +  prD' +  yT)n. The solution corre­
sponding to a factor of this type can be obtained by a simple application 
of Theorems 4 and 5. For example, if n =  2, we wish to find solutions 
of the equation

(a rD +  PrD' +  y rf z  =  0 (8)
If we let

Z =  (a rD +  firD' +  yr)z 

then (a  rD +  firD' +  yr)Z =  0

which according to Theorem 4 has solution

Z =  exp ( -  tfPrX -  ary )

if ar s* 0. To find the corresponding function z we have therefore to 
solve the first-order linear partial differential equation

“r l x  +  ^  Ty +  yrZ =  e ~T̂ ’ tAPr* -  ary) (9 )

Using the method of Sec. 4 of Chap. 2, we see that the auxiliary 
equations are

dx _ d y  _  dz
ar Pt ~y,Z + e-y'Xla'  <f>r{PrX ~  ary)

with solution
PrX -  ary  =  Cj

Substituting this in the auxiliary equations, we get the 

dx dz
a, “  -YrZ  +  e - y’xla' 4>r(ci)
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which is a first-order linear equation with solution

' ^  J<A,(<*i>v • <•,} e ^ 1

Equation (9), and hence equation (8), therefore has solution

z =  {.\fr(fir-v -  a rj )  4 f r(f)rx  -  %ry))e  ' J  U

where the functions <f„ y\ are arbitrary.
This result is readily generalized (by induction) to give:
Theorem 6. If  (arZ) +  jirD' +  yr)" (ar ~ 0) is a factor of F(D,D) 

and if the functions <fTl, . . . , 4>rn ore arbitrary, then

£XP \  T V  2  -V’ ' tJf irX -  a r.v)

is a solution of F(D,D)  - 0.
Similarly the generalization of Theorem 5 is:
Theorem 7. lf{firD’ - J -  yr)"‘ is a factor of F(D,D ) and if the functions 

•A,,. . . . , <frmare arbitrary, then

ex P ( -  1 5 .  vPr 1 4*77
is a solution of F(D,D )z  - 0.

We are now in a position to state the complementary function of the 
equation (1) when the operator F(D,D’) is reducible. As a result of 
Theorems 4 and 6, we see that if

F(D,D)  n  (M> t- prD’ +  y T)m- (10)
i - 1

and if none of the ar’s is zero, then the corresponding complementary 
function is

u =  1  exp -  —  I X  * ’ -  *r>’) (11)
' - 1 * - rri ' '

where the functions <f>TS (s =  1, . . . , nr; r =  1, . . . , n) are arbi­
trary. If some of the a’s are zero, the necessary modifications to the 
expression (11) can be made by means of Theorems 5 and 7. From 
equation (10) we see that the order of equation (3) is m, +  m2 4 ■ ■ • 
+  m„; since the solution (11) contains the same number of arbitrary 
functions, it has the correct number and is thus the complete comple­
mentary function.

To illustrate the procedure we consider a simple special case :
Example 1. Solve the equation

a4r 34z „ 34z



In the notation of this section this equation can be written in the form 

(D i D ')\D  -  D 'fz  = 0 

so that by the rule (II) the solution of it is

z = x<t>y ( x  -  y ) ~F <f>,(x -  y )  -F  x < f y ( x  -F  y )  -F y 2( x  F  y) 

where the functions <j>y, f 2, VT, V2 are arbitrary.

Having found the complementary function of equation (1), we need 
only find a particular integral to complete the solution. This is found 
by a method similar to that employed in the proof of Theorem 6. If 
we write

z i  =  I I  (*rD + prD'  +  y r)z  ( 1 2 )
T =  2

then equation (1) is equivalent to the first-order linear equation 

9z, „ dz, . .  .

a particular integral of which can easily be found by Lagrange’s method. 
Substituting this particular value of Zy in (12), we obtain an inhomo­
geneous equation of order n 1. Repeating the process, we finally 
arrive at a first-order equation for z. To illustrate the process we 
consider:

Example 2. Find the solution o f the equation

d'l z F T

d x2 d y* ’

This equation may be written in the form

(D D’)(D D )z = x  -  y  

so that the complementary function is

4>y(x y) i . ( \  -  y)

where 4>i and are arbitrary. To determine a particular integral we write

Z y = ( D  - D ' ) z  (13)
Then the equation for Zj is

(D -  D )zy = x -  y

which is a first-order linear equation with solution

z, = \( x  - y ) 2 t  f ( x  + y )

where f  is arbitrary. Since we are seeking only a particular integral, we may take 
f  0. Substituting this value of z( into (13), we find that the eauation .tor-the 
particular integral is

d z dz . „
-5-----F —  =  l 1 V - V>-dx oy

which has solution
z = $x(x -  v)2 + f ( x  -  y)
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in which f  is arbitrary. Taking f  = 0 we obtain the particular integral

z =  ±x(x -  y)2

Hence the general solution of the equation may be written in the form 

z = lx (x  -  y f  4- -I- y) 4- 4>2(x -  y)

where the functions 0 , and <f>2 are arbitrary.

(.b) Irreducible Equations. When the operator F(D,D') is irreducible, 
it is not always possible to find a solution with the full number of 
arbitrary functions, but it is possible to construct solutions which con­
tain as many arbitrary constants as we wish. The method of deriving 
such solutions depends on a theorem which we shall now prove. This 
theorem is true for reducible as well as irreducible operators, but it is 
only in the irreducible case that we make use of it.

Theorem 8. F(D,D')eax+bv =  F(a,b)e"x*bv
The proof of this theorem follows from the fact that F(D,D') is made 

up of terms of the type
crsDTD's

and DT(eax b̂v) =  areax+bv D's(eax+bv) — ŝeax+by

so that (crsDrD ’s)(eax+by) =  crsarbseax+by

The theorem follows by recombining the terms of the operator F(D,D'). 
A similar result which is used in determining particular integrals is: 
Theorem 9. F(D,D'){eaz+by<f>(x,y)} — eax+byF(D +  a, D’ +  b)<j>(x,y).
The proof is direct, making use of Leibnitz’s theorem for the rth 

derivative of a product to show that
T

Dr(eaxd>)= I  rC..(D‘‘eax)(Dr <̂f>)
p~0 '

=  eax[ I orCpapDr- p̂  <£

=  eax(D +  a)r<f>

To determine the complementary function of an equation of the type (1) 
we split the operator F(D,D') into factors. The reducible factors are 
treated by method (a). The irreducible factors are treated as follows. 
From Theorem 8 we see that eax+bv is a solution of the equation

F(D,D')z =  0 (14)
provided F{a,b) =  0, so that

z =  2  cr exp +  bry)  (15)
„ *

in which cr are all constants, is also a solution provided that aT, 
br are connected by the relation

' £  V F(ar,br) =  0
*

(16)
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In this way we can construct a solution of the homogeneous equation 
(14) containing as many arbitrary constants as we need. The series (15) 
need not be finite, but if it is infinite, it is necessary that it should be 
uniformly convergent if it has to be, in fact, a solution of equation (14). 
The discussion of the convergence of such a series is difficult, involving 
as it does the coefficients c„ the pairs (ar,bT), and the values of the 
variables x and y.

Example 3. Show that the equation

Pz _ 1 3z 
Sx2 k St

possesses solutions o f the form
00

2  cn cos (nx +  en)e~kn' ‘ 
n = 0

This follows immediately from the fact that eax+’,t is a solution only if

and this relation is satisfied if we take a ■» ±in, b = —kn2.

To find the particular integral of the equation (1) we write it sym­
bolically as

z F(D,D') f ( x>y) (17)

We can often expand the operator F-1 by the binomial theorem and then 
interpret the operators D~l, D' 1 as integrations.

Example 4. Find a particular integral o f the equation 

(D2 -  D )z =  l y  -  x2

We put the equation in the form

2
1

n* -  d
<2r

Now we can write

**>

1
D2 -  D' I F

1 D2 D1

I F  ~ D72 ~ W3
' z = -  ± .  (2y -  x2) -  J ,  D \2 y  -  x 2)

=  - f  + x 2y  + - ^ (  2 )

=  x 2y

When / (x,y) is made of terms of the form exp (ax +  by), we obtain
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(as a result of Theorem 8) a particular integral made up of terms of the 
form

except if it happens that F(a,b) =  0.
Example 5. Find a particular integral o f the equation 

(D2 -  D )z = e2l+v

In this case F(D,D ) = D2 — D \ a = 2, and h = 1, so that F(a,h) = 3, and 
the particular integral is

\e2*+y

In cases in which F(a,b) 0 it is often possible to make use of Theorem
9. If we have to solve

F(D,D')z =  ceal 

where c is a constant, we let
z =  weax+bv

then by Theorem 9 we have

F(D a, D' +  b)w — c (18)

and it is sometimes possible to obtain a particular integral of this
equation.

Example 6 . Find a particular integral o f the equation 

(D2 -  D')z =

In this case F (D ,D ) =  D2 — D', a — 1, b I, and F(a,b) — 0. However,

F(D ~  a, D' + h) = (D -  I) 2 -  (D' 4 1) =  D2 2D -  D'

and so equation (18) becomes in this case

(D2 4- 2D -  D )w = 1

which is readily seen to have particular integrals and — y. Thus \xexv'1 and 
—yex*v are particular integrals of the original equation.

When the function f (x ,y )  is of the form of a trigonometric function, 
it is possible to make use of the last two methods by expressing it as a 
combination of exponential functions with imaginary exponents, but 
it is often simpler to use the method of undetermined coefficients.

Example 7. Find a particular integral o f the equation 

(D2 — D )z = A cos (lx J my) 
where A, /, m are constants.

To find a particular integral we let

z = Cj cos (lx + my) + c2 sin (lx + my)

and substitute in the left-hand side of the original equation. Equating the



coefficient of the sine to zero and that of the cosine to A, we obtain the equations

mcl — Pc2 = 0  

— I2c1 + mc2 =  A

for the determination of rq and c.z. Solving these equations for rq and c2, we obtain 
the particular integral

4
z = —----- r \ni sin (/.v + mi) +  / 2 cos (lx : my)}

n r — r  '
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PROBLEMS
l. Show that the equation

d2y

dp
d \>

2k -t- = c2 3/
possesses solutions of the form

dx3

00

2  cre~kl cos (xrx  + er) cos (a>ri q i5r)

where cr, oir, f r ,  <5r are constants and c>2 =  cx;c2 —  k2.

2. Solve the equations
(a) r■ + s — 2l = exl v
(A) r — s + 2q — z = jr2 y2

(c) r + s — 2t — p — 2 ^ = 0

3. Solve the equation

d3z 33z 33z d 3z—  — 2 ------- -------------+ 2 ___  = eI+v
dx3 3jr2 dx dy2 dy3

4. Find the solution of the equation

V \z = e~x cos y

which tends to zero as x  -» and has the value cos y  when x  = 0 .
5. Show that a linear partial differential equation of the type

V' S'*'; .

r, 8 J
may be reduced to one with constant coefficients by the substitutions 

f = log x, n = log y  

Hence solve the equation

x2r — y2t + xp — yq = log x

5. Equations with Variable Coefficients 
We shall now consider equations of the type

Rr +  Ss +  Tt +  f  (x,y,z,p,q) =  0 (1)
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which may be written in the form

L0 )  +  fix,y,z,p,q) =  0
where L is the differential operator defined by the equation

d2

L = * ^ 2 +
, d2
dx dy

4- T —
' dy2

( 2 )

(3)

in which R, S, T  are continuous functions of x and y  possessing con­
tinuous partial derivatives of as high an order as necessary. By a 
suitable change of the independent variables, we shall show that any 
equation of the type (2) can be reduced to one of three canonical forms. 
Suppose we change the independent variables from x, y  to f, rj, where

f =  v =  y(x,y)
and we write z(x,y) as £(£,»?); then it is readily shown that equation (1) 
takes the form

d2l  d2C
^(£r.?v) +  2 B(

d2l

where A(u,v) — Ru2 4- Suv 4- Tv2

B(ux,vx\u2,v^ =  Ruxu2 4- ISiu^z 4- u2vJ  +  Tvxv2

(4)

(5)
(6)

and the function F  is readily derived from the given function f
The problem now is to determine f and r] so that equation (4) takes 

the simplest possible form. The procedure is simple when the dis­
criminant S2 — ART of the quadratic form (5) is everywhere either 
positive, negative, or zero, and we shall discuss these three cases 
separately.

Case (a): S 2 — ART >  0. When this condition is satisfied, the 
roots Xu X2 of the equation

Rol2 +  Sa +  T =  0 (7)
are real and distinct, and the coefficients of d2£/9f2 and d 2t,jd rj2 in 
equation (4) will vanish if we choose f  and rj such that 

df . dr] dr]

dx dy dx 2 dy
From Sec. 4 of Chap. 2 we see that a suitable choice would be

f  = f i (x , y ) ,  V = f t ( x , y )  (8 )

where f  =f  cx, f 2 =  c2 are the solutions of the first-order ordinary 
differential equations

^  4- f i x y )  =  0, ^ 4 -  22(x,y) =  0 (9)

respectively.
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Now it is easily shown that, in general,

A(£x,£v)A(r}t ,r}p) -  B2(^x,Sv;rjx,rjt) =  {ART — S2){£xtiv — f vqx)2 (10) 

so that when the A’s are zero

B2 =  {S2 -  4RT)(txr,v -  ^ xf

and since S2 — ART >  0, it follows that B2 >  0 and therefore that we 
may divide both sides of the equation by it. Hence if we make the 
substitutions defined by the equations (8) and (9), we find that equation 
(1) is reduced to the form

=  ( i d

Example 8 . Reduce the equation

32z , d2z
a? * a?

to canonical form.
In this case 7? =  1, S  = 0, T = —x 2, so that the roots of equation (7) are ± x  

and the equations (9) are

T ± * = 0dx

so that we may take f  =  y  + \x 2, rj =  y  — \x 2. It is then readily verified that 
the equation takes the canonical form

32{ _  1 /££  _  i i \
3f 3ij 4(f — t]) \ 3f dr])

Case (b): S2 — ART =  0. In such circumstances the roots of 
equation (7) are equal. We define the function f  precisely as in case (a) 
and take »? to be any function of x, y  which is independent of f. We 
then have, as before, A(£x,£p) =  0, and hence, from equation (10), 
B{(x,£v-,rjx,rjt) =  0. On the other hand, A(r]x,r]y) --f 0; otherwise rj 
would be a function of f. Putting A{£x,£v) and B equal to zero and 
dividing by A{t]x,i]p), we see that the canonical form of equation (1) is, 
in this case,

^  ( 12)

Example 9. Reduce the equation

B2z 32z _
Sx2  ̂ 3jc dy dy2

to canonical form and hence solve it.
In this example 7? =  1 ,5  =  2, T = l ,  so that it is case (b), with

1 +  2a +  a2 =  0

in place of equation (7). We thus have Aj = -1 , so that we may take (  = x — y,

■4'
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V = x  + y. We then find that the equation reduces to the canonical form

which is readily shown to have solution

£ = v / m  + m o
where the functions f x and / 2 are arbitrary. Hence the original equation has 
solution

z = (x  + y)M x -  y) + f 2(x -  y)

Case (c): S'2 — ART <  0. This is formally the same as case (a) 
except that now the roots of equation (7) are complex. If we go through 
the procedure outlined in case (a), we find that the equation (1) reduces 
to the form (11) but that the variables t] are not real but are in fact 
complex conjugates. To get a real canonical form we make the further 
transformation

a =  +  rj), ,3 =  \ i { t ]  — f)
and it is readily shown that

d2t, 1 /3 2£ d2£\
a; d>) 4 la 7 2 +  dp>)

so that the desired canonical form is

da2 + W 2 =
To illustrate this procedure we consider:

( 13)

Example 10. Reduce the equation

d2z
J? + x

2 32z
dy2

to canonical form.
In this instance = ix, A2 = - i x ,  so that we may take £ = iy + %x2, 

n ~  - i y  + l x 2, and hence a =  bx2, fi — y. It is left as an exercise to the reader to 
show that the equation then transforms to the canonical form

d2C d2C 1
da2 d f2 2a da

We classify second-order equations of the type (1) by their canonical 
forms; we say that an equation of this type is:

(a) Hyperbolic if .S’2 — ART >  0,

(.b) Parabolic if S2 — ART =  0,

(c) Elliptic if S2 -  ART < 0 .

The one-dimensional wave equation

d2z d2z
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is hyperbolic with canonical form

The one-dimensional diffusion equation

d2z dz
dx2 dy

is parabolic, being already in canonical form, and the two-dimensional 
harmonic equation

d2z d2z 
dx2 +  dy2 "" °

is elliptic and in canonical form.

PROBLEMS
1. Show how to find a solution containing two arbitrary functions of the equation

Hence solve the equation
i  — 4xy  4 1

2. Show that, by a simple substitution, the equation

Rr 4- Pp -  W

can be reduced to a linear partial differential equation of the first order, and 
outline a procedure for determining the solution of the original equation. 

Illustrate the method by finding the solutions of the equations:

(a) xr f  2p — 2y
(b) s — q = ex+v

3. If the functions R , P, Z  contain y but not x , show that the solution of the
equation \

Rr - Pp '}■ Zz  =  W

can be obtained from that of a certain second-order ordinary differential 
equation with constant coefficients.

Hence solve the equation

yr 4-  (y 2 4 - 1 )p 4-  yz  =  ez
4. /Reduce the equation

S-■> a*.
l)! —  v4»ox• ' cy*

to canonical form, and find its general solution.
5. Reduce the equation

B2z B2z „ d2z y2 dz x2 iz
y a “ 2x)’ jyrYy + * ' yay

to canonical form, and hence solve it.
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6. Characteristic Curves of Second-order Equations
We shall now consider briefly the Cauchy problem for the second- 

order partial differential equation

Rr +  Ss +  Tt +  f{x,y,z,p,q) =  0 (1)

in which R, S, and T are functions of x  and y  only. In other words, we 
wish to consider the problem of determining the solution of equation (1) 
such that on a given space curve T it takes on prescribed values of z 
and dz/dn, where n is distance measured along the normal to the curve. 
This latter set of boundary conditions is equivalent to assuming that the 
values of x, y, z, p, q are determined on the curve, but it should be noted 
that the values of the partial derivatives p  and q cannot be assigned 
arbitrarily along the curve. For if we take the freedom equations of 
the curve T to be

■* =  *oM > y  =  T o W . z =  z oW  (2)

then we must have at all points of T the relation

zo =  P & 0  +  9o2/o (3 )
(where z0 denotes dzjd t ,  etc.), showing that p B and q0 are not indepen­
dent. The Cauchy problem is therefore that of finding the solution of 
equation (1) passing through the integral strip of the first order formed 
by the planar elements (x 0,y0,z0,p0,q0) o f the curve T.

At every point of the integral strip p a =  p 0(r), q0 =  qB{r), so that if 
we differentiate these equations with respect to r, we obtain the relations

Pa =  rx0 +  sy0, q0 =  sx0 +  ty0 (4)

If we solve the three equations (1) and (4) for r, s, t, we find that

r _  — s _  t _  — 1 
3] ^2 ^

where
S T / R s T

A ,= 2/o 0 ~Po , etc. and A = *0 Vo 0
*0 2/o -<jo 0 x 0 Vo

If A /  0,we can therefore easily calculate the expressions for the second- 
order derivatives r„, 50, and t0 ,along the curve T.

The third-order partial differential coefficients of z can similarly be 
calculated at every point of T by differentiating equation (1) with 
respect to x  and y, respectively, making use of the relations

*o zizz*̂ o T zxxyy o
etc., and solving as in the previous case.

Proceeding in this way, we can calculate the partial derivatives of



PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER II I

every order at the points of the curve T. The value of the function z 
at neighboring points can therefore be obtained by means of Taylor’s 
theorem far functions of two independent variables. The Cauchy 
problem therefore possesses a solution as long as the determinant A 
does not vanish. In the elliptic case 4RT  — S2 >  0, so that A ^  0 
always holds, and the derivatives, of all orders, of z are uniquely 
determined. It is reasonable to conjecture that the solution so obtained 
is analytic in the domain of analyticity of the coefficients of the differ­
ential equation being discussed; constructing a proof of this conjecture 
was one of the famous problems propounded by Hilbert. The proof 
for the linear case was given first by Bernstein; that for the general 
case (1) was given later by Hopf and Lewy.

We must now consider the case in which the determinant A vanishes. 
Expanding A, we see that this condition is equivalent to the relation

Ryl — Sx0y 0 7x„ =  0 (5)

If the projection of the curve F onto the plane z =  0 is a curve y with 
equation

f (x,y) =  c0 (6)

then we find that, as a result of differentiating with regard to r,

Sr*o +  SvVo =  0 (7)

Eliminating the ratio x QjyQ between equations (5) and (7), we find that 
the condition A =  0 is equivalent to the relation

A(^X, Q  =  0 (8)

where the function A is that defined by equation (5) of Sec. 5. A curve 
y in the xy  plane satisfying the relation (8) is called a characteristic 
base curve of the partial differential equation (1), and the curve T of 
which it is the projection is called a characteristic curve of the same 
equation. The term characteristic is applied indiscriminately to both 
kinds of curves, since there is usually little danger of confusion arising 
as a result.

From the arguments of Sec. 5 it follows at once that there are two 
families of characteristics if the given partial differential equation is 
hyperbolic, one family if it is parabolic, and none if it is elliptic.

As we have defined it, a characteristic is a curve such that, given values 
of the dependent variable and its first-order partial derivatives at all 
points on it, Cauchy’s problem does not possess a unique solution. 
We shall now show that this property is equivalent to one which is of 
more interest in physical applications, namely, that if there is a second- 
order discontinuity at one point of the characteristic, it must persist at 
all points.

To establish this property we consider a function <f> of the independent
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variables x and y which is continuous everywhere except at the points 
of the curve C whose equation is

It-x.i) - c (9)

w'here f(x,y) is any function (not necessarily the function f defined 
above) with as many derivatives as necessary. If P„ is any point on 
this curve and P 1 and P2 are neighboring points on opposite sides of 
the curve (cf. Fig. 19), then we define the discontinuity of the function <f> 
at the point P0 bv the equation

lim {<KPi) -'HP*)} ( 10)

If the element of length along the directed tangent to the curve C at
the point P 0 is do, then the tangen­
tial derivative of the function <f> is 
defined to be

d$
do dx

and it is readily shown that this is 
equivalent to the expression

d± _  4>Jy{P0) - H t A P p )
do { f t p 0) -  f l (p 0)Y

■ cos (<t,.v)
. d<j>

■r -5-  cos (<t, v) ov '

(II)

The tangential derivative at P 0 is 
----------------A-------------------------► therefore continuous if the expres­

sion on the right-hand side of this 
Figure 19--------------equation is continuous at PB, and

we say that d<f>/do is continuous on 
the curve C if this holds for all points Pn on C.

Now let us suppose that the function z(x,y) is a solution of the 
equation ( 1), where, for simplicity, we shall suppose that the function/  
is linear in p  and q. We shall assume in addition that the function 
z(x,y) is continuous and has continuous derivatives of all orders re­
quired except that its second derivatives are not all continuous at all 
points of the curve C defined by equation (9). In particular it is assumed 
that the first-order partial derivatives zx and zv have continuous tan­
gential derivatives at all points of the curve C. It follows immediately 
from equation ( 1 1 ) that if the tangential derivative dzjd a  is continuous 
at the point P 0, so also is the expression

0) z .J A P  0)
Now another way of saying that a function is continuous is to say that 
its discontinuity is zero at the point in question. We may therefore 
write

[ z j fv ^ ’o) -  [zJfxCPo) =  0
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By considering the other tangential derivative dzyjda, we may similarly 
prove the relation

[z*„]f„(^o) -  =  0
and hence that '

' > ]  _ __ [ ^ x y ]__  _ [ Z y y ]  / | ,  .
W o )  " tx(Po)UPo) W o )  ’

Letting each of the ratios in the equations (12) be equal to X, we may 
write these equations in the form

y = W ,  [ Z x y ]  =  t t x ( P o ) t y ( P 0) ,  [zJ = Â (.P0) (13)

If we now transform the independent variables in our problem from 
* and y  to f  and r), where (  is the function introduced through the curve 
C and tj is such that, for any function y>(S,rj), dyjda =  dyildrj. The 
quantity X occurring in equations (13) will then be a function of t] alone; 
we shall now proceed to determine that function.

Since
Z X X  Z£ L  X L  ZjjrTj j. -f- Z ^ x x  4“ ^ t i V x x

and since zf and z, are continuous (a result of the continuity of z x and 
zv) and zin and znn are tangential derivatives, we find that [zIX], which 
by definition is equal to

lim {zxx(P2) -  zxx(P,)}

reduces to
lim { z d P J & P J  -  z d P m P d }

so that [z„] =  [zmI ^ P o) (14)

A comparison of equation (14) with the equations (13) shows that the 
value of the quantity X occurring in these equations is [z{£], We 
began by assuming that there was a discontinuity in at least one of the 
second derivatives; so X cannot be zero, and hence neither can [zff] 
at the point P0.

If we transform the equation to the new variables f  and rj, we get the 
equation (4) of Sec. 5, and applying the above argument to it, we see 
that

showing that
[* « M f„ f,)  =  0 

^ (f„ f .)  =  o 05 )

and thereby proving that the curve C is a characteristic of the equation. 
If we differentiate the transformed equation with regard to f, take 
equation (15) into account, and note that only the terms in z{{ and 
zi{, can be discontinuous, we can use a similar argument to show that

2B(£xJy-,r)x,riv)[ze(n] +  {Ae($xJ v) -  F£}[z£{] =  0
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Remembering that [z;;] is k and that A is a function of rj alone, we see 
that this last equation is equivalent to the ordinary differential equation

dk
55 ■

which has a solution of the form

k(rj) =  A(»?0) exp | g(£) dl,j

So far we have considered only single characteristic curves; now let 
us consider briefly all the characteristic curves on an integral surface S 
of the differential equation (1). If the equation is hyperbolic at all 
points of the surface, there are two one-parameter families of character­
istic curves on E. It follows that two integral surfaces can touch only 
along a characteristic, for if the line of contact were not a characteristic, 
it would define unique values of all partial derivatives along its length 
and would therefore yield one surface, not the postulated two. Along 
a characteristic curve, on the other hand, this contradiction does not 
occur. In the case of elliptic equations, for which there are no real 
characteristics, the corresponding result would be that two integral 
surfaces cannot touch along any line.

PROBLEMS
1. Show that the characteristics of the equation

Rr + Ss + Tt = f(x,y,z,p,q)

2.
are invariant with respect to any transformations of the independent variables. 
Show that the characteristics of the second-order equation

B2z
Bx2 IB B2z d2zI- C - - 5  = F(x,y,z,p,q)dx Sy

are the same as the projections on the xy  plane of the Cauchy characteristics 
of the first-order.equation

Ap2 I 2 Bpq + Cq2 =  0

3. In the one-dimensional unsteady flow of a compressible fluid the velocity u and 
the density p satisfy the equations

Bu Bu l Bp Bp
—  ■ u  —  * ---------- 0 ,  —Bt Bx p Bx Bl

Bp Bu „ 
" T x  + p T x = 0

If the law connecting the pressure p with the density p is p = kp2, show that

Bu Bu _ Be „
- r  -I u — + 2 c — = 0 , Bt Bx Bx

„ Be „ 3c Bu „
2  — - 2 h — + c —  = 0Bt Bx Bx

where r2 =  dpjdp. Prove that the characteristics are given by the differential 
equations dx =  (u + c) dt and that on the characteristics u + 2 c are constant.
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If there is a family of straight characteristics x = ml satisfying the differ­
ential equation dxjdt = u + c, prove that

2x
" = 3- ,+M’

X
c = Ji I<

where // is a constant. Determine the equations of the other family of 
characteristics.

4. In two-dimensional steady flow of compressible fluid the velocity (u,v) and the 
density p satisfy the equations

du Su 
fMTx + pVTy + t* Tdx

= 0

dv dv
pUTx + pVTy + = 0

a a
-X- (up) + -r- (vp) =  0  ox oy

where c2 = dpjdp. Show that the condition that the curve ((x,y) = constant 
should be a characteristic, i.e., such that «$, V(, pt are not uniquely determined 
along it, is that

(tti* +  t)lv){(Hi* +  ri„)2 -  c H t *  +  fp}  =  0

Show that the second factor has real linear factors if, and only if, 
u2 + v2 > c2. Interpret these results physically.

7. Characteristics of Equations in Three Variables
The concept of the characteristic curves of a second-order linear 

differential equation which was developed in the last section for 
equations in two independent variables may readily be extended to the 
case where there are n independent variables. In this section we shall 
show how the analysis may be extended in the case n =  3. The general 
result proceeds along similar lines, but the geometrical concepts are 
more easily visualized in the case we shall consider.

We suppose that we have three independent variables xu x 2, x3 and 
one dependent variable u, and we write p„ for d2u/dx, dxjf p, for 
dujdx,. The problem we consider is that of finding a solution of the 
linear equation

3 3L(w) = 2 OuPij + i biPi +  cu =  0 (1)
X. J — l 1=1

for which u and du/dn take on prescribed values on the surface S  whose 
equation is

/(* ! .*  2.*3) =  0 (2) 

If we suppose that the freedom equations of S  are

i =  1, 2, 3 (3)
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then we may write the boundary conditions in the form

u = F(t,. ts), dujdt i =  (4)

the bar denoting that these are the values assumed by the relevant 
quantity on the surface S.

From equation (2) we have the identity

i = i *  1 *
so that equating to zero the coefficients of c/rx and c! t 2, we have

I  d,Pt, =  0 j  =  1, 2 (5)

where <5, =  df jdx„ Ptj =  
that

A

dxjd-r,. Solving these equations, we find

h
A2

A,
- r  =  p> say (6)

where Ax denotes the Jacobian 9(x2,x3)/9(tx,t2) and the others are 
defined similarly.

Taking the total derivative of u, we find in a similar way that
3 2

du =  2  I  PtP.i drt
l-l j=l

from which it follows that the first of the conditions (4) is equivalent to

1 =  1

The second condition gives

SF
dr, j =  1 .2 (7 )

2  P A  =  G{6\ +  <51 +  diy  (8)
1 =  1

Equations (7) and (8) are sufficient for the determination of p u p 2, p 3 
at all points of the surface S, it being easily verified that the determinant 
of their coefficients does not vanish.

We can determine the second derivatives of u at points of S  by 
applying the same procedure to p { (the value o fp i on S) as we have just 
applied to it. We obtain the pair of equations

for each value of /. This pair of equations is not sufficient for the 
solution of p a, p i2, p i3, so that we add the equation

2  V-rPir =  7,- (10)
r = 1

where A, is a parameter in terms of which all the p ir are expressed
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linearly and the a’s are numerical constants chosen in such a way as to 
ensure that the determinant

Pn A  i p *i
A = Pi* P 22 P3 2 (11)

ai a2 “ 3
is nonzero.

Suppose now that the quantities p iT constitute a set of solutions of
the equations (9); then

2 P r iP irr= 1 ~ P i r ) =  0 )  = 1, 2

so that P il  P i 1_ P i l - P i  2 P>3 - “ iA
A ^2 A3

which can be written in the form

Pu =  P u +  pA i (12)
where the pt are constants. Now p u =  p ]t and p'u =  p ’jh so that we 
must have

pAi =  pAi (1 3 )
But pjpj  =  A,/Aj. =  dt/dj, so that p{ =  pdit where p is a constant, 
and from (6) Aj — djp. Therefore ptA, =  Xd,d„ where X =  p/p is a 
constant.

Hence we find
P a  = P ij + ^  A

the value of X being given by

X 2  M A  +  l a . i p ’ij +  Z b ,p , +  cu =  0 (14)
i,j = l t,J = l i = l

as found by substituting in the differential equation (1). This equation 
has a solution for X unless the characteristic function

0 = 2  a j  A (15)

vanishes, i.e., unless f  is such that

v „  VK
ax, 0Xj

-  0 (16)

When O ^  0, we can solve equation (14) for X, so that then all the 
second derivatives can be found and the procedure repeated for higher 
derivatives of u on S. The complete solution can then be found by a 
Taylor expansion.

The equation (16), i.e., O =  0, defines the characteristic surfaces. If 
f ( x 1,x2,x3) is a solution of (16), then the direction ratios A A A )  of 
the normal at any point of the surface satisfy

2 M A  =  0  (1 7 )i.S
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which is the equation of a cone. Therefore at any point in space the 
normals to all possible characteristic surfaces through the point lie on a 
cone. The planes perpendicular to these normals therefore also 
envelop a cone;1 this cone is called the characteristic cone through 
the point. The characteristic cone at a point therefore touches all 
the characteristic surfaces at the point.

Now according to equations (8) of Sec. 13 of Chap. 2, the Cauchy 
characteristics of the first-order equation (16) are defined by the 
equations

dx, d<3,
dQrjddi dO/cbc* 1. 2. 3

The integrals of these equations satisfying the correct initial conditions 
at a given point represent lines which are called the bicharacteristics of 
the equation (1). These lines in turn generate, a surface, called a 
conoid, which reduces, in the case of constant ai:'s, to the characteristic 
cone.

We may use the quadratic form ( 15) to classify second-order equations 
in three independent variables:

(a) If is positive definite in the (5’s at the point / ’(ArJ.xJj.xjJ), the 
characteristic cones and conoids are imaginary, and we say that the 
equation is elliptic at P.

(.b) If <I> is indefinite, the characteristic cones are real, and we say 
that the equation is hyperbolic at the point.

(c) If the determinant

an a 2i a31
a  12 a 22 a 32

a \3  a 23 a 33

of the form O vanishes, we say that the equation is parabolic.
This classification is in line with the one put forward in Sec. 5 for 

equations in two variables and has the advantage that it is readily 
generalized to equations in n variables.

PROBLEMS
1. Classify the equations:

(a) ^11 _i_ Uyy = «Z
lb) ^XX UVV - u zz

(c) U xx 4 U yy SZ II O

Id) ^ x x 4' 2 Uyy ' Wzz * 2t t j 2

(e) ^xx 4- Uyy + u zz 2wv2 0

1 In solid geometry this second cone is called the reciprocal cone of the first. 
See, for example, R. J. T. Bell, “An Elementary Treatise on Coordinate Geometry 
of Three Dimensions,” 2d ed. (Macmillan, London, 1931), p. 92.
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2. Determine the characteristic surfaces of the wave equation

Uxx  ̂ ŷy ^ zz
Show that the bicharacteristics are straight lines, and verify that they 

generate the characteristic cone.

8. The Solution of Linear Hyperbolic Equations
Before describing Riemann’s method of solution of linear hyperbolic 

equations of the second order in two independent variables, we shall 
briefly sketch the existence theorems for two types of initial conditions 
on the equation

,, ,
W T y

which, as we have seen, includes the most general linear hyperbolic 
equation. In the first kind of initial condition the integral surface is 
defined by two characteristics, one of each of the two families of 
characteristics on the surface; in the second kind (which corresponds 
to Cauchy’s problem) the integral surface is defined by one space 
curve which nowhere touches a characteristic curve, p and q being 
prescribed along this curve.

For both kinds of initial condition it is assumed that the function 
/ (x,y,z,p,q) is continuous at all points of a region R defined by a <  x 
<  P, y <  y  <  6 for all values of x, y, z, p, q concerned and that it 
satisfies a Lipschitz condition

\f(x,y,z.l,p2,q2) -  f  ( x y ^ p ^ l  M{\z2 -  z t\

. +  l/>2 ~ P i \+  |?2 -? i |>
in all bounded subrectangles r of R.

Initial Conditions of  the First Kind. If o(x) and r{y) are defined in the 
open intervals (a,/S), (y,<5), respectively, and have continuous first 
derivatives, and if (£,»;) is a point inside R such that <r(f) =  t(p), then thfe 
given differential equation has at least one integral z =  y{x,y) in R 
which takes the value o(x) on y  =  rj and the value r(y) on x =  f . '

Initial Conditions of  the Second Kind. If we are given (x,y,z,p,q) 
along a strip C,, i.e., we have x =  x(F), etc., in terms of a single para­
meter 2, and if C0 is the projection of this curve on the xy plane, then 
the given equation has an integral which takes on the given values of 
z, p, q along the curve C„. This integral exists at every point of the 
region R, which is defined as the smallest rectangle completely enclosing 
the curve C„.

For proofs of these results the reader is referred to D. Bernstein, 
“Existence Theorems in Partial Differential Equations,” Annals of 
Mathematics Studies, no. 23 (Princeton, Princeton, N.J., 1950).

We shall now pass on to the problem of solving the general linear
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hyperbolic equation of the second order. The method, due to Riemann, 
which we shall outline, represents the solution in a manner depending 
explicitly on the prescribed boundary conditions. Although this 
involves the solution of another boundary value problem for the 
Green's function (to be defined below), this often presents no great 
difficulty.

We shall assume that the equation has already been reduced to 
canonical form

L (r )= /(.v ,j)  (1)

where L denotes the linear operator
32 B , B 

5 —5- a - — H 0  -5— beBx or ox ay (2)

Now let w be another function with continuous derivatives of the first 
order. Then we may write

d2z B2w a t Bz ,
By V  Bx>

3 / Bw
dx By Bx By Bx \ By

dz
wa —— ;-

0. V
3(aw) 

" Bx
B

3 -  (flH'z) 
d.v

- 4  -By
3(bw) 

‘ d)'
-jr (bw:) By

so that u- Lt -- :Miv -
3U BV 
Bx By (3 )

where M is the operator defined by the relation

and

0 2u’ 0 (air) 3(b H1) 
dx By dx By

U -- awz
Bw

z dy
V =  bwz

cw

0£
Bx

(4 )

(5 )

The operator M defined by equation (4) is called the adjoint operator 
to the operator L. If M =  L, we say that the operator L is self-adjoint.

Now if T is a closed curve enclosing an area £, then it follows from 
equation (3) and a straightforward use of Green’s theorem1 that

x.
z M vv) dx dy =  I ((J dy — V dx)

Jr
=  [U cos (n,x) -- Vcos (n,v)}ds  (6 ) 

Jr "
where n denotes the direction of the inward-drawn normal to the curve T.

1 P. Franklin, "Methods of Advanced Calculus" (McGraw-Hill, New York, 1944),
p. 201.
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Suppose now that the values of z and dzjdx or dz/dy are prescribed 
along a curve C in the xy plane (cf. Fig. 20) and that we wish to find the 
solution of the equation (I) at the point P(Z,r]) agreeing with these 
boundary conditions. Through P we draw PA parallel to the x axis 
and cutting the curve C in the point A and PB parallel to the y  axis and 
cutting C in B. We then take the curve T tg be the closed circuit PABP, 
and since dx - 0 on PB and dy =  0 on PAfwe  have immediately from 
equation (6 )

| J (w Lz — z Mw) dx dy =  J (U dy V dx) +  J U dy — j

Now, integrating by parts, we find 
that , ;

Vdx

L Vdx  =  [zu’]f4,

dx

so that we obtain the formula

So far the function w has been arbitrary. Suppose now that we choose 
a function w(x,y;S,rj) which has the properties

(i)
dw
Yx =

M w =  0

(ii) b(x,y)w when y  =  rj

(iii)
dw
dy a(x,y)w when x =  I

(iv) w = 1 when x =  ij, y  =  r\

Such a function is called a Green's function for the problem or sometimes 
a Riemann-Green function. Since also Lz =  f ,  we find that

[ f r  =  [zw]A ~  f AHwz(a dy ~ b  dx) +' j ^ J z  dy +  w fa dx j

+  J |  (wf) dx dy (7)



122 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

which enables us to find the value of z at the point P when dz/dx is 
prescribed along the curve C. When dz/dy is prescribed, we make use 
of the following calculation

to show that we can write equation (7) in the form

[z]P =  [zw]B -  £  wz(a dy -  b dx) -  £  ̂  jz ^  dx +  w ^  rfyj

+  J  J W )  dx dy (8)
v

Finally, by adding equations (7) and (8), we obtain the symmetrical 
result

[Ar =  HIzw] a +  [zw]„} wz(a dy - b  dx)
J a b

2JJAi
I9Z 7

By means of whichever of the formulas (7), (8), and (9) is appropriate 
we can obtain the solution of the given equation at any point in terms 
of the prescribed values of z, p, and q along a given curve C. We 
shall find that this method of Riemann’s is of particular value in the 
discussion of the one-dimensional wave equation. A reader seeking a 
worked example is referred forward to that section (Sec. 3 of Chap. 5).

PROBLEMS
1. If L denotes the operator

a2 a 2 a 2 a a 
R i72 + 5  aTa^ * T  a /  + P  Tx  + Q Ty  ~ Z

and M is the adjoint operator defined by

^  dHRw) a2( S w )  d2(Tw) d(Pw) d(Qw)niv = -I-T- - —----— -r -------------- ;---------- ;--- + Zw
d x 2 d x  dy dy2 d x dy

show that1

J" J" ( hLz -  zM iv) dx dy { U cos (n,x) +  V cos (n,y)} ds

1 This equation is known as the generalized form of Green’s theorem.
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where r  is a closed >. 'e enclosing an area 2  and

U =  Rw — 
Bx

3(Rw) _  3(Sw)
dx 1 By + Pzw,

Bz B(Tw)
V  — S w -------h Tw — z ------- +  Qzwdx Oj dy

If Rx + =  P,%SX + Tv = Q, sho. hat the operator L is self-adjoint.
2. Determine the solution of the equation s =  J , ”) which satisfies the boundary 

conditions z and q prescribed on a curve C.

3. Obtain the solution, valid when x, y  > 0, xy > 1, o. ''e differential equation

B'z 1
Bx By x  + y

4.

such that z =  0 , p  = 2yj(x I y) on the hyperbola xy  =  1 . 

Prove that, for the equation

B2z 
Bx By + \ z  = 0

the Green’s function is
tv(x,y;£,>;) =  J a( ^ ( x  -  f)(y -  n)) 

where J0(z) denotes Bessel’s function of the first kind of order zero.

5. Prove that for the equation
32z 2  I Bz 3z\ g

Bx By x  + y  \ Bx By) ^

the Green’s function is

Hx,y;$,y) (x +  y){2xy + (I -  y)(x -  y) +  2in)
(f -  nf

Hence find the solution of the differential equation which satisfies the 
conditions z = 0, Bzj Bx = 3x2 on y  = x.

9. Separation of Variables
A powerful method of finding solutions of second-order linear 

partial differential equations is applicable in certain circumstances. 
If, when we assume a solution of the form

z = X ( x ) Y ( y )  (1)

for the partial differential equation

Rr +  Ss T Tt + Pp +  Qq +  Zz =  F (2)

it is possible to write the equation (2) in the form

± f ( D ) X = j g ( D ' ) Y (3)
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where/(D), g(D') are quadratic functions of D =  d/dxand D' =  djdy, 
respectively, we say that the equation (2) is separable in the variables 
x, y. The derivation of a solution of the equation is then immediate. 
For the left-hand side of (3) is a function of .v alone, and the right-hand 
side is a function of y  alone, and the two can be equal only if each is 
equal to a constant, A say. The problem of finding solutions of the 
form (1) of the partial differential equation (2) therefore reduces to 
solving the pair of second-order linear ordinary differential equations 

f ( D ) X  =  XX, g ( D ) Y - X Y  (4)
The method is best illustrated by means of a particular example. 

Consider the one-dimensional diffusion equation
d2z 1 dz
~dl2 ^ ' k  J t

(5)

If we write 

we find that
z =  X(x)T(t)

1 d2X _  _1 dT 
X ~d72 ~  k f l t

so that the pair of ordinary equations corresponding to (4) is

d̂ - i x
dT
dt

kXT

so that if we are looking for a solution which tends to zero as t ->oo, 
we may take

X  =  A cos (nx +  e), T =  Be~knl‘ 
where we have written —n2 for A. Thus

z(x,t) =  c„ cos (nx +  e„)e~ nHl
where cn is a constant, is a solution of the partial differential (5) for 
all values of n. Hence expressions formed by summing over all values 
of n

z{x,t) =  2  c„ cos (nx +  f„)e (6)
ii =o

are, formally at least, solutions of equation (5). It should be noted 
that the solutions (6) have the property that z -> 0 as t co and that

z(x,0) =  2  cn cos {nx +  e „ )  (7)
>1 =  0

The principle can readily be extended to a larger number of variables. 
For example, if we wish to find solutions of the form

z =  X(x)Y(y)T(t) (8)
of the equation

. d2z d2z 1 dz
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we note that for such a solution equation (9) can be written as

1 d2X  1 d2_Y _ 1 dT
Xdx* Y~d? kT ~di

so that we may take
dT _
s  ~  - n  kT- ^  A *

d 1 Y 
dy-

provided that
/2 - i  m2 —

Hence we have solutions of equation (9) of the form

z{x,y,t) - y  2  c,mcos(lx  e,)cos (my +  em)e ' ",s’'
l 0 m = 0

( 10)

PROBLEMS
1. By separating the variables, show that the one-dimensional wave equation

d2z 1 d2z
dx2 cl dt'1

has solutions of the form A exp ( J inx l- inct), where A and n are constants. 
Hence show that functions of the form

z(x,/> X—/
r-nct. co s----a

. rncl 1 . mxB. s in ----  sin —
a ) a

where the A r's and Br's are constants, satisfy the wave equation and the 
boundary conditions r(0 ,/) — 0 , r(«,r) = 0  for all l.

2. By separating the variables, show that the equation V ? V = 0 has solutions of 
the form /lex p f -injr : iny), where A and n are constants. Deduce that 
functions of the form

V(x,y) — ^  Are~nxla sin —  x - > 0 , 0 < y < a
r

where the A,'s are constants, are plane harmonic functions satisfying the 
conditions V(x,0) = 0, V(x,a) = 0, V(x,y) • 0 as t -> oo.

3. Show that if the two-dimensional harmonic equation V \ V ^  0 is transformed 
to plane polar coordinates r and 0 , defined by jr -  r cos 0 , y  = r sin 6  it takes 
the form

d2V I SV 1 a2H
dr2 r dr r2 dO2

and deduce that it has solutions of the form (Ar" t Br ")e±"‘s, where A, B, 
and n are constants.

Determine V if it satisfies V; V 0 in the region 0 < r < o ,  O < 0 < 2 r r  and 
satisfies the conditions:

(i) V remains finite as r -• 0;

(ii) V =  2  cn cos on r = a.
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4. Show that in cylindrical coordinates p ,  z, Laplace's equation has solutions of 
the form R(p)e±mz ’ where R(p) is a solution of Bessel's equation

cPR Id R
dp2 ^  p dp = 0

If R -> 0 as z -* co and is finite when p = 0, show that, in the usual notation 
for Bessel functions1 the appropriate solutions are made up of terms of the 
form Jn(mp)e~mz±in't‘.

5. Show that in spherical polar coordinates r, 0, 4> Laplace's equation possesses 
solutions of the form

M r"
I

J J
j©(cos 0)p * "»*

where A , B, m, and n are constants and ©(/<) satisfies the ordinary differential 
equation

„ d 2Q d Q  I n d  |
(1 - 4 ?  ~ 2/1 ~dT<+ r (n +1} “ r = v j  ® = °

10. T h e  M e th o d  o f  In te g ra l T ra n s fo rm s

The use of the theory of integral transforms in the solution of partial 
differential equations may be simply explained by an example which 
possesses a fair degree of generality. Suppose we have to determine a 
function u which depends on the independent variables xu x 2, . . . , x„ 
and whose behavior is determined by the linear partial differential 
equation

0 2  y 0 ^
ofA'1) — 2 -f +  c{xx)u +  Lu =  f ( x ux 2, . . . ,x„) (1)

in which L is a linear differential operator in the variables x 2, . . . , xn 
and the range of variation of xx is a ^  x1 <  /3. If we let

u(f,x2, . . . ,x„) =  f w(x„x2, . . . ,x„) tfff.Xj) dxx (2)
J  a

then an integration by parts shows that 

duv j d2u
a(x') d7i +  b^ d 7 l K(£,xx) dxx

t**' | d1 d
=  g(£>x» ■ ■ •

du i d
where g (f,x 2, . . . ,x„) = a ^ m x , )  +  u{bK - - ^ ( a K )

cAfj dxx

If therefore we choose the function K(t,xx) so that
d'! d

(aK) -  j -  (bK) +  cK =  XK
ox (3 )

1 M. Golomb and M. E. Shanks, “Elements of Ordinary Differential Equations”
(McGraw-Hill, New York, 1950), p. 298.
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where A is a constant, then multiplying, equation (1) by K(£,xf) and 
integrating with respect to Xj from a to /?, we find that the function 
w(f,x2, . . . ,x„), defined by equation (2), satisfies the equation

(L +  A)ii(f.xjj, . . . ,x„) =  F (l,x2, . . . ,x„) (4)

where F(f,x2, . . . ,x „ )= /( f ,x 2, . . . ,xn) -  g (f ,x 2, . . . ,x„),/being  
defined by an equation of type (2).

We say that it is the integral transform of u corresponding to the kernel 
K(£,xf). The effect of employing the integral transform defined by the 
equations (2) and (3) is therefore to reduce the partial differential 
equation (1) in n independent variables x1; x 2, . . . , xn to one in 
n — 1 independent variables x 2, . . . , xn and a parameter f. By the 
successive use of integral transforms of this type the given partial 
differential equation may eventually be reduced to an ordinary differ­
ential equation, or even to an algebraic equation, which can be solved 
easily. We are, of course, left with the problem of solving integral 
equations of the type

u(£,x 2, . . . ,x„) =  j" u(x1;x 2, . . . ,xf)K(£,xf) dx1

if we are to derive the expression for w(x1,x2, . . . ,x„) when that for 
u(£,x2, . . . ,.v„) has been determined. For certain kernels of frequent 
use in mathematical physics it is possible to find a solution of this 
equation in the form

u{xx,x2, . . . ,x„) =  u(i,x2, . . . ,*„)//(£,Xj) d£ (5)

A relation of this kind is known as an inversion theorem. The inversion 
theorems for the integral transforms most commonly used in mathe­
matical physics are tabulated in Table 1. These theorems are not, of 
course, true for all functions u, for it is obvious that some us  would 
make the relevant integrals divergent. Proofs of these theorems for 
the classes of functions most frequently encountered in mathematical 
physics have been formulated by Sneddon;1 those appropriate to 
wider classes of functions have been given by Titchmarsh.2

The procedure to be followed in applying the theory of integral 
transforms to the solution of partial differential equations therefore 
consists of four stages:

(a) The calculation of the function / ( f ,x 2, . . . ,x„) by simple 
integration;

(b) The construction of the equation (4) for the transform «;
(c) The solution of this equation;
(d) The calculation of u from the expression for u by means of the 

appropriate inversion theorem.
1 I. N. Sneddon, “Fourier Transforms” (McGraw-Hill, New York, 1951).
2 E. C. Titchmarsh, “The Theory of Fourier Integrals” (Oxford, London, 1937).



128 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

Table I. Inversion Theorems for Integral Transforms

Name of 
transform W  t) K(t,x) (y/h m -.x )

Fourier ( — oo, go)  ̂ ex̂ z
v'2;

( — oo, x )
I

--^=—
V 2  77

Fourier cosine (0,00) / -  cos (£x)
\  7T

(0 ,°C) /  -  COS (f*) 
\  "

Fourier sine (0, oo) / -  sin (£*)
\  77

(0,oo) / -  sin (fx)
/\ 77

Laplace (0, 00) R(f) > c (y — /oo, y -f /oo) 1 ,. e^x. v > c 
2v i

Mellin (0, oo) x f-1 (y -  i x ,  y -  i =o)
i . 

2~  V ;

Hankel (0, OO) xJ f t x) ,  V > - J ! (0,cc) U f f x )

To illustrate this procedure we shall consider:
Example II. Derive the solution of the equation:

a2v  i dv a2v  __
7 ? -  47  ”a7 + I P  ~

for the region r > 0 , z > 0 , satisfying the conditions:

(i) V - *  0 as z c o  and as r ->■ ° o

(ii) V = f(r)  on 2  = 0, r > 0
If we introduce the Hankel transform

■ f
rV(r,z)JfHr) dr

then, integrating by parts and making use of (i), we find that
f “ i a2 v  l a v  \
[  j p r  + 7  j rJ0(7)  dr = V

because of the fact that J0(Sr) is a solution of Bessel’s differential equation

d 2f  1 d f  . „
d T ^ 7 7 r + t ^ °

Hence the equation satisfied by the Hankel transform V is
d 2V
dz2 -  Is V = 0

where, as a result of the boundary conditions, we know that V * 0 as z ->■ oo and
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that V = / ( f )  on z = 0, / ( f )  denoting the Hankel transform (of zero order) of 
(r). The appropriate solution of the equation for V is therefore

P = / (  f)«rfz

From the inversion theorem for the Hankel transform (last row of Table 1) we 
know that

V(r,z)=  I £V(£,z)J0(ir)dl
J o'

so that the required solution is

V(r,z) = j f/(f)e-fV 0(fr) d{
Jo

If the form of / (r) is given explicitly, / ( f )  can be calculated so that V(r,z) can be 
obtained as the result of a single integration.

The method of integral transforms can, of course, be applied to 
linear partial differential equations of order higher than the second, as 
is shown by the following example:

Example 12. Determine the solution o f  the equation

3*z 32z
3*1 + 3y» = 0

( — °c < x  < OC, y  > 0 ) satisfying the conditions:

(i) z and its partial derivatives tend to zero as x -+ ±  °o ;

(ii) z =  f ( x ) ,  dz/Sy = 0  on y  = 0 .

In this case we may take

Z (S ,y )  =  -p jY  J  z ( .x ,y )e 'iT d x

for which, as a result of an integration by parts taking account of (/), we have

1 C«° Pz ^
—=  t-j  e''* dx = f*f

so that the equation determining the Fourier transform z is

with Z  =  F(f), dZjdy = 0 when y  = 0. Therefore

Z  =  F(f) cos (f2y)

By the inversion theorem for Fourier transforms (first row of Table 1) we have

so that finally

z(x,y) = —== f  Z((,y)e~'*z d(
V  Z.TT J  _  oo

i r® .
z(jf,v ) =  — =  F (f )  cos { i2y ) e - ‘{x d£

' V In J _ *  7

where F(f) is the Fourier transform off ( x ) .
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P R O B L E M S

1. T h e  tem perature 0 in the sem i-infinite rod  0 <  x  <  co is determ ined by the 
differential equation

30 _  d2e
Bt 3 x 2

and the conditions

(i )  0 =  0 w hen I =  0, x  >  0

(i i )  8 =  0O =  const. w hen x  =  0 an d  t >  0 

M a k in g  use o f sine transform , show  that

2 f  “  sin ( f x )
8(x,0 =  -  e0 — H

77 Jo •
(1 - e - ^ d i

2 . I f  in  the last question the c o n d itio n  (it )  is replaced by (if) 30/3* =  —p ,  a 
constant, w hen *  =  0 and ( >  0 , p ro ve  that

2/i C “  c o s (fx ) „
0(*,r) = — I —3-^(1 -*-<•< )#

"■ Jo f

3. S h o w  that the solution o f the equation

3z _  32z 

3* 9y’2

w h ich  tends to zero as y  -*  oo and w h ich  satisfies the conditions

(i )  z =  / ( * )  w hen y  =  0 , x  >  0

( i i )  z  =  0  when y  >  0, x  =  0 
m ay be w ritten  in the form

1 C y  +  i ”  .

2 - J  /« * ■ * -'* » *
J y  — ICO

E valu ate  this ihtegral w hen / ( * )  is a constant k.

4 . T h e  fun ction  F (r ,0 ) satisfies the differential equation

32K 1 SV 1 32 V
dr* ' r dr r l 302

= 0

in  the wedge-shaped region r >  0, [ 0 | <  «  and the b o u n d a ry  conditions 
V  =  f ( r )  w hen 3 =  ± a .  S h o w  that it can be expressed in the fo rm

1 fv+.® cos (f0) , ,
2 m  Jy-i „  C O S ( c « ) y W

where / ( f )  =  | f  ( r ) r J_1 rfr 
Jo

5. T h e  va ria tio n  o f the fun ction  z  over the x y  plane and for t >  0 is determ ined 
b y  the equation

1 32z
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If, when / =  0, 2  =  f ( x ,y )  and dz/dt =  0, show that, at any subsequent time,

1 f ” f°° _____  .
z(x,y) = 2 ^ I I F(£,rf) C O S  (ct v ' t !  T rf) + ds drt

* J — CO J — CO

i c 00 r 00
where F[s.’i) = l I f(x ,y )e '^ x + rni)dxdy

77 J  — 00 J  — (O

I I .  N o n l in e a r  E q u a t io n s  o f  th e  S e c o n d  O r d e r

It is only in special cases that a partial differential equation

F(x,y,z,p,q,r,s,t) =  0 (1)

of the second" order can be integrated. The most important method of 
solution, due to Monge, is applicable to a wide class of such equations 
but by no means to them all. Monge’s method consists in establishing 
one or two first integrals of the form

1 = / ( f )  (2)
where f  and rj are known functions of x, y, z, p, and q and the function f  
is arbitrary, i.e., in finding relations of the type (2) such that equation (1) 
can be derived from equation (2) and the relations

ru  +  V z P  +  n j  +  n j  = / ' ( £ ) { £ *  +  +  V  +  f / }  (3 )

v« + n*q +  VpS + nat = / ' ( £ ) { £ ,  +  i,q +  (4 )

obtained from it by partial differentiation.
It should be noted at the outset that not every equation (1) has a first 

integral of the type (2). In fact by eliminating f'(k)  from equations (3) 
and (4), we see that any second-order partial differential equation which 
possesses a first integral of the type (2) must be expressible in the form

/?ir +  SiS +  7\f +  U\(rt — s2) =  V1 (5)

where Rlt Su Tu Ux, and V, are functions of x, y, z, p, and q defined by 
the relations

=

5 , =

t r, =

3(g,g) . =  d(£,y)  ̂ d(£,y)
d(p,y) ‘1 d(P>z ) ’ 1 d(x,q) '  P d(z,q)

d(S,y) d(£,y) d(£,y) _  s(£,y)
3(q,y) q d(q,z) d(p,x) P d(p,z)

d(Z,y) v  d (£ ,y ) . d(Z,y) , 
d ( p , q ) ’ 1 q d(z ,x) p  d(y,z) f y , x )

(6 a) 

(6b) 

(6c)

The equation (5) therefore reduces to the form

R f  +  S,s +  Txt -  Vx (7)

if and only if the Jacobian {jq, — {,»?, vanishes identically. An
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equation of the type (7) is nonlinear, since the coefficients Ru S,, Tt, V1 
are functions o fp and q as well as of .v, y, and z. It has a certain formal 
resemblance to a linear equation, and for that reason is often referred 
to as a quasi-linear equation; it is also called a uniform nonlinear 
equation. An equation of the type (5) is, by contrast, known as a 
nonuniform equation.

We shall assume that a first integral of the equation

Rr -\ Ss +  Tt — U(rt -  s2) =  V (8)

exists and that it is of the form (2). Our problem is, having postulated 
its existence, to establish a procedure for finding this first integral.

For any function z of x  and y  we have the relations .

dp =  r dx +  s dy, dq s dx ■ t dy (9)

so that eliminating r and t from this pair of equations and equation (8), 
we see that any solution of (8) must satisfy the relation

R dp dy \ T dq dx +  V dp dq — V dx dy - s(R dy2 — S dx dy +  T dx2
U dp dx +  U dq dy) (10)

If we suppose that

Hx,y,z,p,q) =  cy, rj(x,y,z,p,q) =  c2 

are two integrals of the set of equations

R dp dy +  T dq dx +  U dp dq V dx dy — 0 (11)

R dy2 +  T dx2 -j U dp dx +  U dq dy S dx dy (12)

dz =  p dx +  q dy (13)
then the equations

df =  0, d>] — 0 (14)

are equivalent to the set (11) to (13). Eliminating dz from equations
(13) and (14), we get the pair

dp
v , ' 1'

1 ( S ( ^ )  
u x

S(£,ri) 1 , 
d{z,q)P\

(15)

dq 1 (d(£,v)
Vx \ d(x,p)

3(£,v) \ 
d f ,p )Pl

d x - ^ d y (16)

where Ru Tu JJX are defined by the equations (6). Substituting for dp, 
dq from these equations, we see that

dp dx 4 dq dy
Ux \d(q,y)

d(£,r/) d(£,>?)
d(q,z) d{p,x)

d($,rj) \ 
d{p,z) Pi dx dy
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a relation which is equivalent to the equation

/?[ dy2 +  T1 dx2 +  L\ dp dx ' L\ dq dy — Sr dx dy (17)

Similarly we can show that

R1 dp dy +  7) dq dx +  dp dq — V, dx dy =  0 (18)

Comparing equations (17) and (18) with (11) and (12), we see that

=  — — L l — Ll nm
R S T U V y ’’

so that the equation (8), which we have to solve, is equivalent to the 
equation (5), which we know has a first integral of the form (2). The 
first integral (2) is therefore derived by making one of the functions q 
obtained from a solution rj =  c2 of the equations (11) to (13) a function 
of a second solution f. The procedure of determining a first integral 
of the equation (8) thus reduces to that of solving this set of equations.

In many cases it is possible to derive solutions of these equations by 
inspection, but when this cannot be done, the following procedure may 
be adopted. From equations (11) and (12) we obtain the single 
equation

R dy2 — (S  f  /IF) dx dy +  T dx2 +  U dp dx +  U dq dy +  XR dp dy
-(- XT dq dx +  XU dp dq — 0

where X is (for the moment) an undetermined multiplier, and it is readily 
shown that this equation can be written in the form

(U dy +  XT dx +  XU dp)(XR dy +  U dx +  XU dq) =  0 (20)

provided that X is chosen to be a root of the quadratic equation

X\RT  +  UV) +  XUS +  U2 =  0 (21)

Apart from the special case when S2 =  4(RT  +  UV), this equation 
will have two distinct roots 71; X2, and the problem of solving equations
(11) and (12) will reduce to the solution of the pairs

U dy +  X{Tdx +  XxU dp =  0, X2R dy +  U dx +  X2U dq == 0 (22) 
and
U dy +  X2T dx  +  X2U dp =  0, XyR dy +  U dx +  X±U dq =  0 (23)

From each of these pairs we shall derive two integrals of the form 
£(x,y,z,p,q) =  cu rj(x,y,z,p,q) =  c2 and hence two first integrals

Vi = / i ( f i ) >  V2 '
which can often be solved to determine p  and q as functions of x, y, 
and z. When we substitute these values into the equation

dz =  p  dx +  q dy
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it is found1 that this equation is integrable. The integral o f this 
equation, involving two arbitrary functions, will then be the solution 
of the original equation.

When it is possible to find only one first integral r\ =  / (£ ) ,  we obtain 
the final integral by the use of Charpit’s method (Sec. 10 of Chap. 2).

Example 13. Solve the equation

r + 4j -+ t + rt — s2 =  2

For this equation we have, in the above notation, R = 1, 5  = 4, T — 1, U = 1, 
V — 2, so that equation (21) becomes

322 + 42 + 1 =  0

with roots 2, =  — J, k2 = —1. Hence equations (22) become 

3 dy — dx — dp = 0, dy — dx + dq = 0 

leading to the first integral

3 y - x - p = f ( y - x + q )  (24)

where the function f  is arbitrary. Similarly equations (23) reduce to 

dy — dx — dp =  0, dy — 3 dx + dq = 0 

and yield the first integral

y  -  3x + q = g (y  -  x  -  p) (25)

the function^ being arbitrary.
It is not possible to solve equations (24) and (25) for p and q\ so we combine the 

general integral (24) with any particular integral of (25), e.g.,

y  -  3x + q = cl (26)

where c: is a constant. Solving equations (24) and (26), we find that

q = q  + 3* -  y, %p  = 3y -  x -  f ( 2 x  + ry)

from which it follows that

dz =  (3y — x  -  f  (2x + Cj)} dx + fry + 3x  -  y) dy (27)
and hence that

z = 3*y -  £ ( * 2 + / )  + F(2x + ry) + c,y + c2 (28)

where c2 is an arbitrary constant. Equation (28) gives the complete integral. 
To obtain the general integral we replace C! by c, c2 by G(c), where the function G 
is arbitrary, and the required integral is then obtained by eliminating c between the 
equations

z = 3xy — £(x2 +y2) + F{2x + c) + cy -r G(c)

0 = F'(2x + c) + y  + G'(c)

It was mentioned above that in a great many cases it is possible to 
derive solutions of equations (11) and (12) directly. This is particularly

1 For a proof that this equation is always integrable see A. R. Forsyth, “A 
Treatise on Differential Equations” (Macmillan, New York, 1885), pp. 365-368.
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so in the case of uniform equations in which [ 7 = 0 .  For such equations 
the pair of equations (11) and (12) reduces to

R dp dy +  T dq dx =  V dx dy (11')

and R dy2 — S dx dy +  T dx2 =  0 (12')

We shall illustrate the solution of these equations by the particular 
example:

Example 14. Solve the equation q2r — 2pqs + p 2t =  0.
In this case the equations (11') and (12') become

q2 dp dy + p 2 dq dx  = 0  (i)

(p dx + q dy)2 = 0  (ii)

From equation (ii) and equation (13) we have dz = 0, which gives the integral
z = cy. From equations (i) and (ii) we have q dp — p dq, which has solution
p  = c2q. We therefore have the first integral

P =  9 /W
where the function/is arbitrary. We can regard this as a linear equation of the 
first order and solve it by Lagrange’s method. The auxiliary equations are

dx dy dz
T  = ^ 7 (7 ) = o'

with integrals z = cu y  + x f  (cy) =  c2 leading to the general solution

y  + x f  (z) = g(z)
where the functions f  and g  are arbitrary.

PROBLEMS
1. Solve the wave equation r = t by Monge’s method.
2. Show that if a function z satisfies the differential equation

d2z  dz d2z dz 
d x2 dy d x  dy d x

it is of the form f { x  + g(y)}, where the functions /  and g  are arbitrary.

3. Solve the equation
z(qs -  pt) = pq2

4. Solve the equation
pq = x(ps -  qr)

5. Solve the equation
rtf — 2pqs +  ip2 = pt — qs

6 . Find an integral of the equation

z2(rt -  s2) + z( 1 + q2)r — Ipqzs + z(l + p 2)t +  1 + p 2 + q2 — 0 

involving three arbitrary constants.
Verify the result and indicate the method of proceeding to the general 

solution.
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MISCELLANEOUS PROBLEMS
l. The equation z3 I 

Prove that
3*vz + a3 = 0 defines z implicitly as a function of x  and y.

x 2
a2z
l x 1

2. The variables x, y, and z are related through the equations

X —f ' (u )  I v\ y  = g \v )  + u\ z = UL- + uf'(u) t vg'(r) -  f(u) — g(v) 

Show that, whatever the form of the functions f  and»,

B2z d2z ( B2z \ 2 32z ^
Bx2 By2 \ Bx By) Bx By

3. In plane polar coordinates the equations of equilibrium of an elastic solid 
become

3 a r  ( |  B t ^ i t o , -  _  £ i>8 +  I 3 a o  2t>o _  ^
Br r BO r ’ 3r r 30 r

Show that these equations possess a solution

1 32v 1 By) a2iy B / l  3y \
"r ~~ 72 a o 2  ^  r Tr * 0 9  1 7 '  T  '' J r \ 7 J e !

It can be shown that the compatibility conditions lead to V}v =  0; verify 
that y> = (Ax — By)0 is a solution of this equation, and calculate the 
corresponding components of stress.

4. In plane polar coordinates the Hencky-Mises condition is 

K  -  ° o f  : 4rJ0 = 4k 2

Show that the shearing stress t ,.„ satisfies the equation

Prre t  3 Brre ^  2 ,
Br2 r Br r2 BO2 ~ r2 Br 30 ’ r29)l)

Determine the solution of this equation of the form f  (r) and satisfying the 
boundary conditions rre = —k on r = a , r,.e -  k on r = b.

5. Find the general solution of the equation

xys — xp — yq z = 0

and determine the solution of this equation which satisfies the conditions 
z = xn and p = 0  when y  = x.

6 . Solve the equation

(x -  y)(x2r -  2xys -f y 2l) = 2xy(p -  q)

1. Find the general solution of the equation

r +  At =  8ary

Find also the particular solution for which z — y 1 and p = 0 when x  =  0.
8 . Show that the linear equation

s + ap + bq + cz + d = 0
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may be reduced to a first-order equation if

da-— h a b  — c h= 0  
ox

Use this method to find the solution of the equation 

.s + pe1  — q — 0

9. Appell’s first hypergeometric function of two variables is defined by the 
double power series

00 00

(* )m+n (P ) J P  )n

m’nlfy)---- 'T» = 0 71 — 0
where (a)r = a(a + 1) ■ • • (a + r -  1). Show that this function is a solu­
tion of the second-order linear partial differential equations

x(l — x)r + j< 1  -  jr)s + {y — (a + /? + 1 )jc}/7 — flyq — afiz =  0

_>'(! -  y)t + -r(l -  y)s + {y -  (a + P' + \)y)q -  P'xp -  ap'z = 0

Show also that Appell’s second hypergeometric function

^  <.a)m+„(P)mtP'K
m '■» Ky)m(y%

x my"frl(*:P.Pi,Y,y';x,y)

is a solution of the second-order equations

x( 1 — x)r -  xys +  {y -  ( a  +  P +  1 )x}p — Pyq -  af)z =  0  

y( 1 -  y)t -  xys + {'/ -  ( a  + P‘ +  1 )y}q -  P'xp -  ap'z = 0

10. Express the equation
div (k grad V) = 0

where * and V are scalar point functions, in cylindrical coordinates p, •/>, z. If 
k = fi/p, where /i is a constant, use the method of separation of variables to 
obtain a solution of the above equation independent of z and periodic in 4>.

11. Show that the equation
72.,. 32VV2y = a/2

has solutions of the form y> = S(8,<f)R(r,t), where r, 8, <f> are spherical polar 
coordinates and

1 d t ■ a dS
sin 8 dd ' Sm 6 dft

1 a25
sin2 8 d<j>2 -t- n(n 4- 1 )S — 0

I a / 2 n(n + 1 ) d2R
, * d r \ r drJ r2 'df2

n being a constant integer. Verify that the last equation is satisfied by the 
function

\ r  or \ r

where the functions /  and g  are arbitrary.
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12. Schrodinger’s equation for the motion of an electron in a central field of 
potential V(r) is, in atomic units,

VV + 2{W -  V(r))rp = 0
where If' is a constant. By transforming this equation to polar coordinates 
r, 6, tf>, show that it possesses solutions of the form

V =  -  R(.r)S(d,4,) 
r

where S(8,<f>) is defined in the same way as in the last problem and f? is a 
solution of the ordinary differential equation

J2 d
—T + 2{W -  V(r) -  ln(n + 1 ))R = 0

13. Coordinates f and rj are defined in terms of x  and y  by the equations

x  = a cosh f cos rj, y  = a sinh f  sin rj

and z is unaltered. Show that, in these coordinates, Laplace’s equation 
V2K =  0 takes the form

d2V  d2V  d2V
■W  + 1 ?  + ° 2(cosh2 f “ 0052 n) T z2 = 0

and deduce that it has solutions of the form / ( i f ) /  (jjV _vz, where y is a constant, 
/ (x) is a solution of the ordinary differential equation 

d 2f
^-=5 +  (G + 16  ̂cos 2x)f = 0

G is a constant of separation, and 32q =  —aV2.
14. Show that if

X = VIri COS y  = V fr ; sin 4>, z = — T})
Laplace’s equation assumes the form

/  a j A  /  s v \  {  + t) d2v  n 
3f df /  it/ Dr/ ! 4fr; 3̂ 2

15.

16.

Deduce that it has solutions of the form Fn(£)F-n(ii)e where F„(x) is a 
solution of the ordinary differential equation

d 2F dF 
X dxi  + dx +

F = 0

If y  (f) and g(£) are the Fourier transforms of f i x )  and g(x), respectively, prove 
that

f  f(F)g(t)e-' 'z dt = f  g ( u ) f ( x - u ) d u  
J — CO J — 03

If the function z(x,y) is determined by the differential equation
dz 32z 
Sx <Sy*

for x  > 0 , —oo < y  < oo, and if z = f  (y) when x  = 0 , show that

r(*,y) = - L  f  ^2̂77
where /( { )  is the Fourier transform of/ iy).

I



PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 139

Making use of the result obtained in the last problem, show that

= - ± =  T  n « )e - {y- U)ViX du
V 4 ttx

17. The function y(x,y) is defined by the equations 

(i) V}y = f ( x ,y )  -  co <  x <  oo, y >  0

(ii) | ^ = 0  y  = 0dy '

Show that it can be expressed in the form

where

i F{s.n)
" J- .  +

F($,n) = -  r  dx r 
77 J - «> Jo

C O S  (riy) dr]

f  (x,y)el(x cos (r/y) dy

18. Show that the solution of the diffusion equation

s26 _ se
3x^ 3t

which satisfies the conditions

0  <  x < a, t > 0

36
(‘> 1 * = 0 when x  = 0

e

(ii) 6 = 60 = const. when x  =  a

(iii) 6 = 0  when t = 0 , 0  < x  <  a 

can be written in the form

Hence show that
46,6

0 J f >'+‘" cosh (*v  f)---  I P*1 -------------  --
2rri I . ‘J y  — ico

” ( - D r+1

cosh ( 
cosh (a V f ) f

2 r + 1
g - ( r  +  |

(r + J)n.t

19. The free symmetrical vibrations of a very large membrane are governed by the 
equation

32z 1 3z 1 32z
~ 3 ? + 7 T r = ? J F  r > 0 , t > 0

with z = f ( r ) ,  dz/dt = g ( r ) when t = 0. Show that, for t > 0, 

z(r,t) = f  f / ( f )  C O S  (fcr)/0(fr) d$ + -  f  g(() sin (icr)J0((r) dZ
Jo c Jo

where/(f), g ( i )  are the zero-order Hankel transforms off  ( r ) ,g ( r ) , respectively.
20. The potential V(p,z) of a fiat circular electrified disk of conducting material 

with center at the origin, unit radius, and axis along the z axis satisfies the 
differential equation

a

32V 1 3V 32V
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(p > 0 , z > 0 ) and the boundary conditions

(i) V -* 0 as z, p -> co
(ii) V = V 0, z = 0 0 < p < 1

(ill) -r— = 0 , z = 0  p > 1
oz

Prove that

V(p,z) =  | " / ( f V - {V 0(fp)rff 

where the function /satisfies the relations

1 /({)/„(fp) t/f =  f '0 0  < p < 1

.'o

| % /(f)7 0(fp )^  = 0  p > l  
Jo

Verify that /  (f) =  (2 F'q sin f)/(tt|)  is a solution of these equations, and hence 
evaluate K(p,z).



Chapter 4

LAPLACE’S EQUATION

In the last chapter we saw how second-order linear partial differential 
equations could be grouped into three main types, elliptic, hyperbolic, 
and parabolic. The next three chapters will be devoted to the considera­
tion in a little more detail of examples of equations of the three types 
drawn from mathematical physics. We shall begin by considering 
Laplace's equation, V2ip =  0, which is the elliptic equation occurring 
most frequently in physical problems. Because the function y>, which 
occurs in Laplace's equation, is frequently a potential function, this 
equation is often referred to as the potential equation.

I. The Occurrence of Laplace’s Equation in Physics
We saw in Sec. 3 of Chap. 3 that problems in electrostatics could be 

reduced to finding appropriate solutions of Laplace’s equation V2v =  0. 
This is typical of a procedure which is adopted frequently in mathe­
matical physics. We shall not give such a derivation for the most 
frequently occurring physical situations, but since in discussing Laplace’s 
equation it is useful to be able to illustrate the theory with reference to 
physical problems, we shall summarize here the main relations in some 
of the branches of physics in which the field equations can be reduced 
to Laplace’s equation.

(a) Gravitation, (i) Both inside and outside the attracting matter 
the force of attraction F can be expressed in terms of a gravitational 
potential y> by the equation

F — grad >,
(ii) In empty space y> satisfies Laplace’s equation V2vj =  0.
(iii) At any point at which the density of gravitating matter is p the 

potential y> satisfies Poisson's equation V2y> =  —4np.
(iv) When there is matter distributed over a surface, the potential 

function y> assumes different forms y\, y>2 on opposite sides of the 
surface, and on the surface these two functions satisfy the conditions

dw2 dwt
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where a is the surface density of the matter and n is the normal to the 
surface pointing from the region 1 into the region 2.

(v) There can be no singularities in y except at isolated masses.

(b) Irrotational Motion o f a Perfect Fluid, (i) The velocity q of a 
perfect fluid in irrotational motion can be expressed in terms of a 
velocity potential y< by the equation

q =  -grad y>

(ii) At all points of the fluid where there are no sources or sinks the 
function y> satisfies Laplace’s equation V2y =  0.

(iii) When the fluid is in contact with a rigid surface which is moving 
so that a typical point P of it has velocity U, then (q — U) ■ n =  0, 
where n is the direction of the normal at P. The condition satisfied by 
y’ is therefore that

at all points of the surface.
(iv) If the fluid is at rest at infinity, yj -> 0, but if there is a uniform 

velocity V in the z direction, this condition is replaced by the condition
y ~  — Vz as z -> oo.

(v) The function y> has no singularities except at sources or sinks.

(c) Electrostatics, (i) The electric vector E can be expressed in 
terms of an electrostatic potential y> by the equation E =  —grad y>.

(ii) In empty space y satisfies Laplace’s equation V2y =  0.
(iii) In the presence of charges y satisfies Poisson’s equation V2y =  

—4rrp, where p is the density of electric charge.
(iv) The function y is constant on any conductor.
(v) If n is the outward-drawn normal to a conductor, then at each 

point of the conductor
9y
dn

=  — 4tt<t

where a is the surface density of the electric charge on the conductor. 
The total charge on the conductor is therefore

1
477 J dS

where the integral is taken over the surface of the conductor.
(vi) With a finite system of charges the function y -> 0 at infinity, 

but if there is a uniform field E0 in the z direction at infinity, then
y> ~  — EqZ as z -> oc.

(vii) There can be no singularities in y except at isolated charges, 
dipoles, etc. Near a charge q, y — qjr is finite, r being measured from
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the charge. Similarly in the neighborhood of a dipole of moment m 
in a vacuum y> — (m • r)jr3 is finite.

(d) Dielectrics. In the presence of dielectrics the electrostatic 
potential y> defined as in c(i) above satisfies the conditions:

(i) In the presence of charges div (*• grad ip) =  —4up, where k is 
the dielectric constant.

(ii) If we have two media in contact, we have two forms ipx, ip2 for 
the potential on opposite sides of the surface, but on the surface we have

<tyi - dip2
v’1 =  v’” K̂  =  K^  

where n is the common normal.
(iii) At the surface of a conductor c(v) is replaced by the equation

dipK ——
on

— — 4 ir O

(e) Magnetostatics, (i) The magnetic vector H can be expressed in 
terms of a magnetostatic potential y> by the equation H =  —grad y>.

(ii) If pi is the magnetic permeability, ip satisfies the equation

div (pi grad y>) =  0

which reduces to Laplace’s equation when pi is a constant,
(iii) At a sudden change of medium

dip1 dy>2
Vi =  v v M\ dn =  Mt dn

(iv) In the presence of a constant field H n in the z direction at infinity 
we have ip ~  —H 0z as z -► oo.

(v) In the neighborhood of a magnet of moment m in a vacuum 
ip — (m • r)/r3 is finite, r being measured from the center of the magnet.

( f )  Steady Currents, (i) The conduction current vector j may be 
derived from a potential function ip through the formula

j =  —o grad ip
where cr is the conductivity.

(ii) The function ip satisfies the equation

div (o grad ip) =  0
which reduces in the case a =  constant to Laplace’s equation.

(iii) At the surface of an electrode at which a battery is providing 
charge at a definite potential the function ip is constant. If the total 
current leaving the electrode is i, then

r .a — dS =  —ion
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(iv) At the boundary between a conductor and an insulator or vacuum 
there is no normal flow of current, so that

(g) Surface Waves on a Fluid. The velocity potential ip of two­
dimensional wave motions of small amplitude in a perfect fluid under 
gravity satisfies the conditions:
(i) S 2ip =  0;
(ii) d2ip/dt2 — g{dipjdy) =  0 "on the mean free surface, y  being 

measured to increase with depth;
(iii) dip/dn =  0 on a fixed boundary.

(h) Steady Flow of Heat. In the case of steady flow in the theory of 
the conduction of heat the temperature ip does not vary with the time. 
It satisfies the conditions:
(i) div ( k grad ip) =  0, where k is the thermal conductivity, or 

V2y> =  0 if k is a constant throughout the medium;
(ii) dip/dn =  0 if there is no flux of heat across the boundary;
(iii) dip/dn +  h(ip — ip0) =  0, where h is a constant, when there is 

radiation from the surface into a medium at constant temperature

any closed surface in a gravitational field of force is equal to — 4n times the 
mass enclosed by the surface.

Deduce that (a) the potential cannot have a maximum or a minimum value 
at any point of space unoccupied by matter; (b) if the potential is constant 
over a closed surface containing no matter, it must be constant throughout the 
interior.

2. The function y is defined inside a closed surface 5; the function yi() is defined 
outside 5, and V2y'0 =  0. What other conditions must be satisfied by ipt and 
y 0 in order that they should be the internal and external gravitational 
potentials of a distribution of matter inside 5 of density — V2y>,/4^?

Verify that the conditions are satisfied by the potential of a uniform sphere

PROBLEMS

1. Prove Gauss’ theorem that the outward flux of the force of attraction over

3. Find the distribution which gives rise to the potential

r > a

where r2 = x2 +  y2 + z 2.
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4. Find a distribution which gives rise to the potential

fiTTlOgfl R >  1
W  —  b  TT n n

(tt log R + -(5  -  9R2 ; 4R3) R <  1 

where R2 =  x 2 y 2.

5. Find the distribution of electric charge which gives rise to the potential

10 jc < 0
U) -  . 1 ,

\k{(x -f- a)2 + _>>2 4- z2 } " 4 — {(x -  a) 2 + y2 + z2}“> x > 0 

and calculate the total charge present on the plane x = 0.

6 . Show that the velocity potential

V = l Va3r~2 cos 0

satisfies all the conditions associated with the rectilinear motion of a sphere of 
radius a moving through a perfect incompressible fluid which is moving 
irrotationally and is at rest at infinity.

2. Elementary Solutions of Laplace’s Equation 

If we take the function y  to be given by the equation

g = _______________ l _______________
Ir ~ i ' \  V (x  -  x ')2 +  (y  — y ' f  +  (z -  z ' f ( 1)

where q is a constant and (x',y',z') are the coordinates of a fixed point, 
then since

^  _  f ix  -  a-') 
dx |r — r'|3 ’

it follows that

d2w
dx2

q__  , ^fifi
_/ls "f" I . • etc.

W  =  0

showing that the function (1) is a solution of Laplace’s equation 
except possibly at the point (x\y',z'), where it is not defined.

From what we have said in (c) of Sec. 1 it follows that the function 
y  given by equation (1) is a possible form for the electrostatic potential 
corresponding to a space which, apart from the isolated point (x',y',z'), 
is empty of electric charge. To find the charge at this singular point 
we make use of Gauss’ theorem (Problem 1 of Sec. 1). If S  is any 
sphere with center {x , y \ z ) ,  then it is easily shown that

from which it follows, by Gauss’ theorem, that equation (1) gives the 
solution of Laplace’s equation corresponding to an electric charge +q.
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By a simple superposition procedure it follows immediately that
VI

1 =  1
lr — r I (2 )

is the solution of Laplace’s equation corresponding to n charges q { 
situated at points with position vectors r, (/ =  1, 2, . . . , n).

In electrical problems we encounter the situation where two charges 
+ q  and —q  are situated very close together, say at points r' and r' +  <5r', 
where < 5 r ' =  (l,m,n)a. The solution of Laplace’s equation corre­
sponding to this distribution of charge is

v =  - ~ y  . + _____ i _____
|r -  r'| fr -  r ' -  <5r'|

Now

|r — r' — <5r'| |r -  r'|
l ( x  — x ')  +  m ( y  — / )  +  n (z  — z )

r -  i"
a  ‘ 0 (0 ®)

so that if a  -> 0, q  -» oo in such a way that q a  -» p ,  i.e., an electric 
dipole is formed, it follows that the corresponding solution of 
Laplace’s equation is

l(x — x') +  m(y —/ )  +  n(z -  z )
y> =  n -------------------rr— z k -------------------  (3)r — r

a result which may be written in other ways: If we introduce a vector 
m =  then

m • (r -  r')
V =  —r-----n r- (4)

Also since
1 X — X

d x ' lr — r'| etc.

it follows that (3) may be written in the form
/ 1 / ,  3 d d \

-  <- ■ 8 ™ d ) i p r T T  =  ' ‘ ( ' 5 7  +  "  5 7  • "  87 )
(5)

In reality we usually have to deal with continuous distributions of 
charge rather than with point charges or dipoles. By analogy with 
equation (2) we should therefore expect that when a continuous distri­
bution of charge fills a region V of space, the corresponding form of 
the function of (c) of Sec. 1 is given by the Stieltjes integral1

^ f
) v  |r — r'l (6)

1  For a discussion of the analytical properties of such Stieltjes potentials the 
reader is referred to G. C. Evans, Fundamental Points of Potential Theory, Rice 
Inst. Pamph., 7 (4), 252-293 (October, 1920).
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where q is the Stieltjes measure of the charge at the point t', or if 
p denotes the charge density, by

(7 )
=  f P{r')dr

Jv lr -  r I
By a similar argument it can be shown that the solution corresponding 

to a surface S  carrying an electric charge of density a is
cr(r') dS'
|i— 7 [ (8)

Example 1. I f  p > 0 and yir) is given by equation (7), where the volume V is 
bounded, prove that

lim np(r) =  M

where M = l p(r') dr'

Let rv r2 be the maximum and minimum values of the distance |r — r'| from the 
point r to the integration points r' of the bounded volume V. Then by a theorem 
of elementary calculus

M  Jf p(j') dr' M
ri < Jr |r  -  r'| <

an equality which may be written in the form

j M  < ry»(r) <  ̂ M

Now as r * oo, r/r, and r/r2 both tend to unity, so that
lim ryir) = M

co

PROBLEMS
l. Prove that r cos 0 and r 2 cos 0 satisfy Laplace’s equation, when r, 0, & are 

spherical polar coordinates.
An electric dipole of moment ft is placed at the center of a uniform hollow 

conducting sphere of radius a which is insulated and has a total charge e. 
Verify that Vt, the potential inside the sphere, and V0, the potential outside the 
sphere, are given by

,, e u cos 0 fir nVt = -  + --=----- ^  cos 0
a r ‘ a “

Vn
e
r

where r is measured from the center of the sphere and 0 is the angle between 
the radius vector and the positive direction of the dipole.

2. A surface S  carries an electrical charge of density cr. In the negative direction 
of the normal from each point P of 5  there is located a point Pi at a constant 
distance h, thus forming a parallel surface S v  Assuming that corresponding 
points P  and P2 have the same normal and that corresponding elements of 
area carry numerically equal charges of opposite sign, show that the potential 
function of the system is

V = |r -  r' + H , cr(r') dS’
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3.

4.

5.

6.

By letting h -> 0, p -* oo in such a way that ah — fi everywhere uniformly on 
S, obtain the expression

‘  ■ -  r ') >V’
_  C /ifn • (r -  r ') ,  ,c. 

I s  |r  -  r ' |3

for the potential of an electrical double layer.
A closed equipotential surface S’ contains matter which can be represented by 
a volume density a. By substituting y>' =  |r — rj_I in Green’s theorem1

prove that

Deduce that the matter contained within any closed equipotential surface S  
can be thought of as spread over the surface 5  with surface density

_ ± £ y
4tt dn

at any point.2

By applying Green’s theorem in the above form to the region between an 
equipotential surface S  and the infinite sphere with y' = |r — rj^ 1 and y 
the potential of the whole distribution of matter, prove that the potential 
inside S  due to the joint effects of Green’s equivalent layer and the original 
matter outside S  is the constant potential of 5.
Show that

irrespective of whether the point with position vector r  is inside or outside the 
volume V or on the surface bounding it.
Prove that the potential

V(r)

and its first derivatives are continuous when the point P with position vector r 
lies inside or on the boundary of V.

Show further that VV =  —4-np if Pe V and that V2y = 0 if P i V.

3. Families of Equipotential Surfaces
If the function y>(x,y,z) is a solution of Laplace’s equation, the one- 

parameter system of surfaces
Vix ,y,z) =  c

is called a family of equipotential surfaces. It is not true, however, 
that any one-parameter family of surfaces

f (x ,y ,z )  =  c (1)

1 H. Lass, “Vector and Tensor Analysis” (McGraw-Hill, New York, 1950), p. 118.
2 This distribution is known as Green’s equivalent layer.
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is a family of equipotential surfaces. This will be so only if a certain 
condition is satisfied; we shall now derive the necessary condition.

The surfaces (1) will be equipotential if the potential function y> is 
constant whenever f(x,y,~) is constant. There must therefore be a 
functional relation of the type

V =  F {f(x ,y ,:)}  (2)
between the functions y and f. Differentiating equation (2) partially 
with respect to x, we obtain the result

dy> _ d F d f  
dx df dx

and hence the relation
B y  d 2F t d f y  dF d2f
dx2 ~df2 \dx!  ' d f  dx2

from which it follows that

(3)

(4)

VV =  F " (/)(grad /)2 +  F'( f ) V 2f  (5)

Now, in free space. V2y =  0, so that the required necessary condition 
is that

n n  (6)
(grad /)2 F '( f )  K J

Hence the condition that the surfaces (1) form a family of equipotential 
surfaces in free space is that the quantity

y y
Igrad/I2

is a function o f/  alone.
If we denote this function by / ( / ) ,  then equation (6) may be written 

as
d2F , ^ d F  n 
^  77 =  °d f 2

from which it follows that
df

dF—  =  Ap-lx
df

where A is a constant, and hence that

y  =  df  B

where A and B are constants.
(7)

Example 2. Show that the surfaces
*2 ,f. y 2 + z2 = cxl

can form a family o f  equipotential surfaces, and find the general form o f  the correspond­
ing potential function.
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In the notation of equation (1)

/  =  x* +  x~i ( f  + z2)

so that grad /  =  §x~H2x2 — y2 — z2, 3xy, 3xz)

Hence V2/  =  ^  * KAx2 + f  + z2)

and |grad f \  2 =   ̂x_5° (4* 2 + y* + z2)(x2 + _y + z2)

so that V2/ /  |grad / 12 = *(/), where y( f ) — 5/(2/). The given set of surfaces 
therefore forms a family of equipotential surfaces.

Substituting 5/(2/) for * (/) in equation (7), we find that

¥> = zt/- ’ + B

from which it follows that the required potential function is 

V =  Ax(x2 + f  + z2)“3 + B 

where A and B  are constants.

PROBLEMS
1. Show that the surfaces

(x2 +  y2) 2 -  M i x 2 -  f )  + a1 = c
can form a family of equipotential surfaces, and find the general form of the 
corresponding potential function.

2. Show that the family of right circular cones

x2 + y 2 = cz2
where c is a parameter, forms a set of equipotential surfaces, and show that the 
corresponding potential function is of the form A log tan JO ■ B, where A and 
B are constants and 8 is the usual polar angle.

3. Show that if the curves / (jr,y) = c form a system of equipotential lines in free 
space for a two-dimensional system, the surfaces formed by their revolution 
about the x  axis do not constitute a system of equipotential surfaces in free 
space unless

is a constant or a function of c only.
Show that the cylinders x 2 + ^  = 2cx for a possible set of equipotential 

surfaces in free space but that the spheres x2 + y2 + z2 =  2 cx do not.
4. Show that the surfaces

x2 + f  - 2 c x  + a2 = 0
where a is fixed and c is a parameter specifying a particular surface of the 
family, form a set of equipotential surfaces.

The cylinder of parameter c, completely surrounds that of parameter 
c2, and c2 > a > 0. The first is grounded, and the second carries a charge 
E  per unit length. Prove that its potential is

(ct + a)(c2 -  a)
° e (q  -  u)(ca +  a)
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4. Boundary Value Problems

In Sec. 1 of this chapter we have seen that in the discussion of certain 
physical problems the function y  whose analytical form we are seeking 
must, in addition to satisfying Laplace’s equation within a certain 
region of space V, also satisfy certain conditions on the boundary S  of 
this region. Any problem in which we are required to find such a 
function y  is called a boundary value problem for Laplace's equation.

There are two main types of boundary value problem for Laplace’s 
equation, associated with the names of Dirichlet and Neumann. By 
the interior Dirichlet problem we mean the following problem:

I f /  is a continuous function prescribed on the boundary 5  of some 
finite region V, determine a function y(x,y,z) such that V2y  =  0 within 
V and y =  f  on S.

In a similar way the exterior Dirichlet problem is the name applied to 
the problem:

If /  is a continuous function prescribed on the boundary S  of a 
finite simply connected region V, determine a function y(x,y,z) which 
satisfies V2y  =  0 outside V and is such that y  =  f  on S.

For instance, the problem of finding the distribution of temperature 
within a body in the steady state when each point of its surface is kept 
at a prescribed steady temperature is an interior Dirichlet problem, 
while that of determining the distribution of potential outside a body 
whose surface potential is prescribed is an exterior Dirichlet problem.

The existence of the solution of a Dirichlet problem under very 
general conditions can be established. Assuming the existence of the 
solution of an interior Dirichlet problem, it is a simple matter to prove 
its uniqueness. Suppose that y 1 and y 2 are both solutions of the interior 
Dirichlet problem in question. Then the function

V =  Vi -  V>2

must be such that V2y  =  0 within V and y  =  0 on S. Now by Prob. 1 
of Sec. 1 of this chapter we know that the values of y  within V cannot 
exceed its maximum on S' or be less than its minimum on S, so that we 
must have y  =  0 within V; i.e., y, =  y 2 within V. It should also be 
observed that the solution of a Dirichlet problem depends continuously 
on the boundary function (cf. Example 1 below).

On the other hand, the solution of the exterior Dirichlet problem is 
not unique unless some restriction is placed on the behavior of y>(x,y,z) 
as r — oo. In the three-dimensional case it can be proved1 that the 
solution of the exterior Dirichlet problem is-unique provided that

C
\y(x,y,z)\ <  -

1 See Sec. 8 .
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where C is a constant. In the two-dimensional case we require the 
function y to be bounded at infinity.

In cases where the region V is bounded the solution of the exterior 
Dirichlet problem can be deduced from that of a corresponding interior 
Dirichlet problem. Within the region V we choose a spherical surface 
C with center O and radius a. We next invert the space outside the 
region V with respect to the sphere C; i.e., we map a point P outside V 
into a point 11 inside the sphere C such that

OP ■o n  = a2

In this way the region exterior to the surface S is mapped into a region

V* lying entirely within the sphere C (cf. Fig. 21). It can be easily 
shown that if

/" (H ) =
a

o i l f ( P )

and if y*(n) is the solution of the interior Dirichlet problem 

y 2y* =  0 within V*, y* =  /* ( f l )  for II e  S*

then V>(P) =

is the solution of the exterior Dirichlet problem

V2y =  0 outside V, y — f { P )  for P e 5

Lebesgue has shown by a specific example that in three-dimensional 
regions whose boundaries contain certain types of singularities the 
Dirichlet problem may not possess a solution assuming prescribed 
values at all points of the boundary. Consider, for example, the
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potential due to a charge kz on the segment 0  ^  z <  1 , x — y  =  0. 
It is readily proved by the methods of Sec. 1 that the requisite potential is

v{x,y
z dz'

V x 2 +  y 2 +  (z — z ' ) 2

which can be expressed in the form

y>0(x,y,z) -  z log (x2 +  y 2)

where y>0(x,y,z) is continuous at the origin and takes the value 1 there. 
The second term takes the value c at each point of the surface whose 
equation is

(x2 +  y 2) =  e cl2z

which passes through the origin whatever value c has. In other words, 
any equipotential surface on which y> =  1 +  c passes through the 
origin, so that the potential at the origin is undefined.

The second type of boundary value problem is associated with the 
name of Neumann. By the interior Neumann problem we mean the 
following problem:

I f / i s  a continuous function which is defined uniquely at each point 
of the boundary S  of a finite region V, determine a function y>(x,y,z) 
such that VV =  0 within V and its normal derivative dyjdn coincides 
with /  at every point of S.

In a similar way the exterior Neumann problem is the name given to the 
problem:

I f / i s  a continuous function prescribed at each point of the (smooth) 
boundary S  of a bounded simply connected region V, find a function 
yj(x,y,z) satisfying VV =  0 outside V and dyi/dn =  / o n  S.

We can readily establish a necessary condition for the existence of the 
solution of the interior Neumann problem. Putting a =  grad y> in 
Gauss’ theorem

J  an dS =  j  div a dr

we find that

f  V V  dr =  f  ^  d s  Jv Js on
Now on the boundary

dy)
dn = m P E S

so that dS

Hence if VV =  0, we have

| 7 ( P )  d S  =  0 (1)
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showing that a necessary condition for the existence of a solution of the 
problem is that the integral of/ over the boundary S  should vanish.

It is possible to reduce the exterior Neumann problem to the interior 
Neumartn problem just as in the case of the Dirichlet problems (see 
Prob. 3 below).

In the two-dimensional case it is possible to reduce the Neumann 
problem to the Dirichlet problem. Suppose that a solution xp of the 
Neumann problem

(i) V1 2y> =  0 within 5

(ii) Yn = f {P) { o t P * C

exists and is such that xp and its partial derivatives with respect to x, y  
can be extended continuously to the boundary C  of the plane region S. 
We can now construct a function <f> which, within S and on C, satisfies 
the Cauchy-Riemann equations1

dxp d<f> dip d<f>
dx dy dy dx

so that xp +  i<f> is an analytic function of the complex variable x  +  iy. 
The function <f> is therefore defined uniquely apart from a constant term. 
Now it is well known that

dtf> dtp
ds dn

so that if P, Q are two points on the boundary curve C, then

<KQ) -  4>{P) =  £  ~ ds =  r  f ( s )  ds ( 2 )

Since, by an argument analogous to that leading to equation (1),

j c /CO ds =  0
it follows that equation (2) defines  ̂ on C as a continuous and single­
valued function, and it is readily shown that if xp is harmonic, then so 
also is <f>. Hence knowing the value of <f> on C, we can determine 
within S. Using the Cauchy-Riemann equations then, apart from a 
constant term, we can determine the function xp within S. "

Recently Churchill2 has analyzed a boundary value problem of a 
type different from those of Dirichlet and Neumann. By the interior 
Churchill problem we shall mean the problem:

1 See Sec. 10.
2 R. V. Churchill, / .  Math, and Phys., 33, 165 (1954).
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I f / i s  a continuous function prescribed on the boundary S  of a finite 
region V, determine a function y>(x,y,z) such that V2y =  0 within V and

dw
^  +  ( /  +  ])y> = /

at every point of S.
An exterior Churchill problem can be defined in a similar manner.

PROBLEMS
1. If v'i, y2 are solutions of the Dirichlet problem for some region ^corresponding 

to prescribed boundary values / ,  / 2, respectively, and if | / i  — / 2 1 < £ at all 
points of S, prove that | v'i — y2 | < f at all points of V.

Deduce that if a given sequence of functions which is harmonic within V 
and is continuous in V and on 5 converges uniformly on S, then this sequence 
converges uniformly within V.

2. Prove that the solutions of a certain Neumann problem can differ from one 
another by a constant only.

3. Prove, with the notation of this section, that if

/* c i)

and if y*(n) is the solution of the interior Neumann problem

V2y* — 0 within V*, ~ ~  / •( 11) for IT c S*
on*

then yfF) =  v*(n) is the solution of the exterior Neumann problem

Vzy = 0 outside V, —  =  f(P ) for P e S  on

4. Prove that the solution rf(r,0,<j>) of the exterior Dirichlet problem for the unit 
sphere

V2y =  0, r > 1, y  = /(0 ,0) on r = 1

is given in terms of the solution v(rfi,p) of the interior Dirichlet problem 

V2n =  0, r < 1, v =  /(0 ,0) on r =  1
by the formula

y(r,0,0) = i  ii |  -  .®>0 j

5. Prove that the solution y(r,0,4>) of the interior Neumann problem for the unit 
sphere

V 2y  =  0, r  <  1, 4 -  =  / (® ,0 ) on r  =  I
or

is given in terms of the solution v(r,8,tf,) of the last question by the formula

V(r,0,0 ) f  v(rl,0,4>) — +  C
Jo t

where C is a constant.
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6. Prove that the solution of the interior Churchill problem for the unit
sphere

VV = 0 r ■' I

-zr + ( k  + \ ) y  — f  (0,4,) on r =  1, k  >  — 1
or

is given in terms of the function v(r,0,4>) defined in Prob. 4 by the form ula

tf(rfi,4>) =  f  v(rtfl,4>)tk dt 
Jo

5. S e p a ra t io n  o f  V a r ia b le s

We shall now apply to Laplace’s equation the method of separation of 
variables outlined in Sec. 9 of Chap. 3.

In spherical polar coordinates r, 6, <j> Laplace’s equation takes the 
form

1 d2tpd2tp 2 dtp 1 d2tp ^  cot 6 dtp
dr2 r dr r2 dd2 r 2 dO T r 2 sin2 6 d<j>2

=  0 ( 1 )

and it was shown in Example 5 of Sec. 9, Chap. 3 that this equation is 
separable with solutions of the form

Anrn +  © (co se )^ 1'"** (2)

where A„, B„, m are constants and ©(//) satisfies Legendre’s associated 
equation

"  +  ! ” i ”  +  » - r ? ? ! e - 0 (3 )

If we take m =  0, we see that equation (3) reduces to Legendre’s 
equation

(1 _,u2)5  ~2fi% +<n + 1)0 = ° (4)
In the applications we wish to consider we assume that n is a positive 
integer. In that case it is readily shown1 that this equation has two 
independent solutions given by the formulas

Qnip) =  \ P M  log
n +  1 V 2/7 4 v -  1

(5)

p „ - 2»-i(,“) (6)
A ~  1 st o ( 2s +  ~  5)

where p =  \(n — 1) or \n — 1 according as n is odd or even. The 
general solution of equation (4) is thus

0  =  CnPn(p) +  D„Q„(n) (7)
1 For the proof of this and other results about Legendre functions see I. N. 

Sneddon, "The Special Functions of Mathematical Physics" (Oliver & Boyd, 
Edinburgh, 1956), chap. III.
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where C„ and Dn are constants. In a great many physical problems, 
especially those connected with concentric spherical boundaries, we 
know on physical grounds that the function 0  remains finite along the 
polar axis 0 =  0. Now when 0 =  0, pt -- 1, and it follows from 
equation (6 ) that Qn(ju) is infinite, so that if 0  is to remain finite on the 
polar axis, we must take the constant Dn to be identically zero.1 In 
these cases we therefore obtain solutions of Laplace’s equation (1) of 
the form

9  =  2  ( A«r” +  p r k )  p n(cos °) (8)

In the general case in which m /  Owe find that when 0 <  m <  n, 
equation (3) possesses solutions of the type

n  w  =  (m2

(?;;■ (/<) =  (t‘2

. dmP (u) 
1)'"’ , 

d / r (9 )

’ d / r
(10)

When ft =  zh 1, Qnif1) is infinite, so that in any physical problem in 
which it is known that 0 , i.e., y, does not become infinite on the polar 
axis we take P™(p) to be the solution of equation (3). In this way we 
obtain solutions of Laplace’s equation (1) of the form

V =  2  2  (Amnr  +  Bmnr - ^ L)P”(cos 6)e±imi (11)
n  =  0  m e n

which may be written as
T - >1

v  =  2  ( - )  A"p * (c° s °) +  2  (Anm cos +  Bnm sin mt^  p,^ cos 6)»_« ^ - ... i
( 12)

We shall illustrate the above remarks by considering first a very 
elementary problem in the irrotational motion of a perfect fluid.

Example 3. A rigid sphere o f radius a is placed in a stream o f fluid whose velocity 
in the undisturbed state is V. Determine the velocity o f the fluid at any point o f the 
disturbed stream.

We may take the polar axis Oz to be in the direction of the given velocity and take 
polar coordinates (rfi,<f>) with origin at the center of the fixed sphere.

From Sec. 1(6) we see that the velocity of the fluid is given by the vector 
q =  —grad y>, where

(i) V > = 0
,... dW „(n) — =  0 on r = adr

(iii) y>----- Vr cos ft = — VrPx(cos 8) as r -> co

1 It should be noted that this is not always true. As an example of a proble m 
in which Dn -±. 0 see Prob. 1 below.
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The axially symmetrical function

V = ^  ( /,"r" + ^ i )  / ‘»(cos9)
n = 0

satisfies (i). Condition (ii) is satisfied if we take

nAna ^ 1 -  (n + 1 ) ^  = 0

i.e., if Bn = na2n+1An/(n + 1). As r -> oo, this velocity potential has the asymptotic 
form

CO

V  ~  2  (cos 0)
n = 0

so that to satisfy (iii) we take A x = — V  and all the other zfs zero. Hence the 
required velocity potential is

V =  - y ( r  +  ^ j c o s  s  

The components of the velocity are therefore

A similar problem from electrostatics is:
Example 4. A uniform insulated sphere o f dielectric constant k and radius a 

carries on its surface a charge o f density 2.P„(cos 0). Prove that the interior o f the 
sphere contributes an amount

8tT2A2a3i<n
(2 n + 1)(k/j + n + l)2

to the electrostatic energy.
The electrostatic potential y> takes the value Vi inside the sphere and y>2 outside, 

where by virtue of Sec. 1 (d) we have:

(i) VVi =  0, VV2 =  0
(ii) Vi is finite at r = 0; y>2 -» 0 as r -* oo;

(iii) Vi = V2 and K(dyi1/dr) — dy^dr = 4nXP„(cos 0) on r =  a.

Conditions (i), (ii), and the first of (iii) and the condition of axial symmetry are 
satisfied if we take

V>i =  A /cos 0), V’2 =  A P„( cos 0)

and the second of (iii) is satisfied if we choose A so that 

uk (n + 1)
a a

Hence the required potential function is

imal.

A = 4rr2

Vi Kn +
ay /  r\*
n + 1 (a ) (cos 0)
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The energy due to the interior of the sphere is known from electrostatic theory to be
k 16n2a2X2 n 2 

877 (kh — n + I) 2 a ° rsin 6Pn(cos 6) Pn(cos 6) dd

and the result follows from the known integral1

A1—  ̂
A similar procedure holds when Laplace’s equation is expressed in 

cylindrical coordinates (p,<f>,z). In these coordinates Laplace’s equation 
becomes

d 2 y> 1 d tp  1 p 2 xp d 2 ip

d ? - - p J~P ~ J2 d$2

and it was shown in Example 4 of Sec. 9 of Chap. 3 that this equation 
possesses solutions of the form

R(P)e±m!e ±in* (14)

where R(p) is any solution of Bessel’s equation

d2R 1 dR 
dp2 ^  p dp

dR  1 . n \ „ „+  („,2 -  R =  ° (15)

In the usual notation for Bessel functions the general solution of this 
equation is

R =  AmnJn(rnP) +  BmnY„(mp) (16)

where Am„ and Bm„ are constants. Thefunction Y„(mp) becomes infinite 
as p -> 0 , so that if we are interested in problems in which it is obvious 
on physical grounds that y< remains finite along the line p — 0 , we must 
take Bmn =  0. In this way we obtain a solution of the type

Y = 1 1  AmJ n{mP) e ± (17)
vi n

For problems in which there is symmetry about the z axis we may 
take n =  0  to obtain solutions of the form

Y =  I A mJ0(mP)e±™ (18)

In particular if we wish a solution which is symmetrical about Oz 
and tends to zero as p -> 0  and as z -> 0 0 , we must take it in the form

W = 1  AmJ0(mp)e-m‘ (19)
m

Example 5. Find the potential function y(p,z) in the region 0 < p <  1, z > 0 
satisfying the conditions

(i) v 0 os z -* 00

(ii) ip = 0 on p = 1
(iii) v’ = f(p) on z = 0  for 0 < p < 1 

1 Sneddon, op. cit., equation (15.7).
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The conditions (i) and (ii) are satisfied if we take a function of the form
yip,:) = N A :J0ii.,p)e (20)

where ).s is a root of the equation
J 0W  =  0

Now it is a well-known result of the theory of Bessel functions1 that we can write
/(p) = T AsJ0UsP)

8

-> f
where As = pf(p)J0(Xsp) dp (21)

Hence the desired solution is (20), with As given by the formula (21).

The method of separation of variables can also be applied to Laplace’s 
equation in rectangular Cartesian coordinates (x,y,z). It is readily 
shown that the function

exp (/ax +  ifly +  yz) (2 2 )
is a solution of V2y> provided that

F2 =  a2 +  /32 (23)
The use of solutions of this kind is illustrated by:
Example 6. Find the potential function yi(x,y,z) in the region 0 < x  < a, 

0 < v < b, 0 <  z < r satisfying the conditions

(i) yi = 0 on x  = 0, x = a, y  = 0, y  = b, z = 0

(ii) y> = f(x ,y) o n z = c , 0 < x < a , 0 < , y < b  

The conditions (i) are satisfied if we assume

= 2-, Amn S'n ~ 2” Sm Slnh '■

■where, because of equation (23),

a b

2 O \ $int2 «2\
r,„„ -  11 \ a2 + b2j

Now by the theory of Fourier series we can write

nrnx . nny

where

V  V  f . nmx . nny
f(x ,y )  = 2 _  2 i ^ mn sm ~ a ~ sin ~b~

m * 1 n = 1

/mn = 5 1  J  f(x ’y) sin T T sm ?  dx dv

V

Thus to satisfy (ii) we take
A m„ = f m„ cosech (ymnc)

to obtain the solution

(24)

(25)

v(x,y,z) =  ^  2  /" i"sin ~ sin“^ sinh(>;m„T) cosech (y ,„•,£■)
m = 1 n = 1

where f mn and y,„„ are given by equations (25) and (24), respectively.

CO

1 G. N. Watson, “A Treatise on the Theory of Bessel Functions” 2d. ed. 
(Cambridge, London, 1944), p. 576.
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PROBLEMS
1. If v is a harmonic function which is zero on the cone 0 = a and takes the value 

To.„r" on the cone 0 = $, show that when a < 6 < f),

V

00 , » 
V  !2„(cos »)/’„(cos 0) -  PJcos 0 ! ) ( 2 „ ( c o s  0)

" (<2„(cos a)P„(cos fS) -  Pn(cos a)Q„(cos /3)j

2. A small magnet of moment m lies at the center of a spherical hollow of 
radius a in medium of uniform permeability n. Show that the magnetic 
field in this medium is the same as that produced by a magnet of moment 
3m/(l + 2n) lying at the center of the hollow.

Determine the field in the hollow.

3. A grounded nearly spherical conductor whose surface has the equation

r =  a 1 ^  £n̂ n(COS 0)

is placed in a uniform electric field E  which is parallel to the axis of symmetry 
of the conductor. Show that if the squares and products of the e's can be 
neglected, the potential is given by

V = ^ j ( i  + K)(;-)2-;-)^ + 3 2 { ^
i

— 1 " 1 2n + 3 n+1

/ \ n+t
= 0 .

4. Heat flows in a semi-infinite rectangular plate, the end x =  0 being kept 
at temperature 6g and the long edges y  — 0 and y  = a at zero temperature. 
Prove that the temperature at a point (x,y) is

V  _ J __ - i n  <*"' +  ’ f r y .em-ru„x/a
7r -__ 2m + 1 a

m  =  0

5. V  is a function of r  and 6 satisfying the equation

d2 V  \ d V  1 d2 V
dr'1 ~ r dr r 2 d02

within the region of the plane bounded by r = a, r = b, 6 = 0, 6 = | tt. Its 
value along the boundary r — a is 0(£tt — 0), and its value along the other 
boundaries is zero. Prove that

V = -
2 (r/6)4"~2 -  ( b j r f ^ 2 sin (4n -  2)0
n Z , (a/6)4"-n = 1 (b/a)*' (2n -  l ) 3

6.- Problems with Axial Symmetry
The determination of a potential function y for a system which has 

axial symmetry can often be considerably simplified by making use of 
the fact that it is sometimes a simple matter to write down the form of
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for points on the axis of symmetry. It is best in such cases to use 
spherical polar coordinates r, 0 , <f> and to take the axis of symmetry to 
be the polar axis 0 =  0. Suppose that we wish to determine the 
potential function corresponding to a given distribution of
sources (such as masses, charges, etc.) and that we have been able to 
calculate its value y>(z,0,0) at a point on the axis of symmetry. If we 
expand y>(z,0,0) in the Laurent series

Viz,0 ,0 ) =  2  ( k *' +  (!)

then it is readily shown that the required potential function is

virfiA) =  2  Unf* +  ^ (cos 6) (2 )
n- 0  ' 

for
(i) VV =  0 ;
(ii) y>(r,d,<f) takes the value ( 1) on the axis of symmetry, since there 

,P„(cos 0) =  1, r =  z;
(iii) is symmetrical about Oz as required.

The simplest example of the use of this method is the determination 
of the potential due to 'a uniform circular wire of radius a charged with 
electricity of line density e. At a point on the axis of the wire it is 
readily seen that

Viz,0,0) =
2-rrea

V  a2 +  z2

so that y(z,0 ,0 ) =
z >  a

where we have used the notation (o)„ =  aia +  1) ■ • • (a +  a — 1 ). 
Hence at a general point we have

Vir,0) =
2ne >  — -  (Z-,

71 = 0

n - :::::

a

The solution of a direct problem of this kind presents little difficulty. 
Where the method is most useful is in the combination with that of 
Sec. 5, as in the following example:

Example 7. A uniform circular wire o f radius a charged with electricity o f line 
density e surrounds grounded concentric spherical conductor o f radius c. Determine 
the electrical charge density at any point on the conductor.
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By the last result and the method of Sec. 5 we see that we take for the forms of the 
potential function

Vi -  2 ire y  j (  - 1)« + An ( l )  + B„ j  P2ll(cos d) c < r  < a

and

Vt = 2-re y  | ( - 1 ) " ^  ( - )*  " + c„ (_ ) " J P2n(cos 0) r > a

The boundary conditions 
(i) v-i =  0 on r — c

3Vi 3V2
(ii)
yield the equations

( -

Vr = V’2, -  - j f  on r = a

f - M .  f t
2fi

+ Bn = 0
f \a t

. A 2-+1
An + Bn |

( ; )  - c -
/ ,  V 2"+l

(2 n + 1)B„ - = - ( 2 n  +  I)C„

from which it follows that

^ = ° -  s., = - ( - i r ^ ( ^
Hence when c < r < a,

V l  = 1  < I S 0)

The surface density on the spherical conductor is given by the formula

=
° 4n \  3r J r„c

so that c2"

PROBLEMS
1. Prove that the potential of a circular disk of radius a carrying a charge of 

surface density a at a point (z,0,0) on its axis 0 = 0 is

2 na[(z2 + a2)* — z]

Deduce its value at a general point in space.
2. A grounded conducting sphere of radius a has its center on the axis of a 

charged circular ring, any radius vector c from this center to the ring making an 
angle a with the axis. Show that the force pulling the sphere into the ring is
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3. A grounded conducting sphere of radius a is placed with its center at a point 
on the axis of a circular coil of radius b at a distance c from the center of the 
coil; the coil carries a charge e uniformly distributed. Prove that if a is 
small, the force of attraction between the sphere and the coil is

4.

e2ac a1 |3c2 I /  a3
J T  - J l y p

where f 2 = b2 + c2.
A dielectric sphere is surrounded by a thin circular wire of large radius b 
carrying a charge E. Prove that the potential within the sphere is

12 t i/'
An 4 1 T(« + J)

i + 2/j(i + k) n/ni)
P2„(cos 8)

7. Kelvin’s Inversion Theorem
It is a well-known result in the elementary theory of electrostatics 

that the solution of certain problems may be derived from that of 
simpler problems by means of a transformation of three-dimensional 
space known as inversion in a sphere. The points P, TI with position 
vectors r, p, respectively, are said to be inverse in a sphere S  of center

with position vector c and radius 
a if the points P, n , C are col- 
linear and if a is the mean propor­
tional between the distances CP, 
CTI. We must therefore have

X c  ( j i t  — rp ---- 0

X  fj. -f v =  1

and a2 =  rp

This transformation has the property that it carries planes or spheres 
into planes or spheres and carries a sphere S' into itself if and only if 
S' is orthogonal to 5.

We now consider the effect of such a transformation on a harmonic 
function. If we write p =  r =  (x,y,z), so that

a2x a2\ a2z
>? =  -tr  ’ r- ? =  —  r2

then by the well-known rule1 for the transformation of the Laplacian 
operator it follows that

d I a2 dw\ d I a2 dw\ d la2 dy>\ 
l x  Ty 077 J z k r 2 ^ } ,  (2)

1 P. M. Morse and H. Feshbach, “Methods of Theoretical Physics” (McGraw- 
Hill, New York, 1953), pt. I, p. 115.
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Now as a result of direct differentiations it is readily shown that 
d /  a2 dy\ a d2 / a \ ay  d2 ia\

dx lr 2 dx) r dx2 \r ' /  r dx2 l r/
so that since 1 /r is a harmonic function, the right-hand side of equation
(2 ) reduces to

r5 / d2 d2 d2\ ia \
la ^ 2 +  dT2 +  d7v \r Vdy

Hence we have Kelvin’s inversion theorem that if v’f'f.tuQ is a harmonic 
function of f, t], £ in a domain R, then

a ia 2x a2y a2z \  a la2r\ 
r W ’ ~rr  ’ 7* / =  r W \ T2" / (3 )

is a harmonic function of x, y , z in the domain R' into which R is 
carried by the transformation ( 1).

By the principle of superposition of solutions of a linear partial 
differential equation it follows from equation (3) that the functions

r (4 )

are also solutions of Laplace’s equation for any function /(2) such that 
the second of integrals (4) exists.

Kelvin’s inversion method has been adopted by Weiss1 to yield 
solutions of potential problems which are neat and readily adaptable to 
numerical computation. For instance, suppose that v’o(r) denotes the 
potential of an electric field having no singularities within r — a and 
that a grounded conducting sphere 5  of radius a is then introduced into 
the field with its center at the origin. To describe the disturbed field 
we must find a function y  satisfying
(i) y(r) ~  y 0(r) for large values of r
(ii) y  =  0  on r — a
(iii) V2yj =  0  for r >  a
By the above argument it is readily shown that the required function is 
given by the equation

y(r) =  y0( r ) - ar y0 [~TT) ^

The charge induced on the conducting sphere is

f (d y A  
4n Js l  dr / .

dS — ay o(0)

1 P. Weiss, Proc. Cambridge Phil. Soc., 40, 259 (1944); Phil. Mag., (7) 38, 200 
(1947).
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where yj„(0 ) denotes the value of y0(r) at the origin. Since y)0(r) is 
regular and harmonic within the sphere S, it follows from Gauss’ 
theorem that the first term on the right-hand side of this equation 
vanishes, and we have

Q =  ~aw o(0) (6)

If the conducting sphere is not grounded but insulated, the solution is

a l a2r\ a
V’(r)  =  Wo(r) ~  ~ V o  J + ~  Vo(0) (? )

In the corresponding hydrodynamical problem we have to determine 
a function y> satisfying the conditions

(i) y>(r) ~  y>o(r) for large values of r

dw
(ii) ^ -  =  0  on r =  a or

(iii) Vfy =  0  for r >  a

These conditions are satisfied by the function

vO) = Vo(r) + ~r y>0 ~  ^  j 0 Xfo i ^ ) dX (8)

Condition (iii) follows from the fact that if y>0 satisfies Laplace’s 
equation, then so do the functions (3) and (4). To verify that condition 
(i) is satisfied we expand y„(r) into a Taylor series near the origin. 
We then find that as r -> oo,

y ( r )  ~  V o ( r )  +  V o ( 0 )  j -  -  I \  +  O ( / - * )
Vr ar Jo I

showing that y(r) ~  Woir) as r -> oo. To prove that condition (ii) 
is satisfied we note that

(£L-(3?L-
2 f“ I /;.2r\ ;.3 / /  ,,

+ S i  7 , V . ( 7 f j + ? (r-grad T. ) j j=y >

=  ( - p )  -  -  VoO) -  7 (r • grad Vo)\  dr J r * a Q Q

i ra
a Jo dX

"A2 / A2r\ 1
Vo - j dX

t P rv L 2/ .

■ ( T ? ) , . . “ 5 (r ' 8rad ,’")

=  0
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The results obtained by means of Kelvin’s inversion theorem may be 
given a quasi-physical interpretation through the language of the 
method of images well known in the elementary theory of electrostatics. 
The “image system” of the problem whose solution is given by equation
(5) is the distribution of electric charge which leads to a potential

PROBLEMS
1. A grounded conducting sphere of radius a is placed at the origin in an electric 

field whose electrostatic potential in the undisturbed state is Vn(x,y,z), a 
homogeneous function of degree n in x , y, z. Show that the electrostatic 
potential is now given by the equation

Hence determine the electrostatic potential of the field surrounding a 
grounded conducting sphere placed in a uniform electric field of strength E.

2. A point charge q is placed at a point with position vector f outside a grounded 
conducting sphere of radius a. Find the electrostatic potential of the field, 
and show that the image system consists of a charge -q a j f  situated at the 
inverse point a2f / /2.

3. If the velocity potential of the undisturbed flow of a perfect fluid Vn(x,y,z) is a 
homogeneous function of x , y, z of degree n, show that the velocity potential of 
the disturbed flow due to the insertion of a sphere of radius a at the origin is

( n a2n+11

v - ( I + 7 T r H K n ( w )
Deduce the velocity potential corresponding to the flow of a perfect fluid 

round a sphere placed in a uniform stream. ‘ *-  ̂ n -  •
4. A sphere of radius a is placed at the origin Ij flow produced by a

point source of strength m situated at the p o i n _ _  rJBSW ,vector f  ( /  > a). 
Determine the velocity potential and show that-{hi image system consists bf a 
source m aff at the point f' = aHjf2 and a uniform sink of line density m/a 
extending from the origin to the point f'.

8. The Theory of Green’s Function for Laplace’s Equation
We return now to the consideration of the interior Dirichlet problem 

formulated in Sec. 4. Suppose, in the first instance, that the values of 
yj and dxp/dn are known at every point of the boundary S' of a finite 
region V and that V2y> =  0 within V. We can then determine y> by a 
simple application of Green’s theorem in the form (Lass, loc. cit.)

(yjVV' — y/VV) cIt =  J  ~  ¥  dS (1)

where 2  denotes the boundary of the region H.
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If we are interested in determining the solution y>(r) of our problem 
at a point P with position vector r, then we surround P  by a sphere C 
which has its center at P  and has radius s (cf. Fig. 23) and take 2 to be 
the region which is exterior to C and interior to S. Putting

r
so that v’(r') — ^ ------ dS' =  A-mp{r) -  0(e)

Jc on r — r

and
dip 

r] dn
dS' =  O(e)

Substituting these results into equation (2) and letting e tend to zero, 
we find that

I 1 dip( r')
I r' — r| dn ip{f) d 1 I

dn |r' — r I dS' (3)

so that the value of ip at an interior point of the region V can be deter­
mined in terms of the values of ip and dy/dn on the boundary S.
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A similar result holds in the case of the exterior Dirichlet problem. 
In this case we take the region D occurring in equation (1) to be the 
region bounded by S, a small sphere C surrounding P, and 2' a sphere 
with center the origin and large radius R (cf. Fig. 24). Taking the 
directions of the normals to be as indicated in Fig. 24 and proceeding 
as above, we find, in this instance, that

477̂ (r) +  0 ( e)
j’ / 1 fy(r')

Js Ur' — r| dn V>(r')
P I I

dn |r' — r|l dS'

+ f I 1 aV’
J l IR dn

V I 
/Fl

dS =  0

Letting e -> 0 and R oo, we see that the solution (3) is valid in the 
case of the exterior Dirichlet prob­
lem provided that Ry> and R 2 
dip/dn remain finite as R -* oo.
This explains the remark made in 
Sec. 4.

Equation (3) would seem at first 
sight to indicate that to obtain a 
solution of Dirichlet’s problem we 
need to know not only the value 
of the function y> but also the 
value of dip/dn. That this is not 
in fact so can be shown by the 
introduction of the concept of a 
Green’s function. We define a 
Green’s function G(r,r') by the 
equation 1

G(r,r') =  //(r,r') - j^-——,

where the function H{r,r') satisfies the relations

^  H{r,r ) =  0

1

/ s 2 a 2 92
^  9F 2 +  JF*.

and -b =  0 on S

(4 )

(5 )

(6)

Then since, just as in the derivation of equation (3), we can show that

(7 )V(r) = ^  f4w J s dn dn
it follows that if we have found a function G(r,r') satisfying equations
(4), (5), and (6 ), then the solution of the Dirichlet problem is given by 
the relation

V(r) = 4 n

dG(r.r')
dn

dS' (8)
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The solution of the Dirichlet problem is thus reduced to the deter­
mination of the Green’s function G(r,r').

It is readily shown (Prob. 1 below) that the Green’s function G(r,r') 
has the property of symmetry

G(r!,r2) =  GO^,^) (9)

i.e., if Px and P 2 are two points within a finite region bounded by a 
surface S , then the value at P 2 of the Green’s function for the point Pj 
and the surface S is equal to the value at P1 of the Green’s function for

the point P 2 and the surface S.
The physical interpretation of 

the Green’s function is obvious. 
If S is a grounded electrical 
conductor and if a unit charge is 
situated at the point with radius 
vector r, then

i = 0 G(r, 0  =  ;

is the value at the point r' of the 
potential due to the charge at r and 
the induced charge on S. The 
first term on the right of this equa­
tion is the potential of the unit 
charge, and the second is the 
potential of the induced charge.

Figure 25 By the definition of //(r,r ) the total
potential G(r,r) vanishes on S.

We shall conclude this section by deriving the Green’s function 
appropriate to two important cases of Dirichlet’s problem.

(a) Dirichlet's Problem for a Semi-infinite Space. If we take the 
semi-infinite space to be x >  0 , then we have to determine a function y  
such that V2y  =  0 in x  >  0, y  = f(y,z) on x =  0, and y  0 as r -* oo. 
The corresponding conditions on the Green’s function G(r,r') are that 
equations (4) and (5) should be satisfied and that G should vanish on 
the plane x =  0 .

Suppose that II, with position vector p, is the image in the plane 
x  =  0 of the point P with position vector r (cf. Fig. 25). If we take

" f ’r ' ) = - f r T77| ° 0)

then it is obvious that equation (5) is satisfied. Since PQ =  YIQ 
whenever Q lies on x =  0, it follows that equation (6 ) is also satisfied.
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The required Green’s function is therefore given by the equation

G(r,r') =
1 1
"cti n ( 11)

i p  — r  i
where, if r =  (x,y,z), p =  ( — x,y,z).

The solution of the Dirichlet problem follows immediately from 
equation (8 ). Since

aG(r,r)
dn

_ d _

dx'
1

V (x  — x')2 +  ( y  — y')2 +  (z — z')2 
1

V (x  +  x')2 +  O' — y ' f  +  (z — z'f. 
it follows that on the plane x' =  0

dG(r,r') 2x
dn =  ~ [ x 2 +  (y  - y ' f  +  (z -  z ' ) 2] 3/2 

Substituting this result and yj(r') =  f(y ' ,z ')  into equation (8 ), we find 
that the solution of this Dirichlet problem is given by the formula

^ ’Z) = £ L I f (y ' ,z ')  dy' dz'
2 tt J -»  J- » [x2 +  (y —y'Y +  (z — z ’)2]|3/2 ( 12)

(b) Dirichlet's Problem for a Sphere. We shall consider the interior 
Dirichlet problem for a sphere, i.e., the determination of a function 
y(r,d,<f>) satisfying the conditions

V2y> =  0 r <  a (13)
on r =  a (14)

The corresponding conditions on the Green’s function G(r,r') are that 
equations (4) and (5) should be satisfied and that G should vanish on 
the surface of the sphere r — a.

Suppose that n , with position vector p, is the inverse point with 
respect to the sphere r =  a of the point P with position vector r (cf. 
Fig. 26). Then if we take

a

Hp - r'i

a
a2 ,r -  r — r r2

(15)

it is obvious that equation (5) is satisfied, and it is a well-known 
proposition of elementary geometry that if Q lies on the surface of the 
sphere, PQ ={rja)\\Q ,so that equation(6 )is also satisfied.The Green’s 
function appropriate to this problem is therefore given by the equation

G(r,r')
(16)
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Now

where R2

d9 =  _ ± | \ R ™ - rl  R ' ™ \
dr' R3 l  dr' a2 dr’ ’

ti* 2
r2 +  r"1 — 2rr’ cos 0 , R'2 =  — +  r' 2 -------  r' cos 0

and

Thus

cos 0  =  cos 0 cos 0 ' -f sin 0 sin 0 ' cos (<f> — </>') 
9G _  _  r' ( « 2 -  r2) 
dr' a2R3

and when r' =  a,
9G 3G a‘ — r‘
dn

(17)
(18)

(19)
dr' a(r2 +  a2 — 2 ar cos 0 ) 3/2

Hence if y =  f(6,<f>) on r =  a, it follows from equations (8 ) and (19)

that the solution of the interior Dirichlet problem for a sphere is given 
by the equation

, j r a i \  _ a(a2 — r2) r v r
Jo Jo

f  sin 0 ' dd'
(a2 +  r2 — 2ar cos 0 ) 3/2

(20)
4

where cos 0  is defined by equation (18).
Making use of the result of Prob. 4 of Sec. 4, we see that the solution 

of the corresponding exterior Dirichlet problem is
a(r2 - a 2) p  ^  f- / \ 0 \ f ) sin O',

4r u (a2 +  r* — 2 ar cos 0 ) 3
(21)

The integral on the right-hand side of the solution (20) of the interior 
Dirichlet problem is called Poisson’s integral. It is interesting to note 
that Poisson’s solution of this problem can also be obtained by means 
of the method of separation of variables outlined in Sec. 5. The 
function



LAPLACE’S EQUATION 173

is a solution of Laplace’s equation which is finite at the origin. If 
this function is to provide a solution of our interior Dirichlet problem, 
then the constants Amn, Bmn must be chosen so that

CD CD

f(0,<t>) =  2  2  ( A m n  cos m<t> +  Bmn sin m<f>)P™(cos 0)
n = 0 v t = 0

It is known from the theory of Legendre functions that we must then 
take

A0n =  — — - (" f / (0',<f>')Pn(cos 0') sin O' dO’ d<f>'

Amn =  ^ t [  ^J(W,4>')P™(cos O') sin 0'cos (m<f>') dO'd<j>'

B7717!
On

7
2 _)(r; w)!

{n +  m) \ .
sin 0 ' sin (m<f>') f/0 ‘

Substituting these expressions into equation (22) and interchanging the 
orders of summation and integration, we find that

W(rfi,4>) =  ^  f  [  f  (O',4>')g sin O' dO'd# (23)I n  /  * Jo

where

g =  2 * “" +  ^ ( “) l^nCcos 0)P„(cos O')
n  = 0 ^

+  2 ^  (cos /*:(«>* 0’) cos m (4> — </>')j

From the well-known relations

1 -  A2 _
( 1  — 2 A cos 0  +  /z2) 3/2

P„(cos 0) =  Pn(cos 0).P„(cos 0') +  2

2  (2/r +  1 l/F/'^cos 0)

V  (" p,„
^  (« • w)! "m - I '

/’"’(cos 0)

x P ”'(cos O') cos m(4> — <f>')

where 0  is defined by equation (18), we see that

_  a(a2 — r2)
^ (a2 — 2 or cos 0  +  r2) :!/2

(24)

Substituting from equation (24) into equation (23), we obtain Poisson’s 
solution (2 1 ).



174 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

PROBLEMS
I.

2.

3.

4.

5.

Suppose that P, and P2 are two points with position vectors r, and r2, 
respectively, which lie in the interior of a finite region V bounded by a surface 
S. By applying Green’s theorem in the form (1) to the region bounded by S  
and two spheres of small radii surrounding P1 and P2 and taking y(r') = 
Gfr^r'), y'(r') = G(r2,r), prove that

G(r],r2) =  G(r2,r,)
If the function yi(x,y,z) is harmonic in the half space x  > 0, and if on x  =  0, 
y> = 1 inside a closed curve C and y = 0 outside C, prove that 2ny>(x,y,z) is 
equal to the solid angle subtended by C at the point with coordinates (x,y,z).
If y(x,y,z) is such that Vfy = 0 for x > 0, y =  f ( y )  on x = 0 , and y 
r -» oo, prove that

w(x,y,z) X f ” / ( / )  dy'
* J-co*2 + O ' - / ) 2

• 0 as

The function y(r) is harmonic within a sphere 5  and is continuous on the 
boundary. Prove that the value of y at the center of the sphere is equal to the 
arithmetic mean of its values on the surface of the sphere.
Use Green’s theorem to show that, in a usuaf notation, if at all points of space 

V24> -- —47rp
where p is a function of position, and if 4> and r grad 4 tend to zero at infinity, 
then

dV

9. The Relation of Dirichlet’s Problem to the Calculus of 
Variations

The interior Dirichlet problem is closely related to a problem in the 
calculus of variations. It is a well-known result in the calculus of 
variations1 that the function yi(x,y,z), which makes the volume integral

F(x,y,z,V,V>r,Vv,Vz) dr  ( 1)Jy
an extremum with respect to twice-differentiable functions which 
assume prescribed values at all points of the boundary surface S of V, 
must satisfy the Euler-Lagrange differential equation

dtp dx \ d\pj dy Idy,/ dz \ d y j (2)

It follows from this result that the function, among all the functions 
which have continuous second derivatives in V and on S  and take on 
the prescribed values/  on S, which makes the integral

f(v) =  j y(grad y) 2 dr (3)

1 R. Weinstock, “Calculus of Variations” (McGraw-Hill, New York, 1952), 
pp. 132-135.
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an extremum is the solution of the Dirichlet problem

V2yt =  0 within V, y> =  f  on S (4)

The Dirichlet variational problem, that of minimizing the integral (3) 
subject to the conditions stated, and the interior Dirichlet problem 
are therefore equivalent problems. If a solution exists, then they have 
the same solution.

Since /  is always positive, the integrals I(y>) formed for admissible 
functions are a set of positive numbers which has a lower bound, from 
which Riemann deduced the existence of a function making the integral 
a minimum. 1 It was pointed out by Weierstrass that Riemann’s 
argument was unsound, and he gave an example for which no solution 
existed, but Hilbert showed later that provided certain limiting con­
ditions on S' and on f  are satisfied, Dirichlet’s variational problem 
always possesses a solution. The value of the method lies in the fact 
that in certain cases “direct methods,” i.e., methods which do not 
reduce the variational problem to one in differential equations, may 
produce a solution of the variational problem more easily than the 
classical methods could produce a solution of the interior Dirichlet 
problem. The variational method is also of great value in providing 
approximate solutions, especially in certain physical problems in which 
the minimum value of /  is the object of most interest; e.g., in electro­
static problems, /  is closely related to the capacity of the system.

10. “ Mixed” Boundary Value Problems

In the problems of Dirichlet, Neumann, and Churchill the function 
yi or its normal derivative dy/dn or a linear combination of them is 
prescribed over the entire surface S' bounding the region V in which 
v v  =  0. In “mixed” boundary value problems conditions of 
different types are satisfied at various regions of S. A typical problem 
of this kind is illustrated in Fig. 27. In this problem we have to deter-
mine a function y which satisfies

(i) v v  =  o within V

(ii) V = f on Sl

(iii)
dy>
T n = S

on S 2

where +  S 2 =  S, the boundary of V, and the functions /  and g  are 
prescribed.

As an example of a boundary value problem of this type consider the 
classical problem of an electrified disk.2 If, in polar coordinates

1 This is known as Dirichlet’s principle.
2 G. Green, “Mathematical Papers” (Cambridge, London, 1871), p. 172.
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(p,<f>,z), ip(p,<t>,z) is the potential due to a perfectly conducting uniform 
thin circular disk of unit radius which is kept at a prescribed potential, 
then the boundary value problem to be solved is

d2y> 1 dyt 
dp2 ^ p dp

d2W x  1 3V
' dz2 ' p2 d(f>2 (1)

V --- g(p-4>) on z =  0, 0 <  p <  1 (2)

dv • „— =  0 on z =  0, p > 1 (3)

In equation (2) the function g(p) is prescribed. This equation expresses 
the fact that the potential is prescribed on the surface of the disk, while 
the equation (3) is equivalent to assuming that there is no surface 
density of charge outside the disk. The problem is to determine y> or, 
more usually, to find the surface of the disk. It is also assumed

that yi —> 0  as Vr2 +  z2 -> oo. 
Suppose that

g(p,4>) =  G(p) cos n(<f> -  e) (4)

Then we may write y> = lI’(p,z) cos 
n(<f> — t), where

d2'F 2  ^1 ’ _  l 2 T  n
dp2 p dp p2  ̂ dz2

(5) 
and
'V =  G(P) on z =  0, 0 <  P <  1

(6)
dW
dz =  0 on z =  0, p >  1 (7)

The form (4) is more general than it appears, since it is possible to 
derive a solution for functions of typeg(p,<£) by a Fourier superposition 
of functions of type (4).

To derive a solution of equation (5) we note that

e tMJn(pt)

is a solution of the equation. By the superposition principle it follows 
that

T(p,z) =  ^  f { t ) e ^ J n{Pt)dt  (8 )

is also a solution for any arbitrary /'(?) such that the integral on the 
right exists. Substituting from equation (8 ) into equations (6 ) and (7),
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we see that the function f ( t )  is determined by the pair of dual integral
equations

(* CO
f { t )J n{Pt) dt =  G(P) 0 <  P <  1

Jll
(9)

\"  =  0  p > l  
Jo

( 1 0 )

Using the fact that

( | q  -  ( j + 4 „„ =  o
\  O Z  ' , ,) ' O Z  1 o

we see that the total surface density a on the two faces of the disk is 
s(p) cos n(<j> — e), where

8r 
Oii ( 1 1 )

A general solution of the dual integral equations (9) and (10) has been 
given by Titchmarsh. 1 It is found that

II r>- •'« VI -  V4

+  f f G(yu){ty?-Jnr]t(ty) dy\ 
40 V 1 — Ul * -

( 1 2 )

Substituting from equation (12) into equation (11), we then get the 
expression for j(p).

Solutions of the dual integral equations (9) and (10) in various special 
cases had been given prior to Titchmarsh’s -analysis by Weber [n =  0, 
G(p) constant], Gallop [n =  0, G(p) =  J0(cp)], Basset [n =  1, G(p) 
=  7i(cp)], MacDonald [n arbitrary, G(p) =  Jn(cp)], and King [«integral, 
G(p) arbitrary]. In all the cases considered the analysis was difficult 
and long, but the surprising thing was that the final results were simple. 
This suggested to Copson2 that we might give a simpler derivation of 
the solution by starting with a more suitable form of potential function. 
Copson took, instead of the form (8 ), the form

(r(p',tf>’)p' d<f>' dp' 
r

(13)

where r is the distance of a general point (p,^,z) from a point (p',<j>',0) 
on the disk. To give the correct boundary conditions on z =  0 we

1 E. C. Titchmarsh, “Introduction to the Theory of Fourier Integrals” (Oxford, 
New York, 1937), p. 334. The form of solution given here is due to I. W. Busbridge, 
Proc. London Math. Soc., 44, 115 (1938).

2 E. T. Copson, Proc. Edinburgh Math. Soc., (iii) 8, 14 (1947).
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must have o(p',<j>') =  s(p') cos n(<f>' — e), where s(p') is chosen so that

f  s(p)p' dp' r  —  c o s * *  -  —
J° J° V p2 +  p' 2 — 2 pp cos (<f>' — <f>)

=  G{p) cos n(4> — e) (14)
when 0  <  p <  1 .

Now it is readily shown (cf. Prob. 1 below) that the inner integral has 
the value

4 cos n(<fi -  e) t2n dt
(ppT  Jo V(p ' 2 t * ) ( p ~ T )

so that equation (14) becomes

A_
Pn

f P5(p')(p7-"
Jo

du
v  t*n dt
0 V (p '2 -  12)(P2

+ f Xp'Xp ' ) 1 "^p' [Jp Jo
r2" dt

Jo V (p '2

Inverting the order of integration, we find that

l s (P' ) p ' - " d p

V p 2 - 12

/2)(p2 -  r2)
=  C(p)

?(p) -  2 f 1;
Jo Vp* — t2 Jt

0 < P < 1  (15)

To solve equation (15) we let

S(p) =
[ l S ( p ' ) p ' ^  dp'

Jp
and obtain

i P"G(p) =  rJo

V 'p 's — p*

p r2"S(r) dt 

V p* -  r2

0  <  p <  1

0 <  P <  1

(16)

(17)

If G(p), G'(p) are continuous, it follows by a trivial transformation of 
the well-known solution of Abel’s integral equation1 (cf. Prob. 2 below) 
that

1 d  p  r^G(t)_dt
S(P) = (18)

27rp2n dp Jo \ /p 2 — r2

It only remains to derive the expression for 5(p) from this expression 
for S(p). If S(p) and its first derivative are continuous in any closed 
interval [77,1 ] for any positive value of rj <  1 , then, by an application 
of the solution of Abel’s integral equation (cf. Prob. 3 below), we have

, . 2 , d  f 1 tS(t) dt . . . .
s(p) =  -  -  p" - 1 -  I — ^ 4 =  0 <  p <  1 (19)

7r ap J j V l 2 — p2

which solves the problem.
1 M. Bocher, "An Introduction to the Study of Integral Equations” (Cambridge, 

London, 1929), p. 8.
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Hence we have:
Copson’s Theorem. If the potential on the surface o f  the circular disk 

z  =  0, 0 <  p <  1 is G(p) cos n(<f> — e), where e is a constant, n is zero 
or a positive integer, andG(p) is continuously differentiable in 0  < P <  1 , 
then if S(p), defined by (18), is continuously differentiable in [rj, 1] for 
any positive rj <  1 , the surface density o f  electric charge on the surface 
of the disk is s(p) cos n(<f> — e), where s(p) is defined by equation (19).

Example 8. Find the surface density o f charge on a disk raised to unit potential 
with no external field.

Here n — 0, and G(p) — I.
(a) Dual Integral Equation Method. From equation (12) we find that

so that, by equation (II),

/<„ -

r
sin t Jfipt) dt

From the known value of this integral1 we see that

1
s(p) =

(b) Copson's Method. From equation (18) we have

_  l d C* < dt _  1
■Mp) 2>r dp J0 ~ 2n

so that, from equation (19), we obtain the solution

s { p )  = n2p dp ] P
t dt 1

"2 v | -  p‘

Mixed boundary value problems occur in the theory of elasticity in 
connection with “punching” and “crack” problems. For a discussion 
of these problems the reader is referred to 1. N. Sneddon, “Fourier 
Transforms” (McGraw-Hill, New York, 1951), Secs. 47, 48, 52, 54, 55, 
where the dual integral equation approach is used, and to N. I. 
Muskhelishvili, “Singular Integral Equations” (Noordhoff, Groningen, 
1953), Chap. 13, where an approach rather similar to Copson’s method 
is used.

PROBLEMS
1. If n is zero or a positive integer and if both a and b are positive, prove that

(
■ 2.7 giruf, d f 4 Cmin(a.b) /2n dt

o v V  + b2 — lab  cos <f> ~ W  J0 V(a2 -  t2)(b'- -  t'2) 

where both square roots are taken to be positive.

1 Watson, “A Treatise on the Theory of Bessel Functions,” p. 405.
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2. If f { x) and f '(x )  are continuous in the closed interval [0,a], show that the 
solution1 of the integral equation

is
f(x) -

j’ f g(t) dt
Jo '  rJ -  t‘

0 < x < a

, 2 d
S ^ —nTx

jv t f( t)d t
J o  V 7*

3. If f( x )  and f'{x) are continuous in c <  x  < a, prove that the solution1 of the 
integral equation

c < x  < a

is

gM  =
2 d f° t f( t)d t  
i rdxj j  V f4 -

4. A disk of unit radius is grounded in a uniform external field of strength E  
parallel to its surface. Prove that the surface density of electric charge is 
given by the equation

2 Ep cos ^
a{p) =

5. Show that in Gallop’s case n = 0, G(p) = J0(cp) the problem of the electrified 
disk has a solution of the form

c 1 f 1* t cos (ct)
(r

dt

II. The Two-dimensional Laplace Equation
In some problems of potential theory the physical conditions are 

identical in all planes parallel to a given plane, say the plane z — 0 . 
In that case the potential function y> does not depend on z, so that 
dtp/dz and d2tp/dz2 vanish identically, and Laplace’s equation reduces to 
the form

d \  d \
Tx2 + O f ( 1)

If we introduce the operator

V? 'dx2 + d f (2)

1 In the solution of Probs. 2 and 3 use is made of the fact that the solution of 
Abel’s integral equation

=  f *  u(i)d(
f(x)

u(x) =

0 < A < 1
J. (* -  f)A

sin (irA) d Cx f ( t ) dt 
’r dx Ja (x -  t)1-

Cf. Bocher, op. cit., p. 8.
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we may write this equation simply as

Vfy =  0 (3 )

We shall refer to equation (3) as the two-dimensional Laplace equation.
The theory of the two-dimensional Laplace equation is of particular 

interest because of its connection with the theory of functions of a 
complex variable. We shall give a brief account of this relationship 
in the next section. In the remainder of this section we shall indicate 
how methods similar to those employed in the case of the three-dimen­
sional equation yield information about the solutions of equation (3).

It is a well-known result of elementary calculus1 that if P{x,y) and 
Q(x,y) are functions defined inside and on the boundary C of the closed 
area K, then

+ ‘> * ’ (4)
If, in this result, we substitute

P
dv

and make use of the fact that
Q - tO X

dy . , _  3v'
d x d> d y d dn

where dyjdn denotes the derivative of y» in the direction of the outward 
normal to C, we find that

L ™ js - L%d' (5 )

Hence if the function y>(x,y) is harmonic within a region K and is 
continuous with its first derivatives on the boundary C, then

(6)

This result is sometimes known as the theorem of the vanishing flux.
It is immediately obvious from equation (5) that the converse of this 

theorem is also true; i.e., if y>(x,y) is a function which is continuous 
together with its partial derivatives of the first and second orders 
throughout the interior of K  and if

f
J v  on

where C' is the boundary of any arbitrary region K ’ contained in K, then 
f  is harmonic in K.

1 R. P. Gillespie, “Integration” (Oliver & Boyd. Edinburgh, 1939), p. 54.
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Similarly it follows from equation (5) that if V{y> =  —4-n-p throughout 
K, then

[■ %ds=-*” L^x-y)dS (7)
Laplace’s equation in two dimensions when written in plane polar 

coordinates r, 0 assumes the form

so that if xp is a function of r alone,

from which it readily follows that

yj =  A log r +  B 

where A and B are constants. If we write

V =  2q log - (8)

with q a constant, then V\\p =  0  except possibly at the origin, where y> is 
not defined. This solution has the property that if C is any circle with 
center at the origin, the flux of y> through that circle is —Anq. It 
therefore corresponds to a uniform line density q along the z axis which 
appears as a point singularity in the two-dimensional theory.

In a manner similar to that employed in the three-dimensional case 
(Sec. 2) we could construct potential Junctions of the type

(9)

where r =  (x,y), etc. Because of this form of y> a two-dimensional 
potential function is referred to as a logarithmic potential. It is 
readily shown that if C has a continuously turning tangent and if 
q(x',y') is bounded and integrable, rp(x,y), defined by (9), is continuous 
for all finite points of the plane including passage through the curve C. 
If q(x',y') is continuous on C, which itself has continuous curvature, 
then, in the notation of Fig. 28,
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Similarly the potential of a doublet distribution on a line C  is given 
by an expression of the form

Jc p

If the tangent to the curve C turns continuously and if p  is continuous 
on C, then

Vi — Vi =  Vt +  Vi =  2 v(A) (12)
We shall now make use of these results to show how the interior 

Dirichlet problem

V2ip =  0 within V, y  = f  on C (13)

may be reduced to a problem in the theory 
of integral equations. If we assume that

vtx,y) =  j c M-s') COŜ n,P  ̂ ds'

where the function p  is unknown, then it 
follows from equations ( 1 2 ) that

y>i =  ¥-A) — *tAA)
so that from equation (13)

. f  , |cos(n,p)
f ( V  =  Jc K s )

If we write
m

= gw,
coM jM ] _ w ;

P J A

then the problem reduces to that of solving the nonhomogeneous integral 
equation of the second kind

p(s) +  g(s) =  p(s')K(s,s') ds'

for the unknown function p.
For a full discussion of the applications of the theory of integral 

equations to Dirichlet’s problem the reader is referred to Chap. 7 of 
Muskhelishvili’s “Singular Integral Equations” cited above.

PROBLEMS
1. Prove that if v is continuous within and on the circumference of a circle and is 

harmonic in the interior, then the value of y at the center is equal to the mean 
value on the boundary.
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2. Prove that if y  is harmonic inside a region S  and is continuous on the boundary 
C, then y  takes on its largest and its smallest value on C. Furthermore that 
if y  is not a constant, then it cannot have an absolute maximum or minimum 
inside S.

3. Show that if an and b„ are constants,

V(rfi) = i  a0 + (a„ cos n 6 + b„ sin n 8)

is a solution of V\y  =  0  in the interior of the sphere r = a.
If y =  f(B ) when r = a, determine the constants and show that

y(r,0) = , f m  dB’_______
t !2 — 2 ar cos (S' — 8).+  r2

4. If Vfv = 0 for x >  0 and y = f  (y) on x  — 0, show by using the method of 
Fourier transforms that

I Ca
y ( x ,y ) =  —=  j d i

where F(£) is the Fourier transform of f(y ) .  
Deduce that

y(x,y) -  -  I
v J - i

f(y ')  dy‘ 
x 2 +  ( y -  y  f

5. Reduce the solution of the exterior Dirichlet problem to that of an integral 
equation.

6 . By taking

show that the solution of the interior Neumann problem

dw
V2y> = 0 inside S, — = f  on C dn

reduces to that of the integral equation

q(s) + K{$‘,s)q(s') ds' = g(s)
J r

where gU) =  • K(s\s) = - 9 . 1
dn °® |r + r'j

12. Relation of the Logarithmic Potential to the Theory of 
Functions

There is a close connection between the theory of two-dimensional 
harmonic functions and the theory of analytic functions of a complex 
variable. The class of analytic functions of a complex variable 
z =  x +  iy consists of the complex functions of z which possess a
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derivative at each point. It can be shown1 that if <f> and rp are the 
real and imaginary parts of an analytic function of the complex variable 
x +  iy, then <j> and y> must satisfy the Cauchy-Riemann equations

d<f> dip dfi dip
dx d y ’ dy dx ^

Now it can be proved that the derivative of an analytic function is 
itself analytic, so that the functions <f> and ip will have continuous 
partial derivatives of all orders and, in particular, Schwartz’s theorem

d2<f> _  d2<f> d2ip _  d2ip
dx dy dy dx ’ dx dy dy dx

will hold. Combining the results (1) and (2), we then find that

V\4, =  V?V =  0 (3)

i.e., the real and imaginary parts o f  an analytic function are harmonic 
functions. The functions <f>, ip so defined are called conjugate functions.

The converse result is also true: If  the harmonic functions <j> and y> 
satisfy the Cauchy-Riemann equations, then <f> +  i> is an analytic function 
o f  z =  x  +  iy.

If either fi(x,y) or ip(x,y) is given, it is possible to determine the 
analytic function w =  <j> +  iip, for, byequations (1),

dw
dz

dfi
dx +  i ^ = U x,y) i<f>fx,y)

where ^  =  d<f>jdx, <t2 =  dij>ldy. Putting y  =  0, we have the identity

dw
dz =  -  i j 2(z,0) (4 )

from which w "may be derived by a simple integration. If xp is given, 
then, in a similar notation,

d w
—  =  xpfzfi) +  i f f z f i )  (5)

E x a m p le  9. Prove that the function 

 ̂ = x + x* -f y3
is a harmonic function, and find the corresponding analytic function <f> +  iy. 

For this function
x 2 — y 2 3$ 2 x y

~3x =  _  ( x 2 + f f  ’ l y  " “  ( x 2 + f f
ana a further pair of differentiations shows that Vf  ̂ = 0. Putting y  = 0 , x  =  z in

1 See, for instance, L. V. Ahlfors, “Complex Analysis” (McGraw-Hill, New York, 
1953), pp. 38-40.
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these equations, we find that = 1 — z 2, y2(z,0 )

from which it follows that

dw 1

dz zs

1w = z -i---
z

0 , so that

The conjugate function yi is therefore given by the equation

'P = y - * T 7
In the notation of vector analysis the Cauchy-Riemann equations (1) 

can be written in the form

grad <f> =  (grad y) X k (6)

where k =  (0,0,1) is the unit vector in the z direction, from which
we conclude that the 'sets of curves 
4> =  constant and y =  constant inter­
sect orthogonally. Also if s is a unit 
vector in any direction and n is a unit 
vector perpendicular to s measured anti­
clockwise from s (cf. Fig. 29), we get 
the general results

cty_  5y d<p _  ^  dip
ds dn dn ds

We consider now the application of these results to the motion of an 
incompressible fluid in two dimensions. If (u,v) denote the components 
of velocity at a point (x,y) in the fluid, then if the fluid is incompressible,

du dv
d i  +  J y ==° (8)

and
dv du »

(9)dx dy ^

where £ denotes the vorticity. If, therefore, a fluid is incompressible,
it follows from equation (8) that there exists a function y such that

dyj dip 
U =  ~  dy V =  Tx

(10)

and, from equation (9),
£ =  V?y (11)

If, in addition, the motion is irrotational, then

Vfy =  0 (12)
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On the other hand if the fluid is incompressible,

dv du __
dx dy

so that there exists a function <f> such that

d<j>
u = ~ T x ’

and

dd>
V = = ~ T y

du dv .
T ,+ Ty

If, in addition, the fluid is incompressible, then

v\<f> =  o

(13)

(14)

Hence for the irrotational motion of an incompressible fluid both ip and 
<f> exist and satisfy Laplace’s equation. The function ip is called the 
stream function and <f> the velocity potential. From the equations (10) 
and (11) we have immediately that

d<j> dy d<f> dip
dx dy' dy dx

so that the Cauchy-Riemann conditions are satisfied and

w =  </> +  iy>
is an analytic function of the complex variable z =  x +  iy. 
function w is called the complex potential of the motion. Since

dw d<f> . dip
dz dx ^  1 dx

it follows that

showing that

dw
dz

—u +  iv

dw
dz =  Vw2 +  v2 =  q

(15)
The

(16)

(17)

is the magnitude of the resultant velocity at a point in the fluid.
The stream function y> is constant along a streamline.
If the motion is steady, the pressure p  at a point in the fluid may 

be derived from Bernoulli’s theorem which states that along a streamline

P-  +  W  +  vP
is a constant whose value depends on the particular streamline chosen; 
V  denotes the potential energy in the field.
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It is sometimes convenient to use relations of the kind
z = f ( w )

instead of w =  /  (z). It is readily shown that
1 ds_

dw
Exam ple 10. S h o w  th a t  th e  r e la t io n

( 18)

g iv e s  th e  m o tio n  o f  a  f l u i d  r o u n d  a  c y l in d e r  o f  ra d iu s  a  w ith  i ts  o r ig in  f i x e d  a t  th e  
o r ig in  in  a  s tr e a m  w h o se  v e lo c i ty  in  th e  d ir e c t io n  O x  is  U.

Separating the com plex fun ction

tyi =  - u ( x + iy + a 2( x  -  /y) \
+ f  I

into  its real and im a gina ry parts we find that

<t> = —Ux\\ +h x ^ ) -  "F ^ r r * )
T h e  com ponents o f velo city  are therefore given by the equations

u = t/ 1 + -  *2) \
( x 2 +  y 2)2 ' '

v =  — 2 U
a 2x y

( x 2 +  f ) 2

I t  follow s therefore that y> =  0 on the circle w ith  equation x 2 +  y 2 =  a 2 and that at 
a great distance fro m  the o rig in  u =  U , v  =  0. T h e  given com plex potential 
therefore satisfies the stated conditions.

distribution in such a problem 
charge density at a point, then

Two-dimensional problems in 
electrostatics can be tackled in a 
similar way. In this case <f> denotes 
the electrostatic potential, so that 
the lines in the xy plane with equa­
tions <f> — constants are the equipo- 
tential surfaces. The lines y> =  con­
stant cut these lines orthogonally, 
and so they must correspond to the 
lines of force. A potential function 
4> derived in this way could solve the 
problem of the distribution of electric 
force in a condenser formed by two 
conductors, one of which has equa­
tion f  =  0, and the other of which 
has equation <f> =  c. The charge 

can be calculated easily. If ct is the

a
1 d<f> 1 dy 

47t dn 47r ds
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by the second of equations (7). Hence the total charge between A and 
B per unit length perpendicular to the xy plane is

rn j

q =  Ja adS =  _  (19)

a result which is of great use in the calculation of capacities.
For instance, if the normal sections of two infinite conducting 

cylinders are given by the closed curves <f> — cy and <j> =  c2> where 
<j> +  iy> — f ( x  +  iy), then the capacity per unit length of the cylinders is

where the integral is taken round the curve <f> =  cy in the positive sense.

Example 11. An infinite conducting cylinder C o f small radius a is placed parallel 
to an infinite plane conducting sheet and at a distance c from it. Show that the 
equation

, . , z — c(D + IW — lOE -------
° z + c

(c real) gives approximately the equipotentials and lines o f force i f  the plate is grounded 
and the cylinder is at potential —log (2 cja).

Show that the capacity o f this system per unit length is [2 log (2c/a) ] - 1  

If
, . , z — c

9 + 'V = ‘Og--- ;----z + c

then writing z — c = r,eiei, z +  c — r'ei, we see that

4 = log -  . v = K^i -  S2)
ri

Now on the plane x  =  0, r1 = r2, so that 0 = 0  while on the cylinder if a c, 
r2 —■ 2 c, and =  a, so that

, . 2c
0  =  -  lo g  a
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As we go round C in the positive sense, 0I changes by an amount —2n, while the 
total change in 02 is zero. We therefore have

Substituting these results in equation (20), we get the answer stated for the capacity 
of the system.

The main advantage of the method of conjugate functions is that 
the theory of conformal representation can sometimes be employed to 
reduce one problem to a simpler one whose solution is known. To show 
how this may be effected we consider the transformation

s = m  (2D

in which the function f ( z )  is an analytic function of z, which maps 
the z plane on to the £ plane.1 Since d£ =  f ‘(z)dz, it follows that 
any small element of area AA in the z plane in the neighborhood of 
the point z =  a becomes an element of area \f'(a)^AA  in the neighbor­
hood of the point £ =  f (a )  turned through an angle arg/'(a). It can 
also be shown that if two curves Cl5 C2 in the z plane intersect at an 
angle a, then the images I \, T2 of these curves in the £ plane intersect 
at the same angle, the sense of rotation as well as the magnitude of a 
being preserved. For this reason the transformation (21) is said to be a 
conformal transformation.

The importance of conformal transformations in potential theory 
arises from the fact that if f  -f it] =  f  {x +  iy) is a conformal mapping 
which takes a function </>(x,y) into a function d>(f,»?), then

/d2<b
l a l 5

a 2c>\ d_z2 IdV
dl l l x 2 +  d f )

so that if \dzjdi\ is not infinite, and if

a2̂  a v
fo 2 +  dy2 ''

it follows that
a 2<D a 2<D
d f 2 ' dr)2

(22)

so that the function $(£,?;) is harmonic in the {rj plane. Furthermore 
any curve in the xy plane along which the function <f>(x,y) is constant is 
mapped into a curve in the £>? plane along which the function is
constant.

If there is a charge q at the point c in the z plane, then the complex 
potential is

w -- —2q log (z — c)
1 Ibid., pp. 69-81.
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In the transformed problem the complex potential 

W =  - 2 * l o g i c s  - y )

-  - 2 q  log (£ -  y) +  Q
where is analytic at the point £ =  y =  / (c). In the transformed 
problem there is an equal charge q  at the point £ =  y into which the 
point z —  c  is transformed.

In any two-dimensional electrostatic problem the potential function 
for prescribed boundaries and distribution of charges in the z plane is 
equivalent to the potential function for the transformed boundaries and

charges in the £ plane. If the solution of the problem in the £ plane 
is known, then by transforming back to the z plane we can derive the 
solution of the original problem. We shall illustrate the procedure by 
means of an example.

E x am p le  12. Midway between the grounded conducting planes 8 =  ±7r/(2n) there 
is placed at a distance a from  the origin a point charge q. Show that the lines o f force 
have polar equations

r 2"  -  a 2"  =  2ka "r” s in  (n6)
where k is a parameter.

I f  w e m a k e  th e  tra n s fo rm a tio n
£ _  2n ■=■ 1®

th e n  th e  b o u n d a r ie s  8 — ± ir /(2 /i)g o  in to  th e  im a g in a ry  ax is  f  =  0  in  th e  £ p la n e ,a n d  
th e  p o in t  P(a,0) g oes in to  th e  p o in t  n ( a " ,0 ) .  N o w  th e  s o lu tio n  c o r re s p o n d in g  to  a  
p o in t  c h a rg e  q o p p o s ite  a  g ro u n d e d  c o n d u c tin g  p la n e  f  =  0  is re ad ily  seen  to  be

C +  a"
w«) = 2qi°
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Transforming to the original variables, we therefore have the complex potential

z" H an 
w (z) =  2 q log - ---- -

If we write z = rei0, then
zn + an r2n _  am _  2 ia"rn sin (nO) ^
zn — a" r2n -- a2n — 2anrn cos (n6)

where tan 0
2 anrn sin (nO)

Thus V' =  —2qQ, so that the lines of force y =  constant have equations of the 
form

r2" - a2" — 2kar'r" sin (nd)
where k is a parameter.

For a complete account of the theory of conformal mappings the 
reader is referred to “Conformal Representation,” by Z. Nehari 
(McGraw-Hill, New York, 1952). In the application of the theory to 
the solution of particular problems it will be found useful to consult 
H. Kober’s “Dictionary of Conformal Representations” (Dover, 
New York, 1952).

PROBLEMS
1. Prove that the function

$ =  sin x cosh y  H 2  cos * sinh y  + x2 — y 1 4xy

is a harmonic function, and find the corresponding analytic function b + iy>.
2. If the two-dimensional motion of a fluid consists of outward radial flow from a 

point such that the rate of emission per volume per unit time is 2-nm, we say 
that the point is a simple source of strength m. Show that the complex 
potential of such a source at a point (a,b) is given by

w —m log (z — }’)
where y = a + ib.

3. Show that the relation

gives the motion in the quadrant of a circle due to equal sources and sinks at 
the ends of its bounding radii.

4. 1 Suppose that the irrotational two-dimensional flow of incompressible inviscid 
fluid in the z plane is described by a complex potential f( z ) .  If there are no 
rigid boundaries and if the singularities of/ (z) are all at a distance greater than 
a from the origin, show that when a rigid circular cylinder z = a is introduced 
into the field of flow, the complex potential becomes

w = /(z ) + / ( t )

1 This is Milne-Thomson’s circle theorem. See L. M. Milne-Thomson, Proc.
Cambridge Phil. Soc., 36 (1940).
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5. Prove Blasius' theorem that if, in a steady two-dimensional irrotational 

motion given by the complex potential w = f(z), the hydrodynamical pressures 
on the contour of a fixed cylinder are represented by a force (X, Y) and a 
couple N  about the origin, then

and

where the integrations are round any contour which surrounds the cylinder. 

6 . Show that the transformation

z = ai(kw + 1 — ekw)

determines the potential and stream functions for a conductor at potential 
= 0 , of which the boundary is given by the freedom equations

x  = a(8 — sin 8), y  = a( 1 — cos 8)

Show that at points where y  is large and negative the field is uniform and of 
strength (ak)_1.

7. The motion of a sheet of liquid in the infinite strip of the z plane between the 
lines y  = O and y  = a is due to a unit source and a unit sink at the points 
(0,a/3) and (0,2a/3), respectively. Prove that the motion of the liquid can be 
determined by the transformation

, 2 (cosh TTzIa) — 1w = lop------------------
b 2 (cosh trz/a) + 1

and find the pressure at any point on the x  axis.

13. Green’s Function for the Two-dimensional Equation
The theory of the Green’s function for the two-dimensional Laplace 

equation may be developed along lines similar to those of Sec. 8. If 
we put

dtp' dtp'

in equation (4) of Sec. 11, we find that

1tpX\tp' ds
f I dtp dtp' dtp dtp'

)</5 = l V’S rfS ( 1)Jk v d.x dx dy dy ,

If we interchange y> and tp' and subtract the two equations, we find that

L (wVW ~ vTiv) d s=I (v ~ ̂  S)ds (2)
Suppose that P with coordinates (x,y) is a point in the interior of the 

region S  in which the function tp is assumed to be harmonic. Draw a
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circle r  with center P and small radius e (cf. Fig. 33), and apply the 
result (2) to the region K  bounded by the curves C  and P with

¥  =  log
l

i* ~  r'|
Since both y> and y>' are harmonic, it follows that if s is measured in the 
directions shown in Fig. 33,

1 d i p }

Tn‘---------------------------- ---  '( M ) (
d I

M x  log:---- -c l  l '  on c r — r log i ds’ =  0 (3)
;r J d Y  ' on ~ |r — r | “ | r — r'\dn\

Proceeding as in the three-dimensional case, we can show that

j r V ^ log j^ 4 -p |< k ' =  2 TTy{x,y) +  0 ( e)

and that
1 dy>

Jr l0g |r — r'| dn
ds' —2nMe log e

where M  is an upper bound of dip/dr.
Inserting these results into equation 

(3), we find that
Y v I f / ,  1 fy (* ' ,/ )

(4)

analogous to equation (3) of Sec. 8.
If we now introduce a Green’s function G(x,y;x',y'), defined by the 

equations

G(x,y,x',y') =  w(x,y;x‘,y') +  log ^ 1 (5)

where the function w(x,y,x',y') satisfies the relations

/  d2 d2 i
(6)

w{x,y\x',y') =  log |r -  r'| on C (7)

then just as in the three-dimensional case the solution of the Dirichlet 
problem

=  0 within S, V = f  (x,y) on C (8)
is given by the expression

v(x ,y) =
I

277
dG (xy,x\y)

dn
ds' (9)

where n is the outward-drawn normal to the boundary curve C.
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We consider two special cases:
(a) Dirichlet's Problem for a Half Plane. Suppose that we wish to 

solve the boundary value problem Vjy> =  0 for x  ^  0, V = / 0 0  on 
x  =  0, and y  ->■ 0 as x ->■ oo. If P is the point ( x , y )  ( x  >  0), II is 
( — x , y ) ,  and Q  is ( x ’ , y ' ) ,  then

G ( x , y \ x \ y ' )  =  l o g ^

(cf. Fig. 25) satisfies both equation (6) and equation (7), since IIQ =  PQ  
on x =  0. The required Green’s function is therefore

Now on C

G(x,y-x',y') =  £ log
(x +  s')2 +  (y  - / ) »
( * - * ' ) * + O ' - / ) 1

dG _  ld G \  _  2x
dn x2 +  ( j  —/ ) i

( 10)

so that substituting in equation (9), we find that

/ ( / )  dy'
x2 + ( y  -  y')2 ( 11)

This is in agreement with what we found in Prob. 3 of Sec. 8 and Prob. 4 
of Sec. 11.

(b) Dirichlet's Problem for a Circle. In this instance we wish to find 
a solution of the boundary value problem

Vjyi =  0, r <  a, y> =  f(B) on r =  a

We take P  to be the point (r,0), Q to be (r',0'), and II to be the inverse 
point to P and therefore to have coordinates (a2/r, 0) (cf. Fig. 26). 
We see that

G(r,0v',0') =  log
r - U Q
a -P Q

is harmonic within the circle except at the point Q, where it has the 
right kind of singularity. Further, G vanishes on the circle r =  a. 
We therefore have

G(r,0;r',6') =  £ log
a2 +  r2r'2la2 -  2rr' cos (0' -  0) 

r'2 +  r2 -  2rr' cos (0' -  0)
Now on C

so that

dG _  /9G \ ________ -(a 2 -  r2)_______
dn \dr / r._a a(a2 — 2ar cos (0' — 0) + r2)

V(r,d)
f(0 ')d6'

a2 — 2ar cos (0' — 0) +  r2
( 12)

in agreement with what we found previously in Prob. 3 of Sec. 11.
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Equation (12) is known as Poisson’s integral solution of the two-dimen­
sional problem.

We shall conclude this section with a theorem about the two-dimen­
sional Dirichlet problem which has no counterpart in three-dimensional 
space. It concerns the relation between conformal mapping and 
Green’s function. Suppose that the function

w =  / ( z )
maps the region S' in the xy plane on the unit circle in the uv plane in 
such a way that / (a) =  0. Then the function f  must be of the form

/  (z) =  (z — a)e8(z)

where g is regular and / (z) =  1 on C. Hence

log f ( z )  =  log (z -  a)+  g{z)

vanishes on C, is harmonic in S, and has a singularity like log r, so that 

log |/(z ) | =  -G(x,y;u,v)

On the other hand, lo g |/(z ) | is determined by G{x,y\u,v), and 
therefore so is Rg(z), and hence g(z) is determined within a constant. 
The problem of the conformal mapping of a region S in the xy plane on 
the unit circle in the uv plane is equivalent to that of finding the Green’s 
function of S, i.e., to solving an arbitrary Dirichlet problem for the 
region S.

PROBLEMS
Use Poisson’s integral formula to show that if the function yi is harmonic in a 
circle 5  and continuous on the closure of S, the value of y at the center of 5 
is equal to the arithmetic mean of its value on the circumference of S.
If the function y{x,y) is harmonic within a circle of radius a with center the 
origin, prove that

1
v ( x ,  > ) ' v(O .O ) =  R - 7 -

• 7T lU

where C denotes the circle | a | -  a in the complex a plane.
Deduce that every harmonic function y(x,y) is analytic in x and y.

If the function y(x,v) is harmonic in the interior of a region S  and if A is an 
interior point of 5  at which the value of y> is equal to the least upper bound of 
its values in 5 and on its boundary, prove that y> is a constant.
Prove that if y t(x,y) (/' = 1, 2, . . .) is a sequence of functions each of which is 
harmonic in the interior of a finite region S and continuous in 5  and on its 
boundary and if this sequence converges uniformly on the boundary of 5, then 
it also converges uniformly in the interior of S  to a limit function which is 
harmonic in the interior of $ .t
Prove that if a series of nonnegative functions harmonic in the interior
of S, converges at some interior point of S, then this series converges to a 
harmonic function at every point of 5".

t This is known as Harnack’s first theorem.

1.

2.

3.

4.

5 .
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Show also that the convergence is uniform in every closed bounded region 
of S.t

6 . Prove that if a nonconstant function y(x,y) is harmonic in the whole plane, it 
cannot be bounded from above or from below (Liouville's theorem).

MISCELLANEOUS PROBLEMS
l.

2,

3.

Prove that if V„ is a homogeneous function of x, y, z of degree n and 
r2 = x 2 + y 2 + z2,

V2(rm Vn) = m(m + In + 1 )rm~2V„ + rmV2V„
Deduce Kelvin’s theorem that if Vn is a harmonic function, so also is

r-2n-ly
Prove that if V„ is a homogeneous function of a:, y, z of degree n which 
satisfies Laplace’s equation, then

5 v + q + s y

dx’’dy'>dz‘
is a homogeneous function of degree n — p — q — s satisfying Laplace’s equation. 
Prove that if V„(x,y,z) is a homogeneous rational integral function of degree
n, the function

(l V82(2n -  I)

where

is a harmonic function.

2.4(2n -  l)(2n -  3)
J2S g2s

v n( x ,y ,z )

v 2s =
dx2s dy^!

32 «
112*

4. A number of point charges ek are placed in positions having rectangular 
coordinates (Zkpik,ik)- Show that inside any sphere around O in which there 
are no charges the electrostatic potential is given by

00

<t>(x,y,z) = 2  r"Sn
n-0

5.

where Sn 2  rTTi
k • k

r = (x2 + /  + z2) ‘, Pk = (tl  + vl + f*k =
t kx  +  yky  + f a  

PS
Show that if ^ is a symmetrical function of x2, y 1, and z2, then Sn = 0 for 
n = 1,2, and 3.

Find expressions for the potential near O, correct to terms in r4, for: 
(a) six equal charges e at the six points (± a ,0 ,0 ); (0 ,± a ,0 ); (0 ,0 , ±a); 
(A) eight equal charges — e at the eight points (±b, ±b,±b).

Show that to the order considered the electric intensities are the same if 
8 a5 =81 V3*5. [P2 = -  1) and Pt = £(3V  -  30//2 + 3) may be
assumed.]
A mass m is at a point whose displacement from the origin is a. Show that 
its potential at a sufficiently great distance r from the origin is

1 -  (a • V ) + (a ■ V ) 2 -  p  (a • V ) 3 +
ynt
r

where V is the vector operator with components d/dx, Bjdz.
t This is known as Harnack’s second theorem.
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Eight masses m are placed at the points ±1, ±1, ±1. Show that at large 
distances from the origin the potential is

V = 8  ym 14ym/4
---- 5— {Six* + y* + z4) — 3r4} + smaller terms

Deduce, or otherwise prove, that near the origin

V  = {Six* + v4 + z4) — 3r4} + smaller termsV Ji 3>/5 ’
6 . Show that the gravitational potential produced by a given distribution of 

matter at a distant point P is given approximately by

y  _  ym y(A + B -f C — 3/)
“ ~R 2R5

where m is its mass, A, B, and C are its principal moments of inertia at its 
mass center G, /  is the moment of inertia about GP, and R is the distance GP.

Relative to polar coordinates with G as pole, the surfaces of equal density 
are r =  a +  E(a)S2(6,4>) where 4  a) is a small quantity whose square is negligible 
and S 2 is a surface harmonic of second order; the boundary of the matter is 
the surface of equal density given by a = b. Show that the second term in the 
expression for V reduces to

pia) — (cPe) da JJ S 2 P2(cos 9') sin 9 d6 d$

where 9' is the angle between r and R.
7. If the electrostatic potential of a system is given by

A(x* +  v2 + z 2) - 3 /2 z tan- 1  £ 
' x

show that the lines of force lie on the surfaces

x2 + /  +  z2 =  B(x* • / ) 2 ' 3

8. The density at any point of a thin spherical shell of total mass M  varies 
inversely as the distance of the point from a point C inside the shell at a 
distance c from its center O. Denoting OP by r and the angle POC by 9, 
prove that the potential at an external point P is

M  ST / c\" Pn(cos 9)
r 2 -1  \r J  2n + 1

n - 0

Prove that this result can be written in the form

M  dx
2 V? J 0 xHx2 -  2xr cos 9 + r2)‘

9.

and express the potential at a point inside the shell in a similar form.
A small magnet is placed at the center of a spherical shell of iron of radii a and 
b and permeability p. Show that the field of force outside the shell is reduced 
by the presence of the iron in the ratio

2 (,u -  l)2 
9 p
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10. A nearly spherical grounded conductor has an equation 

r =  a[l +  ePn(cos 0)]

where e is small. Show that if a point charge is placed at 0 = 0, r = c > a, 
the total induced charge is

11. A grounded nearly spherical conductor whose surface has the equation

r =  a + 2  e*p” (c°s
«*= 2

is placed in a uniform electric field E  which is parallel to the axis of symmetry 
of the conductor. Show that if the squares and products of the e's can be 
neglected, the potential is given by

Ea [{(' + S «*) (7 ) -^ j f \( c o s 0)

+ 3
n + 1

In + 3 1 , 1 , 1
Pn(C O S  0) c1 = 0

12. A spherical conductor of internal radius b which is uncharged and insulated 
surrounds a spherical conductor of radius a, the distance between their 
centers being c, which is small. The charge on the inner conductor is E. 
Show that the surface density at a point P on the inner conductor is

E 1 1 3c cos 0\
4n b3 — a3 /

where 0 is the angle that the radius through P makes with the line of centers 
and terms in c2 are neglected.

13. A point charge e is placed at a point Q distant c from the center O of two 
hollow concentric uninsulated spheres of radii a, b (b > c > a). Show that 
the charge induced in the inner sphere is

ea b — c 
c b — a

14.

If a thin plane conducting disk bounded by two concentric circles of radii 
a, b is placed between the spheres touching them along great circles in a plane 
perpendicular to OQ, show that if a <  c, the charge induced on the inner 
sphere is approximately

A grounded conducting sphere of radius a is placed with its center at the origin 
of coordinates in a field whose potential is

CO

•P =  ^  A nr " P n(COS 0)
ft ” 1

Determine the charge distribution induced on the sphere, and show that the 
total induced charge is zero.
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Prove also that there is a force acting on the sphere in the direction 0 = 0  
of amount

CO

n “ 1
Deduce the force on the sphere if the initial field has intensity components

at the point (x,y,z) referred to rectangular Cartesian axes, £  being a constant.
15. That portion of a sphere of radius a lying between 0 = a and 0 = it — a is 

uniformly electrified with a surface density a. Show that the potential at an 
external point is

I a ' " 1  /a\»+i 1

4irao j - C O S  a -f 2_ ,4„ |_ | (C0S *) ~  (COS J >H 7 / P2n (cos 0)j

16. V(r,6,<f>) is the potential of an electrostatic field in free space due to a given 
charge distribution. If there are no charges within r < a and if the volume 
r <  a is then filled with a homogeneous dielectric of dielectric constant k 
prove that the potential functions inside and outside the sphere become

2  K I f  *
Vo = — —r V(r,0,4>) + ~  I V(rt,8,j>) dt r < a

K I 1 (« + 1)* JO
— l It ~  ' r 1

= V (rM ) -  ------r ■- V (u M )  J- —-----U  -  ! t~ nV{ut,6,4>) dt r >a* - \ a (k t  l)‘ a Jo

where n — k/(k j 1 ) and u = a2jr.
17. A sphere of dielectric consists of a spherical core and n — 1 concentric layers, 

the radii of the boundaries being aIt a2, ■ . . ,a„. The dielectric constants in 
the n regions are A,, k 2, ■ . . , k,„ where each is constant throughout the 
corresponding region. Write down the equations which determine the 
potential at any point when the sphere is placed in a uniform field of electric 
force.

Deduce that when a sphere of radius a in which the dielectric constant k(r) 
is a differentiable function of the distance r from the center is placed in a 
uniform field, the potential at any point may be expressed in the form

{rA(r) 1 r~2B(r)} cos 0

where 0 is the angle between the radius through the point and the direction of 
the field and A(r), B(r) satisfy the differential equations

dA d(kA) _  2 d(kB)
dr * r3 dr ’ dr r3 dr

together with certain boundary conditions which should be stated.

18. A solid sphere of radius a is composed of magnetizable material for which the 
permeability at the center is 4 and at the surface is unity. When the sphere is 
placed in a uniform field H  in the direction 0 = 0 ,  the scalar potential inside 
the sphere is of the form (Ar - Br2) cos 0. where A and B are constants. 
Find the permeability at distance r(< a).
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Show that at a point on the diameter of symmetry the magnetic induction is 
of magnitude l 2 a H / 5 ( a  +  r).

19. Show that the potential at external points due to a layer of attracting m atter 
distributed over the surface of radius a  with surface density S n is

(2n +  1 )/•"+'

where S n is a surface spherical harmonic of degree n.
Show that a distribution of m atter of surface density k z 2 over the hollow 

sphere r =  a  produces a potential
4n  k a 4 47r k a 3(2 z2 — x 2 — y 2)
T  " T  I s  71

in the surrounding space.

20. A uniform hollow conducting sphere of radius a  and conductivity a  and small 
thickness / has two spherical terminals o f radius r and infinite conductivity 
with their centers at opposite ends of a diameter of the sphere. The terminals 
are maintained at a constant potential difference V. Show that the current 
which passes is

2t,<u V
log (4a 2l r 2 — 1)

21. Current flows through a medium of uniform conductivity a  between two 
nearly concentric spheres of radii b, a (b > a) whose centers are a small 
distance ca apart. The potential difference between the electrodes is V 0. 
Prove that the current density, at the outer electrode is

a V 0a I 3ab 2e cos fll
(b — a)b  \ b3 — a3 j

where 0 is the angle between the line of centers and the radius vector to the 
point where the current density is specified.

22. A uniform infinite metal sheet of conductivity o 1 contains a spherical inclusion 
of radius a  and conductivity u.2. The current enters the medium by two small 
electrodes of radius <5, whose centers are on a diameter of the sphere at equal 
distances b > a  from the center of the sphere and on opposite sides of it. 
Show that the equivalent resistance is

~> / \ in+3 i
i , 2 (2" + lM s) A- ) * m

71 = 0 '
°l

2(n + 1 )0 ! +  (In T 1)<t2

23. A nonconducting plane lamina bounded by two concentric circles of r. r  i
a 1 and o2 ( a i <  a 2) is charged with electricity to a uniform surface density n 
electrostatic units and made to rotate in its own plane with constant angular 
velocity u> about its center. A soft iron sphere of radius b (b < a y) and 
permeability n  is placed with its center at the center of the lamina. Find the 
magnetic intensity H  at the center of the sphere, and show that at a great 
distance from the sphere the field o f the sphere is the same as U ja jjE S Tnpgnr 
o f moment ■

277<rco63(a2 — a{)(n  -  1)

— I’ ‘2nOl |o b

djJL + 2)
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24. A sphere of radius a is fixed in a perfect incompressible fluid which is flowing 
past it in such a manner that at a great distance from the sphere the velocity is 
constant. A colored particle of fluid is started upstream at a point which lies 
on the axis of the system, and its motion is observed. If, while the particle is 
upstream, its distance changes from z1 to z2 (measured from center) in time T, 
show that the maximum value of the velocity of slip on the sphere is

_3_
2 r Or -  z2)

a (zl -  a3)(z2 -  a) 3 

6  ° g ( i\ -  a3 )(z1 -  a f

^ 3a(zt -  z2) '
2 (ZiZ2 + a2) + a(z1 +  z2)

25.

26.

A uniform solid sphere of radius a and mass M  is surrounded by perfect 
incompressible fluid of uniform density p\ the fluid is enclosed by a spherical 
shell of radius b concentric with the solid sphere. The system is set into 
motion by an impulse applied to the shell, the initiafvelocity of which is V. 
Prove that the initial velocity U of the solid sphere is given by 

2npa3(2cP + b3)) = 2irPa3b3
3(b3 — a3) J b3 -  a3

A sphere of-radius a moves with velocity U in a liquid of which the only 
boundary is an infinite rigid plane. If the liquid is at rest at a great distance 
from the sphere, show that its kinetic energy when the sphere is moving 
normal to the boundary is

M

where d is the distance of the center of the sphere from the plane and terms of 
order tdjd3 are neglected.

27. A plane annulus of matter is bounded by concentric circles of radii a and 
b (b > a) and is of constant surface density a. Show that its gravitational 
potential at a point on its axis at a distance z from its center is

2 irya[(b3 +  z2)* — (a2 +  z2)I]

Obtain an expression for the potential at a point distant r (<a) from the 
center. Show that the direction of the attraction at a point in the plane of the 
disk distant r ( <a) from the center is in the plane of the disk, and obtain an 
expression for its magnitude in the form of an infinite series.

28. The potential near the origin of a distribution of matter on a circular plate is 
given by the series

2  4 ,r nPn(cos
n = 0

Show that the surface density at a point of the plate is

1 - 3 - 5
- £ ( * - ¥  A r  + ■2 - 4 ')

29. Show that if r =  n2 + x 3 — 2ax cos 01,

* ■» !
- % v ,' a - ' ' {a2 + x2 — 2 ax cos 0}8

,  S \\  1= 2x — \ + -Sx \ r j  r
and hence expand the expression in ascending powers of 1 jx.

2 2

1 /■  t r

* y
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30.

A line charge of density k jx2 is set along the * axis extending from x  — / t o  
x  =  oo. A grounded conducting sphere of radius a ( < f )  is placed with its 
center at the origin. Show that the surface density at any point (r,6) on the 
sphere is

k  2 r + 1 ar 
4rro Z-, r — 2  /***r- 0 1

PT(cos 6)

A sphere of soft iron of radius a and of uniform permeability p is placed with 
its center at a point on the axis distant b from the center of a circular coil of 
radius c carrying a current /. If a2 < b2 + c2, show that the field at the 
center of the coil is

2ttI\- + (fi (n 1 )A„
(n + n + l)(n -  1 ) 1I X £n+1

where J 1  I h |
dbn 1 b2 + c‘ |

31. The functions v \(r )  and <fe(r) are determined by the conditions:
(i) Ve(r) is harmonic and regular outside the sphere S, r < a, and 

V>e(T) ~  Vo(r) as r -* co, where y 0(r) is harmonic;
(ii) v’i(f) is harmonic and regular inside S;

(iii) V'e(r) = v , ( 0 .  and n^dipjdr) = ii/A pJdr) on S, 
where /j, and fi2 are positive constants.

Prove that

V’.(r) =  v>oW -  (i 2k) v 0
k( 1 -  2k)a

V,(r) = 2kyu(r) + k(\ -  2k) V’0( ' l r ) ' 1 (1 k) di.

where k  = + p 2) so that 0  < k  < 1 .
32. A magnetic sphere of radius a and permeability p is placed at the origin in a 

vacuum in which the undisturbed magnetic field has potential V„(x,_y,z), a 
homogeneous function of degree n in x, y, and z. Show that the potential 
of the disturbed field is given by

V =

( 2/1 + 1 
j n +  nfi +  1

K (x,y,z)

n(/i — l)a2 n + 1  

(n + np + l)r2"+l

r  <  a

K(*,y,z) r >  a

33.

34.

A magnetic dipole of moment m is situated in a vacuum at a point with 
position vector f  outside a sphere of radius a and permeability ft. Show 
that the magnetic potential in the interior of the sphere is

2 m • ( r  — f)

p +  1 |r  — f | 3
~ 1

0* + I)2
f 1 m • (2r — f)

l0 |2 r -  f | 2
A-W(*+l> d\

and determine the potential at an external point.
The irrotational steady flow of a perfect fluid is symmetrical about the x  axis. 
If a  =  (y2 +  z2)*, show that the components of fluid velocity in the directions 
of x  and <5, respectively, can be expressed in the form

1 <V I <V
<o dw <i) Sx
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where the function y (called Stokes' stream function) satisfies the partial 
differential equation

±  /j_£n  . = o
dx \ a) dxl dtb 1 at dw t 

Show that the stream function

y> =  — (r3 — a3) sin2 0 2 r

where (r,6) are spherical polar coordinates, determines an irrotational flow 
outside a rigid spherical boundary r = a, the velocity at a large distance being 
uniform and of magnitude U, and that

3Ur\  2 -  ■ 2 AV> ---------- — (a — r ) sin2 04n"

determines a flow inside the same boundary. Find the vorticity in the interior 
flow.

Show by considering the continuity of velocity and pressure at r = a that 
the two flows can coexist in the same liquid without a rigid boundary at r — a.

35. Prove that the equation satisfied by the stream function in cylindrical 
coordinates (xyo), with the x  axis as axis of symmetry, is transformed by the 
conformal transformation

z = x  + io> = f({ ) , Z = S  + in
into

Show that
^M>2(cosh (  + sinh2 f log tanh sin2 1; 

 ̂ a b2 a b — c
7 +  72 'og ;— r ^ r ,». i u - — C

B I  1 dy>\ d /  1 dif 
d£\dj d£ I dT}\ w dr/

where x  + im = c cosh (£ + iij)

36.

satisfies all the conditions required of a stream function which describes the 
flow when a prolate spheroid of semiaxes a = c cosh f 0, b = sinh £ 0 moves 
with constant velocity U in the direction of its axis of symmetry through 
unbounded liquid otherwise at rest..
If a conducting medium has the form of a circular sheet of radius b and small 
thickness t, and if the electrodes are coplanar circles of small radii a with their 
centers at the ends of a diameter, prove that the resistance between the 
‘electrodes is approximately

2  , 2b 
—  log — not b a

37. Two sources each of strength m exist at the points z =  +c(c real), together 
with a sink —2m at z = 0. Determine the complex potential of the fluid 
motion on the assumption that it is two-dimensional, and prove that the 
streamlines are the curves

(x2 +  y2)2 = c2(x2 — y 2 + 2xy) 
where A is a real parameter.

Show also that the fluid speed at any point P is 2mc2lrlr2r3, where rly r2, and 
r3 are the distances of P from the sources and the sink.
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38. Four equal circular perfectly conducting electrodes of small radius are placed 

with their centers at the corners of a square of side a in an infinite sheet of metal 
of thickness t and uniform conductivity a. One pair of opposite corners is at 
one potential, and the other pair at a different potential; show that the 
resistance between the pairs is

1 . u
2^ ,  '0g W 2

Show that the streamline that touches a side at the middle point leaves the 
electrode at an angle tan- 1  \  with the side.

39. A line source is in the presence of an infinite plane on which is fixed a semi­
circular cylindrical boss of radius a, the line source being parallel to the axis of 
the boss. If the source is at a distance c ( >a) from the plane and the axis of 
the boss, find the velocity potential of the fluid motion. Show that the radius 
to the point on the boss at which the pressure is a minimum makes an angle 0 

with the radius to the source, where
c2 — a1

tan 0 = -=------5c -i a~
40. A long circular cylinder of radius a is fixed with its axis parallel to, and at a 

distance c from, an infinite plane wall. The space outside the cylinder is 
filled with liquid, and there is a circulation k about the cylinder. Prove that 
the resultant of fluid pressure on the cylinder is a force toward the wall of 
magnitude

4 tr V c 2 —

41. A cylinder whose normal section is the ellipse x2/a2 -f y 2jb2 = 1 moves in an 
infinite fluid at infinity. Find the appropriate ip functions when: (a) the 
cylinder is rotating about its axis with a constant angular velocity oj; (b) it is 
moving with a constant velocity of translation perpendicular to its axis; 
(c) the cylinder rotates with constant angular velocity about a line parallel to 
the axis and passing through the point (x0,y0).

If at any moment the axis of rotation is transferred from the axis of the 
cylinder to the parallel line through (x 0,y0) without altering the angular 
velocity, show that the increase of the kinetic energy of the fluid is

^ p w 2(a2x^ + b2)%)
per unit length of axis.

42. A uniform stream of incompressible perfect liquid is disturbed by an infinite 
strip placed broadside on to the stream; the stream is in the direction Oy, and 
the strip occupies the region y  = 0, | x \ <  a. By using the transformation 
i2 = z2 — a2, or otherwise, find the w function for the disturbed motion.

Prove (a) that the velocity at a point on the axis Oy is

V
1

where V is the velocity of the undisturbed stream, and (6 ) that the equation of a 
streamline is

i!
Jl2 -  I + v2

22 + /
where 2  is a constant.
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43. Show that the transformation z = £2 — J maps the part of the z plane to the 
right of the parabola x = — y2 on the part of the £ plane to the right of the 
line f  =  j.

Hence, or otherwise, show that the complex potential

>v =  «  -  i f  =  { v 7 T J  -

is compatible with the parabola as boundary and represents a flow which is 
uniformly in the —x  direction, as x  -» + co, in the presence of the parabolic 
obstacle.

44. Show that the transformation w = sin (irzlla), where z = x  + iy, w = u + iv, 
transforms the region 5 in the z plane, defined by — a < x  < a, y  > 0 , into 
the upper half of the w plane. State which portions of the u axis correspond to 
each of the three lines bounding S.

Show also that the transformation w = log {(z — l)/(z +  1)} transforms the 
upper half of the z plane into the infinite strip 0  < v < -n of the w plane.

Deduce, or show otherwise, that the imaginary part of

sin (nzjla) — 1 

sin(jrz/2 a) + 1

satisfies Laplace’s equation in the region S  and is equal to zero on the infinite 
boundaries and to V0 on the finite boundary of S.

45. Show that the conformal representations t = e"zlb and t = cosh nz/b can be 
used to map an infinite strip of width b in the z plane and a semi-infinite 
strip of the same width in the z plane, respectively, onto the upper half of a 
I plane.

Find the velocity potential in a semi-infinite strip bounded by x  =  0, y  = 0 ,  
y  — b due to the existence of a source at the origin from which a volume nm 
of liquid flows into the region per unit time.

46. Two semi-infinite conducting plates y  = 0 , x  < 0  and y  = a, x  < 0  are at 
potentials O and V0 respectively. Show that the electrostatic field in their 
neighborhood is given by the complex potential function w, whose real part is 
the electrostatic potential V, where ‘

2 nz Iniw 277 iw
'aT “  + ~v— exp~v~ z = x + >y a ► o 'o

Prove that the line of force passing between the extreme edges of the plates has 
the form of a cycloid.

47. Show that the domain outside the circle \Z\ = a in the Z  plane is transformed 
into the domain outside a circular arc of equal radius in the z plane by the 
conformal relation

z — ae2'* _  /  Z  — iaeix \ 2 

z — ae-2iot \Z  +  /ae-la /

where the circular arc subtends an angle 4a at its center. Show also that z/Z  
tends to sin a at infinity.

A cylinder whose section is the above circular arc is placed in a stream of 
fluid in which the velocity at a great distance from the cylinder is V. This 
velocity is perpendicular to the generators and makes a positive angle P with 
the radius fVom the center to the middle point of the arc. If in addition there
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is a circulation k round the cylinder in the positive sense, show that the 
complex potential <o can be derived from

to = V sin a ( Ze~'P + .?* 1 — — log Z
\  Z t T ' P ]  2tt B

by eliminating Z between this equation and the above relation.
Prove that the velocity at the upper edge is finite when, and only when, 

k  = 27raK[sin /} +  sin (2 a — /!)].
48. In the conformal transformation

a and c are real and positive, and £, z are connected with r1, r2, 6 by the relations

l ~  0 = / :>  )' ,<|. £-Z_£ = [1 ei»
i  + a \ r  2/ ’ z + c r2

where rt, r2 are the distances of the point z from the points ± c  and 
—n < 8  < 7r. Show that the transformation transforms the region outside 
the figure formed by two minor arcs ( 6  =  ±fir) of orthogonal circles through 
the points z = ±c, which are symmetrical to the line joining these points, into 
the region outside the circle £ = a.

Hence show that if a conducting cylinder whose normal section is formed 
by these arcs is freely charged with electricity, the density at any point of the 
arcs is proportional to

T i T *  ('i + i ) -1
49. Prove that the transformation

^  = A IJ  (z -  zr)-ar!̂ y J a r =2ir 
az r=i f=i

where zr are real numbers such that zT < zT+1, maps conformally the interior 
of a polygon of n sides with exterior angles a„ in the £ plane (£ =  f  +  in) 
onto the upper half of the z plane. What emendations are necessary if a 
vertex of the polygon corresponds to the point at infinity on the real axis in the 
z plane?

Find the transformation which maps conformally the interior of the semi­
infinite strip bounded by f  =  0 , n — a, n = —a onto the upper half of the 
z plane.

50. In the plane of two-dimensional motion, liquid flows from a vessel whose sides 
are defined by

y — c +  mx = 0 , y  +  c — mx =  0 x  < 0
where m =  tan (nj2n). If the internal angle of the vessel is tt/«, obtain an 
equation giving implicitly the complex potential of the liquid motion.

51. Fluid is introduced to the half space z < 0 through a circular aperture r < a 
of the rigid plane z =  0. State the conditions to be satisfied by the velocity 
potential in these circumstances, and show that it may be expressed in the form

— P sin^ ) . - t v o(̂
” Jo f

where y is a constant. Hence determine the components of the velocity at any 
point in the fluid.
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52. Two axially symmetrical functions y»i(p,z), p,z) satisfy the conditions

(i) v V i = 0 , z <  0 ; V2̂  =  0 , z > 0

(ii) Vi =  Vs

(iii) Vi 0  as p2 +  z2 -• oo
dV>i

and for z = 0 , p < 1
az az

(iv) —-  = 0  for z =  0 , p > 1

(v) -* V  as z -* oo az

Show that
pm

Vi =  | f/j(f)efV0(fp) rff, 
Jo

V2 = X + Uz + I if l( i)e 'fV0(fp) rff
Jo

where k is a constant and

-  5(f)J/0(fp) = * P <  1

P i r n  + B(f)y0(fp) *  = u  p < i

r * = o P > i
Jo

Verify that these conditions are satisfied by choosing

^(f)
« sin |  (//,(£)

*f2 2t2 5(f) =  -
«r sin f  UJj(() 

+ ^ f 2-
and that

M  = PW1 =Jt/ +__
L ^ J p- o L ^ J p- o 2 V z2 + 1 A z 2 +  1)

r* co



Chapter 5

THE WAVE EQUATION

In this chapter we shall consider the wave equation

which is a typical hyperbolic equation. This equation is sometimes 
written in the form

□  *y =  0

where [J2 denotes the operator

92 92 92 1 92
fo 2 ' d f  +  d ?  ~~c*d?

If we assume a solution of the wave equation of the form 

\p =  '¥(x,y,z)e±,kcl

then the function Y  must satisfy the equation

(V2 +  &2)VF =  0

which is called the space form of the wave equation or Helmholtz's 
equation.

I. The Occurrence of the Wave Equation in Physics
We shall begin this chapter by listing several kinds of situations in 

physics which can be discussed by means of the theory of the wave 
equation.

(a) Transverse Vibrations of a String. If a string of uniform linear 
density p is stretched to a uniform tension T, and if, in the equilibrium 
position, the string coincides with the x axis, then when the string is 
disturbed slightly from its equilibrium position, the transverse dis­
placement y(x,t) satisfies the one-dimensional wave equation

9x2 c2 dt2 K ’
209
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where c2 =  T/p. At any point x =  a of the string which is fixed 
y(a,t) =  0 for all values of t.

(b) Longitudinal Vibrations in a Bar. If a uniform bar of elastic 
material of uniform cross section whose axis coincides with Ox is 
stressed in such a way that each point of a typical cross section of the 
bar takes the same displacement f(x,r), then

d2£ 1 dH
dx2 c2 dt2 (2)

where c2 =  E/p, E being the Young’s modulus and p the density of the 
material of the bar. The stress at any point in the bar is

a (3)

For instance, suppose that the velocity of the end x =  0 of the bar 
0 <  x ^  a is prescribed to be v(t), say, and that the other end x — a is 
free from stress. Suppose further that at that time t =  0 the bar is at 
rest. Then the longitudinal displacement of sections of the bar are 
determined by the partial differential equation (2) and the boundary and 
initial conditions

0) §7 =  KO for x  =  0

(ii) Hi
dx for x =  a

(iii) f  =  | f  =  0 at / =  0 for 0 ^  x <  a

(c) Longitudinal Sound Waves. If plane waves of sound are being 
propagated in a horn whose cross section for the section with abscissa 
x is A(x) in such a way that every point of that section has the same 
longitudinal displacement £(x,t), then f  satisfies the partial differential 
equation

d_
dx

1 1  _  1  d 
A dx -2 3'2dt2 (4)

which reduces to the one-dimensional wave equation (2) irt the case in 
which the cross section is uniform. In equation (4)

c2 = (5)

where the suffix 0 denotes that we take the value of dp\dp in the equili­
brium state. The change in pressure in the gas from the equilibrium 
value p 0 is given by the formula

_  ^  d(p  P 0 -  (?P 0 Yx (6)
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where p0 is the density of the gas in the equilibrium state. For instance, 
if we are considering the motion of the gas when a sound wave passes 
along a tube which is free at each of the ends x =  0, x =  a, then we 
must determine solutions of equation (4) which are such that

d(
— =  0 at x =  0 and at x — a 
ox

(d) Electric Signals in Cables. We have already remarked (in Sec. 2 
of Chap. 3) that if the resistance per unit length R, and the leakage 
parameter G are both zero, the voltage V(x,t) and the current z(x,t) 
both satisfy the one-dimensional wave equation, with wave velocity c 
defined by the equation

c* LC (7 )

where L is the inductance and C the capacity per unit length.
(e) Transverse Vibrations of  a Membrane. If a thin elastic membrane 

of uniform areal density a is stretched to a uniform tension T, and if, 
in the equilibrium position, the membrane coincides with the xy plane, 
then the small transverse vibrations of the membrane are governed by 
the wave equation

1 d2z
V'Z “  7* di* (8)

where z{x,y,t) is the transverse displacement (assumed small) at time t 
of the point (x,y) of the membrane. The wave velocity c is defined by 
the equation

T
c* =  -  (9)a

If the membrane is held fixed at its boundary T, then we must have z =  0 
on T for all values of t.

( / )  Sound Waves in Space. Suppose that because of the passage of a 
sound wave the gas at the point (x,y,z) at time t has velocity v = (u,v,w) 
and that the pressure and density there and then are p, p, respectively; 
then if p 0, p0 are the corresponding values in the equilibrium state, we 
may write

P  =  P o ( [ + s ) ,  p = p 0 +  c*poS (10)

where s is called the condensation of the gas and c2 is given by equation
(5). If we substitute these expressions in the equations of motion

D \ A

P T d =  - g  ™d P ( H )

where
D d d d d
-rr  =  ^- +  u ^ - + v - ^ ~  +  w ^-  
Dt dt dx dy dz
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and restrict ourselves to small oscillations of the gas, we find that

P0 ^  =  - c 2Po grad j (12)

Similarly, the continuity equation 

D p—  +  pdiv v =  0

is equivalent, in this approximation, to the equation

Po |y +P °d iv  v =  0 (13)

If the motion of the gas is irrotational, then there exists a scalar function 
<j> with the property that

v =  —grad <f> (14)

Substituting from equation (14) into equation (12), we find that for 
small oscillations

grad { t i  ~  c2?) =  °  (15)

Similarly, equation (13) is equivalent to

j t =  W  (16)

Eliminating 5 between equations (15) and (16), we find that <f> satisfies 
the wave equation

1 d2d>
™  ^  TTc* dt2

(g) Electromagnetic Waves. If we write 

H =  curl A,

then Maxwell’s equations

div E =  4np, div H =  0

E = _ I ^ _ grad*

(17)

curl E
1 cfl
c dt

curl H =  — ' c
1
c dt

are satisfied identically provided that A and <f> satisfy the equations

■ 4irp
. 1 d2A 4tt.
A ^  -  — ------ i.

dt1 9 c2 dt2

Therefore in the absence of charges or currents <f> and the components of 
A satisfy the wave equation.
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(h) Elastic Waves in Solids. If (u,v,w) denote the components of the 

displacement vector v at the point (x,y,z), then the components of the 
stress tensor are given by the equations

. . i du dv 9hA (du dv 9nA
:) =  A f e  +  ^  + 1 , l \ d x ' W  l i )

(  1 V I  1 ~ Z x S x v )

dy

/ dw dv du dw dv du\
' x  dy ^  d z ’ dz dx dx ' dy)

where A and p are Lame’s constants. The equations of motion'are

do,
dx

drn  , drm, d’u
ijr ~ - d T ~ px = pdF’ etc.

where F =  (X , Y,Z) is the body force at (x,y,z). If we write

F =  grad d> +  curl 4>

then it is easily shown that the displacement vector can be taken in the 
form

v =  grad <j> +  curl

provided that <f> and satisfy the equations
92c4
w

-  =  <!>.
d-<\> 
dt! -  c;V2tJ> =  tj>

where the wave velocities cx, c2 are given by

„2 _  A +  2p ^  _ p
C i -------------- * c% — —

p p
Hence, in the absence of body forces, <j> and the components of<|’ each 
satisfies a wave equation.

PROBLEMS
1. Prove that the total energy of a string which is fixed at the points x  =  0, x = l 

and is executing small transverse vibrations is

Show that if
y  =  f  (x -  c/) 0  <  x < /

then the energy of the wave is equally divided between potential energy and 
kinetic energy.

2. Show that
y  = A(p)eî , - ‘le>

is a solution of the wave equation for arbitrary forms of the function A which 
depends only on p.

Interpret these solutions physically.
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4.

5.

6.

7.
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A string of length /, 4- / 2 is stretched to a tension pc2 between two points O 
and A. A point mass m is attached to the string at a point distant l1 from O. 
Write down the conditions to be satisfied by the function describing the 
transverse displacement of such a string, and, making use of the result of the 
last problem, show that the periods of possible oscillations of the system are 
given by n(ll + /,)/r(, where i is any positive root of the equation

2jl
'i + /,

+ cot 2112 
li + /2

2 m£
p(li + It)

A uniform stretched string of great length lies along the axis Ox from x  = —I 
to x = + co; the end at x = — l is attached to a fixed point, and a particle of 
mass m is attached to the string at x  = 0. A train of transverse waves in 
which the displacement is

y  = a cos a

travels along the string from x  =  + °o and is reflected. Show that stationary 
waves are set up in each part of the string and that in particular the dis­
placement for — / <  x < 0  is

cos /9 /  ax \
* = 2a sfiTasin [t  + aj cos (<T' ~

where a =  oljc and
, am

tan ,8 = -------cot a
cp

A uniform straight tube of length 21 and cross-sectional area A is closed at one 
end and open at the other end. A quantity of gas is imprisoned by a piston of 
mass M  free to slide along the tube, and the piston is in equilibrium when at 
the middle of the tube. The density of the enclosed gas is then a, while the 
density of the atmosphere is p. Show that the frequencies p  of the oscillations 
of the piston about its position of equilibrium are given by

Mp pi—— = CO cot A C
/ pIc p tan — 

c'
where c, c' are the velocities of propagation of sound in the enclosed gas and 
the atmosphere, respectively.
A particle P  of mass m rests on a smooth horizontal table. It is attached to a 
point A by a uniform heavy string of mass 77/c2 and to a point B  by a light 
inextensible string. The points A and B are on the table; in the equilibrium 
position AP = 1, BP — a , and the tension of the strings is T. Prove that the 
normal frequencies p  of the transverse vibrations of the heavy string are 
solutions of the equation

pip cot —
c

c cm 
~  a + ~TP

2

A uniform inelastic string of length / and line density p lies on a smooth 
horizontal plane. One end is attached to a fixed point A on the plane, and the 
other end is attached to a mass M  which can slide freely along a horizontal 
line at a distance / from A and perpendicular to the mean position of the string. 
The string is subject to a tension pc2. Show that if the system performs small 
vibrations with period 2 ?rjp, the equation to determine p  is

pitan — =c
pc

pM
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Deduce that for large values of the integer n the values ofp are approximately

2. Elementary Solutions of the One-dimensional Wave Equation
We saw in Sec. 1 

equation
of Chap. 3-that a general solution of the wave

* y  =  }_&y  m
dx2 c2 a/2 ^ '

IS
y  = f ( x  +  ct) +  g(x — cl) (2)

where the functions / a n d  g  are arbitrary. In this section we shall 
show how this solution may be used to describe the motion of a string.

In the first instance we shall assume that the string is of infinite 
extent and that at time t — 0 the displacement and the velocity of the 
string are both prescribed so that

y  =  nix), ^  =  v(x) at / =  0 (3)

Our problem then is to solve equation (1) subject to the initial con­
ditions (3). Substituting from (3) into (2), we obtain the relations

V(x) = / ( * )  +  g(x), v(x) =  cf'(x) -  cg'(x) (4)
Integrating the second of these relations, we have

f i x )  ~ g (x )  =   ̂ [  v(()r /|

where b is arbitrary. From this equation and the first of the equations 
(4) we obtain the formulas

f i x )  =  iv ix )  +  Yc j b V<̂  

gix)  =  h ix )  -  yc K f )  dS

Substituting these expressions in equation (2), we obtain the solution
1 f x  -f ct

y  =  i f r ix  +  ct) +  T](x — £7)} +  — I i>(f) d£ (5)
L C  J x - c t

The solution (5) is known as d ’Alembert's solution of the one-dimensional 
wave equation. If the string is released from rest, v =  0, so that 
equation (5) becomes

y  =  Unix +  ct) +  nix -  ct)) (6)
showing that the subsequent displacement of the string is produced by 
two pulses of “shape” y  =  \nix), each moving with velocity c, one to
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the right and the other to the left. Such a motion is illustrated by 
Fig. 34, in which the initial displacement is

10 x <  —a
*](*) =  U \ x \ < a  

(0 x >  a
The motion may be represented by a series of graphs corresponding to 
various values of / as in this figure. Another method of representing

Figure 34

the motion graphically is to construct a surface from these profiles, as 
shown in Fig. 35.

We shall now consider the motion of a semi-infinite string x >  0 fixed 
at the point x — 0. The conditions (3) are now replaced by

y  =  v(x),

V =  0,

The solution (5) is no longer applicable, since rj{x — ct) would not have 
a meaning if t >  xjc. Suppose, however, we consider an infinite 
string subject to the initial conditions

y  =  T(x), =  V(x) at t =  0

dv
~  =  v(x) x >  0 at t =  0 dt

^  =  0 t >  0 at x =  0 
dt

{la)

{lb)
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f»?(x)
where Y(x) =  -{

\ - v ( - x )

[v{x)
and V(x) =  \

l - K - x )

Then its displacement is given by

y  =  i {Y (x  +  ct) +  Y{x — ct)}

if x >  0 

if x <  0 

i f x  > 0  

if x <  0

_L f’ 4rt
2c Jr - ct n e )  d t (8)

so that when x =  0

y  =  h{ Y(ct) +  Y(-Ct)) +  1  f C‘ci V(k) ds  

and ^  =  \c{Y'{ct) — T”( —c/)} +  \{V(ct)  +  V(—ct)}

(9 )

It is obvious from the definitions of Y and V that both these functions 
are identically zero for all values of t and that therefore the function (9) 
satisfies the condition (lb) as well as the differential equation (1). It is 
easily verified that it also satisfies the condition (7a). In particular,
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if the string is released from rest so that v, and consequently V, is 
identically zero, we find that the appropriate solution is

l M'/O' +  c l)  -f t ](x  — c t ) \  x ^ c t

" jj['/0' +  Cl) — r)(ct — a)] a c l

The graphical representation of such a solution is shown in Fig. 36. It 
may be obtained directly from the analytical form of the solution or, 
more easily, from the graphical solution for an infinite string subject to 
an initial displacement Y(x).

A similar procedure is applicable in the case of a finite string of

length / occupying the space 0 ^  a <  /. The initial conditions may 
then be written in the form

dv
y  = r}{ a), = v(x) 0 ^ A < / a t /  = 0

dvy =  0, ^  =  0 / ^ 0 a t A  =  0 and x =  l
'  dt

and by a method similar to the one above it is readily shown that the 
solution of the wave equation (1) satisfying these conditions is the
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expression (8), where now the function Y(x) is defined by the relations
lv(x) if 0 ^  x  <  /

y (x) = ; '
[ —r]( —x) if —/ <  x <  0

T(x + 2  rl) =  T(x) if —/ <  x / and r =  ± 1 , ± 2 , . . .
In other words, Y(x) is an odd periodic function of period 21. The 
relation between >?(x) and Y(x) is shown graphically in Fig. 37. V(x) is 
defined in terms of v(x) in a precisely similar fashion.

It is well known from the theory of Fourier series1 that such an odd

o

Y(x)

/ A y \  y \ .
i r \ 7 ZT‘ O A  / 2 l  31

\ y

Figure 37

periodic function has a Fourier sine expansion of the form

Y(x) = 2  ^
. rriTTX

sin —— (10)

where the coefficients rjm are given by the formula

*)v
2

1 =  7 *?(£) sin,'o (11)

Similarly V(x)-
. / nmx \

= z v- sin (— ) (12)

where vm =  j y(f) sin ( = ? )  * (13)

Substituting the results

\  {Y{x +  ct) +  Y(x — c/)} =  ^  Vm sin
t r r i T T X \  i m 7 T C t \

(— ) cos(— )
\ . / ni7TCt\1 f x+ ^  t\* , lmiTx\ . (nnrct\

— I F(f) d$ =  — >  — sin —— sin ——
2c .Ix-ct K ' 7TC \ / /  \ l /m = 0

1 R. V. Churchill, “Fourier Series and Boundary Value Problems,” (McGraw- 
Hill, New York, 1941), p. 75.

m =  0
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which follow from these expressions, into the solution (8), we find that 
the solution of the present problem is

. (ffnrx\ lm-nct\ l s r  vm . imnx\ . (rmrct\ 
Sln ( _  CO, ( —  ) +  -  2  -  an —  an ( — )

m - I n* - l
y  =  ^  v

(14)
where t]m and vm are defined by equations (11) and (13), respectively.

Example 1. The points o f trisection o f a string are pulled aside through a distance e 
on opposite sides o f the position of equilibrium, and the string is released from rest. 
Derive an expression for the displacement o f the string at any subsequent time and 
show that the mid-point o f the string always remains at rest.

In this case we may take I = 3a and

7](X) =

tx
a
(3a -  2x)( -----------a
(x -  3a)

0  < x < a

a < x  < 2a

2a < x < 3a

and v(x) = 0 .

_ 2c_
Vm ~ 3 ?

Thus the Fourier coefficients are
r 2a r 3rrmx , I . m-nx .

) — — ax +  (3a — 2x) sin — —  ax +
3 a Ja 3 a J2a

f I ( —  l ) m}  sin ( j w t t )

+

18 f
77znr '

. . , nmx .
(x  -  3a) sin —— axi1 7 ax\

and v,„ = 0

so that the displacement is given by the expression

'  ( - D

which is equivalent to

18« v -  1

m = 1

mn nmx m-nct
sin —  sin —— cos -----3 3 a 5a

2 l
It£

00■V' 1 2nrr
? -s sin —— rr 31

2mm 
3 a

2/rnct
ia

The displacement of the mid-point of the string is obtained by putting x = 3a/2 in 
this expression. Since sin (2mrxl3a) would then equal sin mr, and this is zero 
for all integral values of n, we see that the displacement of the mid-point of the 
string is always zero.

P R O B L E M S

1. A uniform string of line density p is stretched to tension pc2 and executes a 
small transverse vibration in a plane through the undisturbed line of the string. 
The ends x = 0, / of the string are fixed. The string is at rest, with the point 
x  = b drawn aside through a small distance e and released at time t = 0 . 
Show that at any subsequent time t the transverse displacement y  is given by 
the Fourier expansion

y
2 r/2

sH (l -  b)
T V  1 ■
^ b ) Z ? s"

/  sirb
\~T

ttx \  jsnc
T)  cos It
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2. If the string is released from rest in the position
4ey = x(l -  x)

show that its motion is described by the equation

3.

i 32e 1
T  Z , (In + l ) 3

n  = 0

(2/1 + \ ) n x  

/ cos (2 n + I )-ncl 
/

If the string is released from rest in the position y  = f(x ), show that the total 
energy of the string is

where

The mid-point of a string is pulled aside through a small distance and then 
released. Show that in the subsequent motion the fundamental mode con­
tributes 8 /tt2 of the total energy.

3. The Riemann-Volterra Solution of the One-dimensional Wave 
Equation

In Chap. 4 we saw that for Laplace’s equation V\yi =  0 it is not 
possible to give independent prescribed values to both y  and dy/dn along 
a boundary curve, since if either y  or dy/dn is prescribed, that alone 
is sufficient to determine the potential function y  uniquely. In the 
last section we saw that the corresponding situation for the one-dimen­
sional wave equation

d*y d'*y
Iv 5 =  1 ? V ~  Cl ( 1)

is quite different; i.e., that y and dy/dy can be prescribed independently 
along the line y  =  0. We noted previously (Sec. 8 of Chap. 3) that if 
we are given the values of (x,y,z,p,q) along a strip C, then the equation

d2z i dz dz\ 
dTdy ~ f \ X ,y ,!Tx'dy) (2)

has an integral which takes on the given values of z, p, q along the 
curve T which is the projection of C on the xy plane, and a simple 
change of variable reduces equation (1) to the type (2). In this section 
we shall use the method of Riemann-Volterra outlined in Sec. 8 of Chap. 
3 to determine the solution of the Cauchy problem

(3)

(4)

where T is a curve with equation u(x,y) =  0.
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Suppose that we wish to find the value yj(f,?;) of the wave function ip 
at a point P  with coordinates (£,>;). Then it is readily shown that the 
characteristics of the equation (3) through the point P have equations

x +  y  =  f  +  n (5)
and x — y  =  £ — r\ (6)

and we may assume that the second of these lines intersects the curve C 
in the point A and that the first intersects C in the point B (cf. Fig. 38). 
If we let

(7 )
_  a2 aa

*" dx2 dy2
then, since this operator is self-adjoint, it follows from the generalized

form of Green’s theorem (Prob. 1 of Sec. 8 of Chap. 3) that

J J {w\-ip — ip\-w) dx dy =  [U cos (n,x) +  V cos («,y)] ds

dip dw
where U =  w ------ ip —

ox ox

(8)

(9 )

r, dw dw . . . .V = - W — + ip rr -  (10)
dy dy

C is the closed path A BP A, and 2  is the area enclosed by it. From the 
discussion of Sec. 8, Chap. 3 we see that the Green’s function w must
satisfy the conditions

(>) Lw =  0

(ii)
dw
a^ =  0

on AP and BP

(iii) w =  1 at the point P
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These conditions are satisfied if we take w =  1. Using this and the 
fact that \-y> =  0 , we see that equation (8) reduces to

( f  + l  +  f  )
cos (n,x) — ^  cos (n,y) 

ox oy ‘
ds ==■ 0 d o

On the characteristic PA, which has equation (6 ), we have
,  - 1  1 -  -  

cos (n,x) = ^ =  » cos (n,y) =  —= » ds =  —y/2 dx =« — s/2 dy

so that .

/,PA [OX
cos (n,x) — ^  cos

dy ; («,.»■)] (|\dX + Yy dy) = Va ~ Wp

F i g u r e  3 9

Similarly we have

1 1 / -  / -  cos (n,x) =  —:= . cos (n,y) =  - 7 = . ds =  — V 2 dx =  V 2 dy
v  2 v  2

along the characteristic PB, so that the value of the integral along the 
line BP is y>B — fp- Substituting these values in the equation (11), 
we get

/ I f /  dip dy) \
y>p =  i(v>A + v b ) —  2 J ^ ^ c o s (* ,« )  _  ay cos(«-.v)j ds (12)

as the solution of our Cauchy problem.
For instance, if we are given that

v = /(* )>  |^  =  g(*) on y  =  0 (13)

then if P  is the point it follows that A is  (f  — y, 0) and B is 
(f  +  rj, 0) (cf. Fig. 39). We have

V A = f ( Z - y ) ,  V > j 3 = / ( f  +  »?)

f  ( dy> , dy> \ C*+”
Jab {  Tx C° S(X’n) ~  Ty *  =  “  J*_, g(X) dX
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If we substitute these expressions into equation (12), we obtain 
d’Alembert's solution (cf. equation (5) of Sec. 2).

It follows from the Riemann-Volterra solution (12) that if an initial 
disturbance, either a displacement or a velocity, is concentrated near 
the point (x0,v0), it can influence only that infinite sector of the half 
plane y  formed by the two lines of gradient ±1  passing through

the point. This sector is called the initial domain of influence of (x 0,y0) 
(cf. Fig. 40). In a similar way we can construct the domain of influence 
of another point (x^jy), and a simple diagram, e.g., Fig. 40, shows that 
all domains of influence intersect for y  >  0. In a similar way we define

the domain of dependence of a point (x2, j 2) as the set of all points with 
y  >  0 whose domain of influence includes the point (x2,y 2) (cf. Fig. 41). 
It is easily seen that the domain of dependence of a point is the triangle 
cut off from the upper half of the xy plane by the two downward-drawn 
lines through (x 2,y2) of gradient ± 1 . These lines if produced upward 
would bound the domain of influence of the point (x2,y2). Since we 
do not, in general, consider points with y  <  0, i.e., events in the past,
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it follows that it is possible to have nonintersecting domains of depen­
dence. Consider two points (x,y) and (x',y) whose time coordinates 
are equal. If their domains of dependence do not intersect, then the 
displacements at the points will be incoherent: they will be caused by 
initial displacements and velocities which are completely independent 
of one another.

1. If
PROBLEMS

<V
v = .f(y). dx =  g ( y )

at a point which is moving with constant velocity /9c (/3 < 1 ) starting at 
x  =  0  at y  = 0 , show that this implies that

and show that
dy = f  'O') -  & 0 ')

vtt.i) = id + + *(l - « / (n rj)  ̂id - p) {  g<y) ̂
where b =  (£ + >;)/( 1 + ft, a = (>; -  f)/(l -  ft).

2 . Using the results of the last problem show that the wave function corresponding 
to a traveling source of sound of frequency p  is

V(*,0 = = - d  - P )  
2P

pit  . J t / r > |  IpU -  xjc)
sm 1 i * K r 4,n I i -  /i

Interpret the result physically.

3. A function y satisfies the nonhomogeneous wave equation

32yf
dx2 dy 3 + f{x ,y )  =  0

and the initial conditions

Show that

„y = =0
dy

when y = 0

y<x,y) = ~ J  J f  (up) du dv

where T  is the triangle cut out from the upper half of the uu plane by the two 
characteristics through the point (x,y).

4. If v -is determined by the differential equation

d2y
dx*

A
"V = V

where a and b are constants, and by the conditions

dw
y  = o, y> = f  (x ) , -- = g (x )
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show by the Riemann-Volterra method1 that

<f(x,y) = \{ f{ x  + ay) + f ( x  -  ay)}

I f ' - 1 v l b  ,________________\
' 5n Z(S)J° 1 a -  *)2 -  * diU J  X - *if \ W /

\ b y
ft +uy
I
x - a y

J 0 [(bla) V((  -  x f  -  a2y 2\ <£ 

V (f  -  x)2 -  a2/

4. Vibrating Membranes: Application of the Calculus of 
Variations

We saw in subdivision (e) of Sec. 1 that the transverse vibrations of a 
thin membrane S  bounded by the curve F in the xy plane could be 
described by a function z(x,y,t) satisfying the wave equation

v 2- — _L —
‘‘ c2 a/2 (1)

the boundary condition
z = 0 on r  for all t (2)

and the initial conditions
dr

z = f (x ,y ) , y ( =  g(x,y) • t =  0, (x,y) c S (3)

The two main techniques for the direct solution of this boundary 
value problem are the theory of integral transforms and the method of 
separation of variables. The first of these methods is particularly 
useful when the membrane is of infinite extent, and the second is 
useful when the boundary curve T has a simple form.

We shall illustrate the use of the theory of integral transforms to 
problems of this kind by:

Example 2. A thin membrane o f great extent is released from rest in the position 
z = f(x ,y ) . Determine the displacement at any subsequent time.

Here we have to solve equation (I) subject to the conditions

z = /  (x,y), =  0

at t = 0 for all (x,y) of the plane. To solve this initial value problem we multiply 
both sides of equation (I) by exp{/'(fx + rjy)} and integrate over the entire xy 
plane. Then using the results

J_ f »  I32z d*z 3V\
2" j_ T j . ( J x * ' '■* w> dx dy -  ( F, 'r ‘ d?l Z

where
J f  CC (* O'

Z (£ ,rr ,t)  =  2 ~r J  J z ( x ,y  ; t ) e '^ x + iv) d x  d y

1 Cf. Prob. 4, Sec. 8 , Chap. 3.
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is the two-dimensional Fourier transform of Z(x,y,t), we see that equation (1) is 
equivalent to

d2Z
+ V2)Z  = 0 (5)

and the conditions (4) arc equivalent to the pair

/  = F(£,V), ^  = 0  t = 0 (6 )at
Solving (5) subject to (6 ), we find that

Z =  F(Z,ri) cos [c( £ 2 + if)*t]

By a double application of Fourier’s inversion theorem (see p. 128) we have therefore 
1 /*“

.* =■ ^  Ftf.ri) cos [c( £ 2 + rf)it]e + w> dt d>) (7)
J — 00 J — 0

so that the problem is reduced to two double integrations, the evaluation of F(f,ij) 
and the evaluation of (7) (cf. Prob. 1 and 2 below).

The use of the method of separation of variables will be illustrated 
in two cases, when T is a rectangle and when it is a circle.

When T is the rectangle formed by the lines x =  0, x =  a, y  =  0, 
y  =  b, it is natural to assume solutions of equation (1) of the form 

z =  X(x)Y(y)e±,kct
We then find, on substituting into equation (1), that

If" -\/H

T  +  T  +  * * =  0
showing that the ordinary differential equations for X, Y are 

X" +  k]X =  0, Y" +  k \Y  =  0
where k\ +  k\ =  kf (8)
We therefore get solutions of the form

z =  Ahke ±i{i i*+ *.!' + *«> (9)
Since z must vanish when x =  0, x  =  a, y  =  0, y  =  b, we must take 
solutions of the form

z = 2 ^ - sin ( ^ ? ) sin ( ? ) e±,kmnCl
m, n

where m , n  are integers and

* ■ - - (£  - f )
For instance, if

dz

(10)

z = f ( x>y)> dt 0 at t =  0

then the appropriate solution is •

z(x,y,t) =  2  Amn sin ( ^ ? )  sin cos (km„ct) (11)
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where kmn is given by equation (10) and the coefficients Am„ are chosen 
so that

f {x ,y )  =  2  sin ( - y M  sin {~y ) 0 ^ x ^ a , 0 ^ y ^ b
m , n '

" e ’ = 7b Jo I  / ( X ’-y) Sin ( ^ )  Sin ( ? )  dX dy (12 )

The complete solution is therefore given by equations (10), (11), and
(12) The frequencies of possible oscillations are given by equation 
(10). These quantities are known as the eigenvalues of k. It is only 
when k takes one of that set of values that the problem has a solution 
of the form (9).

When the boundary curve V is a circle of radius a, it is best to trans­
form to plane polar coordinates r, 0, in which case equation (1) assumes 
the form

d2z 1 dz 1 d2z _  1 d2z
~d? +  r Tr _r‘ ?  dO2 =  ?  I t 2 ( 3)

and the curve T can be taken as r =  a. If we assume a solution of this 
equation of the form

z =  R(r)Q(0)e±ikct

we find that the functions R, 0  must be such that

r*
R d r  r dr

i d2e  „ 
+  0  do2 ~  0

showing that the ordinary differential equations for R, 0  are

d2Q

and (PR 
dr1

dd2

[d%
r dr

+  m2Q -  0

A2 -  R =  0 r~ 1

The solutions of (14) are of the form

(14)

(15)

If the displacement z(r,6,t) is to have the obvious physical property 
that z(r, 6 +  2n, t) =  z(r,6,t), then we must choose m to be an integer. 
Furthermore, since for physical reasons we are interested only in 
solutions which remain finite at r =  0, we must take the solution of (15) 
to be of the form

R =  JJkr)

where Jn(x) denotes the Bessel function of the first kind of order m and
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argument xA In this way we build up solutions of the equation (13) of 
the form

z =  Z  A mkJm(kr)e±im6 ±ilccl ( 1 6 )
m,k

If z vanishes on the circle r =  a, then the numbers k must be chosen so 
that

Jm(ka) =  0 (17)

and we finally get solutions of the type

z =  I  AmnJm(kmnr) exp {±imO ±  ikm„ct} (18)
to, n

where A,„„ are constants and kml, km2, . . . are the positive roots of the 
transcendental equation (17). In the symmetrical case in which z is a 
function of r and t alone the corresponding solution is

=  Z  AnJ0(knr)e±ictJ (19)
n

where ku k 2, . . . are the positive zeros of the function J0(ka).
For instance, if we are given that

z = /( ' ' ) .  Ji =  0 a t ,  =  0

then the solution of the problem is

z =  Z  AnJ0(knr) cos (knct) (20)
n

where the constants An are chosen so that

f i r )  =  Z  AnJa(knr)
n

From the theory of Bessel functions1 we see that this implies that

An =  1 ,  . f  rf (r)J0(knr) dr (21)a2Ji(kna)J o

The complete solution of our problem is therefore given by the equations 
(20) and (21). .

Solutions of problems of these kinds relating to vibrating membranes 
with rectangular and circular boundaries can also be derived by means 
of the theory of “finite” transforms. For details of the derivation of 
these solutions the reader is referred to Sec. 19.5 and 19.6 of Sneddon’s 
“Fourier Transforms” (McGraw-Hill, New York, 1951).

These methods are appropriate only when the boundary curve T has

t Cf. I. N. Sneddon, “The Special Functions of Physics and Chemistry” (Oliver 
& Boyd, Edinburgh, 1956), p. 103.

1 G. N. Watson, “A Treatise on the Theory of Bessel Functions,” 2d. ed. 
(Cambridge, London, 1944), chap. XVIII.
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a simple form. When T is a more complicated boundary, approximate 
values of the possible frequencies of the system can be found by making 
use of certain results in the calculus of variations. According to the 
calculus of variations,1 if the solution of equation (1) in the case in which 
T is fixed is of the form f  (x,y) e'^Sthen the nth eigenvalue is 
the minimum of the integral

with respect to those sufficiently regular functions <f> which vanish on T 
and satisfy the normalization condition

a J J V  dxdy  =  1 (23)
6’

and the n — 1 orthogonality relations

j j M mdxdy  =  0 (24)
s

where <f>„ is the minimizing function which makes /  equal to Xm.
This provides us with a method of determining approximate solutions 

to our problem.2 If
Z =  Vm(x,y)ei’''mCt (25)

is an approximate solution of the problem stated in equations (1) and (2), 
then if , 4>„ are n functions which are continuously differ­
entiable in S' and which vanish on T, an approximate solution is

V>m(x,y) =  I  C,m’(l>Xx,y) (2 6 )
1 = 1

where the coefficients C\m) are the solutions of the linear algebraic 
equations

2  (at,k l  -  r „ ) c r >  =  0 1 = 1 , 2 .............n (27)
j -1

with a„ =  cr>t =  I j «I*,*1* , dx dy (28)

r.,= fl'ldo.aa*, ao, m»,i . .
J J I dx dx dy By i * ■v • •

(29)

and the first n approximate eigenvalues k lt k t, . . . , k„ are given by
1 R. Weinstock, “Calculus of Variations” (McGraw-Hill, New York, 1952), 

pp. 164-167.
2 Ibid., pp. 188-191.
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the n positive roots of the determinantal equation

CT),A'2
C72 1 /c2

a12k2 f 12

r„i r„

a2vk2 f^n

<T„„A2 -  r .

=  0 (30)

11

a 22

In addition the coefficients must be chosen to satisfy the normalization 
condition

a Z Cjm)C'jm)cri, =  1 (31)
1.3-1

If the boundary curve T of the membrane 5  has equation u(x,y) =  0, 
a simple choice of the approximate functions <t>, (/' =  1, 2, . . . , n) is 
to take

‘hi =  u(x,y), <h2 =  xu(x,y), 0 3 =  yu(x,y)
<D4 =  x2u(x,y), 0 5 =  xyu{x,y), <t>6 =  y 2u{x,y), etc.

The variational approach to eigenvalue problems is useful not only in 
the derivation of approximate solutions but also in the establishing of 
quite general theorems about the eigenvalues of a system. For details 
of such theorems the reader is referred to Chap. 9 of the book by 
Weinstock mentioned above and also to Chap. 6 of Vol. I of “Methoden 
der mathematischen Physik” (Springer, Berlin, 1924), by R. Courant 
and D. Hilbert.

Example 3. Find approximate values for the first three eigenvalues o f a square 
membrane o f side 2 .

Suppose we take the membrane to be bounded by the lines x = ± 1 . y  = ± i ;  
then we may assume
<1-, =  ( 1  -  :r2)( 1 -  f ) ,  0>2 = * ( 1  -  * 2) ( 1  -  / ) ,  <I>3 = y(l -  **)(! -  / )

and we find that
256 256

°12 — CT23 — °31 — ^225 ' 0 2 2  “  “  T575 ’
256 ^ „ 3328

1̂2 " I 23 = 3̂1 = 04? ' r “  -  33 ~  1575 ’

In this case the determinantal equation (30) reduces to 

(,k2 -  5)0k2 -  13)2 = 0

so that the first three approximate eigenvalues of the square are 

k l * = 2.236, k2 = k3 =  V f i  = 3.606

From equation (10) we see that the exact results are
JT s 2 7T v'5

A , -  = 2.221, * 2 = A3 = —  = 3.942
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PROBLEMS
1. Show that the solution of Example 2 can be put in the form

z(x,y,t) =
J _  [*“  [ *  3 f ( x ,p )  d<x dp

2nC J-« J-« dl Vc2 /2 -  (x -  a) 2 - ( y -  /3f

2. A very large membrane which is in its equilibrium position lies in the shape 
z = f ( r )  (r2 =  x2 + y2). Show that its subsequent displacement is given by 
the equation

z(r,0 = f / ( f )  cos (cft)J0(£r) dt

where I t )  = J* r f (r)J0(tr) dr

3. A square membrane whose edges are fixed receives a blow in such a way that 
a concentric and similarly situated square area one-sixteenth of the area of the 
membrane acquires a transverse velocity v without sensible displacement, the 
remainder being undisturbed. Find a series for the displacement of the 
membrane at any subsequent time.

4. A membrane of uniform density a per unit area is stretched on a circular frame 
of radius a to uniform stress ac2.

When t = 0, the membrane is released from rest in the position 
x = e{a2 — r2), where e is small, and r is the distance from the center. Show 
that the displacement of the center at time t is

8sa2 ^  
n • 1

cos (£„cr/a)
W i . )

where f„ is the nth positive zero of the Bessel function J0.
5. Using the approximations

= 1 -  V x2 + / .  = x - xVx2 + / .  = y - yvx2 + f
show that the first three approximate values of the constant k in the solution 
f(r)e ikcl,describing the transverse vibrations of a circular membrane of unit 
radius, are

A-, =  V 6 , K2 = K3 = VJ5

5. Three-dimensional Problen
In this section we shall consider some of the simple solutions of 

the three-dimensional wave equation

w  -  - 2
1

c2~df2 (1)

It is a simple matter to show that this equation has solutions of the form 

exp { ± /'(/■* +  my +  nz +  kct)} (2)
provided that

k 2 =  l 2 +  m 2 +  n 2 (3)
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Example 4. A gas is contained in a cubical box o f side a. Show that i f  c is the 
velocity o f sound in the gas, the periods o f free oscillations are

la
cV„l + n\ + n\

where n u n2, n3 are integers.
In this problem we are looking for solutions of the wave equation (1) valid in the 

space 0 < (x,y,z) < a and such that Sipjdn = 0 on the boundaries of the cube. 
The form of v will therefore be

y>(x,y,z,t)

COS («? + n l+  «i)» - f

where nv n2, n3 are integers. It follows immediately that the periods of the free 
oscillations of the gas are

la
cV„j + „l + r|

In spherical polar coordinates r, 8, <f> the wave equation (1) assumes 
the form

d2ip 2 dip 1 d I . dtp\ l d2ip 1 d2tp
dr2 ^  r dr ‘ r2 sin 6 dd ddj r2 sin2 6 d<f>2 c2 dt2

If we let
ip(r,0,<f>) =  Y (r)P™ (cos 6)e±im'l‘±'kct (5)

where 'F(r) is a function of r and P “ (cos 8) is the associated Legendre 
function, then on substituting from equation (5) into equation (4) we 
find that 'F(r) satisfies the ordinary differential equation

d 2T
dr2

Now, putting

2 dW 
r dr

n(n +  1) 
r‘ W + k 2XF =  0

T  =  r - ‘/?(r)

(6)

we see that equation (6) reduces to
d 2R
dr2

i * *  +  l v - < j L + m l R  =  o
r .dr (7 )

from which it follows that if n +  |  is neither zero nor an integer,

R(r) =  AJn + i(kr) +  BJ_n_i(kr) (8)

where A and B are constants and Jv(z) denotes the Bessel function of the 
first kind of order v and argument z. If on physical grounds we require 
the solution (5) to have the symmetry properties

V<r, 6 +  77, </>) =  ip(r,8,<t>), ip ( r , 8, <f> +  2tt) =  ip(r,6,<f>)

then we must take m and n to be integers.
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Hence the function

w(rfi,4>) =  / - tJr±(„ + ()(fcr)/>" (cos d)e±im4‘±'M (9)

is a solution of the wave equation (4). The functions 7 ±(„ + i)(fcr), which 
occur in the solution (9), are called spherical Bessel functions.1 They 
are related in a simple fashion to the trigonometric functions, for 
it can be shown that if n is half of an odd integer

J»(x) =  [/„(*) sin x -  gn(x) cos x]

where f„(x) and g„(x) are polynomials in x~ \  e.g., in the case n 
f ( x )  =  1, g^x) =  0 and for n =  f, f i x )  =  l/x  and g3(x) =
follows from these facts that

yir) = — c : l' r:

V(rfi) =  -
sin (kr)

kr
■ cos (kr) cos 6 e ±,lcct

— h
1. It

(10)

( 11)

are particular solutions of the wave equation (l).2
The solution (10) is a particular case of a more general solution which 

can be derived directly from equation (1). If the solution of the wave 
equation is assumed to have spherical symmetry, i.e., if y> is a function 
only of r and t, then it must satisfy the equation

-l ? — -L 'O '
dr2 +  r S r _ cI 9/2 1

If we put y  =  <f>jr, we find that

a v  _  j_ a2̂
dr2 c2 dt2

so that <f> =  f ( r  — ct) +  g(r +  ct)

where the functions/ and g  are arbitrary. In other words, the general 
solution of the equation (12) is

V =   ̂[ f ( r  -  ct) +  g(r +  ct)} (13)

where the functions f  and g  are arbitrary.
1 I. N. Sneddon, “The Special Functions of Physics and Chemistry” (Oliver & 

Boyd, Edinburgh, 1956), sec. 31.
2 For applications of the wave functions (9) to electromagnetic theory the reader 

is referred to J. A. Stratton, “Electromagnetic Theory” (McGraw-Hill, New York, 
1941), chap. VII.
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The function r~lf  (r — ct) represents a diverging wave. If we take

<i4>
to be the velocity potential of a gas, then the velocity of the gas is 

d<j> 1 J ,  r\ 1
dr

so that the total flux through a sphere of center the origin and-small 
radius e is

4t7 e2u = / ( ? ) +  O(e)

For this reason we say that there is a point source of strength f ( t )  
situated at the origin; the expression (14) therefore represents the 
velocity potential of such a source. The difference between the pressure 
at an instant t and the equilibrium value is given by

P ~ P o  = (15)

Example 5. A gas is contained in a rigid sphere o f radius a. Show that i f  c is the 
velocity o f sound in the gas, the frequencies o f purely radial oscillations are ctj/a, 
where . are the positive roots o f the equation tan f  =  f.

The conditions to be satisfied by the wave function ip are that it satisfies equation 
(12), that yi remains finite at the origin, and that u — dyi/dr = 0 at r = a. From 
equation ( 1 0 ) we see that the first two of these conditions is satisfied if we take

V = A sin (*'•> eiut 
r

where A is a constant. For this function

u dy
if  = a

k co s(kr) 
r

sin (kr) Qtkdt

so that u =  0  on r =  a if k  is chosen so that

tan (ka) =  ka

The possible frequencies are therefore given by the expression c£,ja (i = 1,2, . . .), 
where f 2, . . . are the positive roots of the transcendental equation

tan £ =  f (16)

Similar solutions of the wave equation (1) can be found when the 
coordinates are taken to be cylindrical coordinates (p,<j>,z). The wave 
equation then takes the form

d2y> 1 dip 1 d 2y> d 2y> I d 2y>

+  ~pTP +  +  OF =  ?~?t*
( 17)

If we write
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we see immediately that the equation (17) separates into

d2R 
dr2 +

R =  0

d2<t> „
+  « * *  =  o. s —  ■

d 2T
—  +  k2c2T =  0

where
n31Otii** (18)

We therefore have solutions of the form

V W .-V ) =  JJojp)eacl- iyz±,m* (19)

where y is related to k and w through the equation (18). If k >  to, so 
that y is real, we can think of the solution (19) as representing a wave of 
amplitude Jm{wp)e±'m4‘ moving along the z axis. The phase velocity of 
such a wave is

and the group velocity1 is

V =  —
y

w= iikĉ T
Example 6 . Harmonic sound waves o f period 1-njkc and small amplitude are 

propagated along a circular wave guide bounded by the cylinder p = a. Prove that 
solutions independent o f the angle variable <f> are o f the form

V = ?«<*-*)

where {„ is a zero o f ■/,(() and y2 = k2 — (f2 /a2).
Show that this mode is propagated only i f  k  > f„/a.
Since y is independent of <j>, it follows that we must take m = 0 in equation (19) 

to obtain
yi = Ja(v>p)eMa

where y2 = k2 — m2. The boundary condition is that the velocity of the gas 
vanishes on the cylinder; i.e.,

dw . _
—  =  0  on p = a (2 0 )dp

Since Ja(x) = —J fx ) ,  it follows that this condition is satisfied only if w is chosen to 
be such that Jfw a) = 0; to = (Ja , where fj, f 2, . . . are the zeros of /j({). We 
therefore have

V  =  (21)

where y2 = k2 — (f’ /a2).
For the mode given by equation (21) to be propagated we must have y real; 

i.e., k > ( J a .t

1 C. A. Coulson, “Waves” (Oliver & Boyd, Edinburgh, 1941), p. 130. 
t For the application of the theory of cylindrical waves in electromagnetic theory 

the reader is referred to Stratton, op. cit., chap. VI.
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The solution (19) is useful in applications to problems in which the 
physical conditions impose the restriction that y> must remain finite when 
p =  0. In problems in which there is no such requirement we must 
take as our solution

VW .-VI=  I B '.Y J 'o p W " - * * ’* (22)
where Ym(a>p) denotes Bessel's function of the second kind1 and Am, Bm 
denote complex constants. The most convenient solutions of Bessel’s 
equation to use in this connection are Hankel functions

= J J p p ) I / Ym(a,p), //<.*W )  = ~  i YJup)
so that we may write the solution (22) in the form

v W .5 .f) =  [AmH\lXmp) \- BmH™{<op)\<?M- ^ * * *  (23)

For instance, in the case of axial symmetry (m =  0) we obtain 
solutions of the form

f (P,z,t) =  [AH{!\olp) +  BH^(wp)]eM ~^  (24)

Now for large values of p

Thus the solution
Vofoz.O =  H'$)(mpYkcl-"* (26)y o(p ,z ,0  ■-= W|)1,(cop)ear' 1,2 (26)

represents waves diverging from the axis p — 0, while the solution

y>,(p,z,t) =  H™((op)eitct- iv* (27)

represents waves converging to this axis.
In the two-dimensional case (?/Hz =  0) it follows from equation (16) 

of Sec. 4 that the analogue of equation (23) is

V W .O  =  [AmH " \k P) +  BmH™(kp)YMtim* (28)

while those of equations (26) and (27) are

V>o(p,0  =  H^)(kp)eikct (29)

and VtiPjl) =  l / o )(kp)e'kcl (30)

respectively. The functions (29) and (30) play the same role in the 
theory of cylindrical waves as do the solutions (10) in the theory of 
spherical waves.

1 I. N. Sneddon, “The Special Functions of Physics and Chemistry” (Oliver & 
Boyd, Edinburgh, 1956), p. 105.
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PROBLEMS
1. A wave of frequency v is propagated inside an endless uniform tube whose 

cross section is rectangular, (a) Calculate the phase velocity and the wave­
length along the direction of propagation, (b) Show that if a wave is to be 
propagated along the tube, its frequency cannot be lower than

c /  1 1 U
Fmin -  J ^2 + p )

where a and b are the lengths of the sides of the cross section, (c) Verify that 
the group velocity is always less than c. Show that the group velocity tends to 
zero as the frequency decreases to vmm.

2. Show that the flux of energy through unit area of a fixed surface produced by 
sound waves of velocity potential y  in a medium of average density p is

3$ 3<f>
^ 3t dn

A source of strength A cos (at) is situated at the origin. Show that the 
average rate at which the source loses energy to the air is

pA2cr 
8 ttC

where c is the velocity of sound in air.

3. A symmetrical pressure disturbance p0A sin ket is maintained over the surface 
of a sphere of radius a which contains a gas of mean density p0. Find the 
velocity potential of the forced oscillation of the gas, and show that the radial 
velocity at any point of the surface of the sphere varies harmonically with 
amplitude

A /  1 , \— I — — cot ka I 
c \ka  /

4. Air is contained between concentric spheres, the outer being of fixed radius b 
and the inner of oscillating radius a(l + e sin ket), where c is small. Prove 
that the velocity potential of the forced oscillations of the air is

ca3kc cos a sin (kb — S — kr) ,
- —7T-,----- ------;-------- : ----------------------- C O S  ketsin (ki) — ft — ka + a) r

where a and ji are the acute angles defined by tan a = ka and tan p = kb.

5. A rigid spherical envelope of radius a containing air executes small oscillations 
so that its center is at any instant at the point r = b sin nt, 0 = 0 .  Prove that 
the velocity potential of the air inside the sphere is

C
cos kr 
; kr

sin kr
-JfyT cos 6 cos nt

where C = __________ n kV b __________
2 ka cos ka -  ( 2  — k V )  sin ka

6. Show that the wave equation has solutions of the form

y = S(0,4,)R(r,t)
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where 8, <j>, r are spherical polar coordinates, / is a constant integer, and

( J _
|sin 6 Tosin6i) l a2 

sin2 8 a* 1
+ /(/ + 1 ) 5  = 0

1 1 1
l r 2 dr

r2 a
Tr

Hi * i) / a2 ( 
H r1  ar>| 5  =  0

Verify that the last equation is satisfied by

5 0 , r )  =  r l
/ _ a _  \ 1 f  Q  -  c p  +  f f p  +  c p
\ r dr ' r

where /'and g  are arbitrary functions.

6. General Solutions of the Wave Equation
In this section we shall derive general solutions of the wave equation 

associated with the names of Helmholtz, KirchhofF, and Poisson. The 
solutions of Helmholtz and Kirchhoff deal with wave problems in 
which the values of the wave function y(r,t) and its normal derivative 
dy>/dn are prescribed on a surface S. From Kirchhoff’s form of 
solutions of this problem we deduce Poisson’s solution to the initial 
value problem in which y> and dy>/dt are prescribed at time t =  0.

Suppose that Y  is a solution of the space form of the wave equation

V2Y  +  k 2X¥  =  0 (1)

and that the singularities of T  all lie outside a closed surface S  bounding 
the volume V. Then putting

pit lr -  >T
'V' =  T-------T (2)|r — r |

and this value of Y in Green’s theorem in the form of equation (1) of 
Sec. 8 of Chap. 4, we find that if the point with position vector r lies 
outside S, then

J.( eik |r ~ r’| 
lr — r'l

o (3)

On the other hand, if P lies inside S, by applying Green’s-theorem to 
the region bounded externally by S' and internally by C, a small sphere 
with center r and radius e (cf. Fig. 23), we find that

p ,+Hr-r-l *,•*!»- r'l g'|'(r ')

3n |r — r'| |r — r l  dn ,
dS

3Y(r')

and by a process similar to that employed in Sec. 8 of Chap. 4 we can
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show that the value of the limit on the right-hand side of this equation 
is -47rT(r).

Hence we have:
Helmholtz's First Theorem. //'F (r) is a solution of the space form 

of the wave equation V2T  4 k2'Y 0 whose partial derivatives of  the 
first and second orders are continuous within the volume V on the closed 
surface S bounding V, then

1 f  | e'k ir - r'i ?>r,r)
4-7T Jsl |r — r'j c n

£ ik |r -  r'| |

|r -  r'j I
dS

T(rl if r e V
10 if r i V

where n is the outward normal to S.
Helmholtz’s first theorem is applicable in the case when all the 

singularities of the function 'F(r) lie outside a certain volume V. We 
now consider the case in which all the singularities of VF lie within a 
closed surface S’. If we now apply Green’s theorem to the region V 
bounded internally by S  and externally by 2, a sphere of center the 
origin and very large radius R, we find, on letting R -> oo:

Helmholtz’s Second Theorem. If  'F(r) is a solution of the space form 
of the wave equation whose partial derivatives of the first and second 
orders are continuous outside the volume V and on the closed surface S 
bounding V, if  r'F(r) is bounded, and if

r -> 0

uniformly with respect to the angle variables as r — oo, then

W )
dn dS’

l'F(r)
10

if r 4 V 
if r e V (5)

where n is the outward normal to S.
It would appear from Helmholtz’s formulas that the values taken by 

Y and dW/dn on the surface S can be assigned arbitrarily and indepen­
dently of each other. By use of a Green’s function G(r,r') with 
singularity at P  (see Sec. 7 below) we can express lF(r) in terms of T’(r') 
alone through the equation

'F(r) =  -

so that knowing the value of VF on the surface S, we can, in general, 
determine 'F(r) uniquely and, in particular, calculate the value of 
3T1 /dn on S. It can also be shown that if SW/dn is prescribed on S, 
'F(r) is in general determined uniquely so that its value on S  can be
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determined. The values of Y  and d'Yjdn on S' are therefore related. 
If the functions / ( r) and g(r) are defined in an arbitrary way, then the 
function

1 f  I e»i|r-r | 3  <-•*!» f l i3 *>•*!» I ll

satisfies the space form of the wave equation, but it does not necessarily 
follow that Y(r') =  g(r'), 3Y/3/7 =  f(r') on S.

Similarly in the two-dimensional case by taking

4" = / / ‘» ( * |p - p ' |)

where p =  (.x.y), in the two-dimensional form of Green’s theorem, we 
can readily establish the two-dimensional analogue of Helmholtz’s 
first theorem:

Weber’s Theorem. I f  Y(p) is a solution o f the space form of the 
two-dimensional wave equation V;Y +  k2xY =  0 whose partial derivatives 
of the first and second orders are continuous within the area S and on the 
closed curve T bounding S, then

U K ’ is "* " “ i' p ' D  -  w l> ( %  -  p 'D ds*

(Y(p) i f P £ 5

[O if p  ̂ 5

where n is the outward normal to I\ The proof is left as an exercise to 
the reader.1

Helmholtz’s first theorem can be expressed in another way by intro­
ducing the idea of a retarded value. If v'O' .O is a function of the 
coordinates of a variable point with position vector r', then we define 
the retarded value [y>] of y> by the equation

M  =  V («■', / -  > A =  |r' -  r| (6)

where r is the position vector of some fixed point. If 

y<r',/) =  Y(r> - ,kc‘
then it is obvious that

M  =  vfr',t)e ,k>, =  -ikc[y>] (7)

If, now, we multiply both sides of the equation which occurs in Helm­
holtz’s first theorem by eikc', we find that if the point with position

1 See Weber, Math. Ann., 1, 1(1869), and B. B. Baker and E. T. Copson, “The 
Mathematical Theory of Huygens’ Principle,” 2d ed. (Oxford, London, 1950), 
pp. 50-51.
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vector r is inside the surface S, then that equation can be written in the 
form

V(r,t) rn dS'

which, because of the second of equations (6), can be written in the form

v(r,0 1 f ( . , 3 / l ) 1 M dip 1 dip
47T L  1 lvJ dn Ia/ +  cl dn [dt. +  A .dn.

dS' (8)

Now an arbitrary wave function y(r,/) can be expressed, either by a 
Fourier series or by a Fourier integral, as a linear combination of wave 
functions of the type 'Ft(r)e~‘tc',and since the equation (8) does not 
contain k explicitly, it follows that it is true for any wave function. It 
can also be shown that if the point with position vector r lies outside 
S, the right-hand side of equation (8) is equal to zero. We therefore 
have:

Kirchhotf’s First Theorem. If ip(r,t) is a solution of the wave equation 
whose partial derivatives o f  the first and second orders are continuous 
within the volume V and on the surface S bounding V, then

dip
T ti

l
+  a

dip I 
dn. 1

dS'

fw(r,0 if P(t) c V
=  , (9)

[0 if P(r) 4 V

where A =  |r — r'| and n is the outward normal to S.
For a direct proof of Kirchhoff’s first theorem the reader is referred 

to pages 38 to 40 of “The Mathematical Theory of Huygens’ Principle,” 
by Baker and Copson. In the case where the singularities of ip(r,t) all lie 
outside a given closed surface we have:

Kirchhoff’s Second Theorem. If  ip(r,t) is a solution of the wave 
equation which has no singularities outside the region V bounded by the 
surface S for all values of the time from — oo to t, and if as r -*■ oo,

y(r,t) ~
f ( c t  -  r)

where f (u ) , f ' (u )  are bounded near u =  — oo, then

1 dl f dip 1 dy)
cl dn L dt. “  A . 0 / 7 .

\dS =
!>(«•)
o

if P(t) e V
( 10)

if P(r) 4 V

where n is the outward normal to S.
We get a special form of these results if we take the surface S to be 

the sphere with equation
A == | r '— r| =  c t ( I D
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Then at any point of S
M =  v i r ' f i )  = / (  r') 

w here/is the value of y at t =  0. Similarly

3y(r',0)
dt =  g( r')

where g  is the value of cyi/dt at / =  0. If we substitute this result in 
equation (9), we find that

V(M) = I f (Z  + £  + ' ( | 0 U y
4rr Js U 2 cA A \ 0A7 ol

( 12)

where 5  has the equation (11). Now if we denote by the symbol M r( f )  
the mean value of the function/ over the sphere (II), then

and

477 L
g  d S '  

ck

1 f // , 1 ?£\
4tt Js \A2 A ?A/

=  tM r(g)

JS' =  £  [tM , ( / ) ]

Substituting these expressions in equation (12), we find that

y(r , t ) = j t [tMr{ f ) ] + t M r{g) (13)

is the solution of the wave equation which satisfies the initial conditions

v  = f ,  Y t = s ’ t =  0 ( 14)

The solution (12) is Poincare's solution of the initial value problem (14). 
Equation (13) expresses Poisson's solution. For a direct proof of 
Poisson’s solution see Prob. 2 below.

PROBLEMS
l. If v(P,t) = lF(p)e~ i k c ‘ is a two-dimensional function in which ’F(p) does not 

depend on t , prove that

V’(P.f) - 2tr
aHV)

dn T(p )
e > k m - c t ,  f a

v ^ T f .
dS'

if p lies within the closed contour r ,  where =  | p — p' |.
Show that if we write

1
dn

this result becomes

df dx df dy (5\f df dp}
dx dn dy dn dn dpx dn

A \  r  v(p.f ~ WO du\ llV
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2. Using the principle of superposition, show that if g  and F are arbitrary,

* r.0 - - L f
4 ttc2 Jy  | r — r | V c /

is a solution of the wave equation provided r is not the position vector of a 
point of V.

Taking F(u) to be c- 1  when — e < u < 0 and zero otherwise, prove that 
v(r, 0  =  tM r(g) 

and deduce that when t = 0 ,
3w

v> =  o, Bt =  8

3. The function y(r,l) satisfies the wave equation. If at time t = 0, y = 0 for all 
r and

By _  \ K

T‘ '  j o

0  < r < a 

r > a
where A: is a constant, use Poisson’s solution to determine the values of y and 
By/Bt at any subsequent time.

Determine the solution also by making use of equation (13) of Sec. 5.

7. Green’s Function for the Wave Equation
In this section we shall show how the solution of the space form of 

the wave equation under certain boundary conditions can be made to 
depend on the determination of the appropriate Green’s function. 

Suppose that G(r,r') satisfies the equation

+ a ?2) G(r’r'} + ^ G(r-r,) = 0 (1)
and that it is finite and continuous with respect to either the variables 
x, y, z or to the variables x', y', z' for points r, r' belonging to a region 
V which is bounded by a closed surface 5  except in the neighborhood 
of the point r, where it has a singularity of the same type as

as r' -> r. Then proceeding as in the derivation of equation (4) of the 
last section, we can prove that, if r is the position vector of a point 
within V, then

T(r)
_1_ 
4 7r

3T(r')
dn

T(r') cC(r,r')l
dn Id S ' (3)

where n is the outward-drawn normal to the surface S .
It follows immediately from equation (3) that if G^r,!-') is such a 

function and if it satisfies the boundary condition

Cjfr.r') =  0 (4)
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if the point with position vector r' lies on S, then

'f’(r) =  -  f  T(r') rG,ij'T'] dS' (5)
4 -n J s  c n

by means of which the value of VF at any point r within S can be cal­
culated in terms of the values o f ’F on the boundary.

Similarly if G2(r,r ) is a function of this kind satisfying the boundary 
condition

= 0  for r e 5  (6)
in

then we obtain
1 f  clF(r')

'i'(r) =  T- G,(r,r') d S ' (7)4tt J s  cn

a formula which enables us to calculate *F at any point within S  when 
the value of ixYjcn is known at every point of S.

Similar results can be obtained in the case of a more general boundary 
condition (cf. Prob. 1 below) and in the two-dimensional case (cf. 
Prob. 2 below).

We shall consider the special cases in which the surface 5  is a plane:
Green's Functions for the Half Space z >  0. It is obvious that in 

this instance

Gi(r,r')
r'l
r

e i k [ 9 - ? \

Ip -  r'l
(8)

where p =  (x,y,—z) is the position vector of the image in the plane 
z =  0 of the point with position vector r =  (x,y,z). For this function 
it is easily shown that if the point with position vector r' lies on II, 
the xy plane, then

cG i _  _  d G i  _  d_ l e ™ \  

dn ~  dz’ ~  2 dz \  R !

where R2 =  (x — x')2 +  (y — y')2 +  z2. It follows from equation (5) 
that if Y = f  (x,y) on z =  0, then when z >  0,

T (,,y ,z) =  ~ ~ L  f ( X '’y )  ^  dX’ dy' (9)

Similarly it can be shown that 

C2(r,r') =
gi*|r-r'| f i*|p - r’|

|r -  r'l f |p -  r'l
so that on the plane II

C2(r,r')
2e,tR
~R~

(1 0 )
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It follows from equation (7) that if dWjdz =  g{x,y) on the plane n , 
then when z >  0,

T(x,j/,z) =  -  ~  f  g(x',y’) dx' dy' (11)1.TT ./ II A
We shall now indicate how the solution (11) may be applied in the 

theory of diffraction of “monochromatic” sound waves by an infinite 
plane screen which is assumed to be perfectly reflecting but which 
contains holes of arbitrary size and shape. We shall assume that the 
screen lies in the xy plane, and, for convenience, we shall denote the 
holes in the screen by Sx and the material screen itself by S2. If we 
assume that monochromatic waves which in the absence of the screen 
have velocity potential T.-fr)^*'1 are incident on the positive side of the

screen (cf. Fig. 42), then the reflected and diffracted wave produced by 
the screen will have a velocity potential of the form ’Fs(r)e,<:c‘, and the 
total velocity potential of the sound waves will be 'F(r)c,'£C‘, where

T(r) =  'F.(r) +  T s(r) (12)
The boundary conditions of the problem are that, on the material 

of the screen, the normal component of the velocity of the gas must 
vanish, i.e., that

dTs
dz

3T,
dz

on S2 (13)

and that, in each aperture, the total velocity potential must be equal 
to the incident velocity potential, i.e., that

T s = 0 on Sx (14)
To solve this problem we suppose that on S1

/ a r \ id'Y s
-  ( “aF (15)
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If we substitute the value for (3'FS/3z)^_0 obtained from equation (15) 
into equation (11), we find that

(16)

Now if we put f(x ',y ')  =  0 in equation (16), we get the solution 
appropriate to the problem in which the screen has no holes, and this 
must yield the velocity potential of the waves reflected by an unper­
forated screen occupying the entire xy plane. It is readily shown that 
if z >  0, this velocity potential has the space form 'F.(p), where 
p =  (x,y,—z) is the position vector of the image in the plane z =  0 of 
the point with position vector r =  (x,y,z). Hence if z >  0, we must 
have

'F(r) =  'F.(r) +  V,(?) -  ^  £  / ( * ' , / )  dx' dy (17)

We have still to ensure that the condition (14) is satisfied. To achieve 
this we must choose f  (x,y) so that when (x,y,0) belongs to S1

1 e~ T  dx' d y ' =  2’, r -(x>.Vi0) (18)
where l  =  + V ( x  — x')2 +  (y  — y')2.

Hence when z >  0, the solution of our diffraction problem is given 
by equation (17), where the function/ (x,y) satisfies the integral equation 
(18).

We can deduce the solution in the case z <  0 very easily. If we 
superimpose the solution of the problem in which waves with velocity 
potential 'F,(p)e,i<:i are incident on the negative side of the screen, 
we find that the resulting solution ['F.(r) +  'F,(p)]e'*:i:i automatically 
satisfies the boundary conditions (13) and (14). Hence we have the 
relation

'F(r) +  'F(p) =  T,(r) +  T,(p)

from which it follows that if z <  0,

(19)
where f (x ,y )  again satisfies the integral equation (18).

PROBLEMS
1. The function C3(r,r ) satisfies (V2 + k2)C = 0 and is finite and continuous with 

respect to x, y, z or x', y ', z' in the region V bounded by the closed surface 5  
except in the neighborhood of the point r, where it has a singularity of the same



248 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

2.

type as e**lr-r'l/|r — r'| as r -» r. It also satisfies the condition that 
dGJdn + hG3 vanishes on S, h being a constant.

If <F(r)e,tel is a wave function satisfying the condition
ay
1 n + h V - f

for points on S, show that

'f(r) = /(r')C 3(r,r') dS'4n JS
If Gi(p,p ) is such that

( a P  ^ * 2) c * = 0

3.

with p = (x^y), p '  = (x',y‘) and is finite and continuous in the plane region S’ 
bounded by the curve F except that it has a singularity of type |p — p'|)
as p' -» p, and if Gt = 0  on f ,  prove that

If G2(p,p ) obeys the same conditions as Gpp.p ) except that dGJdn = 0 and 
G2 0  on T, prove that

'̂(P) I  f
4 i J r

G2(p,p ') ds

Monochromatic sound waves of velocity potential 'F,(r)eacl are incident on the 
positive side of a perfectly conducting screen in the xy  plane which has a small 
aperture S , at the point (0,0,0). The dimensions of the aperture are small in 
comparison with the wavelength 2-njk of the incident wave. Show that at a 
great distance r from the aperture on the negative side of the screen the velocity 
potential is given approximately by

A p — i k [ T —  c t i

nr.o  = —---------r

where

and

1
2t7 [ /  (x,y) dx dy

I«i V(
/(■*',/) dx’ dy' 

x  -  x ’f  + (y -  y ’f
InV, (0,0,0)

Deduce that A = CT1,(0,0,0) where C is the capacity of a conducting disk 
which has the size and shape of the aperture 5^

4. Monochromatic waves of velocity potential T /r ) * 1' ' 1 are incident on the 
positive side of an infinite perforated screen occupying the plane z = 0  of such 
material that the total velocity potential vanishes on the screen. Show that the 
velocity potential xi'(r)eikct is given everywhere by

1 f e~ikR
T(r) = T,(r) — / U . i  ) — dx dy

Jn,  '  «  ‘

where R = 'J (x — x')2 + (y — y')2 ?  and f  (x,y) satisfies the integral
equation

I /(* ' ,/)  dx' d>'' =JS, *
when (x,_y,0 ) is a point of S 2, the screen itself, and A =  V (x  — x')2 + (y — y ’)2.
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8 .  T h e  N o n h o m o g e n e o u s  W a v e  E q u a t i o n

The second-order hyperbolic equation

LV> = /(r , 0 (1)
I a*

where L = - —  - V 2 (2)

which arises in electromagnetic theory and other branches of mathe­
matical physics is called the n o n h o m o g e n e o u s  w a v e  e q u a t i o n . It is 
readily seen that if is any solution of the nonhomogeneous equation 
(1) and y>, is any solution of the wave equation, then

v =  Vi +  (3)

is also a solution of equation (1).
Suppose that a function y> satisfies equation (1) in the finite region 

bounded by a closed surface S  and that we wish to find the value of the 
function at a point P ,  with position vector r, which lies within 5. If 
we denote by II the region bounded by S  and the sphere C  of center P  
and small radius e, we may write Green’s theorem in the form

L  (V>VV ~  *V >) d T ' =  ( I  +  D  ( V  Y n  ~  * S )
d S '  (4)

where the normals n are in the directions shown in Fig. 23. 
(4) we take y(r') to be a solution of equation (1), so that

In equation

v Mr') V<r') -  /(r ',0 (5)

and assume that

(6)

where /' is a constant and the function F  is arbitrary. It 
L<f> =  0, so that

follows that

v  ^ c» a/2 (7)

Substituting from equation (5) and (7) into equation (4), we find that

If we now integrate with respect to t from — oo to +oo and assume that



y>, dy>/dt vanish for t =  ±  °o, we find, on interchanging the order of the 
integrations, that
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J > ( f . (.( * t 'dt)ds' »
It is readily shown that

JL I/ ’.  ■*) *  - *-J l * * " " '  - 0  *  + 0(,)
(9)

and that

= J / 5• ( / : vfr',0
1 df(r',t)

dn |r — r'| c dt r — r

8k ~ r1
dn

So far the function F has been arbitrary. Suppose we now assume that

F(x) =
l_

2 rj 
0

— ’I V f  >;■ 

otherwise

Then, using the mean value theorem of the integral calculus, we find that

so that

J> ( J
Similarly, from (9) we have

ciS'
| r - r ' |

( 12)

1 ( L  (V t  ~ *5) dt) dS' = ‘' + ̂ (13)
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where —1 ^  d2 1, and from equations (10) and (11) we have

and
d<j> |

y>- ~̂ d t \  dS' 
dn I

dn

o3v)

(14)

1 3  / ,
-  — V’ r , / 
c  c i  '

3 1
dn |r — r'|

\___ 3 |r -  r'

-  r l  dn
(15)

where —1 <  03, 0, <  1. Substituting from equations (12), (13), (14), 
and (15) into equation (8) and letting ?; - 0, we find, on replacing t' 
by t, that

¥<r,0
1  f [ / ]  dr 
4-77 Jo |r — r'l

1 f (4 77 J S  1
I

|r — r

1
c

M
l

dn |r — r'|

1 3 |r — r'| I

|r  -  r'| dn
dS

where [ / ]  denotes the value of the function f  at time t — |r  — r 
In particular the solution of equation (1) satisfying the conditions

(16)

'|/c.

dy> n
v = T t = 0

on S

is

r(r ,0 1  f [ / l  <h '
4tt Jn |r — r'l

(17)

Because of its physical interpretation [ / ]  is known as the retarded 
value of / ,  and the expression on the right-hand side of equation (17) 
is called a retarded potential. It will be observed that by a simple 
change of variable in the integral on the right equation (17) can be 
written in the form

1  f
477 Jn

/(r  4- r', t -  k'l/c)^ , (18)

The equation (17) may be established by means of the theory of 
Fourier transforms; for a proof by this method the reader is referred 
to Sec. 39.2 of Sneddon’s “Fourier Transforms.”
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It should be emphasized here that the derivation of equation (17) 
which we have given is not rigorous. Among other things, we have 
supposed the arbitrary function F to be differentiable and have then 
taken a form for F which does not satisfy this condition. In fact the 
final F we have chosen is not a function at all in the ordinary sense of the 
word but a Dirac delta function.1 We shall give a rigorous derivation 
of this formula in the next section. In the remainder of this section we 
shall merely indicate how the solution may be applied to the solution of 
specific problems.

We saw in Prob. 1 of Sec. 2 of Chap. 3 that Maxwell’s equations of 
the electromagnetic field possess solutions of the form

1 c>A
H =  curl A, E = ------- ;----- grad <f> (19)

C 'I
where the vector potential A and the scalar potential </> satisfy the 
nonhomogeneous wave equations

4tt
L A =  — i (20)

c
L  <f> =  477p  (21)

respectively. In these equations i denotes the current density, and p is 
the space-charge density. It follows immediately from equation (17) 
that if A, <f>, dAjdt,  and d<f>jdt vanish on the infinite sphere, then

A = i f  ira* ;c J |r — r |
(22)

and (23)

where the integrals are taken throughout the whole of space.
Example 7. Determine the vector potential and scalar potential at a point r due 

to a point charge q at the point r0 moving with velocity v (v c).
We may suppose that a point charge q is distributed uniformly throughout the 

volume of a small sphere of radius c .  We may therefore write
i(r,7) = qf(r)\(t). p(T,t) = q f  (r)

where r = r _  , lr -  rol
dt c

l 3
and /  (r) = 14ne3 lf lr -  rol < E

( 0 if |r -  r0| > £
Substituting in equation (22), we find that

’ (•A - - X [4nC£J J S r\
d r

(24)

(25)

1 I. N. Sneddon, ‘‘Fourier Transforms” (McGraw-Hill, New York, 1951), p. 32.

A
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where 5  is the sphere |r' — r0| < e .  If we make the transformation 
(k,ft,v) =  X =  r' -  r0

in this integral, then since

i i  = 1 + 2 ^ 1 - .  etc.
dx dt dx c|r — r |

we find that for small values of v/c 
d(k./x,v)

S ( x ' , y ’ , z ’)
= 1

so that 

and

_  v • (r -  r') 
cjr — r'| 

d k  d n  d v

r|r -  f |  <’|r -  r0 -  X| -  v • (r -  r0 -  X) 

d k  d f i  d v. T ( f - ~ r° ~ j
A = 2 i  f  _Ji_______ c '_______

^ e 3  J s C  |r -  r0 -  X| -  v • (r -  r0 -  X)
S  having equation |X| = e in these coordi­
nates. Making use of the mean-value 
theorem and letting e -* 0 , we find that

A(r ,t) = (26)
cR — R • v(/') 

where we have written R *  r0 -  r, I' = l
-  Rlc.

Similarly we have, for the scalar potential, 
d k  d / J  d v

_cq_

f _ _ _
J s  c|r -  r0 -  ;■X| -  v ( r  — r0 

which becomes in the limit s 0

r cR — R • v(/') (27)

In the nonrelativistic range of velocities u < c w e  have the approximate expressions
?v(0A = cR * - I

v R
(28)

The potentials given by equations (26) and (27) are known as the Lienard- Wichert 
potentials.

PROBLEMS
1. A current is suddenly started at time t = 0 in an infinitely long straight 

conducting wire, and its magnitude at a subsequent time t is Ut). Show that 
at a point P distant r from the wire the vector potential A at time t is zero if 
r > ct but that if r < ct, A is directed along the wire and has magnitude

2 f ‘ - ' l c H r) d r

~e J o  V (, -  r f  -  ,■V
2. If/(r) is the limit as r — 0 of the function

,0 |r| > e
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show that

V> (r,r)
e i k { r - c l )

4nr

is a solution of the equation L — f  (r)e ,kct.

3. The D function of quantum electrodynamics satisfies (L + k2)D =  0 
and the initial conditions D(r,t) = 0, iDjdt = f  (r) at / = 0, where f { r) is 
the function defined in the last problem. Show that

where the function F(r,t) is defined by the equations

JoWc2!2 -  r2)»] 
0

ct > r

—r < ct < r

- J 0lk(<?t2 -  r2)!] ct < - r

9. R ie s z ’s In te g ra ls

It was observed in the last section that the derivation of equation (17) 
of that section was not rigorous. In this section we shall give a brief 
account of a method due to Marcel Riesz which provides a rigorous 
proof of this formula and also of the corresponding two-dimensional 
problem. We shall also indicate how the method can be applied to the 
solution of Poisson’s equation.

In two short papers1 read at the Oslo congress in 1936, Riesz intro­
duced two generalizations of the Riemann-Liouville integral of fractional 
order. The first generalization associated with the operator

32 „
L = ---------V2

Sr2
is

/> (r,f) =
"IXinJIXin -  1)

f  y(r',t')Rn * dr'
J D

dt'

( 1)

(2)

where dr =  dx’ dy' dz', R2 =  (t — t')2 — |r — r'j2, and D is the 
hypervolume bounded by the hypersurface R =  0 and the hyperplane 
/' =  0. The time variable t is always reckoned *o be positive.

The fundamental properties of the integral (2) were stated without 
proof by Riesz, but brief indications of proofs of these results under 
conditions sufficiently general for their use in theoretical physics have 
been given by Copson.2 If the function yi is continuous the integral Iny  
is an analytic function of the complex variable n for R(n) >  2. The

1 M. Riesz, Compt. rend, congr. intern, math., Oslo, 1936, vol. ii, pp. 45 and 62.
2 E. T. Copson, Proc. Roy. Soc. Edinburgh, 59A, 260 (1943).
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characteristic properties of the Riesz integral (2) are expressed by the 
equations

I ml y  =  [m+ y  (3)

L / " + 2V  =  I y  ( 4 )

If yi and dy/dt vanish when t =  0, then

In+2 Ly =  I y  (5)

lim I y  =  y> (6)
71—*-0

Comparing equations (3) and (4), it appears that, in some sense, the 
operator L is I~2.

In the particular case n =  2 it can be shown by simple changes of 
variable that

7Mr,r) =  1 J Hr +  ~  |r' |} dr (7)

where the integration is taken over 0 <  |r'| <  /.
As an example of the use of these results we consider the problem of 

solving the nonhomogeneous wave equation

Ly> =  / ( r ,0  t >  0 (8)

subject to the initial conditions =  dy>/dc =  0 at t =  0, it being 
assumed that /  and 3// dt are continuous. It follows from equation
(5) that

I y  =  l n+Y

If, now, we let r. - - 0 and make use of equations (6) and (7), we find 
that

r -v - i l 'o + 'J-n*' m
in agreement with equation (18) of the last section. It will be observed 
that this is precisely the solution we should have obtained if we had 
interpreted L as 7-2 and proceeded symbolically.

For the corresponding two-dimensional problem associated with the 
operator

L> ( 10)

Riesz introduced the integral

iMpd) =  27rr(» _  i) j D 3 dx‘ dy’ dt' C1!)

where p denotes the plane vector (x,y),

R\ = 0 -  t ' f  -  | p  -  p ' | 2
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and Z), is the volume in the x'y't' space bounded by the plane /' =  0 and 
the cone

|p -  p'l =  + 0  -  o
This integral has the properties

I?I?y =  / r +> (12)

L1/ r v  =  / > (13)

lim I”y  =  y
n—*■ 0

(14)

from which it follows that a solution of the nonhomogeneous two­
dimensional wave equation

LiV(P,0 = /(p .O  ? > 0  (15)

v(p.O
y ( p d x '  dy' dz

(16)

The second Riesz integral, associated with the operator V2, is defined 
by the equation

J M  r)
r ( t  -  in) f  yfr') , 
2 V f ( i n )  J |r  -  r ' |3-" r

(17)

the integration being taken over the whole of space. If y  is a continuous 
function such that J ny  exists in a strip 0 <  R(w) <  k of the complex 
n plane, then

=  J™+”y (18)

v 2y n+ >  =  — (19)

lim J"y =  y
n—► +0

(20)
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Thus if we have to solve Poisson’s equation 

VM r) = -4wp(r)
then operating on both sides of the equation by J "+2 and letting n 0, 
we find that

y(r) = 4vrPp(r)
which from equation (10) becomes

f  p i O  dr'
* r ) = )  |i— pr (21)

PROBLEMS
1. Show that the solution of the equation

(L + &2)y(r,f) = /(r ,f )

with y = 3y/ 3/ =  0  when 1 = 0 , can be written symbolically in the form

y(r,f) =  Z ( - i y k irI tT+*f

Deduce that

_  1 f  / ( r ' , f - | r  ~  r'|) dr _  k f  0 * ^ 2  U m  dr dt- 
4 t7 J v |r -  r | 4r  J D R

where R2 = (t — t')2 — ]r — r'|2, V is the volume for which 0 <  |r — r'| < t, 
and D is the hypervolume bounded by R=  0 and 1'= 0.

2. Show that the solution of the equation

(L , -  A:2)y(p,0 = / (p ,0

with v’ = 9y/3t =  0  when 1 = 0 ,  can be written symbolically in the form

Deduce that

v(p

v(p, 0  = 2  ^2 r/ i r+2/ ( p , 0  
r - 0

• ' > - 5  J > V'
coshf f̂?,), t ' ) ----- ^— -  dx' dy' dt'

where R\ = (t — r' ) 2 — |p — p' | 2 and Z), is the volume in the x'y't' space 
bounded by the plane t ‘ = 0  and the cone f? 2 =  0 .

ao

10. The Propagation of Sound Waves of Finite Amplitude
The problems of wave propagation which we have been considering in 

this chapter have been concerned with linear partial differential 
equations. We shall conclude this chapter by considering an important 
nonlinear problem, that of describing the motion of a gas when a 
sound wave of finite amplitude is being propagated through it. We 
shall consider only the one-dimensional problem, since it lends itself
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to a simple linearization procedure and provides a useful illustration 
of the use of the Riemann-Volterra method and of a complex variable 
method due to Copson. Even this simple problem has important 
applications in aerodynamics and astrophysics.

The one-dimensional motion of a gas obeying the adiabatic law

p  = (1)
is governed by the momentum equation

S u Su 1 Sp
St U Sx p Sx (2)

and the continuity equation

Sp Sp Su 
^ + « /  +  / > - = 0  
ct Sx Sx (3 )

If we introduce the local velocity of sound c through the relations

c2 =~j- =  kypy 1 
dp

we find that equation (2) becomes

Su Su 2c Sc 
St U Sx y — 1 Sx

and that equation (3) becomes

If we let

i.e., if we put

2 / Sc Sc \
l»7 + “ r Jy 1 'St 

c

Sx’

+  iu ,  S

_
c 0x 0

-  iu
7 — 1 ‘ ’ y ~  1

c =  i(y  — l ) ( r  +  j ), -u =  r — s

(4 )

(5 )

(6)

(7 )

(8)

then the equations (5) and (6) reduce to the pair

C{ , + {  *r +  Ps) y x =  0, =  0 (9)

where a =  ±(y +  1), =  i(y ■— 3).
The quantities r and j defined by the pair of equations (7) are called 

Riemann invariants. If one of the Riemann invariants is a constant, 
then one equation of the pair (9) is an identity, and the other is a first- 
order equation of Lagrange type, by means of which the other invariant 
may be determined. The gas flow corresponding to the solution so 
obtained is called a simple wave. For instance, if r is constant, then

x +  (aj +  fir)t =  f  (j)
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where the function/ is arbitrary, and if 5  is constant, 

x -  (ar +  fis)t =  g(r)
where g is arbitrary.

Riemann showed that if r and s are taken as independent variables, 
the problem can be linearized. If x and t are expressed in terms of r 
and 5 ,  then it is readily shown that

Sr St Sr Sx Ss St Ss Sx
8x ^ Ss’ St ^ Ss Sx ^ Sr St  ̂ Sr

where J  =  8(r,s)IS(x,t). If we substitute these expressions in equations 
(9), we find that these equations may be written in the form

0 0
— [x — (ar +  ps)t] +  (it =  0 , 3 - [x +  (as +  pr)\ — pt =  0
05 or

from which it follows that these equations are satisfied if we express the 
original independent variables x and t in terms of r and 5  by the 
equations

x — (ar +  Ps)t — 4^ > x +  (as +  Pr)t = ----^  (10)
or os

where the function <f> satisfies the equation

in which 

so that

+ ^  = 0
Sr Ss ' r +  s \ Sr Ss /

TV P 3 - y
a + p  2(y — 1 )

2N +  3 
“  2N +  1

( 11)

( 12)

(13)

If TV is a positive integer, a solution of equation (11) can be obtained 
in closed form. Consider the expression

<t> 1 a * -1 f i r )  
SrN ~ 1 (r +  s f

where the function f ( r )  is arbitrary. By direct differentiation it is 
readily shown that

t TV ( S h  | 5 ^ \
Sr Ss r +  s \ Sr Ss )

_  J "  / ( ' )  TV ( ,f(r) S* - 1 f ( r )  \
Sr* (r +  s)" + l ^  r +  5  1 8rN (r +  s)N '  SrN ~ 1 (r +  5 ) A' + 1 j

Now if we write
/ ( ' )  _

(r +  s)N
f ir)

(r +  s Y  + y
(r +  5 )
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and make use of Leibnitz’s theorem for the nth derivative of a product, 
we find that

9" f ir )
d i ^ i r + s Y 1 (r +  s ) d 4 ( r + s ) N+1 ' " dr11- 1 (r +  s)"+1 

from which it follows that ^  is a solution of equation (11). A similar 
solution can be obtained by interchanging r and s. We therefore have

/ ( ' ) N -
d*- / ( ' )

4>(r,s) =
0*- m +

3^-i g(s) (14)drN~l (r +  s)N dsN~1 (r +  s y  
where f(r) and g(i) are arbitrary, as the solution of the linear equation

(13) in the case in which N  is a 
positive integer. In the case N  =  1 
we have the simple solution

r -r- s
For general values of the con­

stant y, N  is not an integer, and 
so recourse has to be made to 
some other method of solution, 
such as the Riemann-Volterra 
method. It follows from the 
analysis of Sec. 8 of Chap. 3 
that, in the notation of Fig. 45, 
the solution of equation (11) is

Nw

F i g u r e  4 5

<j>P — <t>nw i< f i f ,
1 ds’ r'

N
7 <*[ ds' -f 4< f ~ -----;+  s I 1 dr r dr'

where </>, d<f>j dr, and 3<j>j ds are prescribed along a curve C in the rs plane 
and the Green’s function w(r,s]r',s') is determined by the equations

02W
dr ds 4 , ( 7 sf

\ = o

3 w 
~d~r 

3 w 
ds

N
r +  s 

N

w

ds \r +  si  

when s — s'

when r — r

0)

(ii)

(iii)

(iv) w =  1 when r =  r‘ and s =  s'
It can be shown that

w(r,s-r',s’) =  ( y - r y  ) 2f i0  — N, N; l; £) 

(r — r')(s — .?')
where (  =  - (r +  s)(r' +  s')

(15)

(16)

Y.
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An alternative method of solution has been devised by Copson,1 using 
the theory of functions of a complex variable. It is easily proved that 
the function

, 2 A ’

^  =  (z -  r)N(z +  s f
is a solution of Riemann’s equation (11). Furthermore if r and s are 
real and N is not an integer, this solution is an analytic function of the 
complex variable z, which is regular if the z plane is cut along the 
segment of the real axis which joins the points 0, r, —s. We may then 
consider the branch of this function which is real and positive when z 
is real and greater than 0, r, and —s. Therefore, if / (z) is an analytic 
function which is regular in a region containing the real axis, and if C 
is a simple closed contour surrounding the cut, then

I f  ziNf  (z) dz
* v ) - 2 5 . U  ”2m Jc (z — r)N(z +  s)N 

is also a solution of the partial differential equation (11). 
this expression in equations (10), we find that

(17)

Substituting

N f  2*,v/  (z) dz 
2-ni Jc(z — r)N+1(z +  s)N

(18)

N f  z2Nf  (z) dz 
2-ni Jc (z — r)N(z + s ) N+l

(19)

Nf ( z ) d z

x  4 (acy -t pr)l

from which it follows that

(a +  » <  =  -  j ~i J c (Z _  r)» + i(z +  j)*  + i

Now in a state of rest the velocity u is zero so that r =  s. Hence if 
the solution (17) is to represent a motion of the gas in which the initial 
state is a state of rest, the function / (z) must be chosen to satisfy the 
integral equation

-- f2-ni Jc

z2A/ ( z )  dz
=  0Jr (z2 -  r Y  + 1

where T is a simple closed contour surrounding the cut |R(z)| ^  r. It 
is readily shown that this implies that f(z) is an even function, and 
conversely.

Suppose that when t — 0, x — x 0(r); then equations (18) and (19) 
show that

/V C z2Nf ( z ) d z  N r
0 2-rri J r  (z — r )Ar + 1(̂  +  r)N 2v i J r

z2Ay (z) dz
■ (z -  r)N + l(z +  r)N 2tti Jr (z -  r)N(z +  r f  *

from which we obtain by addition the symmetrical expression
_/V ,* z2N + 1f ( z ) d z  

' " 2mJr ( z 2 - r 2f  + 1
1 E. T. Copson, Proc. Roy. Soc. London, 216A, 539 (1953).

(20)
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Equation (20) can be regarded as an integral equation for the deter­
mination of f  (z) when x 0(r) is known. Copson has shown that the 
solution of this equation is

z2Nf { z )  =  2 £  r(z2 -  r2)A' - ]x 0(r) dr (21)

provided that x Q(r), regarded as a function of the complex variable r, is 
an even function regular in a region containing the real axis. Equation
(17) then gives the required function

PROBLEMS
l. In the problem of the expansion of a gas cloud into a vacuum the initial con­

ditions are
r = s = r0(x) x  < 0 , r0(0 ) =  0

Show that

- 2 (y -  1 )r0(x )^~

Hence show that if r'0(x) < 0, the cloud expands into the vacuum.
2. If the face of the expanding cloud has advanced into the vacuum and is at 

x  = * ,(0 , show that the conditions r = —s = r^l)  hold there. Deduce that

N  C z2Nf  (z) dz 
2m Jc-j U ~ r1)2A, + 1

3.

where (ot + fi)t = N  f  z2*Y(z) dz 
2 rri JCi (z -  r ^  + 2

and C1 is a simple closed contour surrounding O and r1.
Prove that x 1 = 2r1; i.e., the velocity with which the face of the cloud 

advances is equal to the particle velocity at the face.
If N  = prove that

= 2/V \ d_
IdT, [rr/Y)],

1 tP 
4 dr\ tri/(fi)]

4. If initially r = s = ( —/ix)*, x  < 0, prove that

x  = ~  [Nr2 -  2(N  + I )rs + Ns2], / =  J- (2tf + 1 )(r -  s)2 n 2/f
Deduce that the position x 1 of the face of the cloud at time t is given by

d<-
2 N  + 1

MISCELLANEOUS PROBLEMS
1. Two very long uniform strings are connected together and stretched in a 

straight line with tension T; they carry a particle of mass m at their junction. 
A train of simple harmonic transverse waves of frequency v travels along one
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of the strings and is partially reflected and partially transmitted at the junction. 
Find the amplitude of the transmitted wave, and prove that its phase lags 
behind that of the incident wave by an amount

tan 1
Invmcc' |

T(c + c')J

where c and c' are the velocities of propagation in the two strings.
Verify that the mean energy of the incident wave is equal to the sum of the 

mean energies of the reflected and transmitted waves.

Z. A uniform straight rod of mass m and length / is free to rotate in a horizontal 
plane about one end A, which is fixed on a smooth horizontal table. The 
other end of the rod is tied to one end of a heavy string. The other end of 
the string is tied to a fixed point B on the table so that AB = 21. Initially 
the rod and the string are in a straight line, in which position the tension in 
the string is F, and its density is p per unit length. The system is set in motion 
so that it performs small transverse vibrations in a horizontal plane.

Show that the periodic times of normal modes of vibration are given by 
2tt/ / c £ ,  where £ satisfies the equation

m

3 . A uniform string of line density p and length / has one end fixed and the other 
attached to a bead of mass m free to move on a rough rigid wire perpendicular 
to the string. The rough wire exerts a frictional force on the bead equal to 
pi times its velocity. If x  = 0 is the fixed end of the string, and if the effect 
of gravity can be neglected, show that the displacement of any point of the 
string in transverse vibration can be expressed as the real part of elipt + ̂ y{x), 
where p  satisfies the equation

• ptmp — i/i = cp cot —

If ji is small, show that the approximate value of p  is

______ ip______
m + pi cosec2 nljc

where mn = cp cot nljc.

4. A cylindrical tube of small radius, open at both ends, is divided into two parts 
of lengths /,, /2 by a piston of small thickness (5 and density a attached to a 
spring such that in vacuo the period of vibration is 2ir/m. Show that when the 
tube is in air of density p, the period of vibration becomes 2n/n, where

, ,  . nli nl,
a(m2 — n-)o =  pen tan----- {■ tan —

c c
and c denotes the speed of sound.

5. Show that the only solution of the one-dimensional wave equation which is 
homogeneous of degree zero in x  and t is of the form

^ log + B

where A and B are arbitrary constants.
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6 . Find a solution of 32y/3t2 =  c2/B2y/Bx2) such that:
(i)

(ii)
(iii)
(iv)

y  involves x  trigonometrically; 
y  = 0  when x  — 0  or n, for all values of t , 
dyldt =  0  when t = 0 , for all values of x; 
y  = sin x  from x  — 0  to x  = n/2 
y  — 0  from x  = ?r/ 2  to x  — n when t = 0 .

7. Two equal and opposite impulses of magnitude /  are applied normally to the 
points of triseciion of a string of density p per unit length stretched to a tension 
T  between two points at a distance / apart. Derive an expression for the 
displacement of the string at any subsequent instant, and show that the mid­
point of the string remains at rest.

8. Find a solution of the equation

1 J! F 32V
? l f 2' = 7.?

such that V = 0 when x  = 0 or x  = a for all values of t and that BV/Bt = 0 
when t = 0 and V = E  when / = 0 for all values of x  between 0 and a. The 
quantities a, c, and E  are constants.

9. Find a solution of
B2u d2u
T72 ~ lT 2 = xt

satisfying the conditions u = Bu/Bt = 0 when / = 0.
10. One end of a string (x  — 0) is fixed, and the point x = a is made to oscillate 

so that at time t its displacement is Y(t). Prove that the displacement of the 
point x  at time t is

f ( c t  -  x) -  f { c t  + x) 

where /  is a function which satisfies the relation

/ ( z  + 2 « ) = / ( * )  -  Y (L j 1 )
for all values of z.

A string is constrained to move in two different ways; in case 1 the point 
x  = a is given a displacement* Y(l), and in case 2  the point y  = b is given 
an identical displacement. It is found that the shape of the string in case 1 
is identical with that in case 2  at all times; show that the displacement at 
x  =  b in case 1 is equal to that of x = a in case 2 .

11. Show that the equation governing small transverse motions of a nonuniform 
string is of the form

Bx2 312
where c is a function of x.

Show that a solution of this is y  =  f ( x , l■) +  F(x,t), where

1
Bx

+ i  *1 = L 3± , f - F)
c Bt 2c Bx'

BE I BE
Bx T c Bt'

and interpret this, in a region in which Bc/Bx is small, as the sum of two 
progressive waves whose form is slowly altering.

An infinite string is such that c is constant if x  < 0 or x  > a\ between 
x  =  0 and x = a, (a/c)Bc/Bx is everywhere small. A wave y  = f B(t -  x/c)



THE WAVE EQUATION 265

is propagated along the string from x  = — °o. Show that a first approxima­
tion to the form of the string is given by f ( x , l )  = f 0(t — 6), F(x,t) =  0, where 

rz '
6 = I c 1 dx, and that a second approximation is given by 

Jo

f  = f 0U -  0){1 + iUog c(x) -  log c(0)]}, F = + 6, x)

where <f>(u,x) is given by
1 f  c'<Ku,x) = -  j  /„(« -  20) -  dx

12. A string of nonuniform density p(x) is fixed at two points x  = 0 and x  =  a, 
the tension of the string being i?p0. If the density p(x) varies only slightly 
from the value p 0, show that, to the first order of small quantities, the normal 
periods of vibration are

—  [p0 + p(*)] sin2 —  dx
repo Jo a

and the normal functions (apart from a normalizing factor) are

. r-nx 2  sin —  +  -  a a 22a, -  sin r2 /

where r, s are positive integers and

a, dx

13. A uniform string of mass M  is stretched between two fixed points at distance 
a apart, and carries a small mass cM at a distance b from one end. Show 
that, to the first order in e, the periods of the normal modes are

2a 
rc 1 + e sin:

and the normal functions are proportional to

sin + 2e sin

Deduce that if the particle is attached to the mid-point of the string, the 
period of the rth normal mode is unaltered if r is even.

14. A uniform string of line density p is stretched at tension pc2 between two 
fixed points at distance a apart. If the mid-point is constrained to vibrate 
transversely so that its displacement is t  cos nl, where c is small compared with 
a and na/c is not a multiple of 2n, find the displacement at any time of all 
points of the string in the resulting forced vibration.

Also show that the mean kinetic energy of the string is

15. A string of length 1, with its extremities fixed, is initially at rest and in the form 
of the curve y  = A sin mnx/l. At t = 0 it begins to vibrate in a resisting
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medium. Given that the differential equation governing damped vibrations is

_ d2y d2y dy 
C dx2 dt2 dt

show that, after time t,

y = Ac ' , 1  k . \ . mnx cos n i t i  — sin m't, sin —— 
{ m ) l

where
, m V c2 m ——— — kz

16. A string of length / is vibrating in a resisting medium. The end x = 0 
is fixed, while the end x  = / is made to move so that its displace­
ment is A cos (nct/l). With the notation of the last problem prove that if 
kljc is small, the forced oscillation of the string is described by the equation

17. Flexural vibrations of a uniform rod are governed by the equation

^ x i 5  = ()
dx4 kz dt2

where A is a constant. Show that if y  = XT, where X  is a function of x  alone 
and T  a function of t alone, then T  may take the form A sin (Xkl + a), where 
A, X, a are constants.

Show that if y  = By/ dx = 0 when x = 0, then

X  = B( cos px  — cosh px) + C(sin px  — sinh px)

where pz = X and B, C are constants, and that if also y  = ByjBx — 0 when 
x = a, then

B(sin pa + sinh pa) = C(cos pa — cosh pa) 
and cos pa cosh pa = I.

By means of a rough sketch, show that this last equation gives an infinite 
number of values of X.

18. If H(t) denotes Heaviside’s unit function

H O )  = |0
!•

t < 0  

l > 0
and if jt(f) is the Laplace transform of a function y(r), show that e~a*y(€) is the 
Laplace transform of the function y(t — a)H0 -  a).

In the equation defining the current i and the voltage £  in a cable [equations 
(3) and (4) of Sec. 2 of Chap. 3] R / L  = GjC = k, where k is a constant. 
Both £  and i are zero at time t — 0, and £  = £ 0(r) for x  = 0, t > 0. If V 
remains finite as x  tends to infinity, show that

E(x,t) =
E0 t e~kx/c

X
t > -

\ cj c

0
X/ < -c
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20.

21.

22.

23.

24.

A membrane is in the form of a right-angle isosceles triangle of area A with 
fixed boundary. If T  is the (uniform) tension and a is the density per unit 
area, show that the frequency of the fundamental mode of oscillation is 
77(5 7 7 2 (7/))*. What is the frequency of the first harmonic?
A rectangular membrane of sides 2a, 2b is subjected to a small fluctuating 
force P sin cut acting at its center. If P and to are constants and transients are 
ignored, show that if the axes are chosen symmetrically, the transverse dis­
placement is given by

CO CO
P sin cot

f ~ u » - II

(2r  4 1 \

‘H r " , /
l2s + 1 \

cos
I / 2 r  > I t* / 2 (  . I t "  <u*

| ! ^ T 7  7  7
A very large membrane, which in its equilibrium position lies in the plane 
z — 0 , is drawn into the shape

c
-v T T T v

where £ is small, and then released from rest at the instant I = 0. Show that 
at any subsequent instant the transverse displacement is

A uniform thin elastic membrane is subjected to a normal external force per 
unit area p(x,y,t). Prove that the equation governing transverse vibrations is

1 32z 2 I
? ^  = V?Z +

p(x,y,t)
T

A circular membrane of radius a is deformed by the application of a uniform 
pressure P0y>{t) to a concentric circle of radius b(<a).  If the membrane is set 
in motion from rest in its equilibrium position at time t = 0 , prove that at 
any subsequent time the transverse displacement of the membrane is

2Ppb y  Ji(6^)J0(r|,) 
caa2 ^-c fiU i(fifl) ] 2I

y>(u) sin [c£,(f — «)] du

If / ( z )  is a twice-differentiable function of the variable z, prove that the 
functions f ( x  ±  ky — vt) are solutions of the two-dimensional wave equation 
provided that k2 — v2/c2 — 1 .

Deduce that
yi(x,y,t) = J x(a) f  (x ±  y  sinh a — cl cosh a) da. 

where y_ is arbitrary, is also a solution.
Show that the equations of motion of a two-dimensional elastic medium in 
the absence of body forces may be reduced by the substitutions

d<f> dyi deft dy
dx dy By Bx

to two wave equations.
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Making use of the result of the last problem, determine the components of 
stress in a semi-infinite solid y  > 0  when a moving pulse of pressure of 
magnitude

\ (F ’(x -  vt) + F ’*(x -  u/)]

is applied to the boundary y  =  0. (F* denotes the complex conjugate of the
complex function F, and F" denotes the second derivative.)

25. A solid sphere performs small radial pulsations in air of density p so that its 
radius at time r is /f + a sin pi. Show that the velocity potential of the sound 
waves produced is

A _  apR2 cos {p[t -  (r -  R)lc] -  y)
V l +  (pR jc f  r

where e is the velocity of sound in air and tan y = pR/c, and that the approxi­
mate average rate at which the sphere loses energy to the air is

2nacPaP(pRjc)i 
1 + (pRjcf

26. The radius of a sphere at time / is a( 1 + e cos cut), where £ is small. Show that 
to the first order in £ the pressure amplitude of the sound waves is

p0cu2ca3£ 
r V c2 + co2a2

at a distance r from the center of the sphere.
27. Air is contained inside a spherical shell of radius a, and there is a point source 

of sound, of strength A cos at, at the center. The acute angle a is defined by 
the equation tan a = ka, where k = ajc. Show that the velocity potential 
inside the sphere is

A sin (ka — a — kr)
----cos a t ------------------------4nr sin (ka — a)

provided that ka — a is not an integral multiple of n. What is the significance 
of this condition?

28. Prove that a particular solution of the wave equation is

C cos 8

where n is a real constant and k = njc.
A  sound wave is produced by the small vibrations of a rigid sphere of 

radius a which is moving so that its center moves along the line 0 = 0  with 
velocity U cos (tit). Determine the velocity potential, and show that at a great 
distance from the sphere the radial velocity of the fluid is approximately

kzcPU------  - cos 0 cos (nt — kr + ka — 4)
'V4 + itV

where tan 4> = 2ka/(2 — kP-cF).

29. A uniform elastic sphere of radius a and density p is vibrating radially under 
no external forces. The radial displacement u satisfies the equation

(k + 2 n) Fu 2 du 
dr2 ^ r dr

2 u\ dPu
r2) = P 1?
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where A and n are elastic constants, and the radial component of stress is

,, „ , u<rf = (A 2fi) —— +  2A —dr r

Prove that the periods of the normal modes of vibration are hra/c^,  where 
c\ — (A + 2ft)lp and the £’s are the positive roots of the transcendental equation

4£ cot (  = 4 — j32{ 2

in which fP = (A +  2/i)l/t.

30. Monochromatic sound waves of velocity potential 'i',(r)c'kct are incident on 
the positive side of a screen in the xy  plane which has a small aperture S x 
at the origin. The boundary condition is the vanishing of the total wave 
function on the screen. The dimensions of the aperture are small compared 
with the wavelength 27rjk of the incident wave. Show that at a great distance 
r from the aperture on the negative side of the screen the velocity potential is 
given approximately by

3 (e-mr-co\

where A = ) dx’ dy’

and the function f ( x ,y )  is such that the function

f ( x ' ,y ‘) dx' dy'

J s1 v (x ~  x ' f  + (y - y l ‘
vanishes on the boundary of S | and satisfies on A', the equation

V2T 0 + C =  0

where C is the value of dVJdz at the origin.
If is a circular disk of radius a and center 0, verify that

2 C

and that

f ( x ,y ) =  —  v 'a*  — x 2
TT

HkCcPz ..
T f r .r )  -

3 w-2

31. Monochromatic sound waves of velocity potential 'i",(x,y)e,kct are incident on 
the positive side of an infinite perfectly reflecting screen lying in the plane 
y  = 0  which contains apertures bounded by straight lines parallel to the z 
axis so that the apertures cut the plane z = 0  in a set of straight lines L j lying 
on the x  axis. Show that if y >  0, the total velocity potential is given by

TU.y) = 'V.ix.y) + T,(x, - y )  + \ i  f  f ( x ' )H % \k P) dx'
A ,

where p = V (x  — x ' f  +  y2 and f  (x) satisfies the integral equation 

) f ( x ' )H \ f \k \x '  -  x|) dx = 2iT,(x,0)
Ji,

where the point (x.0 ,0 ) belongs to L1.
Deduce the solution for y  < 0.
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32. If, in the last problem, the material of the screen instead of being perfectly 
reflecting had been such that the total velocity potential vanished on it, show 
that the velocity potential is given everywhere by

+ i i  r f ( x ' ) H f ( k p )  dx'
JL2

where L2 is the set of lines on the x  axis in which the screen cuts the plane 
z — 0 , p =  V(x — x ’)2 + y2. and f  (x) satisfies the integral equation

f  f ( x ')H \? \k \x '  -  jc|) dx' = 2 i'Ft(x,0 )
JL,

where the point (xft) belongs to i 2.
33. Show that if E and H  satisfy Maxwell’s equations

div E = 0, div H = 0

, „  p JH  , „  e dEcurl E = ------- — ■ curl H  = — —
c dt c dt

for a medium of dielectric constant c and permeability p, then

(V2 " i  5 ) (E 'H ) = 0
where v2 = c2/ V7/1.

Deduce that

E =  e^'^! +  e2e‘R>, H =  — {(n x e^e '^ i  — (n x
V A

is a solution with R2 » p[i — (n • r)/p], R2 = p[t + (n ■ r)/n], and the vectors 
ej, e2, n constant vectors. Prove that

H =  h,^*! -  E -  {(n x — (n x h2)e'Rt}e
is also a solution of Maxwell’s equations.

34. The electric force in a plane electromagnetic wave in vacuo has the components

Ex = 0, E% a cos p I
x  sin a + z cos a 

c Ez = 0

Find the magnetic force.
The wave is incident on the plane face of a uniform dielectric, in which the 

dielectric constant is e and the magnetic permeability is unity, occupying the 
region z >  0. Find the amplitude of the reflected wave. 1

35. The magnetic force in a plane electromagnetic wave in vacuo has the 
components

(
y sin a + z cos a 1 
I — -----------------  1 > Hy = Hz = 0

Find the electric force.

1 The boundary conditions are that the normal components of eE and pH are 
continuous and that the tangential components of E and H are continuous.
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36.

37.

38.

39.

The wave is incident on the plane face of a uniform dielectric, in which the 
dielectric constant is e and the magnetic permeability is unity, occupying the 
region z >  0. Find the amplitude of the reflected wave, and show in par­
ticular that it vanishes if the angle of incidence a is tan- 1  eF
Prove that a possible electromagnetic field in vacuo is given by

1 0k
E = — - curl (0k), H = grad (k • grad 0 ) ---- j

where k is a constant vector and 8 is a scalar function of position and time 
which satisfies the wave equation V20 =  0/c2.

Taking k to be the unit vector in the direction of the z axis of a rectangular 
coordinate system and 8 to be of the form 0 = f ( x ,  y, z — at), where a is a 
positive constant, prove that the rate of transmission of energy across an 
area S  which lies in a plane z =  constant can be expressed in the form

Show also that E • H 0 and E • k = 0 whatever the value of a but that 
H • k = 0 only if a = c.
Establish the existence of an electromagnetic field of the form

du
d y

Hx = 0,

du
E  =  — — > y dx

H v  =  0,

Ez = 0 

c dt
where u = exp ( ±iky  — ikct) f ( r ±  y), (r2 =  x 2 + y2)
and determine the functions f ( r  t  y).
Show that if II is a vector function of space and time coordinates which at a 
fixed position in space is proportional to exp (ikct) (k constant) and which 
satisfies the equation

V2n  +  fc2n =  0

then the electric and magnetic fields

E =  — ik curl II and H =  curl curl II

satisfy Maxwell’s equations for free space.
By considering the case in which the direction of II is uniform and its 

magnitude is spherically symmetrical, show that a nonzero simple harmonic 
electromagnetic field of period 2nj(ck) can exist in a sphere of radius a with 
perfectly conducting walls if ka satisfies the equation

tan ka = ka

Show that in cylindrical coordinates p, 8, z Maxwell’s equations for empty 
space have a solution

1 d2f

r ,   j y  _  _ 1 u  v \
E > ~  d p d z ’ Ee p dp\ p dpj

and find the differential equation satisfied by / .
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40. Show that there is a solution of Maxwell’s equations for electromagnetic 
waves in vacuo in which the components of the magnetic intensity are

d2S S2S
H x  =  dy dt ’ Sx dt ’ H z = °

where rS = f  (cl — r), r is the distance from the origin, c the speed of light, 
and f an arbitrary function.

Obtain the corresponding formulas for the components of the electric 
intensity, and prove that the lines of electric force are the meridian curves of 
the surfaces

dS
p -z— =  const.dp

where p = (x2 +  y2/
41. Prove that Maxwell’s equations

l aH
curl E +  -  - j -  =  0, div |>2(r)E] =  0 

H2(r) 3E
curl H -  - ------ r- =  0, div H =  0

c at

42.

for an inhomogeneous spherically symmetrical medium of index of refraction 
n(r) have solutions

(а) E ,kct curl curl (r/if ), H = —ike~" ' 1 curl (rpf )

where /satisfies the scalar wave equation

v’/ t ( * v - / < £ ( i ) i / = o

(б ) E =  %  curl ( j / i 2g ) ,  H = curl CUd ^  

where g  satisfies the scalar wave equation

v2̂  + k2fi2g = o
A scalar wave function y satisfies the wave equation

H 2 dhp

where /*, the refractive index, is a function of x, y, z. We define a wave front 
as any continuously moving surface that contains discontinuities of y and 
assume the existence of one wave front only. Taking yq, y 2 to be the wave 
function on either side of the wave front and writing

V *  =  V i  —  V’zj V  =  +  y j/ / <  - 0 )

where H(4>) denotes Heaviside’s unit function defined to be 1 for <f> >  0 and 
0  for <j> < 0, prove Bremmer’s relations

(a) |grad S| =  ± a

2 u 2 dw*
(b) v*V25  4- 2(grad S  ■ grad \p*) + —— = 0
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Denoting differentiating along the normals to the surfaces S — constant 
by a/a«, show that the variation of any .function/in the ray direction is given by

Jn =~fl (grad/- grad S)

Hence prove that (b) can be written in the form

2/i (log f* )  =  - V 2S

and that the change of y>* along a trajectory is related to that of /i and that of 
the cross section a of a small beam according to the relation

fioy*2 =  const.

43. The electric and magnetic vectors E and H satisfy Maxwell’s equations

1 acurl H ------- (eE) —c 01

47rcr 1 cF
c c it

curl E + -  -  GuH) =  0C 01

la l a
div — (eE) + 4ttctE; =  — -  div F (4/ f at

div 0 *H) = 0

where ( l /47r)(aF/at) represents the enforced current density and cr, e, and // 
may be any functions of x, y, z, and t. If V* =  Vx — V2 represents the jump 
of V on the wave fronts ■/> =  0, show that

1 ,  ,  a  d>
H* x grad </> = - -  {(eE)* + F*}

1 36
E* x grad = -( p H V

(/eH)* x grad <j> = 0



Chapter 6

THE DIFFUSION EQUATION

In this last chapter we shall consider the typical parabolic equation
a20 _  do

k w ~ T t
and its generalizations to two and three dimensions. Because of its 
occurrence in the analysis of diffusion phenomena we shall refer to this 
equation as the one-dimensional diffusion equation arid to its generaliza­
tion

PO
k^O  — rt

(where A: is a constant) as the diffusion equation.
We shall illustrate the theory of these equations mainly by reference 

to the theory of the conduction of heat in solids, but we shall begin by 
outlining other circumstances in which the solution of such equations is 
of importance.

I. The Occurrence of the Diffusion Equation in Physics

We have already seen in Sec. 2 of Chap. 3 how the one-dimensional 
wave equation arises in the theory of the transmission of electric 
signals along a cable. We shall now indicate further instances of the 
occurrence of diffusion equations in theoretical physics.

(a) The Conduction of Heat in Solids. If we denote by 0 the tem­
perature at a point in a homogeneous isotropic solid, then it is readily 
shown that the rate of flow of heat per unit area across any plane is

where k is the thermal conductivity of the solid and the operator d/dn 
denotes differentiation along the normal. Considering the flow of 
heat through a small element of volume, we can show that the variation 
of 0 is governed by the equation

pc ^  =  div (k grad 0) +  #(r,0,O • (2)

274
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where p is the density and c the specific heat of the solid, and /f(r,0,t) dr 
is the amount of heat generated per unit time in the element dr situated 
at the point with position vector r.

The heat function H(r,d,t) may arise because the solid is undergoing 
radioactive decay or is absorbing radiation. A term of this kind 
exists also when there is generation or absorption of heat in the solid 
as a result of a chemical reaction, e.g., the hydration of cement.

If the conductivity k is a constant throughout the body, and if we write

kK =  --  5
pc Q (r A 0

//(r,0,i)
pc

equation (2) reduces to the form
rO
— =  k V 20  +  Q(r,0,t) (3)

The fundamental problem of the mathematical theory of the con­
duction of heat is the solution of equation (2) when it is known that the 
boundary surfaces of the solid are treated in a prescribed manner. 
The boundary conditions are usually of three main types:1

(i) The temperature is prescribed all over the boundary; i.e., the 
temperature 6(r,t) is a prescribed function of t for every point r 
of the bounding surface;

(ii) The flux of heat across the boundary is prescribed; i.e., d6/dn is 
prescribed;

(iii) There is radiation from the surface into a medium of fixed 
temperature 0O; i.e.,

+  h(d -  0„) =  0 (4)
crt

where h is a constant.
If we introduce the differential operator

> - C 0 + C ,s  + C , | .  +  C , l  (5)

where C0, Clt C2, C3 are functions of x, y, z only, we see that the 
general boundary condition

A0(r,/) =  G(r,t) r e S  (6)
embraces all three cases.

(b) Diffusion in Isotropic Substances. Another example of the occur­
rence of the diffusion equation arises in the analysis of the process of 
diffusion in physical chemistry. This is a process leading to the

1 For the discussion of more complicated types of boundary conditions see H. S. 
Carslaw and J. C. Jaeger, “Conduction of Heat in Solids” (Oxford, New York, 
1947).
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equalization of concentrations within a single phase, and it is governed 
by laws connecting the rate of flow of the diffusing substance with the 
concentration gradient causing the flow 1 If c is the concentration of 
the diffusion substance, then the diffusion current vector J is given by 
Fink’s first law of diffusion in the form

J =  — D grad c (7)

where D is the coefficient of diffusion for the substance under con­
sideration. The equation of continuity for the diffusing substance 
takes the form

^  +  div J =  0 (8)ot

Substituting from equation (7) into equation (8), we find that the 
variation of the concentration is governed by the equation

dc
=  div ( D grad c) (9)

In the most general case the coefficient of diffusion D will depend on 
the concentration and the coordinates of the point in question. If, 
however, D does happen to be a constant, then equation (9) reduces to 
the form

^  =  DV*c (10)

(c) The Slowing Down o f  Neutrons in Matter. Under certain 
circumstances2 the one-dimensional transport equations governing the 
slowing down of neutrons in matter can be reduced to the form

Sr S2v
s f  =  s J  +  r (Z,e) <n >

where 0 is the “symbolic age” and x(zfi) is the number of neutrons per 
unit time which reach the age 0; i.e., % is the slowing-down density. 
The function T  is related to S(z,u), the number of neutrons being 
produced per unit time and per unit volume, by the relation

T(z,6) =  4irS(z,u)je (12)

where u =  log (E0jE) is a dimensionless parameter expressing the energy 
E  of the neutron in terms of a standard energy E0.

(d) The Diffusion of Vorticity. In the case of a viscous fluid of
1  For a thorough discussion of particular cases the reader is referred to W. Jost, 

“Diffusion in Solids, Liquids, Gases” (Academic Press, New York, 1952).
2 See I. N. Sneddon, “Fourier Transforms” (McGraw-Hill, New York, 1951), 

p. 2 1 2 .
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density p and coefficient of viscosity p which is started into motion from 
rest the vorticity which is related to the velocity q in the fluid by the 
equation

 ̂ =  curl q (13)

is governed by the diffusion equation

rsr
J i  =

(14)

where v =  p /p  is the kinematic viscosity.
('e) Conducting Media. Maxwell’s equations for the electromagnetic 

field in a medium of conductivity a, permeability p,  and dielectric 
constant k may be written in the form

div (h-E) =  0

div (/cH) =  0

curlH = —  E +  - | - ( kE)
C c St

1 ? •
curl E = ---- — (wH)

c ct
If we make use of the identity

curl curl =  grad div — V2

then it follows from these equations that when a, u, k are constant 
throughout the medium

V72ir K f i  ^  i 4 ^ a p  0E
% n .  -  - —  ---------  —I— ----------

c2 St2 c2 St

If we are dealing with problems concerning the propagation of long 
waves in a good conductor, the first term on the right-hand side of this 
equation may be neglected in comparison with the second. We 
therefore find that the components of the vector E satisfy the equation

v 2e =  -  (15)
V  c t

where v = c2l(4irpo).

PROBLEMS
l. Suppose that the diffusion is linear with boundary conditions c = cx at 

x  = 0, c = c2 at x = / and that the diffusion coefficient D is given by a 
formula of the type D = Z>0[ I + f(c)], where D0 is a constant. Show that 
if the concentration distribution for the steady state has been measured, the 
function /( c )  can be determined by means of the relation

He + F(c) -  Cl -  /-(Cj)] = x[c2 + F(c2) -  Cl -  F(c,)]

where F(c) = d u
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Show further that if 5  is the quantity of solute passing per unit area during 
time I, then

Do ~
si

f [ c i  + F(c i )  -  c2 -  F ( c 2) ]

2. Show that diffusion in a linear infinite system in which the diffusion coefficient 
D depends on the concentration c is governed by the equation

Scc 32c dD I 8c jJ
8t 8x2 dc \ 3x

If initially c = r0 for at < 0 and c = 0 for x > 0, and if c is measured as a 
function of x  and t, show that the variation of D with c may be determined by 
means of the equation

D(c) = - f  dc

where { = xt~K

3. Show that the equation

S'! ,
—  -  « V 30  • y ( r ) 0  +  * ( r . f )

may be reduced to the form

du n
—  =  k V 2 u  + x(r,0 ot

by the substitutions

u = e exp J  -  j y>(t') dl'j . x(r, 0  = ^(r, 0  exp v(t') dt'

2. The Resolution of Boundary Value Problems for the Diffusion 
Equation

We shall now describe a method due to Bartels and Churchill1 for 
the resolution of complicated boundary problems for the generalized 
diffusion equation.

If we assume that the function H(r,d,t) occurring in equation (2) 
of the last section is a linear function of the temperature 6 of the form

H(r,0,t) =  Pc[C0(t)6 +  F(r,t)] (1)

where C0 is a function of r only, introducing the linear differential 
operator

A =  — div (k  grad) +  C„(r) (2)
pc

and denoting by r the position vector of a point in the solid and by r' 
that of a point on its boundary, it follows from equations (2) and (6)

1 R. C. F. Bartels and R. V. Churchill, Bull. Am. Math. Sac., 48, 276 (1942). 
See also Sneddon, op. cit., pp. 162-166.



THE DIFFUSION EQUATION 279

of the last section that the boundary value problem for the temperature 
0(r,t) in the solid can be written in the form

^  0(r,O =  A0 +  F(r,t) t >  0

Xd{r',t) =  G(r',t) t >  0 (A)

0(r,O) =  J(t)

The third equation of this set merely expresses the fact that at the instant 
/ =  0 the distribution of temperature throughout the solid is prescribed.

We shall now show that the complicated boundary value problem (A) 
may be resolved into simpler problems.

Suppose that the function <j>(r,t,t') depending on the fixed parameter 
t' is a solution of the boundary value problem (A) in the case in which 
the source function F and the surface temperature G are functions of 
the space variables and of the parameter t' but not of the time t, so that 

t') satisfies the equations
0
j t =  H  +  F(t/ )

=  G( r ' ,0  (B)

« r ,0 , 0  =  J( r)

Then it is readily shown that once the solution of the boundary value 
problem (B) is known, the solution of the boundary value (A) can be 
derived by a simple calculation. The method is contained in:

Theorem 1: Duhamel’s Theorem. The solution Q(r,t) o f  the boundary 
value problem (A) with time-dependent source and surface conditions is 
given in terms o f the solution <f>(r,t,t ) o f  the boundary value problem (B) 
with constant source and surface conditions by the formula

0(r,t) =  </>(r, t — t', t') dt'

We shall give in outline a direct proof of Duhamel’s theorem. For 
an ingenious proof making use of the theory of Laplace transforms the 
reader is referred to the paper by Bartels and Churchill mentioned 
above.

If the boundary condition is 

X0(r',t) =
0 t > 0

[(j(rV') t <  0 

it follows that the corresponding solution of (A) is 

0 =  <Ki,W) t >  0
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Similarly if the boundary condition is

f °
l G ( r ' , 0

the corresponding temperature is

W r ' , t )  =
t  <  t '  

t >  t '

d =  <j>(r, t —  t ’ ,  t ’ )  I  >  t '
Further if

r o  t <  t' + dt'
A0(r',?) =  <

{G(T',t') t >  /' +  dt'

then Q =  t —  t' —  dt', t') t >  t' +  dt'
and it follows that if the boundary condition is

[0 t < f
A0(r',/) =  < G(r;/') / ' < / < / ' +  d t '

[ o  t >  t '  +  d t '

the solution of the boundary value problem is
d =  </>(r, t —  t', t') —  <f>(r, t —  t' —  dt', t ’)

d(, °<Kt, 1 ~  1 \  l ')
dt

By breaking up the interval t =  0 to t =  t into small intervals in this 
way and integrating the results obtained we find that the solution of the 
boundary value problem (A) is

0 ( t ,t ) i‘t
t ,  t  —  t ' ,  t ' )  d t ' (3 )

This theorem is of great value in the solution of boundary value 
problems in the theory of the conduction of heat, since it is often easier 
to derive the solution in the case of constant source and boundary 
conditions.

It can further be shown that the solution of the boundary value 
problem (B) can be written in the form

+  <f>2(T,t,t') +  f  4>3(r,r,t') dr (4)
Jo

where the functions <j>lt <j>2, and are solutions of the boundary value 
problems

 ̂ A ^ (r ,0  =  0, W r ' ,0  =  G (r'/) (B.)

( j t -  a |  <f>2( T , t , t ’ )  =  0, k < t > i{ r ',t ,t ')  =  0, U r , 0 ,0  =  -AO -  <Mr,0

_ (B2)

[ j t  _  A )  =  ° ’ tyiir’dS) =  0 , 4>a(j,0,t') =  F(t,t')

(B,)
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From Duhamel’s theorem it follows that the solution of the boundary 
value problem is

0 ( r , O  =  < A i ( r . O  -  -  I t -  / ' )  dt' +  I <f>3(r, t -  f , t ')  dt' (5)
c l  Jo Jo

The solutions of the three simpler boundary value problems (B^, (B2), 
and (B3), of which the first is a steady-state problem, may therefore 
be used to derive the solution of the general boundary value problem 
(A).

P R O B L E M S

1. If Or(xr,t) r = 1, 2, 3 is the solution of the one-dimensional diffusion equation

d26r 1 30r L n
-7 - j - --------- ar < x r < br, t > 0
ax- k al

satisfying the initial condition 6r(xr,6) = f r(xr) and the boundary conditions

A  'fl ar —  — 2 _ar -■ 
r 3xr r r 0 , x r a, r > 0

+ P A  =dxr
0 , II o- > 0

then the solution of
d26 d2e 326 1 36

dx2 dxl k dt

in the rectangular parallelepiped a1 ■: X! < by, a2 < x 2
satisfying the boundary conditions

36 „*r—  a r0 = 0 , x,
dxr

36

a. t > 0, r =  1, 2, 3,

/) .—  + 0 :0 = 0 , x r = br / > 0, r = 1, 2, 3 
3xr

and the initial condition 6 = fyix-y) f 2(x2) f 3<.x3) is

6(Xl,x ,,x3li) = 6I(x1,r)62(x2,r)63(x3,t)

2. If R(r,t) is the solution of the boundary value problem

11 1  _ ! £ ^  
r dr \ dr J k  d t

dR

I > 0 , a < r < b

3R ^ R , r = a - , T  = fi\R , r = b; R ( r ,0 ) - f ( r )or '
and if Z(z,r) is the solution of the boundary value problem

d -Z  _  1 dZ  
dz2 k dr

I > 0 , c < z < d

^  -  OC:z, z = c; ff, H  = /j'z, z = d ;  Z(z,0) = g(z) 
dz ' dz

6(r,z,t) = R(r,t\Z(z,t)t h e n
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is the solution of the boundary value problem

i d l  ae\
r  3r \  dr /

satisfying the initial condition 8 = f ( r ) g ( z )  and the boundary conditions

1 d l  dd\ 3*6 1 38 , , „
I r — I )- —, a < r < b, c < z < d, t > 0
\  dr} 3zi k  St

38 , 38 ,
ai J r =  “i®. r = a\ l i t -  = ^ 8 , r = b

38 ,
-  == & n d ,  z  =  c ;  

m B z  *

dd
dz = d

3. Elementary Solutions of the Diffusion Equation
In this section we shall consider elementary solutions of the one­

dimensional diffusion equation
320 _  1 dd
dx2 k dt

We begin by considering the expression
| 1 -v-2

( 1)

0 = —— exp ( — 
\  t  '

For this function it is readily seen that

X '

4 K t .
(2)

and

320 1
Sx 2 4 K 2 / 5 2 2 K t 312

30 * 2 „ - z * / 4  <t 1
d i 4«ri 2 " 2t3 2 e

- X 2l \ t d

-Z2tUt

showing that the function (2) is a solution of the equation (1). 
It follows immediately that

1 r - ( x - l ) ' I M  (3)
2 V TTKt

where I is an arbitrary real constant, is also a solution. Furthermore, 
if the function <j> {x )  is bounded for all real values of x, then it is possible 
that the integral

(4)

is also, in some sense, a solution of the equation (1).
It may readily be proved that the integral (4) is convergent if t >  0 

and that the integrals obtained from it by differentiating under the 
integral sign with respect to x and t are uniformly convergent in the 
neighborhood of the point (x,?). The function 0(x,f) and its derivatives 
of all orders therefore exist for t >  0, and since the integrand satisfies
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the one-dimensional diffusion equation, it follows that Q(x,t) itself 
satisfies that equation for t >  0.

Now
1 f"  ______ I (.v s£)a| ..

where

f"  m
J — 002(™/)‘ J - „ 'rv’ /eX p i 4*f I

=  |/i +  / 2 +  / 3 — / 4|

d; —

1
J_y W.x +  2«v'«f) -  4>(x))e~u2A =  —

V 77

J f* oc
/ s =  - 7= I <f>(x +  2 u \ Z K d e ~ u‘  d u

V 77

I3 =  —= <£(* +  2u ^ Kt)e~u du
V tt ■ —«

2^(x)
h =  rV 77

r ■■Jx
du

If the function <j>(>r) is bounded, we can make each of the integrals / 2, / 3, 
/ 4 as small as we please by taking 77 to be sufficiently large, and by the 
continuity of the function </> we can make the integral / 4 as small as we 
please by taking t sufficiently small. Thus as t ->■ 0, 0(x,/) ->■ <f>(x). 
Thus the Poisson integral

0(x’,) = 2 ( ^ J - . * f)eXpl
is the solution of the initial value problem

d20 _  1 0 0  

<X2 x ' t
0(x,0) =  4>(x)

It will be observed that by a simple change of variable we can express 
the solution (5) in the form

i p* _
d(x,t) =  —= <f>(x +  2uVKt)e~u2 du (7)

V I T  7- CO

(X -  D21
4 Kt d£ (5)

— 0 0  <  X <  CO
(6)

We shall now show how this solution may be modified to obtain the 
solution of the boundary value problem

d2e _  i 00
0x2 k dt 

6(x, 0) =  f ( x)  

0(0,t) =  0

0 ^  x <  oo

x >  0 

t > 0

(8 )
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If we write
. . .  f/ ( * )  for x >  0

<j>(x) =  {
[ - / ( - x )  for x <  0 

then the Poisson integral (4) assumes the form

6(x,t) =  I ” /'U)(e u 5,1 -  <• ’* * dt  (9)
4 V TTKt v’o

and it is readily verified that this is the solution of the boundary value 
problem (8). We may express the solution (9) in the form

0(x,O =
I f ®  _

— f ( x  +  2 u V Kt)e~u' d u
'v 77

-----1 / ( — x +  2 u V Kt)e~u2 d u
V77 J J(2V .1

(10)

Thus if the initial temperature is a constant, 0O say, then

0(x,O -  0O erf | - ^ = j  
I2v ki)

(11)

where

The function

2 Cz
erf z =  —= j e ~ u‘  d u

V tt V0
(12)

0(x,O -  0O 1 erf ( ) (13)

will therefore have the property that 0(x,O) =  0. 
0(0,t) =  0O. Thus the function

0(x ,r /) =  g(t')

Furthermore

is the function which satisfies the one-dimensional diffusion equation 
and the conditions 0(x,O,/') =  0, 0(0, t,t') =  g(t'). By applying 
Duhamel’s theorem it follows that the solution of the boundary value 
problem

0(x,O) =  0, 0(0,1) =  g(l) (14)
is

0(x,O
2

V 77

e~u* du

x
2-Vm< 0  -  t 'T 2

dt'

Changing the variable of integration from /' to u where
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we see that the solution may be written in the form

Tj =
2 \/7 i

( 1 5 )

PROBLEMS
1. The surface x = 0 o f the semi-infinite solid x  >  0 is kept at temperature B0 

during 0 <  t <  T  and is m aintained at zero tem perature for t >  T. Show 
that if 1 > T,

I x  x  I
^  = V , e r f ^ = ^ - e r f 2 ^ j

and determine the value of 6 if t < T.
2. Prove that the expression1

e(r’, ) = 8 lJ p « eXP
lr ~

4 Kt j

represents the temperature in an infinite solid due to a quantity o f heat Qpc 
instantaneously generated at / =  0 at a point with position vector a.

If  heat is liberated at the point a in an infinite solid at a rate pcf(t) per unit 
time in the interval (0,r), show that the temperature in the solid is given by

1 f ‘ I
JoCXPl

b  -  a|21 f ( f ) d f
4k(! — /')) (t -  /')*

I f / ( 0  = q, a constant, show that

0(r,/) ___1
4m<\r -  a

1 — erf kjij.ll
V4Kt I

3. Show that the temperature due to an instantaneous line source of strength Q 
at / =  0 parallel to  the z axis and passing through the point (a,b) is

»(x,y,i) ~ 47mf CXP {
(x — a)2 + (v -  6)21 

47t |

If heat is liberated at the rate pcf(l) per unit time per unit length of a line 
through the point (a,b) parallel to the z axis, and if the supply of heat starts at 
t = 0 when the solid is at zero temperature, show that if t > 0,

^ • ,,=i l /(nexp(- 4 ^ n
where r2 =  (x — a)2 t (y  — b)2.

Deduce that iff ( t )  = q, a constant,

<Kx,y,t)

I* 00
where - E i ( - x )  = I e~“ duju.

tit
t -  t'

1 This is called the tem perature due to an instantaneous point source of strength
Q at a at time t =  0.
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4 .  S e p a r a t i o n  o f  V a r i a b l e s

The method of the separation of variables can be applied to the 
diffusion equation

V20 = - |  (1)

in a manner similar to those employed in the similar problems of 
potential theory and wave motion. If we assume that the time and 
space variables can be separated, so that equation (1) has solutions of 
the form

6 =  fiir)T(t) (2)

then it follows from the fact that equation (1) can be written in the form

_ L  dZ
kT  dt

that the equations determining the functions T  and <f> must be of the 
forms

dT“4 - +  k\ 2t  =  o
at (3 )

(V2 +  A2)</> =  0 ( 4 )

where A is a constant which may be complex. Since the solution of (3) 
is immediate, we see that solutions of (1) of the type (2) assume the form

0(r,t) =  m e ~ KXH ( 5 )

where the function <j> is a solution of the Helmholtz equation (4), which 
may itself be solved by the method of separation of variables.

We have already used this method in Sec. 9 of Chap. 3 to obtain 
solutions of the one-dimensional diffusion equation

d2d _  1 SO 
dx2 k dt

of the form
0(x,t) =  2  [c> cos (Ax) +  dx sin (Xx)]e~l‘*1

4

where cx and dx are constants.
We shall now consider the use of this form in the solution of a 

typical boundary value problem.
Example J. The faces x = 0, x = a o f an infinite slab are maintained at zero 

temperature. The initial distribution o f temperature in the slab is described by the 
equation 6 = f ( x )  (0 < x  < a). Determine the temperature at a subsequent time I.

Our problem is to find a function 8(x,t) which satisfies the differential equation 
(6 ) and the conditions

(6)

( 7 )

O(0 ,r) =  6(a,t) = 0 , 6(x,0 ) = f ( x ) ( 8)
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In order that a solution of the type (7) should vanish identically at x  = 0, we must 
choose cj =  0 for all values of A, and in order that 0(a,/) = 0, we must choose A 
so that

sin (Aa) = 0

i.e., A must be taken to be of the form nn/o, where n is an integer. Hence the first 
two of the three conditions (8 ) are satisfied if we take

,f) = 2  'C s'n6(x,

To satisfy the third conditions we must choose the constants A„ in such a way that
00

_. _ \ '  , . ftrrX „
f ( x )  =  > A„ sin----  0 <  x  <  a

71 => 1

The coefficients A„ must therefore be taken to be

2  f°  kkuA . — -  I f  (u) sin —  du
a Jo »

and the required solution is

0(x,t) = -  e sin f( u )  sin du (9)

-(■>* + «*M
The solution

d(x,y,t) =  2  2  Ci„ cos (Xx +  £;) cos (py +  e„)e
t '

of the two-dimensional equation

e2fl _  l dd
8x2 3_y2 k dt

which we derived in Sec. 9 of Chap. 3 may be treated in a precisely 
similar way (cf. Prob. 3 below).

If we assume a solution of the form

( 10)

(ID

0 =  A(p)<t>(4>)Z(z)nt)

of the diffusion equation

320 i dd i a20 a20 _  l S0
dp2 ^  p dp p2 d<j>2 ^  0 2 2 k dt

(12)

we find that T  satisfies equation (3) and that R , <I>, Z satisfy equations of 
the form

dp2 p dp

d 2Z  
d z 2

d 2Z  d 2®
—  =  u 2Z ,  ------- f  v2<I> =  0
J-2 ^ d<f>2 7
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so that the equation (12) has solutions of the form

2  +  p* ( 13)
i.M.Y-

To illustrate the use of solutions of this kind we consider:
Example 2. Determine the temperature 6(p,t) in the infinite cylinder 0 <  p < a 

when the initial temperature is dip,0 ) =  f  (p) and the surface p = a is maintained at 
zero temperature.

In this instance the solution (13) reduces to the much simpler form

d(P,t) = 1  AkJa(Xp)e-»« (14)
x

In order that 6(a,t) = 0, the constants A must be chosen so that Ja(Xa) = 0; i.e., 
A takes the values the roots of the equations

•/„(£«)= 0 (15)
We therefore have

W = 2 V « W * ' f: (16)n
To satisfy the condition 0(p,0) = f(p )  the constants A„ must be chosen so that

f(p) =  2 AnJ0(ptn)
n

It follows from the theory of Bessel functions1 that

uf (u)Ĵ u)du
Substituting this expression into equation (16), we find that the required solution is

where the sum is taken over the positive roots ( l3f 2, . . . .  . . . .  of the equation
(15).

Finally if we write the diffusion equation

dt
in polar coordinates (r,6,<f>) and assume a solution of the form 

y> =  R(r)Q(6)<t>(<f>)e-ltKt
we find that

^  2 ^  r ,  _  * + 1 ) 1  _  o
dr* r  dr I r1 I

,,  d * 0  d& I m 1
0  =  0 p  =  cos 6

d* t>
d<t>2

-  W2<I) =  0

1 G. N. Watson, “The Theory of Bessel Functions,” 2d ed. (Cambridge, London, 
1944), chap. XVIII.
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so that we have solutions of the form

2  + “ ’‘V ^  (18)
m ,n ,X

This solution is used in:
Example 3. Find the temperature in a sphere o f radius a when its surface is 

maintained at zero temperature and its initial temperature is f  (rfi).
In order that a solution of the type (18), i.e.,

2C „i(A r)-lyn + i(2r)/>„(cose)e **■“ (19)
n , i

should vanish when r = a, each 2  must be chosen to be one of the roots 2 nl, 2 „2, 
. . . .  2 „„ . . .  of the equations

7n + l(2a)=0 (20)
and in order that y(r, 0 + 2*, t) — y(r,0,t), n must be an integer. We therefore 
have the solution

v(r,e,0 =  2 2  Cnl(2 Bjr ) - i /n + i(2 nlr)EB(cos B)e~i ‘^
n  =  1 i  — 1

where the constants C„, must be chosen so that

f(r,6) = 2  2  C’m(2 nir)-lyn + j(2 nir)/,n(cos 0)
n  = 1 i  =  l

From the theory of Bessel functions and Legendre polynomials we find that

C- =  u v V X l ) ) j o 1 / n W f l 'M d p

PROBLEMS
1. Solve the one-dimensional diffusion equation in the region 0 < x  < *, 

t > 0 , when

(i) 0 remains finite as t ->■ °o;

(ii) 0 =  0  if x = 0  or 7r, for all values of /;

. IB = x  0 < x  <, hr
(iii) At t = 0, I

(0 = n  —  X  \ n  <. X  < i r .

2. Solve the one-dimensional diffusion equation in the range 0 < x  < 2n, t > 0 
subject to the boundary conditions

0(jc,O) = sin3 x  for 0 < x < 2tt 
0 (0 ,1) = 0 (2 * , 0  = 0  for t > 0

3. The edges x  = 0, a and y  — b of the rectangle 0 < x < a, 0 < y  < b are 
maintained at zero temperature while the temperature along the edge y  = 0  

is made to vary according to the rule B(x,0,t) = f  (x), 0  < x  < a, t > 0 . 
If the initial temperature in the rectangle is zero, find the temperature at any 
subsequent time t, and deduce that the steady-state temperature is

CO
2  ■sr' sinh [mMb — y)/a] . 
a sinh (rmb/a)jn = 1

/(u )sin du
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4. A circular cylinder of radius a has its surface kept at a constant temperature 
0O. If the initial temperature is zero throughout the cylinder, prove that for 
t > 0

8(r,t) =  60 V  J0(£r,a) „-£!»<

where ± fj, ± f 0, . . . .  ± 1 ,, . . . are the roots of Ja(ta) = 0.

5. The Use of Integral Transforms
We shall now consider the application of the theory of the integral 

transforms to the solution of diffusion problems. First of all we shall 
indicate the use of the Laplace transform. Suppose that we have to

find a function 0(r,f) which satisfies the 
diffusion equation

VV) = 1^ (1)

in the region bounded by the two surfaces 
Sx and S 2, the initial condition

6 =  / ( r )  when t =  0 (2)

and the boundary conditions
00

aid +  bx —  =  g x(T,t) on ^  (3)

dd
+  f)2 — =  g 2(r,0 on S 2 (4) 

vn
where the functions/ ,  and g z are pre­

scribed. The quantities ax, a2, bx, b2 may be functions of x , y ,  and z, 
but we shall assume that they do not depend on t.

To solve this system of equations we introduce the Laplace transform 
0(r,j) of the function 0(r,t) defined by the equation

0(r,i) =  f  0(r,t)e "  dt

If we make use of the rule for integrating by parts, we find that

1 5 7  e ~s‘ dt =  [0(r,O<?“'']o“ +  o dt

Substituting from (2) into this expression, we find on multiplying both 
sides of equation (1) by e ~,t and integrating with respect to l from 0 
to co that 0(r,s) satisfies the nonhomogeneous Helmholtz equation

(V’ -A :2)0 (r ,5 )= i / ( r ) (5)
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with k2 =  s/k. Similarly the boundary conditions (3) and (4) can be 
shown to be equivalent to

38
3n
36
3n

=  £i(M ) on Sx (6)

=  gtt(r,s) on S 2 (7)

The method is particularly appropriate when equation (5) can readily 
be reduced to an ordinary differential equation, as in the case considered 
below. When the function 0(r,s), which forms the solution of the 
boundary value problem expressed by the equations (5), (6), and (7), has 
been determined, the temperature 9(r,t) is given by Laplace’s inversion 
formula

0(r,t) =  —— I 0(r, s)e!t ds (8)
Z tt I J c — i oo

In the case where the solid body is bounded by one surface only, Sx 
say, we only have an equation of type (3), but we have in addition the 
condition that 8, and hence 6, does not become infinite within Sv

Example 4. Determine the function 00,f) satisfying

320 1 30 _  1 dd
dr2 r dr k dt

t > 0 , 0  < r < a (9)

and the conditions 0 0 ,0 ) = 0 , 8 (0 ,1) = / ( /) .
To solve equation (9) we multiply both sides by e~st and integrate with respect to 

t from 0 to oo. Making use of the conditions 00,0) = 0, we see that

dZ i  - l d±  it ,  - 0
dr£ r dr k

( 10)

where 8 (r,s) is the Laplace transform of 0(r,t). Since 8 (a,t) = f ( t ) ,  it follows that

0 =  f( s )  on r = a ( 1 1 )

where f( s )  is the Laplace transform of the function /( f ) .'  If we make use of the 
physical condition that 9(r,t), and, hence, 0 0 ,i), cannot be infinite along the axis 
r = 0  of the cylinder, we see that the solution of equation ( 1 0 ) appropriate to the 
boundary condition ( 1 1 ) is

8 ( r , s ) = / ( s ) 'n{kr)
l 0(ka) 

Itfkr)

where k 2 =  s/k, s o  t h a t ,  b y  the result ( 8 ) ,

, r c + i a

0 0 , 0  =  ~  I / t o  7 7 T- 4  e!t ds 

Now if I0(kr)/l0(ka) is the Laplace transform of the function g(t), i.e., if

gU)

it is readily shown that

1 ( 1 2 )
Znl Jc — i oo

= f  f ( l')gO -  l'/ dt‘ (13)
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To evaluate the contour integral ( 12) we note that the integrand is a single-valued 
function of s, so that we may make use of the contour shown in Fig. 47. The poles 
of the integrand are at the points

s =.s„ = n =  1 , 2 , . . .

where the quantities fj, . . are the roots of the transcendental
equation

J0(aH) = 0  (14)

From the theory of Bessel functions we know that the roots of equation (14) are 
all real and simple. If we take the radius of the circle MNL to be *•(« f  JjV /a2, 
there will be no polesof the integrand on the circumference of the circle, and from the

asymptotic expansions of the modified 
Bessel functions I0(kr), I0(ka) it is readily 
shown that the integral round the circular' 
arc MNL tends to the value 0 as n ->■ oo. We 
may therefore replace the line integral forg(t) 
by the integral of the same function taken 
round the complete contour of Fig. 47, and 
hence we may replace it by the sum of the 
residues of the'function l0(kr)est/ I f ka'1 in the 
plane R(r) < c. Now the residue of this 
function at the pole s = s„ is

I0(irZn)e 2 *g„./0(r|„)g-" &
a/(2 i^ n)/ 1(raf„) aJ^a  f„)

since / i(jc) = / q(jc).. Hence we have

g in  -  y 2« Y / ' \ n)e (15)
„*r, aJ,(af„)

Substituting from equation (15) into equation (13), we obtain finally

e(r.,) = h  V  I f ( n e - * * (l- r > d f  (16)
a  „*ri J o

where the sum is taken over the positive roots of the transcendental equation (14).

We shall give a further example of the use of Laplace transforms 
at the end of the next section.

Other integral transforms may be used in a similar way. To illustrate 
the use of Fourier transforms in the solution of three-dimensional 
diffusion problems we consider:

E x a m p l e  5 .  Find the solution o f the equation

* V 2fl =  ^  (17)o!
for an infinite solid whose initial distribution o f temperature is given by

0(r,O) = / ( r )  (18)

F i g u r e  4 7

where the function f  is prescribed.
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We reduce the equation (17) to an ordinary differential equation by the intro­
duction of the Fourier transform of the function 0(r,O defined by the equation

0 (p,O = (2 tt)-J  J" 0 (r,r)e,<Pr> dr (19)

where p =  (f ,n,(), dr = dx dy dz, and the integration extends throughout the 
entire xyz space. Multiplying both sides of equation (17) by exp [i'(p • r)] and 
integrating throughout the entire xyz space, we find, after an integration by parts 
(in which it is assumed that 0 and its space derivatives vanish at great distances 
from the origin), that equations (17) and (18) are equivalent to the pair of equations

—  + «p20 = 0 (20)
at

0(p,O) = F(P) (21)

where F(p) is the Fourier transform of the function f  (r). The solution of equation 
(2 0 ) subject to the initial condition (2 1 ) is

0 (p,f) = F(p)e-'<■'< (2 2 )

Now it is readily shown by direct integration that the function

G(p) =<•-»*' (23)

is the Fourier transform of the function

g(r) = (2kI)~* e~ r‘liKt (24)

and it is a well-known result of the theory of Fourier transforms1 that if F{p), G(p) 
are the Fourier transforms of / (r), ^(r), respectively, then F(p)G(p) is the Fourier 
transform of the function

(2n)~i J* / (r')g(r -  r') dr’

It follows from equations (22), (23), and (24) that the required solution is

0(r,O =  (2*0~ 3 j" f(x ')e ~ l'~r'lV4«t dr’ (25)

where the integration extends over the whole x 'y 'z '  space. If we let 

u =  (u,v,w) =  (4*r) -  l(r' — r)

we find that the solution (25) reduces to the form

0(r,O =  f f f /(r  + 2u \/~k t)e~l-ul + vt+'° 1 du dv dw
J —  CD J — CD J —  00

which is known as Fourier's solution.

(26)

PROBLEMS
1. Use the theory of the Laplace transform to derive the solution of the boundary 

value problem:
0*0 1 30 „ „
T -f =  -  TT 0  < x  < a , t  > 0
Hx* k dt

0(0,0 = /(0 , 0(a,O = 0, 0(x,O) = 0

1 Sneddon, “Fourier Transforms,” p. 45.
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2. I f  0(r,t) sa tisfies th e  e q u a tio n s

(■)

(ii)

m  i as i 30
TTJ H--- ~Z~--~Z~
o t ~  r  o r  k  a t

B(rfi) =f (r)

(iii)

sh o w  th a t

0  <  r  <  a, t >  0 

0  <  r  <  a 

0  t >  0

0(r,l) = -  y  f*' [  uf(u )J aa,u) du
a * Z ^ ( h 2 - IrWf.fll]* Jo 7

w h ere  th e  su m  is ta k e n  o v e r  th e  p o s itiv e  ro o ts  £ 2, . . . , 
e q u a t io n

h J0(aSt) =  t i J M d

. o f  th e

3.

4.

U sin g  th e  th e o ry  o f  th e  F o u r ie r  e x p o n e n tia l t r a n s fo rm  to  e lim in a te  th e  x  
v a r ia b le  f ro m  th e  d iffu s io n  e q u a tio n , d e riv e  th e  s o lu tio n  (5) o f  Sec. 3.

U s in g  th e  F o u r ie r  s in e  tra n s fo rm

©s(f,0 6(x,t) sin  (fxr) dx

d eriv e  th e  so lu tio n s  (9) a n d  (13) o f  Sec. 3.

5 . A  p lan e  e le c tro m a g n e tic  p u lse  is p r o p a g a te d  in th e  p o s itiv e  z d i re c tio n  in  a n  
u n b o u n d e d  m ed iu m  o f  c o n s ta n t  p e rm e a b ility  n a n d  c o n d u c tiv ity  a. A t th e  
in s ta n t t =  0  th e  e le c tr ic  v e c to r  E  is g iven  by

= \  exP ( -  ’ £ „ = £ * =  0

D e te rm in e  th e  v a lu e  o f  E x a t  a  la te r  in s ta n t  t.

6. The Use of Green’s Functions 
We saw in Sec. 8 of Chap. 4 how Green’s functions may be employed 

with advantage in the determination of solutions of Laplace’s equation. 
We proceed now to show how a similar function may be used con­
veniently in the mathematical theory of diffusion processes.

Suppose we are considering the solution 0(r,t) of the diffusion 
equation

|  =  «v2o ( 1)

in the volume V, which is bounded by the simple surface S, subject to 
the boundary condition

0(r,O =  4>(T,t) if r e 5  (2)

and the initial condition

0(r,O) = / (  r) if r e  V (3)



THE DIFFUSION EQUATION 295

We then define the Green’s function G(r, r', / — t') ( t >  t') of our 
problem as the function which satisfies the equation

~  =  k V 2G  (4)

the boundary condition

G(r, r', t — /') =  0 if r' e 5  (5)

and the initial condition that lim G  is zero at all points of V  except at

the point r where G  takes the form 
1

8 M /  -  /')]’ exp
|r -  r'|2 ' 

4 x { t  —  t ' )
(6)

Because G  depends on t only in that it is a function of t —  t ' ,  it follows 
that equation (4) is equivalent to

+  *V2G =  0 (7)
c t

The physical interpretation of the Green’s function G  is obvious from 
these equations: G(r, r', t — t') is the temperature at r' at time t due 
to an instantaneous point source of unit strength generated at time t' 
at the point r, the solid being initially at zero temperature, and its 
surface being maintained at zero temperature.

Since the time /' lies within the interval of t for which equations (1) 
and (2) are valid, we may rewrite these equations in the form

36
-  =  kV26 t' <  t (8)

dt

6(r'.r') — <£(r ,t') if r' e S' (9)

It follows immediately from equations (7) and (8) that

3 3G ?0
—  (6G) =  0 +  G  - r -  =  «r[GV26 -  0V2G]ct Ct' Cl

so that if e is an arbitrarily small positive constant,

Jo  U r  I P  ^ G) dT1 =  K Jo  U r  [GV20 “  0V2G] dT]  dt' (1 °^

If we interchange the order in which we take the integrations on the 
left-hand side, we find that it takes the form

-  j y (9G),=0 d r

=  6(r,r) [G(r, r', t  -  -  \y  G(r,r',t)/(r') d r '
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Now from the expression (6) for G(r, r', / — f )  we can readily show that 

| [G(r, r', t -  =  1

so that if we let e  — 0, the left-hand side of equation (10) becomes

0(M) -  /(r')G(r,r',0 dr

On the other hand, if we apply Green’s theorem to the right-hand side 
of equation (10) and make use of equations (2) and (5), we find that it 
reduces to

v  r ■/"
—k I dt' 4>(T'd) —  dS'

Jo Js cn

in the limit as e -» 0. It will be recalled that 3/3n denotes differentiation 
along the outward-drawn normal to 5. We therefore obtain finally

0(r,t) =  I f(T ')G (r ,r ’,t) dr — k I dt' f 6(T ,t)-^-dS'  (11)
Jv Jo Js nx

as the solution of the boundary value problem formulated in equations 
(1), (2), and (3).

To illustrate the use of a Green’s function in a very simple case 
we consider:

Example 6 . I f  the surface z == 0 o f the semi-infinite solid z > 0 is maintained at 
temperature $(x,y>t) for t > 0 , and if  the initial temperature o f the solid is f(x ,y ,z), 
determine the distribution o f temperature in the solid.

It is. readily shown that the appropriate Green’s function for this problem is

G(r, r', / - / ' )  = 8M I -  r)]i I exp 4K(t ~  t') — exp if — p i* i
4*o -  o j  |

where p' = (x ' , y — z') is the position vector of the image of the point r' in the 
plane z = 0. For this function

ac
dn

3G\
dz / f  = o

z
87rM(r -  f)i EXP

(x -  x ' f  + (y -  y ’f  + z2 

4k(/ -  t')

so that, from equation ( 1 1 ), we obtain the solution

1 /(r')[e-lr- r'l!/4«' -  T̂-0 (r,r) 8(7TKt)i

8(
.* f ‘ f .n

Jo Jn (/ -  Z')s exp
(x -  x y  + (y -  y ' f  + z2 

4«(r -  t‘)
dx‘ dy’ dt'

where V denotes the half space z > 0 and n  the entire xy  plane.

In this problem we have been able to guess readily the form of the 
Green’s function. For more complicated types of boundary this may 
not be possible, and so it is desirable to have available a tool for the
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determination of the Green’s function. The most powerful analytical 
tool for this purpose is the theory of Laplace transforms. We shall 
illustrate its use by considering:

Example 7. Determine the Green's function for the thick plate o f infinite radius 
bounded by the parallel planes z = 0  and z = a.

From equations (4), (5), and (6 ) we see that we have to determine a function G 
which vanishes on the planes z -  0 , z =  a and has a singularity of the type (6 ). 
We write

G(r,r',f) = ;8 [tTJC / P
where, by virtue of equation (4)

exp 4*r + G](r,r',/)

.V C , -  ^1 it

( 12)

(13)
If we multiply both sides of equations (12) and (13) by e 3t, integrate with respect to 
t from 0 to oo, and make use of the fact that the Laplace transform of

lr _ r'U1
W CXP

can be written in the form

_L |'V^-'i Ĵ x
4 ir«  J o  >i

4 k I

O R). dX

(14)

(15)

where R2 = (x -  x ' ) 2 + (y — y ' ) 2 and p 2 = X2 + s / k , we find that these equations 
are equivalent to

d (r,r',j) = f  e-Hr-z'l J qOR)  ̂^  + ^ (r .r '.j)
4 TtK J o  p

£!£i j + 1  = f
dp2 p dp B z2 p2 dtffi k  1

where (7, Gx are the Laplace transforms of G, Gx and, as usual, p, z, $ denote 
cylindrical Coordinates. Equation (15) has a solution of the form

1 f 00 A----  I -JJX R ){F sinh (pz) + //sinh  [p(a — z)]} dX
4m c J o  p "

where the functions F(X) and HO) must be chosen so that G vanishes on the planes 
z = 0 , z =  a. We must therefore have

F = - e  **'• cosech (put), 

Thus if 0 < z < z', we find that

H  = —e- ''2' cosech (pa)

G  =
1 f  " W0(AR) sinh \p(a — z')l sinh (jiz)

2™ Jo
dX

P  sinh (pa)

If we make the substitution X = if in this integral, we obtain the form

f / 0(f R) sinh [n(a -  zQ] sinh (pz)= _ L  P ”
4mt J_io ■di

r\ sinh (pa)

where p2 = s/k — f2. Now it is readily shown by the calculus of residues that

c = 2 ^ 1 ,sm ( i t )  sin
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where = ^nV/a® + s / k . Using the fact that K 0 [x ^ s / k ] is the Laplace trans­
form of and that the Laplace transform of e~atf ( t ) is f ( s  + a), we find
that

C =
e -R ‘HKt

2-nKta

X ' . I n v z  \ /nirz' \
Z . Sln ) sin ( —  r (16)

This expression could have been obtained by the method of separation of variables 
if we had been prepared to assume the possibility of the expansion of an arbitrary 
function in the form (16). One of the advantages of using the theory of the Laplace 
transform is that it avoids making such an assumption; each Green's function so 
derived yields an expansion theorem (or an integral theorem).

PROBLEMS
l.

2.

3.

4.

5.

Derive the linear analogue of equation (11) for the segment a < x  < 6 . 
Hence solve the boundary value problem

a e  a 2e
T  = “ — s x > o , t > o  dt dx2

0(0 ,/) =  MO, t > 0 ; 6(x,0) = / (* ) ,  x > 0

By using the theory of Laplace transforms derive the Green’s function for the 
segment 0  < x  < a.
Show that the Green’s function for problems with radial symmetry, in which 
the temperature vanishes on r = a, can be expressed in the form

G(r,r',t) = Z -
. ' i W IP

2  sin sin e - n W ,■»

Show that the two-dimensional analogue of equation (11) is 

8(x,y,t) = f  / (x\y')G (x,y,x',y ' ;t) dS' — * f dt f  <f>(x‘,y'\t) —  ds‘
Js Jo Jc  df>

where C is the boundary of the region S, and where G has a singularity of the 
type _

(x -  x ' f  + (y -  y ) 2

i exp [- 4*/
at the point (x,y).

Determine the Green’s functions for the regions
(0 — o o  <  x  <  o o y y > 0
(ii) x  > 0 , y  > 0
(iii) 0 < jr < a, 0 < y  < b
Show that the Green’s function for the cylinder 0 < z < h, p < a is 

G(p,4>,z,p',<t>',z',t)

= i  2 f s i n  (i t ) sin (n r )  2  cos n(* ~
m  = 1 v '  x '  n m - c o

x Z fi "
where f.<, i„ ..............f./, • ■ . are the positive roots of the transcendental
equation /„({a) = 0.
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7. The Diffusion Equation with Sources
In the previous sections of this chapter we have considered the 

solution of problems relating to diffusion in a medium in which there 
are no sources. We shall now consider briefly the solution of the 
more general equation (3) of Sec. 1 when the source function Q(r,d,t) 
assumes a simple form. In many cases of practical interest the function 
Q(r,d,t) may be taken to be a linear function of the temperature of the 
form

Q(r,0,0 =  <Mr ,t) +  (M O  (1)

and we have seen in Prob. 3 of Sec. 1 that the solution of problems of 
this type can be deduced readily from solutions of the equation

• ™ +  X(r,l) (2)

We shall consider therefore only this simple equation.
The analysis of problems of this kind can be further simplified. 

Suppose that we have to solve equation (2) in a region V bounded by a 
simple surface S  subject to the conditions

0(r,O) = / ( r )  if r e V\ 0(r,t) =  <Kr,t) if r c S  (3)

then if we find a function 0 i(r,() which satisfies the homogeneous 
equation

rO
—  =  * V 20  ( 4 )ft

and the boundary and initial conditions (3) and a function 02(r,t) 
which satisfies the equation (2) and the boundary and initial conditions

02(r,O) =  0 if r e V\ 02(r,t) =  0 if r e S  (5)

then it is immediately obvious that the solution of the problem posed 
by equations (2) and (3) is given by the equation

d(r,t) =  0!(r,O +  02(r,t) (6)

The methods available for the solution of equation (4) are also 
available for the solution of the nonhomogeneous equation (2). For 
instance, if the method of separation of variables has been applied to 
determine the function Mr,;), the same type of expansion may be 
employed in the determination of 02(r,f), or if a particular kind of 
integral transform has been used to find Mr,/), it may also be used to 
determine 02(r,;).

For instance, if we wish to solve the equation

Yt
320

X(x,‘) (7 )



300 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS

in the region 0 <  x <  a, we know that the solution of
36 320
3t =  K 372

which vanishes when a: =  0, x =  a, is of the form
00 mrx
y  sin —z—t a

Therefore we assume a solution of equation (7) of the form

M-V) =  y  s in — V
. a

We also employ the expansion

where

x(x,t) =  > Xn(<) sin

. .  2 f  . , . run
Xn(t) =  -  z(*,0 sin —a Jo a

nrrx
a

nrrx
dx

(8)

(9 )

( 10)

Substituting from equations (8) and (9) into equation (7), we see that the 
functions 4>n(t) must satisfy the first-order ordinary differential equation

d±„
dt

n2TT2K
a1 <!>* =  xJj) ( l l )

and, since 02(*>O) =  0, must also satisfy the initial condition

« 0 )  =  0 (12)
When we have found the functions 4>„(i) satisfying the equations (11) 
and (12), we have only to substitute them as coefficients in the expansion
(8) to obtain the desired result.

To illustrate this method we consider:
Example 8 . The faces x  = 0, x = a o f -a finite slab are maintained at zero 

temperature. A source o f strength Q is situated at x  = b. Determine the distribution 
o f temperature within the slab.

We have to solve the equation (7) in which the function x(x,t) is Q(x), where
Q(x) = lim Q,(x)

«-*o

where Qfix) \lh
(o \x -  b\ > •

The Fourier coefficients of Q,(x) are

o_ r +i
pear Jb- t

mrx , 2 0  1 nne . mrb
sin ----dx = —  ;------sin----- sin -----a pc (n-re) a a

If we let e -»■ 0 , we find that for this x(x,t)
2 Q . mrb 

X„0) =  sin -----pea a
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Substituting this constant value in equation (11), we see that the approximate form 
for is

IQa , . , ,, ,, . m b
(I -  e~n ” Klln ) sin ----irkrr a (13)

where, it will be remembered, k = pck. Substituting from equation (13) into 
equation (8 ), we find that the desired solution is

»«•'>- T T  2 ^ 'Ttk Z_, n~ f* - I

.. « . nirx . m b*Va ) sin —  sin —  
a a

When the range of the space variables is infinite, it is more appropriate 
to make use of the theory of integral transforms. Consider, for 
instance, the problem of solving the equation (7) for the infinite range 
— oo <  x <  oo subject to the initial condition 6(x,0) =  0. If we 
multiply both sides of equation (7) by (27r)~ie'(z and integrate with 
respect to x from — oo to oo, we find that the Fourier transform

0 (f,/) =  - 4 =  r B{x,t)eiizdx (14)
V 277 J “  00

satisfies the ordinary differential equation

^ 2© =  m o  (is)

where X((,t)  denotes the Fourier transform of x(x>1)- The solution 
of equation (15) we are seeking must satisfy the initial condition 
0(f,O) =  0, so that we have

0 ( f , o =  f *  n m , o  d fJo

Making use of Fourier’s integral theorem

0(x,t) =  - L  f  " Q(S,t)e-^dS  
V 277 J ~ 00

and interchanging the order of the integrations, we find that

0(x,f) =  - J =  f d r '  f  e - i{x-*s’(l- n m , t ' ) d L -
*V 2 7 7  J  0  J  — 00

Now .
F(t) =

is the Fourier transform of the function

/ w  =
1

[2k( / - 0 ] ‘ *



so that using the convolution theorem for Fourier transforms

m X iO e - ^ d i  =  f "  f ix  -  rj)x(rj) dn
J  — CC J  — CO

we find that

0 ( x ' n  = I(7^?v L  *>
is the final solution of our problem.
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PROBLEMS
1. The function 6(x,r) satisfies the equation 

36 326
3 l  d x 1

for x  > 0, l > 0 and 0(at,O) = 0, 0(0,l) = 0. Show that

X(x.r)

ntx.l) = / -  I d f  f .V.(f,(>  
V ”  Jo Jo

i ‘)e -«{*((- O  s in ( f* )  j/i

where .T,,(f,r) is the Fourier sine transform of the function x(x,t).

2. The function u(p,t) satisfies the differential equation 

3u ( 32u 1 3u\
17 = K [Jf2 + -pTPj

for p > 0, and the initial condition u(p,0) ^ 0. Prove that, for I > 0,

» < « > -  ......... r iF ~ V )Jo 2 it(t — t ) Jo — 1 )
dn

3. The function 6(p,i) satisfies the equation of Prob. 2 in the finite cylinder 
0 < p < a. If 6(a,t) = 0 for / > 0 , and if dip,0) — 0, show that

dr
where the sum is taken over the positive roots of the equation J0(aS,) = 0 and 
where

AT£,./)=  p'/.(pJ)J0(pS,) dp

Show that, in particular, if x(p,0 = /TO, then

’>p’°  “  1 2  u £ k )  [ f ( n e n4fdr
4 - The .slowing-dowrf density 0 of neutrons in the infinite pile 0  < x  <  a, 

0  < y '<  b, — oo < £ <z,'oo satisfies an equation of the type
P '■ r

, 00 „> — = V20 + S(t)U(i)- • * Ot
. , iM1 v



THE DIFFUSION EQUATION 303

If 0 vanishes on the faces of the pile and is initially zero, show that

0(r,O
rm x . rmy

sin -----sin ——a b

x f U(t') di' f e <<'* • • »*"’/<’*><! ' ) d(
Jo J  — 00

where

*=^kLdxL dy L/(r) sin (? )sin (?)
Deduce the solution corresponding to a point source U(t) situated at the 

geometrical center (Ja.Jfc.O) of the pile.

MISCELLANEOUS PROBLEMS
1. Heat is flowing along a thin straight bar whose cross section has area A and 

perimeter p. The conductivity of the material of the bar is K, and the rate 
at which heat is lost by radiation at the point x  of the surface is H(8 — 0 O) per 
unit area, where 8(x,t) is the temperature at a point in the bar and 0 O is the 
temperature of its surroundings. If p, c are, respectively, the density and 
specific heat of the material of the bar, show that 8 satisfies the equation

86
T t -9o>

where * = K/pc, h = HpjcpA.
Show that the substitution

8 -  80 =  h ‘

reduces this equation to the one-dimensional diffusion equation.
2. Heat is flowing steadily along a thin straight semi-infinite bar one end of which 

is situated at the origin and maintained at a constant temperature. The bar 
radiates into a medium at zero temperature. Prove that if temperatures 9j, 
0 2, 0 3, . . . are measured at a series of points on the bar at equal distances 
apart, then the ratios (0r - 1  +  0r+1)/0 r are constant.

3. A spherical shell of internal and external radii rx, r2, respectively, has its inner 
and outer surfaces maintained at constant temperatures 8lt 0 2; the conductivity 
of the material of the shell is a linear function of the temperature. Show that 
the heat flowing through the shell in unit time in the steady state is the same 
as if the conductivity were independent of temperature and had the value 
appropriate to the temperature J(0 2 + 0 ^.

4 . Prove that the diffusion equation
8t V 8V 
Hi? ~ ~ t

possesses solutions of the type

where A and n are constants and jFj(a ;0;z) denotes the confluent hyper­
geometric function of argument z and parameters a and fi.
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5 . Prove that every solution of the one-dimensional diffusion equation defined 
and continuous in the space-time region 0 < x  < I, 0 < f <  7" takes on its 
least and greatest values on / = 0 or on x  = 0, x = I. Deduce that: (a) the 
boundary value problem

328 1 38
g-p = - y t ' 0 (*.°) = <Kx), 0 (0 , t) = f( t ) ,  0(1,1) = git)

has a unique solution in the region 0 < x  < /, 0 < l <  T; (b) the solution of 
the above boundary value problem depends continuously on the functions
<H.x\f(t),g(t).

6 . If the concentration c of one component diffusing in a two-phase medium is

• x  > 0

at x

determined by the equations

Be B2c
-X- = £>! -1 - 5  • X < 0,3t 1 dx2

ic 3 2c
Tt

the boundary conditions
/3 c \ 3c \

Ci =  kc2, Dt \ d x )  0- d 2 ^he): +o
and the initial condition

at t = 0 , show that when x  > 0 , 

kD \

x  < 0  

x > 0

' kD \ D\
■ erf

and derive the corresponding expression for x  < 0 .
7. Assuming the temperature at a point on the earth’s surface (assumed plane) 

to show a periodic variation from day to day given by

8 = 80 4  8j cos cot

investigate the penetration of these temperature variations into the earth’s 
surface, and show that at a depth x  the temperature fluctuates between the 
limits

0o ±  6 , exp ( —xv'cu/2 «)

8 . The conducting core of a long cable whose capacity and resistance per unit 
length are C and R, respectively, is grounded at one end, which may be taken 
to be infinitely distant. The other end x  = 0 is raised to a potential V0 in 
the interval 0 < t < r and then lowered again to its initial zero value. If the 
interval t  is short, prove that the current in the cable is

J C \C Rx2

R t̂ \ 412
1
/

Hence show that the maximum value of the current at a point with co­
ordinate x  is proportional to x~3.

9. The sphere r = b is maintained at zero temperature, and the sphere r = a < b 
is heated in such a way that its temperature at time t is qe*'1, sand q being 
constants. The space between the two spheres is filled with a conducting 
material. Find the temperature at time t at any point between the spheres.
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3 * 0  3e
10. Show that the solution of the eguation = —  satisfying the conditions:

(i) 0  -► 0  as t oo,
(ii) 0 = 0  when x  = +a  for all values of / >  0,
(iii) 0 =  x  when / = 0  and —a < x  < a 
is

11. By use of Fourier series, or otherwise, find a solution of the one-dimensional 
diffusion equation satisfying the following conditions:
(i) 0  is bounded as t oo;
(ii) dd/dx = 0  for all values of I when x  =  0  and when x  =  a;
(iii) 0  =  x(a — x) when t = 0  and 0  < x  < a.

12. Solve 30/31 = a2(320/3j:2) given that:
(i) 0 is finite when / = + °o;
(ii) 0 = 0  when x  = 0  and x = w, for all values of r;
(iii) 0 = x  from x  — 0  to x  = n when I = 0 .

13. A uniform rod of length a whose surface is thermally insulated is initially at 
temperature 0 = 0O. At time I = 0 one end is suddenly cooled to temperature 
0 = 0  and subsequently maintained at this temperature. The other end 
remains thermally insulated; show that the temperature at this end at time I 
is given by

where k is the thermometric conductivity (diffusivity).
14. The boundaries of the rectangle 0 < j : < a ,  0 < y  < b  are maintained at 

zero temperature. If at I = 0 the temperature 0 has the prescribed value 
f(x ,y ), show that for t > 0 the temperature at a point within the rectangle is 
given by

15. The faces of the solid parallelepiped 0 < x  < a, 0 < y  < b, 0 < z <  c 
are kept at zero temperature. If, initially, the temperature of the solid is given 
by 6(x,y,z,0 ) = f(x ,y ,z ) , show that at time t > 0

| _ (2/i + 1 M l
l “to2 I

where
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16. If the face x  = a is kept at a constant temperature 0O, the other faces being 
maintained at zero temperature, and if the initial temperature is zero, show that 
the steady-state temperature is

160o "ST N ' 1 sinh(vjr) . (2r +  l)ny . (2s + 1 )nz
v3 ^ * 2 r  + l)(Zs + 1) sinh (po) Sm b Sm c

where
(2r + l)2 (2s +  l)2

b‘ ‘ c2

17. Show that the solution 8(p,z,l) of the diffusion equation for the semi-infinite 
cylinder 0 < p <  a, z > 0  which satisfies the boundary conditions 

0 = 0 ,  z = 0 0 < p < a, t > 0
8 = 0 ,  p = a z > 0 ,  / >  0

and the initial condition
8(p,z, 0) =  f ( z )  

is

8 -
V̂ Tr A ,t

e du

where the sum is taken over all the positive roots of the equation J0(ta) =  0.

18. The outer surfaces p — a, p = b (a > b) of an infinite cylinder are kept at zero 
temperature, and the initial temperature is 8(p,0) — f (p)  (b < p <  a). Show 
that at time t > 0 the temperature is given by

8(P,1) = 2
j fc ,b ) / (  f,

-  J 'm , )
(.Ja(pk,)G0(af.)

where /  is defined to be

./„<«*, K?0(p£,)]

/ =  I pf(p)lJ0(p^)G0(^ ,)  - J 0(a^)G0(p^,)]dp 
J a

and i ,  £2 . . . are the positive roots of the transcendental equation

19.
Ja(M -  / 0(af,)G0(M,) =  0

Find the solution of
3 20 30

/ > 0, 0 < x  < <*>
3? = 3? '

for which
00,0) = e~x x  > 0
0(0,/) = 0 / > 0

Note that e ,v"* is the Laplace transform of

2t )
20. The space x  > 0 is filled with homogeneous material of thermometric con­

ductivity k, the surface boundary x = 0 being impervious to heat. The 
temperature distribution at time I = 0 is given by 8 = 0O(1 — e~ a‘z‘). Find 
the temperature distribution at time t.
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21. If 8{x,l) is the solution of the one-dimensional diffusion equation for the 
semi-infinite solid x  > 0 which satisfies the conditions 0(0,/) =  0O cos (nt), 
0(jc,O) = 0, show that

0 = B0e~*x cos (nt -  Xx) -  a-  J# e - ' s i n  ( J \ x )  

where 2 =  Vn/2*.

22. The function 8(x,t) Satisfies the one-dimensional diffusion equation and is 
such that 0(x,O) = »«. a constant, and

Prove that
(-a : hO(fl,t)

l'T-
V KTt Jo

e hu (i CJU

23. Show by means of the Laplace transform 8(x,t) that the solution of the one­
dimensional diffusion in the region 0 < x  < a satisfying the conditions

0(0,/) = /(/),
is given by the formula

00
. 2 KTT N . *

B(x,t)
» - l

6(ayt) = 0, 0(jt,O) =  0

—  j f ( r)e -n t”'«8—') dr
a  Jo

+

24. The boundaries x  =  0, y  — 0 of the semi-infinite strip 0 < y  < b, x  > 0 are 
kept at zero temperature while the boundary y  = b is kept at temperature 0O. 
If the initial temperature is zero, show that

8(x,y,<) = 20,
n = 1 n = 1

“ /(is+"!”2/&1) sin (f*) dt40o
b2 L , n( - 1)" sin my r  

b J o f(f* + nV /6!)

25. Show that the solution 0(r,/) of the boundary value problem

3 2 0  2  5 0  1 3 0  .  „
+ -  —  =  -  —  0  <  r  <  a , / >  0ar‘ r or k at

B(r,0) = B0 = const. 0 <  r <  a 

3 0
— + hB = 0 when r = a, t > 0 
or

may be expressed in the form

B{r,t)
2a2BJt a  . , [ij +  I ah -  l)2]* sin (r(Ja) -«{•//•»

r  Z .  '  '  f 2 +  a/i(aA -  l) f„

where the sum is taken over the positive roots fj, f 2> • • •  >£*••■■ °f the 
equation

{ +  (ah — 1) tan f =  0
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26. The distribution of temperature in an infinite solid is governed by the equation

36 „
— = *V20 + v«0« F <Hr.O at

Transforming the equation (cf. Prob. 3 of Sec. 1) and making use of the theory 
of Fourier transforms, show that if initially 0 — 0̂Vr)« then at time t > 0

6(r,t) =  (4mtf)- 3 exp J 0»(r)exp( _ jL ^ r - ) rfT'

+ (4?TKt)~i exp
f  t exp | y(t")dt"\

^ -------- ‘- d r

f
(t -  r')3

exp . . „ <Kr’,f)dr'4 -  r)
27. A point source of heat of strength Q is moving with velocity v(t) along the line 

x  = a, z = 0 in an infinite solid. If initially the temperature of the solid is 
zero, show that at time I > 0

O P e - x ‘ii*tt-n
6(r,t) =  —  , -  —------- -3-  d t'

8pc(ttk)‘‘ J o (t. — t )3SpC(TTK>

with R2 — (x — a)2 + [y — t'v{t')]2 + z2.
If the point source moves in the same way in the interior of the semi-infinite 

solid x  >  0 whose boundary is kept at zero temperature, show that

0(r,r) = 8/3c(jtK)s Jo
f  fl - g  ~ a x / * { t —t ')l --------------  d t '

(t - 1>



APPENDIX

SYSTEMS OF SURFACES

In Chap. 2 we made use of some of the properties of systems of surfaces. The 
object of this appendix is to provide a brief outline of such systems for the benefit 
of readers unacquainted with them. For a fuller account the reader is referred to 
R. J. T. Bell, “An Elementary Treatise on Coordinate Geometry of Three 
Dimensions,” 2d ed. (Macmillan, London, 1931), pp. 307-325.

I. One-parameter Systems

If the function f  (x,y,z,a) is a single-valued function possessing continuous partial 
derivatives of the first order with respect to each of its variables in a certain domain, 
then in xyz space the equation

f{x ,y ,z ,a ) = 0 (1)

represents a one-parameter system of surfaces.
We now fix attention on the member of this system which is given by a prescribed 

value of a and on the member corresponding to the slightly different value a + da, 
which will have equation

f ( x ,  y, z, a + 6a) = 0 (2)

These two surfaces will intersect in a curve whose equations are (1) and (2), and it 
is easily seen that the curve may also be considered to be the intersection of the 
surface with equation (1) with the surface whose equation is

{ f ( x ,  y, z, a + 6a) -  f(x,y,z,a)} = 0 (3)

As the parameter difference 6a tends to zero, we see that this curve of intersection 
tends to a limiting position given by the equations

f(x ,y ,z,a ) = 0 ,  (x,y,z,a) =  0 (4)

This limiting curve is called the characteristic curve of the system on the surface (1) 
or, more loosely, the characteristic curve of (1). Geometrically it is the curve on 
the surface (1) approached by the intersection curve of (1) and (2) as da -- 0.

As the parameter a varies, the characteristic curve (4) will trace out a surface 
whose equation

g(x,y,z) = 0 (5)

is obtained by eliminating a between the equations (4). This surface is called the 
envelope of the one-parameter system (1).

For example, the equation
x 2 +  J2 +  (z — a f  = 1 

309
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is the equation of the family of spheres of unit radius with centers on the z axis. 
Putting f  = x2 + y2 + (z — a)2 — 1, we see that /„ =  z — a, so that the character­
istic curve to the surface a is the circle

z = a, x 2 + y 2 + (z — a)2 = 1

and it follows immediately that the envelope of this family is the cylinder
x2 + y 2 = 1

(cf. Fig. 48). In this particular case it is obvious that the envelope touches each 
member of the family along the appropriate characteristic curve. We shall now 
prove that this is true in general.

Theorem 1. Apart from singular points, the envelope touches each member o f the 
one-parameter system o f surfaces along the characteristic curve o f the system on that 
member.

To prove this theorem consider the one-parameter system (1). Since it is a one- 
parameter system it follows that through any point P of the envelope there is one 
member of (1) whose characteristic curve passes through P(x,y,z). The direction 
cosines of the normal to this surface are proportional to ( f x, f y, f z). Now we may 
consider the envelope to be the surface

f{x ,y ,z ,a (x ,y ,z)}=  0 (6)

where a(x,y,z) is determined from the equation

Now the direction cosines of the normal to the surface (6) are proportional to 
I df d f da df d f  da df d f da
\ dx da dx dy da dy dz da dz

(7)
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which, on account of (7), reduce to ( f x, f y, f z). Hence the tangent planes to the 
surface and the envelope coincide.

We have proved that along the appropriate characteristic curve the surface a 
and the envelope have the same values of (x,y,z,p,q). In Sec. 8 of Chap. 2 we saw 
that these numbers specify the characteristic strip of the surface a. We may there­
fore think of the characteristic strip as being the set of small elements of tangent 
planes which the surface and the envelope have in common along the characteristic 
curve.

The argument given above breaks down at singular points, i.e., at points at which 
fx  — fv  = f t  = 0, but it is not difficult to show that such points lie on the locus (4). 
As a consequence singular loci appear in the result.

2. Two-parameter Systems

In a similar way we may discuss the two-parameter system of surfaces defined by 
the equation

f(x ,y ,z ,a ,b ) =  0 (1)
in which a and b are parameters. We consider first the one-parameter subsystem

Characteristic

obtained by taking b to be a prescribed function of a; e.g.,

b =  m  (2)

This in turn gives rise to an envelope obtained by eliminating a, b from equations 
(1) and (2) and the relation

s / . V d b
da db da 0 (3)

The characteristic curve of the subsystem on the surface (1) is given by equations 
(1) and (3), in which b has been substituted'from (2).

It should be observed that for every form of function <j>(a) the characteristic curve 
of the subsystem on (1) passes through the point defined by the equations

/ =  0, /„ =  0, f b =  0 (4)

This point is called the characteristic point of the two-parameter system (1) on the 
particular surface (1). As the parameters a and b vary, this point generates a 
surface which is called the envelope of the surfaces (1). Its equation is obtained by 
eliminating a and b from the three equations comprising the set (4).

As an example consider the equation
(x -  a)2 +  ( y  -  b ) 2 + z2 = 1 (5)
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where a and b are parameters. The two-parameter family corresponding to this 
equation is made up of all spheres of unit radius whose centers lie on the x y  plane. 
In this instance the equations (4) assume the forms

(x — a)2 + (y  — b)2 + z2 =  1, x  — a — 0, y  — b = 0
so that the characteristic points of the two-parameter system on the surface (1) are 
(a,b, ±  1). In other words, each sphere has two characteristic points. The envelope 
is readily seen to be the pair of parallel planes z =  ±  1.

A subsystem of the two-parameter system (5) is obtained by taking b = 2a', 
the equation of this subsystem is

(x -  af  + (y - 2 a ) 2 + z2 =  1 (6)
The characteristic curve of this subsystem is the intersection of the sphere (6) with 
the plane

x + 2y = 5 a (7)
It is therefore a great circle through the center C(a,2a,0) of the sphere normal to 
the line OC. Its center lies on the line

The equation of the envelope of this subsystem is obtained by eliminating a from 
equations (6) and (7). We find that the envelope is a right circular cylinder with 
axis (8) and unit radius.

Corresponding to Theorem 1 for one-parameter families of surfaces we have: 
Theorem 2. The envelope o f a two-parameter system is touched at each o f  its 

points P by the surface o f which P is the characteristic point.
The proof is a simple extension of that for Theorem 1. We may consider the 

envelope to be the surface
f{x,y,z,a(x,y,z),b(x,y,z)} = 0 (9)

where the functions a(x,y,z) and b(x,y,z) are defined by the relations
/ .  =  0. f t  = 0  (10)

The direction cosines of the tangent plane to the envelope at the point P(x,y,z) are 
therefore proportional to

/  df df da ^ d f  db d f  d f  da ^  d f  db df ^  df da df db\
' ~dx da dx db dx dy da dy db dy dz da dz * db dz /

and, as a result of equations (10), these reduce to ( f x, f y, f z), showing that the tangent 
plane to the envelope coincides with the tangent plane to the surface (1) at P, as we 
had to prove. 3

3 .  T h e  E d g e  o f  R e g r e s s i o n

We shall return now to a consideration of the one-parameter system of surfaces 
with equation

f(x ,y ,z,a ) = 0 (1)
Then, as we showed in Sec. 1, the characteristic curve on (1) has equations

/  (x,y,z,a) =  0, 4>(x,y,z,a) =  0 (2)
d

where <f>{x,y,z,a) =  — f (x,y,z,a). The characteristic curve on a neighboring 

surface has equations

/  (x , y, z, a + 6a) = 0, <j>(x, y, z, a + 6a) =  0 ( 3 )
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These two characteristic curves will intersect if the four equations (2) and (3) are 
consistent or if the equations (2) and

^  {fix, y, z, a + da) -  fix,y ,z,a)} = 0 (4)

jjj {'Rx, y, z, a + 6a) -  <f>ix,y,z,a)} = 0 (5)

are consistent.
Both characteristic curves lie on the envelope of the system (1). If they intersect, 

the locus of their limiting point of intersection as da -* 0 is called the edge of 
regression o f the envelope o f (1). It should be noted that this locus is a curve on 
the envelope.

Letting da -> 0 in equations (4) and (5), we see that the characteristic curves will 
possess a limiting point of intersection if the equations

/  =  0, = 0, f a = 0, = 0

are consistent; i.e., if
/  = 0, /„ - 0, f aa =  0 (6)

are consistent.
Since there are only three equations to be satisfied, it follows that in general 

there is always a solution. For this reason we say that “consecutive characteristic 
curves intersect” at a point given the equations (6). As the parameter a varies, 
this point generates the edge of regression; its equations are obtained by eliminating 
the parameter a in two different ways from the equations (6). The edge of regression 
has the property that it touches each of the characteristic curves of the system.

To illustrate these remarks we consider the one-parameter system of planes 
whose equation is

3 a2x — 3 ay +  z — a3 (7)

in which a is a parameter. The characteristic curve of the system on the surface 
(7) has for its equations the equation (7) and

a 2 — 2  ax + y  = 0  ( 8 )

The envelope is found by eliminating a between equations (7) and (8). If we 
multiply equation (8) by a and subtract it from equation (7), we find that

a2x = 2a v -  z (9)

and eliminating a from equations (8) and (9), we obtain the equation

xy  — z 
°  ~  2ix2 -  y)

Substituting this value for a in equation (7), we see that the envelope has equation

ixy  -  z)2 = 4U2 -  y)iy2 -  xz)

For the edge of regression we have, in addition to equations (7) and (8), the 
equation a — x  = 0, so that the edge of regression has freedom equations

x  =  a, y  =  a2, z = a3

Alternatively it can be thought of as the intersection of the surfaoes

y3 = xz, xy  -  z
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4. Ruled Surfaces

We shall now consider briefly some of the properties of a ruled surface. A ruled 
surface is one which is generated by straight lines, which are themselves called 
generators. Typical examples are cones, cylinders, the hyperboloid of one sheet, 
the hyperbolic paraboloid. We distinguish between two kinds of ruled surface. 
A developable surface is a ruled surface of which “consecutive generators intersect;” 
a ruled surface which is not developable is called a skew surface. Cones are develop­
able, though they are not typical examples, since any two generators intersect, not 
merely two consecutive generators. Hyperboloids of one sheet and hyperbolic 
paraboloids are skew surfaces.

A developable surface is so called because it can be “developed” into a 
plane in the sense that it can be deformed into a part of a plane without

stretching or tearing. To see this we 
consider a set of “consecutive genera­
tors” A,, A2, Jj, . . .  on a developable 
surface. They intersect as shown in 
Fig. 50, and the surface consists of
small plane elements n2, ir3...............
The element u1 can be rotated about 
the line A2 until it is coplanar with n 2. 
The area rr1 +  ir2 can now be rotated 
about A3  until it is brought into the plane 
tt3. We can proceed thus until the whole 
surface is developed into part of a plane.

There are two results about develop­
able surfaces which are of value in the 
theory of partial differential equations: 

Theorem 3. 77:c envelope o f a one-
parameter family o f planes is a develop­
able surface.

To prove this theorem we note that 
the equation of a one-parameter family 
of planes may be written in the form

x + ay + f(a )z  + g(a) = 0  ( 1 )
The characteristic curve is determined 
by

y  + f'{a )z  + g'(a) = 0  (2 )
together with equation (1). Since the characteristic curve is the intersection of the 
planes (1) and (2), it is a straight line. The envelope which is generated by it is 
therefore a ruled surface. This straight line intersects its consecutive in a point 
given by the equations ( 1 ), (2 ), and

f"(d)z + g"{a) = 0 (3)

Since “consecutive generators intersect” at this point, the envelope is a developable 
surface.

Theorem 4. The edge o f regression o f a developable surface touches the generators.
This theorem follows from the fact that a developable surface consists of two 

sheets which meet one another at a cuspidal edge, one sheet being generated by the 
forward tangents to the edge of regression, the other sheet by backward tangents.



SOLUTIONS TO THE 
ODD-NUMBERED PROBLEMS

Chapter 1 Section 1

1V
Section 3

1. * + y  +  z = clt xyz = c2
3. (x + y)(z + 1) =  Cj, ( a;  -  y)(z -  l) = c2

Section 4
1. The orthogonal trajectories are the intersections of the system fy z  +  d = kx  

(k a parameter) with the surface x2 + y2 + 2fy z  +  d = 0.
3. The orthogonal trajectories are the curves

3z +  2 =  Cj, 2y  = x 2

5. The orthogonal trajectories are the curves
1 1  , , ,x  + cl =  z +  — -  ^ - 5  . (x +  y)z = 1

Section 5
1. Integrable; xy + z 2 = c.
3. Integrable; xy2 = cz3.
5. The equation is not integrable.

Section 6
1. (a -  x f  +  z =  y(c -  y)
3. yz  + zx + xy  =  c(x + y  4 z)
5. yz + 1 =  (xy + 1 )(cy +  1)

7. /  + z2 -  ^  = C x
Miscellaneous Problems 

l . (a) x2y 2z3 = clt (x3 + f ) z 3 = c2

(b) y  = c,j:, x2 + y3 + z2 = c2x
(c) j: — y =  cx, + yz  + zx  = c2

3. The integral curves are given by the equations
x z + ay = c±(az — xy), (xz +  ay)y — (c2 — z)(az — xy) 

from which it follows that they are the intersections of the quadrics xz + ay 
= Cjiaz — Ary) by the planes cly  + z = c2 and are therefore conics.

3 1 5
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5. y3 = 2 z, y  = cleP~*
7. jr2 -  /  =  2az, (x -  y f  + 2z2 = c t 

13. * ( $ * * - / )  = c l f  xy  = z

Chapter 2 Section 2
1. (a) pq = z

(6) px + qy =<f 
(c) z(/>.x + = z2 -  1

Section 4
1. x2 + f  + z2 = /(* y )
3. (x + y)(x + y  + z) = f  (xy)
5. F(x2 + f  -  z2, xy + z) = 0

Section 5
1. x2 + f  -  l x  = z2 -  4z 
3. z^ x3 + y3)2 = a \x  -  y f
5. (x -  y  + z)2 + z*(x + y  + z)2 -  2 z \x  -  y  + z) -  2zi(x + y  + z) = 0

Section 6
1. (*2 + f  + 4z2Xx2 -  y2)2 =  a H x 2  + f )  
3. The general equation is

x2 +  f  +  z2 = z f
2x2 + / \

The case quoted is obtained by taking f  (f) to be constant.
(x2 + /  + z2)2 =  0 ,(2 ^  +  / )

Section 7
1. (x + y  — z)2 =  4xy

Section 8
1. Characteristics:

* = 2v(e( -  1), y  = + 1), z =  irV ;
16z = (4y  + x)2

3. Characteristics:
x  = 2v{2 — e~‘), y  = 2'*'r2v(e~t — 1), z = — c2r-21;

1. z =  x  + cx(l + xy)

1. (x + b)2 + /  = az2 
3. z =  bxay Ua

5. z = §(y +  a)i + 1 + ^  + be3* '

_ ax b a2
7. z = - j  H-------— i

f  y  4 ,»

4z 4 -  (x + V2y)2 = 0 

Section 9

Section 10
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Section 11

1. z = ax H----+ ba — 1

3. z2 =  2(a + \) { x  + + b
’ a /

5. t  = J(jr2 + a2)' + (y2 — a2)1 + b

Section 12
1. (x + ay — z + A)2 = 4A.r, xy = z(y — 2)
5. (x -  a)2 + / .  + z2 -  2by = 0 , ( f  + 4y + 2z2)2 = 8x2f

Section 13

3. u = (ax2 — A)* + ay2 + \  + c b
Section 14

« 2ir1- V  =  »?0  C O S  y
ml ^

(A ^  »))21

3. P„(t) c m n
n\(eW -  1)

Miscellaneous Problems
3. /  (i) = 2{ + 1 
5. p 2 + q2 = tan2 y 
7. (x2 + _y)(xz -  _y) ^  z_y
9. The integral surfaces are generated by the curves

x2 + y 2 — a2 =  CjZ2, y  = c%x 
which are obviously conics;

3z2(jc2 + y 2) =  x^ ix2 +  y 2 -  a 2)

11. f [ ( x  + y)z, lx2 +  my2 +  nz2] =  0

lx 2 + m y2 +  nz2 = (x  4 -  y )z [{\ l + } m  +  n) +  \ (l — m )(x  + y )z
+  i  ( /  +  m )(x  +  _y)2 z * l

13. z — ax + ay = A[(x + y)? — 8a]
15. 2zVx2 — a + b = x2 + 2y* +  z2
17. xz  = ay +  A(1 — ax) 
19. z2 = x H l f  -  1)

2 1 . 4jr2z2 = ( jc3-!- 2y)2

Chapter 3 Section 3

Section 4
3. z =  f , ( x  + y) + f 2 ( x  - y )  + f 3( lx  +  y) -  \ x e * + '  

5. z = J dog X? + f x + U x y )
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Section 5

1. z =  I d( f" dr, + f l(x) + f 2(y)
Jo Jo

z = xy{xy +  1) + fi(x )  + f 2(y)
3. If the equation

R(c) ^  + P(c) ^  + Z(c)z = W(x,c) dx* ax

has solution z = c}f ( x ,c ) + c2g(x,c), then the given equation has solution 

z = h(y){^x<y) + ft(y)g(x,y) ;

z  =  ft(y'>e I V  + h(y)e~Iiy

5. z =  (x2 -  f i f i x 2 + / )  + f 2(x2 + f )

Section 6
3. (x — 3/i()3 =  Ct, where C is a constant.

Section 7
1. (a) Parabolic; (b) hyperbolic; (c) elliptic; (d) elliptic; (e) parabolic.

Section 8

3. z =  x log x(x + y) 
x2 + 1 + .yiog

yjx  + y)
f  + l

5. z =  2x3 -  0,x2y  + 3x f  -  I f
Section 9

Section 10

2 r c
where erf (0  =  ”7= e~ u'du. 

v » Jo
Section 11

3. y  = <f>(z) + zyi(x)
5. y  = f i x  + z) + g(z)

Miscellaneous Problems
23. a, = _  Ay), rr9 =  os = 0

5. z = x f j y )  +  y f 2(x)

(n -  \)xy"~l -  x " - ' y  
* n — 2

7. z = Jjt/  + /(> ■ +  2ur) + g (y  -  2ix) 

z = f  -  4 x 2 + \s? y
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Chapter 4 Section 2
3. The potential is due to : (a) a uniform density p = 3/(2tt) of matter within the 

sphere r = a \  (b) a surface density a =  -3 (4x2 — y2 — z2)/(4mj) on the 
sphere r = a.

5 .  i ( / t  +  1)
Section 3

1. /< log {U2 + / ) 2 -  7xP{x2 - f ) + a i} + B

1. If 0 <  e <  r < a,

V> = 27?oa 2
Section 6

( - i r ( - i ) . />2n(C0S 6) — 2nOZ

but if r > a,

where (a)„ =  a(a +  1) • • ■ (a +  n — 1).

Section 7
1. If the polar axis is taken along the direction of the field,

7 gt\
y> = —E  1̂ — j  r cos 0

3. If the polar axis is taken along the direction of the uniform stream,

V = - U ('♦ 3 r cos 0

Section 12
1. <t> + iy> =  (1 — 2i)(sin z +  z2), z =  x  +  iy

23.
6noco(az — a 1) 

cO* + 2)

Miscellaneous Problems

27. The potential at a point distant r ( <a) from the center is
CO

2 ( - 1)n t  ( i i i  -■ r2n/,2"(cose)
0 < r < a < b. The magnitude of the attraction at a point in the plane of 
the disk distant r (< a) from the center is

4ttyo V -  ( ~ I W l ( - | ) n + l  /  J | ___________ ! _ \  _ 2 n

Z ,  «!(n  + 1)! \a2n+3 62"* 3/ 'n—0 ' 1
33. The potential at an external point is

m • (r -  f ) _  (m ~  l)a m • (p -  f) (j* -  \)a f 1 m • (3p -  f) „
| r - f | 5 O' + l ) r  |p — f| O' + *)*'■ Jo |-*P — f| “

where p =  A /r 2.
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39. The complex potential is 

w =  — m log (z2 -  c2) -  m log ^z2 - +  2m log z

41. (a) y> = cos 2y, where x  = c cosh f cos rj

y  = c sinh f sin y, a = c cosh a, b = c sinh a
(b) y =  ce*01 _ {)(V  cosh a cos y -  U sinh a sin rj)

(c) y> = Jojc2?2<a_{) cos 2r] + ca>ea~ f(x0 cosh a cos y + y 0 sinh a sin y) 

45. The complex potential is w = 2m log (e«/4— 1).

49. z

51. «,

= sinh (£)
z cos 0 + a sin B\

~rR I "z
2y sin 0 

rrR

where R1 = (r1 + z2 — a2)2 + 4<j2r2, tan 20 =
2ar

r2 +  z2 — a2

Chapter 5

3. z =

Section 4

16 va ( - 1 )r+*
"5r ,4S ,4*o (2 r +  1X2*+ Do,,

. (2r  +  I ) ; , . (2 r  +  l)rr . (2 r  +  i)n x  sin----- ------s in ------------sin--------------

. (2s +  \ jny . /  rrnrsct(^)
where «?, =  O r  +  l)2 +  (2* + l)2

3. v = -
aA sin (kr) cos (kct) 

kcr sin (ka)

Section 5

3.

1.

V

dy
It

Section 6
0 r — ct > a

4 a 1 ~  (r -  
4cr

c/)2]
------  —a < r — ct < a

0 r — ct < —a

0 r — ct > a

*(r ~  ct) 
2 —a < r  — c t < a

0 r — ct < —a

2acp
Miscellaneous problems

[ ( C p  +  C ' p ' j 1  +  a 1 !?!2 ]*
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• - 1

9. u = -  l 2)

31. - J i f f ( x ' ) H ^ ( k P)d x ’
Jl,

35. The amplitude of the reflected wave is

sin 2a — sin 2/? 
sin 2a + sin 2/?

where Ve sin  ̂ — sin a. 
rVf

37. / ( ( )  = 2C l i f l e - ^ 'd v

Chapter 6

«■ - j S
(~D r

(2r +  1)*

Section 4 

sin (2r +  l)jc.e- ‘*'

Section 5

1.
277/ Jy_ioo J sinh (k “

5. ( l5 i+ 4 w ) - * e x p ( ^ £ l - )

Section 6

1. (a) If 8(a,t) = MO, 0(b,0 = MO, 9(*,0) = f i x ) ,  then

■,0

where the Green’s function G(x,t) satisfies

G, =  kG ^  G{a,t) = G(b,t) = 0  t >  0

6(x’!)=I cfo)̂ )A+* 1 \Mn Mn (S),Jdr

ib) 0(x,t) =

G(x,0) = 0  a < x  <  b

1 f
2 VTTICi J 0

f ( x ’)[e -<-I - z'>'li "‘ -  e -(*+*'),/4rf]<£r<

x r« e

Miscellaneous Problems
3. If A: =  *0 + A,®, then the flux of heat through the shell is

M0, - e» ) [ * 0 + + e,
r-> — rs
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7. 8 =  80 + 8l exp
-(£)*

9. 8(r.t) = qae,tl sinh [s(b — r)K~i]
r sinh [s(b — a)*:- *]

11. <Kx.t)=  -

j r a  I rt
19. 8(x,l) = e1'*  -  *

2V„ Jo

[-(£)*]

- tfa*

T T —3 dr
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for two-dimensional equation, 

193-196
for wave equation, 222, 244-248 
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