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CHAPTER I
SEMI STAR GENERALIZED CLOSED SETS IN
BITOPOLOGICAL SPACES

In this chapter the notion of T;T,-s g closed sets, pairwise s g continuous
functions, pairwise S"GO- connected space , pairwise S GO-compact space due to
Kannan, Narasimhan, Chandrasekhara Rao[17] and (t; , T12) " s*g closed (open) sets,
12 ° -s‘g continuous functions and pairwise s*g Ts —spaces due to Kannan,
Narasimhan, Chandrasekhara Rao and Sundararaman [18] are discussed. Properties,

characterizations and applications are analysed.

SECTION 1.1
PRELIMINARIES
Definition: 1.1.1

A set A of bitopological space (X, 11 , T2) is called 71 72- open if AC 1€ T2

Definition: 1.1.2
A set A of bitopological space (X, T; , T,) is called T; To- closed if A€ is

Ty T2- Oopén.

Definition: 1.1.3
A set A of a bitopological space (X, 1, ,72 ) is called T; T,- semi open if there

exists an 1; - open set U such that Uc A < 1 -cl(U).

Definition: 1.1.4
A set A of a bitopological space (X, t; ,T2 ) is called T; T- semi closed if there

exists an T; — closed set F such that 1, -int(F )c A < F.



Definition: 1.1.5
A set A of a bitopological space (X, 1, ,72 ) is called 7y T~ generalized closed (t; T2-g

closed) if 1, -cl(A) < U whenever A ¢ U and U is 1; -open in X.

Definition: 1.1.6
A set A of a bitopological space (X, t; ,T2 ) 1is called 7y 7T,- generalized

open (T} T,-g open) if X-A is 1) T2-g closed.

Definition: 1.1.7
A set A of a bitopological space (X, 1; ,1; ) is called T; 72- semi generalized
closed (t; T2-sg closed) if T, -scl(A) < U whenever A < U and U is 1; - semi open in

X.

Definition:1.1.8
A set A of a bitopological space (X, 11,72 ) is called 71 72- semi generalized

open (T, T;-sg open) if X-A is 1) T-sg closed.

Definition:1.1.9
A set A of a bitopological space (X, t; ,72 ) 1is called T; 7,- generalized semi

closed (t; T2-gs closed) if 1, -scl(A) < U whenever A < U and U is 1; - open in X.

Definition:1.1.10
A set A of a bitopological space (X, 1,72 ) is called T; 72- generalized

semi open (t; To-gs open) if X-Ais T T2-gs closed.
Definition: 1.1.11

Let A be a subset of a bitopological space (X, 1;, 12) is called T; T2- closure(A)

(t1 T2-cl(A)) is defined as the intersection of all T; 1,- closed sets containing A.
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Definition: 1.1.12
Let A be asubset of a bitopological space (X, 1), 1) is called 71 T,- interior(A)

(t1 T2-int(A)) is defined as the union of all t; 1,- open sets contained in A.

Definition: 1.1.13
A set A of a bitopological space (X, 1) , T2) is called (71 , T2)  -semi open

if Ac 1) 12 -cl[t; T2 -int(A)].

Definition: 1.1.14
A set A of a bitopological space (X, 1;, T7) is called (11 , T2) " _semi closed if X

—Ais (11,12 * _semi open.

Definition: 1.1.15
A set A of a bitopological space (X, 11, T2) is called (11 , T2) * -generalized
closed {( 11, 12) i -g closed } if 1) 72 cl(A) € U whenever Ac. U and U is 1; 12 -open

in X.

Definition: 1.1.16
A set A of a bitopological space (X, 1), T2) is called (71, 72) : -generalized

open {(11,7) -gopen} if X—Ais(t;,72) -g closed.

Definition: 1.1.17
A set A of a bitopological space (X, 11 , T) is called (t1 , T2) " -semi generalized
closed {( 7, T) -sg closed } if (11, T2) " .scl(A) = U whenever A ¢ U and U

is (11, 12)* -semi open in X.
Definition: 1.1.18

A set A of a bitopological space (X, 11, T2) is called (T3, T2) * _semi generalized

open {(1;,7;) -sgopen} if X —Ais(t;, 1) -sgclosed.
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Definition: 1.1.19
A set A of a bitopological space (X, 1;, 12) is called (11 , T2) ) -generalized semi
closed {( T, , ) ~ -gs closed } if (1; , T2) " _scl(A) ¢ U whenever A — U and U

is T; T -open in X.

Definition: 1.1.20
A set A of a bitopological space (X, 11, T2) is called (71 , T2) ’ -generalized semi

open {( 1, T2) " _gsopen} if X—Ais (1;,7T) -gs closed.

Definition: 1.1.21
Let A be a subset of a bitopological space (X, 1, T2) is called (71 , 72) " _semi
closure(A) { (11, T2 )" -scl(A) } is defined as the intersection of all (t;, 1) -semi closed

sets containing A.

Definition: 1.1.22
Let A be a subset of a bitopological space (X, 1, 12) is called (11, 72) " _semi
interior(A) { (11, 12) ) -sint(A)} is defined as the union of all ( 11, 12) " _semi open sets

contained in A.

Definition: 1.1.23

A map f : X —Y is called (1, 2)" -continuous if the inverse image of

61 02 - closed setin Y is 11 T2 -closed in X.

Definition: 1.1.24
A map f: X —Y is called (1, 2)* -semi continuous if the inverse image

of 6, 0,-closedsetinY is (17, 1:2)' - semi closed in X.
Definition: 1.1.25

A map f: X — Y is called (1, 2)* -g continuous if the inverse image of 6,6,- closed

setin Y is (T, T2) : -g closed in X.

12



Definition: 1.1.26
A map f: X — Y is called (1, 2)" -sg continuous if the inverse image of

61 03 -closedsetin Y is (11,1, )* -sg closed in X.

Definition: 1.1.27
A map f: X — Y is called (1, 2)" -gs continuous if the inverse image of

6105- closed set in Y is (11, 7o) " -gs closed in X.

Definition: 1.1.28
Amap f: X — Y is called (1, 2) -g closed if the image of T, T, - closed set in X is

(61,02) -gclosedinY .

Definition: 1.1.29
Amap f: X — Yiscalled (1,2) " -sg closed if the image of 7,1~ closed set in X is

(61, 02)  -sg closed in Y.

Definition: 1.1.30
Amap f: X — Yiscalled (1, 2) " -gs closed if the image of 7,T,- closed set in X

is (o1, 02) : -gsclosedinY .

Definition: 1.1.31
A function f: (X, 11, 2 ) — (Y, 01, 02 ) is pairwise g-continuous if £ U) s

T; T -g closed for each oj -closedset Uin Y, 1 # jand1,j=1, 2.

Definition: 1.1.32
A function f: (X, 11,2 ) — (Y, 61, 62 ) is pairwise sg-continuous if f '(U ) is

T; Tj -sg closed for each oj -closed set Uin Y ,1 # jand1,j =1, 2.
Definition: 1.1.33

A function f: (X, 1, ,12) — (Y, 61, 62 ) is pairwise gs-continuous iff"l(U ) is

T; T; -gs closed for each oj -closedset Uin Y,1 # jandi,j =1, 2.
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Definition: 1.1.34
A map f: X — Y is called (1, 2) = -sgc irresolute if the inverse image of

(61, 02)  -sg closed set in Y is (11, T2)  -sg closed in X.

Definition: 1.1.35
A function f: (X, 11,1 ) — (Y, 01, 62 ) is pairwise g-irresolute if f T (U)is

7; 7j -g closed for each 6; 6;—g closedset Uin Y ,i # jand 1,j =1, 2.

Definition: 1.1.36
A function f: (X, 11,2 ) — (Y, 01, 02 ) is pairwise sg- irresolute if f N U)is

7; 7j -sg closed for each o; 6;—sg closedset Uin Y ,i # jandi,j =1, 2.

Definition: 1.1.37
A function f: (X, 11, 2) — (Y, 01, 62 ) is pairwise gs- irresolute iff7'(U)is

7; 7j -gs closed for each 6; 0j-gs closedset Uin Y ,i # jand1i,j=1, 2.

Definition: 1.1.38
A map f: X — Y is called (1, 2) " _gc irresolute if the inverse image of

(o1, 62) i -g closed set in Y is (1, T2) : -g closed in X.

Definition: 1.1.39
A map f: X — Y iscalled (1, 2) : -gsc irresolute if the inverse image of (6}, 62) )

-gs closed set in Y is (14, 12) : -gs closed in X.

Definition: 1.1.40

A space (X, 1) is called Ty, space if every g — closed set is closed.
Definition: 1.1.41

A space (X, 11, 1) is called pairwise Ty, space if every t1,g — closed set is

T, closed, and 1,g — closed set is T closed.

14



SECTION-1.2
117, -8'G CLOSED SETS AND S'G CONTINUOUS
FUNCTIONS
In this section T;T; -semi star generalized closed (s g closed) and
s g-continuous functions are studied. Properties, characterizations and applications are

analysed.

Definition: 1.2.1
A set A of a bitopological space (X, 1, 1) is called 11 T, -semi star generalized

closed (11 T2 —s*g closed) if 1, -cl(A) < U whenever A — U and U is 1; -semi open in X.

Example: 1.2.2
Let X = {a, b, ¢}, 11 = {0, X, {a}, {b, c}}, =2 = {9, X, {a}, {b},{a, b}}. Then

{a,b}isT; T2 — s g closed and {a} is not 1, T, — s g closed.

Proposition:1.2.3
(1) Every 1 7 —s*g closed set is 7; 7j-g closed, i # jandi,j=1, 2.
(i1) Every 1; 7 -s g closed set is T; 1j-sgclosed,i # jandi,j=1, 2.
(iii)) EverytT —s g closed set is T; Tj-gs closed,i # jand i,j=1, 2.

But none of the above is reversible.

Proposition: 1.2.4

The arbitrary union of 7; T, —s g closed sets A;, i€ I in a bitopological space
(X, 11, T2) is T1T2 —s g closed if the family {A;, i€} is 1, —locally finite.
Proof:

Let {A;, iel} be 1, -locally finite and A; is 71> —s*g closed in X for eachiel.
To prove:

YA;is 11, —s*g closed in X
Let YA; cU and U is 11 -semi open in X.
Then, A; € U and U is t; —semi open in X for each i.

Since A;is 11Ty —s*g closed in X for eachiel,1; -cl(A;)cU.
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Hence, Y [12 -cl(A;)] cU.
Since the family {A;, i€l} is 1 -locally finite, T, -cl[ Y (A;i)]=Y [12-cl(A;i)]cU.

Therefore, Y A;jis 1172 —s*g closed in X.

Proposition: 1.2.5
The arbitrary intersection of 717, —s g open sets A; , i€ in a bitopological space
(X, 11, T2) is 11T, —s*g open if the family {A;C , i1} is 1, —locally finite.
Proof:
Let {AC, ieI} be a 1, -locally finite.
Since A;is 117> —s*g -open in X for eachiel.
Then A€ is 117, —s g -closed in X for eachiel
As arbitrary union of 71, —s g closed sets is 7,7, —s'g closed, U[ A ]is g g
closed in X.
Hence, {N(A;)}€is T —s'g -closed in X.
Therefore, N(A;) is 71T, —s g -open in X.

Definition:1.2.6
A function is pairwise s*g -continuous if £ (U ) is T — s g closed for each

oj-closedsetUinY ,i # jand 1,j=1, 2.

Example: 1.2.7

Let X=Y = {a, b, c,d}, 11 = {9, X, {a}, {a, b}}, 2 = {9, X, {a, b}, {a, b, c},
{a,b,d}},01={9, Y, {a}},02= {9, Y, {a, b}, {a, b, c}}.
Let f: X, 711, 2 ) =(Y, 6, , 02 ) be a function defined by f (¢) =9, f (X) =Y,
f (@)= {a, b, d}, £ (b)= {c}, £ (c) = {b}, £ (d) = {d}f (a, b) = {a, ¢}, £ (a, ¢) = {a, b},
f(a,d)= {b,c}, f(b,c)= {a,d}, f(b,d)={a, b, c}, f(c,d)= {c,d}, f(a,b,c)={b,d}, f
(a, b, d) ={a},f(a,c,d) ={b,c,d},f(b,c,d) ={a,c,d}.Then f is pairwise s g-continuous.

Propoistion:1.2.8

. . . . . . . * .
Every pairwise continuous function is pairwise s g-continuous.
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Remark: 1.2.9

The converse of the above theorem need not be true.

Example:1.2.10
In Example 1.2.7 {a} is o; -open in Y . But f '(a) = {a, b, d} is not T, -open in X.

Therefore, f is pairwise s g-continuous but not pairwise continuous.

Proposition: 1.2.11
) Every pairwise s g-continuous function is pairwise g-continuous.
(i)  Every pairwise s g- continuous function is pairwise sg-continuous.
(iii)  Every pairwise s g- continuous function is pairwise gs-continuous.

But none of the above is reversible.

Example:1.2.12

1) Let X=Y = {a, b, c,d},t; = {0, X, {a}, {a, b}},
= {9, X, {a, b}, {a, b, c}, {a,b,d}},01={0, Y, {a}},02= {0, Y, {a, b}, {a, b, c}}. Let
f: X, 11,12)— (Y, o, c,)bea function defined by f (¢) =@, f (X) =Y, f(a) ={b},
f(b) = {a} f(c)= {a, b}, f(d) = {a, c, d}, f(a, b) = {c}, f(a, c) = {a, d},f (a, d) = {a, c},
f(,c)={b,d}, f(,d = {b,c}, f(c, d = {c, d}, f (a b, c) ={a, b, d},
f(a,b,d)={a, b, c}, f(a c,d)= {d}, f(b, c, d) = {b, c, d}.Then f is pairwise g-
continuous but not pairwise s g-continuous.

Let X =Y = {a, b, ¢, d},7; = {9, X, {a}, {a, b}}, .o = {9, X, {a, b}, {a,bc},
{a,b,d}},c1={0,Y, {a}},00= {9, Y, {a,b}, {a,b,c}}. Letf: (X, 11,72) =(Y, 01, 02)
be a function defined by f (¢) =9, f (X) =Y, f (a) = {b}, f (b) = {a},f (c) = {a, b},
f(d)={d}, f(a, b)={c}, f(a,c)={a, d},f(a,d) = {a,c}, £(b,c)= {a, b, c},
f(,d = {b,c d}, f(c,d = {c d}, f(a b, c) ={b, c}, f(a, b, d) = {a, c, d},
f(a, c,d) = {b, c, d}, f(b, c,d) = {a, b, d}. Then f is both pairwise gs-continuous and

. . . . . * -
pairwise sg-continuous but not pairwise s g-continuous.

Proposition: 1.2.13

The following are equivalent for a function f: (X, 1;,172) — (Y, 61, 02).
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a) fis pairwise s*g-continuous.
b) £7'(U)isT T s g open for each 6;-opensetUin Y ,i # j andi,j=1, 2.

Proof:
(a)= (b):

Assume that f is pairwise s g-continuous.
To prove:

£ (U)isT T -s g open for each o; -openset Uin Y ,i # j andi,j=1, 2.
Let A bec;—openinY .
Then A€ is oj-closedin Y.
Since fis pairwise s g-continuous, f ' (A ) is 7 Tj -S "gclosedin X, i # jandi,j=1,2.
(i.e) (£ (A)) is 7 -s g closed in X,
Hence ' (A) is T % -s g open in X.
(b)=(a)

Assume that £ (U)isTiTj —s*g open for each 6;-openset Uin Y, 1 # j and
,j=12.
To prove:

fis pairwise s*g—continuous
Let Vbe oj-closedin Y .
Then V s cj-openinY .
By hypothesis, £ (V)ist T -s'gopeninX,i # jandi,j=1.2.
Ge), (V)€ isT T -s g open in X.
Hence £ ' (V) is 7 £ -s g closed in X

. . . * .
Therefore f is pairwise s g-continuous.

Definition:1.2.14
A function f: (X, 11,12 ) — (Y, 61, 02 ) is pairwise s*g - irresolute if f ' (U ) is

Ty Ty = s g closed for each o; o;j - sgclosedsetUinY,i# jand i,j=1,2.
Example: 1.2.15

| Let X=Y = {a, b, c, d},1; = {0, X, {a}, {a, b}}, .2 = {0, X, {a, b}, {a, b, ¢},
{39 b, d}}’ 01 = {(P, ¥, {a}},02= {(P, Y {a’ b}a {a7 b, C}}

18



Let f: X, ©1, 1) — (Y, 61, 62 ) be a function defined by f (¢) = of (X) =Y,
f () = {b}, £ (b) ={a}, £ (c) = {c}, £ (d) = {d}, f (a, b) = {a, ¢}, f (a, ¢) = {a, b},
f(a,d)= {b, c}, f(b,c)= {a,d}, f(b,d)= {b,d}, f(c,d)= {c,d}, f(a,b,c)={a, b, d},

f (a, b, d) ={a, b, c},f (a, ¢, d) = {a, c, d}, f (b, c, d) = {b, c, d}. Then f is pairwise

* .
s g-irresolute.

Proposition: 1.2.16

Letf: X, 11, 2)—= (Y,01,0,)and g: (Y,0,,02) = (Z, p1, u2 ) be two

functions. Then

(a)
(b)

(©

(d)

(e)

®

Proof:

If f and g are pairwise s*g-irresolute, then g of is pairwise s g- irresolute.

If f is pairwise s*g-irresolute and g is pairwise s g-continuous, then gof is
pairwise s g-continuous.

If f is pairwise g-irresolute and g is pairwise s g-continuous, then gof is pairwise
g-continuous.

If f is pairwise sg-irresolute and g is pairwise s"g-continuous, then gof is
pairwise sg-continuous.

If f is pairwise gs-irresolute and g is pairwise s g-continuous, then gof is
pairwise gs-continuous.

If f is pairwise s g-continuous and g is pairwise continuous, then gof is pairwise

* .
S g-contmuous.

Let f: (X, t1,72) = (Y,01,062) and g : (Y, 61, 62) = (Z, p1 , 2 ) be two

functions.

(a)

. . * .
Assume f and g are pairwise s g-irresolute.

To prove: gof is pairwise s g- irresolute.

Let U be p; y; -s‘g closedsetinZ, i # jandi,j=1,2.

Since g is pairwise s g-irresolute, g ' (U ) is o; Oj s gclosedinY .

Since f is pairwise s g-irresolute, (gof )™ =f ' [g ™' (U)]is 7 Tj -s g closed in X.

Therefore, gof is pairwise s g-irresolute.

(b)

. . . * . . . . * .
Assume f'is pairwise s g-irresolute and g is pairwise s g-continuous,

. . . % .
To prove: gofis pairwise s g-continuous.
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Since g is pairwise s g-continuous, g ' (U ) is o Gj -s g closed for each p; -closed set U
inZi#jand 1,j=1,2.
Since f is pairwise s g-irresolute , (gof) ' =f ' [g 7 (U)]is T T -s g closed in X.
Therefore, gofis pairwise s g-continous.
(c) Assume fis pairwise g-irresolute and g is pairwise s g-continuous.
To prove: gof is pairwise g-continuous.
Let Ube p; pj-closedsetinZ, i # jandi,j=1,2.
Since g is pairwise s g-continuous, g ' (U ) is o; oj s gclosedinY .
Since every G; O; -s g closed setis o; o; - g closed and f'is pairwise g-irresolute,
(gof) ' (Uy=f""[g 7" (U)]is i T - g closed in X.
Therefore, gofis pairwise g-continuous.
(d) Assume f'is pairwise sg-irresolute and g is pairwise s*g-continuous.
To prove: gof is pairwise sg-continuous.
Let Ube p; pj-closedsetinZ, 1 # jand i, j=1,2.
Since g is pairwise s g-continuous, g ' (U ) is o G; s'gclosedin Y .
Since every G; o; -s g closed setis o; oj - sg closed and fis pairwise sg-irresolute,
(gof) ' (U)=f"[g7" (U)]isTi1; - sg closed in X.
Therefore, gof is pairwise sg-continuous.
(e) Assume f'is pairwise gs-irresolute and g is pairwise s*g—continuous.
To prove: gof is pairwise gs-continuous.
Let Ube p; pj-closedsetinZ, i # jand1,j=1,2.
Since g is pairwise s g-continuous, g ' (U ) is o; O; s gclosedinY .
Since every G; C; -s g closed setis o; o; - gs closed and fis pairwise gs-irresolute,
(gof) ' (U)=f""[g ™" (U)]isti1;- sgclosed in X.
Therefore, gof is pairwise gs-continuous.
(f) Assume fis pairwise s g-continuous and g is pairwise continuous.
To prove: gof is pairwise s‘g -continuous.
Let U be p; p;- closedsetinZ, i # jand1i,j=1,2.
Since g is pairwise -continuous, g (U ) is o; oj-closedinY .
Since f is pairwise s*g-continuous, (gof) '(U)=f ' [g TU)isT T - s g closed in X.

. . . * .
Therefore, gofis pairwise s g -continuous.
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Remark:1.2.18
The composition of two pairwise s g-continuous functions need not be a pairwise

* 3 .
s g-continuous function.

Example: 1.2.19

Let X=Y=Z={a, b, c,d}, 1 = {0, X, {a}, {a, b}}, .= {0, X, {a, b}, {a, b, c},
{a,b,d}}, 01= {0, Y, {a}}, 2= {9, Y, {a, b}, {a, b, c}}, w1 = {9, Z, {a}}, p2= {9, X,
{a}, {b,c}}.Letf: (X, 11,72) — (Y, 61, 02) be a function defined by f (¢) = o,
fX)=Y,f(a)={a,b,d}, f(b)={c}, f(c)= {b}, f(d)= {d}, f(a, b) = {a, c}, f(a, c)
={a, b}, f (a, d) = {b, c}, f (b, c) = {a, d},f (b, d) = {a, b, ¢}, f (c, d) = {c, d},
f(a, b, c)= {b, d}, f (a, b, d) = {a},f (a, ¢, d) = {b, c, d}, f (b, ¢, d) = {a, ¢, d}. Then fis
pairwise s g-continuous.Let g:(Y,0,,0,)— (Z, u1 , p2 ) be a function defined by
8(9) = 0,8(Y ) =Z, g(a) = {b}, g(b) = {a}, g(c) = {d}, g(d) = {c}, g(a, b) = {a, ¢}, g(a, ¢)
={a, b}, g(a, d) = {a, d}, g(b, ¢) = {b, d}, g(b, d) = {b, ¢}, glc, d) = {a, b, c},
g(a, b, c)= {c, d}, g(a, b, d) = {a, c, d}, g(a, c,d) = {a, b, d}, g(b, c,d) = {b, c,d}. Then g
is pairwise s*g—continuous. But (gof )™ ({b, ¢, d}) = {a, ¢, d} is not 1, T, — s*g closed in

. . . * .
X. Hence gofis not pairwise s g-continuous.

Definition: 1.2.20
A function f: (X, 11,12 ) — (Y, 01, 62 ) is pairwise pre s’g-continuous if

£ (U)is T T -s*g closed for each 6;6; -semi closedset Uin Y ,1 # jand 1,j=1,2.

Example: 1.2.21

Let X =Y = {a, b, c},1; = {9, X, {a}, {b, c}}, = {0, X, {a}}, 01= {0, Y, {c},
{a, b}}, 02 = {0, Y, {c}}. Let f: (X, 11, T2) — (Y, 0, ,02 ) be a function defined by
f(@)=09,f(X)=Y,f(a)={a,c}, f(b) = {b},f (c) = {c}, f (a, b) ={a, b},f (3, ¢) = {a},

f (b, c) = {a, b}. Then fis pairwise pre s g-continuous.
Proposition: 1.2.22

. . * . . . . . A .
Every pairwise pre s g-continuous function 1is pairwise s g-continuous.

But converse not true. It is shown in the following example.
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Example: 1.2.23
In example 1.2.16, f is pairwise s*g-continuous but not pairwise pre

* .
S g-continuous.

Theorem: 1.2.24
Let Y be a pairwise semi Ty, -space. A function f: (X, 71, 72) — (Y, 61,02 ) is
pairwise s g-irresolute if it is pairwise pre s g-continuous.
Proof:
Letf: (X, 11,12)— (Y, 01, 62 ) is pairwise pre s’ g-continuous.
To prove: fis pairwise pre s g-irresolute.
Let A be o; o; -s*g closedinY ,i,j=1,2andi# j.
Since every o; G; -s g closed set is o; o; —sg closed, A is 6; 6j -sg closed in Y .
Since Y is pairwise semi Ty/, -space and every o; 6; -sg closed set is 6; -semi closed.
Therefore A is 6;0;j -semi closed.
Since f is pairwise pre s'g — continuous, f '(A) is T % -s g closed in X.

. . . * .
Hence f is pairwise s g-irresolute.

Definition: 1.2.25
A functionisf: (X, 1,172 ) — (Y, 01,0, ) pairwise s*g-closed if f(U)is

O; Oj -s g closed for each Tj-closedset Uin X ,i # jand1i,j=1,2.

Definition:1.2.27
A function f: (X, 1, T2 ) — (Y, 61, 02 ) is pairwise pre s g-closed if £ (U ) is

G; Gj —s*g closed for each 7; 7j -semi closed set Uin X, 1 # jand i, j=1,2.

Example: 1.2.28

Let X =Y = {a, b, c},7; = {0, X, {a}, {b, c}}, . = {0, X, {a},01= {0, Y, {c},
{a,b}},02={0, Y, {c}}. Let f: (X, 11, 2) = (Y, 01, 02 ) be a function defined by
f@) =09, f(X)=Y, ()= {a}, £ (b) = {b}, f(c) = {a, c}, f (a, b) ={b, c},f (a, ©) = {c},
f (b, c) = {a, b}. Then f is pairwise pre s g-closed.
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SECTION -1.3
PAIRWISE S "GO-CONNECTED SPACE AND
S "GO-COMPACT SPACE

Definition:1.3.1
A bitopological space (X, 11, T2 ) is pairwise S "GO -connected if X cannot be
expressed as the union of two nonempty disjoint sets A and B such that

[ANT;-s gel(B)] L [T, -s gel(A) N B] = o.

Definition:1.3.2

A bitopological space (X, 11 , T2 ) is pairwise S "GO -disconnected if X can be
expressed as the union of two nonempty disjoint sets A and B such that
[Aﬂ’cl—s*gcl(B)] Ut -s*gcl(A) N B] = ¢ and X = AB and call this pairwise
S'GO -separation of X.

Example: 1.3.3

(a) Let X = {a, b, c, d},1; = {0, X, {a}, {a, b}}, 1= {0, X, {a, b},{a, b, ¢},
{a,b,d}}. Then (X, 1, 7, ) is pairwise S GO- connected.

(@ Y={a,b,c,d},c1={0,Y, {a}},02={0, Y, {a, b}, {a,b, c}}.

Then (Y, 0,07 ) is pairwise S "GO -connected.

Theorem:1.3.4
The following conditions are equivalent for any bitopological space.
(a) X is pairwise S "GO -connected.
(b) X cannot be expressed as the union of two nonempty disjoint sets A and B such
that A is 7; -s g open and B is 7, -s g open.
(¢c) X contains no nonempty proper subset which is both 7, -s' g open and T, s'g
closed.
Proof:
(a) = (b)

Assume that X is pairwise S "GO -connected.
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To prove:
X cannot be expressed as the union of two nonempty disjoint sets A and B such
that A is 7; -s g open and B is T, -s'g open.
Assume that X can be expressed as the union of two nonempty disjoint sets A and B such
that A is T; -s*g open and B is 1, —s*g open.
Then AN B=¢.
Hence, AgBC .
Then 1, -s gel(A)C T, -s*gcl(BC y=B",
Therefore, 1, -s*gcl(A) N B=o.
Similarly, A N1, -s gel(B) = ¢.
Hence [A N 14 -s gel(B)] U [tz -s gel(A) N Bl = o.
This is a contradiction to the fact that X is pairwise S GO -connected. Therefore, X
cannot be expressed as the union of two nonempty disjoint sets A and B such that A is
T -s*g open and B is 1, -s*g open.
(b)=(c)
Assume that X cannot be expressed as the union of two nonempty
disjoint sets A and B such that A is 7; -s'g open and B is 1, -s'g open. Assume that X
contains a nonempty proper subset A which is both 7, -s'g open and 1, -s g closed.
Then X = AUAS where A is 7, -s g open, ACis T, -s g open and A, A are disjoint.
This is the contradiction to our assumption.
Therefore, X contains no nonempty proper subset which is both 7, -s'g open and 1, -s' g
closed.
(c)=(a)
Assume that X contains no nonempty proper subset which is bothrt, -s'g open and
T -s*g closed.
Suppose that X is pairwise S GO -disconnected.
Then X can be expressed as the union of two nonempty disjoint sets A and B such that
[A N1 -s gel(B)] Ut -s gel(A) N Bl = .
Since ANB=¢, A=Band B=A°.
Since 1, -s gel(A) N B =g, 1, -s gcl(A)cB €.
Hence 1, —s‘gcl(A) cA.
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Therefore, A is T, —s*g closed.

Similarly, B is 7, -s g closed.

Since A = B® ,AIs T —s*g open.

Therefore, there exists a nonempty proper set A which is both 7, -s'g open and
1, -s g closed.

This is the contradiction to our assumption.

Therefore, X is pairwise S "GO -connected.

Theorem: 1.3.5
If A is pairwise S "GO -connected subset of a bitopological space ( X, 71 T2)
which has the pairwise S'GO -separation X = C\D, then AcC or Ac D.
Proof:
Suppose that (X, 1) , T2 ) has the pairwise S "GO -separation X = C\D.
Then X = CuD where C and D are two nonempty disjoint sets such that
[C Nty -s'gel(D)] U [tz -s gel(C) N D] = o.
SinceCND=¢, C=Dand D=CF.
Now,
[(C NA)NT; -s “gcl(DNA)] Y[tz -s gel(C NA)N(DNA)]
c [CNts g cl(D)] Y[t -s gel(C) N D]
=¢.
Hence A = (C N A)\(D N A) is pairwise S "GO -separation of A.
Since A is pairwise S "GO -connected, either (C NA) = ¢ or (D NA) = 0.
Hence, AcC or AcD".

Therefore, AcC or AcD.

Theorem: 1.3.6
If A is pairwise S" GO -connected and AcBc 1 -s gel(A) N T, -s gel(A) then B
is pairwise S "GO -connected.

Proof:

Let A be pairwise S "GO -connected and AcBc 1 -s *gcl(A) N1, -s gcl(A)
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To prove:
B is pairwise S "GO -connected.
Suppose that B is not pairwise S "GO -connected.
Then B = Cu D where C and D are two nonempty disjoint sets such that
[C N1, =5 gel(D)] Ut -s gel(C)ND] = o.
Since A is pairwise S "GO -connected, A cCorAcD.
Suppose Ac C.
ThenDcDNBcD N1 -s gel(A)eD N 1, -s gel(C) = ¢. Therefore,  cDco.
Hence, D = .
Similarly, we can prove C = ¢ if Ac D {by Theorem 1.3.5}
This is the contradiction to the fact that C and D are nonempty.

Therefore, B is pairwise S "GO -connected.

Theorem:1.3.7
The union of any family of pairwise "GO -connected sets having a nonempty
intersection is pairwise S "GO -connected.

Proof:

Let A =U A;where each A, is pairwise S "GO connected with NAj# ¢,and | is

el
an index set.

Assume that A is not a pairwise S GO -connected set.

Then A = Cu D, where C and D are two nonempty disjoint sets such that
[CNTy=s” gel(D)] Ut -s gel(C) N D] = o.

Since A is pairwise S "GO -connected and AicA,AicCorA; cD
Therefore U (A;)cC or U(A;)cD.

Hence, AcCor AcD.

Since NA; #0, let xeNA;.

Therefore, xe A, for all i.

Hence, xe A. Therefore, xe C or xeD.

Suppose xe C.

Since CND=¢, x¢D.
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Therefore, Az D. Therefore, A cC.

Therefore. A is not pairwise S "GO -connected. This shows that A is pairwise

S"GO -connected.

Definition: 1.3.8

A nonempty collection { = {A, . iel. an index set} is called a pairwise s g-open
cover of a bitopological space (X, 7 . 1w ) if X = UA, and
Cct-S "GO X.T1.Th)U 1o - S'GO (X. 1 .712) and C contains at least one member of

T -S "GO (X, 11 .7 ) and one member of 15 - S "GO (X. 17 .1T0).

Definition: 1.3.9
A bitopological space (X, 1, ., T2 ) is pairwise S GO -compact if every pairwise

* ~ .
s g-open cover of X has a finite subcover.

Definition: 1.3.10
A set A of a bitopological space (X. 1) . 12 ) is pairwise S ‘GO compact relative

*

to X if every pairwise s g-open cover of B by has a finite subcover as a subspace.

Example: 1.3.11
Let X = {4, b, ¢ d}7y = {9, X, {4}, {a b}Lt={e. X, {a, b}, {8, b, ¢},
{a, b.d}}.Let ={{a}.{a, b}, {a, b, c}, {a. b, d}. Then (X. 1, . T2 ) is pairwise

S"GO -compact.

Theorem: 1.3.12
Every pairwise s g-compact space is pairwise compact.
Proof:
Let (X, 1) .12 ) be pairwise S'GO -compact.
Let {={A,,iel, an index set} be a pairwise open cover of X.
Then X = UA, and { <1, U1 and { contains at least one member of 7, and one member

of 1, .



Since every 1t -open set is T -s*g open, X = UA, and
Een=8 ‘GO X, .T) UTs - S'GO (X, 11, 12 ) and C contains at least one member of
17, -S°GO (X, 11 . 72 ) and one member of 1, -S$'GO X.1.10).

Therefore, { is the pairwise s g-open cover of X.

Since X is pairwise S"GO -compact.  has the finite subcover.

Therefore X is pairwise compact.

Theorem: 1.3.13
Letf:(X.1.17)—(Y.0,.0,) be a pairwise continuous, bijective and pairwise
pre semi closed. Then the image of a pairwise S GO -compact space under f is pairwise
S" GO -compact.
Proof:
Let f: (X, 1.1 ) — (Y, 0, 0,) be pairwise continuous surjection and pairwise
pre semi closed.
Let X be pairwise S "GO -compact.
Let {={A;.iel. an index set} be a pairwise s g-open cover of Y .
Then Y =UJA;and { co; -S ‘GO (Y,0,.02) uoy -S ‘GO (Y. 0, .07)and C contains at
least one member of o, -S"GO (Y. o). 05) and one member of 6, - S "GO (Y.0,.070).
Therefore, X = f [UA)]=U f ' (A )and
g K cr-S "GO (X.11.T2) UT,-S "GO (X.1, .1 )and ' (€) contains at least
one member of t; - S ‘GO (X. 1.1 ) and one member of 1; - S" GO X, 11,172).
Therefore f ™' ({) is the pairwise s~ g-open cover of X.
Since X is pairwise S'GO -compact, X = f'(A,).i=1ton.
=>Y=fX)=U(A;).i=1ton.
Hence C has the finite subcover.

Therefore Y is pairwise "GO -compact.
Theorem: 1.3.14

IfY ist s g closed subset of a pairwise S'GO -compact space (X, 1) ., T2 ), then

Y is 1 - S" GO compact
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Proof:
Let (X, 71 , T ) be a pairwise S'GO -compact space.
Let {= {A;, iel, an index set} be a1, -s g open cover of Y .
Since Y is 7, -s g closed subset, YCis 1; -s g open.
Hence { UY =Y “U{A;, iel, an index set} will be a pairwise s g-open cover of X.
Since X is pairwise S" GO -compact, X=Y U A U ..... UA,.
Hence Y=A, U ....... UA,.
Therefore Y is 7, - S "GO compact.

SECTION -1.4
(t1,7) -SEMI STAR GENERALIZED CLOSED
SETS AND OPEN SETS

Definition: 1.4.1
A set A of a bitopological space (X, 1; , T2 ) is called (1 , 12) " _semi star

generalized closed { (71, 12) T *g closed } if 11 12 -cl(A) < U whenever AcU and U is

(t1,12) -semi open in X.

Example:1.4.2
Let X={a,b,c},u={0,X, {a}}, 2={9,X, {b}}. Then ¢, X, {c}, {a, ¢},
{b, c} are (1, T;)  -s gclosed and {a}, {b}, {a, b} arenot (1, , 1) " -s g closed.

Theorem:1.4.3
Let (X, 11 ,72) be a bitopological space and A < X. Then the following statements
are true.
(a) If Ais T 1, -closed, then A is (11 , T2) " s *g closed.
(b) IfAis(t;,1,) -semi open and (1, , T2) s *g closed, then A is 1y 15-closed .
(c) IfAis (T, 1) s *g closed, then A is (t;, T2) 3 -g closed.
(d) IfAis (11, 712) s *g closed, then A is (13, T2) ’ -sg closed.
(e) IfAis (1, 12) s *g closed, then A is (1; , T2) : -gs closed.
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Proof:
(a) Assume A is 1) To-closed.
To prove: Ais (11, T2) Ts *g closed
Let AcUand Uis (1, T2) -semi open in X.
Since A is 11 T2-closed, 1) 12-cl(A)=AcU.
Therefore A is (11, T2)  -s g closed.
(b) Assume A is (11, T2) " _semi open and (1 , T2) s *g closed.
To prove: A is 1) T2 -closed
Since ACA, A is(t;,7) -semi open.
And Ais (11, 12) " s *g closed, t; 12-cl(A)cA.
Always A c t; 1-cl(A).
Therefore 1) 1,-cl(A) = A.
(c) Assume Ais (11, 12) " s *g closed.
To prove: Ais (11, T2) i -g closed.
Let AcU and U is T T2-open in X.
Since U is 1; T2-open in X, Uis (1;, 12)  -semi open in X.
Since A is (11 , T2) ey g closed, 1) 12 cl(A)cU.
Hence A is (11, 7o) -g closed.
(d) Assume A is (1, T2) s *g closed.
To prove: Ais (t1, T2) : -sg closed.
Let AcUand Uis (11, T2) * _semi open in X.
Then, 1) T2-cl(A)c U .
Hence 1) 12-scl(A)cU.
Therefore A is (1, T2) y -sg closed.
(e) Assume Ais(t;,T2) s *g closed.
To prove: Ais (1), T2) ’ -gs cloéed.
Let AcU and U is 1; T2-open in X.
Since U is 1) 12 -open in X, Uis (1;, 1) " _semi open in X.
Since A is (11 ,T2) s *g closed, 1) 1o-cl(A)c U .

Hence , 11 T2-scl(A) < ,‘;',_1.‘E2—CI(A)
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71 T2-scl(A) € 11 2-cl(A) < U.

Hence A is (11, 12) ) -gs closed.

Remark: 1.4.4

The converses of the above theorem need not true.

Example: 1.4.5
In example 1.4.2, {c} is (11, T2 )" -s g closed but not T, To-closed. {a, b} is
(t1, 1) -gclosed, (T, o) -gs closed but not (t; , 7,)  -s g closed.{b} is (t;, 1) -sg

closed, (11, 12) : -gs but not (1; , 72) s ‘g closed.

Remark: 1.4.6
In a bitopological space (X, 11 , T2) , (T1 , T2)  -s g closed sets and (11, T,) " -semi

closed sets are independent.

Example: 1.4.7

In example 1.4.2, {b} is (11, 12) " -semi closed, but not (t; , ;) -s g closed.

Example: 1.4.8
Let X = {a, b, c}, 1 = {09, X {a b}}, o ={ ¢ , X}. Then {a, c} is

(t1,72,) s *g closed , but not (1; , 72) * _semi closed in X, 11, 12).

Remark: 1.4.9

* .
Ty T;—closed = (11,71;) -semi closed

U U
(11, T2) s *g closed = (11, T) *-sg closed
U f

(t1,7) -gclosed = (11,1,) -gsclosed

Theorem 1.4.10 .
IfAis (11, 12) ’ -s*g ¢losed in X and AcBc1 15 -cl(A), then B is (11, T2) s *g
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closed.
Proof :
Assume that A is (11, ) " -s g closed in X and AcBc1; 1, -cl(A).
To prove: Bis (11, 72) " -s g closed.
LetBcUand Uis (11, 12) * _semi open in X.
Since AcBand BcU, AcU andas Ais (1, 'cz)* -s*g closed . 1) 12 -cl(A)cU.
Since Bc 1) 12 -cl(A), 11 T2 -cl(B) =11 T2 cl(A)c U .

Therefore, B is (11 , 12) " -s g closed.

Proposition: 1.4.11
If A and B are (11, T2) " -s g closed sets then so is A UB.
Proof:
Let A and B are (1, T2) y -s*g closed sets.
To prove: AuBis (11, 12) : -s*g closed set.
Let U be (1, T,) -semi openin X and AUBCU .
Then AcUand BcU.
Since U is (11, 12) " _semi openin X and A and B are (1), 1) : -s*g closed sets,
171 T2 -cl(A)cUand 1 15 -cl(B)c U .
Therefore { 11 12 -cl(A)} U {T112-cl(B)} cU.
Hence 1) 12 -{cl(AUB)}cU.

Therefore AUB is (11, T2)  -s g closed.

Remark: 1.4.12

The converse of the above proposition need not true.

Example: 1.4.13
In example 1.4.2, Let A = {b} and B = {c}. Then AUB = {b, c} is

(t1,7T2) * -s*g closed , Bis (11, 12) § -s’g closed but A is not (t; , T2) : s*g closed.

Remark: 1.4.14
The following example shows that A N B is (T3 , T2) * .s'g closed even if A and B
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are not (11, T2) ! -s g closed.

Example: 1.4.15
In example 1.4.2, let A = {a} and B= {b}. Then ANB=¢ is (11, T2) " -s ‘g closed

but A and B are not (1; , T3) Y s *g closed.

Theorem: 1.4.16
Aset Ais (1, T2)  -s g closed in X if and only if 7; T,-cl(A)—A contains no
nonempfy (t1,12) " semi closed set.
Proof:
Let Abe(t;,12) " g *g closed in X.
To prove: 1; 1,-cl(A)—A contains no nonempty (T , T2) " -semi closed set.
Let Fbe (11, 1,) " -semi closed such that Fc 1, 1o-cl(A) — A.
Since F is (11, 12) " _semi closed, FC is (t1, 1) " _semi open.
Since Fc 1) 12-cl(A) — A, AcF and Fc1, 1o-cl(A) (1)
Since A is (11, T2) " -s g closed in X, 7y T2-cl(A) < F €
Therefore, F < { 11 15-cl(A)}€ 2)
From (1) and (2),
F < ¢ implies that F = ¢.
Hence 1; 12-cl(A) — A contains no nonempty (T; , T2) " _semi closed set.
Conversely,
Assume that 1) 15-cl(A) — A contains no nonempty
(11,12 )* -semi closed set.
Let A cUand Uis (1), 12) " _semi open in X.
Suppose that 7 1,-cl(A)z U.
Then t; T-cl(A) N U® % 0.
Since AcU,UcAS.
Therefore, 11 T2-cl(A) N ch T; T2-cl(A) N AC= T; To-cl(A) — A.
Since Uis (1, 1;) -semi openin X, Uis (1, , 1) " -semi closed in X.
Hence 11 -cl(A) N UCis (11, T2) * _semi closed in X.

This is the contradiction to the fact that t; 7, -cl(A) — A contains no nonempty
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(t1,72) -semi closed set.
Therefore,t; 7, -cl(A) < U.

Hence A is (11, 12) s *g closed in X.

Theorem: 1.4.17
IfAis (1, 1) ) -s*g closed and A < Bc 1, 15 cl(A) then 1) 1, -cI(B) — B
contains no nonempty (t; , T2) * _semi closed set.
Proof: _
Let A be (11, T2) ) -s*g closedand A < B < 1) 15 -cl(A).
By theorem 1.4.11, B is (11, T2) =y g closed.

By theorem 1.4.17, 1) 12 -cl(B) — B contains no nonempty (1; , T2) " _semi closed set.

Theorem: 1.4.18
For each x € X, the singleton {x} is either (11, 12) " _semi closed or (11, T) " -
s'g open.
Proof:
LetxeX
Suppose that {x} is not (11, T2) * _semi closed.
Then X — {x} is not (t; , ) -semi open.
Hence X is the only (t; , T,) -semi open set containing the set X — {x}.

Therefore, X — {x} is (11, T2) " -s g closed.

Definition: 1.4.19
A set A is called (11, 12) " _semi star generalized open {( 7, , 12) s *g open} if

and only if ASis (1, 1) " -s *g closed.
Example: 1.4.20

In example 1.4.2, ¢ , X, {a}, {b}, {a, b} are (11, 12) " s ‘g open and {c}, {a, c},

{b, ¢} are not (t; , T2) -s "g open.
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Theorem: 1.4.21
Aset Ais (T1,T) -s *g open if and only if F 1) 15 -int(A) whenever F is
(t1,12) * _semi closed and FcA.
Proof:
Let Abe(t;,T) -s'g open.
Let Fbe (11, 12) * _semi closed and FcA.
To prove: Fc 1 17 -int(A)
As FCis (t1,72) ) -semi open and ASc F€.
Since A is (11, T2) s *g closed, 17 T2 -cl(AC ) F*
Since 1) T, -cl(A®) = [1; 12 -int(A)]¢,
[t T, -int(A)]° < FC.
Hence F < 1; 1 -int(A).
Conversely,
Assume that F < 1; 1 -int(A) whenever F is (1, 1) * _semi closed and FcA.
To prove: Ais (11, 12) el *g open.
As A€ (- FCand FCis (11, 712) " _semi open and
Since F < 1 15 -int(A), [1; 12 -int(A)]° < F€.
Since 71 T2 -cl(AS ) = [11 15 -int(A)]€, T, T2 -cl(A€) < FC.
Therefore, A®is (11, T2)  -s g closed.

Hence A is (11, T2) -s g open

Remark: 1.4.22

Every 1,7, -open set is (T, , T2) " -s g open but the converse need not be true.

Example: 1.4.23

In example 1.4.2, {a, b} is (11, T2) Y s *g open, but not t; T, -open.

Remark: 1.4.24

(t1,72) -s gopensetsand (t; , T) -semi open sets are independent.

35



Example: 1.4.25

In example 1.4.2, {a, ¢} is (t; , T2)  -semi open, but not (t; , T2) "s'g open.

Theorem: 1.4.26
If A and B are (1, 'cz)* -8 *g open sets such that t; 1, -cl(A) N B = A Nt; 1, -cl(B)
=@ then AUBis (1;, 1) -s gopen.
Proof:
Let F be (11, 12) " -semi closed and F ¢ AUB.
Then, F N 7, 12 -cl(A) € (AUB) Nty 73 cl(A)
={AN 1 12 -cl(A)} U {B N1 12-cl(A)}
=AUoQ
=A.
Therefore, F N 1) 75 -cl(A) C A.
Similarly, F N 1; 1; -cl(B) < B.
Since Fis (11, 1) -semi closed, F N 1, 1, -cl(A) and F N 1, 1, -cI(B) are (1, , T2)  -semi
closed.
Since A and B are (73, 12) : -s*g open,
FN11-cl(A)ct 12 -int(A) and F N 1y 15 -cl(B) < 7 T2 -int(B).
F=FN(AuUB)
=FNA)u (FNB)
c{F Nt 1-cl(A)} U{F N1 1, -cl(B)}
c {11 n-int(A)} U {1 12 -int(B)}.
Therefore, F < 11 15 -int(A U B).

Hence AUB s (1, ) -s g open.

Theorem: 1.4.27

IfAis (1, 1) : -s*g open in X and T1; 1, -int(A)cBc A, then B is (11 , 12) ) -s*g
open.
Proof :

Let Abe (1), 1) s *g open in X and 1) 75 -int(A)c BC A.
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To prove: B is (11, T2) ’ -s‘g open.

Then ACis (11, 12) " -s g closed in X and A® ¢ B 1, 1, -cl(A").
Let B c U and Uis (1,,T2) -s g open in X.

Since A°cB® and B°cU, A°cU

Therefore, T T, -cl(A€)c U ( since A€ is (11, 1)~ -s g closed)
Since T T -cl(BY) 1 T2 -cl(AS)c U, Bis (11, 1) " -s g closed.

Therefore, B is (1 ,72) =S g open.

Theorem: 1.4.28

Aset Ais (1, 1) ) -s*g closed in X if and only if 1) 1, -cl(A) — A is (11, T2) ) -s*g
open.
Proof:

Assume that A is (1} , T2) ) -s‘g closed in X.
To prove: T 1, -cl(A)—Ais (11, 12) " -s'g open.
Let F be (11, 12) * _semi closed and F c 11T -cl(A)— A.
Since A is (11 , 7)) -sg closed in X, T T, -cl(A) — A contains no nonempty
(t1,72) " -semi closed set.
Since Fc 1) 12 -cl(A) — A, F= ¢ c 1 17 -int[1) T2 -cl(A) — A].
Therefore, 1) 12 -cl(A) — A is (11, T2) : -s*g open.
Conversely,

Assume that T, T, -cl(A) — A is (1, T2) " -s g open.
Suppose that U is (11 , T2) " -semi openand A ¢ U.
SinceA c U, u‘¢ C A°.
Therefore, T 1, -cl(A) N U ¥ =i -cl(A) N A5 =y -cl(A) — A.
Since U is (17 , T2) ¥ _semi openin X, U Cis (t1,712) " _semi closed in X.
Since 1; T2 -cl(A) is (11, T2) " _semi closed in X and U € is (11, 12) * _semi closed in X,
[(t1 12 cl(A)]NU Cis (11,12) " _semi closed in X.
11T -cl(A)NU € et -int[t) T, -cl(A) — A]

=1, T -int[1) T3 -cl(A) N AC ]
=¢ . {Since 1) 12 -cl(A)—Ais (11, T2) " -s'g open }. o
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Hence 1y 12 -cl(A) < U.

Therefore, A is (11, T2) *-s*g closed .

SECTION-1.5
(1,2)" -SEMI STAR GENERALIZED CONTINUOUS FUNCTIONS AND
PAIRWISE SEMI STAR GENERALIZED Ts-SPACES

Definition: 1.5.1
A map f: X — Y is called (1, 2) : -s*g continuous if the inverse image of

610, -closed setin Y is (t;,712) " s ='g closed in X.

Definition: 1.5.2
Amap f: X — Y is called (1, 2) ~ -s gc irresolute if the inverse image of

(61,00) -s'gclosed setin Y is (11, 12)  -s g closed in X.

Definition:1.5.3
A map f: X — Y is called (1, 2) ) -s*g closed if the image of 1; 1, -closed set in X

is(01,0,) -s gclosedinY.

Theorem: 1.5.4
(a) The composition of two (1, 2) ) —s*gc irresolute functions is (1, 2) - -s’gc
irresolute,i.e., if f, g are (1, 2) & -s*gc irresolute, then gofis also (1, 2) ’ -s*gc irresolute
(b) Iffis (1, 2) ) -s*gc irresolute and g is (1, 2) ) -s*g continuous, then gofis also
(1,2) ’ -s*g continuous.
Proof:
(@ Letf: (X,1,12) = (Y,01,02)and g: (Y, 01,02 —(Z, n1, n2) betwo
(1,2) : -s*gc irresolute functions.
To prove: gofis (1, 2) ) -s*g continuous.
Let Vbea (u;, ua2 )' -s*g closed in Z.

Since g is (1, 2) ) —s*gc irresolute, g = (V)is(o;,02) i —s*g closedin Y
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Since fis (1, 2) " -s gc irresolute, f " [g ™ (V)] = (gof ) (V)is (11, 12) " -s'g closed in
X
Therefore, gofis (1,2) " -s gc irresolute.

(b) Letf: (X, 11,12) —(Y,01,02) be(l,2) ) -s*gc irresolute g : (Y, 0, 63) —
(Z, u1, p2) be(1,2) " -s'g continuous
To prove: gofis(1,2) " _s gc irresolute
Let V be a p p; - closed in Z.
Since g is (1, 2) * -s'g continuous, g ' (V) is (o), 02)  -s g closed in Y Since f is
(1,2)" -s'gc irresolute, f ' [g ™ (V)] = (gof)™ (V )is (t1,12) -s g closed in X.
Therefore, gofis (1, 2) ) -s*g continuous.

(since o) 0, closed is (o1, 02) -s g closed. )

Remark: 1.5.5
The composition of two (1, 2) -s g continuous functions need not be (1,2) " -s'g

continuous

Example: 1.5.6

Let X=1{a b, c}, u={09, X {a}, {b, c}}, u={ 0, X, {a}, {a, b}}. Let
Y={ab,c},o1={0,Y,{a}},02={0,Y, {b,c}}.LetZ={a, b, c},mi={0,Z {c}},
w={o,Z}.Letf: (X,1,72)—(Y,01,0,)and g: (Y, 01,062) — (Z, n1, p2 ) be the
identity maps. Then f and g are (1, 2) -s g continuous maps but gofis not (1,2) -s'g

continuous.

Theorem: 1.5.7
Every (1,2) -continuous function is (1, 2) " -s g continuous.
Proof:
Letf: (X, 11, 2) — (Y,01,02)bea(l,?2) " _continuous function and let V be
6] 0, -closed setin Y.
To prove: fis (1, 2) s "g continuous

Since fis a (1, 2) " _continuous function, f (V) is 1 15 -closed in X.
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Since every T; T, -closed set is (11 , T2) s *g closed, f' (V)is(t1,12) -s *g closed in
X.

Therefore, fis (1, 2)* -s *g continuous.

Remark: 1.5.8

The converse of the above theorem need not be true.

Example: 1.5.9
Let X={a, b c, u=1{9,X {a b}, »={ ¢ X}. Let Y = {a, b, c},
o1={9,Y, {a}},02={09,Y }. Letf: (X, 11, 12) = (Y, 61, 62 ) be the identity map.

Then the function fis (1, 2) -s g continuous,but not (1, 2) * _continuous.

Theorem: 1.5.10
(a) Every(1,2) -s g continuous function is (1,2) " -g continuous.
(b) Every(1,2)" -s g continuous function is (1, 2) " _sg continuous.
(c) Every (1, 2) " -s"g continuous function is (1, 2) "_gs continuous.
Proof:
(@ Letf:(X,71,72)—(Y,01,02)bea(l,?2) i -s*g continuous function.
To prove: fis (1,2) ) -g continuous,
Let Vbeao;o,-closedsetinY.
Since fisa(l1,2)  -s g continuous function, f ' (V) is (11, T2 )" -s g closed in X.
Since every (1, T2) : -s*g closed set is (1, T2) ' -g closed, £ V)is(t, 1) ) -g closed in
X
Therefore, fis (1, 2) -g continuous.
(b) Letf: (X, t,72)—(Y,01,02)bea(l,?2) ’ -s*g continuous function.
To prove: f is (1,2)  -sg continuous,
Let Vbeao;o,-closedsetinY .
Since fisa(l1,2)  -s'g continuous function, f ' (V )is (t;, 72 ) " -s g closed in X.
Since every (11, T2) -s g closed set is (1) , T2) " sg closed, f ' (V) is (11, T2) " _sg closed
in X.

Therefore, fis (1, 2) ) -sg continuous.
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(c)Letf: (X,11,72)—(Y,01,02)bea(l,?2) ) —s*g continuous function.
To prove: fis (1, 2) * _gs continuous,
Let Vbeao;o,-closedsetinY.
Since fisa (1,2) " -s g continuous function, f ' (V )is (t;,72) -s g closed in X.
Since every (11 , T2) b -s*g closed set is (11 , T2) ’ -g closed, and also every (1) , T2) : -s*g
closed setis (1, T2) ~ -gs closed,f ™" (V) is (11, T2) ’ -gs closed in X.

Therefore, fis (1, 2) ) -gs continuous.

Remark: 1.5.11

The converse of the above theorem need not be true.

Example: 1.5.12
Let X={a, b,c}, u={0,X, {a}}, w ={ 0, X, {b}}. Let Y = {a, b, c},
c1={0,Y, {c}},o2={0, Y }.Letf: (X, 11, 72) — (Y, 01, 62 ) be the identity map.

Then fis (1, 2) : -g continuous and (1, 2) : -gs continuous, but not (1, 2) " s'g continuous.

Example: 1.5.13
Let X={a, b, c}, 1= {0, X, {a}, {b}, {a,b}}, 2 ={ 9, X}. Let Y = {a, b, c},
o1={0,Y,{a}},02={0,Y, {b,c}}. Let f: (X, 11, 12) — (Y, 01, G2) be the identity

map.Then fis (1, 2) g -sg continuous, but not (1, 2) ) —s*g continuous.

Theorem: 1.5.14

Every (1, 2) " -s gc irresolute map is (1, 2) " -s g continuous map.

Remark: 1.5.15

The converse of the above theorem need not be true.

Example: 1.5.16

Let X={a, b, c}, u={0, X, {a}, {b, c}}, 2 ={ 9, X, {a}, {a, b}}. Let
Y={ab,c},01={0,Y, {a}},02={0, Y, {b,c}}. Letf: (X, 11, 172) — (Y, 01, 52) be
the identity map. Then the function f is (1, 2) : —s*g continuous, but not (1, 2) : -s*gc
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irresolute.

Remark: 1.5.17

(1,2) " -gscirresolute  (1,2)" -s gc irresolute (1,2)" -sg continuous

L |

(1, 2) “-gs continuous <«— (1,2) " .s"gcontinuous (1, 2) " _semi continuous

| o T

(1,2)" -gc irresolute  — (1,2) * g continuous — (1,2) * _continuous
Theorem: 1. 5. 18
(a) Every (1, 2)" -s g closed function is (1, 2) " -g closed,
(b) Every (1,2) " -s ‘g closed function is (1, 2) " -sg closed,
(c) Every (1, 2) s 'g closed function is (1, 2) ) -gs closed.
Proof:
(@) Letf: X, 711,72)—(Y,01,062)bea(l,?2) s *g closed function.
To prove: fis(1,2)" -gclosed
Let V be a 1; 15 -closed set in X.
Since fisa (1,2) " -s g closed function, £ (V )is (61,0,) -s gclosedinY .
Since every (61,02 ) -s g closed set is (01, 62 )~ -g closed, £ (V) is (61 , 02) " g closed
myY.
Therefore, fis (1,2) " -g closed.
(b)Letf: (X, t1,72)—>(Y,01,02)bea(l,?2) "8 *g closed function.
To prove: fis(1,2) -sg closed
Let V be a 1; 12 -closed set in X.
Since fis a (1, 2) i -s*g closed function, f (V) is (61, 63 ) . -s*g closedinY .
Since every (o; , 02 ) ) -s'g closed set is (6, , 62 ) -sg closed, £ (V) is (07 , 02) : -sg
closedinY .
Therefore fis (1, 2) ’ -g closed.
(c)Letf: (X,171,72)—(Y,01,02)bea(l,?2) ) -s*g closed function.
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To prove: fis(1,2) " -gs closed

Let V be a 11 12 -closed set in X.

Since fisa (1,2) -s g closed function, f (V) is (o} , 02 ) -s'gclosedin Y .

Since every (o] , 62 )* -s*g closed set is (o] , 02 )" -gs closed, £ (V) is (o1, 62) " _gs
closedinY .

Therefore, fis (1, 2) ’ -gs closed.

Remark: 1.5.19

The converse of the above theorem need not be true.

Example: 1.5.20

Let X = {a, b,c}, 1 ={0,X {a b}}, 2 ={ ¢, X}. Let Y = {a, b, c},
o1={0,Y,{a}},0.={0,Y }.Letf: (X, 1, 2) — (Y, 61, 62 ) be the identity map.
Then the function fis (1, 2) * -g closed, (1, 2) " -sg closed and (1, 2) " _gs closed, but not
1,2)" -s‘g closed.

Definition: 1.5.21
A space (X, 11, T2) is a pairwise semi star generalized Ts -space (simply,

pairwise s g-Ts space ) if every (11, T) * —s g closed set in (X, 11, T2) is T)T2-closed.

Theorem: 1.5.22
If X is pairwise s g-Ts space, every singletone is either (1, , 75 ) " _semi closed or
T) T -Open.
Proof:
Let X be pairwise s g-Ts space.
To prove: Every singletone is either (11, T2 )" -semi closed or 1 T, -open.
Suppose {x} isnot a (t; ,T;) -semi closed subset for some xe X.
Then, X —{x} is not (t; , T2)  -semi open.
Hence X is the only (1, T2) * _semi open set containing X —{x}.
Hence X —{x} is (11, T2) " s g closed.

Since (X, T1 , T2) is pairwise s g-Ts space, X — {x} is T) T2 -closed. Thus {x} is 11 T open.

43



