


CHAPTER I 

SEMI STAR GENERALIZED CLOSED SETS IN 

BITOPOLOGICAL SPACES 

In this chapter the notion of TiX2-s*g closed sets, pairwise s*g continuous 

functions, pairwise S*GO- connected space , pairwise S'GO-compact space due to 

Kannan, Narasimhan, Chandrasekhara Rao[17] and (xi , 1 2 ) - s g closed (open) sets, 

(1,2) ' -s*g continuous functions and pairwise s*g Ts -spaces- due to Kannan, 

Narasimhan, Chandrasekhara Rao and Sundararaman [18] are discussed. Properties, 

characterizations and applications are analysed. 

SECTION 1.1 

PRELIMINARIES 

Definition: 1.1.1 

A set A of bitopological space (X, Xi , X2) is called T I TI- open i f A c X i c X2 

Definition: 1.1.2 
* C • 

A set A of bitopological space (X, Xi , X2) is called T I T2- closed i f A is 

xi X2- open. 

Definition: 1.1.3 

A set A of a bitopological space (X, Xi ,X2 ) is called Xi T2- semi open i f there 

exists an Xi - open set U such that U c A c X2 -cl(U). 

Definition: 1.1.4 

A set A of a bitopological space (X, Xi ,X2 ) is called T I T2- semi closed i f there 

exists an X] - closed set F such that X2 -int(F ) e A c F. 



Definition: 1.1.5 

A set A of a bitopological space (X, xi ,X2 ) is called T J T 2 - generalized closed (xi X2-g 

closed) i f X2 -cl(A) c U whenever A e U and U is xi -open in X. 

Definition: 1.1.6 

A set A of a bitopological space (X, xi ,X2 ) is called T I T 2 - generalized 

open (xi X2-g open) i f X-A is Xi X2-g closed. 

Definition: 1.1.7 

A set A of a bitopological space (X, Xi ,X2 ) is called T I TZ- semi generalized 

closed (xi X2-sg closed) i f X2 -scl(A) c U whenever A c U and U is Xi - semi open in 

X. 

Definition:1.1.8 

A set A of a bitopological space (X, xi ,X2 ) is called T I T 2 - semi generalized 

open (xi X2-sg open) i f X-A is Xi X2-sg closed. 

Definition: 1.1.9 

A set A of a bitopological space (X, xj ,X2 ) is called T I T 2 - generalized semi 

closed (xi X2-gs closed) i f X2 -scl(A) c U whenever A Q U and U is xi - open in X. 

Definition: 1.1.10 

A set A of a bitopological space (X, xi ,X2 ) is called T I T 2 - generalized 

semi open (xi X2-gs open) i f X-A is xi X2-gs closed. 

Definition: 1.1.11 

Let A be a subset of a bitopological space (X, xi , X2) is called T ] T2- closure(A) 

(xi X2-cl(A)) is defined as the intersection of all Xj X2- closed sets containing A. 
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Definition: 1,1.12 

Let A be a subset of a bitopological space (X, X i , T2) is called T I T2- interior(A) 

(xi T2-int(A)) is defined as the union of all Xi X2- open sets contained in A. 

Deflnition: 1.1.13 

A set A of a bitopological space (X, xi , X2) is called ( T I , T2) * -semi open 

i f A e Xi X2 -cl[xi X2 -int(A)]. 

Definition: 1.1.14 

A set A of a bitopological space (X, xi , X2) is called (TJ , T J ) * -semi closed i f X 

- A is (x i , X2) * -semi open. 

Definition: 1.1.15 

A set A of a bitopological space (X, Xi , X2) is called ( T I , T2) * -generalized 

closed {( Xi , X2) * -g closed } i f xi X2 -cl(A) c U whenever A c U and U is Xi X2 -open 

inX. 

Definition: 1.1.16 

A set A of a bitopological space (X, Xi , X2) is called ( T I , T2) * -generalized 

open {( Xi , X2) * -g open } i f X - A is (xj , X2) * -g closed. 

Definition: 1.1.17 

A set A of a bitopological space (X, xi , X2) is called ( x i , T2) * -semi generalized 

closed {( xi , X2) * -sg closed } i f (xi , X2) * -scl(A) c U whenever A c U and U 

is (xi, X2)* -semi open in X. 

Definition: 1.1.18 

A set A of a bitopological space (X, xi , X2) is called (TI , T2) * -semi generalized 

open {( x i , X 2 ) ' -sg open} i f X - A is (x i , X2) * -sg closed. 
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Definition: 1.1.19 

A set A of a bitopological space (X, Xi , T2) is called (xi , T 2 ) ' -generalized semi 

dosed {( Ti , T2) * -gs closed } i f (xi , X2) ' -scl(A) e U whenever A c U and U 

is xi X2 -open in X. 

Definition: 1.1.20 

A set A of a bitopological space (X, xi , X2) is called ( T I , T2) * -generalized semi 

open { ( x i , X 2 ) ' -gs open} i f X - A is (xi , X2) * -gs closed. 

Definition: 1.1.21 

Let A be a subset of a bitopological space (X, X] , X2) is called (TJ , T2) * -semi 

cIosure(A) {(xi , X2 ) * -scl(A)} is defined as the intersection of all (xi , X2)* -semi closed 

sets containing A. 

Definition: 1.1.22 

Let A be a subset of a bitopological space (X, Xi , X2) is called ( xj , T 2 ) ' -semi 

interior(A) { (xi , X2) * -sint(A)} is defined as the union of all ( xi , X2) * -semi open sets 

contained in A. 

Definition: 1.1.23 

A map f : X is called (1, 2)' -continuous i f the inverse image of 

oi (52 - closed set in Y is xi X2 -closed in X. 

Definition: 1.1.24 

A map f : X —>Y is called (1, 2) -semi continuous i f the inverse image 

of Oi 02 - closed set in Y is (x i , X2) * - semi closed in X. 

Definition: 1.1.25 

A map f : X Y is called (1,2)* -g continuous i f the inverse image of 0102- closed 

set in Y is (xi, X 2 ) ' -g closed in X. 
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Definition: 1.1.26 

A map f : X ^ Y is called (1, 2)* -sg continuous i f the inverse image of 

a I 02 - closed set in Y is (x i , X2 ) ' -sg closed in X. 

Definition: 1.1.27 

A map f : X ^ Y is called (1, 2)* -gs continuous i f the inverse image of 

0102- closed set in Y is (xi, X2) * -gs closed in X. 

Definition: 1.1.28 

A map f : X Y is called (1, 2)*-g closed i f the image of Xi X2 - closed set in X is 

(<^i ,^2)*-g closed in Y . 

Definition: 1.1.29 

A map f : X —> Y is called (1, 2)' -sg closed i f the image of X1X2- closed set in X is 

i^i, 0 2 ) ' -sg closed in Y. 

Definition: 1.1.30 

A map f : X ̂  Y is called (1, 2)' -gs closed i f the image of X1X2- closed set in X 

is (oi, 02) -gs closed in Y . 

Definition: 1.1.31 

A function f : (X, Xi , X2 ) (Y, oi , 02 ) is pairwise g-continuous i f f ( U ) is 

Xj Xj -g closed for each Oj -closed set U in Y , i j and i , j = 1,2. 

Definition: 1.1.32 

A function f : (X, Xi , X2 ) —* (Y, Oi , 02 ) is pairwise sg-continuous i f f ~'(U ) is 

Xi Xj -sg closed for each Oj -closed set U in Y , i j and i , j = 1, 2. 

Definition: 1.1.33 

A function f : (X, X] , X2 ) ̂  (Y, Oi , 02 ) is pairwise gs-continuous i f f ~'(U ) is 

Xi Xj -gs closed for each Oj -closed set U in Y, i j and i , j = 1,2. 
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Definition: 1.1.34 

A map f : X Y is called (1, 2) * -sgc irresolute i f the inverse image of 

(^2) * -sg closed set in Y is (xi, X2) -sg closed in X. 

Definition: 1.1.35 

A function f : (X, xi , X2 ) —> (Y, oi , 02 ) is pairwise g-irresolute i f f ~' (U ) is 

Xi Xj -g closed for each Oj oj -g closed set U in Y , i j and i , j = 1, 2. 

Definition: 1.1.36 

A function f : (X, Xi , X2 ) —> (Y, oi , 02 ) is pairwise sg- irresolute i f f ' (U ) is 

Xi Xj -sg closed for each Oi Oj -sg closed set U in Y , i j and i , j = 1, 2. 

Definition: 1.1.37 

A function f : (X, X i , X2 ) —* (Y, 0 1 , 0 2 ) is pairwise gs- irresolute i f f ~" (U ) is 

Xi Xj -gs closed for each Oj Oj -gs closed set U in Y , i j and i , j = 1,2. 

Definition: 1.1.38 

A m a p f : X ^ Y is c a l l e d (1, 2) * -go irresolute i f the inverse i m a g e o f 

( o i , 0 2 ) ' - g c l o s e d set i n Y is ( x i , X 2 ) ' - g c l o s e d i n X. 

Definition: 1.1.39 

A m a p f : X —> Y is c a l l e d (1, 2) * -gsc irresolute i f t he inve r se i m a g e o f (oi, 02) * 

-gs c losed set i n Y i s ( x i , X 2 ) ' -gs c l o s e d i n X. 

Definition: 1.1.40 

A space (X, x ) is ca l l ed T1/2 space i f e v e r y g - c l o s e d set is c losed . 

Definition: 1.1.41 

A space (X, X i , X2) is c a l l ed pairwise T1/2 space i f e v e r y X i g - c lo sed set is 

X2 c losed , a n d X2g - c lo sed set is x j c lo sed . 
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SECTION-1.2 

X1X2 - S ' G C L O S E D S E T S AND S ' G C O N T I N U O U S 

F U N C T I O N S 

In this section X1X2 -semi star generalized closed (xiX2-s*g closed) and 

s*g-continuous functions are studied. Properties, characterizations and applications are 

analysed. 

Definition: 1.2.1 

A set A of a bitopological space (X, X i , X2) is called T I T2 -semi star generalized 

closed ( T I T2 -s'g closed) i f X2 -cl(A) c U whenever A c U and U is x i -semi open in X. 

Example: 1.2.2 

Let X = {a, b, c}, X, = { 9 , X, {a}, {b, c}} , X2 = {^>, X, {a}, {b},{a, b}} . Then 

{a, b} is x i X2 - s*g closed and {a} is not x i X2 - s*g closed. 

Proposition:1.2.3 

(i) Every Xi Xj -s*g closed set is Xi Xj -g closed, i 5̂  j and i , j = 1,2. 

(ii) Every x; xj -s*g closed set is Xi x j -sg closed, i ^ j and i , j = 1, 2. 

(iii) Every Xi xj -s'g closed set is Xi x j -gs closed, i ^ j and i , j = 1,2. 

But none of the above is reversible. 

Proposition: 1.2.4 

The arbitrary union of Xi X2 -s'g closed sets A i , i e 1 in a bitopological space 

(X, x i , X2) is X1X2 -s'g closed i f the family {Ai , ie 1} is X2 -locally finite. 

Proof: 

Let { A i , i e 1} be X2 -locally finite and Ai is X1X2 -s'g closed in X for each i e I . 

To prove: 

Y Ai is X1X2 -s'g closed in X 

Let Y Ai c U and U is Xi -semi open in X. 

Then, Ai c U and U is Xi -semi open in X for each i . 

Since Aj is X1X2 -s'g closed in X for each i e I,X2 -cl(Ai) c U . 
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Hence, Y [x2-cl(Ai)] c U . 

Since the family { A j , i e 1} is X2 -locally finite, X2 -cl[ Y (Ai)] = Y [X2 -cl(Ai)] e U . 

Therefore, Y A is X1X2 -s*g closed in X. 

Proposition: 1.2.5 

The arbitrary intersection of X1X2 -s*g open sets A j , i e I in a bitopological space 

(X, X i , X2) is X1X2 -s*g open i f the family {A^ , ie 1} is X2 -locally finite. 

Proof: 

Let {Ai*~̂ , i 61} be a X2 -locally finite. 

Since Ai is X1X2 -s*g -open in X for each i e I. 

Then Ai*^ is X1X2 -s*g -closed in X for each ie I. 

As arbitrary union of X1X2 -s g closed sets is X1X2 -s g closed, u [ Ai ] is X1X2 -s g -

closed in X. 

Hence, {n(Ai )}^ is X1X2 -s*g -closed in X. 

Therefore, n(Ai) is X1X2 -s*g -open in X. 

Definition: 1.2.6 

A fimction is pairwise s*g -continuous i f f ~'(U ) is XiXj - s*g closed for each 

Oj -closed set U in Y , i ^ ] and i , j = 1, 2. 

Example: 1,2.7 

Let X = Y = {a, b, c, d}, x , = { 9 , X, {a}, {a, b}} , X2 = {cp, X, {a, b}, {a, b, c}, 

{a, b, d } } , a , = { 9 , Y, { a } } , a 2 = {(p,Y, {a,b}, {a, b, c}} . 

Let f : (X, x i , X2 ) -^(Y, Oi , 02 ) be a function defined by f ( 9 ) = 9 , f (X) = Y , 

f (a) = {a, b, d}, f (b)= {c}, f (c) = {b}, f (d) = {d}, f (a, b) = {a, c}, f (a, c) = {a, b}, 

f (a, d) = {b, c}, f (b, c) = {a, d}, f (b, d) = {a, b, c}, f (c, d) = {c, d}, f (a, b, c) = {b, d}, f 

(a, b, d) ={a},f(a,c,d) ={b,c,d},f(b,c,d) ={a,c,d}.Then f is pairwise s'g-continuous. 

Propoistion:1.2.8 

Every pairwise continuous function is pairwise s*g-continuous. 
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Remark: 1.2.9 

The converse of the above theorem need not be true. 

Example:1.2.10 

In Examj 

Therefore, f is pairwise s g-continuous but not pairwise continuous 

In Example 1.2.7 {a} is Oi -open in Y . But f '(a) = {a, b, d} is not Xi -open in X. 

Proposition: 1.2.11 

(i) Every pairwise s*g-continuous fimction is pairwise g-continuous. 

(ii) Every pairwise s'g- continuous function is pairwise sg-continuous. 

(iii) Every pairwise s*g- continuous fiinction is pairwise gs-continuous. 

But none of the above is reversible. 

Example:1.2.12 

(i) Let X = Y = {a, b, c, d},x, = {cp, X, {a}, {a, b}}, 

X2 = {(p, X, {a, b}, {a, b, c}, {a, b, d}}, a, = { 9 , Y, {a}} ,02 = {(p, Y, {a, b}, {a, b, c}} . Let 

f : (X, xi , X2 ) ̂  (Y, Oi , 0 2 ) be a function defined by f ( 9 ) = (p, f (X) = Y , f (a) ={b}, 

f (b) = {a} f (c) = {a, b}, f (d) = {a, c, d}, f (a, b) = {c}, f (a, c) = {a, d},f (a, d) = {a, c}, 

f (b, c) = {b, d}, f (b, d) = {b, c}, f (c, d) = {c, d}, f (a, b, c) ={a, b, d}, 

f (a, b, d) = {a, b, c}, f (a, c, d) = {d}, f (b, c, d) = {b, c, d}.Then f is pairwise g-

continuous but not pairwise s*g-continuous. 

Let X = Y = {a, b, c, d},x, = {(p, X, {a}, {a, b}} , X2 = {(p, X, {a, b}, {a,b,c}, 

{a, b, d}} , a, = {(p, Y, {a}},02 = {(p, Y, {a, b}, {a, b, c}} . Let f : (X, x, , X2 ) ->(Y, a, , 02) 

be a function defined by f (cp) = 9 , f (X) = Y , f (a) = {b}, f (b) = {a},f (c) = {a, b}, 

f (d) = {d}, f (a, b) = {c}, f (a, c) = {a, d},f (a, d) = {a, c}, f (b, c) = {a, b, c}, 

f (b, d) = {b, c, d}, f (c, d) = {c, d}, f (a, b, c) ={b, c}, f (a, b, d) = {a, c, d}, 

f (a, c, d) = {b, c, d}, f (b, c, d) = {a, b, d}. Then f is both pairwise gs-continuous and 

pairwise sg-continuous but not pairwise s'g-continuous. 

Proposition: 1.2.13 

The following are equivalent for a fimction f : (X, Xi , X2 ) —> (Y, 0\ , 02 )• 
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a) f is pairwise s g-continuous. 

b) f ~'(U ) is Xi Xj -s*g open for each Oi -open set U in Y , i ^ j and i , j = 1, 2. 

Proof: 

(a) ^ ( b ) : 

Assume that f is pairwise s g-continuous. 

To prove: 

f (U) is Xi Xj -s*g open for each Oi -open set U in Y , i ^ j and i , j = 1, 2. 

Let A be Oj -open in Y . 

Then A^ is Oj -closed in Y. 

Since f is pairwise s g-continuous, f (A ) is XiXj -s g closed in X, i ^ j and i , j = 1,2. 

(i.e.) ,( f ( A ) f is XiXj -s*g closed in X, 

Hence f "' (A) is Xj Xj -s'g open in X. 

(b) ^ ( a ) 

Assume that f (U ) is Xi Xj -s*g open for each Oi -open set U in Y, i ^ j and 

i , j = l , 2 . 

To prove: 

f is pairwise s*g-continuous 

Let V be Oj -closed in Y . 

Then V is Oj -open in Y . 

By hypothesis, f (V ) is Xi Xj -s g open in X, i ^ j and i , j = 1,2. 

(i.e.), ( f ( V ) ) ^ is Xi Xj -s'g open in X. 

Hence f ' (V ) is Xi Xj -s g closed in X 

Therefore f is pairwise s'g-continuous. 

Definition:1.2.14 

A function f : (X, Xi , X2 ) —* (Y, Oi , 0 2 ) is pairwise s'g - irresolute i f f ( U ) is 

Xi Xj - s g closed for each Oi Oj - s g closed set U in Y , i ^ j and i , j = 1,2. 

Example: 1.2.15 

Let X = Y = {a, b, c, d},x, = { 9 , X, {a}, {a, b}} , X2 = {(p, X, {a, b}, {a, b, c}, 

{a, b, d}} , o, = {(p, Y, {a}} ,02 = {(p, Y, {a, b}, {a, b, c}}. 
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Let f : (X, X, , X2 ) (Y, o, , 02 ) be a function defined by f (cp) = (p,f (X) = Y , 

f (a) = {b}, f (b) ={a}, f (c) = {c}, f (d) = {d}, f (a, b) = {a, c}, f (a, c) = {a, b}, 

f (a, d) = {b, c}, f (b, c) = {a, d}, f (b, d) = {b, d}, f (c, d) = {c, d}, f (a, b, c) = {a, b, d}, 

f (a, b, d) ={a, b, c} , f (a, c, d) = {a, c, d}, f (b, c, d) = {b, c, d}. Then f is pairwise 

s'g-irresolute. 

Proposition: 1.2.16 

Let f : (X, xi , X2 ) ^ (Y, 0 1 , 0 2 ) and g : (Y, oi , 02 ) ^ (Z, ^il , M.2) be two 

functions. Then 

(a) I f f and g are pairwise s'g-irresolute, then g of is pairwise s'g- irresolute. 

(b) I f f is pairwise s'g-irresolute and g is pairwise s'g-continuous, then go f is 

pairwise s'g-continuous. 

(c) I f f is pairwise g-irresolute and g is pairwise s'g-continuous, then g of is pairwise 

g-continuous. 

(d) I f f is pairwise sg-irresolute and g is pairwise s'g-continuous, then go f is 

pairwise sg-continuous. 

(e) I f f is pairwise gs-irresolute and g is pairwise s g-continuous, then gof is 

pairwise gs-continuous. 

(f) I f f is pairwise s'g-continuous and g is pairwise continuous, then gof is pairwise 

s'g-continuous. 

Proof: 

Let f : (X, xi , X2 ) -> (Y, oi , 02) and g : (Y, d , 02) -> (Z, pi , H2 ) be two 

functions. 

(a) Assume f and g are pairwise s'g-irresolute. 

To prove: gof is pairwise s'g- irresolute. 

Let U be p i pj -s'g closed set in Z, i ^ j and i , j = 1,2. 

Since g is pairwise s'g-irresolute, g (U ) is Oi oj -s'g closed in Y . 

Since f is pairwise s'g-irresolute, (go f ) " ' = f [ g (U)] is Xi xj -s'g closed in X. 

Therefore, g o f is pairwise s'g-irresolute. 

(b) Assume f is pairwise s'g-irresolute and g is pairwise s'g-continuous. 

To prove: g o f is pairwise s'g-condnuous. 
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Since g is pairwise s*g-continuous, g (U ) is Oi oj -s'g closed for each | i j -closed set U 

in Z i i and i , j = 1, 2. 

Since f is pairwise s*g-irresolute , ( g o f = f [ g ^' (U )] is Xi x j -s*g closed in X. 

Therefore, g o f is pairwise s*g-continous. 

(c) Assume f is pairwise g-irresolute and g is pairwise s* g-continuous. 

To prove: gof is pairwise g-continuous. 

Let U be n, jij - closed set in Z, i j and i , j = 1,2. 

Since g is pairwise s* g-continuous, g (U ) is Oi oj -s*g closed in Y . 

Since every Oi oj -s*g closed set is Oi oj - g closed and f is pairwise g-irresolute, 

(go f ) " ' (U)= f [ g (U )] is Xi Xj - g closed in X. 

Therefore, g o f is pairwise g-continuous. 

(d) Assume f is pairwise sg-irresolute and g is pairwise s*g-continuous. 

To prove: gof is pairwise sg-continuous. 

Let U be i^i (Xj - closed set in Z, i j and i , j = 1,2. 

Since g is pairwise s*g-continuous, g "' (U ) is Oi Oj -s*g closed in Y . 

Since every c, Oj -s*g closed set is Oi oj - sg closed and f is pairwise sg-irresolute, 

(gof (U)= f" ' [g (U )] is Xi Xj - sg closed in X. 

Therefore, g o f is pairwise sg-continuous. 

(e) Assume f is pairwise gs-irresolute and g is pairwise s*g-continuous. 

To prove: gof is pairwise gs-continuous. 

Let U be ^ i | i j - closed set in Z, i j and i , j = 1,2. 

Since g is pairwise s*g-continuous, g (U ) is Oi oj -s'g closed in Y . 

Since every Oi Oj -s'g closed set is Oi Oj - gs closed and f is pairwise gs-irresolute, 

(go f ) " ' (U) = f" ' [ g " ' (U)] is Xi Xj - sg closed in X. 

Therefore, g o f is pairwise gs-continuous. 

(f) Assume f is pairwise s'g-continuous and g is pairwise continuous. 

To prove: gof is pairwise s'g -continuous. 

Let U be p i pj - closed set in Z, i j and i , j = 1,2. 

Since g is pairwise -continuous, g " '(U ) is Oi Oj -closed in Y . 

Since f is pairwise s*g-continuous, (gof )"'(U)= f" ' [g "' (U )] is Xi Xj - s'g closed in X. 

Therefore, g o f is pairwise s g -continuous. 
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Remark:1.2.18 

The composition of two pairwise s*g-continuous functions need not be a pairwise 

s*g-continuous function. 

Example: 1.2.19 

Let X = Y = Z = {a, b, c, d}, x , = {cp, X, {a}, {a, b}} , X2 = {(p, X, {a, b}, {a, b, c}, 

{a, b, d}} , o i = {(p, Y, {a}}, 02 = {(p, Y, {a, b}, {a, b, c}} , = {(p, Z, {a}}, ^2 = {(p, X 

{a}, {b, c}}.Let f : (X, x i , X2 ) —>• (Y, o i , 02 ) be a function defined by f (cp) = (p, 

f (X) = Y , f (a) = {a, b, d}, f (b) = {c}, f (c) = {b}, f (d) = {d}, f (a, b) = {a, c}, f (a, c) 

= {a, b}, f (a, d) = {b, c}, f (b, c) = {a, d},f (b, d) = {a, b, c}, f (c, d) = {c, d}, 

f (a, b, c)= {b, d}, f (a, b, d) = {a},f (a, c, d) = {b, c, d}, f (b, c, d) = {a, c, d}. Then f is 

pairwise s'g-continuous.Let g : (Y, o i , 02 ) (Z, , )i2 ) be a function defined by 

g((p) = (p,g(Y ) =Z, g(a) = {b}, g(b) = {a}, g(c) = {d}, g(d) = {c}, g(a, b) = {a, c}, g(a, c) 

= {a, b}, g(a, d) = {a, d}, g(b, c) = {b, d}, g(b, d) = {b, c}, g(c, d) = {a, b, c}, 

g(a, b, c)= {c, d}, g(a, b, d) = {a, c, d}, g(a, c, d) = {a, b, d}, g(b, c, d) = {b, c, d}. Then g 

is pairwise s*g-continuous. But ( g o f ) " ' ({b, c, d}) = {a, c, d} is not Xi X2 - s'g closed in 

X. Hence g o f is not pairwise s*g-continuous. 

Definition: 1.2.20 

A function f : (X, Xj , X2 ) —> (Y, Oi , 02 ) is pairwise pre s'g-continuous i f 

f ' (U) is Xi Xj -s'g closed for each Oi Oj -semi closed set U in Y , i ^ ] and i , j = 1,2. 

Example: 1.2.21 

Let X = Y = {a, b, c} ,x , = { 9 , X, {a}, {b, c}} , X2 = {(p, X, {a}}, o , = {cp, Y, {c}, 

{a, b}} , 02 = {(p, Y, {c}}. Let f : (X, Xi , X2) —* (Y, Oi ,02 ) be a function defined by 

f (cp) = cp, f (X) = Y , f (a) = {a, c}, f (b) = {b},f (c) = {c}, f (a, b) ={a, b},f (a, c) = {a}, 

f (b, c) = {a, b}. Then f is pairwise pre s'g-continuous. 

Proposition: 1.2.22 

Every pairwise pre s'g-continuous function is pairwise s'g-continuous. 

But converse not true. It is shown in the following example. 
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Example: 1.2.23 

In example 1.2.16, f is pairwise s*g-continuous but not pairwise pre 

s'g-continuous. 

Theorem: 1.2.24 

Let Y be a pairwise semi Ti/ 2 -space. A fimction f : (X, Xi , X2 ) —> (Y, O i , 02 ) is 

pairwise s*g-irresolute i f it is pairwise pre s g-continuous. 

Proof: 

Let f : (X, x i , X2 ) —* (Y, oi , 02 ) is pairwise pre s*g-continuous. 

To prove: f is pairwise pre s*g-irresolute. 

Let A be Oj Oj -s'g closed in Y , i , j = 1,2 and j. 

Since every Oi Oj -s'g closed set is Oi Oj -sg closed, A is Oi Oj -sg closed in Y . 

Since Y is pairwise semi T1/2 -space and every Oj Oj -sg closed set is Oj -semi closed. 

Therefore A is Oi Oj -semi closed. 

Since f is pairwise pre s'g - continuous, f ~'(A) is XiXj -s'g closed in X. 

Hence f is pairwise s'g-irresolute. 

Definition: 1.2.25 

A fimction is f : (X, x j , X2 ) ^ (Y, 0 1 , 0 2 ) pairwise s'g-closed i f f (U ) is 

Oi Oj -s'g closed for each Xj - closed set U in X , i ^ j and i , j = 1,2. 

Definition: 1.2.27 

A fimction f : (X, Xi , X2 ) (Y, Oi , 02 ) is pairwise pre s'g-closed i f f (U ) is 

Oi Oj -s'g closed for each Xi Xj -semi closed set U in X, i ^ j and i , j = 1,2. 

Example: 1.2.28 

Let X = Y = {a, b, c} ,Xi = { 9 , X, {a}, {b, c}} , X2 = { 9 , X, {a},o,= { 9 , Y, {c}, 

{a, b}} , 02 = { 9 , Y, {c}}. Let f : (X, Xi , X2 ) ^ (Y, Oi , 02 ) be a function defined by 

f ( 9 ) = 9 , f (X) = Y , f (a) = {a}, f (b) = {b}, f (c) = {a, c}, f (a, b) ={b, c} , f (a, c) = {c}, 

f (b, c) = {a, b}. Then f is pairwise pre s'g-closed. 
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S E C T I O N -1.3 

P A I R W I S E S ' G O - C O N N E C T E D S P A C E A N D 

S ' G O - C O M P A C T S P A C E 

Definition:1.3.1 

A bitopological space ( X , xi , X2 ) is pairwise S G O -connected i f X cannot be 

expressed as the union of two nonempty disjoint sets A and B such that 

[Anxi-s'gcl(B)] u [X2 -s'gcl(A) n B] = (p. 

Definition: 1.3.2 

A bitopological space ( X , X i , X2) is pairwise S ' G O -disconnected i f X can be 

expressed as the union of two nonempty disjoint sets A and B such that 

[Anxi-s*gcl(B)] u [ x 2 -s*gcl(A) n B] = (p and X = A\B and call this pairwise 

S ' G O -separation of X . 

Example: 1.3.3 

(a) Let X = {a, b, c, d},xi = {(p, X , {a}, {a, b}} , X2 = {(p, X , {a, b},{a, b, c}, 

{a, b, d}} . Then ( X , xi , X2 ) is pairwise S ' G O - connected. 

(a) Y = {a, b, c, d}, o, = {(p, Y, {a}}, 02 = {(p, Y, {a, b}, {a, b, c}} . 

Then (Y, Oi 02 ) is pairwise S *G0 -connected. 

Theorem: 1.3.4 

The following conditions are equivalent for any bitopological space. 

(a) X is pairwise S ' G O -connected. 

(b) X cannot be expressed as the union of two nonempty disjoint sets A and B such 

that A is xi -s'g open and B is X2 -s'g open. 

(c) X contains no nonempty proper subset which is both X j -s'g open and X2 -s'g 

closed. 

Proof: 

(a) => (b) 

Assume that X is pairwise S ' G O -connected. 
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To prove: 

X cannot be expressed as the union of two nonempty disjoint sets A and B such 

that A is Ti -s*g open and B is -s*g open. 

Assume that X can be expressed as the union of two nonempty disjoint sets A and B such 

that A is Ti -s*g open and B is X2 -s*g open. 

Then A f l B = cp. 

Hence, A c B^ . 

Then Xa -s*gcl(A)c T2 -s'gcl(B^ ) = B^ . 

Therefore, T2 -s*gcl(A) fl B = (p. 

Similarly, ACiXi -s*gcl(B) = (p. 

Hence [A f l T, -s'gcl(B)] u [X2 -s*gcl(A) n B] = cp. 

This is a contradiction to the fact that X is pairwise S 'GO -connected. Therefore, X 

cannot be expressed as the union of two nonempty disjoint sets A and B such that A is 

Xi -s*g open and B is X2 -s*g open. 

(b) =>(c) 

Assume that X caimot be expressed as the union of two nonempty 

disjoint sets A and B such that A is Xi -s*g open and B is X2 -s*g open. Assume that X 

contains a nonempty proper subset A which is both Xi -s g open and X2 -s g closed. 

Then X = A u A'^ where A is xi -s*g open, A*̂  is X2 -s'g open and A, A*̂  are disjoint. 

This is the contradiction to our assumption. 

Therefore, X contains no nonempty proper subset which is both Xi -s*g open and X2 -s g 

closed. 

(c) =>(a) 

Assume that X contains no nonempty proper subset which is bothxi -s*g open and 

X2 -s*g closed. 

Suppose that X is pairwise S G O -discormected. 

Then X can be expressed as the union of two nonempty disjoint sets A and B such that 

[A n xi -s*gcl(B)] u [X2 -s*gcl(A) n B] = (p. 

Since A fl B = (p, A =B*̂  and B = A*̂  . 

Since X2 -s'gcl(A) H B = (p, X2 -s*gcl(A)cB ^ . 

HteMce X2 -s*gcl(A)cA. 
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Therefore, A is 12 -s g closed. 

Similarly, B is T I -s*g closed. 

Since A = B* ,̂ A is TI -s*g open. 

Therefore, there exists a nonempty proper set A which is both T I -S g open and 

X2 -s*g closed. 

This is the contradiction to our assumption. 

Therefore, X is pairwise S *G0 -connected. 

Theorem: 1.3.5 

I f A is pairwise S *G0 -connected subset of a bitopological space ( X, T I ,T2) 

which has the pairwise S*GO -separation X = C\D, then A c C or A c D. 

Proof: 

Suppose that (X, Xi , T2 ) has the pairwise S *G0 -separation X = CVD. 

Then X = C u D where C and D are two nonempty disjoint sets such that 

[C nxi -s*gcl(D)] u [X2 -s'gcl(C) n D] = 9. 

Since C fl D = (p, C = D*̂  and D = C*̂  . 

Now, 

[(c nA)nxi -s *gci(DnA)] Y[X2 -S *gci(c nA)n(DnA)] 

c [C nx,. s 'g cl(D)] Y[X2 -s*gcl(C) n D] 

= (p. 

Hence A = (C fl A)\(D fl A) is pairwise S *G0 -separation of A. 

Since A is pairwise S *GO -connected, either (C flA) = 9 or (D f lA) = (p. 

Hence, A c C ̂  or A c D*̂  . 

Therefore, A c C or A c D. 

Theorem: 1.3.6 

I f A is pairwise S*GO -connected and A c B c x i -s*gcl(A) H X2 -s'gcl(A) then B 

is pairwise S GO -connected. 

Proof: 

Let A be pairwise S *G0 -connected and A c B c x i -s *gcl(A) fl X2 -s *gcl(A) 
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To prove: 

B is pairwise S *G0 -connected. 

Suppose that B is not pairwise S *G0 -connected. 

Then B = C u D where C and D are two nonempty disjoint sets such that 

[C n i , -s* gcl(D)] u [T: -S 'gci(C)nD] = cp. 

Since A is pairwise S *G0 -connected. A c C or A c D. 

Suppose A c C . 

Then D c D n B c D n T 2 - s *gcl(A)eD n to -s *gci(C) = (p. Therefore, cp cDccp. 

Hence. D = cp. 

Similarly, we can prove C = cp if A c D {by Theorem i .3.5} 

This is the contradiction to the fact that C and D are nonempty. 

Therefore. B is pairwise S *G0 -connected. 

Theorem: 1.3.7 

The union of any family of pairwise S*GO -connected sets having a nonempty 

intersection is pairwise S GO -connected. 

Proof: 

Let A =1) A, where each A, is pairwise S GO connected with nA.^^ cp. and I is 

an index set. 

Assume that A is not a pairwise S *G0 -connected set. 

Then A = C u D. where C and D are two nonempty disjoint sets such that 

[Cnt i -s ' gci(D)] u [T2 -s*gcl(C) n D] = (p. 

Since A, is pairwise S *G0 -connected and A, c A, Aj c C or A, c D 

Therefore U ( A | ) c C o r u ( A , ) c D . 

Hence. A c C or A c D. 

Since PlA, ^ (p. let xe flA, . 

Therefore, xe A, for all i. 

Hence, X€ A. Therefore, xe C or X G D . 

Suppose xeC. 

Since C n D = cp. x ^ D . 
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Therefore. A cz D. Therefore. A c C. 

Therefore. A is not pairwise S GO -connected. This shows that A is pairwise 

S GO -connected. 

Definition: 1.3.8 

A nonempty collection = [A, . ie I . an index set) is called a painvise s*g-opcn 

cover of a bitopological space (X. xi . T2 ) if X = UA, and 

C C T | - S *G0 (X. I ] . T2 ) u 12 - S*GO (X. T| . T2 ) and C contains at least one member of 

Ti - S *G0 (X. T | . T2 ) and one member of 12 - S 'GO (X. T | . T2 ) . 

Definition: 1.3.9 

A bitopological space (X. xi , 12 ) is pairwise S*GO -compact if every pairwise 

s*g-open cover of X has a finite subcover. 

Definition: 1.3.10 

A set A of a bitopological space (X. T I . 12 ) is pairwise S G O compact relative 

to X if every pairwise s*g-open cover of B by has a finite subcover as a subspace. 

Example: 1.3.11 

Let X = |a. b. c. d j .T , = {9. X. |a|. |a, b | | . i2=|(p. X. (a. b]. [a. b. c}. 

[a. b.dlJ.Let C=|!aj.[a. b j . ja. b. c j . la. b. d| . Then (X. T | . T2 ) is pairwise 

S*GO -compact. 

Theorem: 1.3.12 

Every pairwise s*g-compact space is pairwise compact. 

Proof: 

Let (X. i | . 12 ) be pairwise S GO -compact. 

Let C = {A, . ie L an index setj be a pairwise open cover of X. 

Then X = U A, and C c x i U T 2 and C contains at least one member of xi and one member 

of x^ . 

27 



Since every x, -open set is x, -s g open, X = U A, and 

c xi - S *G0 (X. xi . X 2 ) U X 2 - S*GO (X. Xi . X2 ) and C contains at least one member of 

X| - S*GO (X. X| . X 2 ) and one member of X2 -S*GO (X. X| . X 2 ) . 

Therefore. C is the pairwise s*g-open cover of X. 

Since X is pairwise S GO -compact. ^ has the finite subcover. 

Therefore X is pairwise compact. 

Theorem: 1.3.13 

Let f : (X. X| . X2 ) —»(Y. 0 | . 02 ) be a pairw ise continuous, bijective and pairwise 

pre semi closed. Then the image of a pairw ise S*GO -compact space under f is pairwise 

S* GO -compact. 

Proof: 

Let f : (X. X| . X2 ) ^ (Y. 0 | . 02 ) be pairwise continuous surjection and pairwise 

pre semi closed. 

Let X be pairwise S *G0 -compact. 

Let C, = { A , . IG L an index set} be a pairwise s*g-open cover of Y . 

Then Y = U A, and c o i -S *G0 (Y. 0 | . 0 2 ) u a 2 - S *G0 (Y. Oi , 02 ) and contains at 

least one member of Oi -S*GO (Y. oi . 0 2 ) and one member of 02 - S *G0 (Y. Oi . 02 ) . 

Therefore. X = f"' IU (A,) ] = Uf" ' (A, ) and 

f (Q c X| - S *G0 (X. X| . X2 ) U X 2 - S *G0 (X. Xi . X2 ) and f ' (0 contains at least 

one member of Xi - S *G0 (X. xi . X2 ) and one member of X2 - S GO (X. X| . X2 ) . 

Therefore f (Q is the pairwise s* g-open cover of X. 

Since X is pairwise S GO -compact. X = U f '(A, ). i = I to n. 

^ Y = f (X )=U (A, ). i = I to n. 

Hence 1̂  has the finite subcover. 

Therefore Y is pairwise S*GO -compact. 

Theorem: 1.3.14 

If Y is X] -s* g closed subset of a pairwise S*GO -compact space (X. X| . X2 ). then 

Y is X2 - S* GO compact 
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Proof: 

Let (X, xi , T2 ) be a pairwise S*GO -compact space. 

Let ^ = { A i , ie L an index set} be a X2 -s*g open cover of Y . 

Since Y is T I -s*g closed subset, Y* îs xi -s*g open. 

Hence ^ u Y = Y u { A i , i e L an index set} will be a pairwise s g-open cover of X. 

Since X is pairwise S GO -compact, X = Y u Ai u u An . 

Hence Y = Ai u u An . 

Therefore Y is X2 - S *G0 compact. 

SECTION -1.4 

(X, , X2) * -SEMI STAR GENERALIZED CLOSED 

SETS AND OPEN SETS 

Definition: 1.4.1 

A set A of a bitopological space (X, Xi , X2 ) is called (xi , X2) * -semi star 

generalized closed { ( x i , X2) * -s *g closed } i f xi X2 -cl(A) c U whenever A c U and U is 

(i^i , '^2) -semi open in X. 

Example:1.4.2 

Let X = {a, b, c}, X, = { (p , X, {a}}, Xj ={ cp , X {b}}. Then cp , X, {c}, {a, c}, 

{b, c} are (xi , X2) * -s*g closed and {a}, {b}, {a, b} are not (xj , X2) * -s*g closed. 

Theorem: 1.4.3 

Let (X, xi ,X2) be a bitopological space and A c X . Then the following statements 

are true. 

( a ) I f A is Xi X2 -closed,- then A is (xi , X2) * -s 'g closed. 

( b ) I f A is (xi , X 2 ) ' -semi open and (xi , X2) * -s *g closed, then A is Xi X2-closed . 

( c ) I f A is (xi , X2) * -s *g closed, then A is (xi , X 2 ) ' -g closed. 

( d ) I f A is (xi , X2) * -s *g closed, then A is (xi , X 2 ) ' -sg closed. 

( e ) I f A is (xi , X 2 ) ' -s 'g closed, then A is (xi , X 2 ) ' -gs closed. 
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Proof: 

( a ) Assume A is Xi X2-cIosed. 

To prove: A is (xi , X2) * -s *g closed 

Let A c U and U is (xi , X2) -semi open in X. 

Since A is xi X2-closed, Xi X2-cl(A) = A c U . 

Therefore A is (xi , X2) * -s 'g closed. 

( b ) Assume A is (xj , X 2 ) ' -semi open and (xi , X2) * -s *g closed. 

To prove: A is xj X2 -closed 

Since A c A , A is (xi , X2)* -semi open. 

And A is (xi , X 2 ) ' -s *g closed, xi X2-cl(A)c A. 

Always A c x i X2-cl(A). 

Therefore Xi X2-cl(A) = A. 

( c ) Assume A is (xj , X2) * -s *g closed. 

To prove: A is (xi , X 2 ) ' -g closed. 

Let A c U and U is xi X2-open in X. 

Since U is Xi X2-open in X, U is (x i , X2) * -semi open in X. 

Since A is (xi , X 2 ) ' -s* g closed, xi X2 -cl(A) c U . 

Hence A is (xi , X2) * -g closed. 

( d ) Assume A is (xi , X2) * -s *g closed. 

To prove: A is (xi , X2) * -sg closed. 

Let A c U and U is (xi , X2) * -semi open in X. 

Then, xj X2 - c l (A)cU. 

Hence Xi X2-scl(A)cU . 

Therefore A is (xi , X2) * -sg closed. 

( e ) Assume A is (xi , X2) * -s 'g closed. 

To prove: A is (xi , X2) * -gs closed. 

Let A c U and U is Xi X2-open in X. 

Since U is X] X2 -open in X, U is (xi , X 2 ) ' -semi open in X. 

Since A is (xi ,X2) * -s *g closed, X| X2-cl(A)cU . 

Hence , Xi X2-scl(A)c XiX2-cl(A) 
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Xl X2-SCl(A) C Xi X2-cl(A) c U . 

Hence A is (xi , X2) * -gs closed. 

Remark: 1.4.4 

The converses of the above theorem need not true. 

Example: 1.4.5 

In example 1.4.2, {c} is ( x i , X2 ) * -s *g closed but not xi X2-closed. {a, b} is 

(TI , ^2) * -g closed, (xi , X2) * -gs closed but not (xi , X 2 ) ' -s *g closed, {b} is (xi , X2)' -sg 

closed, (x i , X 2 ) ' -gs but not (x i , X2) * -s 'g closed. 

Remark: 1.4.6 

In a bitopological space ( X , Xi , X2) , (xi , X2) * -s *g closed sets and (xi , X2) * -semi 

closed sets are independent. 

Example: 1.4.7 

In example 1.4.2, {b} is (xi , X2 ) * -semi closed, but not (xi , X 2 ) ' -s *g closed. 

Example: 1.4.8 

Let X = {a, b, c}, Xi = { 9 , X , {a, b}} , X2 ={ (p , X } . Then {a, c} is 

(1^1, 1̂ 2, ) * -s *g closed , but not (xi , X2) * -semi closed in ( X , Xi , X2). 

Remark: 1.4.9 

Xl X 2 - closed => (xi , X2) * -semi closed 

(t i > ^2) * -s *g closed => (xi , X2) *-sg closed 

(i^i , ^2) * -g closed => (xi , X2) * -gs closed 

Theorem 1.4.10 

I f A is (xi , X2) * -s*g closed in X and A c B c x i X2 -cl(A), then B is (xi , X2) * -s 'g 
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closed. 

Proof: 

Assume that A is (xi , X2) * -s*g closed m X and A c B c x i X2 -cl(A). 

To prove: B is (xi , X2) * -s*g closed. 

Let B c U and U is (xi , X2) * -semi open in X. 

Since A c B and B c U , A c U and as A is (xi , X2) * -s*g closed . xi X2 -cl(A) c U . 

Since B e x i X2 -cl(A), xi X2 -cl(B)cxi X2 -c l (A)cU . 

Therefore, B is (xi , X 2 ) ' -s*g closed. 

Proposition: 1.4.11 

I f A and B are (x i , X2) * -s*g closed sets then so is A u B . 

Proof: 

Let A and B are (x i , X2) * -s*g closed sets. 

To prove: A u B is (x i , X2) * -s*g closed set. 

Let U be (xi , X2) * -semi open in X and A u B c U . 

Then A c U a n d B c U . 

Since U is (xi , X2) * -semi open in X and A and B are (xi , X2) * -s*g closed sets, 

xi X2 - c l (A)cU and Xi X2 -c l (B)cU . 

Therefore { xi X2 -cl(A)} u { xi X2 -cl(B)} c U . 

Hence Xi X2 -{cl(AuB)} c U . 

Therefore A u B is (xi , X2) * -s*g closed. 

Remark: 1.4.12 

The converse of the above proposition need not true. 

Example: 1.4.13 

In example 1.4.2, Let A = {b} and B = {c}. Then A u B = {b, c} is 

(T^I , ^2) * -s*g closed , B is (xi , X2) * -s*g closed but A is not (xi , X2) * s*g closed. 

Remark: 1.4.14 

The following example shows that A fl B is (xi , X2) * -s*g closed even i f A and B 

32 



are not (xi , X2) -s g closed. 

Example: 1.4.15 

In example 1.4.2, let A = {a} and B = {b}. Then Af lB = cp is (xi , X 2 ) ' -s *g closed 

but A and B are not (xi , X 2 ) ' -s *g closed. 

Theorem: 1.4.16 

A set A is (TI , X2) * -s *g closed in X i f and only i f Xi X2-cl(A)-A contains no 

nonempty (xi , X2) -semi closed set. 

Proof: 

Let A be (x i , X2) * -s 'g closed in X. 

To prove: Xi X2-cl(A)-A contains no nonempty (xi , X2) * -semi closed set. 

Let F be (xi , X2) * -semi closed such that F c Xi X2-cl(A) - A. 

Since F is (xi , X2) * -semi closed, F^ is (xi , X2) * -semi open. 

Since F c x i X2-cl(A) - A, AeF*^ and F c x i X2-cl(A) (1) 

Since A is (xi , X2) -s g closed in X, Xi X2-cl(A) c F 

Therefore, F c { x i X 2 - c l ( A ) } ^ (2) 

From (l)and(2), 

F c 9 implies that F = cp. 

Hence xj X2-cl(A) - A contains no nonempty (xi , X2) * -semi closed set. 

Conversely, 

Assume that xi X2-cl(A) - A contains no nonempty 

(T^I , ^2 ) * -semi closed set. 

Let A c U and U is (xi , X2) * -semi open in X. 

Suppose that Xi X2-cl(A) ct U . 

Then xi X2-cl(A) (1 U*^ ?t (p. 

S i n c e A c U , U ^ c A ^ . 

Therefore, x, X2-cl(A) 0 U'^c xj X2-cl(A) n A*̂  = xj X2-cl(A) - A. 

Since U is ( Xi , X2 ) -semi open in X, U is (xi , X2) -semi closed in X. 

Hence x\ X2 -cl(A) H U is (xi , X2) -semi closed in X. 

This is the contradiction to the fact that Xi X2 -cl(A) - A contains no nonempty 
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(xi , X2) -semi closed set. 

Therefore,Xi X2 -cl(A) ^ U . 

Hence A is (x i , X2) * -s 'g closed in X. 

Theorem: 1.4.17 

I f A is (xi , X2) * -s*g closed and A c B e xi X2 -cl(A) then Xi X2 -cl(B) - B 

contains no nonempty (xi , X2) * -semi closed set. 

Proof: 

Let A be (xi , X2)* -s*g closed and A c B c Xi X2 -cl(A). 

By theorem 1.4.11, B is (xi , X2) * -s' g closed. 

By theorem 1.4.17, xi X2 -cl(B) - B contains no nonempty (xi , X2) * -semi closed set. 

Theorem: 1.4.18 

For each xeX, the singleton {x} is either (xi , X2) * -semi closed or (xi , X2) ' -

s*g open. 

Proof: 

Le txeX 

Suppose that {x} is not (X| , X2)* -semi closed. 

Then X - {x} is not (xi , X2) * -semi open. 

Hence X is the only (xi , X2) * -semi open set containing the set X - {x}. 

Therefore, X - {x} is (xi , X2) -s g closed. 

Definition: 1.4.19 

A set A is called (xi , X2) * -semi star generalized open {( Xi , X2) * s 'g open} i f 

and only i f A*̂  is (xi , X2) * -s *g closed. 

Example: 1.4.20 

In example 1.4.2, (p , X, {a}, {b}, {a, b} are (xi , X2)* -s*g open and {c}, {a, c}, 

{b, c} are not (xi , X2) * -s *g open. 
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Theorem: 1.4.21 

A set A is (xi , X2) * -s *g open i f and only i f F c x j X2 -int(A) whenever F is 

("Ci , ^2) * -semi closed and F c A. 

Proof: 

Let A be (xi , X 2 ) ' -s 'g open. 

Let F be (x i , X2) * -semi closed and F e A. 

To prove: F c x i X2 -int(A) 
c * c c As F is (xi , X2) -semi open and A c F . 

Since A*̂  is (xi , X2) * -s *g closed, Xi X2 -cl(A*^ ) c F*̂  

Since Xi X2 -cl(A^ ) = [xi 12 -mt(A)]'^, 

[x,X2 -int(A)f c F^. 

Hence F c Xi X2 -int(A). 

Conversely, 

Assume that F c Xi X2 -int(A) whenever F is (xi , X 2 ) ' -semi closed and F c A. 

To prove: A is (xi , X2) * - s *g open. 

As A c F and F is (xi , X2) -semi open and 

Since F e Xi X2 -int(A), [xi X2 -intCA)]"^ c F"^. 

Since xj X2 -c\{A^ ) = [x, X2 -int(A)]^ , Xi X2 -cl(A^ ) c F^. 

Therefore, A*̂  is (xi , X2) * -s *g closed. 

Hence A is ( Xi , X 2 ) ' -s *g open 

Remark: 1.4.22 

Every X1X2 -open set is (xi , X2) * -s 'g open but the converse need not be true. 

Example: 1.4.23 

In example 1.4.2, {a, b} is (xi , X2) * -s g open, but not Xi X2 -open. 

Remark: 1.4.24 

(xi , X 2 ) ' -s *g open sets and (xi , X2) * -semi open sets are independent. 
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Example: 1.4.25 

In example 1.4.2, {a, c} is (xi , X 2 ) ' -semi open, but not (xi , X2) * -s *g open. 

Theorem: 1.4.26 

If A and B are (xi , X 2 ) ' -s 'g open sets such that Xi X2 -cl(A) f l B = A flxi X2 -cl(B) 

= (p then A u B is (xi , X 2 ) ' -s *g open. 

Proof: 

Let F be (xi , X2) * -semi closed and F c A u B. 

Then, F H x, X2 -cl(A) c ( A u B ) Hxi X2 -cl(A) 

= {An X, X2 -cl(A)} u {B n xi X2 -cl(A)} 

= Aucp 

= A. 

Therefore, F f l xi X2 -cl(A)cA. 

Similarly, F H Xi X2-cl(B)cB. 

Since F is (xi , X2) ' -semi closed, F f l xi X2 -cl(A) and F f l xj X2 -cl(B) are (xi , X2) * -semi 

closed. 

Since A and B are (x i , X2) * -s*g open, 

F n xi X2 -cl(A)cxi X2 -int(A) and F H Xj X2 -cl(B) c Xi X2 -int(B). 

F = F n ( A u B ) 
= (F n A) u (F n B) 

c {F n X, X2 -cl(A)} u {F n xi X2 -cl(B)} 

c { xi X2 -int(A)} u { xi X2 -int(B)}. 

Therefore, F c Xi X2 -int(AuB). 

Hence A u B is (xi , X2) * -s'g open. 

Theorem: 1.4.27 

I f A is (xi , X2) * -s*g open in X and Xi X2 - in t (A)cBeA, then B is (xi , X2) * -s'g 

open. 

Proof: 

Let A be (xi , X2) * -s *g open in X and Xi X2 -int(A) c B c A. 
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To prove: B is (xi , X2) -s g open. 

A^ 

Let B c U and U is (xi , X2) -s g open in X. 

Then A*^ is (xi , X2) * -s*g closed in X and A*^ c B"^ Xi X2 -C1(A'^). 

SinceA^eB^ and B ^ e U , A ' ^ e U 

Therefore, Xi X2 -cl(A*^)cU ( since A*̂  is (xi , X 2 ) ' -s*g closed) 

Since xj X2 -cl(B^)cxi X2 -cl(A*^)cU , B*̂  is (xi , X2) * -s'g closed. 

Therefore, B is (xi , X2) * -s'g open. 

Theorem: 1.4.28 

A set A is (xi , X 2 ) ' -s'g closed in X i f and only i f xi X2 -cl(A) - A is (xi , X 2 ) ' -s'g 

open. 

Proof: 

Assume that A is (xi , X 2 ) ' -s'g closed m X. 

To prove: Xi X2 -cl(A) - A is (xi , X 2 ) ' -s'g open. 

Let F be (xi , X2) * -semi closed and F c xi X2 -cl(A) - A. 

Since A is (xi , X2) * -s'g closed in X, Xi X2 -cl(A) - A contains no nonempty 

(xi , X 2 ) ' -semi closed set. 

Since F c x i X2 -cl(A) - A, F = cp c x i X2 -int[xi X2 -cl(A) - A] . 

Therefore, Xi X2 -cl(A) - A is (xi , X 2 ) ' -s'g open. 

Conversely, 

^ Assume that Xi X2 -cl(A) - A is (x i , X 2 ) ' -s'g open. 

Suppose that U is (xi , X 2 ) ' -semi open and A c U . 

Since A c U , U ̂  c A^ . 

Therefore, x, X2 -cl(A) 0 U ̂  c Xi X2 -cl(A) f l A"^ = Xi X2 -cl(A) - A. 

Since U is (xj , X 2 ) ' -semi open in X, U *̂  is (xi , X2) * -semi closed in X. 

Since Xi X2 -cl(A) is (xi , X 2 ) ' -semi closed in X and U *̂  is (xi , X 2 ) ' -semi closed in X, 

[(xi X2 -cl(A)] n U *̂  is (xi , X2) * -semi closed in X. 

X, X2 -cl(A) n U c Xl X2 -mt[xi X2 -cl(A) - A] 

= Xl X2 -int[xi X2 -cl(A) fl A*̂  ] 

= (p . { Since Xi X2 -cl(A)-A is (xi , X2) * -s'g open }. 
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Hence Xi X2 -cl(A) c U . 

Therefore, A is (xi , X2) '-s*g closed . 

SECTION-1.5 

(1,2)* -SEMI STAR GENERALIZED CONTINUOUS FUNCTIONS AND 

PAIRWISE SEMI STAR GENERALIZED Ts -SPACES 

Definition: 1.5.1 

A map f : X —» Y is called (1, 2) * -s*g continuous i f the inverse image of 

0102 -closed set in Y is (xj , X2 ) * -s *g closed in X. 

Definition: 1.5.2 

A map f : X —> Y is called (1, 2) * -s*gc irresolute i f the inverse image of 

(<7i ,02 ) * -s*g closed set in Y is (xi , X2 ) * -s*g closed in X. 

Definition:1.5.3 

A map f : X ̂  Y is called (1,2)* -s*g closed i f the image of Xi X2 -closed set in X 

is (o i , 02 ) * -s*g closed in Y. 

Theorem: 1.5.4 

(a) The composition of two (1, 2) * -s*gc irresolute functions is (1, 2) * -s*gc 

irresolute,i.e., i f f, g are (1 ,2) ' -s*gc irresolute, then gof is also (1,2)* -s*gc irresolute 

(b) I f f is (1, 2) * -s*gc irresolute and g is (1, 2) * -s'g continuous, then gof is also 

(1,2)* -s*g continuous. 

Proof: 

(a) Let f : (X, xj , X2) (Y, oi , 02) and g : (Y, Oi , 02) (Z, m , ^2) be two 

(1,2) -s gc irresolute functions. 

To prove: g o f is (1, 2) * -s*g continuous. 

Let V be a ( | i i , |i2 ) * -s*g closed in Z. 

Since g is (1, 2) * -s'gc irresolute, g (V ) is (oi , 02) * -s*g closed in Y 

38 



Since f is ( 1 , 2) * -s*gc irresolute, f * [g ' (V )] = ( g o f ) * (V ) is (xi , X2 ) * -s*g closed in 

X. 

Therefore, gof is ( 1 , 2) * -s*gc irresolute. 

(b) Let f : (X, Xi , X2) (Y, a , , 0 2 ) be ( 1 , 2) * -s*gc irresolute g : (Y, oi , 02) 

(Z, pi , P2) be ( 1 , 2) * -s'g continuous 

To prove: gof is ( 1 , 2 ) ' -s*gc irresolute 

Let V be a pi p2 - closed in Z. 

Since g is ( 1 , 2) * -s*g continuous, g (V ) is (oj , 02) * -s'g closed in Y Since f is 

(1 ,2)* -s*gc irresolute, f [ g (V )] = (gof ) " ' (V ) is (x, , X2) * -s' g closed in X. 

Therefore, gof is ( 1 , 2) * -s*g continuous, 

(since oi 02 closed is ( o i , 02) * -s*g closed. ) 

Remark: 1.5.5 

The composition of two (1 ,2 )* -s'g continuous functions need not be ( 1 , 2) ' -s g 

continuous 

Example: 1.5.6 

Let X = {a, b, c}, xi = { (p , X, {a}, {b, c}} , X2 = { cp , X, {a}, {a, b}} . Let 

Y = {a,b, c} ,o , = { ( p , Y , { a } } , a 2 = { ( p , Y , {b, c}} .Le tZ= {a, b, c}, p, = { (p, Z, {c}} , 

P2 = { (p, Z}. Let f : (X, xi , X2 ) ^ (Y, O i , 02 ) and g : (Y, Oi , 02 ) ^ (Z, pi , P2 ) be the 

identity maps. Then f and g are ( 1 , 2)' -s'g continuous maps but gof is not ( 1 , 2 ) ' -s'g 

continuous. 

Theorem: 1.5.7 

Every ( 1 , 2) -continuous fimction is ( 1 , 2 ) ' -s *g continuous. 

Proof: 

Let f: (X, Xi , X2 ) (Y, Oi , 02 ) be a ( 1 , 2) ' -continuous fimction and let V be 

Oi 02 -closed set in Y. 

To prove: f is ( 1 , 2) *- s 'g continuous 

Since f is a ( 1 , 2) * -continuous function, f (V ) is X] X2 -closed in X. 
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Since every Xi X2 -closed set is (xi , X2) * -s ' g closed, f ' (V ) is (xi , xa ) ' - s ' g closed in 

X. 

Therefore, f is (1,1) -s *g continuous. 

Remark: 1.5.8 

The converse of the above theorem need not be true. 

Example: 1.5.9 

Let X = {a, b, c} , X, = { 9 , X , {a, b } } , X2 = { cp, X } . Let Y = {a, b, c} , 

oi = { (p, Y, { a } } , 02 = { 9, Y } . Let f : (X, xi , X2) (Y, 0 1 , 0 2 ) be the identity map. 

Then the fiinction f is (1 , 2 ) ' -s ' g continuous,but not ( 1 , 2 ) ' -continuous. 

Theorem: 1.5.10 

(a) Every (1,2)* -s*g continuous fiinction is (1 , 2 ) ' -g continuous. 

(b) Every (1,2)* -s*g continuous function is (1 , 2) * -sg continuous. 

(c) Every (1,2)* -s*g continuous fiinction is (1 , 2) *-gs continuous. 

Proof: 

(a) Let f : (X, Xi , X2 ) —>• (Y, Oi , 02 ) be a (1 , 2) * -s*g continuous function. 

To prove: f is (1 , 2) * -g continuous. 

Let V be a Oi 02 -closed set in Y. 

Since f is a (1 , 2) * -s*g continuous fimction, f ~* (V ) is (xi , X2 ) * -s*g closed in X. 

Since every ( x i , X2) * -s*g closed set is ( x i , X2) * -g closed, f ~' (V ) is (xj , X2) * -g closed in 

X. 

Therefore, f is (1, 2) -g continuous. 

(b) Let f : (X, Xi , X2 ) —»(Y, Oi , 02 ) be a (1 , 2) * -s'g continuous fiinction. 

To prove: f is (1 , 2) *-sg continuous. 

Let V be a Oi 02 -closed set in Y . 

Since f is a (1, 2) * -s*g continuous function, f (V ) is (xi , X2 ) * -s*g closed in X. 

Since every (xi , X2) * -s*g closed set is (xi , X2) * -sg closed, f ~* (V ) is (xi , X2) * -sg closed 

in X. 

Therefore, f is (1 , 2) * -sg continuous. 
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(c) Let f : (X, Ti , T2 ) —>• (Y, a i , 02 ) be a (1 , 2) -s g continuous function. 

To prove: f is (1 , 2) * -gs continuous, 

Let V be a oi 02 -closed set in Y. 

Since f is a (L 2) * -s*g continuous function, f ( V ) is ( x i , X2 ) * -s'g closed in X. 

Since every (xi , X2) -s g closed set is (xi , X2) -g closed, and also every (xi , X2) -s g 

closed set is (xi , X2) * -gs c l o s e d , f ( V ) is (xi , X 2 ) ' -gs closed in X . 

Therefore, f is (1 , 2) * -gs continuous. 

Remark: 1.5.11 

The converse of the above theorem need not be true. 

Example: 1.5.12 

Let X = {a, b, c} , X, = { (p , X , { a } } , X2 ={ cp, X, { b } } . Let Y = {a, b, c} , 

oi = {(p, Y, { c } } , 02 = { cp, Y } . Let f : (X, xi , X2 ) —> (Y, oi , 02 ) be the identity map. 

Then f is (1, 2) * -g continuous and (1,2)* -gs continuous, but not (1,2)* -s*g continuous. 

Example: 1.5.13 

Let X = {a, b, c} , xi = {(p, X, {a}, { b } , {a, b } } , X2 = {(p, X } . Let Y = {a, b, c} , 

oi = { cp , Y, { a } } , 02 = { (p, Y, {b, c } } . Let f : (X, xi , X2) - > (Y, a, , 02) be the identity 

map.Then f is (1 , 2 ) ' -sg continuous, but not (1,2)* -s*g continuous. 

Theorem: 1.5.14 

Every (1,2)* -s*gc irresolute map is (1,2)* -s*g continuous map. 

Remark: 1.5.15 

The converse of the above theorem need not be true. 

Example: 1.5.16 

Let X = {a, b, c} , xi = { (p , X , {a}, {b, c } } , X2 = { (p, X, {a}, {a, b } } . Let 

Y = {a, b, c} , o, = {(p, Y, { a } } , 02 = 1 (p, Y, {b, c } } . Let f : (X, x, , X2 ) - (Y, a, , 02) be 

the identity map. Then the function f is (1 , 2) ' -s*g continuous, but not (1, 2) -s gc 
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irresolute. 

Remark: 1.5.17 

(1,2)* -gsc irresolute (1,2)* -s*gc irresolute (1,2) -sg continuous 

(1 , 2) *-gs continuous — (1,2) -s g continuous (1,2) -semi continuous 

(1,2)*-gc irresolute • (1,2) -g continuous^ (1,2) -continuous 

Theorem: 1.5.18 

(a) Every (1 , 2)* -s *g closed function is (1,2)* -g closed, 

(b) Every (1 , 2) * -s *g closed function is (1, 2) * -sg closed, 

(c) Every (1 , 2) * -s*g closed fimction is (1 , 2) * -gs closed. 

Proof: 

(a) Let f : (X, Ti , T2 ) —» (Y, Oi , 02 ) be a (1 , 2) * -s *g closed function. 

To prove: f is ( 1 , 2) * -g closed 

Let V be a Ti X2 -closed set in X. 

Since f is a (1 , 2)* -s*g closed function, f (V ) is (oi , 02 ) ' -s*g closed in Y . 

Since every (oi , 02 ) * -s *g closed set is (oi , 0 2 ) * -g closed, f (V ) is (oi , 02) * -g closed 

i n Y . 

Therefore, f is (1 , 2) * -g closed. 

(b) Let f : (X, T i , T2 ) ^ (Y, oi , 02 ) be a (1 , 2 ) ' -s *g closed function. 

To prove: f is (1 , 2)* -sg closed 

Let V be a Ti T2 -closed set in X. 

Since f is a (1 , 2) * -s*g closed function, f (V ) is (oi , 02 ) ' -s'g closed in Y . 

Since every (oi , 02 ) * -s*g closed set is (oj , 02 ) ' -sg closed, f (V ) is (oi , 02) * -sg 

closed in Y . 

Therefore f is (1 , 2) -g closed. 

(c) Let f : (X, T] , X2 ) ^ (Y, Oi , 02 ) be a (1 , 2 ) ' -s'g closed function. 
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To prove: f is (1 , 2) -gs closed 

Let V be a xi X2 -closed set in X. 

Since f is a (1 , 2) * -s*g closed function, f (V ) is ( o i , 02 ) * -s*g closed in Y . 

Since every (oi , 02 ) * -s*g closed set is (oi ,02)* -gs closed, f (V ) is (oi , 02) * -gs 

closed in Y . 

Therefore, f is ( 1 , 2 ) ' -gs closed. 

Remark: 1.5.19 

The converse of the above theorem need not be true. 

Example: 1.5.20 

Let X = {a, b, c} , Ti = { (p , X, {a, b } } , 12 = { 9, X } . Let Y = {a, b, c} , 

oi = { 9, Y, { a } } , 02 ={ (p, Y } . Let f : (X, Xi , T2 ) ^ (Y, O) , 02 ) be the identity map. 

Then the function f is (1, 2) * -g closed, (1 , 2) * -sg closed and (1 , 2) * -gs closed, but not 

(1 , 2 ) ' -s'g closed. 

Definition: 1.5.21 

A space (X, x j , X2) is a pairwise semi star generalized Ts -space (simply, 

pairwise s*g-Ts space ) i f every (xi, X2) * -s 'g closed set in (X, x i , X2) is xiX2-closed. 

Theorem: 1.5.22 

I f X is pairwise s*g-Ts space, every singletone is either (xi , X2 ) * -semi closed or 

xi X2 -open. 

Proof: 

Let X be pairwise s*g-Ts space. 

To prove: Every singletone is either (xi , X2 ) * -semi closed or Xi X2 -open. 

Suppose {x} is not a (xi , X 2 ) ' -semi closed subset for some x e X . 

Then, X - { x } is not (xi , X2) * -semi open. 

Hence X is the only (xi , X2) * -semi open set containing X - { x } . 

Hence X - { x } is (xi , X2)* -s*g closed. 

Since (X, xi , X2) is pairwise s'g-Ts space, X - {x} is z\ X2 -closed. Thus {x} is Xi X2 open. 
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