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CHAPTER 4
FUZZY n-INNER PRODUCT SPACE AND
INTUITIONISTIC FUZZY n-INNER PRODUCT SPACE

In this chapter the notion of fuzzy n-inner product space and intuitionistic fuzzy
n-inner product are discussed.

In section one of chapter 4, n-inner product space and fuzzy n-inner product space
are studied.

In section two of chapter 4, fuzzy n-inner product space are generalized to

intuitionistic fuzzy sets.

SECTION: 4.1
FUZZY n-INNER PRODUCT SPACE

Definition: 4.1.1

Let n be a natural number greater than 1 and X be a real linear space of dimension
greater than or equal to n and let (e, e|e ... @) be a real valued function on

X x X x...x X = X" satisfying the following conditions:

n+1

(1) e, 2lea < o) 2= G

(1) (x, x|xe, ..., x,) = 0if and only if z,2,,...,2, are linearly dependent,

iz, ylea, <. s8n) = (8825, .0 4 o 0

(3)(z,y|xq, ..., x,) is variant under any permutation of xs, ..., z,,
Wiz, 2l@ey o s B} = (5, 0200, @5 .oy B )

(5)(ax, x|z, ..., x,) = a(x,x|Ty,...,x,) for every a € R(real),
(6l z 12 ylza, - -2a) = (91225 -y Ba) + (& 2lE0, - . . B0 )

Then (e, ele, ... o) is called an n-inner product on X and <X, (0,00, .. .,o)> is

called an n-inner product space.
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Remark: 4.1.2

If an n-inner product space (X, (o, 0o, ... ,0)> is given then

|21, 225 - - - 20| = \ﬂwl,zﬂxg, ..., ) defines an n-norm on X. Further the following

extension of Cauchy-Buniakowski inequality is also true.

(&, Yloa, -« s Bn)| S \/(x,a:|:1:2,...,mn) \/(y,y|;v2,...,:vn)

Definition: 4.1.3

Let X be a linear space over a field F. A fuzzy subset J : X"+ x £ (R set of real
numbers) is called a fuzzy n-inner product on X if and only if:
(1) For all te R with t<0, J(z, x|z, . .., Tn, t)=0,
(2) For all te R with t>0, J(z, z|xs, ..., z,,t)= 1 if and only if 2, 29,..., 2,

are linearly dependent,

3) For all £ 0, J(z, ylog, < - 3 ZTny k) = J@. 200, ., 80 t);

(
(4) J(x,y|za, ..., xn, t) is invariant under any permutation of zo, ..., z,,
(6} For all & >0, J(i5, @18s,. s B} = J(0, Bo}8, B9 5 85, ),

(

6) For all t>0,

J((L’E, bxll‘?a ceey Ty t) = J(:L: :l“|$2’ ey Ty

(7) For all s,te R,

|_atb—|)’ a,be R (real),

JT 2, Ya, 5« o s By b -8} S 00 {JLE, Yl < < o5 s Ths SO, Y055 < o < 5805 80}

(8) For all s,te ® with s> 0, t> 0

J("I"a yl'»??z, vy Ty \/E) Z min {J(:Ev Llf'.’l,'g, ceoy Ty t)’ J(y,yll'l» vy Ty 5)} )

(9) J(z,y|za, ..., xn, t) is a nondecreasing function of t€ R and
Vit oL U | s s ) =1

Then (X,J) is called a fuzzy n-inner product space or in short f-n-IPS.
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Example: 4.1.4

Let (X , (0,00 ..., o)) be an n-inner product space. Let

4
. when t > 0,t € R,
t+ |($,y|$2, RCE axn)| ) % "
. T, :L',....Tne X.--,X
(@, |82y 5 o s Tpst) = § (z,y|z2 i
n+1
0 when t <0

then (X,J)is an f-n-IPS.
Proof:
(1)For all te R with t< 0,

Ht, 2|9, o+« 1B £y =D

(2)For all t € ® with t>0,

Jix el . vy Bn ) =1
t
=1,
t+ |(z, z|xs, . .., x,)|
&t=1t+ (205 Ba)
& Wy wles, ... 2] =0,
(e, o0 2. ) =10,
&, T, . . ., Tpare linearly dependent.
(3)For all t>0,
J(®, ylo Byl = J
e e t+ (@, ylz2, - - Zn)|
t

t+ I(y,xlxg, b ,:En)l
2= 8 Doy v o5 Bs B

(4)As (z,z|xy,...,z,) is invariant under any permutation of z,...,z,, we have

J(z,y|xs, ..., Zn,t) is invariant under any permutation.
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(5)For all t>0,

t

b4 {2, 21045055 Tl
t

L+ |($2, l'zlilf, o e axn)l

= J{&, Xl @5 <oy By T)

J{z, 2|@2, -+ s Biss £)

(6)For all t>0,

..
_f_) _ |ab]
|ab]

S B8y - v s By 7
|_2L7>_|+ [, 28 o o s T )|
t
t+ |ab||(z, x|xa, . . ., x0)|
t
t+ |(az, bx|x, . . ., x,)|

= J{om, b2|Bay v eplnat)

(7)we have to prove
J(@+2,y|%2, ... Tt +8) = min {J(z, yl|za, . .., Tny t), (&, |22, . . ., Zn, 8)} -

If
(a)s +
(b)s =
(e)s+t>0;s>0,t<0;s <0,¢t> 0,then the above relation is obvious. If
(

d)s > 0,t > 0,5+t > 0, then without loss of generality assume that

IN

J(x’ y|$27 R & 7xn’ t) J(x,’ y|$27 ol ’xn, 8)
t S
= /
t+ |(z,y|xs, - . ., 2n)] gt (2 0|@as - « o3 Ti)|

t+|(w7y|x2>"'?x")| 3+|(:v’,y|x2,...,:1:n)|

IN

>
t - S
/
1+ |(x)y|x2at>$n)l Z 1+ I(x,yl'r?w"axn)l
S
|(z, yl|z2, - . ., 2n)| " (@, y|zs, . . ., Tn)|
t - s
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s|(@, ylza, -, 2n)|

f o ‘(Ll:l,y|$2,...,$n)|
sl(z,ylza, ..., Tn
(o uhoa, o)l + AEUR T 5 gy ) @ gl )
S
<1+¥>|($’y|x2’”"$")| > |+, ylxs,- .., 20)]|
s+t
() @l z)l 2 [+ ylea )
(2, vl@ay s« s )] S (x+ 2, Y|z, . . ., Tn)|
t - s+t
[(2, 41%a, 5 = 5B | |(x + 2/, y|xg, . .., T0)]
1 > 1
i t - ¥ S+t
t 4 |(2 9l®ay <o s30)] . s+t+|(x+a,ylxs, ..., 2,)]
L - s+t
t < S+t

t+ |(z, ylxe, . .., n)| s+t+|(x+ 2, ylze, ..., T0)]
= iiin L J(B, Y|, - « o5 Bios By JIB s |05 0 55 5 s 8} S HE + 0 5 U825 10 53 Bins G+ 1)

(8)without loss of generality assume that

J(z, x|xs, ... 20y t) < J(y,y|T2y ..., T8, s) for all s,t € R with s >0,t >0
t S
<
t+ |(I’$|;E2> sise 5:1:")' s+ |(y7 ylll“% P d ,ilTn)I
b+ 6B 2B 0 055 Be) 5 B + (v, ylz2, - ..y x0)|
t - S
1] e |(1"7I|$27t"'>$n)' % 14 |(y>y|:l"2;'-~’mn)|
[Ce, @ . o <, Fa)l 5 o, s« o o5 B
t - S
sz, z|®ay ..o Bn
(2,21 , ) > |y, ylza, - - -, @)
&, 2l oy Za)lslz, 2lEa; . - o s Ti)
(] el S S [ VR TEAES|
By Remark4.1.2,
s
|(.’E,I|CL‘2,...,.’En)|2¥ s |(;l?,y|;152,...,:l:n)|2
2
S T, Y|T2y ..y Tn
l(x,a:|;7;2,...,a:n)|2t—2 > (@ y] : )
2@, . o0 o Bu)|° i I(z,y|xa, . . ., Tn)|?
12 - st

Taking square root on both sides,
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1($,x|a:2,...,:tn)| Kx)yh"%-":zn)l

t Vst

[ Bl s o0y ) |(z, y|xa, . . ., )]

Vv

) > 1+
=+ ; > e
t+|(.’[,$l$2,...,$n)| sy \/:9—t+|($ay|x2>‘-~:$n)]
t . Vst
t < Vst

\/R—*” |($ay|x2a v :xn)l

=5 wiin {J{2, ElBa; -« » s Bea T)s T, Y055 5 50 5805 8) 2 T8 Y| B2y 50 55 \/ﬁ)

t+ |(z, z|xg, . .., z0)|

(9) For all t1,t; € R, if t; < t2 <0, then,
J(.’E,ylﬂfg, ceey Tp, tl) = J(x’ y|$2, cey Tny t2) =0

Suppose ty > t; > 0, then

t2 _ t1
t2+ l(x’ylx%""wn)l tl T I(l‘7y|:v21"'>xn)|

= |(w,y|$2"'-7$n)|(t2_tl) 5, 0

(t2 : & |(-T,y|f1:2, v ,il,'n)|)(t1 .5 |(:L'7 y|$29 SR xn)l) N

)

for all (z,yles, . .-, %) € X*H

to t
2 ;
t2+|(fl:,y|fl72,-.-,xn)| th+ |($,y|$2,...,$n)|

=% Aoyl v vy Tusta) -2 NB U0y =5 By Fi1)
Thus J(z,y|xe, . .., s, t) is a non decreasing function. Also,

lim J(z,ylzs, ..., Zn,t)

t
lim
t—oo { + |(2,y|z2, . . ., Tn)|
= lim C
t—oo t(1 + (1/t)|(z, ylz2, - .., Tn)|)

=1

Thus (X,J) is an f-n-IPS.
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SECTION: 4.2
INTUITIONISTIC FUZZY n-INNER PRODUCT SPACE
Definition: 4.2.1

An intuitionistic fuzzy n-inner product space (or) in short i-f-n-IPS is an object
of the form
A = X, (221850 o - » BB B0 B[ o o5 B V) 5 (BB 004 ) € XY}
where X is a linear space over a field F, * is a continuous t-norm, ¢ is a continuous
t-co-norm and J, K are fuzzy sets on X"*! x R, J denotes the degree of membership
and K denotes the degree of non-membership of (z, x|z, ..., z,,t) € X" x R
satisfying the following conditions :
(1) Jz, edwa, o o @ )+ K, 220, . .o By B) 5 1,
%, @l o B b)) 20,
T, x|xe, ..., Tn, t)=1if and only if z,z,, ..., x, are linearly dependent,

B B 55 B B) = ST, 8| T 552 By T

BB ey B B) = S8, 801028 o5 By L),

t
ax, 6| @y v o 5 Tnst) = JE 2|05~ < - 3Ty ), a,be R (real),

Jab]

(
(
(
(x,y|za, ..., Tn, t) is invariant under any permutation of zo, ..., 2y,
(
(
(

2, Yl s -e s B T % J (2, U35« . 5%y 8) & J(B + 2, 0%, o -5 s 8 1),

(%, | B8, oo oy By B} % T 0B -+ s Bs 8) 5 J(T )55 00 o s VT8,

11} Kz, &g, 50 5801) >0;

12) K(z, z|xs, . .., Tn, t)= 0 if and only if z, 2, ..., x, are linearly dependent,
18 Kiz,plwe,. . s 8 t) = KU, 81088, s Bns B)s

14) K(x,y|xq,. .., x,,t) is invariant under any permutation of zs, ..., ,,

an, balBe, .« oy linst) = K(2,8|83, 0+« 1 Tny , a,be R (real),

t
b’

(
(
(
(
(
(
(
(
(10) J(z,y|z2, ..., xn,t) : (0,00) — [0, 1] is continuous in t,
(
(
(
(
(
(
(17) K(z,y|z2, - .., Zn, t) o K(2',y|z2, ..., Z0,8) > K(z+ 2, y|xs, ..., Tn, T+ 9),

) K(

15) Kl2. &0, « oy B) = Klo, @alt, 25 0.5 By 1)
) K(
) K(
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(18) Kz, xl®a; - - s B £} 6 K0, YB35 <+ 51 By 8) = K5, Y|z, - . . T, VIS),

(19) K(z, |23, ..., 2o, t) : (0,00) — [0, 1] is continuous in t.

Example: 4.2.2
Let (X, (o,0]0, ..., -)> be an n-inner product space. Let a x b = min {a, b} and

a©ob=max{a,b} and

B t

ot (Y|, T)|]
|(z, ylza, - - -, Tn)

t+ |(x, ylzs, - - ., xn)]

H 3005« 5 s )

Kl gt ooy Bap ) ==
then (X,J)is an i-f-n-IPS.
Proof:

(1) Clearly Jig, @l%, 0« - Bns ) + EAS 21000y - 58a ) £ 1
(2)It is obvious that J(z,y|za,...,Tn,t) >0

The results

(3)J(x, x|xg, ..., Tn, t)= 1if and only if x, x9, ..., z, are linearly dependent,
(4) HE GBe v Bl = J(0: 8080500 s T By

(5) J(z,y|xg, ..., T, t) is invariant under any permutation of x,. .., xn,

(B8] J e, s« 50 t] = J{20, 000008 o o5 Bns Ll

(7) J(az, bxlzas o« < 3Tns B} = J(Zy2|22y+ 0 o Tms |at_b{)’ a,be R (real),

(B) J(, 0By v s s €) %.J(2' 9| B0y« -+ 3 B0y 8) € HE+ T, 9By« o+ Ty 5+ E),
9) J(z,zlxa, ..., 20, t) * J(U, Y| T2, . . ., Tn, 8) < J(z,¥|T2, - - ., Tp, VIS),

(10) J(z,y|za, ..., Tn,t) : (0,00) — [0, 1] is continuous in t.

are showed in Example 4.1.4.
(11)It is obvious that K(z,y|zs, ..., %, t) >0
(12)For all t € R with t>0,

Kz, zlws, -« sTipt) =0
[ O
t [, 250005 T )l

:07

90



& (2, 2|25 -, Z0)| =0,
& (2, 2185 5 o 5n) =10,

& T, T, ..., Tpare linearly dependent.

(13)For all t>0,

|(z; ylz2, - - -, Zn)
t+ |(x, ylxs, ..., zn)|

|(y, o}, .. -, 2 )|
t+ |(y, z|z2, - . ., 20)|
= Kl ultn, .y Bmt)

K(z,ylzs, ..., Tnst) =

(14)As (z,x|zs,...,Z,) is invariant under any permutation of x,...,z,, we have
K(x,y|xs, ..., Tn,t) is invariant under any permutation.
(15)For all t>0,

(5, )04, -« -5 B0)|
i+ (2 Bl2e, e s E0 )l
(s, Bs)5, @5, <. Bis)]
t+ |(.’1)2,.’L‘2|:1),333, o §ite ,Illn)I

KL, 100« 1 o By T)

== K(:c% :['.2'1.):1;3: <oy Ty t)

(16)For all t>0,

|(az, bz|xs . . ., 2n)|
t+ |(az, bz|zs . . ., 2,)|
lab||(z, z|xa, . . ., Tn)|
t+ |abl||(z, x|x2, . . ., 2p)|
i, Zlmaye o s B

K(az,bx|xs, ..., 2n,t) =

- t
El—l-)—l+](x,:c|x2,...,xn)|
t
= Kl@:8\®8a; =80 7
( I 2 T labl)

(17)Without loss of generality assume that

Ko yl#a, - i 3s:8) = Ki#,9[®55 55851
I(x"y|$2""v$n)| |(SL',yISE2,...,.’1?n)|
S+|($I’y|x2:"'1xn)| t+|(x,y|$2,...,xn)|
' ylas -« -s )l £ iz, yloay .o 5 20)]




tl(l‘l, y|$27 oo axn)l = 5|(17, y|$2a e )xn)l = 0 (41)

Now,
(@42, ylzs, w0l (@ yl2e, - 20|
s+t+|(z+2,ylze, .., 20)| (2, yl22, ., 20l

(2, ylz2, . ., 2a)| + (@, yl2, - za)l (@42 ., Z0)]
= s+t ylme, @)+ (@ Yl xn)] (@Yl T0)]

t|(, ylz, - - - , Tn)| — sl(z, ylz2, - - ., Tn)
(S + t + |($, yl.’lfg, Ta ;:Cn)l + |(:E,a y|$27 BRE 3~1:7‘L)|)(t + |(Ta ylea JRE 13771)')

By (4.1) we have

e +o, ul@s, .« s8] " L T
S+t+|($+wl,y|$2a"'7ljn)| - t+l($,y|$2,...,.’l?n)|
Similarrly,
|(x + ', y|za, . . ., )| (', ylegy -+ - s Tn)|
s+t+|(x+2,ylze, .., x)| T sH|(@ YT, ., 20)]

= K(2+ 2yl . oy s+ ) < max (K (@, y[2a, ..., oy £), K(@,yl2a, ..., T, 8)}

(18)Without loss of generality assume that

K(y,y|z2, ..., %0, 8) < K(z,z|2a,...,20,1t) for all s,t € Rwiths > 0,¢ > 0.

Iy, y|z2, - - -, )| |(z, z|xa, . . ., 2n)]

<
s+ (W yle - xa)| Tt (@ zlg, ..., @)
iy, ylze, .., xn)| < sl(z, |22, ..., T0)|
tm ylEas e Bl 2Bas o o, Ba)]| = sl(yzc,x[:ng,...,acn)l2
I(x7ylx27‘~-)xn)'2 . I($,$l$2,...,$n)|2
St - 2

Taking square root,

I(x, y|z2, . .., Tn)| = (2. 205 « + =y )]
Vst
tl(z, ylzs, - . ., 20)| — Vst|(z, 2|32y - - -, T0))]

IN
S
~
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Now,

[z, ylwa, - za)l (@@, -, T
Vst + |(z,ylza, ... zn)|  tH (@ 2|20, ... 20)]

_ t|(z, y|za, - - -, Tn)| — Vst|(z, z|Tas . . ., T,)| i
(Vst+ |(z, ylza, - - ., za)|)E+ (2, T|D2y .. 20)]) ~

(@ ylza, ..o za)l (@372, 70)]
Vst + (@, ylza, - 2a)| Tt (@ 2], - 20)]

Similarrly,

I(xay|$27"')xn)| & |(y,ylx2a)xn)|
\/§Z+ |($,y|.’lf2, w3 m ,xn)l K& o |(y,y|w2, s axn)|

K(z,y|x, . . ., Tn, Vst) < max {K(z,z|zs, ..., Tn,t), K(y,y|T2, ..., Tn, )}
(19)Clearly K(z,y|xa,...,Zn,t) : (0,00) — [0,1] is continuous in t.
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