


CHAPTER 4 

FUZZY n-INNER PRODUCT SPACE A N D 

INTUITIONISTIC FUZZY n-INNER PRODUCT SPACE 

In this chapter the notion of fuzzy n-inner product space and intuitionistic fuzzy 

n-inner product are discussed. 

In section one of chapter 4, n-inner product space and fuzzy n-inner product space 

are studied. 

In section two of chapter 4, fuzzy n-inner product space are generalized to 

intuitionistic fuzzy sets. 

SECTION: 4.1 

FUZZY n-INNER P R O D U C T SPACE 

Definition: 4.1.1 

Let n be a natural number greater than I and X be a real linear space of dimension 

greater than or equal to n and let (•, . . . , • ) be a real valued function on 

X X X . . . X X = A'""*"̂  satisfying the following conditions: 

(1) {l){x,x\X2,...,Xr,) > 0, 

iii){x, x\x2,..., Xn) = 0 if and only if x, X2, • • • , Xn are linearly dependent, 

(2) (a:, y\x2, Xn) = {y, x\x2,.... ;/•„), 

{3){x,y\x2,..., Xn) is variant under any permutation of X2,..., x„, 

(4) (.T, X\X2, •••,Xn) = {X2, X2\x, X3 • • • , Xn), 

(5) (a;r, ;c|a;2,..., = a{x, x\x2, • ••, Xn) for every a e K(real), 

{6){x + x', y\x2, •..,Xn) = {x, y\x2,..., Xn) + (x', X\X2, . . . , Xn). 

Then (•, • ! • , . . . , • ) is called an n-inner product on X and ^A', ( • , • ! • , •. •, • ) j is 

called an n-inner product space. 
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Remark: 4.1.2 

If an n-inner product space (^X, (•, . . . , • ) j is given then 

| | a ; i , ; C 2 , . . . , .T„| | = \J{xi, Xi\x2, • • •,x^) defines an n-norm on X. Further the following 

extension of Cauchy-Buniakowski inequality is also true. 

ix,y\x2,...,Xn)\ < \J {x, x\x2, - - - , x„) \J (v, y\x2,..., x„) 

Definition: 4.1.3 

Let X be a linear space over a field F. A fuzzy subset J : A'"+^ x 9? (J? set of real 

numbers) is called a fuzzy n-inner product on X if and only if: 

(1) For all te U with t<0 , J{x, x\x2, - - •, ;r„, 0=0, 

(2) For all te ^ wi th t>0 , J{x , x\x2, • • •, Xn, t)— 1 if and only if x, X2, • • •, Xn 

are linearly dependent, 

(3) For all t > 0, J{x, y\x2, • • . , t) = J{y, x\x2, • • •, t), 

(4) J{x,y\x2, • • •, Xn, t) is invariant under any permutation of 0 :2 , . • •, Xn, 

(5) For all t > 0, J(;r, x\x2, Xn, t) = J{x2,X2\x, X3 Xn, t), 

(6) For ah t>0 , 

J{ax, bx\x2,..., Xn, t) = J{x, x\x2, Xn, j ^ ) , a,bG K (real), 

(7) For all s,te 5R, 

J{x + x', y\x2, ••.,Xn,t + s)> min { J(x, y\x2,.. • , t), J(x', y \ x 2 , X n , s)}, 

(8) For ah s,tG 3? with s> 0, t > 0 

J{x, y\x2,..., ;r„, s / t s ) > min {J{x, x\x2, Xn, t), J{y, y\x2, Xn, s)} , 

(9) J{x, y\x2, • • • ,Xn,t) is Si nondecreasing function of tG 3? and 

\imt^ocJ{x,y\x2,...,Xn,t) =1. 

Then (X,J) is called a fuzzy n-inner product space or in short f-n-IPS. 
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Example: 4.1.4 

Let (^X, (•, . . . , be an n-inner product space. Let 

J{x,y\x2,...,Xn,t) = I 

t+\{x,y\x2,...,Xn)\ 

0 

when t>0,teU, 

{x,y\x2,...,Xn) e X X .. .,xX 

n + l 

when t < 0 

then (X,J)is an f-n-IPS. 

Proof : 

(l)For all t e 3? wi th t < 0, 

J{X,X\X2, ...,Xn,t) = 0 

(2)For all t € 3? wi th t>0 , 

J{x,x\X2,...,Xn,t) = 1 

1, 
t+\{x,x\X2,...,Xn)\ 

^ t = t+\{x,x\X2,...,Xn)\, 

<^ \{X,X\X2, . . .,Xn)\ = 0, 

<^{x,x\x2,...,Xn) = 0, 

^x,X2,- -,XnSLTe linearly dependent. 

(3)For all t > 0 , 

J{x,y\X2,-.-,Xn,t) 
t 

i + 2/1x2, . . . , x „ ) 
t 

t+\{y,x\X2,...,Xn)\ 

J{y,x\X2,...,Xn,t) 

(4)As {x,x\x2, • • • ,Xn) is invariant under any permutation of X 2 , . . . , x „ , we have 

J{x,y\x2,... ,Xn,t) is invariant under any permutation. 
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(5)For all t>0 , 

J{x,x\x2,...,Xn,t) t+\{x,x\x2,...,x,,)\ 

t 
t+\{X2,X2\x,...,Xn)\ 

J{X2,X-z\x, X^. ...,Xn,t) 

(6)For all t>0 , 

J(a;,a;x2,...,a;n,—) = 

t_ 
lb 

+ \{x,x\X2...,Xn)\ 
|a6| 

t 
t+\ab\\{x,x\x2,...,x„)\ 

t 

t+ \{ax,bx\x2, •••,Xn) 

J{ax,bx\x2,.. .,Xn,t) 

(7)we have to prove 

J{x + x', y\x2, ...,Xn,t + s)> min { J(a;, y\x2, • • •, . T „ , t), J{x', y\x2,..., x„, s)} 

I f 

{a)s + t< 0, 

{b)s = t = 0, 

{c)s + t > 0;s > 0,t < 0;s < 0,t > 0,then the above relation is obvious. I f 

{d)s > 0,t > 0,s + t > 0, then without loss of generality assume that 

J{x,y\x2,...,Xn,t) < J{x',y\X2,...,Xn,s) 

t 
t+ \{x,y\x2,...,Xn)\ s+\{x',y\x2,...,Xn) 

t+\{x,y\X2,...,Xn)\ ^ S+\{x',y\X2,...,Xn) 

t - s 
^ ^ \{x,y\X2,...,Xn)\ ^ ^ ^ \{x',y\X2,...,Xn)\ 

t ~ s 
{x,y\X2,...,Xn)\ ^ \{x',y\X2,...,Xn) 
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s\{x,y\x2,...,Xn)\ 
> \{x',y\X2,...,Xn)\ 

\{x,y[x2, • • •,Xn)\ + ^ l ^ ^ ^ ' ^ l ^ ^ - - - ^ " ) ! > \{x,y\x2,... + \{x\y\x2,... , :r„) | 

( l + ^yix,y\x2,...,xn)\ > \{x + x',y\x2,...,Xn)\ 

s + t 
{x,y\x2,...,Xn)\ > \{x + x',y\x2,...,Xn) 

\{x,y\x2,...,x, 

t > 
{x + x',y\x2,...,Xn] 

^ ^ \{x,y\X2,...,Xn)\ ^ ^ ^ 

s + t 
\{x + x',y\x2,...,x„) 

s + t 

t+\ix,y\x2,...,Xn)\ ^ s + t + \{x + x',y\x2,.-.,Xn)\ 

< 

s + t 
s + t 

t + \{X, y\X2, •..,Xn)\ s + t+ \{x + X', y\X2, .••,Xn)\ 

mm {J{x, y\x2, Xn, t), J{x', y\x2,..., ;r„, s)} < J{x + x', y\x2, Xn, s + t) 

(8)without loss of generality assume that 

J{x, x\x2,..., Xn, t) < J{y,y\x2,..., Xn, s) for all s,t G'R with s > 0,t > 0 

I. 

t + 

t + 

1 + 

| (x ,x | ;r2 , - - - , ;Cn) |5 

(;r,x |;r2,...,:r„)| 
{x,x\x2,...,Xn)\ 

t 
{x,x\X2,...,Xn)\ 

< 

> 

s + \{y,y\v2,...,Xn)\ 

s + \{y,y\x2,..-,Xn)\ 

> 1 + 
\{y,y\x2,...,x„)\ 

{x,x\x2,...,Xn)\ ^ \{y,y\ •'•2) • • • ,Xn)\ 

t 
{x,x\X2,---,Xn) 

(x, X X2, . . . 5 Xn) 

t 

By Remark4.1.2, 

[x,x\X2,...,Xn)\^'-

> \{y,y\x2,---,Xn)\ 

> \{x,x\x2, • • •,Xn)\\{y,y\x2, • • •,Xn, 

> \{x,y\X2,...,Xn)\'^ 

\{x,y\X2,...,Xn)\'^ 
{x,x\x2,...,Xn)\ ^ > 

\{x, x\x2,Xn)\^ ^ \{x,y\x2,...,Xn) 

t^ 

Taking square root on both sides, 
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\{x,x\x2,...,Xn)\ ^ \{x,y\x2,...,Xn) 

t ~ \ f s i 

\{x,x\X2,...,Xn)\ \{x,y\X2,...,Xn) 

t + \{X, X\X2, Xn)\ ^ Vsi+\{x,y\X2,...,Xn)\ t - Vst 

t ^ Vsi 

t + \{X, X\X2, Xn)\ Vsi + \{X, y\x2, Xn)\ 

^ min {J{x, x\x2, • • • , t), J{y, y\x2, • • • , a;„, 5 )} < J{x, y\x2,;c„, v ^ ) 

(9) For all ti,t2 e % i f h < t2 <0, then, 

J{x,y\X2,...,Xn,ti) = J{x,y\X2,. . .,Xn,t2) = 0 

Suppose t2 > ti > 0, then 

t2 h 

t2 + \{x,y\x2,...,Xn)\ U + \{x,y\x2,... ,Xn)\ 

\{:x,y\x2,...,Xn)\{t2-ti) 

{t2 + \{x,y\X2, . . . ,Xn)\){ti + \{x,y\X2, . . . ,Xn)\) 

for aU ( : r , y | . T 2 , . . . , . - r J G A " + i 

t2 > U 

> 0 , 

t2 + \{x, y\x2, ...,Xn)\ tx + |(;r, y\x2,Xn)\' 

^ J{x,y\x2,...,Xn,t2) > J{x,y\x2,...,Xn,ti) 

Thus J{x,y\x2,. • •, Xn, t) is a non decreasing function. Also, 

l im J{x,y\x2,...,Xn,t) 

hm • - j -
t'-oot+ {X,y X2,...,Xn)\ 

l im 
t^oo t{l + il/t)\ix,y\X2,...,Xn)\) 

I 

Thus (X,J) is an f-n-IPS. 
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SECTION: 4.2 

INTUITIONISTIC FUZZY n-INNER P R O D U C T SPACE 

Definition: 4.2.1 

An intuitionistic fuzzy n-inner product space (or) in short i-f-n-IPS is an object 

of the form 

A = { ( A , J{x, x\x2,..., ;r„, t), K{x, x\x2,..., .^n, t)) : {xuX2, ;r„) G A " + ' } 

where A' is a linear space over a field F, * is a continuous t-norm, o is a continuous 

t-co-norm and J, K are fuzzy sets on X"+^ x 3?, J denotes the degree of membership 

and K denotes the degree of non-membership of {x, x\x2, • • •, Xn, t) G A"+^ x 3? 

satisfying the following concUtions : 

1) J{X, X\X2, ...,Xn,t) + K{X, X\X2, • • • , Xn, t) < I, 

2) J{X,X\X2, . . •,Xn,t) >0, 

3) J{x, x\x2, • • •, Xn, t)= 1 if and only if x, X2, • • •, Xn are linearly dependent, 

4) J{x,y\x2,...,Xn,t) = Jiy,x\x2,...,Xn,t), 

5) J{x,y\x2, • • • , Xn, t) is invariant under any permutation of X2, • • •, Xn, 

6) J{X, X\X2, . . . , Xn, t) = J{X2, X2\X, X3 Xn, t), 

, Xn, t) = J{x, x\x2, Xn, rzn), a,bG 3? (real), 7) J{ax,bx\x2, 

8) J{x,y\x2,.. 

9) Jix,x\x2,.. 

10) J{x,y\x2,. 

" \ab\ 
Xn, t) * J{x', y\X2, Xn, s) < J {x + x', y\x2, Xn, S + t), 

Xn, t) * J{y, y\x2,Xn, s) < J{x, y \ x 2 , X n , Vts), 

, Xn, t) : (0, oo) —> [0,1] is continuous in t, 

11) K{x,x\x2,...,Xn,t) >0, 

12) K{x, x\x2, • • •, Xn, t)= 0 if and only if x, X2, • • •, Xn are linearly dependent, 

13 K{x, y \ x 2 , X n , t ) = K(y, x\x2, Xn, t), 

, Xn, t) is invariant under any permutation of 0:2,..., U) Kix,y\x2,.. 

15) K{x,x\x2, • • 

16) K{ax,bx\x2, 

17) K{x, y\X2, Xn, t) o K{x', y\X2, Xn, s) > K{x + x', y\X2, Xn, t + s), 

,Xn,t) = K{x2,X2\x,X3...,Xn,t), 

...,Xn,t) = /v(;r,;r | ; r2, . . . , ; i -„,-^) , a,bG 3? (real), 
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(18) K{x, x\x2, Xn, t) o K{y, y\x2, • • •, Xn, s) > K{x, y\x2,..., ;r„, \/ts), 

(19) K{x, x\x2,..., Xn, t) : (0, oo) [0,1] is continuous in t. 

Example: 4.2.2 

Let ^A', (•, . . . , •)j be an n-inner product sptice. Let a *b -= min {a, b} and 

aob = max {a, b} and 

' ^ ' ^ ' ^ ' ^ - • ' ' - ' ^ = t+\ix,y\L...,x^r 

then (X,J)is an i-f-n-IPS. 

Proof : 

(1) Clearly J(;r, x\x2, ...,Xn,t) + K{x, x\x2, Xn, t) < 1 

(2) I t is obvious that J{x, y\x2, • • •, ;c„, t) > 0 

The results 

(3) J(;r, ;i'|:r2,..., Xn, t)= 1 if and only if x, X2, • • •, Xn are linearly dependent, 

{4) Jix,y\x2,...,Xn,t) = J{y,x\x2,...,x„,t), 

(5) J{x, y\x2, • • •, Xn, t) is invariant under any permutation of X2, • • •, Xn, 

(6) Jix, X\X2, Xn, t) = J{X2, X2\x, X3 Xn, t), 

(7) J{ax, bx\x2,..., Xn, t) = J{x, x\x2, Xn, T ^ j ) , a,be U (real), 
\ab\ 

(8) J{x, y\x2,..., ;r„, t) * J{x', y\x2, Xn, s) < J{x + x', y\x2, Xn, s + t), 

(9) J{x, x\x2, Xn, t) * J{y, y\x2, Xn, s) < J{x, y\x2,Xn, Vts), 

(10) J{x, y\x2, • • •, Xn, t) : (0, 0 0 ) [0,1) is continuous in t. 

are showed in Example 4.1.4. 

(11) I t is obvious that K{x,y\x2, • • • ,Xn,t) > 0 

(12) For all t G with t>0, 

K{x,x\x2,.. . ,Xn,t) = 0 

^ |(:r,:g|:r2,...,ag| 
t+\{x,x\X2,...,Xn)\ 
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O \{X,X\X2, . • •,Xn)\ = 0, 

^ {X,X\X2, . . . ,Xn) = 0, 

^ x,X2,...,Xnaxe linearly dependent. 

(13)For all t>0 , 

\{x,y\x2,...,Xn)\ 
K{x,y\x2,...,Xn,t) 

t+ \{x,y\X2,...,Xn)\ 

\{y,x\X2,...,Xn)\ 

t+\{y,x\X2,...,Xn)\ 

= K{y,x\x2,...,Xn,t) 

(14) As {x,x\x2,... ,Xn) is invariant under any permutation of . T 2 , - • - , x „ , we have 

K{x, y\x2,..., Xn, t) is invariant under any permutation. 

(15) For all t>0 , 

I A \{x,x\X2,...,Xn) 

{X2,X2\X, X3,...,Xn)\ 

t+\{x2,X2\x,X3,...,Xn)\ 

= K{X2,X2\x,Xs,...,Xn,t) 

(16)For aU t>0 . 

t^r u i +\ \{ax,bx\x2... ,Xn)\ 
K{ax,bx\x2,...,Xn,t) = 

t+ \{ax,bx\x2 .. .,Xn)\ 

\ab\\{x,x\x2,...,Xn)\ 

t+\ab\\{x,x\x2,...,Xn)\ 

\{x,x\X2,...,Xn)\ 

r^^+\{x,x\X2,...,Xn)\ 

= K{x,x\X2,...,Xn,-^) 

(17)Without loss of generahty assume that 

K{x',y\x2,...,Xn,s) < K{x,y\x2,...,Xn,t) 

{x',y\X2,...,Xn)\ ^ \{x,y\X2,...,Xn) 

S+\{x',y\X2,...,Xn)\ t+\{x,y\X2,...,Xn) 

t\{x',y\x2,...,Xn)\ < s\{x,y\X2,...,Xn) 
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t\{x',y\x2,... ,Xn)\ - s\{x,y\x2,... ,Xn)\ < 0 (4.1) 

Now, 

{x + x',y\X2,...,Xn)\ \{x,y\X2,...,Xn) 

S + t+\{x + X', y\X2, •••,Xn)\ t+ \{X, y\X2, ...,Xn)\ 

[X, y X2, • • • ) Xn 
)l + \{x',y\X2, . • . ,Xn)\ \{x,y\X2, • • • ,Xn)\ < S + t+ \{X, y\X2, ...,Xn)\ + \{X', y\X2, ...,Xn)\ t+ \{x, y\X2, Xn)\ 

t\{x', y\x2, ...,Xn)\- S\{X, y\x2, Xn)\ 

{s + t+ \{x, y\x2, ...,Xn)\ + \{x', y\X2, Xn)\){t + \{x, y\X2, Xn)\) 

By (4.1) we have 

\{x + x',y\x2,...,Xn)\ ^ \{x,y\x2,...,Xn)\ 

s + t+ \{x + x', y\x2, .••,Xn)\ t + \{x, y \ x 2 , X n ) \ 

Similarrly, 

{x + x',y\x2,...,Xn)\ ^ \{x',y\x2,...,Xn)\ 

s + t + \{x + x', y\X2, Xn)\ s + \{x', y\X2, X.n)\ 

=> K{x + y \ x 2 , s + t) < max {K{x, y \ x 2 , X n , t), K{x', y\x2, :r„, s)} 

( I8)Without loss of generality assume that 

K{y, y\x2,..., Xn, s) < K{x, x\x2,.. .,Xn,t) for aU s,t e 3?with5 > 0, i > 0. 

\{y,y\X2,...,Xn)\ ^ \{;X,x\X2,...,Xn)\ 

s+\{y,y\x2,...,Xn)\ ' t+\[x,x\X2,...,Xn) 

t\{y,y\X2,...,Xn)\ < s\ix,x\x2,...,Xn)\ 

t\{y, y\X2, Xn)\\{x, X\X2, Xn)\ < s\{x, x\x2, • - . , X „ ) | 2 

{x, yx2,..., ;r„)p ^ |(;r, x\x2,.T„)|2 
St - t^ 

Taking square root. 

|(;r, y\x2, . • . ,Xn)\ ^ \{X, X\X2, Xn) 

Vst ~ t 

t\{x,y\x2,...,Xn)\- \/si\{x,x\X2,...,Xn)\ < 0 
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Now, 

\{x,y\X2,...,Xn)\ \{x,x\X2,...,Xn)\ 

\fsi + \{X, y\X2, Xn)\ t + \{X, X\X2, Xn)\ 

t\{x,y\X2,...,Xn)\ - y/si\{x,x\X2,...,Xn)\ 

Similarrly, 

{Vsi+\{x,y\x2, ...,Xn)\){t+\{x,x\X2,... 

\{x,y\x2,..., Xn)\ / \{X,X\X2,... ,Xn)\ 

Vsi+\{x,y\x2, •••,Xn)\ ~ t-{-\{x,x\X2,. • • , Xn) 1 

\{x,y\x2,.... Xn)\ ^ \{y,y\x2,... ,Xn)\ 

< 0 

K{x, y\x2, .•.,Xn, Vsi) < max {K{x, x\x2, •. • , x„ , t), K{y, y\x2,Xn, s)} 

(19)Clearly K{x, y\x2, ...,Xn,t): (0, oo) [0,1] is continuous in t. 
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