Chapter 9
(i,j) - 6Ps-Open sets in Bitopological Spaces
9.1 Introduction

In 1963, Kelly J.C. first introduced the concept of bitopological spaces, where X is a
nonempty set t,, T, are topologies on X. The classical theorems in general topological spaces
become particular cases of the analogous theorems for bitopological spaces. In this chapter,
we introduced the concept of a conditional preopen set in a bitopological spaces, and we find
basic properties and relationships with other concepts of sets. A new class of sets, called
(i, j)-6Ps-open sets in bitopological spaces was defined. By using this set, we introduced and
defined a notion of (i, j)-8Ps-continuity and investigated some of its properties. In particular,
(i,j)-6Ps-open sets and (i, j)-0Ps-continuity are used to extend some known results of

continuity.

9.2 (i, j)-6P¢-Open Sets

In this section, we introduce and define a new type of sets in bitopological spaces and

we find some of its properties.

Definition 9.2.1: A subset A of a bitopological space (X, t4,7;) is said to be (i, j)-6Ps-open,
if Aisa j-&-preopen set and for all x in A, there exists an i-semiclosed set F such that

x €EF CA.
Remark 9.2.2: (a) The family of (i, j) §Ps-open subset of x is denoted by (i, j) 6P;0(X).
(b) A subset B of X is called (i, j) §Ps-closed if and only if B¢ is (i, j) §Ps-open.

Proposition 9.2.3: A subset A of a bitopological space X is (i,j) 6Ps-open, if A isj 6-
preopen set and it is a union of i-semi closed sets. This means that A =U F,, where Ais a j §-

preopen and F, is an i-semi closed set for each y.

Proof: The proof follows from Proposition 2.2.2.

Remark 9.2.4: By setting 7; = 7; = 7 in the Definition 9.2.1, a (i,j) 6Ps-open set is §Ps-
open set in (X, 7).

Remark 9.2.5: In general, (i,j) 6PsO(X) # (j,i) 6Ps0(X).

Example 9.2.6: Let 7; < 7,, where 7; = {X, 0,{a}} and t, = {X, ®,{a}, {b, c}}. Then
(1,2) 6P;0(X) = {X,0,{b},{c},{b,c}} and (2,1) 6P;0(X) = {X,®,{a}, {b, c}}. Then
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(1,2) 6P;0(X) # (2,1) Ps0(X). Since {c} € (1,2) 6P;0(X) but not in (2,1) §P;0(X) and
{a} € (2,1) 6PsO0(X) but not in (1,2) §Ps0(X).

Remark 9.2.7: If t; € 1,, then (1,2) 6P;0(X) and (2,1) §Ps0(X) are independent. This
hereditary property is not preserved for (1,2) §Ps-open sets in bitopology.

Remark 9.2.8: Every (i,j) 6Ps0O(X) is aj 6P0O(X) which follows from definition 9.2.2, but

not conversely.

Example 9.2.9: Consider X = {a, b, ¢}, 7, = {X,®,{a}} and 7, = {X, @, {a}, {b},{a, b}}.
Then 6§PO(X,7;) = {X, ®,{a},{b},{a, b}} and (1,2) 6PsO(X) = {X,®,{b}}. Not all 2 5P-

open setis a (1,2) §Ps-open set.
Proposition 9.2.10: For a bitopological space, (X, t;,7;), (i,j) PsO(X) € (i,j) 6PsO(X).

Proof: Let A € (i,j) PsO(X). Then by Definition 1.4.4, A is a preopen set and hence A is a §-
preopen set. Since A € (i,j) PsO(X), for all x € A, there exists a semi-closed set F such that
x € F € A. Hence by Definition 9.2.2 A is an (i, j) § Ps-open set.

Remark 9.2.11: An (i, j) § Ps-open set need not be an (i, j) § Ps-open set.

Example 9.2.12: Let X = {a, b,c},7; = {X,0,{a},{a,c}}and 7, = {X, D,{a, c}}.Then
(1,2) Ps0(X) = {X,0,{c},{b,c}}and (i,j) 6PsO0(X) = {X,D,{b},{c},{b,c}}. Here {b} isa
(i, ) 8Ps-open set but not a (i, j) Ps-open set.

Proposition 9.2.13: The union of any family of (i, j) §Ps-open sets in a space X is also

(i,j) 6Pg-open.

Remark 9.2.14: The intersection of two (i, j) dPs-open sets is not (i,j) dPs-open set in

general, as shown in the following example:

Example 9.2.15: Let

X ={a,b,c}, 1, =1{X0,{c},{ab}{abc}},

7, = {X,0,{a},{c},{a, b}, {a,c},{a b,c},{acd}} then

(1,2) 6P;0(X) = {X,90,{a},{c},{b,c},{a,c},{a,b,c},{b,c,d},{a,c,d}}ifA={b,cd}and
B ={a,c,d}thenAnB = {c,d} ¢ (1,2) §P;0(X).

Proposition 9.2.16: A subset A is an (i, j) §Ps-open set if it is both j-open and i-closed.

Proof: Let A € X. A is both j-open and i-closed. A is both j-open = A is j §-preopen. And A

is i-closed = A is i-semi-closed. By Proposition 9.2.2, A is (i, j) 6 Ps-closed.
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Proposition 9.2.17: Let (X, 74, T,) be a bitopological space if (X, t;) is a semi-T;-space, then
(i,j) Ps0(X) = j 8 PO(X).

Proof: Let A be any subset of a space X and A is j §-preopen set, if A =@, then A €
(i,j) Ps0(X), if A+ @, now let x € 4, since (X,t,) is semi-T, space, then by Theorem
1.1.10, every singleton is i-semi closed set, and hence x € {x} € A, therefore A€
(i,j) 8PsO(X), hence j § PO(X) < (i,j) 6PsO(X) but (i,j) 6Ps0(X) < j § PO(X) generally,
thus (i, /) Ps0(X) = j § PO(X).

Proposition 9.2.18: A subset A of a space (X, 14, 7,) is (i,j) d Ps-open if and only if for each
x € A, there exists an (i, j) §Ps-open set B such that x € B € A.

Proof. Assume that A is an (i,j) 6Ps-open set in the (X, tq,7,)then for each x € A, put
B = Aiis (i,j) 8 Ps-open set containing x such that x € B < A.

Conversely, suppose that for each x € A, there exists an (i,j) §Ps-open set B such that
X € B, € A, thus A =U B,, where B, € (i,j) §PsO(X) for each x, By Remark 9.2.4 A is
(i,j) 6Ps-open.

Corollary 9.2.19: Let (X,t4,7,) be a bitopological space if (X,t;) is a semi-T;-space and
(X, ;) is semi-regular space PO (X) = PO(X).

Proposition 9.2.20: In a bitopological space (X, T4, ;) if the space (X, t;) is hyperconnected
then (i, ) 6Ps0(X) # {X, 0}.

Example 9.2.21: Let (X,7,,7,) be a bitopological space. 7, = {X,0,{a}} and 7, =
{X,9,{a},{a,b}}. Then 7, is hyperconnected and (1,2) §Ps0(X) = {X,®,{b},{c},{b,c}} #
{X,0}.

Remark 9.2.22: In the above conditions, from Theorem 1.4.6, it is proved that
(i,j) PsO(X) = {X, @}. The result fails in the case of (i,j) 6Ps0(X).

Proposition 9.2.23: In a bitopological space (X, t4,7;) if a space (X, t;) is locally indiscrete
then (i,j) 6Ps0(X) < 1;.

Proof: LetV € (i,j) 6P;0(X) then V € j §PO(X) and for each x € V, there exist i-semi-
closed F in X such that x € F € V, by Lemma 1.1.14(b), F is i-open, it follows that V € t;,
and hence (i,j) 6P;0(X) < 1;.

The converse of Proposition 9.2.23 is not true in general, as shown in the following example:

Example 9.2.24: Let X = {a,b,c},7; = {X,0,{a}, {b,c}} and 1, = {X, @, {a}, {b},{a, b}},
then (1,2) 6Ps0(X) = {X, 0,{a}} and it is clear that (X, t,) is locally indiscrete but t, is not
a subset of (1,2) 6Ps0(X).
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Remark 9.2.25: In any bitopological space (X, T4, T,) we have:

a) If 7;(resp., j 6PO(X)) is indiscrete, then (i, j) 6P;0(X) is also indiscrete.
b) If (i,j) 6PsO(X) is discrete, then j § PO(X) is also discrete.

Proposition 9.2.26: Let X;, X, be two topological space and X; x X, be the bitopological
product, let A; € (i,j) 6P;0(X;) and A, € (i,j) 6P;0(X;) then
Ay X A, € (i,]) 6PsO(Xy X X5).

Proof: Let (xq,x;) € A; X A,, then x; € A, and x, € A,. Since 4; € (i,j) 6PsO(X;) and
A, € (i,j) 6Ps0(X,), then A; € j 6PO(X;) and A, € j 6PO(X,) also, there exist F; €
iSC(X;)and F, € i SC(X,) suchthat x; € F; € A; and x, € F, € A,. Therefore (x;,x,) €
Fy X F, € Ay X A,. Since A, € j 6PO(X,) and A, € j SPO(X,), then by Lemma 1.4.7(a),
Ay X A, = j épinty (A1) X j 8pInty, (A;) = j dpinty, «x,(A; X A;), hence A; X A, €
Jj6PO(X, X X,).Since F; €i SC(X,)and F, €i SC(X;), then by Lemma 1.4.7(b), we get
Fy X F, =i sCly (F;) X isCly,(F,) = isCly xx,(F1 X F;). Hence F; X F, € i SC(X; X
X;),50 A; X A, € (i,j) 6P;0(X).

Proposition 9.2.27: For any bitopological space (X, t4,1,) if A € j §PO(X) and either
A€ino(X)orA€j SO0(X),if A+ @, then A € (i,j) Ps0(X).

Proof: Let A € inO(X) and A € j SPO(X), if A= @,then A € (i,j) 6P;0(X). If A # 0,
since A € inO(X), then A =U F,, where E, € i §C(X) for each y. Since i 5C(X) € i SC(X),
so F, € i 6C(X) foreach y,and A € j 6PO(X).

Hence by Corollary 9.2.2, A € (i,j) 6PsO(X)

On the other hand, suppose that A € i SO0 (X) and A € j SPO(X). If A = @, then A €
(i,j) 6P;0(X). If A # @, since A € i S60(X), then for each x € A, there exists an i-semi-
open set U such that x € U € i sCL(U) < A. This implies that x € i sCL(U) < A and

A € j §PO(X). Therefore, by Corollary 9.2.2, A € (i,j) 6 Ps0(X).

Theorem 9.2.28: If PO (X, ;) = P(X) then SC(X, ;) € (i,j) 6Ps0(X).

Proof: Let 6PO(X,7;) =P(X) ——> (1)

Let A € SC(X,1;) > 2

From (1), A is a §-preopen set. Hence, for all x € A, choose the semi-open set A itself such
that x € A € A. Then Aisan (i,j) 6 Ps-open set. Hence, SC(X, ;) € (i,j) 6P;0(X).
Proposition 9.2.29: If i SC(X) = P(X), then (i,j) §P;0(X) = j SPO(X).
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Proof: In general, (i,j) §PsO(X) € j §PO(X), by definition. Let A € j SPO(X). Then for all
x € A, choose A itself the semi-open set satisfying x € A € A, since iSC(X) = P(X). Hence
Aisin (i,)) §Ps0(X). Thus, (i, ) 6Ps0(X) = j SPO(X).
Proposition 9.2.30: If A, B € (i,j) 6P;0(X) then AU B € (i,j) 6PsO(X).
Proof: Consider A U B, since A and B are j 6PO(X),then AUB isaj dPO(X).Letx € AU
B,thenx € Aorx € B.Say x € A, Now A € (i,j) §Ps0(X) then there exists F € iSC(X)
suchthatx e FC A AUB
~AUB € (i,j) 6Ps0(X)

The following result shows that any union of (i, j) §Ps0(X) sets in bitopological

space (X, tq,7;) is (i,j) §Ps0(X).

Proposition 9.2.31: Let {4,: A2 € A}be family of (i, j) 6 Ps-open sets in bitopological space
(X,74,72), then U {A,: 1 € A} is an (i,j) 6 Ps-open set.

Proof. Let {4,: 1 € A} be family of (i, j) 6 Ps-open sets in bitopological space (X, 74, T5).
Since A4, is j-6-preopen for each A € A then U {A4;: 1 € A} is j-&-preopen set in a space X.
Suppose that x € U A, this implies that there exist 1o € A such that x € A, and since 4, is
an (i,j) 6Psopen set, so there exists i-semi-closed set F in X suchthat x € F € Ay S U 4,

forall 1 € A. Therefore, U {4,: 1 € A} isan (i, j) § Ps-open set.
Proposition 9.2.32: If A is i-closed and j-open then A € (i,j) 6 Ps0(X).

Proof. Let A be j-open then it is j-§ -preopen. Since A is also i-closed it is i-semi-closed.
Hence for all x € A4, choose A itself as i-semi-closed such that x € A € A. Thus,

A€ (i,)) SP0(X).

9.3. Bitopological Subspaces in (i,j) 6 Ps-Open Sets
Proposition 9.3.1: Let Y be a subspace of a bitopological space (X, t4,7,), ifA €
(i,j) 6Ps0(X)and A c Y, then A € (i,j)6Ps0(Y).
Proof: Let A € (i,j) — 6PsO(X), then A € j SPO(X) and for each x € A, there exists an i-
semi-closed set F in X such that x € F € A. Since A € j 6PO(X) and A € Y, then by Lemma
1.1.28, A€ jSPO(Y),andsince F €i SC(X) and F € Y, then by Theorem 1.1.15(b),
Fei SC(Y).Hence A € (i,j) 6PsO0(Y).
Corollary 9.3.2: Let (X, 74, 7,) be a bitopological space, A and Y be two subsets of X such
that ACY C X, Y €RO(X,tj)and Y € RO(X,7;). Then A € (i,j) PsO(Y) if and only if
A€ (i,)) 6P0(X).
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Proof: Let A € (i,j) 6PsO(X) = A € (i,j) 6Ps0(Y)

Conversely, let A € (i,j) SPsO(Y).

GiventhenY € RO(X,7;) and Y € RO(X, 7))

Now, Y € RO(X,7;) > A€jsoX,t)) — > (1)

By Lemmal1l.1.30,Y e ROX,7;)) > Y eSCX,t;)) ——— @)

Now A € (i,j) 6Ps0(Y) = A €jSPO(Y). By (1) and Theorem 1.1.16(c), A € j PO (X).
Then for all x € A, there exists F € i SC(Y) then there exists x € F € A. Again by (2) and
Theorem 1.1.15(c), F € i SC(X) .

Hence A € (i,j) 6PsO(X).

Proposition 9.3.3: Let Y be a subspace of a bitopological space (X, t,,7,). IfA €

(i,j) 6Ps0(Y)andY € i SC(X), then for each x € A, there exists an i-semi-closed set F in X
such that x € F € A.

Proof: Let A € (i,j) 6P;0(Y) then A € j 6PO(Y) and for each x € A there exists an i-semi-
closed set Fin Y suchthatx € F € A.SinceY € i SC(X), so by Theorem 1.1.15(c),

F € i SC(X), which completes the proof.

Proposition 9.3.4: Let A and Y be any subsets of a bitopological space X. If A €

(1,j) 6Ps0(X),Y € RO(X, ;) and Y € RO(X,1;), then ANY € (i,)) 6PsO(X).

Proof: Let A € (i,j) 6Ps0(X), then A € j 6PO(X) and A =U F, where E, € i SC(X) for
eachy,thenANY =UE, NY =U (F, nY).Since Y € RO(X, 1;), then Y is j 6-open and by
Theorem 1.1.16(a), ANY € j dpO(X).SinceY € RO(X,t;) Y € i SC(X) and hence
E,nY €i SC(X), for each y. Therefore, by Corollary 9.2.2, AnY € (i,j) §Ps0(X).
Proposition 9.3.5: Let A and Y be any subsets of a bitopological space X. If A €

(i,j) 6Ps0(X),Y € RSO(X,t;) and Y € §0(X,7;),then ANnY € (i,j) §PsO(Y).

Proof: Let A € (i,j) 6P;0(X), then A € j 6PO(X) and A =U F, where E, € i SC(X) for
eachy,thenANY =UE, NY =U (F, nY).Since Y € §0(X,;), and 4 € j 5PO(X). So, by
Theorem 1.1.16(b), ANY € j §PO(Y) SinceY € RSO(X,1;) thenY € i SC(X) By Theorem
1.1.40.Hence F, nY € i SC(X) foreachy.Since E, NnY S Yand E, NnY € i SC(X) for
each y, then by Theorem 1.1.15(b), E, N Y € i SC(Y). Therefore, by Proposition 9.2.3,
ANY € (i,j) §P0(Y).

Proposition 9.3.6: If Y is an i-open and j §-open subspace of a bitopological space X and
A€ (i,)) 5P0(X), then ANY € (i,)) SPO(Y).
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Proof: Let A € (i,j) — 6P;0(X), then A € j 5PO(X) and A =U E, where F, € i SC(X) for
eachy,thenANY =UE, NY =U (F, NnY). Since Y is j §-open subspace of X, then
Y €j 650(X) and hence by Lemma 1.1.29, AnY € j §PO(Y). Since Y is an i-open
subspace of X, then by Lemma 1.1.17, E, nY € i SC(Y) for each y. Therefore, by Corollary
9.2.2,AnY € (i,j) §P0(Y).
Corollary 9.3.7: If either Y € RSO(X,7;) and Y € 60(X, ;) or Y is an i-open and j §-open
subspace of a bitopological space X and A € (i,j) 6P;0(X)then ANY € (i,j) 6P;0(Y).
Proposition 9.3.8: Let (X, 74, T,) be a bitopological space and A be a subset of X. If A is
both i-regular semi-open and j-preregular set, then A is both (i, j) § Ps-open and (i, j) & Ps-
closed set.
Proof: Suppose that A is both i-regular semi-open and j-preregular set, then A is both i-semi-
closed Theorem 1.1.40 and j-preopen set, which is j §-preopen. Hence A is (i, j) § Ps-open.
Again since A is both i-regular semi-open and j-preregular set, then A is both i-semi-open
Theorem 1.1.40 and j-pre closed set, which is also j §-preclosed. Hence A is (i, j) § Ps-closed
set.

9.4 (i, j) 6Pg-Closed Sets in Bitopology

Definition 9.4.1: A subset B of a space X is called (i, j) 8Ps-closed if X\B is (i,j) 6Ps-
open. The family of all (i, j) § Ps-closed subsets of bitopological space (X, T4, ;) is denoted
by (i,j) 6PsC(X,t4,75) or (i,j) §PsC(X).

Corollary 9.4.2: A subset B of a bitopological space X is (i, j) 6Ps-closed if and only if B is

Jj &-preclosed and it is an intersection of i-semi-open sets.
Proof: Follows from Proposition 9.2.3 taking A = BC.

Proposition 9.4.3: Let {B,, @ € A} be a collection of (i, j) 6 Ps-closed sets in a bitopological
space X. Then N {B,, a € A}is (i,j) §Ps-closed set.

Proof. Follows from Proposition 9.2.31
All of the following results are true by using complement.
Proposition 9.4.4: If (X, 7;) is semi-T; space, then (i, ) §PsC(X) = i C(X).

Proof. The proof follows from Proposition 9.2.17.

Remark 9.4.5: Let (X, 1;) is Ty space, then the family of (j, i) SO(X) is discrete topology
in X.
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Corollary 9.4.6: Each (i, ) 6-closed set is (i, j) 8 Ps-closed.
Corollary 9.4.7: Every (i, j)-regular closed set is (i, j) § Ps-closed.
Corollary 9.4.8: For any subset B of a space (X, t;,7,)The following statements are
equivalent:
a) B isi-closed and j-open.
b) Bis (i,j) §Ps-closed and j-open.
c) Bis (i,j) a -closed and j-open.
d) Bis (i,j) &-pre-closed and j-open.
Proof. Similar to Corollary 2.2.38 taking A = X\B.
Corollary 9.4.9: For any subset A of a space (X, t4,7,)The following statements are
equivalent:
a) Ais (i,j) regular closed.
b) Ais (i,j) 6Ps-closed and (j, i)-semi open.
c) Aisi-closed and (j, i)-semi open.
d) Ais (i,j) a -closed and (j, i)-semi open.
e) Ais (i,j) 6-pre-closed and (j, i)-semi open.

Proof. Similar to Corollary 2.2.39 taking A = X\B.

Proposition 9.4.10: Let Y be a subset of a space (X,t4,72).1f B € (i,j) 6PsC(X)and B €Y,
then B € (i,j) 6PsC(Y).

Proof. The proof is similar to Proposition 9.3.1.

Proposition 9.4.11: Let Y be a subset of a space (X,7,,7,). If B € (i,j) 6PsC(Y) and
Y € (i,j) RC(X), then B € (i,j) §PsC(X).

Proof. The proof is similar to Corollary 9.4.2.
From Proposition 9.4.10 and Proposition 9.4.11 we obtain the following result:
Corollary 9.4.12: Let (X, t,,7,) be a bitopological space and B, Y subsets of X such that

BcycXandY € (i,j) RC(X). Then B € (i,j) 6P;C(Y) if and only if B € (i, ) §PsC(X)

Proposition 9.4.13: Let B and Y be any subsets of a space X. If B € (i,j) 6PsC(X) and
Y € (i,j) RC(X), then BUY € (i,j) 6PsC(X).

Proof. The proof is directly from Proposition 9.4.4, and using complements.
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9.5. Properties of (i,j) 6Ps-open sets in Bitopology

Definition 9.5.1: If A is a subset of a bitopological space (X, 74, 7,), then the (i, j) 6Ps-
interior ((i,j) 8PsInt(A)), the (i,j) Pg-closure ((i,j) 6PsCL(A)) and the (i,j) 6Ps-
boundary ((i,j) 6PsBd(A) of A are defined as follows:
a) (i,j) 6PsCl(A) =N {F:A S F,X —F € (i,)) P;0(X)}.
b) (i,j) 6PsInt(A) =U {U:U S A, U € (i,j) §Ps0(X)}.
c) (i,j) 6PsBd(A) = (i,j) 8PsCI(A) — (i,)) 6PsInt(A).
Theorem 9.5.2: For any two subsets A and B of a bitopological space X, the following
statements are true:
a) (i,)) 6PCL(X —A) = X ((i,)) 8PsInt(A)) and (i,j) SPsInt(X —A) = X —
((,)) 6PsCl(A)),
b) (i,j) 6PsCl(X) =X, (i,j) 6PsCL(B) = @, (i,j) 6PsInt(X) = X and
(i,)) 6PsInt (@) = 9,
c) If A< B,then (i,j) 6PsCL(A) < (i,/)8PsCL(B) and
(i,j) 6PsInt(4) < (i, j)6PsInt(B),
d) A< (i,)) 8PsCL(A) and (i, )) §PsInt(A) S A.
e) (i,j) 6PsCL((i,)) 6PsCL(A)) = (i,)) §PsCI(A) and
) (i,)) 6PsInt((i,j) 6PsInt(A)) = (i,j) 6PsInt(A).

Remark 9.5.3: (a) (i, ) 8PsInt(A) U (i,j) 6PsInt(B) # (i,j) 6PsInt(A U B)

(b), (i,j) SPsInt(A N B) # (i,j) §PsInt(A) N (i,j) 6PsInt(B), it shown in the following
example:

Example 9.5.4: Let X = {a,b,c}, 7, = {X,0,{a},{a, b}} and 7, = {X, @, {a, b}}, then
(1,2) 6Ps0(X) = {X,0,{b},{c},{b, c}}. If we take A = {a} and B = {b}, then

(1,2) 6PsInt(A) = @ and (1,2) §PsInt(B) = {b}. Therefore, (1,2) §PsInt(A) U

(i,j) 6PsInt(B) = {b} but (1,2) 6PsInt(A U B) = {b,c}. So, (i,j) 6PsInt(AU B) #
(i,j) 6PsInt(A) n (i,j) 6PsInt(B).

Example 9.5.5: Let X = {a,b,c,d}, 7, = {X,0,{b},{c},{d},{a, b}, {b, c},{b,d},{c,d},
{a,b,d},{b,c,d}} and 7, = {X, 0, {a}} then (1,2)6Ps0(X) = {X, ®,{b},{c},{d},{a, b}, {b,c},
{b,d},{c,d},{a,b,d},{b,c,d}}. Ifwetake A = {a,b,c}and B = {a, b,d}. Then
(1,2)8PsInt(A) = {b,c} and (1,2)5PsInt(B) = {a, b, d}. Therefore, (1,2)5PsInt(A) N
(1,2)6PsInt(B) = {b} but (1,2)6PsInt(A n B) = (1,2)8PsInt({a, b}) = {a, b} #
(1,2)6PsInt(A) N (1,2)86PsInt(B)
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The proof of the following result is obvious.
Proposition 9.5.6: If A is any subset of a bitopological space X, then (i, j) 6 PsInt(A) <
j dpInt(A) € ACjpCl(A) < (i,j) OPsCI(A).
In general, (i,j) §PsInt(A) # j 8 pInt(A) and (i,j) PsCL(A) # j 6 pCl(A) asiitis
shown in the following example:
Example 9.5.7: Let X = {a, b, c}, 7, = {X,0,{a},{a, b}, {a,c}} and 7, = {X, ®, {a, b}} then
(i,j) 6Ps0(X) = {X,90,{b},{c},{b, c}}. If we take A = {a},then j § pInt(A) = A and
(i,)) 6PsInt(A) = @. This shows that (i, j) §PsInt(A) # j § pInt(A).
Example 9.5.8: Let X = {a, b, c},7; = {X,0,{a},{a, b}, {a,c}}and 1, = {X, D, {a, b}} then
(i,)) 6Ps0(X) = {X,0,{b},{c},{b, c}}. If we take F = {c}, then j § pCI(F) = {c} and
(i,j) 6PsCL(F) = {a, c}. Hence (i,j) 6P;CL(F) # j SPCI(F).
The following results can be proved by straightforward statements:
Proposition 9.5.9: Let A be a subset of a bitopological space X, then (i,j) 6 PsBd(A) = @ if
and only if A is both (i, j) 6 Ps-open and (i, j) 6 Ps-closed set.
Proof: Let A be (i,j) 6 Ps- open and (i, j) 6 Ps-closed, then A = (i, j) 6 Ps Int(A) =
(i,J) 6Ps;CL(A), hence by Definition 9.5.1(c) A = (i,j) 6Ps CL(A) — (i,j) 6PsInt(A)¢ = @.

Theorem 9.5.10: For any subset A of a bitopological space X, the following statements are
true:

a) (i,j) 6PsBd(A) = (i,j) 6PsBd(X — A)

b) A€ (i,j) §Ps0(X) ifandonlyif (i,j) 6PsBd(A) € X — A, i.e.,

AN (i,j) 6PsBd(A) = 0.

c) A€ (i,j) P;C(X) ifandonlyif (i,j) 6PsBd(A) < A.

d) (i,j) 6PsBd((i,j) 6PsBd(A)) < (i,)) 6PsBd(A)

e) (i,j) 6PsBd((i,)) 6PsInt(A)) < (i,)) 6PsBd(A)

) (i,j) 6PsBd((i,j) 8PsCI(A)) < (i,)) §PsBd(A)

9) (i,j) 6PsInt(A) = A — ((i,j) 6PsBd(A))

Proof: a) From Definition 9.5.1(c),
(i,j) 6PsBd(A) = (i,j) 6PsCI(A) — (i,j) 6PsInt(A) —— (1)
%~ (i,)) 0PsBd(X — A) = (i,)) 6PsCL(X — A) — (i,)) 6Ps Int(X — A)

= [X = (i,)) 8PsInt(X — (X — )] — [X — (i, ) 8P5 CU(X — (X — A))]

= (1,j) 6PsCL(A) — (i,j) 6PsInt(A) ——> (2)
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From (1) & (2), (a) is proved.
(b) Necessity: Let A € (i,j) 6Ps0(X). Then A = (i, ) Int §Ps(A)
«~ (i,j) 8PsBC(A) = (i,)) 6P CI(A) — (i,)) Int 6Ps(A)
= (i,)) 6PsCIL(A) — A
CX—-A
Sufficiency: Let (i,j) 6PsBd(A) € X — A —_— (€))
x € (i,j) PsBd(A) = x € (i,j) 6P Cl(A) and
x€& (i,j)6PsInt(A) >x€eX—A=>x¢A
Now(3)=xeX—-A=>x¢A
= A € (i,)) §PsInt(A)
~ A€ (i,j) Ps0(X)
c) obvious from (b)
d) (i,j) 6PsBd(Bd(4)) < (i,)) §PsBd(A)
Let x € (i,) §PsBd((i,j)Bd(A)) = x € ((i,j) 6PsBd((i,)) §PsCL(A) — (i, )) §PsInt(A))
Sx€ [(i, J) 8Ps C1((i, j) 8P5CL(A) — (i, ) 5P51nt(A)) — (i, /)8Ps Int ((i, j) SPsCL(A) —
Int(4))]
= x € [(i,j) 6Ps CL((i,)) 8Ps CL(A)) — (i,)) 8Ps Int ((i,)) §PsInt(A))]
= x € (i,)) §PBd(A).
€)(L,j) 6PsBd((i,j) 6PsCl(A)) =
(i,)) 8P Cl((i,j) 8PsCL(A)) — (i,)) 8PsInt((i, j) PsCL(A)) < (i,)) 6PsCL(A) —
(i,j) 6P Int(A) = (i,j) 6PsBd(A)
(i, ) 6PsBd((i,j) 5PsInt(A)) =
(i,j) 8Ps CL((i,j) 8PsInt(A)) — (i,j) 8Ps Int((i,j) §PsInt(A)) S (i,)5Ps CL(A) —
(i,j) 8Ps Int(A) = (i,)) §PsBd(A)
g) To Prove: (i,j)8PsInt(A) € A — (i,j) 6PsBd(A)

A~ (i,)) 8PsBd(A) = A — ((i,)) 8P5 CL(A) = (i, )) 8PsInt(A)) 2 (i, /)6PsInt(A)
~ (i,j) 8PsInt(A) € A — ((i,)) SPsBd(4))

Definition 9.5.11: A subset N of a bitopological space (X,t,,7,) is called (i,j) 6Ps-
neighbourhood of a subset A of X if there exists an (i, j) §Ps-open set U suchthat A € U <
N.When A = {x}, we say that N is (i, j) 6 Ps- neighbourhood of x.
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Proposition 9.5.12: Let X be a bitopological space and A € X, x € X, then x is (i,j) 6Ps-
interior of A if and only if Ais an (i, j) § Ps-neighbourhood of x.

Proposition 9.5.13: A subset G of a bitopological space X is (i,j) § Ps-open if and only if it

is an (i, j) 6 Ps-neighbourhood of each of its points.

Proposition 9.5.14: Let A be any subset of a bitopological space X. If a point x in the

(i,) 8Ps-Int(A), then there exists a i-semi-closed set F of X containing x and F € A.

Proof. Suppose that x € (i, j) § Ps-Int(A), then there exists an (i, j) § Ps-open set U of X
containing x such that x € U < A. Since U is an (i, j) 6 Ps-open set, so there exists an i-semi-

closed set F suchthat x e F< U € A. Hence, x e F € A.

Definition 9.5.15: Let A be a subset of a bitopological space X, A point x € X is said to be
(i,j) 6Ps-limit point of A if for each (i, j) § Ps-open set U containing x,U N A # @. The set
of all (i, j) 6 Ps-limit point of A is called (i, j) § Ps-derived set of A and is denoted by

(i,j) 6PsD(4).

In general, it is clear that (i, j) §PsD(A) < j D(A), but the converse may not be true

as shown in the following example:

Example 9.5.16: Considering the space X as defined in Example 9.2.15 if we take A = {a,
c}, So (i,j) 6PsD(A) = {a, b} and j-D(A) = {b}, hence (i,j) §PsD(A) is not a subset of -
D(A)

Theorem 9.5.17: Let X be a bitopological space and A be a subset of X, then A U
(i,j) 8PsD(A) is (i,)) 6 Ps- closed.

Proof. Let x € AU (i,j) 6PsD(A). This implies that x ¢ A and x & (i,j) §PsD(A). Since

x & (i,j) 6PsD(A), then there exists an (i, j) 6 Ps-open U of X which contains no point of A
other than x, but x & A, so U contains no point of A, which implies that U € X \A. Again, U
is an (i, j) 6Ps-open set for each of its points. But as U does not contain any point of A, no
point of U can be (i, j) § Ps-limit point of A. Therefore, no point of U can belong

to(i, j) 5PsD(A). This implies that U € X\ (i,j) §PsD(A). Hence, it follows that x € X\ A N
(X\(i,)) 6PsD(A)) = X\ (AU(i, j) 6PsD(A)), Therefore AU(i,j) §PsD(A) isan (i,j) S Ps-
closed. Hence (i,j) 6PsCL(A) € AU (i,j) §PsD(A).
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Corollary 9.5.18: If a subset A of a bitopological space X is (i, j) § Ps-closed, then A

contains the set of all of its (i, j) § Ps-limit points.

Theorem 9.5.19: Let A be any subset of a bitopological space X, then the following

statements are true:

a) ((i,)) 6PsD(((i,j) PsD(A)\A € (i,)) §PsD(A)
b) (i,j) 6PsD(A) U (i,j) §PsD(A) € AU (i,)) 6PsD(A)

Proof. Obvious

Theorem 9.5.20: Let X be a bitopological space and A be a subset of X, then:
(i,)) 6Ps Int(A) = A\(i,j) 6PsD(X\A).

Proof. Obvious.

9.6 (i,j) 6Ps-Continuous Functions

Definition 9.6.1: A function f: (X, 74, 1,) — (Y, 04,0;) is called (i, j) 6Ps-continuous at a
point x € X, if for each i-open set VV of Y containing f(x), there exists (i, j) 6 Ps-open U of X
containing x such that f(U) <€ V. If f is (i, j) 6 Ps-continuous at every point x of X, then it is

called (i, j) 6 Ps-continuous.

Definition 9.6.2: A function f: (X, 1,,1,) — (Y, 04,0;) is called almost (i, j) 6 Ps-
continuous at a point x € X, if for each i-open set V of Y containing f (x), there exists
(i,j) 8Pg-open U of X containing x such that f(U) < i Int(i CL(V)). If f isalmost

(i, j) 8 Pg-continuous at every point x of X, then it is called almost (i, j) § Ps-continuous.

It is obvious from definition that (i, j) § Ps-continuity implies almost (i, j) 6 Ps-

continuity however the converse is not true in general, as shown in the following example:

Example 9.6.3: Let X = {a, b, c},t; = {X,0,{a},{a,c}} and 1, = {X, @, {qa, c}} then the
family of (1,2) §Ps-open subsets of X is (1,2) §Ps0(X) = {X, @, {b},{c}, {b, c}}. Let

f: (X, 14, 75) = (X, 74, T2) be the identity function, then it is almost (i, j) § Ps-continuous.
Since {a} is an i-open set in X containing f(a) = a but there is no (i, j) 6 Ps-open set U of X

containing a such that f(U) < {a}, so itis not (i,j) &Ps-continuous.

It is clear that every (i, j) 6 Ps-continuous function is j-pre-continuous but the

converse is not true in general, as shown in the following example:
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Example 9.6.4: In Example 9.6.3, f is j-pre continuous, but it is not (i, j) § Ps-continuous.

The following is the characterization theorem of (i, j) § Ps-continuous:

Theorem 9.6.5: For a function f: (X, 74, t,) = (Y, 04, 0;), the following statements are
equivalent:

a) f is (i,j) 6Ps-continuous,

b) f~Y(V)is (i,j) 6Ps-open set in X, for each i-opensetVinY,

c) f~Y(F)is (i,j) 6Ps-closed set in X, for each i-closed set F in Y,

d) £((i,j) 8PsCL(A)) < i CL(f(A)), for each subset A of X,

e) (i, j) 6PCL(f~1(B)) < f~1(i CL(B)), for each subset B of Y,

f) fY(i Int(B)) € (i,j) §PsInt(f~1(B)), for each subset B of Y,

Q) i Int(f(A)) € f((i,j) 6PsInt(A)), for each subset A of X.

Proof: (a) = (b): Let f: (X, 14,72) = (Y, 01,0) be (i,j) 6Ps-continuous function.
To Prove. f~1(V) is (i, j) 6Ps-openin X V openset Vin'Y
Let V be i-openinY. Letx € f~1(V). Then f(x) € V

By Definition 9.6.1, there exists a (i,j) d Ps-open set U of X containing x 3 f(U) SV =
x€Ucf (V).

By Definition 9.5.1(b) x is an (i, ) 8P Int point of f~1(V). Since x is arbitrary, f~1(V) is
(i,j) 8Ps-open.

(b) = (c): Let F be any i-closed set of Y, then Y — F is an i-open set of Y. By (b), we have
fFYY=F)=X—f"Y(F)is (i,j) 6Ps-opensetin X.Hence f~1(F)is (i,j) &Ps-closed set
inX.

(¢) = (d): Let A be any subset of X, then f(A) < i CI(f(A))and i CIL(f(A)) is a i-closed

setinY. Hence A € f~1(i CI(f(A))), by (c), f~1(i CL(f(A)) isan (i,j) &Ps-closed set in
X. Therefore, (i,j) §PsCI(A) € f~1(i CL(f(A))), so f((i,j) 8PsCI(A)) S i CI(f(A)).

(d) = (e): Let B be any subset of Y, then f~1(B) is a subset of X, by (d) we have
£ (€ 8PSCU(F(B))) € £ CUUF(F(BY)) = i CU(B), hence (i,j) SPSCI(f™(B)) €
f7H cuB)).
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(e) = (f): Let B be any subset of Y, then by applying condition (e¢) on Y — B we obtain,

(i,/) SPCI(f~*(Y — B)) € f~'(iCl(Y — B))
& (i,)) 8PCI(X — f~X(B)) € F~Y(Y — ilnt(B))

& X —(i,)) §PsInt(f~*(B)) € Y — f~1(ilnt(B))

& Y (int(B)) < (i, ))8PsInt(f~*(B))

(f) = (g): Let A be any subset of X, then f(A) is a subset of Y. By (f), we have
£ (i mt(f(A))) € (.)) 6Psint (f(F(4))) = (i.j) SPsint(A). Therefore,
i Int(f(A) € ((i,)) 8PsInt(A)).

(9) = (a): Letx € X and let V be any i-open set of Y containing f(x), then x € f~1(V)
and f~1(V) is a subset of X. Hence, by (g), we have

i = Int(f(f (V) € f((i.)) 8PsInt(f 1 (V))). So, i Int(V) € f((i,)) SPsInt(f~1(V))).
Since V isan i-opensetin Y, thenV € f((i,j) §PsInt(f~1(V))) which implies that
(") € (i,j) §PsInt(f~1(V))). Therefore, f~1(V) is (i,j) §Ps-open set in X containing
x and clearly f(f~1(V)) € V. Hence f is (i,j) 8Pg-continuous.

Theorem 9.6.6: For a function f: (X, 74, t,) = (Y, 0y, 03), the following statements are

equivalent:
a) f is almost (i, j) 8§ Ps-continuous,
b) For each x € X and each i-open set VV of Y containing f(x), there exists an

(i,j) 6Ps-open set U of X containing x such that f(U) < i sCI(V)

c) For each x € X and each i-regular open set VV of Y containing f(x), there exists an
(i,)) 8Ps-open set U of X containing x such that f(U) c V.

d) For each x € X and each i- open set V of Y containing f(x), there exists an
(i,)) 8 Ps-open set U of X containing x such that f(U) c V.

Proof: (a) = (b): Let x € X and let VV be any i-open set of Y containing f (x), by (a) there
exists an (i, j) 6 Ps-open set U of X containing x such that f(U) € Int(i CI(V)). Since V is
i 6-open and hence V is an i §-preopen set, so Int(i Cl(V)) =i sCL(V). Therefore, f(U) <
i 6 sClLV).
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(b) = (c¢): Let x € X and V be any i-regular open set of Y containing f(x), then Visai &-
open set of Y containing f(x). So by (b), there exists an (i, j) § Ps-open set U of X containing
x such that f(U) < i sCI(V). Since V is i-regular open and hence V is i-open, so i sCL(V) =
Int(i CL(V)). Therefore, £(U) < iInt(i CL(V)) and since V is i-regular open and hence V is
i- regular open, then f(U) € V.

(c) = (d): Letx € X, and V be any i- open set of Y containing f (x), then for each f(x) e V
there exists an i-open set G containing f(x) suchthat G < i Int(i CL(G)) € V. Since

i Int(i CI(G)) is i-regular open set of Y containing f(x), so by (c) there exists an (i, ) 6 Ps-
open set U of X containing x such that f(U) € i Int(i CL(G)) < V. This implies that

f) cv.

(d) = (a): Letx € X and let V be any i-open set of Y containing f(x), then i Int(i CL(V))
is i -open set of Y containing f (x). Hence, by (d), there exists an (i,j) &§Ps-open set U of X
containing x such that f(U) < i Int(i CL(V)). Therefore, f is almost (i, j) § Ps-continuous.

Theorem 9.6.7: For a function f: (X, 4, t5) = (Y, 04, 03), the following statements are

equivalent:

a) f is almost (i, j) 8 Ps-continuous,

b) f~Y(iInt(i CL(V))) is (i,j) 6Pg-open set in X, for each i-opensetVinY.

c) fY(i Cl(i Int(F))) is (i,j) 6Ps-closed set in X, for each i-closed set F in Y.
d) f~Y(F) is (i,j) 6Ps-closed set in X, for each i-regular closed set F in Y.

e) f~Y (V) is (i,j) 6Ps-open set in X, for each i-regular open set Vin'Y.

Proof. (a) = (b). Let V be any i-open set in Y. We have to show that f~1(Int(CIL(V)) is a
(i,j) 6Ps-open set in X. Let x € f~1(i Int(i CL(V)) and i Int(i CL(V)) is a i-regular open set
in Y. Since f is almost (i, j) 6 Ps-continuous, by Theorem 9.6.6(b), there exists a (i, ) 6Ps-
open set U of X containing x such that f(U) € Int(i CL(V)), which implies that x € U <
f~Y(Int(i CL(V)). Therefore, f~1(i Int(i CL(V)) is (i,j) 6Ps-open set in X,

(b) = (c). Let F be any i-closed set of Y. Then Y — F is an i-open set of Y. By (b),

(i Int(i CL(Y\F)) is (i, ) §Ps-open setin X and f~1(i Int(i CL(Y\F)) = f~*(Int(Y\
F)) = f~Y\i Cl(i Int(F)) = X\f (i CI(i Int(F)) is (i, j) 6Ps-open set in X and hence
fY(i Cl(i Int(F)) isan (i,j) 6Ps-closed set in X .
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(c) = (d). Let F be any i-regular closed set of Y. Then F is a i-closed set of Y. By (c),
fi@cl(ime(F)) is (i,j) 6Ps-closed set in X. Since F is i-regular closed set, then
fr@ cl(i Int(F)) = f~1(F). Therefore, f~1(F) is an (i, j) 6Ps-closed set in X.

(d) = (e). Let V be any i-regular open set of Y. Then Y\V is i-regular closed set of Y and
by (d), we have f~1(Y\V) = X\f~1(V) is an (i,j) 6Ps-closed set in X and hence f~1(V) is
(i,j) 6Ps-openin X.

(e) > (a). Let x € X and let V be any i-regular open set of Y containing f(x). Then
x € f~1(V). By (e), we have f~1(V) is an (i,j) 6Ps-open set in X. Therefore, we obtain
f(f~Y(V)) € V. Hence by Theorem 9.6.6(c), f is almost (i, j) § Ps-continuous.

Theorem 9.6.8: For a function f: (X, t4,72) = (Y, 04, 0,), the following statements are

equivalent:

a) f isalmost (i,j) 6 Ps-continuous.

b) (i,j) 6PsCL(f~1(V) € f~1(iCL(V)), for each i B-open set V of Y.

) f(imt(F)) < (i,)) 8PsInt(f~*(F)), for each i B-closed set F of Y

d) f(i Int(F)) < (i,)) 6Ps Int(f~(F)), for each i-semi closed set F of Y.
e) (i,)) 6PCL(f~1(V)) € f1(iCL(V)) for each i-semi open set V of Y.

Proof. (a) = (b) LetV be any i -open set of Y. By Lemma 1.3.11, i CI(V) is an i-regular
closed setin Y and f is almost (i, j) 6 Ps-continuous. Then by Theorem 9.6.7(d),

f@ cl(V)) isan (i, ) §Ps-closed set in X. Therefore, we obtain (i, j) §PsCL(f~1(V)) =
fAiCL(V). Now V < iCl(V) = f~1(V) < F1(icl(V)) = (i, )H)SPCL(f (V) <

(i, NEPSCIU(f (i CLV)) = f (i CL(V))

Hence (i, /))SPsCL(f~1(V) € f~1(i CL(V)).

(b) = (c) Let F be any i B-closed set of Y. Then Y\F is i f-open set of Y and by (b), we

have (i,j) 8PsCL(f~*(Y\F)) € f~1(i CL(Y\F)) & (i,)) §PsCL(X\f~1(F))
fYY\i Int(F)) © X\(i,)) 6Ps(f~1(F)) € X\f (i Int(F)). Therefore,

f(i mt(F)) < (i,)) PsInt(f ~1(F)).

(c¢) = (d). This is obvious since every semi closed set is S-closed set.
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(d) = (e). Let VV be any i-semi open set of Y. Then Y\V is i-semi closed set and by (d), we
have f~1(i Int(Y\V)) € (i,j) 6Ps Int(f~1(Y\V)) & f1(Y i CL(V)) < (i, ) 6PsInt(X\
L) e X\f (i cuv)) € X\(Q,)) Ps(f~1(V)). Therefore, (i,j) §Ps CL(f~*(V))
frecuvy).

(e) = (a). Let F be any i-regular closed set of Y. Then F is i-semi open set of Y. By (e), we
have (i, ) 6Ps CI(f~*(F)) < f~*(i CL(F)) = f~(F). This shows that f~1(F) is (i, ) 6Ps-
closed set in X. Therefore, by Theorem 9.6.6(d), f is almost (i, j) 6 Ps-continuous.

Proposition 9.6.9: A function f: (X, t,,72) = (Y, 04, 0,) is almost (i, j) § Ps-continuous if

and only if F=1(V) < (i, ) §PsInt(f ~*(Int(j CI(V))) for each 1-open set VV of Y.

Proof. Necessity. Let V be any i-open set of Y. Then V € i Int(i CL(V)) and i Int (i CL(V))
is an i-regular open set in Y. Since f is almost (i, j) § Ps-continuous, by Theorem 9.6.7(e),

f (i nt( i Cl(V)))is (i,j) §Ps-open setin X and hence we obtain that f~*(V) <

71 (ime(icL(v))) = (i) Ps Int(f (i Int (i CLV))).

Sufficiency. Let VV be any i-regular open set of Y. Then V is i-open set of Y. By hypothesis,
we have f~1(V) € (i,) 6Ps(f = (i Int(i CLV))) = (i, ) SPsInt(f~*(V)). Therefore,

f~Y(V)isan (i,j) 6Ps-open set in X and hence by Theorem 9.6.7(e), f is almost (i, j) 6 Ps-

continuous.

Corollary 9.6.10: A function f: (X, t4,72) = (Y, 01, 03) is almost (i, j) § Ps-continuous if

and only if (i, ) §PCI(f 1 ( icl(i Int(F))) c f~(F) for each i-closed set F of Y.

Proposition 9.6.11: Let f: (X, 14, 73) = (Y, 04, 0,) isan almost (i, j) 6 Ps-continuous
function and let V be any i-open subset of Y. If x € (i,j) §Ps CL(f " (V))\f ~1(V), then
f(x) € (i, )) §PsCLV).

Proof. Let x € X be such that x € (i,j) 6Ps CL(f 1 (V))\f ~1(V) and suppose f(x) &

(i,j) 8PCL(V). Then there exists an (i, j) § Ps-open set H containing f(x) suchthat H NV =
@. Theni CI(H)NV =@ impliesi Int(i CL(H)NV =@ and i Int(i CL(H)) is i-regular
open set. Since f is almost (i, j) 6 Ps-continuous, by Theorem 9.6.6(c), there exists an

(i,j) 8Ps-open set U in X containing x such that f(U) < iInt( i CL(H)). Therefore, f(U) N
V = @. However, since x € (i, /) 6Ps CL(f~*(V)),U n f~1(V) # @ for every (i, j) 5Ps-open
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set U in X containing x, so that f(U) NV # @. We have a contradiction. It follows that
f(0) € (i, ) 8PSCL(V).

Proposition 9.6.12: A function f: (X, t4,72) = (Y, 01,0,) is (i,j) 6Ps-continuous if and
only if f is j- §-pre continuous and for each x € X and each i-open set VV of Y containing

f (x) there exists an i-semi-closed set F of X containing x such that f(F) € V.

Proof: Necessity. Let f be an (i, j) § Ps-continuous function. Let x € X and each i-open set
of Y containing f (x), then by hypothesis there exists an (i,j) &§Ps-open set U of X containing
x such that f(U) € V. Since U is (i,j) 6Ps-open, then for each x € U there exists an i-semi-
closed set F of X such that x € F < U. Therefore, we have f(F) € V and (i, j) 6 Ps-

continuity always implies j- § fpre continuity.

Sufficiency. Let V be any i-open set of Y. To show that f~1(V) is an (i, j) § Ps-open set in X.
Since fis j- §-precontinuous, then f~1(V) is an j- 5-preopen set in X. Let x € f~1(V), then
f(x) € V. So by hypothesis, there exists an i-semi-closed set F of X containing x such that
f(F) € V. Thisimpliesthatx € F € f~1(V), so f (V) is an (i, j) §Ps-open set in
X.Therefore, so by Thereom 9.6.5(b), f is (i,j) 6 Ps-continuous.

Proposition 9.6.13: Let f: (X, 74, 7;) = (Y, 01, 0,) be a function and let B be any basis for g;
inY, then f is (i, ) 8 Ps-continuous if and only if for each B € i B, f~1(B) is an (i, ) 6Ps-

open subset of X.

Proof: Necessity. Suppose that f is (i, j)6Ps- continuous. Then since each B € i B is an i-
open subset of Y and f is (i, ) 8Ps-continuous. f~1(B) is an (i, j) §Ps-open subset of X by
Theroem 9.6.5(b).

Sufficiency. Let V be any i open subset of Y. Then V = U{Bx : k € I} where every By is a
member of i B for a suitable index set I, it follows that f~1(V) = = f (U{Bx : k € I}) =
Uf'{B« k € 1}). Since f(By) is an (i, j)8Ps-open subset of X for each k € 1, by hypothesis
f~Y(V)is the union of a family of (i, j)5Ps-open sets of X and hence is (i, j) § Psopen set of
X, by Proposition 9.2.8. Therefore, by Theorem 9.6.5(b), f is (i, j) 6 Ps- continuous.

Proposition 9.6.14: Let f: (X, t4,72) = (Y, 01, 0) be (i, j)-perfectly continuous and i-contra

continuous, then £ is (i, j) 6 Ps-continuous.

Proof: Let V be any i-open subset of Y. Since f is (i, j)-perfectly continuous, so f~1(V) is j-

open in X. Since f is i-contra continuous, so f~1(V) is i-closed in X. Therefore, by
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Proposition 9.2.16 f~1(V) is (i, ) 8 Ps-open set in X, so by Theorem 9.6.5(b), f is (i, j) 8 Ps-

continuous.

Proposition 9.6.15: Let f: (X, t4,75) = (Y, 01,05) is (i,j) §Ps-continuous, if Y is an i-open
subset of a bitopological space (Z,14,1,), then f: (X, t4,7,) = (Z,n1,12) is (i,j) Ps-

continuous.

Proof: Let V be any i-open setin Z, then V. Nn'Y is an i-open setin Y. Since f is (i, ) 6 Ps-
continuous, so by Proposition 9.6.5(b), f~1(V nY) is (i,j) 8Pg-open setin X but f(x) €Y
foreach x € X. Thus f~1(V) = f~X(V nY) isan (i, ) § Ps-open set in X.Therefore by
Theorem 9.6.5(b), f: (X, t1,72) = (Z,1n1,1m2) is (i, ) § Ps-continuous.

Proposition 9.6.16: Let f: (X, t4,7,) = (Y, 04, 0,) be almost (i,j) §Ps-continuous, if Y is
an i-preopen subset of a bitopological space (Z,n4,1,), then f: (X,11,72) = (Z,n1,12) IS

almost (i,j) &Pg-continuous.

Proof: Let V be any i-regular open set of Z . Since Y is i-preopen then by Lemma 1.3.15,

V nYisi-regular open setinY. Since f: (X, 14, 7,) = (Y,04,0,) isalmost (i,j) 8Ps-
continuous, so by Theorem 9.6.7(e), f~2(V nY) is (i,j) §Ps-open setin X but f(x) € Y for
each x € X, hence f~1(V) = f~Y(V nY)is (i,j) 6Ps-open set in X.Therefore by Theorem
9.6.5(b), f: (X,t4,72) = (Z,m1,1m2) is (i,j) 6Ps-continuous.

Proposition 9.6.17: If f: (X, t4,72) = (Y, 01, 0,) be almost (i,j) §Ps-continuous and
g:(Y,0y,0,) = (Z,n4,1n,) is i-continuous and i-open, then the composition function

gef:(X,t1,72) = (Z,mq,1m,) isalmost (i,j) §Ps-continuous.

Proof: Let x € X and V be an i-open set of Z containing (g o f)(x). Since g is i-continuous,
so g~1(V) is i-open set of Y containing f(x). Since f is almost (i, j) §Pg-continuous, then
there exists an (i, j) §Ps-open set U of X containing x such that £ (U) < i Int(i Cl(g~*(V))),
also g is i-continuous, then (g ° f)(U) < g(i Int(g~t(i CL(V)))). Since g is i-open we
obtainthat (g o f)(U) € i Int(i CL(V)). Therefore g o f isalmost (i,j) &Ps-continuous.

Proposition 9.6.18: If f: (X, t4,72) = (Y, 04, 0,) be almost (i,j) §Ps-continuous and Y is i-

semi-regular, then £ is (i,j) &Ps-continuous.
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Proof: Let x € X amd let V be any i-open set of Y containing f (x), by the semi-regularity of
Y, there exists an i-regular open set G of Y such that f(x) € G € V. Since f is almost

(i, j) 8 Pg-continuous, so by Theorem 9.6.6(c), there exists an (i, j) dPg-open set U of X
containing x such that f(U) € G < V. Therefore, f is (i,j) §Ps-continuous.

Definition 9.6.19: A function f: (X, t,,12) = (Y, 04, 03) is called contra (i, j) 6Ps-
continuous if f~1(V) is (i, j) §Ps-closed in X for every j-open V of Y.

The following result is proved easily:

Proposition 9.6.20: The function f: (X, t,,72) = (Y, 01, 03) is contra (i,j) &Pg-continuous if
and only if for each j-closed set A containing f(x), there exist an (i,j) 6Ps-open set G
containing x such that f(G) < A.

Proposition 9.6.21: If a function f: (X, t,,72) = (Y, 0y, 0,) is contra (i,j) &Pg-continuous at
x, then for each j-closed set A containing f (x), there exists an i-semi-closed set F such that
f(F) c A.

Proof: Let A be any j-closed set containing f (x). Since f is contra (i,j) §Ps-continuous, so
by Proposition 9.6.12, there exists an (i, j) &Ps-open set G containing x such that f(G) < A.
Since G is (i,j) dPs-open set, for all x € G there exists an i-semi-closed set F such that

x € F € G. This implies that f(F) < f(G) < A which completes the proof.

Theorem 9.6.22: The following statements are equivalent for a function f: (X, t4,7,) =
(Y,04,07):

a) f is contra (i, j) é Ps-continuous,

b) The inverse image of every j-closed set of Y is (i, j) § Ps-open in X.

C) For each x € X and each j-closed set B in Y with f(x) € B, there exists an
(i,j) 6Ps-openset A in X such that x € A and f(A) S B.

d)  f(G)) 6PsCL(A)) < j ker(f(A)), for every subset A of X.

e) (i,j) PsCL(f~1(A4)) € f1(j ker(A)), for every subset A of Y.

Proof: (a) = (c¢): Let x € X and B be j-closed set in Y with f(x) € B. By (a), it follows that
fFAY—-=B)=X—f"1(B)is (i,j) 6Ps-closed in X and so f~1(B) is (i, j) § Ps-open. Take
A = f~1(B), we obtain that x € A and f(4) S B.
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(c) = (b): Let B be j-closed set in Y with x € f~1(B). Since f(x) € B, so by (c) there exists
an (i, j) 6Ps-open set A in X containing x such that f(4) < B. It followsthat x € A <
f~Y(B), hence f~1(B) is (i,j) 8Pg-open setin X.

(b) = (a): Follows directly from Theorem 5.2.7.

(b) = (d): Let A be any subset of X and let y € j ker(f(A)), then there exists a j-closed set
F containing y such that f(4) N F = @. Hence, we have A n f~1(F) = @ and

(i,)) 6PsCL(A) N (F1(F)) = 0,50 £((i,)) 6PsCI(A))NF =pandy ¢
f((i.) 8PsCL(A)). Thus f((i, /) 8PsCL(A)) € j ker(f(4)).

(d) = (e): Let A be any subset of Y, so by (d), f((i,j) §PsCL(f"*(B))) < j ker(B). Hence
(i,j) 6PsCI(f~*(B)) < f~1(j ker(B)).

(e) = (a): Let B be any j-open set of Y, by (e), (i,j) 6PsCL(f~1(B)) < f~*(j ker(B)) =
f~1(B) and hence (i,j) 6PsCL(f~*(B)) = f~1(B). Therefore, we obtain that f~1(B) is

(i,j) 6Ps-closed in X, so f is contra (i,j) &Ps-continuous.

Proposition 9.6.23: If a function f: (X, t,7,) — (Y, 01, 0,) is both j-contra continuous and

j i- perfectly continuous, then f is contra (i,j) &Pg-continuous.

Proof: Let V be any j-open set in Y. Since f is j i-perfectly continuous so f~1(V) is both i-
open and i-closed in X and since f is j-contra continuous, so f~(V) is j-closed in X. Hence

f~Y(V)isa(i,j) 6Ps-closed setin X, so f is contra (i, j) &Pg-continuous.

Proposition 9.6.24: If a function f: (X, 1,,7,) = (Y, 04,0,) is contra (i,j) &Pg-continuous

and g: (Y, 0y,0,) = (Z,n4,1n,) is j-R-map, then g o f is contra (i,j) 6Ps-continuous.

Proof: Let V be any j-regular open set of Z. Since g is j-R-map, so g~1(V) is a j-regular
open set in Y and since every regular open set is an open set, so g~(V) is a j-open setin Y.
Since f is contra (i, j) 8Pg-continuous, so (g o f)~1(V) = f~1(g~1(V)) is (i,j) SPs-closed

set in X. Therefore, g o f is contra (i, j) &Ps-continuous.
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