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A New Class of Open Sets using δ-Preopen Sets 

Chapter 9 

(𝒊, 𝒋) - 𝜹𝑷𝑺-Open sets in Bitopological Spaces 

9.1 Introduction 

In 1963, Kelly J.C. first introduced the concept of bitopological spaces, where X is a 

nonempty set 𝜏1, 𝜏2 are topologies on 𝑋. The classical theorems in general topological spaces 

become particular cases of the analogous theorems for bitopological spaces. In this chapter, 

we introduced the concept of a conditional preopen set in a bitopological spaces, and we find 

basic properties and relationships with other concepts of sets. A new class of sets, called 

(𝑖, 𝑗)-𝛿𝑃𝑆-open sets in bitopological spaces was defined. By using this set, we introduced and 

defined a notion of (𝑖, 𝑗)-𝛿𝑃𝑆-continuity and investigated some of its properties. In particular, 

(𝑖, 𝑗)-𝛿𝑃𝑆-open sets and (𝑖, 𝑗)-𝛿𝑃𝑆-continuity are used to extend some known results of 

continuity. 

9.2 (𝒊, 𝒋)-𝜹𝑷𝑺-Open Sets 

In this section, we introduce and define a new type of sets in bitopological spaces and 

we find some of its properties. 

Definition 9.2.1: A subset 𝐴 of a bitopological space (𝑋, 𝜏1, 𝜏2) is said to be (𝒊, 𝒋)-𝜹𝑷𝑺-open, 

if 𝐴 is a  𝑗-𝛿-preopen set and for all 𝑥 in 𝐴, there exists an 𝑖-semiclosed set 𝐹 such that 

𝑥 ∈ 𝐹 ⊆ 𝐴.  

Remark 9.2.2: (a) The family of (𝑖, 𝑗) 𝛿𝑃𝑆-open subset of 𝑥 is denoted by (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

(b) A subset B of X is called (𝑖, 𝑗) 𝛿𝑃𝑆-closed if and only if  𝐵𝐶 is (𝑖, 𝑗) 𝛿𝑃𝑆-open. 

Proposition 9.2.3: A subset 𝐴 of a bitopological space 𝑋 is (𝑖, 𝑗) 𝛿𝑃𝑆-open, if 𝐴 is 𝑗 𝛿-

preopen set and it is a union of 𝑖-semi closed sets. This means that 𝐴 =∪ 𝐹𝛾, where 𝐴 is a 𝑗 𝛿-

preopen and 𝐹𝛾 is an 𝑖-semi closed set for each 𝛾. 

Proof: The proof follows from Proposition 2.2.2. 

Remark 9.2.4: By setting 𝜏𝑖 = 𝜏𝑗 = 𝜏 in the Definition 9.2.1, a (𝑖, 𝑗)  𝛿𝑃𝑆-open set is 𝛿𝑃𝑆-

open set in (𝑋, 𝜏). 

Remark 9.2.5: In general, (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋) ≠ (𝑗, 𝑖)  𝛿𝑃𝑆𝑂(𝑋). 

Example 9.2.6: Let 𝜏1 ⊆ 𝜏2, where 𝜏1 = {𝑋, ∅, {𝑎}} and 𝜏2 = {𝑋, ∅, {𝑎}, {𝑏, 𝑐}}. Then 

(1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}} and (2,1) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑎}, {𝑏, 𝑐}}. Then 
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(1,2) 𝛿𝑃𝑆𝑂(𝑋) ≠ (2,1) 𝛿𝑃𝑆𝑂(𝑋). Since {𝑐} ∈ (1,2) 𝛿𝑃𝑆𝑂(𝑋) but not in (2,1) 𝛿𝑃𝑆𝑂(𝑋) and 

{𝑎} ∈ (2,1) 𝛿𝑃𝑆𝑂(𝑋) but not in (1,2) 𝛿𝑃𝑆𝑂(𝑋). 

Remark 9.2.7: If 𝜏1 ⊆ 𝜏2, then (1,2) 𝛿𝑃𝑆𝑂(𝑋) and (2,1) 𝛿𝑃𝑆𝑂(𝑋) are independent. This 

hereditary property is not preserved for (1,2) 𝛿𝑃𝑆-open sets in bitopology. 

Remark 9.2.8: Every (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) is a 𝑗 𝛿𝑃𝑂(𝑋) which follows from definition 9.2.2, but 

not conversely. 

Example 9.2.9: Consider 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}} and 𝜏2 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. 

Then 𝛿𝑃𝑂(𝑋, 𝜏𝑗) = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}} and (1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}}. Not all 2 𝛿𝑃-

open set is a (1,2) 𝛿𝑃𝑆-open set. 

Proposition 9.2.10: For a bitopological space, (𝑋, 𝜏𝑖 , 𝜏𝑗), (𝑖, 𝑗) 𝑃𝑆𝑂(𝑋) ⊆ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋). 

Proof: Let 𝐴 ∈ (𝑖, 𝑗) 𝑃𝑆𝑂(𝑋). Then by Definition 1.4.4, 𝐴 is a preopen set and hence 𝐴 is a 𝛿-

preopen set. Since 𝐴 ∈ (𝑖, 𝑗) 𝑃𝑆𝑂(𝑋), for all 𝑥 ∈ 𝐴, there exists a semi-closed set 𝐹 such that 

𝑥 ∈ 𝐹 ⊆ 𝐴. Hence by Definition 9.2.2 𝐴 is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set. 

Remark 9.2.11: An (𝑖, 𝑗) 𝛿𝑃𝑆-open set need not be an (𝑖, 𝑗) 𝛿𝑃𝑆-open set. 

Example 9.2.12: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}, {𝑎, 𝑐}} and 𝜏2 = {𝑋, ∅, {𝑎, 𝑐}}.Then 

(1,2) 𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑐}, {𝑏, 𝑐}} and (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. Here {𝑏} is a 

(𝑖, 𝑗) 𝛿𝑃𝑆-open set but not a (𝑖, 𝑗) 𝑃𝑆-open set. 

Proposition 9.2.13: The union of any family of (𝑖, 𝑗) 𝛿𝑃𝑆-open sets in a space 𝑋 is also 

(𝑖, 𝑗)  𝛿𝑃𝑆-open.  

Remark 9.2.14: The intersection of two (𝑖, 𝑗)  𝛿𝑃𝑆-open sets is not (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 

general, as shown in the following example: 

Example 9.2.15: Let 

𝑋 = {𝑎, 𝑏, 𝑐},     𝜏1 = {𝑋, ∅, {c}, {a, b}, {a, b, c} },

𝜏2 = {𝑋, ∅, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a, c, d} } then 

(1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑎}, {𝑐}, {𝑏, 𝑐}, {𝑎, 𝑐}, {𝑎, 𝑏, 𝑐}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}} if 𝐴 = {𝑏, 𝑐, 𝑑} and 

𝐵 = {𝑎, 𝑐, 𝑑} then 𝐴 ∩ 𝐵 = {𝑐, 𝑑} ∉ (1,2) 𝛿𝑃𝑆𝑂(𝑋). 

Proposition 9.2.16: A subset 𝐴 is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set if it is both 𝑗-open and 𝑖-closed. 

Proof: Let 𝐴 ⊆ 𝑋. 𝐴 is both 𝑗-open and 𝑖-closed. 𝐴 is both 𝑗-open ⇒ 𝐴 is 𝑗 𝛿-preopen.  And 𝐴 

is 𝑖-closed ⇒ 𝐴 is 𝑖-semi-closed. By Proposition 9.2.2, 𝐴 is (𝑖, 𝑗) 𝛿𝑃𝑆-closed. 
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Proposition 9.2.17: Let (𝑋, 𝜏1, 𝜏2) be a bitopological space if (𝑋, 𝜏𝑖) is a semi-𝑇1-space, then 

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = 𝑗 𝛿 𝑃𝑂(𝑋). 

Proof: Let 𝐴 be any subset of a space 𝑋 and 𝐴 is 𝑗 𝛿-preopen set, if 𝐴 = ∅, then 𝐴 ∈

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), if 𝐴 ≠ ∅, now let 𝑥 ∈ 𝐴, since (𝑋, 𝜏1) is semi-𝑇1 space, then by Theorem 

1.1.10, every singleton is 𝑖-semi closed set, and hence 𝑥 ∈ {𝑥} ⊆ 𝐴, therefore 𝐴 ∈

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), hence 𝑗 𝛿 𝑃𝑂(𝑋) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) but (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) ⊆ 𝑗 𝛿 𝑃𝑂(𝑋) generally, 

thus (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = 𝑗 𝛿 𝑃𝑂(𝑋). 

Proposition 9.2.18: A subset 𝐴 of a space (𝑋, 𝜏1, 𝜏2) is (𝑖, 𝑗) 𝛿𝑃𝑆-open if and only if for each 

𝑥 ∈ 𝐴, there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set B such that 𝑥 ∈ 𝐵 ⊆ 𝐴.  

Proof. Assume that A is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set in the (𝑋, 𝜏1, 𝜏2)then for each 𝑥 ∈ 𝐴, put 

𝐵 = 𝐴 is (𝑖, 𝑗) 𝛿𝑃𝑆-open set containing 𝑥 such that 𝑥 ∈ 𝐵 ⊆ 𝐴.  

Conversely, suppose that for each  𝑥 ∈ 𝐴, there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set B such that 

𝑥 ∈ 𝐵𝑥 ⊆ 𝐴, thus 𝐴 =∪ 𝐵𝑥, where 𝐵𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) for each 𝑥, By Remark 9.2.4 𝐴 is 

(𝑖, 𝑗) 𝛿𝑃𝑆-open. 

Corollary 9.2.19: Let (𝑋, 𝜏1, 𝜏2) be a bitopological space if (𝑋, 𝜏𝑖) is a semi-𝑇1-space and 

(𝑋, 𝜏𝑗) is semi-regular space 𝛿𝑃𝑂(𝑋) = 𝑃𝑂(𝑋). 

Proposition 9.2.20: In a bitopological space (𝑋, 𝜏1, 𝜏2) if the space (𝑋, 𝜏𝑖) is hyperconnected 

then (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) ≠ {𝑋, ∅}. 

Example 9.2.21: Let (𝑋, 𝜏1, 𝜏2) be a bitopological space. 𝜏1 = {𝑋, ∅, {a}} and 𝜏2 =

{𝑋, ∅, {a}, {a, b}}. Then 𝜏1 is hyperconnected and (1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}} ≠

{𝑋, ∅}. 

Remark 9.2.22:  In the above conditions, from Theorem 1.4.6, it is proved that 

(𝒊, 𝒋) 𝑷𝑺𝑶(𝑿) = {𝑿, ∅}. The result fails in the case of (𝒊, 𝒋) 𝜹𝑷𝑺𝑶(𝑿).  

Proposition 9.2.23: In a bitopological space (𝑋, 𝜏1, 𝜏2) if a space (𝑋, 𝜏𝑖) is locally indiscrete 

then (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) ⊆ 𝜏𝑖. 

Proof: Let 𝑉 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) then 𝑉 ∈ 𝑗 𝛿𝑃𝑂(𝑋) and for each 𝑥 ∈ 𝑉, there exist 𝑖-semi-

closed 𝐹 in 𝑋 such that 𝑥 ∈ 𝐹 ⊆ 𝑉, by Lemma 1.1.14(b), 𝐹 is 𝑖-open, it follows that 𝑉 ∈ 𝜏𝑖, 

and hence (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) ⊆ 𝜏𝑖. 

The converse of Proposition 9.2.23 is not true in general, as shown in the following example: 

Example 9.2.24: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}, {𝑏, 𝑐}} and 𝜏2 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}, 

then (1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑎}} and it is clear that (𝑋, 𝜏1) is locally indiscrete but 𝜏1 is not 

a subset of (1,2) 𝛿𝑃𝑆𝑂(𝑋). 
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Remark 9.2.25: In any bitopological space (𝑋, 𝜏1, 𝜏2) we have: 

a) If 𝜏𝑖(resp., 𝑗 𝛿𝑃𝑂(𝑋)) is indiscrete, then (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) is also indiscrete. 

b) If (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) is discrete, then 𝑗 𝛿 𝑃𝑂(𝑋) is also discrete. 

Proposition 9.2.26: Let 𝑋1, 𝑋2 be two topological space and 𝑋1 × 𝑋2 be the bitopological 

product, let 𝐴1 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋1) and 𝐴2 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋2) then 

𝐴1 × 𝐴2 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋1 × 𝑋2). 

Proof: Let (𝑥1, 𝑥2) ∈ 𝐴1 × 𝐴2, then 𝑥1 ∈ 𝐴1 and 𝑥2 ∈ 𝐴2. Since 𝐴1 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋1) and 

𝐴2 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋2), then 𝐴1 ∈ 𝑗 𝛿𝑃𝑂(𝑋1) and 𝐴2 ∈ 𝑗 𝛿𝑃𝑂(𝑋2) also, there exist 𝐹1 ∈

𝑖 𝑆𝐶(𝑋1) and 𝐹2 ∈ 𝑖 𝑆𝐶(𝑋2) such that 𝑥1 ∈ 𝐹1 ⊆ 𝐴1 and 𝑥2 ∈ 𝐹2 ⊆ 𝐴2. Therefore (𝑥1, 𝑥2) ∈

𝐹1 × 𝐹2 ⊆ 𝐴1 × 𝐴2. Since 𝐴1 ∈ 𝑗 𝛿𝑃𝑂(𝑋1) and 𝐴2 ∈ 𝑗 𝛿𝑃𝑂(𝑋2), then by Lemma 1.4.7(a), 

𝐴1 × 𝐴2 = 𝑗 𝛿𝑝𝐼𝑛𝑡𝑋1
(𝐴1) × 𝑗 𝛿𝑝𝐼𝑛𝑡𝑋2

(𝐴2) = 𝑗 𝛿𝑝𝐼𝑛𝑡𝑋1×𝑋2
(𝐴1 × 𝐴2), hence 𝐴1 × 𝐴2 ∈

 𝑗 𝛿𝑃𝑂(𝑋1 × 𝑋2). Since 𝐹1 ∈ 𝑖  𝑆𝐶(𝑋1) and 𝐹2 ∈ 𝑖  𝑆𝐶(𝑋2), then by Lemma 1.4.7(b), we get 

𝐹1 × 𝐹2 = 𝑖  𝑠𝐶𝑙𝑋1
(𝐹1) × 𝑖 𝑠𝐶𝑙𝑋2

(𝐹2) = 𝑖 𝑠𝐶𝑙𝑋1×𝑋2
(𝐹1 × 𝐹2). Hence 𝐹1 × 𝐹2 ∈ 𝑖 𝑆𝐶(𝑋1 ×

𝑋2), so 𝐴1 × 𝐴2 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋). 

Proposition 9.2.27: For any bitopological space (𝑋, 𝜏1, 𝜏2) if 𝐴 ∈ 𝑗  𝛿𝑃𝑂(𝑋) and either 

𝐴 ∈ 𝑖 𝜂𝑂(𝑋) or 𝐴 ∈ 𝑗  𝑆𝜃𝑂(𝑋), if 𝐴 ≠ ∅, then 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proof: Let 𝐴 ∈ 𝑖 𝜂𝑂(𝑋) and 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋), if 𝐴 = ∅, then 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). If 𝐴 ≠ ∅, 

since 𝐴 ∈ 𝑖 𝜂𝑂(𝑋), then 𝐴 =∪ 𝐹𝛾, where 𝐹𝛾 ∈ 𝑖 𝛿𝐶(𝑋) for each 𝛾. Since 𝑖 𝛿𝐶(𝑋) ⊆ 𝑖 𝑆𝐶(𝑋), 

so 𝐹𝛾 ∈ 𝑖 𝛿𝐶(𝑋) for each 𝛾, and 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋).  

Hence by Corollary 9.2.2, 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) 

 On the other hand, suppose that 𝐴 ∈ 𝑖 𝑆𝜃𝑂(𝑋) and 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋). If 𝐴 = ∅, then 𝐴 ∈

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). If 𝐴 ≠ ∅, since 𝐴 ∈ 𝑖 𝑆𝜃𝑂(𝑋), then for each 𝑥 ∈ 𝐴, there exists an i-semi-

open set 𝑈 such that 𝑥 ∈ 𝑈 ⊆ 𝑖 𝑠𝐶𝑙(𝑈) ⊆ 𝐴. This implies that 𝑥 ∈ 𝑖 𝑠𝐶𝑙(𝑈) ⊆ 𝐴 and 

𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋). Therefore, by Corollary 9.2.2, 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Theorem 9.2.28: If 𝛿𝑃𝑂(𝑋, 𝜏𝑗) = 𝒫(𝑋) then 𝑆𝐶(𝑋, 𝜏𝑖) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proof: Let 𝛿𝑃𝑂(𝑋, 𝜏𝑗) = 𝒫(𝑋)   (1) 

Let  𝐴 ∈ 𝑆𝐶(𝑋, 𝜏𝑖)      (2) 

From (1), A is a 𝛿-preopen set. Hence, for all 𝑥 ∈ 𝐴, choose the semi-open set 𝐴 itself such 

that 𝑥 ∈ 𝐴 ⊆ 𝐴. Then A is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set. Hence, 𝑆𝐶(𝑋, 𝜏𝑖) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proposition 9.2.29: If 𝑖 𝑆𝐶(𝑋) = 𝒫(𝑋), then (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = 𝑗 𝛿𝑃𝑂(𝑋).  
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Proof: In general, (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) ⊆ 𝑗 𝛿𝑃𝑂(𝑋), by definition. Let 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋). Then for all 

𝑥 ∈ 𝐴, choose A itself the semi-open set satisfying 𝑥 ∈ 𝐴 ⊆ 𝐴, since 𝑖𝑆𝐶(𝑋) = 𝒫(𝑋). Hence 

𝐴 is in (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). Thus, (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = 𝑗 𝛿𝑃𝑂(𝑋). 

Proposition 9.2.30: If 𝐴, 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) then 𝐴 ∪ 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proof: Consider 𝐴 ∪ 𝐵, since 𝐴 and 𝐵 are 𝑗 𝛿𝑃𝑂(𝑋), then 𝐴 ∪ 𝐵 is a 𝑗 𝛿𝑃𝑂(𝑋). Let 𝑥 ∈ 𝐴 ∪

𝐵, then 𝑥 ∈ 𝐴 or 𝑥 ∈ 𝐵. Say 𝑥 ∈ 𝐴, Now 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) then there exists 𝐹 ∈ 𝑖𝑆𝐶(𝑋) 

such that 𝑥 ∈ 𝐹 ⊆ 𝐴 ⊆ 𝐴 ∪ 𝐵 

∴ 𝐴 ∪ 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) 

The following result shows that any union of (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) sets in bitopological 

space (𝑋, 𝜏1, 𝜏2) is (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋).  

Proposition 9.2.31: Let {𝐴𝜆: 𝜆 ∈ Δ}be family of (𝑖, 𝑗) 𝛿𝑃𝑆-open sets in bitopological space 

(𝑋, 𝜏1, 𝜏2), then ∪ {𝐴𝜆: 𝜆 ∈ Δ} is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set.  

Proof. Let  {𝐴𝜆: 𝜆 ∈ Δ} be family of (𝑖, 𝑗) 𝛿𝑃𝑆-open sets in bitopological space (𝑋, 𝜏1, 𝜏2). 

Since 𝐴𝜆 is 𝑗-𝛿-preopen for each 𝜆 ∈ Δ then ∪ {𝐴𝜆: 𝜆 ∈ Δ} is 𝑗-𝛿-preopen set in a space X. 

Suppose that 𝑥 ∈ ∪ 𝐴𝜆, this implies that there exist 𝜆0 ∈ Δ such that 𝑥 ∈ 𝐴𝜆0
 and since 𝐴𝜆0

 is 

an (𝑖, 𝑗) 𝛿𝑃𝑆open set, so there exists 𝑖-semi-closed set F in X such that 𝑥 ∈ 𝐹 ⊆ 𝐴𝜆0
⊆ ∪ 𝐴𝜆 

for all 𝜆 ∈ Δ. Therefore, ∪ {𝐴𝜆: 𝜆 ∈ Δ} is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set. 

Proposition 9.2.32: If A is 𝑖-closed and 𝑗-open then 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋).  

Proof. Let A be 𝑗-open then it is 𝑗-𝛿-preopen. Since 𝐴 is also 𝑖-closed it is 𝑖-semi-closed. 

Hence for all 𝑥 ∈ 𝐴, choose 𝐴 itself as 𝑖-semi-closed such that 𝑥 ∈ 𝐴 ⊆ 𝐴. Thus, 

𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

9.3. Bitopological Subspaces in (𝒊, 𝒋) 𝜹𝑷𝑺-Open Sets 

Proposition 9.3.1: Let 𝑌 be a subspace of a bitopological space (𝑋, 𝜏1, 𝜏2), if 𝐴 ∈

(𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋) and 𝐴 ⊆ 𝑌, then 𝐴 ∈ (𝑖, 𝑗)𝛿𝑃𝑆𝑂(𝑌). 

Proof: Let 𝐴 ∈ (𝑖, 𝑗) − 𝛿𝑃𝑆𝑂(𝑋), then 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋) and for each 𝑥 ∈ 𝐴, there exists an 𝑖-

semi-closed set F in X such that 𝑥 ∈ 𝐹 ⊆ 𝐴. Since 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋) and 𝐴 ⊆ 𝑌, then by Lemma 

1.1.28, 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑌), and since 𝐹 ∈ 𝑖  𝑆𝐶(𝑋) and 𝐹 ⊆ 𝑌, then by Theorem 1.1.15(b), 

𝐹 ∈ 𝑖  𝑆𝐶(𝑌). Hence 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌). 

Corollary 9.3.2: Let (𝑋, 𝜏1, 𝜏2) be a bitopological space, 𝐴 and 𝑌 be two subsets of 𝑋 such 

that 𝐴 ⊆ 𝑌 ⊆ 𝑋,   𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑗) and 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑖). Then 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌) if and only if 

𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 



 

183 
 

A New Class of Open Sets using δ-Preopen Sets 

Proof: Let 𝐴 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑋) ⇒ 𝐴 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑌) 

Conversely, let 𝐴 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑌).  

Given then 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑗) and 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑗) 

Now, 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑗) ⇒ 𝐴 ∈ 𝑗𝛿𝑂(𝑋, 𝜏𝑗)   (1) 

By Lemma 1.1.30, 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑖) ⇒ 𝑌 ∈ 𝑆𝐶(𝑋, 𝜏𝑖)    (2) 

Now 𝐴 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑌) ⇒ 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑌). By (1) and Theorem 1.1.16(c), 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋).  

Then for all 𝑥 ∈ 𝐴, there exists 𝐹 ∈ 𝑖 𝑆𝐶(𝑌) then there exists 𝑥 ∈ 𝐹 ⊆ 𝐴. Again by (2) and 

Theorem 1.1.15(c), 𝐹 ∈ 𝑖 𝑆𝐶(𝑋) . 

Hence 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proposition 9.3.3: Let 𝑌 be a subspace of a bitopological space (𝑋, 𝜏1, 𝜏2). If 𝐴 ∈

(𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑌) and 𝑌 ∈ 𝑖 𝑆𝐶(𝑋), then for each 𝑥 ∈ 𝐴, there exists an i-semi-closed set 𝐹 in 𝑋 

such that 𝑥 ∈ 𝐹 ⊆ 𝐴. 

Proof: Let 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌) then 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑌) and for each 𝑥 ∈ 𝐴 there exists an i-semi-

closed set F in Y such that 𝑥 ∈ 𝐹 ⊆ 𝐴. Since 𝑌 ∈ 𝑖  𝑆𝐶(𝑋), so by Theorem 1.1.15(c), 

𝐹 ∈ 𝑖 𝑆𝐶(𝑋), which completes the proof. 

Proposition 9.3.4: Let 𝐴 and 𝑌 be any subsets of a bitopological space 𝑋. If 𝐴 ∈

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑗) and 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑖), then 𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proof: Let 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), then 𝐴 ∈ 𝑗  𝛿𝑃𝑂(𝑋) and 𝐴 =∪ 𝐹𝛾 where 𝐹𝛾 ∈ 𝑖 𝑆𝐶(𝑋) for 

each 𝛾, then 𝐴 ∩ 𝑌 =∪ 𝐹𝛾 ∩ 𝑌 =∪ (𝐹𝛾 ∩ 𝑌). Since 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑗), then Y is 𝑗 𝛿-open and by 

Theorem 1.1.16(a), 𝐴 ∩ 𝑌 ∈ 𝑗  𝛿𝑝𝑂(𝑋). Since 𝑌 ∈ 𝑅𝑂(𝑋, 𝜏𝑖)  𝑌 ∈ 𝑖 𝑆𝐶(𝑋) and hence 

𝐹𝛾 ∩ 𝑌 ∈ 𝑖  𝑆𝐶(𝑋), for each 𝛾. Therefore, by Corollary 9.2.2, 𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). 

Proposition 9.3.5: Let 𝐴 and 𝑌 be any subsets of a bitopological space 𝑋. If 𝐴 ∈

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), 𝑌 ∈ 𝑅𝑆𝑂(𝑋, 𝜏𝑖) and  𝑌 ∈ 𝛿𝑂(𝑋, 𝜏𝑗), then 𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌). 

Proof: Let 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), then 𝐴 ∈ 𝑗  𝛿𝑃𝑂(𝑋) and 𝐴 =∪ 𝐹𝛾 where 𝐹𝛾 ∈ 𝑖 𝑆𝐶(𝑋) for 

each 𝛾, then 𝐴 ∩ 𝑌 =∪ 𝐹𝛾 ∩ 𝑌 =∪ (𝐹𝛾 ∩ 𝑌). Since 𝑌 ∈ 𝛿𝑂(𝑋, 𝜏𝑗), and 𝐴 ∈ 𝑗 𝛿𝑃𝑂(𝑋). So, by 

Theorem 1.1.16(b), 𝐴 ∩ 𝑌 ∈ 𝑗 𝛿𝑃𝑂(𝑌)  Since 𝑌 ∈ 𝑅𝑆𝑂(𝑋, 𝜏𝑖) then 𝑌 ∈ 𝑖  𝑆𝐶(𝑋) By Theorem 

1.1.40. Hence 𝐹𝛾 ∩ 𝑌 ∈ 𝑖  𝑆𝐶(𝑋) for each 𝛾. Since 𝐹𝛾 ∩ 𝑌 ⊆ 𝑌 and 𝐹𝛾 ∩ 𝑌 ∈ 𝑖  𝑆𝐶(𝑋) for 

each 𝛾, then by Theorem 1.1.15(b), 𝐹𝛾 ∩ 𝑌 ∈ 𝑖  𝑆𝐶(𝑌). Therefore, by Proposition 9.2.3, 

𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌). 

Proposition 9.3.6: If 𝑌 is an 𝑖-open and 𝑗 𝛿-open subspace of a bitopological space 𝑋 and 

𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋), then 𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌). 
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Proof: Let 𝐴 ∈ (𝑖, 𝑗) − 𝛿𝑃𝑆𝑂(𝑋), then 𝐴 ∈ 𝑗  𝛿𝑃𝑂(𝑋) and 𝐴 =∪ 𝐹𝛾 where 𝐹𝛾 ∈ 𝑖 𝑆𝐶(𝑋) for 

each 𝛾, then 𝐴 ∩ 𝑌 =∪ 𝐹𝛾 ∩ 𝑌 =∪ (𝐹𝛾 ∩ 𝑌). Since 𝑌 is 𝑗  𝛿-open subspace of 𝑋, then 

𝑌 ∈ 𝑗  𝛿𝑆𝑂(𝑋) and hence by Lemma 1.1.29, 𝐴 ∩ 𝑌 ∈ 𝑗  𝛿𝑃𝑂(𝑌). Since 𝑌 is an 𝑖-open 

subspace of 𝑋, then by Lemma 1.1.17, 𝐹𝛾 ∩ 𝑌 ∈ 𝑖  𝑆𝐶(𝑌) for each 𝛾. Therefore, by Corollary 

9.2.2, 𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑌). 

Corollary 9.3.7: If either 𝑌 ∈ 𝑅𝑆𝑂(𝑋, 𝜏𝑗) and 𝑌 ∈ 𝛿𝑂(𝑋, 𝜏𝑖) or 𝑌 is an 𝑖-open and 𝑗 𝛿-open 

subspace of a bitopological space 𝑋 and 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) then 𝐴 ∩ 𝑌 ∈ (𝑖, 𝑗)  𝛿𝑃𝑆𝑂(𝑌). 

 Proposition 9.3.8: Let (𝑋, 𝜏1, 𝜏2) be a bitopological space and 𝐴 be a subset of 𝑋. If 𝐴 is 

both 𝑖-regular semi-open and 𝑗-preregular set, then 𝐴 is both (𝑖, 𝑗) 𝛿𝑃𝑆-open and (𝑖, 𝑗) 𝛿𝑃𝑆-

closed set. 

Proof: Suppose that 𝐴 is both 𝑖-regular semi-open and 𝑗-preregular set, then 𝐴 is both 𝑖-semi-

closed Theorem 1.1.40 and 𝑗-preopen set, which is 𝑗 𝛿-preopen. Hence 𝐴 is (𝑖, 𝑗) 𝛿𝑃𝑆-open. 

Again since 𝐴 is both 𝑖-regular semi-open and 𝑗-preregular set, then 𝐴 is both 𝑖-semi-open 

Theorem 1.1.40 and 𝑗-pre closed set, which is also 𝑗 𝛿-preclosed. Hence 𝐴 is (𝑖, 𝑗) 𝛿𝑃𝑆-closed 

set. 

9.4 (𝒊, 𝒋) 𝜹𝑷𝑺-Closed Sets in Bitopology 

Definition 9.4.1: A subset 𝐵 of a space 𝑋 is called (𝒊, 𝒋) 𝜹𝑷𝑺-closed if  𝑋\𝐵 is (𝑖, 𝑗) 𝛿𝑃𝑆-

open. The family of all (𝑖, 𝑗) 𝛿𝑃𝑆-closed subsets of bitopological space (𝑋, 𝜏1, 𝜏2) is denoted 

by (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋, 𝜏1, 𝜏2) or (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋). 

Corollary 9.4.2: A subset 𝐵 of a bitopological space 𝑋 is (𝑖, 𝑗) 𝛿𝑃𝑆-closed if and only if 𝐵 is 

𝑗 𝛿-preclosed and it is an intersection of 𝑖-semi-open sets. 

Proof: Follows from Proposition 9.2.3 taking 𝐴 = 𝐵𝐶. 

Proposition 9.4.3: Let {𝐵𝛼, 𝛼 ∈ ∆} be a collection of (𝑖, 𝑗) 𝛿𝑃𝑆-closed sets in a bitopological 

space X. Then  ∩ {𝐵𝛼, 𝛼 ∈ ∆} is (𝑖, 𝑗) 𝛿𝑃𝑆-closed set.  

Proof. Follows from Proposition 9.2.31 

 All of the following results are true by using complement.  

Proposition 9.4.4: If (𝑋, 𝜏𝑗) is semi-𝑇1 space, then (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋) ≡ 𝑖 𝐶(𝑋). 

Proof. The proof follows from Proposition 9.2.17.  

Remark 9.4.5: Let (𝑋, 𝜏𝑗) is 𝑇1 space, then the family of (𝑗, 𝑖) 𝑆𝑂(𝑋) is discrete topology        

in 𝑋. 
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Corollary 9.4.6: Each (𝑖, 𝑗) 𝜃-closed set is (𝑖, 𝑗) 𝛿𝑃𝑆-closed.  

Corollary 9.4.7: Every (𝑖, 𝑗)-regular closed set is (𝑖, 𝑗) 𝛿𝑃𝑆-closed.  

Corollary 9.4.8: For any subset B of a space  (𝑋, 𝜏1, 𝜏2)The following statements are 

equivalent:  

a) B is 𝑖-closed and 𝑗-open.  

b) B is (𝑖, 𝑗) 𝛿𝑃𝑆-closed and 𝑗-open.  

c) B is (𝑖, 𝑗) 𝛼 -closed and 𝑗-open.  

d) B is (𝑖, 𝑗) 𝛿-pre-closed and 𝑗-open.  

Proof. Similar to Corollary 2.2.38 taking 𝐴 = 𝑋\𝐵.  

Corollary 9.4.9: For any subset A of a space  (𝑋, 𝜏1, 𝜏2)The following statements are 

equivalent:  

a) A is (𝑖, 𝑗) regular closed.  

b) A is (𝑖, 𝑗) 𝛿𝑃𝑆-closed and (𝑗, 𝑖)-semi open.  

c) A is 𝑖-closed and (𝑗, 𝑖)-semi open.  

d) A is (𝑖, 𝑗) 𝛼 -closed and (𝑗, 𝑖)-semi open.  

e) A is (𝑖, 𝑗) 𝛿-pre-closed and (𝑗, 𝑖)-semi open.  

Proof. Similar to Corollary 2.2.39 taking  𝐴 = 𝑋\𝐵.  

Proposition 9.4.10: Let 𝑌 be a subset of a space  (𝑋, 𝜏1, 𝜏2).If 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋) and 𝐵 ⊆ 𝑌, 

then 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑌).  

Proof. The proof is similar to Proposition 9.3.1.   

Proposition 9.4.11: Let Y be a subset of a space  (𝑋, 𝜏1, 𝜏2). If 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑌) and 

𝑌 ∈ (𝑖, 𝑗)  𝑅𝐶(𝑋), then 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋).  

Proof. The proof is similar to Corollary 9.4.2.  

From Proposition 9.4.10 and Proposition 9.4.11 we obtain the following result:  

Corollary 9.4.12: Let  (𝑋, 𝜏1, 𝜏2) be a bitopological space and 𝐵, 𝑌 subsets of 𝑋 such that 

𝐵 ⊆ 𝑌 ⊆ 𝑋 and 𝑌 ∈ (𝑖, 𝑗)  𝑅𝐶(𝑋). Then 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑌) if and only if 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋) 

Proposition 9.4.13: Let B and Y be any subsets of a space 𝑋. If 𝐵 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋) and 

𝑌 ∈ (𝑖, 𝑗)  𝑅𝐶(𝑋), then 𝐵 ∪ 𝑌 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋).  

Proof. The proof is directly from Proposition 9.4.4, and using complements. 
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9.5. Properties of (𝒊, 𝒋) 𝜹𝑷𝑺-open sets in Bitopology 

Definition 9.5.1: If A is a subset of a bitopological space (𝑋, 𝜏1, 𝜏2), then the (𝒊, 𝒋) 𝜹𝑷𝑺-

interior ((𝒊, 𝒋) 𝜹𝑷𝑺𝑰𝒏𝒕(𝑨)), the (𝒊, 𝒋) 𝜹𝑷𝑺-closure ((𝒊, 𝒋) 𝜹𝑷𝑺𝑪𝒍(𝑨)) and the (𝒊, 𝒋) 𝜹𝑷𝑺-

boundary ((𝒊, 𝒋) 𝜹𝑷𝑺𝑩𝒅(𝑨) of 𝐴 are defined as follows: 

a) (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) =∩ {𝐹: 𝐴 ⊆ 𝐹, 𝑋 − 𝐹 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋)}. 

b) (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) =∪ {𝑈: 𝑈 ⊆ 𝐴, 𝑈 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋)}. 

c) (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) = (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴). 

Theorem 9.5.2: For any two subsets A and B of a bitopological space 𝑋, the following 

statements are true: 

a) (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑋 − 𝐴) = 𝑋  ((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) and (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝑋 − 𝐴) = 𝑋 −

((𝑖, 𝑗)   𝛿𝑃𝑆𝐶𝑙(𝐴)), 

b) (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑋) = 𝑋, (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(∅) = ∅, (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑋) = 𝑋 and 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(∅) = ∅, 

c) If 𝐴 ⊆ 𝐵, then (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) ⊆ (𝑖, 𝑗)𝛿𝑃𝑆𝐶𝑙(𝐵) and 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ⊆ (𝑖, 𝑗)𝛿𝑃𝑆𝐼𝑛𝑡(𝐵), 

d) 𝐴 ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) and (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ⊆ 𝐴. 

e) (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙((𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝐴)) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) and  

f) (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡((𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴). 

Remark 9.5.3: (a) (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ∪ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐵) ≠ (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴 ∪ 𝐵) 

(b), (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴 ∩ 𝐵) ≠ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ∩ (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐵), it shown in the following 

example:  

Example 9.5.4: Let  𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}, {𝑎, 𝑏}} and 𝜏2 = {𝑋, ∅, {𝑎, 𝑏}}, then 

(1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. If we take 𝐴 = {𝑎} and 𝐵 = {𝑏}, then 

(1,2) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) = ∅ and (1,2) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐵) = {𝑏}. Therefore, (1,2)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ∪

(𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐵) = {𝑏} but (1,2) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴 ∪ 𝐵) = {𝑏, 𝑐}. So, (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴 ∪ 𝐵) ≠

(𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ∩ (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐵). 
 

Example 9.5.5: Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏1 = {𝑋, ∅, {𝑏}, {𝑐}, {𝑑}, {𝑎, 𝑏}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑},

{𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑}} and 𝜏2 = {𝑋, ∅, {𝑎}} then (1,2)𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑑}, {𝑎, 𝑏}, {𝑏, 𝑐},

{𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑}}. If we take 𝐴 = {𝑎, 𝑏, 𝑐} and 𝐵 = {𝑎, 𝑏, 𝑑}. Then 

(1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) = {𝑏, 𝑐} and (1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐵) = {𝑎, 𝑏, 𝑑}. Therefore, (1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ∩

(1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐵) = {𝑏} but (1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐴 ∩ 𝐵) = (1,2)𝛿𝑃𝑆𝐼𝑛𝑡({𝑎, 𝑏}) = {𝑎, 𝑏} ≠

(1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ∩ (1,2)𝛿𝑃𝑆𝐼𝑛𝑡(𝐵) 
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The proof of the following result is obvious. 

Proposition 9.5.6: If 𝐴 is any subset of a bitopological space 𝑋, then (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ⊆

𝑗  𝛿 𝑝𝐼𝑛𝑡(𝐴) ⊆ 𝐴 ⊆ 𝑗 𝛿 𝑝𝐶𝑙(𝐴) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴). 

In general, (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ≠ 𝑗 𝛿 𝑝𝐼𝑛𝑡(𝐴) and (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) ≠ 𝑗 𝛿 𝑝𝐶𝑙(𝐴) as it is 

shown in the following example: 

Example 9.5.7: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}, {𝑎, 𝑏}, {𝑎, 𝑐}} and 𝜏2 = {𝑋, ∅, {𝑎, 𝑏}} then 

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. If we take 𝐴 = {𝑎},then 𝑗 𝛿 𝑝𝐼𝑛𝑡(𝐴) = 𝐴 and 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) = ∅. This shows that (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ≠ 𝑗 𝛿 𝑝𝐼𝑛𝑡(𝐴). 

Example 9.5.8: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}, {𝑎, 𝑏}, {𝑎, 𝑐}} and 𝜏2 = {𝑋, ∅, {𝑎, 𝑏}} then 

(𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. If we take 𝐹 = {𝑐}, then 𝑗 𝛿 𝑝𝐶𝑙(𝐹) = {𝑐} and 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐹) = {𝑎, 𝑐}. Hence (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐹) ≠ 𝑗 𝛿𝑃𝐶𝑙(𝐹). 

The following results can be proved by straightforward statements: 

Proposition 9.5.9: Let A be a subset of a bitopological space X, then (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) = ∅ if 

and only if A is both (𝑖, 𝑗) 𝛿𝑃𝑆-open and (𝑖, 𝑗) 𝛿𝑃𝑆-closed set. 

Proof: Let 𝐴 be (𝑖, 𝑗) 𝛿𝑃𝑆- open and (𝑖, 𝑗) 𝛿𝑃𝑆-closed, then 𝐴 = (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡(𝐴) =

(𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴), hence by Definition 9.5.1(c)  𝐴 = (𝑖, 𝑗) 𝛿𝑃𝑆  𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)𝑐 = ∅. 

Theorem 9.5.10: For any subset 𝐴 of a bitopological space 𝑋, the following statements are 

true: 

a) (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝑋 − 𝐴) 

b) 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋) if and only if (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) ⊆ 𝑋 − 𝐴, i.e., 

𝐴 ∩ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) = ∅. 

c) 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶(𝑋) if and only if (𝑖, 𝑗)  𝛿𝑃𝑆𝐵𝑑(𝐴) ⊆ 𝐴. 

d) (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗)  𝛿𝑃𝑆𝐵𝑑(𝐴)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

e) (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

f) (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

g) (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) = 𝐴 − ((𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴)) 

Proof: a) From Definition 9.5.1(c),  

(𝑖, 𝑗)  𝛿𝑃𝑆𝐵𝑑(𝐴) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)      (1) 

 ∴ (𝑖, 𝑗)  𝛿𝑃𝑆𝐵𝑑(𝑋 − 𝐴) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑋 − 𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡(𝑋 − 𝐴) 

                                 = [𝑋 − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑋 − (𝑋 − 𝐴))] − [𝑋 − (𝑖, 𝑗) 𝛿𝑃𝑆  𝐶𝑙(𝑋 − (𝑋 − 𝐴))] 

           = (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)      (2) 
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From (1) & (2), (a) is proved. 

(b) Necessity: Let 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋). Then 𝐴 = (𝑖, 𝑗) 𝐼𝑛𝑡 𝛿𝑃𝑆(𝐴) 

∴  (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝐶(𝐴) = (𝑖, 𝑗) 𝛿𝑃𝑆  𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝐼𝑛𝑡 𝛿𝑃𝑆(𝐴) 

      = (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) − 𝐴 

⊆ 𝑋 − 𝐴 

Sufficiency: Let (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) ⊆ 𝑋 − 𝐴            (3) 

𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴)  ⇒ 𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆  𝐶𝑙(𝐴) and  

𝑥 ∉ (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡(𝐴) ⇒ 𝑥 ∈ 𝑋 − 𝐴 ⇒ 𝑥 ∉ 𝐴  

Now (3) ⇒ 𝑥 ∈ 𝑋 − 𝐴 ⇒ 𝑥 ∉ 𝐴 

⇒ 𝐴 ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)  

∴ 𝐴 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝑂(𝑋)  

c) obvious from (b) 

d) (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐵𝑑(𝐴)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

Let 𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗)𝐵𝑑(𝐴)) ⇒ 𝑥 ∈ ((𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) 

⇒ 𝑥 ∈ [(𝑖, 𝑗) 𝛿𝑃𝑆  𝐶𝑙((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) − (𝑖, 𝑗)𝛿𝑃𝑆  𝐼𝑛𝑡((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) −

𝐼𝑛𝑡(𝐴))]  

⇒ 𝑥 ∈ [(𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙 ((𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝐴)) − (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡 ((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴))]  

⇒ 𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴).  

e)(𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) =

(𝑖, 𝑗)  𝛿𝑃𝑆  𝐶𝑙((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) −

(𝑖, 𝑗) 𝛿𝑃𝑆  𝐼𝑛𝑡(𝐴) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

f)(𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) =

(𝑖, 𝑗) 𝛿𝑃𝑆  𝐶𝑙((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) − (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) ⊆ (𝑖, 𝑗)𝛿𝑃𝑆 𝐶𝑙(𝐴) −

 (𝑖, 𝑗) 𝛿𝑃𝑆  𝐼𝑛𝑡(𝐴) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

g) To Prove: (𝑖, 𝑗)𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ⊆ 𝐴 − (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) 

𝐴 − (𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴) = 𝐴 − ((𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝐴) − (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)) ⊇ (𝑖, 𝑗)𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) 

∴ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴) ⊆ 𝐴 − ((𝑖, 𝑗) 𝛿𝑃𝑆𝐵𝑑(𝐴)) 

Definition 9.5.11: A subset 𝑁 of a bitopological space (𝑋, 𝜏1, 𝜏2) is called (𝒊, 𝒋) 𝜹𝑷𝑺-

neighbourhood of a subset 𝐴 of 𝑋 if there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 such that 𝐴 ⊆ 𝑈 ⊆

𝑁. When 𝐴 = {𝑥}, we say that 𝑁 is (𝑖, 𝑗) 𝛿𝑃𝑆- neighbourhood of 𝑥. 
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Proposition 9.5.12: Let X be a bitopological space and A ⊆ X, 𝑥 ∈ 𝑋, then x is (𝑖, 𝑗) 𝛿𝑃𝑆-

interior of A if and only if A is an (𝑖, 𝑗) 𝛿𝑃𝑆-neighbourhood of x.  

Proposition 9.5.13: A subset 𝐺 of a bitopological space 𝑋 is (𝑖, 𝑗) 𝛿𝑃𝑆-open if and only if it 

is an (𝑖, 𝑗) 𝛿𝑃𝑆-neighbourhood of each of its points.  

Proposition 9.5.14: Let 𝐴 be any subset of a bitopological space X. If a point x in the 

(𝑖, 𝑗) 𝛿𝑃𝑆-Int(A), then there exists a i-semi-closed set F of X containing x and 𝐹 ⊆ 𝐴.  

Proof. Suppose that x ∈ (𝑖, 𝑗) 𝛿𝑃𝑆-Int(A), then there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set U of X 

containing x such that 𝑥 ∈ 𝑈 ⊆ 𝐴. Since U is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set, so there exists an i-semi-

closed set F such that x ∈ F ⊆ U ⊆ A. Hence, x ∈ F ⊆ A. 

Definition 9.5.15: Let A be a subset of a bitopological space X, A point x ∈ X is said to be 

(𝒊, 𝒋) 𝜹𝑷𝑺-limit point of A if for each (𝑖, 𝑗) 𝛿𝑃𝑆-open set U containing 𝑥, 𝑈 ∩ 𝐴 ≠ ∅. The set 

of all (𝑖, 𝑗) 𝛿𝑃𝑆-limit point of A is called (𝑖, 𝑗) 𝛿𝑃𝑆-derived set of A and is denoted by 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴).  

In general, it is clear that (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) ⊆ 𝑗 𝐷(𝐴), but the converse may not be true 

as shown in the following example:  

Example 9.5.16: Considering the space X as defined in Example 9.2.15 if we take A = {a, 

c}, So (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) = {𝑎, 𝑏} and j-D(A) = {b}, hence (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) is not a subset of j-

D(A) 

Theorem 9.5.17: Let X be a bitopological space and A be a subset of X, then A ∪ 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) is (𝑖, 𝑗) 𝛿𝑃𝑆- closed.  

Proof. Let 𝑥 ∉ 𝐴 ∪ (𝑖, 𝑗) 𝛿𝑃𝑆D(A). This implies that 𝑥 ∉ 𝐴 and 𝑥 ∉ (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴). Since 

𝑥 ∉ (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴), then there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open U of X which contains no point of A 

other than x, but 𝑥 ∉ 𝐴, so U contains no point of A, which implies that U ⊆ X \A. Again, U 

is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set for each of its points. But as U does not contain any point of A, no 

point of U can be (𝑖, 𝑗) 𝛿𝑃𝑆-limit point of A. Therefore, no point of U can belong 

to(𝑖, 𝑗) 𝛿𝑃𝑆D(A). This implies that U ⊆ X \ (𝑖, 𝑗) 𝛿𝑃𝑆D(A). Hence, it follows that x ∈ X \ A ∩ 

(X \ (𝑖, 𝑗) 𝛿𝑃𝑆D(A)) = X \ (A∪(𝑖, 𝑗) 𝛿𝑃𝑆D(A)), Therefore A∪(𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) is an (𝑖, 𝑗) 𝛿𝑃𝑆-

closed. Hence (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) ⊆ 𝐴 ∪ (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴). 
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Corollary 9.5.18: If a subset A of a bitopological space X is (𝑖, 𝑗) 𝛿𝑃𝑆-closed, then 𝐴 

contains the set of all of its (𝑖, 𝑗) 𝛿𝑃𝑆-limit points.  

Theorem 9.5.19: Let A be any subset of a bitopological space X, then the following 

statements are true:  

a) ((𝑖, 𝑗) 𝛿𝑃𝑆𝐷(((𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴)))\𝐴 ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴)  

b) (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) ∪ (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) ⊆ 𝐴 ∪ (𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝐴) 

Proof. Obvious  

Theorem 9.5.20: Let X be a bitopological space and A be a subset of X, then: 

(𝑖, 𝑗) 𝛿𝑃𝑆  𝐼𝑛𝑡(𝐴) = 𝐴\(𝑖, 𝑗) 𝛿𝑃𝑆𝐷(𝑋\𝐴).  

Proof. Obvious. 

9.6 (𝒊, 𝒋)  𝜹𝑷𝑺-Continuous Functions 

Definition 9.6.1: A function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is called (𝒊, 𝒋) 𝜹𝑷𝑺-continuous at a 

point 𝑥 ∈ 𝑋, if for each 𝑖-open set 𝑉 of 𝑌 containing 𝑓(𝑥), there exists (𝑖, 𝑗) 𝛿𝑃𝑆-open 𝑈 of 𝑋 

containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑉. If 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-continuous at every point 𝑥 of 𝑋, then it is 

called (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

Definition 9.6.2: A function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is called almost (𝒊, 𝒋) 𝜹𝑷𝑺-

continuous at a point 𝑥 ∈ 𝑋, if for each 𝑖-open set 𝑉 of 𝑌 containing 𝑓(𝑥), there exists 

(𝑖, 𝑗) 𝛿𝑃𝑆-open 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑖 𝐼𝑛𝑡(𝑖  𝐶𝑙(𝑉)). If 𝑓 is almost 

(𝑖, 𝑗) 𝛿𝑃𝑆-continuous at every point 𝑥 of 𝑋, then it is called almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

 It is obvious from definition that (𝑖, 𝑗) 𝛿𝑃𝑆-continuity implies almost (𝑖, 𝑗) 𝛿𝑃𝑆-

continuity however the converse is not true in general, as shown in the following example: 

Example 9.6.3: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏1 = {𝑋, ∅, {𝑎}, {𝑎, 𝑐}} and 𝜏2 = {𝑋, ∅, {𝑎, 𝑐}} then the 

family of (1,2) 𝛿𝑃𝑆-open subsets of 𝑋 is (1,2) 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. Let 

𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑋, 𝜏1, 𝜏2) be the identity function, then it is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

Since {𝑎} is an 𝑖-open set in 𝑋 containing 𝑓(𝑎) = 𝑎 but there is no (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 of 𝑋 

containing 𝑎 such that 𝑓(𝑈) ⊆ {𝑎}, so it is not (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

 It is clear that every (𝑖, 𝑗) 𝛿𝑃𝑆-continuous function is 𝑗-pre-continuous but the 

converse is not true in general, as shown in the following example: 
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Example 9.6.4: In Example 9.6.3, 𝑓 is 𝑗-pre continuous, but it is not (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

 The following is the characterization theorem of (𝑖, 𝑗) 𝛿𝑃𝑆-continuous: 

Theorem 9.6.5: For a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2), the following statements are 

equivalent: 

a) 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, 

b) 𝑓−1(𝑉) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋, for each 𝑖-open set 𝑉 in 𝑌, 

c) 𝑓−1(𝐹) is (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋, for each 𝑖-closed set 𝐹 in 𝑌, 

d) 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ 𝑖 𝐶𝑙(𝑓(𝐴)), for each subset 𝐴 of 𝑋, 

e) (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆ 𝑓−1(𝑖 𝐶𝑙(𝐵)), for each subset 𝐵 of 𝑌, 

f) 𝑓−1(𝑖 𝐼𝑛𝑡(𝐵)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐵)), for each subset 𝐵 of 𝑌, 

g) 𝑖 𝐼𝑛𝑡(𝑓(𝐴)) ⊆ 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)), for each subset 𝐴 of 𝑋. 

Proof: (𝑎) ⇒ (𝑏):  Let 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) be (𝑖, 𝑗)  𝛿𝑃𝑆-continuous function. 

To Prove. f −1(V) is (𝑖, 𝑗) 𝛿𝑃𝑆-open in X ∀ open set V in Y 

Let V be 𝑖-open in Y. Let x ∈ f −1(V). Then f(x) ∈ V 

By Definition 9.6.1, there exists a (𝑖, 𝑗) 𝛿𝑃𝑆-open set U of X containing x ∋ f(U) ⊆ V  ⇒

x ∈ U ⊆ f −1(V). 

By Definition 9.5.1(b) x is an (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡 point of f −1(V). Since x is arbitrary, f −1(V) is 

(𝑖, 𝑗) δPS-open. 

(𝑏) ⇒ (𝑐): Let 𝐹 be any 𝑖-closed set of 𝑌, then 𝑌 − 𝐹 is an 𝑖-open set of 𝑌. By (𝑏), we have 

𝑓−1(𝑌 − 𝐹) = 𝑋 − 𝑓−1(𝐹) is (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 𝑋. Hence 𝑓−1(𝐹) is (𝑖, 𝑗)  𝛿𝑃𝑆-closed set 

in 𝑋. 

(𝑐) ⇒ (𝑑): Let 𝐴 be any subset of 𝑋, then 𝑓(𝐴) ⊆ 𝑖 𝐶𝑙(𝑓(𝐴)) and 𝑖  𝐶𝑙(𝑓(𝐴)) is a 𝑖-closed 

set in 𝑌. Hence 𝐴 ⊆ 𝑓−1(𝑖 𝐶𝑙(𝑓(𝐴))), by (𝑐), 𝑓−1(𝑖 𝐶𝑙(𝑓(𝐴)) is an (𝑖, 𝑗)  𝛿𝑃𝑆-closed set in 

𝑋. Therefore, (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) ⊆ 𝑓−1(𝑖 𝐶𝑙(𝑓(𝐴))), so 𝑓((𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ 𝑖 𝐶𝑙(𝑓(𝐴)). 

(𝑑) ⇒ (𝑒): Let 𝐵 be any subset of 𝑌, then 𝑓−1(𝐵) is a subset of 𝑋, by (𝑑) we have 

𝑓 ((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵))) ⊆ 𝑖 𝐶𝑙(𝑓(𝑓−1(𝐵))) = 𝑖 𝐶𝑙(𝐵), hence (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆

𝑓−1(𝑖  𝐶𝑙(𝐵)). 
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(𝑒) ⇒ (𝑓):  Let 𝐵 be any subset of 𝑌, then by applying condition (𝑒) on 𝑌 − 𝐵 we obtain, 

(𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑌 − 𝐵)) ⊆ 𝑓−1(𝑖𝐶𝑙(𝑌 − 𝐵))  

⇔ (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑋 − 𝑓−1(𝐵)) ⊆ 𝑓−1(𝑌 − 𝑖𝐼𝑛𝑡(𝐵))  

⇔ 𝑋 − (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐵)) ⊆ 𝑌 − 𝑓−1(𝑖𝐼𝑛𝑡(𝐵))  

⇔ 𝑓−1(𝑖𝐼𝑛𝑡(𝐵)) ⊆ (𝑖, 𝑗)𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐵))  

(𝑓) ⇒ (𝑔): Let 𝐴 be any subset of 𝑋, then 𝑓(𝐴) is a subset of 𝑌. By (𝑓), we have 

𝑓−1 (𝑖 𝐼𝑛𝑡(𝑓(𝐴))) ⊆ (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡 (𝑓−1(𝑓(𝐴))) = (𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴). Therefore, 

𝑖  𝐼𝑛𝑡(𝑓(𝐴)) ⊆ ((𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)). 

(𝑔) ⇒ (𝑎):  Let 𝑥 ∈ 𝑋 and let 𝑉 be any 𝑖-open set of  𝑌 containing 𝑓(𝑥), then 𝑥 ∈ 𝑓−1(𝑉) 

and 𝑓−1(𝑉) is a subset of 𝑋. Hence, by (𝑔), we have 

𝑖 − 𝐼𝑛𝑡(𝑓(𝑓−1(𝑉)) ⊆ 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))). So, 𝑖  𝐼𝑛𝑡(𝑉) ⊆ 𝑓((𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))). 

Since 𝑉 is an 𝑖-open set in 𝑌, then 𝑉 ⊆ 𝑓((𝑖, 𝑗)  𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))) which implies that 

𝑓−1(𝑉)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))). Therefore, 𝑓−1(𝑉) is (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 𝑋 containing 

𝑥 and clearly 𝑓(𝑓−1(𝑉)) ⊆ 𝑉. Hence 𝑓 is (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Theorem 9.6.6: For a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2), the following statements are 

equivalent: 

a) 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, 

b) For each 𝑥 ∈ 𝑋 and each 𝑖-open set 𝑉 of 𝑌 containing 𝑓(𝑥), there exists an 

(𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑖  𝑠𝐶𝑙(𝑉) 

c) For each 𝑥 ∈ 𝑋 and each 𝑖-regular open set 𝑉 of 𝑌 containing 𝑓(𝑥), there exists an 

(𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑉. 

d) For each 𝑥 ∈ 𝑋 and each 𝑖- open set 𝑉 of 𝑌 containing 𝑓(𝑥), there exists an 

(𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑉. 

Proof: (𝑎) ⇒ (𝑏): Let 𝑥 ∈ 𝑋  and let 𝑉 be any 𝑖-open set of 𝑌 containing 𝑓(𝑥), by (a) there 

exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆  𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)). Since 𝑉 is 

𝑖 𝛿-open and hence V is an 𝑖 𝛿-preopen set, so 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)) = 𝑖 𝑠𝐶𝑙(𝑉). Therefore, 𝑓(𝑈) ⊆

𝑖 𝛿 𝑠𝐶𝑙(𝑉). 
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(𝑏) ⇒ (𝑐): Let 𝑥 ∈ 𝑋 and 𝑉 be any 𝑖-regular open set of 𝑌 containing 𝑓(𝑥), then 𝑉 is a 𝑖 𝛿-

open set of 𝑌 containing 𝑓(𝑥). So by (b), there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 

𝑥 such that 𝑓(𝑈) ⊆ 𝑖 𝑠𝐶𝑙(𝑉). Since 𝑉 is 𝑖-regular open and hence 𝑉 is 𝑖-open, so 𝑖 𝑠𝐶𝑙(𝑉) =

 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)). Therefore, 𝑓(𝑈) ⊆ 𝑖𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)) and since 𝑉 is 𝑖-regular open and hence 𝑉 is 

𝑖- regular open, then 𝑓(𝑈) ⊆ 𝑉.  

(𝑐) ⇒ (𝑑): Let 𝑥 ∈ 𝑋, and 𝑉 be any 𝑖- open set of 𝑌 containing 𝑓(𝑥), then for each 𝑓(𝑥) ∈ 𝑉 

there exists an 𝑖-open set 𝐺 containing 𝑓(𝑥) such that 𝐺 ⊆ 𝑖  𝐼𝑛𝑡(𝑖 𝐶𝑙(𝐺)) ⊆ 𝑉. Since 

𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝐺)) is 𝑖-regular open set of 𝑌 containing 𝑓(𝑥), so by (c) there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-

open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝐺)) ⊆ 𝑉. This implies that 

𝑓(𝑈) ⊆ 𝑉. 

(𝑑) ⇒ (𝑎): Let 𝑥 ∈ 𝑋  and let 𝑉 be any 𝑖-open set of 𝑌 containing 𝑓(𝑥), then 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)) 

is 𝑖 -open set of 𝑌 containing 𝑓(𝑥). Hence, by (d), there exists an (𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝑈 of 𝑋 

containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)). Therefore, 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

Theorem 9.6.7: For a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2), the following statements are 

equivalent: 

a) 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, 

b) 𝑓−1(𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉))) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋, for each 𝑖-open set 𝑉 in 𝑌. 

c) 𝑓−1(𝑖 𝐶𝑙(𝑖 𝐼𝑛𝑡(𝐹))) is (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋, for each 𝑖-closed set 𝐹 in 𝑌. 

d) 𝑓−1(𝐹) is (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋, for each 𝑖-regular closed set 𝐹 in 𝑌. 

e) 𝑓−1(𝑉) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋, for each 𝑖-regular open set V in 𝑌. 

Proof. (𝑎) ⇒ (𝑏). Let 𝑉 be any 𝑖-open set in 𝑌. We have to show that 𝑓−1(𝐼𝑛𝑡(𝐶𝑙(𝑉)) is a 

(𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋. Let 𝑥 ∈ 𝑓−1(𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)) and 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)) is a 𝑖-regular open set 

in 𝑌. Since 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, by Theorem 9.6.6(b), there exists a (𝑖, 𝑗) 𝛿𝑃𝑆-

open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)), which implies that 𝑥 ∈ 𝑈 ⊆

𝑓−1(𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)).  Therefore, 𝑓−1(𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉)) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋. 

(𝑏) ⇒ (𝑐). Let 𝐹 be any 𝑖-closed set of 𝑌. Then 𝑌 − 𝐹 is an 𝑖-open set of 𝑌. By (b), 

𝑓−1(𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑌\𝐹)) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋 and 𝑓−1(𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑌\𝐹)) = 𝑓−1(𝐼𝑛𝑡(𝑌\

𝐹)) = 𝑓−1(𝑌\𝑖 𝐶𝑙(𝑖 𝐼𝑛𝑡(𝐹)) = 𝑋\𝑓−1(𝑖 𝐶𝑙(𝑖 𝐼𝑛𝑡(𝐹)) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in X and hence 

𝑓−1(𝑖 𝐶𝑙(𝑖 𝐼𝑛𝑡(𝐹)) is an (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋 . 
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(𝑐) ⇒ (𝑑). Let 𝐹 be any 𝑖-regular closed set of 𝑌. Then 𝐹 is a 𝑖-closed set of 𝑌. By (c), 

𝑓−1(𝑖 𝐶𝑙(𝑖 𝐼𝑛𝑡(𝐹)) is (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋. Since 𝐹 is 𝑖-regular closed set, then 

𝑓−1(𝑖 𝐶𝑙(𝑖 𝐼𝑛𝑡(𝐹)) = 𝑓−1(𝐹). Therefore, 𝑓−1(𝐹) is an (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋. 

(𝑑) ⇒ (𝑒). Let 𝑉 be any 𝑖-regular open set of 𝑌. Then 𝑌\𝑉 is 𝑖-regular closed set of  𝑌 and 

by (d), we have 𝑓−1(𝑌\𝑉) = 𝑋\𝑓−1(𝑉) is an (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in 𝑋 and hence 𝑓−1(𝑉) is 

(𝑖, 𝑗) 𝛿𝑃𝑆-open in 𝑋. 

(𝑒) ⇒ (𝑎). Let 𝑥 ∈ 𝑋 and let 𝑉 be any 𝑖-regular open set of 𝑌 containing 𝑓(𝑥). Then 

𝑥 ∈ 𝑓−1(𝑉). By (e), we have 𝑓−1(𝑉) is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋. Therefore, we obtain 

𝑓(𝑓−1(𝑉)) ⊆ 𝑉. Hence by Theorem 9.6.6(c), 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous.  

Theorem 9.6.8: For a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2), the following statements are 

equivalent:  

a) 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous.  

b) (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑉) ⊆ 𝑓−1(𝑖𝐶𝑙(𝑉)), for each 𝑖 𝛽-open set V of 𝑌.  

c) 𝑓−1(𝑖 𝐼𝑛𝑡(𝐹)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐹)), for each 𝑖 𝛽-closed set F of 𝑌  

d)  𝑓−1(𝑖 𝐼𝑛𝑡(𝐹)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡(𝑓−1(𝐹)), for each 𝑖-semi closed set F of 𝑌.  

e) (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑉)) ⊆ 𝑓−1(𝑖𝐶𝑙(𝑉)) for each 𝑖-semi open set V of 𝑌.  

Proof. (𝑎) ⇒ (𝑏) Let 𝑉 be any 𝑖 𝛽-open set of 𝑌. By Lemma 1.3.11,  𝑖 𝐶𝑙(𝑉) is an 𝑖-regular 

closed set in 𝑌 and 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. Then by Theorem 9.6.7(d), 

𝑓−1(𝑖 𝐶𝑙(𝑉)) is an (𝑖, 𝑗) 𝛿𝑃𝑆-closed set in X. Therefore, we obtain (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑉)) =

𝑓−1(𝑖 𝐶𝑙(𝑉)). Now 𝑉 ⊆ 𝑖𝐶𝑙(𝑉) ⇒ 𝑓−1(𝑉) ⊆ 𝑓−1(𝑖𝐶𝑙(𝑉)) ⇒ (𝑖, 𝑗)𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑉)) ⊆

(𝑖, 𝑗)𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑖 𝐶𝑙(𝑉)) = 𝑓−1(𝑖 𝐶𝑙(𝑉)) 

Hence (𝑖, 𝑗)𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑉) ⊆ 𝑓−1(𝑖 𝐶𝑙(𝑉)). 

(𝑏) ⇒ (𝑐) Let 𝐹 be any 𝑖 𝛽-closed set of 𝑌. Then 𝑌\𝐹 is 𝑖 𝛽-open set of Y and by (b), we 

have (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑌\𝐹)) ⊆ 𝑓−1( 𝑖 𝐶𝑙(𝑌\𝐹)) ⇔ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑋\𝑓−1(𝐹)) ⊆

𝑓−1(𝑌\𝑖 𝐼𝑛𝑡(𝐹)) ⇔ 𝑋\(𝑖, 𝑗) 𝛿𝑃𝑆(𝑓−1(𝐹)) ⊆ 𝑋\𝑓−1( 𝑖 𝐼𝑛𝑡(𝐹)). Therefore, 

𝑓−1(𝑖 𝐼𝑛𝑡(𝐹)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐹)).  

(𝑐) ⇒ (𝑑). This is obvious since every semi closed set is 𝛽-closed set.  
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(𝑑) ⇒ (𝑒). Let 𝑉 be any 𝑖-semi open set of 𝑌. Then 𝑌\𝑉 is 𝑖-semi closed set and by (d), we 

have 𝑓−1(𝑖 𝐼𝑛𝑡(𝑌\𝑉)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆  𝐼𝑛𝑡(𝑓−1(𝑌\𝑉)) ⇔ 𝑓−1(𝑌 𝑖 𝐶𝑙(𝑉)) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑋\

𝑓−1 (𝑉)) ⇔ 𝑋\𝑓−1(𝑖 𝐶𝑙(𝑉)) ⊆ 𝑋\(𝑖, 𝑗) 𝛿𝑃𝑆(𝑓−1(𝑉)). Therefore, (𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝑓−1(𝑉)) ⊆

𝑓−1( 𝑖 𝐶𝑙(𝑉)).  

(𝑒) ⇒ (𝑎). Let 𝐹 be any 𝑖-regular closed set of 𝑌. Then 𝐹 is 𝑖-semi open set of 𝑌. By (e), we 

have (𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝑓−1(𝐹)) ⊆ 𝑓−1( 𝑖 𝐶𝑙(𝐹)) = 𝑓−1(𝐹). This shows that 𝑓−1(𝐹) is (𝑖, 𝑗) 𝛿𝑃𝑆-

closed set in 𝑋. Therefore, by Theorem 9.6.6(d), 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

Proposition 9.6.9: A function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous if 

and only if 𝑓−1(𝑉) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐼𝑛𝑡(𝑗 𝐶𝑙(𝑉))) for each ı-open set V of 𝑌.  

Proof. Necessity. Let 𝑉 be any 𝑖-open set of 𝑌. Then 𝑉 ⊆ 𝑖 𝐼𝑛𝑡( 𝑖 𝐶𝑙(𝑉)) and 𝑖 𝐼𝑛𝑡 (𝑖 𝐶𝑙(𝑉)) 

is an 𝑖-regular open set in 𝑌. Since 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, by Theorem 9.6.7(e), 

𝑓−1( 𝑖 𝐼𝑛𝑡( 𝑖 𝐶𝑙(𝑉))) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋 and hence we obtain that 𝑓−1(𝑉) ⊆

𝑓−1 (𝑖𝐼𝑛𝑡(𝑖𝐶𝑙(𝑉))) = (𝑖, 𝑗) 𝛿𝑃𝑆 𝐼𝑛𝑡(𝑓−1( 𝑖 𝐼𝑛𝑡( 𝑖 𝐶𝑙(𝑉))). 

Sufficiency. Let 𝑉 be any 𝑖-regular open set of 𝑌. Then 𝑉 is 𝑖-open set of 𝑌. By hypothesis, 

we have 𝑓−1(𝑉) ⊆ (𝑖, 𝑗) 𝛿𝑃𝑆(𝑓−1 ( 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑉))) = (𝑖, 𝑗) 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉)). Therefore, 

𝑓−1(𝑉) is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set in X and hence by Theorem 9.6.7(e), f is almost (𝑖, 𝑗) 𝛿𝑃𝑆-

continuous.  

Corollary 9.6.10: A function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous if 

and only if (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1 ( 𝑖 𝐶𝑙( 𝑖 𝐼𝑛𝑡(𝐹))) ⊆ 𝑓−1(𝐹) for each 𝑖-closed set 𝐹 of 𝑌.  

Proposition 9.6.11: Let 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is an almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous 

function and let V be any 𝑖-open subset of 𝑌. If 𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝑓−1(𝑉))\𝑓−1(𝑉), then 

𝑓(𝑥) ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑉).  

Proof. Let 𝑥 ∈ 𝑋 be such that 𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝑓−1(𝑉))\𝑓−1(𝑉) and suppose 𝑓(𝑥) ∉

(𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑉). Then there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝐻 containing 𝑓(𝑥) such that 𝐻 ∩ 𝑉 =

∅. Then 𝑖 𝐶𝑙(𝐻) ∩ 𝑉 = ∅ implies 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝐻) ∩ 𝑉 = ∅  and 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝐻)) is 𝑖-regular 

open set. Since 𝑓 is almost (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, by Theorem 9.6.6(c), there exists an 

(𝑖, 𝑗) 𝛿𝑃𝑆-open set U in X containing x such that 𝑓(𝑈) ⊆ 𝑖𝐼𝑛𝑡( 𝑖 𝐶𝑙(𝐻)). Therefore, 𝑓(𝑈) ∩

𝑉 = ∅. However, since 𝑥 ∈ (𝑖, 𝑗) 𝛿𝑃𝑆 𝐶𝑙(𝑓−1(𝑉)), 𝑈 ∩ 𝑓−1(𝑉) ≠ ∅ for every (𝑖, 𝑗) 𝛿𝑃𝑆-open 
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set U in X containing 𝑥, so that 𝑓(𝑈) ∩ 𝑉 ≠ ∅. We have a contradiction. It follows that 

𝑓(𝑥) ∈ (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑉).  

Proposition 9.6.12: A function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is (𝑖, 𝑗)  𝛿𝑃𝑆-continuous if and 

only if 𝑓 is 𝑗- 𝛿-pre continuous and for each 𝑥 ∈ 𝑋 and each 𝑖-open set 𝑉 of 𝑌 containing 

𝑓(𝑥) there exists an 𝑖-semi-closed set 𝐹 of 𝑋 containing 𝑥 such that 𝑓(𝐹) ⊆ 𝑉. 

Proof: Necessity. Let 𝑓 be an (𝑖, 𝑗) 𝛿𝑃𝑆-continuous function. Let 𝑥 ∈ 𝑋 and each 𝑖-open set 

of 𝑌 containing 𝑓(𝑥), then by hypothesis there exists an (𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 

𝑥 such that 𝑓(𝑈) ⊆ 𝑉. Since 𝑈 is (𝑖, 𝑗)  𝛿𝑃𝑆-open, then for each 𝑥 ∈ 𝑈 there exists an 𝑖-semi-

closed set 𝐹 of 𝑋 such that 𝑥 ∈ 𝐹 ⊆ 𝑈. Therefore, we have 𝑓(𝐹) ⊆ 𝑉 and (𝑖, 𝑗) 𝛿𝑃𝑆-

continuity always implies 𝑗- 𝛿-pre continuity. 

Sufficiency. Let 𝑉 be any 𝑖-open set of 𝑌. To show that 𝑓−1(𝑉) is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋. 

Since 𝑓is 𝑗- 𝛿-precontinuous, then 𝑓−1(𝑉) is an 𝑗- 𝛿-preopen set in 𝑋. Let 𝑥 ∈ 𝑓−1(𝑉), then 

𝑓(𝑥) ∈ 𝑉. So by hypothesis, there exists an 𝑖-semi-closed set 𝐹 of 𝑋 containing 𝑥 such that 

𝑓(𝐹) ∈ 𝑉. This implies that 𝑥 ∈ 𝐹 ⊆ 𝑓−1(𝑉), so 𝑓−1(𝑉) is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 

𝑋.Therefore, so by Thereom 9.6.5(b), 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

Proposition 9.6.13: Let 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) be a function and let ℬ be any basis for 𝜎𝑖 

in 𝑌, then 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-continuous if and only if for each 𝐵 ∈ 𝑖 ℬ, 𝑓−1(𝐵) is an (𝑖, 𝑗) 𝛿𝑃𝑆-

open subset of 𝑋. 

Proof: Necessity. Suppose that f is (𝑖, 𝑗)δPS- continuous. Then since each 𝐵 ∈ 𝑖 ℬ is an i-

open subset of Y and f is (𝑖, 𝑗) δPS-continuous. 𝑓−1(𝐵) is an (𝑖, 𝑗) δPS-open subset of 𝑋 by 

Theroem 9.6.5(b). 

Sufficiency. Let V be any 𝑖 open subset of Y. Then V = ∪{Bk : k ∈ I} where every Bk is a 

member of 𝑖 ℬ for a suitable index set 𝐼, it follows that 𝑓−1(𝑉) = = f
−1

(∪{Bk : k ∈ I}) = 

∪f
−1

({B k: k ∈ I}). Since f
−1

(Bk) is an (𝑖, 𝑗)δPS-open subset of X for each k ∈ I, by hypothesis 

𝑓−1(𝑉)is the union of a family of (𝑖, 𝑗)δPS-open sets of X and hence is (𝑖, 𝑗) 𝛿𝑃𝑆open set of 

X, by Proposition 9.2.8. Therefore, by Theorem 9.6.5(b), f is (𝑖, 𝑗) 𝛿𝑃𝑆- continuous. 

Proposition 9.6.14: Let 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) be (𝑖, 𝑗)-perfectly continuous and 𝑖-contra 

continuous, then 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-continuous. 

Proof: Let 𝑉 be any 𝑖-open subset of 𝑌. Since 𝑓 is (𝑖, 𝑗)-perfectly continuous, so 𝑓−1(𝑉) is 𝑗-

open in 𝑋. Since 𝑓 is 𝑖-contra continuous, so 𝑓−1(𝑉) is 𝑖-closed in 𝑋. Therefore, by 
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Proposition 9.2.16 𝑓−1(𝑉) is (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋, so by Theorem 9.6.5(b), 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-

continuous. 

Proposition 9.6.15: Let 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is (𝑖, 𝑗)  𝛿𝑃𝑆-continuous, if 𝑌 is an 𝑖-open 

subset of a bitopological space (𝑍, 𝜂1, 𝜂2), then 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑍, 𝜂1, 𝜂2) is (𝑖, 𝑗)  𝛿𝑃𝑆-

continuous.  

Proof: Let 𝑉 be any 𝑖-open set in 𝑍, then 𝑉 ∩ 𝑌 is an 𝑖-open set in 𝑌. Since 𝑓 is (𝑖, 𝑗) 𝛿𝑃𝑆-

continuous, so by Proposition 9.6.5(b), 𝑓−1(𝑉 ∩ 𝑌) is (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 𝑋 but 𝑓(𝑥) ∈ 𝑌 

for each 𝑥 ∈ 𝑋. Thus 𝑓−1(𝑉) = 𝑓−1(𝑉 ∩ 𝑌) is an (𝑖, 𝑗) 𝛿𝑃𝑆-open set in 𝑋.Therefore by 

Theorem 9.6.5(b), 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑍, 𝜂1, 𝜂2) is (𝑖, 𝑗) 𝛿𝑃𝑆-continuous.  

Proposition 9.6.16: Let 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) be almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous, if  𝑌 is 

an 𝑖-preopen subset of a bitopological space (𝑍, 𝜂1, 𝜂2), then 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑍, 𝜂1, 𝜂2) is 

almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous.  

Proof: Let 𝑉 be any 𝑖-regular open set of 𝑍 . Since 𝑌 is 𝑖-preopen then by Lemma 1.3.15, 

𝑉 ∩ 𝑌 is 𝑖-regular open set in 𝑌. Since 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is almost (𝑖, 𝑗)  𝛿𝑃𝑆-

continuous, so by Theorem 9.6.7(e), 𝑓−1(𝑉 ∩ 𝑌) is (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 𝑋 but 𝑓(𝑥) ∈ 𝑌 for 

each 𝑥 ∈ 𝑋, hence  𝑓−1(𝑉) = 𝑓−1(𝑉 ∩ 𝑌) is (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 𝑋.Therefore by Theorem 

9.6.5(b), 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑍, 𝜂1, 𝜂2) is (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Proposition 9.6.17: If 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) be almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous and 

𝑔: (𝑌, 𝜎1, 𝜎2) → (𝑍, 𝜂1, 𝜂2) is 𝑖-continuous and 𝑖-open, then the composition function 

𝑔 ∘ 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑍, 𝜂1, 𝜂2) is almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous.  

Proof: Let 𝑥 ∈ 𝑋 and 𝑉 be an 𝑖-open set of 𝑍 containing (𝑔 ∘ 𝑓)(𝑥).  Since 𝑔 is 𝑖-continuous, 

so 𝑔−1(𝑉) is 𝑖-open set of 𝑌 containing 𝑓(𝑥). Since 𝑓 is almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous, then 

there exists an (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑖 𝐼𝑛𝑡(𝑖 𝐶𝑙(𝑔−1(𝑉))), 

also 𝑔 is 𝑖-continuous, then (𝑔 ∘ 𝑓)(𝑈) ⊆ 𝑔(𝑖  𝐼𝑛𝑡(𝑔−1(𝑖  𝐶𝑙(𝑉)))). Since 𝑔 is 𝑖-open we 

obtain that (𝑔 ∘ 𝑓)(𝑈) ⊆ 𝑖  𝐼𝑛𝑡(𝑖  𝐶𝑙(𝑉)). Therefore 𝑔 ∘ 𝑓 is almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Proposition 9.6.18: If 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) be almost (𝑖, 𝑗)  𝛿𝑃𝑆-continuous and 𝑌 is 𝑖-

semi-regular, then 𝑓 is (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 
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Proof: Let 𝑥 ∈ 𝑋 amd let 𝑉 be any 𝑖-open set of 𝑌 containing 𝑓(𝑥), by the semi-regularity of 

𝑌, there exists an 𝑖-regular open set 𝐺 of 𝑌 such that 𝑓(𝑥) ∈ 𝐺 ⊆ 𝑉. Since 𝑓 is almost 

(𝑖, 𝑗) 𝛿𝑃𝑆-continuous, so by Theorem 9.6.6(c), there exists an (𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝑈 of 𝑋 

containing 𝑥 such that 𝑓(𝑈) ∈ 𝐺 ⊆ 𝑉. Therefore, 𝑓 is (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Definition 9.6.19: A function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is called contra (𝒊, 𝒋) 𝜹𝑷𝑺-

continuous if 𝑓−1(𝑉) is (𝑖, 𝑗) 𝛿𝑃𝑆-closed in 𝑋 for every 𝑗-open 𝑉 of 𝑌. 

The following result is proved easily: 

Proposition 9.6.20: The function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous if 

and only if for each 𝑗-closed set 𝐴 containing 𝑓(𝑥), there exist an (𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝐺 

containing 𝑥 such that 𝑓(𝐺) ⊆ 𝐴. 

Proposition 9.6.21: If a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous at 

𝑥, then for each 𝑗-closed set 𝐴 containing 𝑓(𝑥), there exists an 𝑖-semi-closed set 𝐹 such that 

𝑓(𝐹) ⊆ 𝐴. 

Proof: Let 𝐴 be any 𝑗-closed set containing 𝑓(𝑥). Since 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous, so 

by Proposition 9.6.12, there exists an (𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝐺 containing 𝑥 such that 𝑓(𝐺) ⊆ 𝐴. 

Since 𝐺 is (𝑖, 𝑗)  𝛿𝑃𝑆-open set, for all 𝑥 ∈ 𝐺 there exists an 𝑖-semi-closed set 𝐹 such that 

𝑥 ∈ 𝐹 ⊆ 𝐺. This implies that 𝑓(𝐹) ⊆ 𝑓(𝐺) ⊆ 𝐴 which completes the proof. 

Theorem 9.6.22: The following statements are equivalent for a function 𝑓: (𝑋, 𝜏1, 𝜏2) →

(𝑌, 𝜎1, 𝜎2): 

a) 𝑓 is contra (𝑖, 𝑗) 𝛿𝑃𝑆-continuous, 

b) The inverse image of every j-closed set of 𝑌 is (𝑖, 𝑗) 𝛿𝑃𝑆-open in 𝑋. 

c) For each 𝑥 ∈ 𝑋 and each 𝑗-closed set 𝐵 in 𝑌 with 𝑓(𝑥) ∈ 𝐵, there exists an 

(𝑖, 𝑗)  𝛿𝑃𝑆-open set 𝐴 in 𝑋 such that 𝑥 ∈ 𝐴 and 𝑓(𝐴) ⊆ 𝐵. 

d) 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ 𝑗 ker (𝑓(𝐴)), for every subset 𝐴 of 𝑋. 

e) (𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐴)) ⊆ 𝑓−1(𝑗 ker(𝐴)), for every subset 𝐴 of 𝑌. 

Proof: (𝑎) ⇒ (𝑐): Let 𝑥 ∈ 𝑋 and 𝐵 be 𝑗-closed set in 𝑌 with 𝑓(𝑥) ∈ 𝐵. By (a), it follows that 

𝑓−1(𝑌 − 𝐵) = 𝑋 − 𝑓−1(𝐵) is (𝑖, 𝑗) 𝛿𝑃𝑆-closed in 𝑋 and so 𝑓−1(𝐵) is (𝑖, 𝑗) 𝛿𝑃𝑆-open. Take  

𝐴 = 𝑓−1(𝐵), we obtain that 𝑥 ∈ 𝐴 and 𝑓(𝐴) ⊆ 𝐵. 
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(𝑐) ⇒ (𝑏): Let 𝐵 be 𝑗-closed set in 𝑌 with 𝑥 ∈ 𝑓−1(𝐵). Since 𝑓(𝑥) ∈ 𝐵, so by (c) there exists 

an (𝑖, 𝑗) 𝛿𝑃𝑆-open set 𝐴 in 𝑋 containing 𝑥 such that 𝑓(𝐴) ⊆ 𝐵. It follows that 𝑥 ∈ 𝐴 ⊆

𝑓−1(𝐵), hence 𝑓−1(𝐵) is (𝑖, 𝑗)  𝛿𝑃𝑆-open set in 𝑋. 

(𝑏) ⇒ (𝑎): Follows directly from Theorem 5.2.7. 

(𝑏) ⇒ (𝑑): Let 𝐴 be any subset of 𝑋 and let 𝑦 ∈ 𝑗 ker (𝑓(𝐴)), then there exists a 𝑗-closed set 

𝐹 containing 𝑦 such that 𝑓(𝐴) ∩ 𝐹 = ∅. Hence, we have 𝐴 ∩ 𝑓−1(𝐹) = ∅ and 

(𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴) ∩ (𝑓−1(𝐹)) = ∅, so 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) ∩ 𝐹 = ∅ and 𝑦 ∉

𝑓((𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝐴)). Thus 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ 𝑗  ker (𝑓(𝐴)). 

(𝑑) ⇒ (𝑒): Let 𝐴 be any subset of 𝑌, so by (𝑑), 𝑓((𝑖, 𝑗) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵))) ⊆ 𝑗  ker (𝐵). Hence 

(𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆ 𝑓−1(𝑗 ker(𝐵)). 

(𝑒) ⇒ (𝑎): Let 𝐵 be any 𝑗-open set of 𝑌, by (𝑒), (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆ 𝑓−1(𝑗  ker(𝐵)) =

𝑓−1(𝐵) and hence (𝑖, 𝑗)  𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) = 𝑓−1(𝐵). Therefore, we obtain that 𝑓−1(𝐵) is 

(𝑖, 𝑗)  𝛿𝑃𝑆-closed in 𝑋, so 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Proposition 9.6.23: If a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is both 𝑗-contra continuous and 

𝑗 𝑖- perfectly continuous, then 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Proof: Let 𝑉 be any 𝑗-open set in 𝑌. Since 𝑓 is 𝑗 𝑖-perfectly continuous so 𝑓−1(𝑉) is both 𝑖-

open and 𝑖-closed in 𝑋 and since 𝑓 is 𝑗-contra continuous, so 𝑓−1(𝑉) is 𝑗-closed in 𝑋. Hence 

𝑓−1(𝑉) is a (𝑖, 𝑗)  𝛿𝑃𝑆-closed set in 𝑋, so 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Proposition 9.6.24: If a function 𝑓: (𝑋, 𝜏1, 𝜏2) → (𝑌, 𝜎1, 𝜎2) is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous 

and 𝑔: (𝑌, 𝜎1, 𝜎2) → (𝑍, 𝜂1, 𝜂2) is 𝑗-R-map, then 𝑔 ∘ 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

Proof: Let 𝑉 be any 𝑗-regular open set of 𝑍. Since 𝑔 is 𝑗-R-map, so 𝑔−1(𝑉) is a 𝑗-regular 

open set in 𝑌 and since every regular open set is an open set, so 𝑔−1(𝑉) is a 𝑗-open set in 𝑌. 

Since 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous, so (𝑔 ∘ 𝑓)−1(𝑉) = 𝑓−1(𝑔−1(𝑉)) is (𝑖, 𝑗)  𝛿𝑃𝑆-closed 

set in 𝑋. Therefore, 𝑔 ∘ 𝑓 is contra (𝑖, 𝑗)  𝛿𝑃𝑆-continuous. 

 

 


